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XI

We hope that this Handbook will provide an in-depth, systematic treatment of
Superconducting QUantum Interference Devices (SQUIDs) and their many applica-
tions. Extended reviews of this subject have appeared previously in journals, books
and textbooks devoted to broader aspects of superconductivity, and several proceed-
ings of NATO Advanced Study Institutes (ASI) covering various aspects of supercon-
ducting electronics. In particular, the NATO proceedings,1) “SQUID Sensors: Fun-
damentals, Fabrication and Applications”, the most comprehensive review pre-
viously available, has become the “bible” for those in the field. However, NATO
proceedings are written by individual summer school lecturers, so that some aspects
of the subject may be omitted while there may be unavoidable overlaps in others.
Furthermore, most of the material in this book was written almost a decade ago.

Our intent is to offer the reader a reasonably complete, balanced and up-to-date
presentation of the entire field, with as few omissions and duplications as possible.
Initially, our publisher suggested that one or two of us write the book, but we
pointed out that this was an impossible workload for anyone actively working in the
field. Furthermore, many aspects of SQUIDs, especially applications, have become
so specialized that no one person is likely to be able to provide adequate coverage.
For these reasons, we invited many colleagues collectively to write a comprehensive
treatise. Virtually all of those who were asked graciously agreed. This team com-
prises many of the leading specialists who have been involved in all aspects of
SQUIDs and their applications; many of them are former NATO lecturers who con-
tributed to the “bible”.

The Handbook is organized into two volumes, the first being devoted to the fun-
damentals and technology of SQUIDs and SQUID systems. The second volume is
concerned with applications using SQUIDs as sensors and readout devices, with an
inevitable emphasis on magnetometers. SQUIDs as building blocks for digital cir-
cuits are beyond our scope.

In Chapter 1 of the first volume we offer a broad, phenomenological introduction
to SQUIDs and their operation as sensors and readout devices. We include some
historical highlights and an overview of existing and future applications. Our intro-

Preface

1) SQUID Sensors: Fundamentals, Fabrication and Applications, Ed. Harold Weinstock, Kluwer Aca-
demic Publishers (1996).



duction is aimed mainly at readers who are unfamiliar with SQUIDs, and who
hopefully will benefit from reading this chapter before delving into the more ad-
vanced material in subsequent chapters.

In Chapter 2, Chesca, Kleiner and Koelle present the theoretical foundations of
direct-current (dc) and radio-frequency (rf) SQUIDs, starting with a discussion of
the Josephson junction. The authors include analytical theories for low and high
levels of thermal fluctuations for both kinds of SQUIDs. They address numerical
simulations only for the dc SQUID, since no such work yet exists for the rf SQUID.

Subsequently, in Chapter 3, Cantor and Ludwig discuss the fabrication of Joseph-
son junctions and SQUIDs using low-temperature-superconducting (LTS) and HTS
thin films, dielectric insulators and normal metals.

In Chapter 4, Drung and MFck give the essentials of analog and digital room-
temperature readout electronics for dc and rf SQUIDs with broad bandwidth, high
dynamic range and low noise. They present several approaches to the flux-locked
loop, as well as issues such as the suppression of low-frequency noise in a dc
SQUID and the coupling of an rf SQUID to its readout preamplifier.

In Chapter 5, Cantor and Koelle describe practical LTS and HTS dc SQUIDs,
beginning with a brief historical overview. They include the analytical and numerical
design of SQUID parameters, and the performance of typical devices. Many of the
expressions introduced are also applicable to rf SQUIDs. They discuss magnet-
ometers and gradiometers, including thin-film and wire-wound pickup coils.

In Chapter 6, Braginski and Zhang describe practical thin-film rf SQUIDs with
an emphasis on HTS devices, since LTS rf SQUIDs are rarely used today. Their his-
torical overview includes bulk rf SQUIDs, which dominated the first decade of
SQUID research and application. In contrast to Chapter 5, they do not address ana-
lytical and numerical design issues, since HTS rf SQUIDs were developed empiri-
cally, with little recourse to simulations.

In Chapter 7, Foley, Keene, ter Brake and Vrba address SQUID system issues,
beginning with such requirements as cryogenics and cabling. They briefly discuss
data acquisition and processing as well as methods of testing and calibration. They
consider situations in which one needs to measure very low-level signals in an open
environment where the ambient noise levels are high. This case requires sophisti-
cated techniques for noise suppression, for example, synthetic gradiometry. They
discuss design and noise considerations for both static and mobile SQUID systems.

Finally, in Appendix A.1, Kleiner and Koelle give a brief overview of the relevant
properties of superconductors.

The second volume begins with a description of SQUID amplifiers, followed by a
chapter on the applications of SQUIDs to standards. The next chapter outlines the
inverse problem, which is of central importance in imaging applications. Subse-
quent chapters deal with practical applications in biomagnetism, nondestructive
evaluation of materials and structures, geophysical exploration and gravity and
motion sensors.

The handbook would be suitable as a textbook for graduate students in physics
and engineering, and hopefully will serve as a general reference for professionals
working on SQUIDs and their applications. We hope that researchers who are not
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SQUID specialists – for example, physicians working in neuromagnetism and mag-
netocardiography – will also study relevant chapters.

In concluding, we express our heartfelt thanks to all the contributors to this vol-
ume, not least for their patience and persistence during the editing process. We owe
an enormous debt of gratitude to Dr. Michael BIr, Mrs. Vera Palmer and Mrs. Ulrike
Werner of Wiley-VCH, without whose expert guidance and extraordinary patience
this book would never have surfaced.

Alex Braginski and John Clarke
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1 Introduction

1.1
The Beginning

The Superconducting QUantum Interference Device (SQUID) combines the physi-
cal phenomena of flux quantization and Josephson tunneling. First predicted by
F. London [1], flux quantization was observed experimentally by Deaver and Fair-
bank [2] and Doll and NDbauer [3] in 1961. They showed that the flux contained in a
closed superconducting loop is quantized in units of the flux quantum U0 = h/2e »
2.07 G 10–15 Wb. Here, h ” 2p" is Planck’s constant, and e is the electronic charge.
Flux quantization arises from the fact that the macroscopic wave function

W(~rr,t) = ‰W(~rr,t) ‰ exp [ij (~rr,t)] (1.1)

must be single-valued in going once around a superconducting loop; this result is
derived in Appendix A.1, Eq. (A.1.3). In the absence of applied fields or currents, the
phase j (~rr,t) takes the same value throughout the superconductor for all Cooper
pairs, which have charge 2e [4]. In the case of a loop threaded by a magnetic flux,
however, the phase around the loop changes by 2pn, where n is the number of
enclosed flux quanta.

In the year preceding the observation of flux quantization, Giaever [5] demonstrat-
ed the tunneling of single electrons between a superconductor (S) and a normal
metal (N) separated by a thin insulating (I) layer. When he cooled SIN junctions
below the critical temperature Tc of the superconductor, he found that the tunneling
resistance increased for voltages below D/e, where D(T) is the energy gap at temper-
ature T. As the current was increased, the resistance decreased sharply at a voltage
D/e, and tended asymptotically to the value observed when the superconductor was
at a temperature just above Tc. Subsequently, Giaever investigated the tunneling of
single electrons through SIS junctions, and observed a steep increase in the current
at a voltage corresponding to the sum of the two energy gaps [6].

Against this backdrop of single electron tunneling and flux quantization, in 1962
Josephson predicted the tunneling of Cooper pairs through a barrier separating two
superconductors – the phenomenon now known as Josephson tunneling [7]. Joseph-
son showed that the current I flowing through a junction is given by

I = I0sind , (1.2)

2



1.1 The Beginning

where d = j1 – j2 is the difference between the phases j1 and j2 of the condensates
in the two superconducting electrodes and I0 is the critical current. Furthermore, in
the presence of a voltage U between the electrodes, d evolves with time t according to

dd/dt = 2eU/" = 2pU/U0 . (1.3)

Equations (1.2) and (1.3), discussed in Sec. 2 and Appendix A.1, describe the static
(“dc”) and dynamic (“ac”) properties of a Josephson junction. In the absence of fluc-
tuations, as the current through a junction is increased from zero, the flow of
Cooper pairs constitutes a supercurrent and the voltage across the junction remains
zero until the current exceeds the critical current. At higher currents, the phase dif-
ference evolves according to Eq. (1.3), and there is a voltage across the junction. Sub-
sequently, it became clear that this behavior is generally valid for all weakly-coupled
superconductors, for example, when the two superconductors are connected by a
normal metal or a narrow constriction; however, there may be departures from the
sinusoidal current-phase relation. The term “Josephson current” is commonly used
for the pair current through any “Josephson junction.”

Just one year later, Anderson and Rowell [8] made the first observation of the dc
Josephson effect, using a thin-film, Sn-SnOx-Pb junction cooled to 1.5 K in liquid
helium. The current-voltage (I–V) characteristic is reproduced in Figure 1.1. Subse-
quently, Rowell [9] showed that a magnetic field B, applied in the plane of the thin
films, caused the critical current to be modulated according to

I0(U) = I0(0) ‰ sin(pU/U0) / (pU/U0) ‰ . (1.4)

3

Fig. 1.1 Current-voltage characteristic for a tin-tin oxide-lead tunnel junction at
~1.5 K. Branch (a) – current increasing, branch (b) – current decreasing (reproduced
with permission from ref. [8].)



1 Introduction

Thus, the critical current becomes zero for U = U0 = – 1, 2, 3, ... n. Here,
U=Bw(d + k1 + k2) is the flux threading an area defined by the width w of the bar-
rier and the magnetic thickness of the junction given by the sum of the barrier thick-
ness d and the penetration depths k1 and k2 of the two superconductors (see Appen-
dix A.1). Equation (1.4) is valid only provided that the self-field produced by the cur-
rent through the junction is negligible compared with the applied magnetic field.
The observation of this Fraunhofer-like result – which is analogous to the diffraction
of monochromatic, coherent light passing through a slit – is a dramatic validation of
the sinusoidal current phase relation. In the same year, Shapiro [10] showed that
microwaves at frequency f induced current steps on the I–V characteristic of a
Josephson junction at voltages – nhf/2e, thereby confirming the ac relation (1.3).

A few months later, Jaklevic et al. [11] demonstrated quantum interference be-
tween two thin-film Josephson junctions connected in parallel on a superconducting
loop. The dependence of the critical current on the applied magnetic field is shown
in Figure 1.2. The slowly varying modulation arises from the diffraction-like effects

of the two junctions. The rapid oscillations are due to quantum interference be-
tween the two junctions, and their period is given by the field required to generate
one flux quantum in the loop: thus, critical current maxima occur at U/U0 = 0, –1,
–2, ... – n. The observation of these oscillations – which are analogous to two-slit
interference in optics – set the stage for the dc SQUID.

Some three years later, Silver and Zimmerman introduced the rf SQUID – a sin-
gle Josephson junction interrupting a superconducting loop [12]. In its subsequent
implementation, no leads are attached to the device, but rather the loop is induc-
tively coupled to the inductor of a parallel resonant tank circuit in which a capacitor
is connected across the inductor. When the tank circuit is excited at or near its reso-
nant frequency by a radio-frequency current, the amplitude of the oscillating voltage

4

Fig. 1.2 Josephson current vs. magnetic field for two junctions in parallel showing
interference effects. Magnetic field applied normal to the area between junctions.
Curve (A) shows interference maxima spaced at DB = 8.7 * 10–3 G for one pair of junc-
tions, curve (B) with spacing DB = 4.8 * 10–3 G is for another pair. Maximum Joseph-
son current indicated here is approximately 10–3 A. (Reproduced with permission
from ref. [11].)



1.2 Subsequent Developments

across it is periodic in the magnetic flux threading the SQUID with a period U0. If
one rectifies this oscillating voltage to produce a quasistatic voltage, the rf SQUID
behaves operationally as a dc SQUID. In fact, the rf SQUID is misnamed as no
interference takes place!

In both kinds of SQUID it is possible to detect a change in applied magnetic flux
corresponding to a tiny fraction of one flux quantum – typically 10–6 U0 Hz–1/2 in
today’s devices. SQUIDs – which are intrinsically flux-to-voltage transducers – are
the most sensitive detectors of magnetic flux known. Their operational bandwidth is
enormous, extending from quasistatic measurements to well over 1 GHz. They are
amazingly versatile, being able to measure any physical quantity that can be con-
verted to magnetic flux, for example, magnetic field, magnetic field gradient, mag-
netic susceptibility, current, voltage, and mechanical displacement. As a conse-
quence, the applications of SQUIDs are extraordinarily wide-ranging, and are very
briefly summarized in Sec. 1.7. Detailed reviews of the many applications of
SQUIDs appear in Volume II.

1.2
Subsequent Developments

We now give a brief overview of the evolution of SQUIDs after their initial invention;
more detailed histories are to be found in Chapters 5 and 6.

In the early days of the dc SQUID it was recognized that the thin-film devices
used for the initial discoveries were not sufficiently robust for use in measurement
instruments, and alternative means of making a suitable junction were sought. It
was quickly found that one could make a junction by pressing together two pieces of
oxidized Nb wire at right angles to each other, or by pushing a sharpened – and pre-
sumably oxidized – Nb point against a piece of Nb [13]. The famous “point contact”
provided a simple means of making a junction that could easily be emulated in any
low-temperature laboratory, and is used even today in undergraduate classes.
Another simple device was the SLUG – Superconducting Low-inductance Undula-
tory Galvanometer [14]. This device consisted of a bead of PbSn solder frozen
around a length of oxidized Nb wire. The I–V characteristic measured between the
solder and the wire exhibited Josephson-like behavior, with a critical current that
was periodic in an additional current passed along the Nb wire. With a small resistor
connected in series with the wire, the SLUG was a voltmeter with a voltage noise of
10 fV Hz–1/2, an improvement of five orders of magnitude over the noise of semi-
conductor voltmeters. This device also enabled a demonstration of the flux transfor-
mer – a means of enhancing the magnetic field sensitivity of a magnetometer – and
of the use of a second SQUID to read out a first-stage SQUID [15].

The invention of the rf SQUID had a major impact, largely because it required
only a single junction which, at the time, was easier to manufacture than a pair of
junctions. The first commercially available devices involved either a single point
contact in a loop made of bulk Nb or a constriction in a thin-film superconducting
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cylinder deposited on a quartz tube. By the early 1970’s, the rf SQUID, operated at
typically 30 MHz, was the device of choice.

The situation was reversed, however, by the development of the cylindrical dc
SQUID [16]. This device showed first, that thin-film Nb-NbOx-PbIn junctions – suit-
ably coated for protection – could have a useful life in an instrument, and second,
that with the use of a cold tank circuit to couple the SQUID to the room-tempera-
ture amplifier, the flux noise could readily be made much lower than that of rf
SQUIDs. Subsequently, a theory for the noise in the dc SQUID involving the solu-
tion of the equations of motion including a noise term [17] showed that the intrinsic
flux noise of the dc SQUID is indeed much lower than that predicted for the rf
SQUID, unless the latter is operated at microwave frequencies [18].

Two subsequent events secured the dominance of the dc SQUID. First, the devel-
opment of the planar dc SQUID with an integrated, multiturn input coil [19] quickly
paved the way for wafer-scale production. Second, the invention of the highly repro-
ducible and nearly indestructible Nb-AlOx-Nb tunnel junction [20] ensured that
most of the devices on a wafer would function, and that they would continue to
function almost indefinitely. The majority of low-Tc SQUIDs produced in the last
two decades embrace these two technologies; in fact, the essentials of the basic
device have changed little over that time period. These devices are grown with a se-
ries of depositions and patterning processes – taken over from the semiconductor
industry – on 2-, 3-, or 4-inch silicon wafers.

The advent of high-Tc superconductivity in 1986 [21] resulted in a worldwide
upsurge in the development of new types of SQUID; indeed many groups chose the
SQUID as a vehicle to develop their high-Tc thin-film technology [22, 23]. The first rf
SQUIDs involved a pellet of granular YBa2Cu3O7–x (YBCO) with the inductor of the
tank circuit wound around it [24]: weak links between grains in the pellet produced
SQUID-like behavior at 77K. Subsequently, an rf SQUID made from bulk YBCO
with a “break junction” showed a quite low noise [25]. The first thin-film dc SQUID
was made from YBCO with “grain boundary” junctions formed between randomly-
oriented grains in the film [26]. The majority of high-Tc SQUIDs made since then
have relied on rather more controlled grain boundary junctions made in one of two
ways. The first technique involves depositing the YBCO film on a bicrystal substrate
of SrTiO3, LaAlO3 or MgO in which there is an in-plane misorientation of (say) 24S
or 30S [27]. The film grows epitaxially on the substrate, forming a grain boundary
that is subsequently patterned into one or two bridges, typically a few micrometers
wide. The second technique involves depositing the YBCO film over a step edge
formed in the substrate [28]. A grain boundary is formed in the film at top and bot-
tom of the step.

The next challenge to be met – required if high-Tc magnetometers are to emulate
the multilayer structures of their low-Tc counterparts – was the development of a
multilayer technology involving a YBCO-SrTiO3-YBCO insulating crossover, togeth-
er with a via technology to enable the YBCO films to be connected together with a
superconducting pathway [29]. In contrast to the Nb-based technology, the high-Tc

multilayers require epitaxial growth throughout the stack, together with correct oxy-
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1.3 The dc SQUID: A First Look

genation. Such structures have now been demonstrated by several groups, but are
still difficult to fabricate.

