Conformal Mapping and Fluid Mechanics

Monday, December 02, 201:
1:56 PM

Homework 4 due (hard deadline) Wednesday, December 11 at 5 PM
w more problems available
w rapid grading window: Friday, December\WWednesday, December 11

Final exam on Thursday, December 12 at 6:30 PM.

Complex variable techniques can be used in clever ways to analyze problems i
mechanics inwo-dimensional domainswhen the flow isncompressible(subsonic)
(Vie 1 hrrotational (U & 7T, andsteady(no time-dependence) wherer @

is the fluid velocity.

Two-dimensional fluid mechanic problems are relevant when the fluid is thin in

third dimension (in which case the fluid velocity is often negligible in that direct

or otherwise uniform along the third dimension. /)me l,(/ Flow

Can't get nontrivial flows in bounded, simply connected D ~___, = Db

domains.
W

Also the velocity field has the property that on any rigid boundary of the
domainDin which the fluid lies, we must have:
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The key problem in such fluid mechanic problems is to describe the flow ve
field o @ given the shape of the domain and possibly some-fitdd" boundary
conditions if the domain is unbounded in some direction.

A few comments:
w If the domainDis simply connectedhen the irrotational (curdfree) condition implies the
existence of what's known asvalocity potential & 1 %e
w The lncompressmlllty condltlon implies the existence efraam functlon
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w Notice that the equations for the fluid flow can be expressed in terms of the velocity
potential and stream function as:
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Let's map these concepts into complex analysis, and see what it can do for us in helping to solve
these ideal twedimensional fluid flows.

Define thecomplex velocity potentiah) & %ocito @ ¢fo whered & "Qw

‘* p-x\: / VI&SV)
\//y Vlfwgy)

V. (x | = W )¢
> /7 9 =
Yoo
This is just theCauchyRiemann equationsmeaning that the complex velocity

potential m & for our ideal fluid flow is amnalytic function

Thederivativeof the complex velocity potential:

We see that the complex velocity potential must be an analytic function respecting the
boundary conditions, and once we have it, we can easily obtain the flow field. Let's see
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