The 1990’s saw a steady progression in the performance of both dc and rf high-Tc

SQUIDs. A major noise issue that was recognized early on was the prevalence of l/f
noise at low frequencies, that is, noise with a power spectral density scaling inverse-
ly with frequency f. There are in fact two independent sources of such noise: l/f
noise in the critical current of the junctions and l/f “flux noise” produced by the
uncorrelated hopping of flux vortices among pinning sites in the films [30]. In both
cases, the fundamental process is a random telegraph signal (RTS) – random transi-
tions between two states; a superposition of uncorrelated RTSs yields a l/f power
spectrum. In the case of junctions, the RTSs arise from the trapping and release of
electrons in the barrier [31]. In both dc and rf SQUIDs, the use of two modulations
eliminates this source of l/f noise. The level of flux noise was greatly reduced by the
progressive improvement in the quality of the films, which lowered the density of
weak pinning sites amongst which vortices could hop under thermal activation. The
use of slots or holes in the films effectively eliminated the generation of l/f noise in
devices cooled in weak fields, such as that of the Earth [32]. The applied field pene-
trates the voids, rather than the film, so that no additional vortices are created at pin-
ning sites.

The high-Tc dc SQUID magnetometers currently in use fall into two groups. The
lowest white magnetic field noise is achieved with mulitlayer devices, either inte-
grated on a single chip or made in a “flip-chip” arrangement in which a multilayer
structure on one chip is pressed against a SQUID on a second chip. The second –
and more popular devices – consist of a single layer of YBCO. These are much sim-
pler to fabricate than the multilayer devices, but have a higher level of magnetic field
noise. The rf SQUIDs, on the other hand, are almost always single-layer devices,
often with a single-layer “flux focuser” added in a flip-chip configuration. The mag-
netic field noise of the best of these devices lies midway between that of the two
groups of dc SQUIDs.

We now turn to a brief overview of the principles, fabrication, operation and per-
formance of the dc and rf SQUIDs.

1.3
The dc SQUID: A First Look

The dc SQUID [Figure 1.3(a)] consists of two Josephson junctions connected in par-
allel on a superconducting loop. In most – but not all – operating schemes each
junction has a resistive shunt to eliminate hysteresis on its I–V characteristic, and
we begin with a brief review of the resistively- and capacitively-shunted junction
(RCSJ).

In the absence of any added damping resistance, generally speaking, the I–V char-
acteristic of a Josephson junction is hysteretic. As the current is raised from zero,
eventually the voltage switches to 2D/e; the voltage remains there as the current is
reduced until it attains a relatively low value, at which the voltage switches back to
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zero. For a junction with critical current I0 and self-capacitance C, this hysteresis is
removed by the addition of a shunt of resistance R provided that [33, 34]

bc ” 2pI0 R2C/U0 = xJRC £ 1 . (1.5)

Here, xJ/2p ” I0R/U0 is the Josephson frequency at voltage I0R. For bc << 1, the I–V
characteristic is given by

V = R(I2 – I2
0
)1/2 , (1.6)

which tends asymptotically to IR for I >> I0. The resistive shunt has an associated
Nyquist noise current with a spectral density SI( f ) = 4kBT/R, where kB is Boltz-
mann’s constant. This noise has two effects. First, it rounds the I–V characteristic at
low voltages and reduces the apparent critical current. To maintain a reasonable
degree of Josephson coupling one requires I0U0/2p >> kBT; I0U0/2p is the Joseph-
son coupling energy. This inequality is conveniently written as C ” 2pkBT/I0U0 << 1.
Second, the noise current induces a voltage noise across the junction at nonzero
voltages. Computer simulations of the dc SQUID are invariably based on the RCSJ.

When the dc SQUID is biased at an appropriate constant current Ib [Figure
1.3(b)], changes in applied magnetic flux cause the voltage to swing between two
extrema, producing the oscillations with period U0 shown in Figure 1.3(c). The max-
imum response to a small flux change dUa << U0 is obtained when Ua » (2n + 1)
U0/4, where the flux-to-voltage transfer coefficient VU ” ‰(¶V/¶Ua)I‰ is a maximum.
The resulting voltage change dV = VU dUa is approximately linear in dUa in this
regime. Detailed computer simulations [17] show that the response is optimized
when bc is at a value just below the onset of hysteresis and when

bL ” 2LI0/U0 = 1, (1.7)

where L is the loop inductance and I0 is the critical current per junction. For this
value of bL the critical current at (2n + 1)U0/2 is approximately one-half that at nU0.
The transfer function is predicted to be
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Fig. 1.3 The dc SQUID: (a) Schematic; (b) current-voltage characteristics at integer
and half-integer values of applied flux; the operation point is set by the bias current Ib;
(c) voltage vs. fluxUa/U0 for constant bias current.



1.3 The dc SQUID: A First Look

VU » R/L » 1/(pLC)1/2 , (1.8)

where we have set bc = bL = 1.
Nyquist noise in the shunt resistors imposes an upper limit on the SQUID induc-

tance, namely U0
2/2L >> 2pkBT. Quantum interference is unobservable unless this

criterion is satisfied. In addition, the Nyquist noise introduces a white voltage noise
across the SQUID with a flux- and bias-current-dependent spectral density Sv( f ),
which is equivalent to a flux noise with spectral density SU( f ) = Sv( f )/V

2
U . Under

optimum conditions, one finds [17]

SU(f ) » 16kBTL2/R . (1.9)

It is often useful to characterize SQUIDs in terms of their noise energy

e( f ) = SU( f )/2L, whence

e( f ) » 9kBTL/R » 16 kBT(LC)1/2. (1.10)

We have set bc = bL = 1 to obtain the last expression. The white noise of a large
number of low-Tc SQUIDs has been found to be generally in good agreement with
these predictions. It is common practice to quote noise energy in units of ". A com-
prehensive overview of the theory appears in Chapter 2.

We note that e( f ) is not a complete characterization of the white noise in the dc
SQUID since it does not take into account the accompanying noise current in the
SQUID loop, which induces a noise voltage into any input circuit coupled to the
SQUID. This topic is deferred to Vol. II. Furthermore, this brief discussion has not
addressed issues of l/f noise, which are dealt with in Chapters 2, 5 and 6.

As mentioned earlier, low-Tc dc SQUIDs are almost invariably fabricated from
thin, polycrystalline films of Nb, most often with Nb-AlOx-Nb junctions fabricated
in situ, that is, by sequential deposition and Al oxidation without breaking vacuum.
This process can yield spreads in critical current of only a few percent across the
wafer. The trilayers are patterned with reactive ion etching, and their sides protected
by anodization. Subsequently, thin-film shunt resistors of Pd, Mo, W or AuCu are
deposited. Chapter 3 gives a detailed account of these processes. The multiturn,
spiral input coil – to be connected to an appropriate input circuit – is integrated on
top of the SQUID washer, insulated from it by silicon oxide. An example is shown
in Figure 1.4. The washer acts as a ground plane for the coil, providing efficient flux
coupling into the SQUID. A second coil to provide flux modulation and feedback
may also be fabricated on the chip.

For high-Tc dc SQUIDs in the low-fluctuation regime C << 1, the expressions VU

» R/L [Eq. (1.8)] and e( f ) » 9kBTL/R [Eq. (1.10)] remain valid. However, since high-
Tc Josephson junctions are self-shunted and require no external shunt, the exten-
sions of these two expressions differ from those for the low-Tc case. We assume that
I0R=Vc for a given technology, and that this expression remains valid as the width
of the junction (parallel to the barrier or weak-link interlayer) is varied. Thus, one
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can vary I0 simply by changing the width. Under these circumstances, with
bL= 2LI0/U0 = 1, we find

VU » R/L » 2Vc/U0 (1.11)

and

e( f ) » 4kBTU0/Vc . (1.12)

Remarkably, for fixed V0 and in the limit C << 1, VU and hence e( f ) are independent
of the dc SQUID parameters. Thus, V0 becomes an alternative figure of merit for
the high-Tc dc SQUID.

High-Tc dc SQUIDs are fabricated from thin films of YBCO, mostly on bicrystals
to form grain boundary junctions. Devices with integrated input coils following the
design for low-Tc SQUIDs have been successfully made and tested, but their produc-
tion is nowhere near as routine as that of Nb-based devices. Thus, single-layer
devices are more commonly used. Chapter 3 presents a detailed account of the fabri-
cation of high-Tc devices.

Except for high-frequency applications – above, say, a few megahertz – the dc
SQUID is almost invariably operated in a flux-locked feedback loop. A detailed
account appears in Chapter 4. Feedback serves several purposes: it linearizes the
response of the SQUID to applied flux, it enables one to track changes in flux corre-
sponding to many flux quanta, and it enables one to detect changes in flux corre-
sponding to a tiny fraction of a flux quantum. An example – in which a modulating
flux is applied to the SQUID at frequencies fm ranging from perhaps 100 kHz to
10MHz – is shown in Figure 1.5. The flux has a peak-to-peak value of U0/2. When
the flux in the SQUID is nU0, the resulting voltage is a “rectified” sine wave, as
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(a) (b)
Fig. 1.4 (a) Square-washer dc SQUID with overlaid 15-turn input coil. (b) Expanded
view of the left-hand end of the slit showing the junction on each side of the slit, and
the resistive shunts.
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shown in Figure 1.6(a). When this voltage is connected to a lock-in detector refer-
enced to fm, the output is zero. On the other hand, when the flux is (n + 1/4)U0

[Figure 1.6(b)], the output from the lock-in is a maximum. Thus, as one increases
the flux from nU0 to (n + 1/4)U0, the output from the lock-in steadily increases; if
instead we decrease the flux from nU0 to (n – 1/4)U0, the output from the lock-in is
negative [Figure 1.6(c)]. After integration, the signal from the lock-in is coupled, via
a resistor, to the same coil as that producing the flux modulation. A flux dUa applied
to the SQUID results in an opposing flux –dUa from the feedback loop to maintain
(ideally) a constant flux in the SQUID, while producing an output voltage across the
resistor proportional to dUa.

With judicious design, the electronics adds very little noise to the intrinsic noise
of a dc SQUID at 4.2K. The oscillating voltage across the SQUID is amplified by
either a tank circuit or more commonly a transformer that boosts the dynamic resis-
tance of the SQUID – typically of the order of 10X – to the value required to opti-
mize the noise temperature of the preamplifier which is typically a few kilohms.
Since the noise temperature of the optimally-coupled preamplifier is typically about
1K at frequencies of a few hundred kilohertz, it does not contribute significantly to
the system noise. Typically, the white flux noise for a low-Tc SQUID at 4.2K is
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10–6 U0 Hz–1/2 with an onset of l/f noise below 1 Hz, the dynamic range is in excess
of 120 dB and the slew rate – the maximum rate at which the flux-locked loop can
track changes in flux without losing lock – is 106 – 107 U0/s. For high-Tc SQUIDs, a
typical white flux noise is a few lU0 Hz–1/2, with an onset of l/f noise below 10 Hz
(with bias reversal – see below). Chapter 5 presents typical noise data.

The flux modulation scheme eliminates low-frequency l/f noise due to noise in
the current bias and to the components of noise in the critical current of the junc-
tions that fluctuate “in-phase”. However, this scheme does not eliminate “out-of-
phase” critical current l/f noise in the junctions that induces current noise around
the SQUID loop, and hence a flux noise in the SQUID. Fortunately, this noise com-
ponent can be eliminated by one of several methods in which the bias current is
periodically reversed. This latter scheme is rarely implemented for low-Tc SQUIDs
where the critical current l/f noise is low, but is essential for high-Tc SQUIDs where
it is relatively high.

Several other read-out schemes are in use, and are described in Chapter 4. Of
these, the most widely used is the direct read-out scheme [35] in which the voltage
across the SQUID is coupled directly to the room-temperature amplifier. A positive
feedback scheme – in which part of the flux-induced change in voltage across the
SQUID is fed back inductively into the SQUID – increases VU for flux between (say)
nU0 and (n + 1/2) U0, so that the preamplifier noise is relatively unimportant. This
electronics package involves fewer components than is required for the flux-modu-
lated case; bias reversal can be incorporated to reduce the l/f noise in high-Tc

SQUIDs.
Modern SQUID controllers – especially those for large numbers of SQUIDs – are

often equipped with microprocessors that automatically optimize the working point
of each SQUID, or reset it if the flux-lock is lost due to momentary overload.
Increasingly, the feedback electronics is becoming digital. The signal output and
control inputs are usually digitized, enabling the user to operate the system from a
computer.

1.4
The rf SQUID: A First Look

The rf SQUID, shown in Figure 1.7, employs only a single junction in a supercon-
ducting loop. The loop inductance L is coupled to the inductor LT of a tank circuit via
a mutual inductance M = k(LLT)

1/2
. The tank circuit is driven by a current oscillating

at or near the resonant frequency, f0 = x0/2p, which may vary from 20MHz to
10GHz. The resistance RT represents the loss in the tank circuit, so that the
unloaded quality factor is Q0 = x0LT/RT in the absence of the SQUID. On resonance,
and with the SQUID in place, the oscillating bias current Irf sin xrft thus induces a
current IT sin xrft = QIrf sin xrft in the inductor; here Q is the loaded quality factor.
The peak rf flux in the SQUID loop is Urf = MIT. The tank circuit, which is con-
nected to a preamplifier, also serves to read out the applied flux Ua in the SQUID:
the amplitude of the rf voltage VT sin xrft is periodic in Ua with period U0.
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We briefly describe the behavior of the rf SQUID [36–39]; a detailed account of
the theory is given in Chapter 2. We assume that the junction is damped sufficiently
to eliminate hysteresis. Flux quantization imposes the constraint

d + 2pUT/U0 = 2pn (1.13)

on the total flux UT in the loop, where n is an integer. In turn, the phase difference
d across the junction determines the supercurrent

J = –I0 sin (2pUT/U0) (1.14)

flowing around the loop. The total flux can thus be written

UT = Ua – LI0 sin (2pUT/U0) . (1.15)

Inspection of (1.15) shows that there are two distinct kinds of behavior, plotted in
Figure 1.8. For brf ” 2pLI0/U0 < 1, the slope dUT/dUa = 1/[1 + brf cos(2pUT/U0)] is
everywhere positive and the UT vs. Ua curve is nonhysteretic. On the other hand, for
brf > 1 there are regions in which dUT/dUa are positive, negative or divergent, so
that the device makes transitions between flux states [Figure 1.9(a)]. As a result, the
UT vs. Ua plot is hysteretic. The rf SQUID may be operated in either regime. For
high thermal fluctuations (C > 1), the nonhysteretic regime extends to higher values
of brf predicted and experimentally verified to be about 3 [40, 41]. The hysteretic
regime for C > 1 has not yet been analyzed.

In the hysteretic mode, the rf drive causes the SQUID to make transitions be-
tween quantum states and to dissipate energy at a rate that is periodic in Ua: hence,
this is termed the “dissipative mode”. This periodic dissipation in turn modulates
the Q of the tank circuit, so that when it is driven on resonance with a current of
constant amplitude, the rf voltage is periodic in Ua. Figure 1.9(b) shows the ampli-
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tude of the rf voltage across the tank circuit vs. the amplitude of the applied rf cur-
rent for two values of applied flux. The characteristic “steps and risers” are evident,
as is the change in amplitude of VT with Ua at appropriate values of Irf. The nonzero
slope of the steps is due to thermal noise. A detailed analysis shows that the device
is optimized when [36–39]

k2Q » 1, (1.16)

at which value the flux-to-voltage transfer coefficient becomes

¶VT/¶Ua » xrf(QLT/L)
1/2 » xrf(LT/L)

1/2/k . (1.17)

We note that VU scales as xrf and as l/L1/2. The intrinsic noise energy is given by [18]

e ( f )» LI0
2C4/3/2xrf . (1.18)
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However, for rf SQUIDs at 4.2K and a room-temperature preamplifier, it should
be stressed that there are extrinsic contributions to the noise energy that may far
exceed the intrinsic value. These contributions arise in part because the noise tem-
perature of the rf preamplifier tends to be significantly higher than the bath temper-
ature and in part because portions of the coaxial line connecting the tank circuit to
the preamplifier are at room temperature. The latter contribution can be eliminated
by cooling the preamplifier; however, this is an additional complication. Further-
more, one needs to operate the SQUID at high values of xrf – perhaps as high as
R/10L [18] – to achieve an intrinsic noise energy comparable to that of the dc SQUID
at 4.2K. It is for these reasons that rf SQUIDs are rarely used today at liquid helium
temperature.

A corollary to this behavior, however, is that when one increases the operating
temperature of an rf SQUID coupled to a room-temperature amplifier from 4.2K to
77K, the system noise energy is virtually unchanged. For the dc SQUID, however,
the noise energy scales with the temperature for fixed SQUID parameters, and the
noise advantage of the dc SQUID over the rf SQUID is diminished.

In the nonhysteretic regime (“dispersive mode”) the rf SQUID behaves as a flux-
sensitive inductor [36, 38–40, 42, 43]. When the tank circuit is operated off-reso-
nance, a flux change in the SQUID thus changes the resonant frequency, causing
the rf voltage across the tank circuit to be periodic in Ua at constant drive amplitude
and frequency. The “steps and risers” in the plot of rf voltage vs. current are qualita-
tively similar to those for the dissipative mode. However, when kQ2brf > 1, that is,
when the tank circuit is rather strongly coupled to the SQUID and Q is high, the
resonance curve VT( f ) is nonlinearly dependent on Ua, becoming asymmetrical and
even multivalued. Consequently, when the bias frequency is set near a point of infi-
nite slope, the transfer coefficient can be arbitrarily high, but at the cost of reduced
bandwidth and strong dependence on SQUID parameters. In practice, when the
detuning from resonance is appropriately chosen, a very high value of ¶VT/¶Ua can
be obtained with wide bandwidth and acceptable stability. Under these circum-
stances, the transfer coefficient cannot be expressed by a simple functional form;
the full expression is discussed in Chapter 2.

In the low fluctuation limit, C << 1, the intrinsic noise energy can be approxi-
mated by [40]

e ( f ) » 3kBTL/b2
rf
R . (1.19)

The intrinsic noise energy may be lower than in the dissipative mode. Furthermore,
in contrast to the dissipative mode, the noise of a room-temperature preamplifier
and coaxial line may not dominate, even for a 4.2 K SQUID. This becomes possible
when the SQUID is interacting strongly with the tank circuit, i.e., k2QbL ‡1. Discus-
sion of this case is deferred to Chapter 6, but we note that the lowest flux noise and
energy resolution of any rf SQUID were reported for a microwave SQUID operating
in this regime [44]. As shown in Chapter 2, the intrinsic noise energy of dispersive
SQUIDs remains low even in the high fluctuation limit, making it possible for
them to operate with relatively large loop inductances, somewhat higher than those
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of dc SQUIDs. Large inductances, and correspondingly large loop areas, help one to
attain high field sensitivities in single-layer high-Tc SQUIDs.

Almost all practical high-Tc rf SQUIDs are made from a single layer of YBCO –
see Chapter 6. The grain boundary junctions are formed either on a bicrystal or
more often on a step edge. Most of the structures used to improve the magnetic field
sensitivity – for example, by flux focusing – are also fabricated from single-layer
YBCO films. Early devices were operated with lumped tank circuits consisting of a
wire-wound coil and a capacitor; however, this technology is limited to perhaps
200MHz. Recent, more sensitive designs involve microwave resonators at frequen-
cies of 0.5–1 GHz. For practical reasons, higher frequencies are rarely used. A multi-
turn flux transformer has been demonstrated [45] but not implemented in practical
applications.

Although cooled preamplifiers have been explored, current practice uses room-
temperature amplifiers, since the advantages of cooling them to 77K are relatively
modest. After amplification, the rf signal is usually rectified and smoothed to give a
quasistatic voltage that is periodic in the flux applied to the SQUID. The rf SQUID
is almost invariably operated in a flux-locked loop, with flux modulation as for the
dc SQUID. It is noteworthy that the combination of rf bias and flux modulation
eliminates l/f noise due to fluctuations in the critical current of the junction, analo-
gously to the combination of flux modulation and bias reversal for the dc SQUID.
Typical values of white flux noise in high-Tc rf SQUIDs are somewhat below
10–5 U0 Hz1/2; furthermore, the l/f flux noise is higher than that of single-layer dc
SQUIDs operating with bias reversal.

1.5
Cryogenics and Systems

Low-Tc and high-Tc SQUIDs are traditionally operated at liquid 4He temperatures
(£ 4.2K) and liquid nitrogen temperatures (£ 77K), respectively. For some applica-
tions the SQUID and its associated circuitry are immersed in the cryogen, which is
contained in a suitable dewar made of glass, metal, or (most commonly) fiberglass.
In other applications, it is more convenient to operate the device in a vacuum, with
conductive cooling. In recent years, some commercial systems make use of a cryo-
cooler, thus obviating the need to replenish the liquid cryogen: this is an important
step in improving the user-friendliness of SQUIDs.

SQUIDs are often encapsulated to protect them against environmental damage,
and provided with a heater to expel trapped flux. Broadly speaking, there are two
kinds of SQUID applications: those in which the signal is generated at low tempera-
ture and those in which the signal source is at room temperature. In the former
case, the entire experiment – SQUID, input circuit and sample – is usually sur-
rounded by a superconducting shield to exclude ambient magnetic field fluctua-
tions. If a low static field is desirable, the Earth’s field may be attenuated by sur-
rounding the dewar with one or more shields made from a high permeability mate-
rial such as mu-metal. In the latter case, the SQUID or the pickup loop of an appro-
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priate flux transformer must obviously be exposed to the signal source outside of
the dewar. When a flux transformer is used, the SQUID itself may be enclosed in a
superconducting shield with leads connecting its input coil to the flux transformer.
For such measurements, it is vital that the dewar and its components generate very
low levels of magnetic noise. Furthermore, to maximize the signal, the room-tem-
perature source must be brought as close as possible to the cooled dewar. This
requirement calls for a dewar with thin walls and minimal separation between the
inner (cold) and outer (warm) wall. The necessary reduction in the number of layers
of superinsulation results in a higher boil-off rate of the cryogen or an increased
load on the cryocooler. In some cases, notably high-Tc “SQUID microscopes”,
the SQUID and sample may be separated by a single window only a few micro-
meters thick.

Given the extraordinarily high sensitivity of SQUIDs, it goes without saying that
suppressing environment noise is a major undertaking. There are two broad issues.
The first is magnetic noise in the signal bandwidth, most notably from power lines
at frequencies of 50 or 60 Hz and their harmonics. These disturbances can be sup-
pressed substantially by the use of spatial gradiometers, but a high-permeability
enclosure for the cryostat and, for example, a human subject may be required when
the signals are weak. Such magnetically shielded rooms usually incorporate both
high-permeability shields and eddy-current shields made of high-conductivity alu-
minum. The second – and often even more insidious issue – is radio frequency
noise from radio and televisions stations, and particularly from nearby computers
and other digital equipment which produce copious levels of electromagnetic inter-
ference. Elimination of such noise is a skilled art: the essential principle is to sur-
round the cryogenic components, the leads connecting them to the room-tempera-
ture electronics and the electronics themselves with a Faraday cage. In the case of dc
SQUIDs, the leads are preferably twisted pairs inside metal tubes, whereas the high-
er frequencies associated with rf SQUIDs demand coaxial cable – which has a high-
er thermal loss than a twisted pair.

Chapter 7 is devoted to these various, practical issues. Since many magnetometer
and gradiometer systems consist of multiple SQUID and electronics channels – up
to 300 or more – some system issues stem from the need for simultaneous and syn-
chronous measurements in these multiple channels.

1.6
Instruments: Amplifiers, Magnetometers and Gradiometers

There is a wide range of input circuits that can be coupled to a dc or an rf SQUID.
For example, by connecting a signal source in series with a resistor and the super-
conducting input coil of a SQUID one can make a voltmeter – for quasistatic signals
– or an amplifier with a bandwidth that may extend up to 100 MHz. The amplifier
may be tuned with the addition of a series capacitor. The operating frequency may
be extended to several gigahertz by using the input coil as a microstrip resonator.
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The noise temperature of SQUID amplifiers may be many orders of magnitude
lower than that of state-of-the-art semiconductor amplifiers.

The majority of applications, however, involve a superconducting input circuit,
configured, for example, as a magnetometer or gradiometer. In contrast to various
types of absolute field measuring instruments, SQUID magnetometers (and natu-
rally gradiometers) are vector devices, and measure only changes in the magnetic
field component perpendicular to the plane of the flux pickup loop. Given the wide-
spread use of these devices, an overview of their configuration and optimization is
in order. Chapters 5 and 6 present comprehensive surveys.

Because of the need to satisfy the constraint L << U
2
0/2pkBT, the inductances of

SQUIDs are necessarily small, and the corresponding areas As of planar devices are
also small (typically 10–4 to 10–2 mm2). (An exception is the cylindrical SQUID,
which is not used today.) Consequently, although the magnetic flux noise UN( f )
may be very low, the magnetic field noise BN( f ) = UN( f )/As is often too high for
many applications – most notably biomagnetism. The essential feature of a magnet-
ometer is to enhance the effective area to a value

Aeff = Us/Ba (1.20)

that may be 2 or 3 orders of magnitude higher than that of the bare SQUID, with a
concomitant reduction in the magnetic field noise. Here, Us is the flux coupled into
the SQUID by a flux transformer in response to an applied field Ba.

One way of increasing the effective area of a square washer SQUID is simply to
make its outer dimension D much larger than that of the hole in the washer, d.
Since the effective area is dD [19], the sensitivity increases linearly with the outer
dimension. This approach has been very successful for high-Tc rf SQUIDs, and has
the advantage of using a single-layer technology. However, for a given size, it has a
much lower effective area than multiturn flux transformers and multiloop (frac-
tional turn) SQUIDs.

Indeed, the majority of magnetometers and gradiometers – particularly for low-Tc

dc SQUIDs – involve a superconducting pickup circuit connected to the supercon-
ducting input coil, that is, a flux transformer. In low-Tc technology, gradiometers
may be planar, in which case they are generally patterned in a film of Nb, or axial, in
which case they are invariably wound from Nb wire. In the case of high-Tc devices,
given the absence of a flexible, bondable high-Tc wire, to date only planar structures
have been used. Figure 1.10(a) shows the configuration of a magnetometer, with a
pickup loop of inductance Lp connected to an input coil of inductance Li that is
coupled, in turn, to the SQUID via a mutual inductance Mi = ki(LLi)

1/2. We assume
that the SQUID is isolated from the applied field by a superconducting shield. In
the simplified analysis that follows, we neglect the fact that the SQUID inductance
is reduced by the presence of the flux transformer, and the fact that there is a voltage
noise source induced in the flux transformer by the current noise in the SQUID.
Both effects modify the optimization.

A flux change dU
ðpÞ
a in the pickup loop induces a current Js in the flux transformer

determined by flux quantization:
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dU
ðpÞ
a

+ (Lp + Li)Js = 0 . (1.21)

We have neglected parasitic inductance in the leads connecting the pickup and
input loops. The flux coupled into the SQUID is thus dUs = Mi‰Js‰ = MidU

ðpÞ
a

/(Lp +
Li). The spectral density of the equivalent flux noise referred to the pickup loop is
then

SðpÞ
U

(f ) = (Lp + Li)
2 SU( f )/M2

i
. (1.22)

Correspondingly, the equivalent noise energy referred to the pickup loop is

e(p)( f ) = SðpÞ
U

( f )/2Lp = [(Lp + Li)
2/LpLi]SU( f )/2ki

2L . (1.23)

It is easy to see that the minimum value of e(p)( f ), 4e( f )/ki
2, occurs when Lp = Li;

here e( f ) is the noise energy of the SQUID. Thus, a fraction ki
2/4 of the energy in

the pickup loop is transferred to the SQUID.
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Fig. 1.10 Superconducting flux transformers: wire-wound devices (a) magnetometer,
(b) first-derivative axial gradiometer, (c) second-derivative axial gradiometer. The
dashed box indicates a superconducting shield enclosing the SQUID, which is in a
flux-locked loop. (d) Thin-film, planar first-order gradiometers measuring ¶Bz/¶x with
parallel and series pickup loops.
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When Lp = Li, the magnetic field noise in a single-turn pickup loop of radius rp is

BðpÞ
N

( f ) = (SðpÞ
U

)1/2/pr2
p
= 2(2Lpe)

1/2/kipr2
p
. (1.24)

One can, in principle, improve the magnetic field resolution indefinitely by increas-
ing the size of the pickup coil. Since Lp scales approximately as rp (neglecting loga-
rithmic corrections), B

ðpÞ
N

( f ) is predicted to scale as 1/r
3=2

p
. For a typical low-Tc dc

SQUID and rp ~10 mm, one expects a white magnetic field noise of the order of 1 fT
Hz1/2. Such noise levels are indeed achieved in practice.

An alternative to the superconducting flux transformer is the multiloop dc
SQUID (See Chapter 5). This consists of several relatively large pickup loops all con-
nected in parallel across the same junctions to reduce the SQUID inductance. Prac-
tical devices involve a multilayer, thin-film structure with identical loops tightly
arranged around the junctions, and resemble a wheel with spokes. The effective
area is that of a single loop.

Particularly in biomagnetic measurements, the use of gradiometers – spatial fil-
ters – is almost universal. The magnetic field from a dipole falls off with distance r
as 1/r3, the first-derivative as l/r4, the second-derivative as l/r5, and so on. Thus, a
gradiometer with baseline b gives substantial rejection of a noise source at a distance
r >> b in favor of a signal from a source at a distance r << b, which is essentially
unattenuated. Figure 1.10(b) shows the principle of a first-derivative, axial gradi-
ometer consisting of two pick-up loops of equal areas connected in series; the loops
are wound in opposition and are separated by the baseline, b. A uniform magnetic
field Bz ideally induces no net flux into the two loops, and hence produces no flux in
the SQUID. A gradient ¶Bz/¶z, on the other hand, induces a net flux into the gradi-
ometer, and is thus measured by the SQUID. In practice, balances of 1 part in 100
to 1 part in 1000 are typical. Figure 1.10(c) shows the configuration of a second-de-
rivative, axial gradiometer. The principle of planar gradiometers is identical. Figure
1.10(d) shows parallel and series first-derivative configurations. Such planar gradi-
ometers are always fabricated from thin films, and measure off-diagonal gradients
such as ¶Bz/¶x. We note that magnetic susceptibility v is generally measured with
an axial or planar gradiometer. Either the sample is placed in one loop of the gradi-
ometer, and a uniform field is applied, or a uniform field is established and the sam-
ple is then introduced. A nonzero value of v unbalances the gradiometer, enabling
one to determine its value.

In the case of high-Tc SQUIDs, only planar hardware gradiometers have been fab-
ricated. However, one can form an axial gradiometer by stacking magnetometers
one above the other and subtracting the outputs: two magnetometers form a first-
derivative gradiometer and three a second-derivative.

Subtraction is also used with low-Tc first-derivative gradiometers to form higher
derivatives, for example, third-order. For electronic gradiometers the signals are sub-
tracted electronically, whereas for synthetic gradiometers the subtraction is performed
in software. Because hardware gradiometers have limited balance in all three direc-
tions, one generally subtracts signals from a three-axis (vector) magnetometer to
compensate. This approach can improve the balance by several orders of magnitude.
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These issues are discussed in detail in Chapter 7, along with the (special) require-
ments of mobile SQUID systems, where additional reference channels can be used
to compensate for flux changes produced by rotational motion in the Earth’s mag-
netic field.

1.7
Applications

Most of the SQUIDs ever made are incorporated into biomagnetic systems, specifi-
cally those for magnetoencephalography (MEG). In modern instruments about 300
low-Tc dc SQUIDs – usually configured as first-derivative gradiometers – are
installed in a helmet into which the subject inserts his or her head. The system is
most often installed in a magnetically-shielded room since brain signals are ex-
tremely weak, as low as a few femtotesla. The SQUIDs detect tiny signals produced
by neuronal electrical currents in the brain. This completely noninvasive technique
has been quite widely used in neurological and psychological research, and is
increasingly used as a clinical tool, particularly for neurological screening of brain
tissue surrounding tumors prior to surgery and localization of epileptic foci.
Another biomagnetic method is magnetocardiography (MCG), the noninvasive char-
acterization of local magnetic activity of the heart muscle, generated by currents.
Currently, clinical studies on hundreds of normal subjects and patients with heart
disorder are in progress. The goal is the noninvasive diagnosis of various kinds of
heart disease – for example, ischemia. The heart signals are substantially larger than
those of the brain and have a narrower bandwidth. Therefore, some systems can be
operated in an unshielded environment, and if the technique proves clinically viable,
one could even envision high-Tc SQUID gradiometers being used. Other biomag-
netic techniques include liver susceptometry to monitor the accumulation of excess
iron in the human liver (thalassemia) and gastro-magnetometry, where ingested
magnetic markers are followed through the gastro-intestinal tract. A recently-devel-
oped experimental method is aimed at immunoassay – the qualitative and quantita-
tive detection of very small numbers of antibodies or antigens in biological fluids.
Immunoassays are widely used in biology and medical diagnosis. The magnetic
method involves the specificity of the binding reaction between two components,
one of which is magnetically labeled so that its presence or absence can be detected
by a SQUID microscope.

Although most SQUIDs are installed in biomagnetic systems, by far the most
widely sold commercial systems involve only one or two SQUIDs and are used to
measure magnetic properties such as magnetization and susceptibility. One system
makes it possible to study relatively small samples at temperatures ranging from a
few kelvin to above room temperature in fields of several tesla. The other, a “rock
magnetometer,” has a horizontal open access and allows one to study the magnetic
properties of core samples, taken from the earth, at room temperature. Both systems
employ low-Tc dc SQUIDs and – importantly – are available with cryocoolers that
make the cryogenics invisible or at least less cumbersome to the operator.
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The advent of high-Tc SQUIDs has heightened interest in nondestructive evalua-
tion (NDE) of materials – for example, aircraft structures and engines, nuclear
plants, reinforcing steel in concrete structures, and wires and cables. The goal is to
locate flaws – for example, minute cracks, inclusions of unwanted contaminants,
and damage due to corrosion or fatigue – before the integrity of the structure is
threatened. Broadly speaking, there are two approaches: passive, in which one
detects the magnetic field due to ferromagnetism, and active, in which one applies
an oscillating magnetic field and measures the “secondary” response magnetic fields
of oscillating currents induced in the sample. In each case, the presence of flaws is
inferred from maps – obtained by scanning – that show localized anomalies. Active
methods are useful in testing electrically conductive, nonferromagnetic materials.
The first commercial application of a passive method was the screening of aircraft
gas turbine rotors fabricated from a nonmagnetic alloy for magnetic microparticles,
the presence of which can cause catastrophic fatigue failures. The first commercial
application of an active method was the use of a high-Tc scanning SQUID micro-
scope to detect faults, such as spurious short circuits, in computer multichip mod-
ules and packages. In most NDE methods, the very wide dynamic range of the
SQUID is of particular importance, whereas the vast reserve in sensitivity is rarely
exploited fully, so that high-Tc devices are more than adequate.

Interest in geophysical exploration measurements has also been rekindled by the
simplicity of fielding liquid-nitrogen-cooled SQUIDs compared with their liquid-
helium-cooled counterparts. Magnetic and electrical measurements made at the
Earth’s surface can provide information on the conductivity at depths ranging from
a few meters to tens of kilometers. For example, the presence and depth of oil and
mineral ores can be deduced from local conductivity anomalies.

In magnetotellurics (MT), the low-frequency excitation signals (10–4 to 100 Hz)
originate in the ionosphere or magnetosphere. Alternatively, in other techniques the
signals are provided by a generator, the frequency of which is under the control of
the operator. In time-domain methods, pulses of current are applied to the ground
via large antennae or buried electrodes, and the subsequent decaying magnetic
fields are detected, averaged and mapped. Three-axis SQUID magnetometers are
particularly competitive at low frequencies (< 1 Hz), where conventional induction
coils become very large in order to maintain sufficient sensitivity. Ground-based
time-domain SQUID exploration systems have been successfully demonstrated on
four continents, and one has been towed behind an aircraft with considerable suc-
cess. Related techniques have been demonstrated for the detection of buried ord-
nance and submarines.

In the classes of applications mentioned thus far, it is often of prime interest to
determine the electric currents which are the sources of the measured magnetic
fields. These sources are mapped by solving the inverse and forward problems. In the
inverse problem, one estimates the unknown spatial distribution and amplitude of
electrical current from the measured spatial distribution of the magnetic field. In
three dimensions, the inverse problem is ill-defined, that is, the solution is not
unique, and the magnetic field data must be supplemented by additional informa-
tion to obtain unique current estimates. Forward solutions consist of calculating
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magnetic field distributions from assumed current distributions and of iteratively
matching the results of calculations and measurements until a sufficiently good
match is obtained. While the field calculations from given current sources have
unique solutions even in three dimensions, to obtain rapid, nearly real-time match-
ing it is desirable to have as much a priori information about the sources as possible.

All the applications above involve the detection of magnetic fields, and can be
categorized as magnetometric. Although a SQUID always detects magnetic flux,
there is another class of applications in which the device is used as an amplifier.
One can measure a quasistatic voltage by connecting it to a SQUID input coil in se-
ries with a resistor. Such measurements have been made on a great variety of cryo-
genic sources, and can be extended to frequencies up to several megahertz in a flux-
locked loop. A major application – with a superconducting input transformer – is
the detection of nuclear magnetic resonance (NMR) or nuclear quadrupole reso-
nance (NQR) at frequencies that may be below 100 Hz. One possible use is the
detection of explosives in security screening. At higher frequencies – say up to
100–200 MHz – SQUIDs operated open-loop are used as high-gain, low-noise
amplifiers with either an untuned or tuned input circuit. At still higher frequencies
– up to several gighertz – the input coil can be configured as a microstrip resonator,
again enabling high gain and low noise. A primary goal of this device is as the read-
out amplifier of a cryogenic axion detector.

Another amplifier application currently undergoing rapid development is the
readout of superconducting transition-edge bolometers. Electromagnetic radiation
absorbed by the bolometer causes its temperature to rise and the ensuing change in
the resistance of the superconductor deposited on it is detected by a low-Tc dc
SQUID. These are the most sensitive detectors available in the far-infrared and sub-
millimeter regions of the electromagnetic spectrum, and telescopes are now funded
that in a few years will involve arrays of hundreds and subsequently thousands of
such sensors. This application is driving the development of SQUID multiplexers.
Similar and highly competitive detectors have been developed for X-rays, and are
finding an important application in the detection of impurities in semiconductors.

SQUID-based, superconducting accelerometers are used as transducers for grav-
ity wave detectors, and have potential for gravity gradiometers, precision tests of the
law of gravity, and inertial navigation. The acceleration of a mass causes it to be dis-
placed, and this movement is converted into a change in magnetic flux that is
detected by a low-Tc dc SQUID.

Finally, there are a myriad “one-of” experiments in basic science that are possible
only because of the unrivaled sensitivity of the SQUID. These range from the discov-
ery of the phenomenon of charge imbalance in superconductors three decades ago
to today’s use of a SQUID to study macroscopic quantum coherence in a flux qubit
– a superconducting loop interrupted by a Josephson junction (or sometimes several
junctions). In many ways, such applications are the most exciting of all because they
may lead to new scientific discoveries.

Volume II of the Handbook is devoted to applications.
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1.8
Challenges and Perspectives

The concept of the SQUID and its ability to perform ultrasensitive measurements
have been around for four decades. What are the remaining challenges and possible
future trends?

The theory of the dc SQUID in the small-fluctuation limit (C << 1) has been long
established, and experiments on low-Tc devices with a broad range of parameters
provide results in good agreement with predictions. The agreement is less satisfacto-
ry for high-Tc devices, however, where the measured white noise power is typically
an order of magnitude higher than predicted. Resolving this discrepancy would be a
significant advance. The theory of rf SQUIDs in both the hysteretic and nonhystere-
tic regimes is well established for the small fluctuation limit, but only the nonhys-
teretic regime has been investigated for large fluctuations. Detailed comparisons be-
tween experiment and theory tend to be hampered by the practical difficulty of mea-
suring the critical current accurately. Predictions of particularly low noise energy for
high-Tc devices in the nonhysteretic rf SQUID at angular frequencies exceeding R/L
have yet to receive confirmation.

The wafer-scale fabrication process for low-Tc dc SQUIDs – involving Nb-AlOx-Nb
trilayer junctions – is well established, highly successful, and commercially avail-
able. The same is not true, unfortunately, for high-Tc dc and rf SQUIDs. The single
greatest challenge in this regard is to develop a junction technology that is not only
more reproducible than current methodologies but also capable of providing an I0R
product at 77 K that is substantially higher than the 200 mV or so available today.
Multilayer circuit technology is still far from being perfected, and seems inevitably
to produce higher levels of l/f noise at low frequencies than single-layer processes. A
fabrication technology for high-Tc junctions and multilayers that produces the same
narrow spread of parameters, high yields and long-term stability as low-Tc devices
would be a marvelous advance, but the challenges are formidable. Despite these dif-
ficulties, existing high-Tc SQUIDs are adequate for a number of applications, albeit
at a higher cost than one would like.

Today, SQUIDs – especially low-Tc SQUIDs – have the lowest noise energy of any
device, and are used for a broad range of applications at frequencies ranging from
zero to several gigahertz. At frequencies above about 10 MHz, SQUIDs are operated
open-loop. At lower frequencies they are generally operated in a flux-locked loop
with room-temperature electronics. Even in SQUID systems with hundreds of chan-
nels, each channel is currently operated with its own flux-locked loop. A means of
multiplexing groups of channels – say 32 or 64 – could offer a considerable saving,
and substantially reduce the number of wires running down the cryostat. Both fre-
quency-domain and time-domain multiplexers have been successfully demonstrated
for arrays of superconducting transition-edge bolometers, but their application to
biomagnetic measurements is not straightforward. The upper frequency limit of the
flux-locked loop is generally set by propagation delays in the cables connecting the
SQUID to the room-temperature electronics. The development of cryogenic, low-
power semiconductor chips would enable one to place the electronics package much

24



1.8 Challenges and Perspectives

closer to the SQUID and thus achieve a substantially higher frequency response and
slew rate. However, there seems to be insufficient demand to drive this technology.
Alternatively, one could imagine very fast on-chip electronics based on supercon-
ducting rapid single flux quantum (RSFQ) devices. Although these circuits are feasi-
ble in principle, it appears that substantial development and investment will be nec-
essary to make them available in practice at a low enough cost to be attractive.

Obviously, a major factor in the broad application of SQUIDs is the need to cool
them – the “cryogenic barrier.” Liquid helium is expensive, its availability is geogra-
phically restricted, and its handling is relatively difficult and requires training in the
necessary safety precautions. Liquid nitrogen is much more appealing with regard
to all three issues. The development of inexpensive, long-lifetime, compact, magnet-
ically and mechanically quiet cryocoolers would have a major impact on the exploita-
tion of SQUIDs. It is noteworthy that the two “best-selling” SQUID systems – a
magnetic susceptometer and a rock magnetometer – are available with cryocoolers.
In both systems, however, the measurement chamber is magnetically shielded from
the environment, so that the magnetic and vibrational noise from the cryocooler can
be attenuated sufficiently. The task of producing a cryocooler quiet enough for a
300-channel biomagnetic system – which inevitably must be open to the environ-
ment – is considerably more challenging.

The two major challenges in the field – an improved high-Tc, thin-film technology
and better cryocoolers – are not likely to be resolved inexpensively. One might well
question whether current revenue from SQUID products will justify the investment.
It is the age-old chicken-and-egg dilemma: “cryocoolers would be cheaper if only the
demand were greater, and the demand would be greater if only they were cheaper.”
One might hope that other cryogenic applications would provide the incentives. For
example, a significant growth of high-Tc devices in telecommunications is already
beginning to reduce the prices of cryocoolers operating at 70 to 80 K. Similarly, if
there were ever to be a significant market for high-Tc electronics – and the growth of
such a market is not obvious today – there would be a stronger driver for an
improved multilayer thin-film technology.

The future of the field of SQUIDs is more likely to be driven by new or more
widespread applications than by advances in the SQUID technology. If there is
going to be a large potential market, our crystal ball suggests that it is most likely to
be in biomagnetism: for example, magnetoencephalography, magnetocardiography
or magnetic resonance imaging. The rapid growth in the use of the SQUID readout
of bolometers for far infrared and submillimeter astronomy on telescopes with 1000
or even 10,000 detectors may have a major impact on the field. The creative use of
SQUIDs for “one-of” experiments in fundamental science – measurements that
would otherwise be impossible – will continue to capture one’s imagination. A good
example is the use of dc SQUIDs to measure the quantum state of mesoscopic flux
“qubits”. No other detector is remotely close to having sufficient sensitivity or suffi-
ciently low back-action for such measurements. Nonetheless, one should never
underestimate the competition. Advances are being made in flux gate magnet-
ometers, Hall effect sensors, giant and colossal magnetoresistive sensors, proton
magnetometers and optical magnetometers that may enable these room-tempera-
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ture devices to supplant the SQUID in certain applications. In particular, the feasi-
bility of multichannel optically pumped atomic magnetometers and gradiometers
was very recently demonstrated with a white magnetic field noise below 1 fTHz–1/2

at frequencies between about 10 and 150 Hz [46]. To paraphrase Harold Weinstock’s
[47] maxim, “Never use a SQUID when a simpler, cheaper device will do.”
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2 SQUID Theory

2.1
Josephson Junctions

The Josephson junction [1–4] consists of two weakly coupled superconducting elec-
trodes. Different types of Josephson junctions have been investigated and used in
practice [4]. Examples are point contact junctions, constriction type weak links, SNS
or SIS junctions. In the latter two cases the superconducting electrodes are separat-
ed by a thin normal conducting (N) or insulating (I) layer, respectively. For details
on the geometry and fabrication of various junction types we refer to Chapter 3. In
the widely used SIS junction the current transport occurs via tunneling of Cooper
pairs and quasiparticles. In general, if the coupling is weak enough, the supercur-
rent Is across the junction is related to the gauge invariant phase difference d of the
phases of the macroscopic wave functions of the two superconducting electrodes via
a function f(d) which is 2p-periodic and which can be expanded in a Fourier series
in d (see Appendix A.1.3). As shown by Josephson [1,2] for the SIS tunnel junction
one finds

Is = I0 sind , (2.1)

where I0 is the maximum supercurrent (critical current). Equation (2.1) is known as
the first Josephson equation and holds for many junction types used in practice.
Here, we restrict our discussion to the case of small junctions with homogeneous
critical current density j0 = I0 / AJ within the junction cross-section of area AJ, as
only this case is relevant for SQUIDs. In the general case, the critical current density
j0 and the gauge invariant phase difference may vary within the cross-section of the
junction (in the x-y-plane in Fig.A.1.3).

If the phase difference d changes with time, a voltage U is developed across the
junction, as given by the second Josephson relation

_dd ” dd
dt

¼ 2e
"
U ¼ 2p

U0

U. (2.2)

Here, U0 ” h/2e » 2.07H10–15 Vs is the magnetic flux quantum. For zero applied
current, the two electrodes are coupled by the Josephson coupling energy
EJ = I0U0/2p, which can be found by direct integration of the product U·I, using
equations (2.1) and (2.2). In the zero-voltage state, the phase difference is constant
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2.1 Josephson Junctions

in time (static case) if we neglect plasma oscillations, which are discussed below. In
this static regime, according to (2.1) a dc supercurrent with maximum value I0 can
flow across the junction. In the dynamic regime, that is for voltages U „ 0, the
Josephson current oscillates with the Josephson frequency xJ” 2pV=U0 (or
fJ ¼ xJ=2p ¼ V=U0 » V H 483.6 MHz/mV). Note that we here denote V as the time
averaged dc voltage across the Josephson junction. In addition one has to consider a
displacement current Id and a quasiparticle current Iqp. While the expressions for Is,
Iqp and Id can be quite complex in general [3,4], for many practical situations, e.g. for
a resistively shunted tunnel junction, one may simply approximate Iqp and Id by an
ohmic shunt resistor and a capacitor, respectively, both connected in parallel to the
Josephson element. This leads to the widely used “resistively- and capacitively-
shunted junction model” (RCSJ-model) [5,6] which is described in the next section.

2.1.1
RCSJ Model

A high-quality tunnel junction has a hysteretic current–voltage (I–V) characteristic.
As the bias current is increased from zero, the voltage switches abruptly to a non-
zero value when I exceeds I0, but returns to zero only when I is reduced to a value
much less than I0. This hysteresis must be eliminated for SQUIDs operated in the
conventional manner. For tunnel junctions fabricated from low transition tempera-
ture (low-Tc) superconductors this is usually done by shunting the junction with an
external shunt resistance. The current–voltage characteristics of such junctions are
well-explained by the resistively- and capacitively-shunted junction (RCSJ) model
[5,6]. In this model, the Josephson element has a critical current I0 and is in parallel
with its self-capacitance C and a resistance R, which has a current noise source IN (t)
associated with it. We note that the RCSJ model neglects any spatial dependence of
junction parameters within the junction cross-section, in other words, this model
assumes point-like junctions. The most important simplification is the assumption
of a linear resistance R, both below and above the gap voltage. For junction models,
which avoid these simplifications, such as the nonlinear resistive (RSJN) model or
the tunnel junction microscopic (TJM) model, see [4].

The equivalent circuit of a Josephson junction in the RCSJ-model is shown in
Fig. 2.1(a). Using Kirchhoff’s law we find

C _U þ U
R

þ I0sind ¼ I þ IN ðtÞ . (2.3)

Using the second Josephson relation (2.2), and neglecting the noise term for the
moment, we find the equation of motion for the phase difference d across the
Josephson junction as

U0

2p
C €ddþ U0

2p
1
R

_dd ¼ I � I0sind ¼ � 2p
U0

@UJ

@d
, (2.4)
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2 SQUID Theory

where we define the so-called tilted washboard potential UJ of the Josephson junction
as

UJ ”
U0

2p
I0ð1 � cosdÞ � Id
� �

¼ EJ 1 � cosd� idf g , (2.5)

with the normalized bias current i ” I/I0. The amplitude of the potential is given by
the Josephson coupling energy EJ. As the normalized potential we define uJ ” UJ/EJ
= 1–cos d – id.

Equation (2.4) describes the dynamics of the phase difference d in analogy to the
motion of a point-like particle of mass m and friction coefficient n moving on the
tilted washboard potential in a mechanical model (along the coordinate x), which is
in a general form governed by the equation of motion

m€xx þ n _xx ¼ � @wðxÞ
@x

þ Fd ¼ � @½wðxÞ�Fdx	
@x

. (2.6)

Here Fd is an external driving force, which tilts the potential w. Turning from the
mechanical model to the Josephson junction, the coordinate x is replaced by d, and
the velocity _xx by _dd ~U. The mass corresponds to the capacitance and the friction
coefficient to the conductance 1/R. The bias current I corresponds to the external
force, which tilts the cosine-shaped potential. In the static case, for I<I0 , the particle
is confined to one of the potential minima (cf. Fig. 2.1(b)), where it oscillates back
and forth at the plasma frequency

xp;i ¼ xp 1 � i2
� �1=4

with xp ¼
2p
U0

I0
C

� �1=2

. (2.7)

The time average of _dd, and hence the time averaged dc voltage V, is zero in this
state. As the current I exceeds I0, the local minima in the washboard potential disap-
pear (cf. Fig. 2.1(c)), and the phase difference evolves in time. This dynamic case is
hence associated with a finite dc voltage V across the junction which increases with
increasing bias current.

As the bias current is reduced from above I0, the particle becomes trapped in one
of the wells of the washboard at a current which depends on the inertial term, given
by the capacitance of the junction. Rewriting (2.4) with the normalized bias current
and with the characteristic frequency xc ” 2pI0R=U0 , which is the Josephson fre-
quency at the characteristic voltage Vc ” I0R, we get
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Josephson junction; (b) and (c) show the tilted washboard potential for
I < I0 and I > I0.



2.1 Josephson Junctions

€dd
x2
p

þ
_dd

xc

¼ i� sind ¼ � @uJ
@d

, (2.8a)

or

b
c

€dd
x2
c

þ
_dd

xc

¼ i� sind ¼ � @uJ
@d

. (2.8b)

Here we introduce the Stewart–McCumber parameter

b
c
” xc

xp

� �2

¼ 2p
U0

I0R
2C ¼ 2p

U0

j0r
2
J
cJ , (2.9)

with the product of normal resistance times the junction cross-section rJ ”R·AJ and
the capacitance per junction cross-section cJ ”C/AJ. Note that the characteristic
frequencies xc, xp and xRC ¼ 1=RC are related by x

2
p ¼ xcxRC. Therefore the

Stewart–McCumber parameter can be expressed in various ways as the ratios
bc ¼ ðxc=xpÞ

2 ¼ ðxp=xRC Þ
2 ¼ xc=xRC of those frequencies. Furthermore, it may

be convenient to introduce the normalized time s ” t·xc. In this case, the character-
istic frequency disappears in (2.8b).

Equation (2.8), which is valid in the absence of noise, shall be considered for the
two limiting cases, (i) if bc<<1 (strongly overdamped limit) and (ii) if bc>>1 (strongly
underdamped limit).

In the strongly overdamped limit (bc<<1) the inertial term in (2.4) or (2.8) is neg-
ligible, which corresponds to a negligible junction capacitance. In this limit the
RCSJ model reduces to the so-called RSJ model which is most often used for practi-
cal SQUIDs. A negligible inertial term means that by reducing the bias current
from above I0, the particle gets trapped instantly in one of the minima of the wash-
board potential at I= I0, which results in non-hysteretic I–V characteristics. Solving
(2.8) with bc = 0 one finds for the normalized time dependent voltage u =U/I0R

u= 0 for I<I0 (2.10a)

uðtÞ ¼ i2�1
iþcosxt

for I>I0 with x ¼ xc
ffiffiffiffiffiffiffiffiffiffiffiffi
i2 � 1

p
. (2.10b)

As shown in Fig. 2.2(a) for i > 1 the voltage u oscillates with frequency x, which
increases with increasing bias current. The normalized time averaged voltage
v =V/I0R is zero for i <1 and increases also with increasing i according to

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
i2 � 1

p
for i >1 , (2.11)

as shown in Fig. 2.2(b).
In the strongly underdamped limit (bc>>1) the characteristic Josephson fre-

quency is much higher than the relaxation frequency xRC. Hence, the dynamics of
the junctions is solely determined by the R-C-circuit, leading to a simple ohmic
response of the average voltage to a dc current drive. Hence, in the dynamic regime

33



2 SQUID Theory

the dc voltage stays finite even for i <1 until the current is reduced to zero. In con-
trast, when the current is increased from zero the junction stays in the zero voltage
state until i = 1, resulting in highly hysteretic I–V characteristics.

In the general case of finite bc the dynamics of the junction can be obtained by
numerical solution of (2.8). Figure 2.3(a) shows the result of calculated I–V charac-
teristics for various values of bc. Decreasing the bias current from above I0, the zero
voltage state is reached at the return critical current Ir(bc). The ratio ir = Ir/I0 as a
function of bc decreases monotonically from 1 to 0 for increasing bc, as shown in
Fig. 2.3(b) [6]. For comparison we also show the approximated analytical solutions
bc ¼ f2 � ðp� 2Þirg=i

2
r in the limit 0.05< ir <0.95 [7] and ir ¼ 4=ðp

ffiffiffiffiffi
bc

p
Þ, which has

been derived in the limit bc >> 1 [4].
In order to obtain non-hysteretic I–V characteristics with low-Tc tunnel junctions,

one usually places a shunt resistor across the junction to reduce bc below 1. In the
noise-free case discussed above, a significant hysteresis is present for bc* 1. How-
ever, as will be shown below, at nonzero temperature, the thermal noise of the shunt
resistor may suppress the hysteresis if bc is not too large. Furthermore, we note that
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2.1 Josephson Junctions

for many high-Tc Josephson junctions the RCSJ-model seems also to be a reasonably
good approximation. In fact, most of these junctions seem to be intrinsically
shunted [8,9], yielding values of bc<1 for a typical operation temperature of T= 77 K.

So far, we have considered only the Josephson junction in the RSJ-model for a dc
current drive. An additional feature emerges if we bias the junction with an addi-
tional sinusoidal ac current drive Iacsinxact. Using the RSJ model for strongly over-
damped junctions with current bias, one has to solve the modified equation of
motion for the phase difference

_dd
xc

¼ iþ iac sinxac t� sind, (2.12)

with the normalized ac current amplitude iac= Iac/I0. The most noticeable conse-
quence of the ac signal is the occurrence of constant voltage steps (Shapiro steps) in
the IV-curves [10] at dc voltages

Vn ¼ nV1 ¼ nU0

2p
xac (n= 0,1,2...), (2.13)

as shown in Fig. 2.4. Using the mechanical analog of a particle in the washboard
potential which is now tilted periodically, with an amplitude determined by Iac,
around an average tilt determined by the dc bias current I, the appearance of Sha-
piro steps corresponds to the synchronization of the motion of the particle with the
external drive at frequency xac. At the n-th Shapiro step the particle moves along n
minima of the washboard potential within one period of the external excitation.
Hence the velocity of the particle does not depend on the average tilt (dc bias cur-
rent) within a certain interval which corresponds to the height DIn of the n-th step.
In this regime the average velocity, and hence the dc voltage is solely determined by
the excitation frequency xac as given in (2.13). The normalized height Din =DIn/I0
of the n-th Shapiro step depends strongly on the amplitude and frequency of the ac
drive and shows an oscillatory behavior with increasing Iac. In the limit of large ac
frequency X ”xac/xc‡ 1 these oscillations are described by first-kind Bessel func-
tions of order n [11]

Din ¼ JnðxÞ j
		 with x ” iac

X
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þX2b
c

q (2.14)

For more details we refer to [4].
To conclude our discussion of the RCSJ model in the noise-free case, we mention

that deviations from this simple model are frequently observed which may have var-
ious origins. Fist of all, the sinusoidal current-phase-relation (CPR) , equation (2.1),
as predicted by Josephson [1,2] for ideal SIS tunnel junctions from conventional
superconductors, has been confirmed by various experiments [12]. In contrast, for
SNS junctions the supercurrent is still a 2p-periodic function of d but deviations
from the sinusoidal dependence, with a sawtooth-like function that contains higher
harmonic components such as sin(nd), can be quite substantial unless the effective
spacing between the superconducting electrodes is less than approximately three
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2 SQUID Theory

times the normal layer coherence length [4]. Analysis of the RCSJ model with a
modified CPR shows a significant effect on the IV-curves, e.g. the appearance of an
“excess current” or a modification of the hysteretic behavior in the IV-curves [13].
Other sources of such an excess current are due to superconducting shorts through
the barrier, or Andreev reflection at the barrier interfaces. Obviously, the RCSJ
model fails in the description of junctions which do not have a linear resistance. In
this case the RSJN model or the TJM model provides much better agreement with
experimental data. For a more detailed discussion on deviations from the RSJ-model
in weak links formed from low-Tc superconductors we refer to references [4,12].

For most high-Tc superconductors there is convincing evidence for a d-wave pair-
ing state with an internal phase of the pair potential [14] (see also the Appendix,
A.1.2). Important effects of the internal phase on the Josephson current were pre-
dicted theoretically. Such predictions are supported by several experiments using
high-Tc Josephson junctions and SQUIDs, which detect a p-phase shift between the
a- and b-axis directions and fractional flux quanta. In addition, the existence of new
interference effects in the quasiparticle states near surfaces and boundaries has
been suggested theoretically and has been supported by tunneling spectroscopy
data, which showed zero-bias conductance peaks (ZBCPs). These ZBCPs reflect the
formation of zero-energy states (ZES) on the surface due to the p-phase shift of the
internal phase in the d-wave pairing symmetry. The formation of ZES greatly influ-
ences the transport properties of quasiparticles in tunnel junctions. Similar effects
are also expected in the dc Josephson current for junctions made from d-wave super-
conductors. For details on tunneling effects in unconventional superconductors we
refer to reference [15]. In this context, it should not be surprising to observe devia-
tions from the RCSJ-behavior in high-Tc junctions. Most experimental work regard-
ing this issue has been performed on grain boundary Josephson junctions (GBJs),
where the orientation of the crystal axis changes across the barrier [16]. Fortunately,
deviations from the RCSJ-model in such junctions seem to be pronounced only for
large misorientation angles up to 45S, which are not of importance for practical
SQUIDs.

Experiments based on the method developed by Rifkin and Deaver [17] revealed a
clear deviation from a sinusoidal CPR only for symmetric 45S [001] tilt grain bound-
aries in YBCO bicrystal junctions [18]. In contrast, no such deviation was found for
other junction types,(e.g. step-edge-, ramp-type or ion irradiated junctions) or for
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Fig. 2.4 I–V curves of a Josephson junction driven by a dc current and an additional
ac current of different normalized amplitudes iac = Iac/I0 at frequency xac = xc, calcu-
lated within the RSJ model (adapted from [4]).



2.1 Josephson Junctions

bicrystal junctions with smaller misorientation angles such as 30S or 24S, which are
widely used for high-Tc SQUIDs. The sign of the deviation DIs= Is – I0 sind which is
positive for point contact or SNS junctions from low-Tc superconductors [12], has
been shown to be negative (with a shift of the maximum supercurrent towards larg-
er d) for 45S YBCO GBJs. It has been shown recently [19] that this observation can
be attributed to the strongly inhomogeneous nature of large-angle GBJs with a ran-
domly distributed alternating current density [20]. The strong faceting, together
with the d-wave pairing symmetry favors the formation of p-junctions and leads also
to a very irregular Ic(B) pattern in large-angle GBJs [21]. Again, these deviations
seem to be most pronounced for large misorientation angles in the case of GBJs,
which, however, are not frequently used for practical devices. On the other hand,
inhomogeneity is certainly a problem of all high-Tc junctions and probably the most
significant source of deviations from the RSJ-model. This tendency to strong nonu-
niformity is consistent with the large spread in junction parameters.

The physical reason behind this lies in the short and highly anisotropic coherence
length. As a result, the properties of high-Tc materials are highly susceptible to struc-
tural and chemical changes on atomic length scales. This can lead to a strong sup-
pression of the superconducting order parameter at a superconductor-insulator
interface, in turn reducing the I0R product substantially [22]. Furthermore, the bar-
rier materials are generally oxides close to a metal-insulator transition with a com-
plex crystal structure and a strong sensitivity to defects on an atomic scale. As a
result, transport across the barrier is highly dependent on microstructural imperfec-
tions in the barrier and at its interface with the electrodes.

2.1.2
Thermal Noise

So far, we have discussed the characteristics of Josephson junctions without the con-
sideration of noise. We will now consider the effect of thermal fluctuations, which
can have an appreciable effect, in particular for high-Tc devices operated at 77K. We
mainly restrict ourselves to the discussion of thermal noise in the frame of the RCSJ
model which, for example, can lead to a significant rounding of the dc current–volt-
age characteristics.

In the presence of noise, the current I(t) may fluctuate about its mean value,
which for simplicity we assume to be zero. An important quantity which describes
the correlation of values of I(t) at different times is the correlation function
IðtÞIðtþ tiÞ
� �

. The brackets specify a statistical average over probabilities of values
for I at different times. Note, that in the case of a stationary process, the correlation
function does not depend on time t , but only on the time interval ti. For a descrip-
tion of fluctuation phenomena it is often advantageous to shift from the time
domain to the frequency domain. In the latter, an important quantity is the spectral
density of current noise SI, which is the mean-square current noise per unit interval
of frequency. Using the RCSJ model, we assume that the conductance of the Josephson
junction does not depend on frequency. This results in the classical Nyquist–
Johnson formula for thermal noise
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SI ðxÞ ¼
2kBT
pR

(2.15)

in the resistor R at temperature T, where kB is the Boltzmann constant. Using the
well-known Wiener–Khintchine theorem

IðtÞIðtþ tiÞ
� �

¼
R1
0

SI ðxÞcosðx tiÞ dx (2.16)

one can calculate the corresponding correlation function

IðtÞIðtþ tiÞ
� �

¼ 2kBT
pR

R1
0

cosðx tiÞ dx ¼ 2kBT
R

dðtiÞ, (2.17)

with the definition of the delta function dðtÞ ¼ 1
p

R1
0

cosðx tÞ dx. Hence, the thermal

noise current has no correlation in time, and results in a white (frequency indepen-
dent) power spectrum, with Gaussian distributed amplitudes and zero average
IðtÞh i ¼ 0 (Gaussian white noise). Strictly speaking, (2.15) is only valid in the limit
kBT >> eV, "x [4]. At high frequencies, quantum fluctuations may become impor-
tant.

Using the Langevin approach means that we simply add a random force FN(t) to
the driving force Fd(t) in the equation of motion (2.6). For the description of the
Josephson junction, including the effect of noise, this corresponds to the addition of
a fluctuating noise current IN(t) in the RCSJ model, as already included in (2.3).
Note that, due to the symmetric distribution of the noise current amplitudes around
zero, one can add the term IN(t) also on the left-hand side in (2.3). Using the tilted
washboard potential picture one can modify (2.5) to include the noise current as

UJ;N ¼ EJ 1 � cosd� iþ iN ðtÞ
� �

d
� �

, (2.18)

which means that the average tilt i of the washboard potential fluctuates with nor-
malized amplitude iN ” IN/I0. In the thermal limit iN is treated as white noise with
normalized spectral density

SiðxÞ ¼
2C
pxc

or Siðf Þ ¼
4C
xc

, (2.19)

where we have defined the noise parameter C as the ratio of the thermal energy over
the Josephson coupling energy

C ” kBT
EJ

¼ 2pkBT
I0U0

. (2.20)

In the time domain, the noise current is described by the statistical properties

iN ðtÞ
� �

¼ 0 and iN ðtÞiN ðtþ tiÞ
� �

¼ 2C
xc

dðtiÞ . (2.21)

38



2.1 Josephson Junctions

The effect of the fluctuating current on the dc IV-characteristics can easily be
understood in the picture of the tilted washboard potential. For I<I0 the fluctuating
tilt can cause the total current I+IN(t) to exceed I0, which enables the particle to roll
out of the potential minimum to the next. For the overdamped junction this pro-
duces a series of voltage pulses randomly spaced in time. Hence, the time averaged
dc voltage V becomes finite, even for I<I0. As an obvious consequence, the I–V-char-
acteristics are “noise rounded” at low voltages, as shown in Fig. 2.5(a) for negligible
junction capacitance (bc = 0).

To obtain the dc IV-curves one can numerically solve the Langevin equation

b
c

€dd
x2
c

þ
_dd

xc

¼ iþ iN ðtÞ � sind ” fdðdÞ þ iN ðtÞ, (2.22)

with the effective “force”

fdðdÞ ”�
@uJ
@d

¼ i� sind (2.23)

as obtained from the gradient of the tilted washboard potential. The noise currents
are implemented as Gaussian distributed random numbers with the normalization
of (2.19) [23]. For details on the numerical simulations we refer to Section 2.2.3.2.
Due to the thermal noise, the observed value of the critical current (zero voltage
state) is reduced with increasing value of C and vanishes at C»0.2, as shown in
Fig. 2.5(a). Including a finite junction capacitance, one finds that the hysteresis in
the IV-curve is suppressed, as shown in Fig. 2.5(b), which was obtained by numeri-
cal solution of (2.22) for bc = 2 and various values of C.

Obviously, the thermal fluctuations “destroy” the Josephson coupling if T is large
enough or I0 is small enough. Rewriting the expression for the noise parameter as
C = Ith/I0, one can define a thermal noise current Ith as

Ith ”CI0 ¼ 2p
U0

kBT . (2.24)
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To maintain a reasonable degree of Josephson coupling, which means keeping
C& 1, results in the requirement Ith & I0 for the maximum Josephson current, with
Ith = 176 nA at T = 4.2 K and Ith = 3.23 mA at T = 77 K. Typical values for C used in
SQUIDs are below 0.1. However, as discussed in Sections 2.2 and 2.3, for high-Tc
SQUIDs it may be advantageous to use rather large values of C approaching unity,
in order to obtain optimum performance at T=77. In this case the effect of thermal
fluctuations becomes very important.

Finally, we mention an alternative approach to the description of the effect of ther-
mal noise on Josephson junctions, which was originally used by Ivanchenko and
Zilberman [24] and by Ambegaokar and Halperin [25]. In the limit of thermal fluc-
tuations, IN(t) is a Markoffian process, which can be described by using the Fokker–
Planck equation. As the general theory of Brownian motion shows [26,27], the Lan-
gevin equation (2.22), which was obtained within the RCSJ model, is equivalent to
the Fokker–Planck equation

1
xc

@r
@t

þ @ðruÞ
@d

þ 1
b
c

@
@u

n
r fdðdÞ � u
� �o

¼ C
b2

c

@2r
@u2

, (2.25)

with the effective “momentum” (normalized voltage) u ¼ x
�1
c

_dd. The Fokker–Planck
equation describes the probability density rðt; d; uÞ of finding the system at the
point [d,u] in phase space at the moment t. From the solution of (2.25) one can then
calculate the statistical average of any variable Xðt; d; uÞas

Xh iðtÞ ¼
Rþ1

�1
dd

Rþ1

�1
du rðt; d; uÞXðt; d; uÞ . (2.26)

In the strongly overdamped limit (bc ! 0) for the RSJ model, the Fokker–Planck
equation (2.25) can be reduced to the Smoluchowski equation for the distribution

function r(t, d) ”
Rþ1

�1
du rðt; d; uÞ in the coordinate space alone

@r
@t

¼ xcC
@2r
@d

2 � xc
@
@d

fdr
� �

”� @ir
@d

. (2.27)

From the probability conservation law we can interpret ir as the probability flow

ir ”�xc �fdr þ C
@r
@d

� �
¼ �xcCe

�
uJ
C @
@d

½r e
uJ
C 	 , (2.28)

with the normalized potential uJ ” UJ/EJ. With the definition of C we can also write
the exponents in (2.28) as uJ/C = UJ/kBT. Finding a stationary solution of (2.27)
requires ir = const. With the normalization of r to unity, one finds that 1/ir is the
average time for the particle to diffuse one period in the washboard potential, that is
for the phase difference d to change by 2p. Hence we get for the average normalized
voltage

uh i” Uh i
Vc

¼ 1
xc

_dd
� �

¼ 2pir
xc

. (2.29)
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Finally, with the periodic boundary condition rðdÞ ¼ rðdþ 2pÞ, one finds the so-
lution for the average voltage as

uh i ¼ 2pC e
2pi
C � 1

 ! R2p
0

dd
Rd
0

dd¢ e

�
uJ ðdÞ�uJ ðd¢Þ

�
C þ e

2pi
C
R2p
0

dd
R2p
d

dd¢ e

�
uJ ðdÞ�uJ ðd¢Þ

�
C

8<:
9=;

�1

.

(2.30)

By numerical integration of (2.30) one can obtain the dc IV-characteristics for var-
ious values of C [25]. For further details and the treatment for finite bc we refer to
[3,4].

2.1.3
The 1/f Noise (I0, R fluctuations)

The white noise of Josephson junctions due to thermal fluctuations limits the sensi-
tivity of SQUIDs over a wide frequency range in many practical applications. How-
ever, some applications, for example in biomagnetism, require operation at low fre-
quencies down to 0.1 Hz or less, where 1/f noise (“flicker” noise) becomes impor-
tant. There are two major sources of 1/f noise in SQUIDs. One is due to the motion
of flux lines (vortices) trapped in the body of the SQUID, which will be discussed in
Sections 5.5 and 6.4. The other source of 1/f noise, which will be discussed now, is
due to fluctuations in the Josephson junctions.

In contrast to thermal noise, 1/f noise is much less understood, even for systems
in thermal equilibrium (for a review on 1/f noise in condensed matter systems we
refer to Refs. [28,29]). Moreover, these fluctuations seem to be more accurately
described by system parameter fluctuations rather than by a Langevin force FN(t).
For Josephson tunnel junctions an appropriate description has been developed [30],
which is based on fluctuations of the critical current I0 of the Josephson junction.
Such fluctuations may occur in the process of tunneling through the barrier due to
trapping and subsequent release of an electron in a defect in the tunneling barrier.
Occupation of the trap induces a local change in the height of the tunnel barrier and
hence in the critical current density of that region. Hence, a single trap leads to a
randomly switching critical current I0 of the junction between two values. Such a
process produces a random telegraph signal (RTS) with a Lorentzian spectral den-
sity

Sðf Þ / s
1þð2pf sÞ2 , (2.31)

which is white at low frequencies and which falls off as 1/f 2 above 1/2ps. Here, s is
the mean time between pulses and, for a thermally activated trapping process, given
by

s ¼ s0 e

E
kBT , (2.32)

41



2 SQUID Theory

where s0 is a constant and E is the barrier height. Experiments on Nb-Al2O3-Nb
junctions with a single trap [31] showed approximately Lorentzian switching pro-
cesses. The temperature dependence of the RTS could be described by (2.32) with
s0 » 0.1 s and E = 1.8 meV.

For junctions with several traps one can assume that each trap has its own charac-
teristic time si, producing statistically independent switching. In that case one can
superimpose the trapping processes to obtain a spectral density [28]

Sðf Þ /
R
dE DðEÞ s0 e

E
kB T

1þð2pf s0Þ
2
e

2E
kB T

24 35 , (2.33)

where D(E) is the distribution of activation energies. The term in square brackets is
a strongly peaked function of E, centered at ~EE ” kBT lnð1=2pf s0Þ, with a width ~kBT.
Thus, at a given temperature, only traps with energies within a range ~EE–
kBT<E < ~EE+ kBT contribute significantly to the noise. Assuming a broad distribution
D(E) with respect to kBT, one can take Dð~EEÞ outside the integral, and obtain a 1/f-like
spectrum

Sðf ;TÞ / kBT
f
Dð~EEÞ , (2.34)

even from just a few traps. Traps in the barrier enable electrons to tunnel at voltages
below the gap voltage, a process producing both leakage current and 1/f noise.
Therefore, the magnitudes of the 1/f noise from I0 fluctuations and of the leakage
current are related and depend strongly on the quality of the tunnel junction.

Most Josephson junctions made from high-Tc superconductors exhibit large levels
of low-frequency 1/f noise arising from fluctuations of the critical current and the
junction resistance [32–34]. The normalized spectral densities sI ”SI=I

2
0 and

sR ”SR=I
2
0 for critical current and resistance fluctuations, respectively, are tempera-

ture independent and proportional to the junction resistance [35]. One typically
finds sI · f »10–8R/X, which is about three orders of magnitude larger than for Nb
tunnel junctions with shunt resistances of a few ohms [31,36]. Furthermore, the
relation ðsI=sRÞ

1=2 » 1=ð1 � pÞ observed for grain boundary junctions (GBJs) [9,34]
strongly suggests that the low-frequency noise and the approximate scaling
j0rJ / j

p
0 with p»0.5 [37] have the same microscopic origin. The details of this mech-

anism are still controversial. One model, which predicts an origin of low-frequency
noise similar to the tunnel junctions described above, assumes that resonant tunnel-
ing of quasiparticles via localized states in an insulating barrier, acts as an intrinsic
normal shunt [8]. This model, known as the intrinsically-shunted junction (ISJ)
model, naturally explains the low I0R product of high-Tc junctions in terms of an
intrinsic shunt due to a high density of localized states in the barrier. The trapping
and release of charge carriers in localized states lead to fluctuations in the local
barrier height which cause I0 and R to fluctuate with antiphase correlation, as ob-
served experimentally [38], thus explaining the high level of 1/f noise in junctions
with a high density of localized states.
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2.2
Theory of the dc SQUID

2.2.1
Introduction

In the following section we introduce some basic theoretical aspects of dc SQUIDs.
We will start with a discussion of dc SQUID operation at zero temperature, i.e., in
the absence of thermal fluctuations. The second part of this chapter will address the
dc SQUID performance in the presence of thermal fluctuations. The third part
addresses effects of SQUID asymmetry, like junction asymmetry or the SQUID’s
geometrical asymmetry. Throughout this section we will focus on the dc SQUID
performance when used as a detector for low-frequency flux signals. We note, how-
ever, that there are other modes of operation like its use as an amplifier for rf signals
[39–47]. For a broad treatment of dc SQUID operation we also refer to the review
articles by Ketchen [48], Clarke [49–51] RyhUnen et al. [52] and the text books by Bar-
one and Paterno [3] and by Likharev [4].

The configuration of the dc SQUID is schematically shown in Fig. 2.6. It consists of
a superconducting ring biased with a current I. An external magnetic field H=B/l0

is applied to the loop. A Josephson junction is incorporated into each of the two
arms of the dc SQUID. The Josephson junctions limit the maximum supercurrent
Ic that can flow across the ring to a maximum value given by the sum of the critical
currents of the two junctions. The magnetic flux enclosed inside the SQUID ring
modulates Ic periodically, with a period of one flux quantum U0 = h/2e1). This mod-
ulation, caused by an interference of the superconducting wave functions in the two
SQUID arms, forms the basis of the working principle of the dc SQUID. The direct
way to detect this modulation is to read out Ic directly, e.g., by increasing the bias
current at fixed magnetic field until a nonzero dc voltage develops across the junc-
tions. A much simpler method, however, can be used at least for dc SQUIDs with
overdamped junctions having a nonhysteretic current–voltage characteristic. Here,
the SQUID is biased with a current slightly above the maximum value of Ic and the
dc voltage V across the junctions is read out directly as a function of external mag-
netic field or applied magnetic flux Ua. When Ic is maximum, V is minimum and
vice versa. Read out this way, the dc SQUID thus directly acts as a flux-to-voltage
transducer. To measure small changes dUa in applied flux one generally chooses the
bias current to maximize the amplitude of the voltage modulation, and the applied
flux to be (2n + 1) U0/4 (n = 0, 1, 2,...) so that the flux-to-voltage transfer coefficient,
‰(¶V/¶Ua)‰I, is a maximum, which we denote as VU. Thus, the SQUID produces a
maximum output voltage signal dV =VUdUa in response to a small applied flux
signal dUa.
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lation period of Ic. It thus can be ignored in
most practical cases.
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2.2.2
Basic Equations, dc SQUID Potential

A quantitative description of the operation of a dc SQUID containing two junctions
symmetrically incorporated into the SQUID loop can easily be obtained by using the
RCSJ model for the currents flowing through the two Josephson junctions (cf. Sec-
tion 2.1); in addition, one needs Kirchhoff’s laws and an equation relating the phase
differences d1 and d2 of the two junctions, the flux penetrating the SQUID loop and
the currents circulating around the loop. We refer to the notation of Fig. 2.6(b). The
current through junction 1 can be written as half the bias current I plus the circulat-
ing current J, I1 = I/2 + J. Similarly, we can write the current through junction 2 as
I/2–J. Equating these currents to the sum of supercurrent, quasiparticle current and
displacement current through each junction, as in the RCSJ model, we obtain

I
2
� J ¼ I0;ksindk þ

U0

2pRk
_ddk þ

U0

2p
Ck €ddk þ IN;k (2.35)
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for the two junctions k = 1,2 with two independent Nyquist noise currents IN,k. The
phase differences d1 and d2 are related by

d2 � d1 ¼ 2p
U0

ðUa þ LJÞ ¼
2p
U0

UT . (2.36)

This equation is derived in the Appendix (equations (A.14) and (A.15)). The flux
UT is the total flux through the SQUID loop having contributions from the applied
magnetic field and from the circulating current J. The first contribution we write as
Ua=B � Aeff , with the effective area Aeff. Due to flux compression caused by the
superconducting structures Aeff is usually quite different from the geometric dimen-
sions of the SQUID hole. For example, for a square hole with diameter d incorpo-
rated into a superconducting square washer of diameter D it is given by Aeff = d ·D
[53,54]. The contribution from the circulating current J can be written as LJ where
the SQUID inductance L has a geometric contribution as well as a kinetic contribu-
tion [55–61]. The latter, although usually small, can play a role, if the film thickness
is comparable to or smaller than the London penetration depth kL and the linewidth
of the superconducting structures is small. For completeness we note that, if the
inductances of the two arms of the SQUID are not equal, the bias current I causes a
net magnetic flux which should be added to the right-hand side of (2.36) (see Section
2.2.4).

Equations (2.35) and (2.36) form the basis of a description of the dynamics of the
dc SQUID. The voltages Uk (k = 1,2) across the Josephson junctions are obtained

from the phase differences dk via the second Josephson relation, Uk ¼
U0

2p
_ddk . In

general, the Uk are time dependent functions with high-frequency contributions,
e.g., resulting from the ac Josephson effect. The voltage V read out experimentally
from the dc SQUID, is usually a dc or low-frequency voltage. It can be obtained
from the Uk by a sufficiently long time average. The time averages of U1 and U2 are
actually identical, although U1 and U2 are usually not. The reason is that the SQUID
loop contains no dissipative elements other than the junction resistances able to
carry a non vanishing dc voltage.

To further analyze (2.35) and (2.36) it is useful to turn to dimensionless units. We
introduce the average critical current I0 = (I0,1 + I0,2)/2 of the two junctions, (twice)
the parallel resistance of the dc SQUID, R = 2R1R2/(R1 +R2) and capacitance
C= (C1 +C2)/2 and normalize currents to I0, resistances to R, time to s ”
U0/(2pI0R) =xc

–1, voltage to I0R and magnetic flux to U0. With these normaliza-
tions the dc SQUID equations of the Langevin type transform to
i

2
þ j ¼ ð1 � aI Þsind1 þ ð1 � aRÞ � _dd1 þ bc ð1 � aC Þ � €dd1 þ iN;1 , (2.37)

i

2
� j ¼ ð1 þ aI Þsind2 þ ð1 þ aRÞ � _dd2 þ bc ð1 þ aC Þ � €dd2 þ iN;2 (2.38)

and

d2 � d1 ¼ 2pðua þ
1

2
bL jÞ. (2.39)
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Here, aI, aR and aC, respectively, parametrize asymmetries in the junction critical
currents, resistances and capacitances and iN,k ” IN,k/I0 (k = 1,2). Dots above vari-

ables denote derivatives with respect to normalized time s. bc ¼
2p
U0

I0R
2
C is the

Stewart–McCumber parameter [5,6], and bL ¼
2LI0
U0

the screening parameter; i and j

denote the dimensionless bias and circulating currents, respectively, and ua is the
normalized applied magnetic flux. The dimensionless voltages uk are obtained via
uk ¼ _ddk (k = 1,2).

In the following we will analyze equations (2.37) to (2.39) in the absence of ther-
mal noise in some limiting cases. For extended treatments of the zero-noise case,
see [3,4,62–69]. We will first study static solutions of a dc SQUID with identical junc-

tions. In this case (2.37) and (2.38) greatly simplify to
i
2
þ j ¼ sind1 and

i
2
� j ¼ sind2 . We further assume that the SQUID inductance is negligible (bL<<1)

in which case (2.39) reduces to d2 � d1 ¼ 2pua . From these simplified equations
we find i ¼ sind1 þ sind2 ¼ sind1 þ sinðd1 þ 2puaÞ. Defining c” d1 þ pua we
finally get i ¼ 2sinc � cosðpuaÞ. For a bias current below the critical current the
phase c will adjust so that the latter equation is fulfilled. The maximum current is
obtained for sinc = –1 (depending on the sign of i and the cosine term), yielding
ic ¼ 2‰cosðpuaÞ‰ or, in absolute units,

Ic ¼ 2I0 �
				cos p

u
a

u
0

� � 				 . (2.40)

In the case of identical currents and very low inductance, the critical current of
the dc SQUID thus modulates between 2I0 and 0. A reduction of the modulation
depth occurs for nonzero values of bL (cf. Fig. 2.7). For bL = 1 the critical current
modulates by 50%, and for bL >> 1, DIc/Ic,max decreases as 1/bL (cf. Fig. 2.7(b)). The
reason for the 1/bL decrease can easily be understood from the fact that the SQUID
response is periodic in U0. When the applied flux is U0/2 the largest circulating cur-
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rent required to lift the total flux to an integer number is of the order of J =U0/2L,
or j = 1/bL. The minimum critical current is of the order of 2(I0–J), and thus
DIc/Ic,max» j » 1/bL for bL >> 1.

The above considerations illustrate the response of the dc SQUID in the super-
conducting state. We now turn to the case of a nonzero dc voltage V across the junc-
tions. Figures 2.8(a) to 2.8(d) show current–voltage characteristics for several values
of the external flux. The figures are for 4 sets of bL and bc. Figure 2.9 shows the
modulation V(Ua) for several values of the bias current for two sets of bL and bc. All
curves have been obtained by numerically solving equations (2.37) to (2.39). We see
that the modulation in Ic directly transfers into a modulation of V. Other phenom-
ena arise from the ac Josephson currents interacting, e.g., with geometric resonanc-
es of the SQUID, as we will show below.

We start with the case of bL << 1 (cf. Fig. 2.8(a)). We assume junction parameters
to be identical. Equations (2.37) and (2.38) then reduce to
i
2
þ j ¼ sind1 þ _dd1 þ bc � €dd1 and

i
2
� j ¼ sind2 þ _dd2 þ bc � €dd2 . From (2.39), with bL

<< 1, we find _dd1 ¼ _dd2 and i ¼ sind1 þ sinðd1 þ 2puaÞ þ 2 _dd1 þ 2bc
€dd1 . With

c ¼ d1 þ pua we get i ¼ 2½cospua � sincþ _ccþ bc €cc	 or, in absolute units
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I ¼ 2I0cosðpUa=U0Þ � sincþ 2U0

2pR
_ccþ 2U0

2p
C€cc. This equation is identical to the

RCSJ equation of a single junction if a parallel resistance R/2 of the two junctions, a
capacitance 2C and a critical current 2I0cospja are taken. We thus see that, in the
limit bc<<1 the current–voltage characteristic for I>Ic is given by

V ¼ R
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2 � I2

c

q
, (2.41)

with Ic as in (2.40). Thus the dc voltage oscillates with flux with a period of one flux
quantum, with minima at integer multiples of U0. For the slope @V=@Ua we get

@V
@Ua

¼ �2p � I0R
U0

� I0 �sinpUa=U0 �cospUa=U0

ðI2�I2c Þ1=2
. The expression actually diverges for

I ¼ Ic . However, we will see that in the presence of thermal fluctuations, @V=@Ua

becomes finite for all currents, with a maximum value near its divergence in the
noise-free case. We can thus define the SQUID transfer function
VU ¼ maxðj@V=@Ua jÞ, where maximization is with respect to bias current and flux.
From (2.41) we can also see that the peak-to-peak-modulation in V(Ua) is given by

Vpp ¼ VðUa ¼ U0=2Þ � VðUa ¼ 0Þ ¼ I0R � I
2I0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
I

2I0

�2

� 1

s" #
, which for

I = 2I0 reaches its maximum value I0R. When the SQUID inductance is taken into
account the modulation of both Ic and V decreases (cf. Fig. 2.8(b)). The same actually
also holds when the junction parameters R, I0, C become asymmetric. However,
note that this does not mean that a SQUID with identical junctions and bL= 0 is the
“best” SQUID. A detailed analysis taking fluctuations into account shows that bL

values near 1 are often optimal. Although symmetric junctions are desirable in
many cases, asymmetries in the junction parameters can sometimes improve the
SQUID performance (cf. Section 2.2.4).
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2.2 Theory of the dc SQUID

We next discuss the effect of nonzero capacitances on the current–voltage charac-
teristics of the SQUID. We will discuss junctions with bc £ 1. Examples for the cur-
rent–voltage characteristics, as numerically calculated from equations (2.37) to (2.39)
for several values of applied flux, are shown in Fig. 2.8(c) for bc= 1 and bL= 0.01 and
in Fig. 2.8(d) for bc= 1 and bL = 1. For bL = 0.01 and Ua= 0 the current voltage char-
acteristic exhibits a small hysteresis which actually appears for McCumber parame-
ters larger than about 0.8 [70]. This small hysteresis, however, disappears when the
external flux is increased2). The current–voltage characteristics do not differ greatly
from the ones shown in Fig. 2.8(a), although the differential resistance, slightly
above the critical current, is larger than for bc= 0.01. The curves shown in Fig. 2.8(d)
exhibit new features. Here, the curve for Ua=U0/2 intersects the Ua= 0 curve defin-
ing two regimes where U(Ua) modulates strongly. Note that the crossing of the
Ua= 0 and the Ua=U0/2 curves means that U(Ua) is phase shifted by a half-flux
quantum when passing from one regime to the other. The situation is illustrated in
Fig. 2.9(b) where V(Ua) is shown for bc= 1 and bL= 1 for a number of bias currents.
What is the reason for this behavior? As discussed in [71–77] the effect is actually
caused by the LC resonance of the SQUID loop getting excited by the ac Josephson
currents. Suppose that the frequency fJ =V/U0 of the Josephson currents matches
the resonance frequency 1=2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L � ðC=2Þ

p
of the SQUID loop. For Ua= 0 the two

Josephson junctions oscillate in-phase and are unlikely to excite the LC resonance.
However, strong coupling will occur when the junctions oscillate out-of-phase, as for
Ua=U0/2. While the dc component of the Josephson current is small outside the
resonance it becomes substantial at the resonance and the voltage across the dc
SQUID decreases. Thus, in the resonant regime V is maximum for Ua= 0 and mini-
mum for Ua=U0/2, exactly opposite to the non-resonant modulation of V.

Equations (2.37) and (2.38) describing the dc SQUID dynamics may be seen
[52,78,79] as the equation of motion of a point mass in a field of force with a two-
dimensional (2D) potential USQUID(d1, d2). For a symmetrical configuration, when
the two junctions are identical and symmetrically incorporated into the SQUID ring
USQUID may be written as:

USQUID

2EJ
¼ 1

pb
L

d2�d1

2
� p

Ua

U0

� �2

�cos
d2�d1

2
cos

d1þd2

2
� I

2I0

d1þd2

2
, (2.42)

where EJ = I0U0/2p is the Josephson coupling energy. USQUID (for 2D and 3D repre-
sentations see Fig. 2.10 and Fig. 2.11, respectively) has a parabolic shape shifted by
an applied flux Ua with cosine-shaped bumps that generate multiple metastable
states separated by saddle points. With increasing bias current i the potential is tilted
in the direction of increasing d1 + d2 and the saddle points between the minima are
lowered. The critical value of the bias current at which the particle starts to move
depends on both bL and Ua. A voltage is created as soon as the SQUID total phase
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d1 +d2 changes in time. For Ua=U0(2n+1)/2 (here n is an integer) the path connect-
ing the neighboring relative minima has a serpentine-like shape (dotted line in
Fig. 2.10) when viewed from the top. As a result, in this case the movement of the
particle in the d1 + d2 direction generates oscillations in d1 –d2 and therefore, also
oscillations of the circulating current in the SQUID loop. On the contrary, when
Ua=U0n, the neighboring relative minima are connected via a straight path when
viewed from the top (dotted line on Fig. 2.10) and no such oscillations occur.

2.2.3
Thermal Fluctuations

2.2.3.1 General Considerations
We now turn to the case of nonzero temperature, and discuss the effect of thermal
fluctuations on the performance of dc SQUIDs. According to the Nyquist theorem,
the junction resistances of the dc SQUID produce a noise voltage with a spectral
noise power in a bandwidth of 1 Hz
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Fig. 2.10 2D representations of the dc SQUID potential USQUID(d1, d2) for i = 0, bL= 5
and integers (left side) or half integers (right side) quanta of the externally applied dc
flux. Dotted lines are the 2D projection of the SQUID trajectory in the voltage state,
when the applied bias current is so high that it tilts the potential until the point when
the system starts to move.
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Fig. 2.11 3D representation of the dc SQUID
potential USQUID(d1, d2) for i = 2, bL= 5 andUa = 0.
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SV ðf Þ ¼ 4kBTR. (2.43)

These noisy elements produce a voltage noise across the dc SQUID [23,80] and
also a current noise around the SQUID loop; in fact, these two noise terms are par-
tially correlated [81].

We can distinguish different regimes of noise, depending on the junction param-
eters as well as on the SQUID inductance L. To have a qualitative understanding of
the effect of L on the noise properties of the SQUID, one should consider the fluc-
tuation amplitude of the total flux UT in the presence of thermal fluctuations. In
(2.42) UT enters the SQUID potential quadratically and, from basic principles of
thermodynamics, we should relate this term to the total average energy of a classical
harmonic oscillator. Following such an approach (Chapter 6 in [4]), one may neglect
the periodic term in the SQUID potential (2.42) and integrate this equation over the
whole frequency spectrum to get

d2�d1�2pUa=U0ð Þ2

4pb
L

! "
ffi USQUID

2EJ

! "
¼ kBT=2

2EJ
. (2.44)

From (2.44), for the mean square of the fluctuations one finds
d2 � d1 � 2pUa=U0ð Þ2

D E
¼ L=LF , where LF ” (U0/2p)2/kBT is the so called fluctua-

tion-threshold inductance. With the introduction of LF and with the noise parameter
C ¼ kBT=EJ ¼ 2pkBT=ðI0U0Þ one can distinguish the two regimes of small and
large thermal fluctuations in SQUIDs. In the regime of small thermal fluctuations,
both the noise parameter C and the normalized inductance L/LF are much less than
1. In contrast, the regime of large thermal fluctuations is reached when either C or
L/LF is comparable to unity or even larger.

To achieve reasonable input coupling, typical SQUID inductances are of the order
of 100 pH, and, as will be shown below, optimized SQUIDs have values of bL close
to unity. Furthermore, the value of LF is 1.87 nH at 4.2 K and 102 pH at 77 K. Hence,
at 4.2 K SQUIDs are usually operated in the regime of small thermal fluctuations,
since L/LF << 1 and from pbLC = L/LF, with bL» 1 also C << 1. In contrast, at 77 K LF
is about 20 times smaller than at 4.2 K, and therefore the regime of large thermal
fluctuations is quite often reached, since L/LF is close to unity. These considerations
hold for both dc and rf SQUIDs.

From qualitative basic considerations it was generally believed that SQUIDs
should be operated in the small thermal fluctuation limit for the following reasons:

(1) To avoid the suppression of macroscopic quantum interference, the SQUID
inductance should satisfy L< LF = (U0/2p)2/kBT .

(2) The Josephson coupling energy of the weak link should be substantially
greater than the thermal energy kBT, i.e., C = 2pkBT/(U0I0) << 1;

Operation at 4.2 K did not impose the necessity of analyzing this problem quanti-
tatively. The situation, however, changed for operation at 77 K, which raised the
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question of how the SQUID performance is affected by an increase of L and C up to
and beyond these threshold values. To answer this question, analytical approaches
have been developed for overdamped systems (characterized by bc << 1) of both
types: dc and rf SQUIDs [82–85] (we recall here that high-Tc SQUIDs operating at
77 K are made of overdamped junctions). Moreover, for the case of dc SQUIDs,
extensive numerical simulations have also been performed [86–94] to clarify this issue.

The spectral density of the voltage fluctuations, (2.43), can be written in dimen-
sionless form by referring bandwidth to xc ¼ s

�1 ¼ 2pI0R=U0 and voltage to
Vc= I0R, i.e. we normalize Sv to V

2
c =xc ¼ I0RU0=2p. The Nyquist theorem for the

spectral density of the dimensionless voltage noise power thus reads

sv ¼ 4C , (2.45)

with the noise parameter C introduced above. A symmetric dc SQUID is now
described by three parameters, bc, bL and C, or alternatively bc, CbL and C. The noise
parameter C can in fact be interpreted as the ratio of the thermal noise current
Ith = 2pkBT=U0 to the critical current of one junction I0. At 4.2 K we have
Ith = 0.18mA, and at 77 K, Ith= 3.2mA. C may also be interpreted as the ratio of the
thermal energy kBT to the coupling energy EJ =U0I0=ð2pÞ associated with one
Josephson junction. The product bLC is related to the fluctuation-threshold-induc-
tance as CbL = L/pLF. At 4.2 K, LF » 1.9 nH, and at 77 K LF » 100 pH. We may also
read CbL=ð2pÞ as the ratio of the thermal energy kBT to the magnetic energy EM
associated with one flux quantum stored in the SQUID loop, and in the same sense
bL/2p can be interpreted as the ratio of EJ to EM. From these interpretations we can
intuitively expect the SQUID performance to degrade strongly if at least one of the
following two conditions is fulfilled: L> LF (or CbL> 1), or if C > 1.

The important figures of merit to be calculated are the SQUID transfer function
VU , the spectral density SV of the voltage noise power, the flux noise power, defined
as SU ¼ SV =V

2
U , the energy resolution e ¼ SU=ð2LÞ and the magnetic field noise

power SB ¼ SU=A
2
eff . While the latter quantity depends on the details of the layout

via Aeff, the other quantities can be calculated quite generally using the Langevin or
Fokker–Planck equations in terms of the white noise produced by the junction resis-
tances. Other sources of noise, e.g., 1/f contribution caused by fluctuations of the
critical currents of the Josephson junctions, or by the thermally activated motion of
flux vortices, need to be addressed separately (cf. Section 2.1.3). In order to optimize
the dc SQUID with respect to white noise, optimal values of bc, bL and C need to be
found. Although this optimization depends strongly on many details like tempera-
ture or the quantity to be optimized (flux noise, field or energy resolution etc.) it
often turns out that there is only a weak dependence on bc (provided bc < 1). Also,
often bL » 1, or somewhat smaller, is close to optimum.

As mentioned above, there are two equivalent ways to treat the frequency inde-
pendent white noise. The first is to consider the two independent noise currents
IN,k (k = 1,2) as included on the right-hand side of (2.35) (see also the equivalent cir-
cuit of Fig. 2.6(b)) with a spectral power density of SI(f ) = 4kBT/R and solve these
Langevin equations numerically. This method has been used by many authors both
in the context of low Tc [23,52,70,77,80,81,95–98] and high Tc dc SQUIDs [86–94,99]
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and is described in detail in Section 2.2.3.2. The other method, which is described in
detail in Section 2.2.3.3, is based on a statistical method, namely on the two-dimen-
sional Fokker–Planck equation. An analytical solution of this problem for small
values of bL was found in [82–84].

2.2.3.2 Numerical Simulations (Langevin Equation)
In order to quantitatively discuss the dc SQUID performance in this section we
study numerical solutions of the coupled Langevin equations (equations (2.37) to
(2.39) together with a stochastic current term in (2.37) and (2.38)). In this section we
will calculate important figures of merit in normalized units, such as
vu ”VUU0=I0R, sv ”SV 2p=I0RU0 , su ” sv=v

2
u ¼ SU2pI0R=U

3
0 , and e ” su=2CbL

¼ eI0R=2U0kBT , where e is the energy resolution and e the normalized energy reso-
lution. The noise currents are implemented as Gaussian distributed random num-
bers with a normalization of (2.45), changing on timescales much faster than s (typ-
ically at most 0.2s). To generate the data in figures 2.16(a–d) shown below, the Lan-
gevin equations were solved using the 5th order Runge–Kutta–Fehlberg method
[100].

To illustrate the effect of noise, Fig. 2.12 compares the time dependent voltages
U1 and U2 across the two Josephson junctions for parameters bc= 0.5 and bL= 0.5
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Fig. 2.12 Timedependent voltages across the two junctions of the dc SQUID (a,c)
and corresponding Fourier power spectra in units of I0RU0/2p (b,d) for (a,b) zero
temperature and (c,d) C = 0.05. SQUID parameters are bL = 1, bC = 0.5, I= 1.7I0,
Ua =U0/4. Solid lines are for junction 1 and dashed lines for junction 2. Horizontal
lines in (a,c) denote time averaged voltage v.
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without fluctuations (Fig. 2.12(a)) and for C = 0.05 (Fig. 2.12(c)). The external flux is
set to 0.25U0, and the bias current to 1.7 I0. For C = 0 there is a periodic sequence of
voltage pulses. Although voltages U1 and U2 differ from each other, the time average
voltage V is the same for both junctions. The Fourier power spectra of the two volt-
ages, normalized to I0RU0=2p are shown in Fig. 2.12(b,d). In the noise-free case
there is a series of peaks, the lowest located at the fundamental frequency f =V/U0

followed by a large number of harmonics. For C = 0.05 the voltage pulses are still
visible, however the sequence is no longer periodic. As a result the Fourier spectrum
is strongly broadened and only a shallow peak at the fundamental Josephson fre-
quency is left, followed by a smooth roll-off. Note that the voltage noise becomes
white for frequencies well below the frequency of the Josephson oscillations.

In order to obtain a well-defined time-averaged voltage from these data one typi-
cally has to integrate U1 and U2 over 104 to 107 time units, depending on the accu-
racy required. For example, the current voltage characteristics shown below in
Fig. 2.13 have been integrated for 104 time units, while the data for the transfer
function shown in Fig. 2.15 (a) required an integration time of 105 time units. In
order to obtain the Fourier spectrum of Fig. 2.12(d), 100 Fourier transforms of time
traces of U were averaged (each calculated for 3200 time units with random num-
bers for noise changing every 0.2 time units). For larger values of C even longer inte-
gration times would have been needed, showing that the optimization of a quantity
like the SQUID energy resolution apparently requires an enormous computation
time, limiting both the number and the accuracy of quantities to be calculated.

Figure 2.13 shows the effect of noise on the current–voltage characteristics for the
parameters bc= 0, bL = 1 (a) and bc= 1, bL = 1 (b). The calculations are for C = 0.05. In
comparison to the noise-free case (cf. Figs. 2.8 (b) and (d)) one can see that the cur-
rent–voltage characteristics are rounded near the critical current leading to the dis-
appearance of infinite values of the differential resistance. The same effect can be
observed in the V(Ua) patterns which are shown for the same SQUID parameters in
Fig. 2.14 (to be compared with Fig. 2.9 for the noise-free case). Apparently all diver-
gences in @V=@Ua disappear and the oscillations in V(Ua) are almost sinusoidal.

54

0

1

2

3

0.0 0.5 1.0 1.5

β
L
=1

β
c
=1

Γ=0.05

V/I
0
R

I/I
0

0

1

2

3

0.0 0.5 1.0 1.5

β
L
=1

β
c
=0

Γ=0.05

V/I
0
R

I/I
0 (a) (b)

Fig. 2.13 Current–voltage characteristics of dc SQUID with strongly overdamped (a)
and intermediately damped (b) junctions in the presence of thermal noise (C=0.05).
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Consequently, @V=@Ua can reasonably be calculated for all currents. Fig. 2.15(a)
shows j@V=@Ua j as a function of bias current for the parameters bL = 1 and C = 0.5
and 3 values of bc (0: solid curve; 0.5: dashed curve; 1: dotted curve). The external
flux is set to 0.25U0. For all values of bc the maximum in j@V=@Ua j occurs at about
the same bias current (» 1.6 I0). Note that the optimum bias current depends on the
value of bL. In the case of bc= 0, j@V=@Ua j decreases smoothly while for nonzero
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values of the McCumber parameter, the LC resonance leads to a second maximum
in the transfer function. In Fig. 2.15(a) the effect can best be seen for bc= 1. Note
that near its maximum the transfer function is almost independent of bc.

Fig. 2.15(b) shows the low frequency value SV of the normalized voltage noise
power (i.e. the low-frequency end of spectra as in Fig. 2.12(d)) as a function of bias
current for the same SQUID parameters as in Fig. 2.15(a). SV depends on the bias
current in a similar way to the transfer function. From j@V=@Ua j and Sv we can cal-
culate the flux noise power SU of the dc SQUID as the ratio SV =ð@V=@UaÞ

2
. The

result is shown in Fig. 2.15(c). The SU has a minimum roughly where the maxima
in Sv and @V=@Ua occur. For bc= 0, SU increases smoothly with increasing current
above the optimum bias current, while for the case of nonzero bc there is a steep
increase in SU when the transfer function reaches its node. Well above the reso-
nance SU approaches the value obtained for bc= 0.

The quantities which are most important for the dc SQUID are the optimized
transfer function and spectral densities of noise power SV, SU and e, to be obtained
from curves as in Fig. 2.15 by optimizing with respect to bias current. Usually the
optimization is done for a fixed flux Ua= 0.25U0. In principle, the above quantities
should be optimized by independently optimizing with respect to both I and Ua.
This requires an enormous computer effort, and it turns out that optimum values
can indeed be obtained for Ua » 0.25U0. Also, the fact that the maximum in the
transfer function and the minimum in SU (and consequently also in e= SU/2L)
occur at the same bias point, allows us first to find the maximum in the transfer
function and then to calculate all other quantities for the optimal bias current.

Until now, no general solutions have been found for VU, SV, SU and e, that are
valid over a wide range of all relevant parameters. However, many limits can be
addressed [23,52,77,80–84, 86–98,101]. In the case of low-temperature superconduc-
tors one often has bL near unity. Both C and CbL are usually much less than 1. In
this limit one finds VU� 1/(1 + bL) [23,52]. For bL » 1 and C = 0.05 the expressions
VU»R/L, Sv » 16kBTR, SU » 16kBTL

2/R and e » 9kBTL/R work very well [49–52]. For
the noise power of the circulating current one finds Sj » 11kBT/R [81]. There is also
a correlation between current and voltage noise yielding SVJ » 12kBT [81]. In the
context of high-Tc superconductors operating at 77 K, situations need to be
addressed where both C and CbL are comparable to unity. An analytic approach valid
for bL& 1/p and a wide range of C is discussed in the next section. A widely used
expression for the normalized transfer function has been given by Enpuku et al.
[91,92],

vu ¼ 4
1þb

L

exp � 3:5p2ðdUnÞ
2

U2

0

 !
¼ 4

1þb
L

expð�2:75Cb
L
Þ (2.46)

where (dUn)
2 = kBTL is the mean-square flux noise. For the flux noise, Enpuku et al.

give the formula SU=aL2(2kBT/R) [1+(R/LVU)2], with a= 1 + exp(1.23–4.82C) [91,92].
In order to keep this chapter simple, only the approach of [94] is described in more
detail below. Results of calculations of the maximized transfer function VU and the
corresponding values of SV, SU and e are shown in Fig. 2.16. To explore the depen-
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2.2 Theory of the dc SQUID

dence on the inductance L, it is convenient to plot the above quantities vs.
CbL = L/pLF. In Fig. 2.16, CbL ranges from 0.0125 to 1.25 widely covering the experi-
mental range of interest, At 77 K the above range corresponds to inductances be-
tween 4 pH and 400 pH at 77 K. For low-Tc SQUIDs at 4.2 K, the corresponding
range is 74 pH to 7.4 nH. For typical low-Tc devices, CbL » 0.05 (corresponding to
L» 300 pH at 4.2 K), whereas for most high-Tc devices CbL ‡ 0.1. Without losing gen-
erality, the data are normalized to their respective values at CbL = 1/80 and the nor-
malization factor is shown in the insets of the corresponding figures as a function
of bL.

Fig. 2.16(a) shows vu(bL; CbL)/vu(bL; CbL = 1/80) vs. CbL for 8 values of bL ranging
from 0.6 to 4.0. The results collapse onto a single curve that can be characterized as
vu= f(bL) g(CbL). The solid line in Fig. 2.16(a) is an empirical fit to the computed
values,

g(CbL) ” vu(bL; CbL)/vu(bL; CbL = 1/80) = [(80CbL)
0.4 + 0.35(4CbL)

2.5]–1 (2.47)
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2 SQUID Theory

For CbL < 0.2, (2.47) can be approximated as g(CbL) » (80CbL)
–0.4. The inset of

Fig. 2.16(a) shows vu vs. bL for the fixed value CbL = 1/80 for 0.1 < bL < 5.2. Within
the range 0.4 < bL < 5.2, which embraces the values that are of interest experimen-
tally, one can fit the transfer function by the expression

f(bL) ” vuðbL ;CbL ¼ 1=80Þ ¼ 7:3b0:15
L

=ð1 þ b
L
Þ (2.48)

shown as a solid line in the inset. Note that the expression describes the numerical
data well for bL > 0.4. It does, however, not follow the decrease in vu (CbL = 1/80) for
small values of bL. With the aid of the factorisation vu= f(bL)g(CbL), these two curves
or equations (2.47) and (2.48) enable one to calculate vu immediately for any value
of bL and CbL within the specified ranges. Note that the factorization cannot hold for
values of bL that are too small, since C would become much greater than unity and
the SQUID would no longer function. One should restrict the range of validity to
C < 1, that is CbL < bL. In the region CbL < 0.2, where one finds g(CbL) = (80CbL)

–0.4,
vu can also be factorized as f̂f ðbLÞĝgðCÞ, where f̂f ðbLÞ ¼ f ðbLÞð80bLÞ

�0:4
and

ĝgðCÞ ¼ C
�0:4

. For comparison, expression (2.46) is plotted as a dashed line in
Fig. 2.16(a). It agrees with the numeric results for 0.1 <CbL < 0.4, but underesti-
mates vu outside this region.

Fig. 2.16(b) shows the normalized low-frequency voltage noise at the optimal bias
point for 8 values of bL. For a given value of bL, the noise power increases with CbL.
However, the overall variation in Sv(CbL) is weak: within a factor of 2, sv » 1 or
SV » I0R U0/2p. In contrast to the transfer function (Fig. 2.16(a)), there is no univer-
sal behavior for the noise power although roughly speaking sv scales as (80CbL)

0.2

(line in Fig. 2.16(b)). The inset to Fig. 2.16(b) shows sv(bL; CbL= 1/80) vs. bL. At fixed
CbL, the normalized noise power decreases as bL is increased, reflecting the decrease
in temperature. The line is a fit to sv(bL; CbL = 1/80) = 0.62b

�0:3
L ; within the range

0.4 < bL < 5.2, one can approximate sv » 1:5b
�0:3
L ðCbLÞ

0:2
. For C = 0.05 and bL= 1, one

finds sv = 0.82 or SV » 16 kBTR, in agreement with the result of Tesche and Clarke
[23].

The normalized low-frequency flux noise at optimal bias point, as obtained from
the data shown in Figs. 2.16(a) and 2.16 (b), is shown in Fig. 2.16 (c). The data can
be fitted well by the expression

su(bL; CbL)/ su(bL; CbL = 1/80) = 0.8[80CbL + (1 + 4CbL)
4.1 – 1] . (2.49)

shown as a solid line in Fig. 2.16(c). For CbL < 0.1, su(bL; CbL)/ su(bL; CbL = 1/80)
reduces to approximately 80CbL, while for larger values of CbL it increases rapidly
because of the rapid drop in vu. In the inset to Fig. 2.16(c) we plot su(bL; CbL = 1/80)
vs. bL, together with the fitted curve

su(bL; CbL = 1/80) = (1 + bL)/40 , (2.50)

describing the numerical data well for bL > 0.5. Thus, for the range CbL < 0.1, one
finds su» 2(1 + bL) CbL or SU» 4(1 + bL) U0kBTL/I0R. For bL = 1, this result becomes

58



2.2 Theory of the dc SQUID

16 kBTL
2/R, in excellent agreement with the value of Tesche and Clarke [23]. As an

example, from Fig. 2.16(c) for CbL = 0.1 and bL = 1 we find su » 0.4; with
I0R= 200mV, this value corresponds to SU» 0.6 H 10–12U

2
0Hz–1.

We finally discuss the optimized energy resolution e= SU/2L; in dimensionless
units, e= eI0R/2U0kBT= su/2CbL. Figure 2.16(d) shows e(bL; CbL)/e(bL; CbL = 1/80)
vs. CbL, obtained from the results in Figs. 2.16(a) and 2.16(b). To a good approxima-
tion we find

e(bL; CbL)/ e(bL; CbL = 1/80) = [80CbL + (1 + 4CbL)
4.1 – 1]/(100CbL). (2.51)

For CbL < 0.2, the normalized noise energy e is almost constant (» 1), while for
higher values of CbL it increases rapidly. The rapid increase in noise energy arises
from the rapid degradation of the transfer function over the same values of CbL

(Fig. 2.16(a)). In the inset of Fig. 2.16(d) we plot e(bL; CbL = 1/80) as a function of bL.
The dependence is linear for bL >0.5 and to a good approximation

e(bL; CbL = 1/80)» (1 + bL). (2.52)

From (2.51) and (2.52) we find for the un-normalized energy resolution

e ¼ U
2

0

R
1þb

L

b
L

80Cb
L
þ 1þ4Cb

L

% &4:1�1
100p

. (2.53)

For CbL < 0.2 and for an arbitrary value of bL one finds e » 2(1 +bL)U0kBT/I0R or
e » (1 + bL).

For a SQUID with C = 0.05 and bL = 1, one finds e » 9 kBTL/R [23], corresponding
to e » 2.25. From Fig. 2.16(d), one obtains e » 2, in good agreement, and observes
that this value remains valid for CbL < 0.2.

We conclude this section on numerical simulations by noting that, for low-Tc

devices, the measured transfer function and white noise properties follow the
numerical predictions closely. In contrast, for high-Tc devices the white noise mea-
sured is often one order of magnitude larger than the predicted values [94]. We also
note that further improvements of the noise performance may be achieved via asym-
metric SQUID parameters [see Section 2.3] or additional elements like a damping
resistor across the SQUID loop [77,87,88] and/or a third Josephson junction [90,91].
A detailed analysis is beyond the scope of this section, and we will only refer to the
literature cited above.

2.2.3.3 Analytical Theory of the dc SQUID
To complete the understanding of dc SQUIDs operating at large thermal fluctua-
tions (in particular, of high-TcSQUIDs operating at 77 K) an analytical approach has
been developed for overdamped systems having bc << 1 (we recall here that high-Tc
SQUIDs operating at 77 K are made of overdamped junctions). Analytical expres-
sions can be very useful in that they not only permit more rapid calculations, but
also give added insights and allow manipulations such as the taking of derivatives.
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The dynamic resistance (the derivative of voltage with respect to bias current), the
transfer function (the derivative of voltage with respect to the applied flux), and ener-
gy sensitivity (inversely proportional to the square of the derivative of voltage with
respect to bias current) are examples of quantities needed in the analysis of dc
SQUIDs. Next, a short summary of this analytical treatment is given (for details see
[82–84]).

For dc SQUIDs made of overdamped junctions, the dynamics in the presence of
thermal fluctuations is described by a simplified version of Langevin-type equations
(2.35) of the form:

dd�
dt

¼ � 2R
L

d� � pu
a

' (
� xc sind�cosdþ þ iN1þiN2

2
xc , (2.54a)

ddþ
dt

¼ i
2
xc � xc sindþcosd� þ iN1�iN2

2
xc , (2.54b)

where d– = (d2–d1)/2, d+ = (d1+d2)/2, dk(t) is the phase difference across the Joseph-
son junction (JJ) k (k= 1,2; the two JJ are identical, overdamped and symmetrically
incorporated into the SQUID inductance L), t is time, d– = pUT/U0, UT is the total
flux inside the SQUID loop, and iNk(t) = INk(t)/I0 are the two independent Nyquist
normalized noise currents.

As the general theory of the Brownian motion shows [102], the two coupled Lan-
gevin equations (2.54a) and (2.54b) (written for the phases d– and d+) are equivalent
to a single two dimensional Fokker–Planck equation written for k(t,d–,d+) – the
probability density distribution of finding the dc SQUID in a state (d–,d+) at time t:

L
2R

@

@t
kþ

pb
L
i

4
@

@dþ
k� @

@d�
d� � pu

a

' (
k

h i
� a

@2

@d2
�
þ @2

@d2
þ

 !
k

¼ pb
2 cosdþ

@

@d�
ksind�
% &

þ cosd�
@

@dþ
ksindþ
% &� � (2.55)

where a= L/4LF. With (2.55) we introduce the concept of the probability density dis-
tribution to characterize the operation of dc SQUIDs in the presence of large ther-
mal fluctuations. The probability density distribution concept shows us that, in the
presence of thermal fluctuations, although the external applied flux Ua is fixed, the
total flux UT inside the SQUID ring does not have a unique solution and should be
considered a probabilistic variable instead. By solving the Fokker–Planck equation
(2.55) it has been found that the probability density distribution is a Gaussian type
function whose dispersion increases with increasing normalized SQUID inductance
L/LF (see Fig. 2.17a). The probability density distribution concept is relevant when
the dispersion becomes comparable to the flux quantum U0 – which gives the fun-
damental periodicity for the Josephson effect. At 77 K, SQUIDs may have induc-
tances around LF or even higher, in which case fluctuations play an important role.
When L>> LF, the dispersion becomes larger than U0, and there is no longer any
flux quantization: the SQUID simply does not work. On the contrary, SQUIDs oper-
ated at 4 K typically have inductances of L<< LF and the probability density distribu-
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tion is close to a Dirac-type function. In this case thermal fluctuations can be consid-
ered as a small perturbation in the Langevin equations (2.54).

Adopting the probability density distribution concept, one can calculate the aver-
age normalized circulating current <j> = <J>/I0 in the ring and the average normal-
ized voltage <v> = <u> = <U>/I0R across the SQUID in the usual way, as is done in
statistical physics, i.e., as statistical momenta (the statistical average of x is denoted
by <x>, and the temporal average by �xx):

<j>¼
R1

�1

R2p
0

jk t; d� ; dþ
% &

dd�ddþ¼
pb

L

8
S1sin2pu

a
, (2.56)

with
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S1 a;C ; ið Þ ¼ e�a

a2þ ai=Cð Þ2 ae�a �
P1
m¼0

�að Þm

m!
2aþmþ1ð Þ ai=Cð Þ2

aþmþ1ð Þ2þ ai=Cð Þ2

" #
,

and

<v>¼<u>¼
R1

�1

R2p
0

uk t; d� ; dþ
% &

dd�ddþ ¼ i
2

1 � e�a a=Cð Þ2

a2þ ai=Cð Þ2

,
� e�a þ Si�
% &

cos2pu
a
þ ea � Siþ
% &h i -

, (2.57a)

Si� a;C ; ið Þ ¼
P1
m¼0

�að Þm

m!
a aþmþ1ð Þ� ai=Cð Þ2

aþmþ1ð Þ2þ ai=Cð Þ2 . (2.57b)

Equation (2.56) contains an important physical insight of SQUID operation
under the influence of large thermal fluctuations: the screening current in the
SQUID ring is suppressed with increasing L/LF and C. As we shall see later on in
this section, it is exactly this fact that limits the SQUID sensitivity at large values of
the SQUID inductance and noise parameter. Equations (2.56) and (2.57) are accu-
rate when pC < exp(–a). When pC > exp(–a), a better solution has been found [83]
for the IV-curves in the reverse form i= i(v),

<i>¼ 2v 1 þ e�a a=Cð Þ2

a2þ 2av=Cð Þ2 e�a þ Sv�
% &

cos2pu
a
þ ea � Svþ
% &h i, -

, (2.58a)

Sv� a;C ; vð Þ ¼
P1
m¼0

�að Þm

m!
a aþmþ1ð Þ� 2av=Cð Þ2

aþmþ1ð Þ2þ 2av=Cð Þ2 . (2.58b)
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Expressions (2.57) and (2.58) form a complementary set of equations for the dc
SQUID operating in the presence of thermal fluctuations obtained in the limit
C > 4a, or equivalently, bL < 1/p. These equations can be used to calculate all impor-
tant SQUID characteristics: the IV-curves (Fig. 2.17b), the dynamic resistance
¶<v>/¶i, the transfer function ¶<v>/¶ua (Fig. 2.18), and the energy sensitivity e
(Fig. 2.19). The sums S1, Si– and Sv– converge rapidly so that for practical purposes
it is sufficient to consider only the first terms, namely, m = 0, 1, 2 which simplifies
the use of equations (2.56), (2.57), and (2.58).

As an example (2.58) has been used in Fig. 2.18(a) to represent the normalized
transfer function ¶<v>/¶ua versus bias current. It follows that this characteristic has
a maximum at optimum bias current i= iopt. It was found that iopt» 1.6, practically
independent of C if C < 1.6, while iopt=C for C > 1.6. These results have been con-
firmed by experiments [103]. One can insert the calculated optimal values i= iopt into
(2.57) and (2.58) and get a unique analytical expression (valid for all cases, no matter
whether pC is larger or smaller than exp(–a)) for the optimal transfer function:

@<v>
@u

a

� �
opt

¼ iopt
C

þ C
iopt

� ��1
pe�a

C
e�a þ Si�;opt

' (
sin2pu

a
(2.59)
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where Si–,opt is given by (2.57b) with i= iopt. Neglecting the preamplifier noise, the dc
SQUID energy sensitivity e calculated in [52] can be written as:

e ¼ kBTL
R

þ 2kBTRdyn=L

@<V> =@Ua

% &2

opt

, (2.60)

where Rdyn is the SQUID dynamic resistance. Taking the derivative of the average
voltage with respect to bias current in (2.57) and (2.58) one finds that the normalized
dynamic resistance ¶<v>/¶i takes values around 1/2 at optimum bias and large ther-
mal fluctuations, and for that reason a good approximation is to set Rdyn/R = 1/2 in
(2.60). Considering this and by introducing (2.59) into (2.60) one gets for the energy
sensitivity in units of 10–31 XJ/Hz (see also (33a) in [82]):

eR ¼ 4aþ C4 e2a

a
iopt
C

þ C
iopt

� �2
1

e�aþSi�;opt

' (
sin2pu

a

h i2 . (2.61)

The energy sensitivity vs. normalized inductance L/LF = 4a and the noise para-
meter C as given by (2.61) is shown in Fig. 2.19. Also shown are experimental data
of a high-Tc dc SQUID which typically are about one order of magnitude higher
than calculations predict, an issue that remains still unclear at present [104].

As seen in Fig. 2.19(a) the energy sensitivity of dc SQUIDs has a minimum with
increasing L/LF. The physics behind this result can be summarized as follows [85].
First, it is natural to expect better output characteristics with improvement of the
SQUID screening properties with respect to the applied flux (one of the basic
requirements for SQUID operation). Consequently, the higher the L/LF parameter,
which is proportional to the screening parameter bL, the bigger the difference of the
total flux in the SQUID ring and the value of the applied flux; as a result, the better
the screening properties. On the other hand it has been shown (see (2.56)) that the
screening current in the SQUID ring is suppressed with increasing L/LF (the sup-
pression becomes noticeable at large thermal fluctuations and increases with C ).
Therefore, from this point of view, the SQUID screening properties degrade with
increasing L/LF. These two physically opposing aspects are responsible for the mini-
mum of SQUID energy sensitivity. In addition, from Fig. 2.19(a) it follows that at
large thermal fluctuations (for C ‡ 0.3) the minimum in energy sensitivity occurs at
C » L/LF, corresponding to bL » 1/p. This is different from the case of small thermal
fluctuations when the optimum value of the screening parameter bL » 1 (see
Table 2.1).

To reach the small thermal fluctuations case one has to take the limit L<<LF, i.e.,
afi 0 in Eqs. (2.57), (2.59) and (2.61). We note that by taking this limit a/C =pbL/4
remains finite. An excellent agreement (see Table 2.1) is found with the numerical
simulations performed for the case of small thermal fluctuations with C@ 0.05
[23,80,81,52]. This fact shows the generality and applicability of the analytical treat-
ment.
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2.2.4
Effect of Asymmetry

So far, we have largely neglected the asymmetries in dc SQUID parameters. For
high-Tc dc SQUIDs such an asymmetry may occur due to the large spread in the
critical current I0 and resistance R of high-Tc Josephson junctions. It may lead to
asymmetric Ic(Ua)- or V(Ua)-characteristics and can affect the SQUID performance,
namely transfer function and flux noise. In this subsection we will therefore discuss
the effect of asymmetry in parameters of the two Josephson junctions and in the
inductance of the SQUID loop.

In equations (2.37) and (2.38) for the normalized currents flowing across the two
junctions (1 and 2) we have already introduced possible asymmetries in the junction
critical currents, resistances and capacitances with asymmetry parameters a defined
as follows

I0,1 = I0 (1–aI) , R1 = R /(1–aR) ,C1 = C (1–aC)
(2.62)

I0,2 = I0 (1+aI) , R2 = R /(1+aR) ,C2 = C (1+aC) .

Considering also an asymmetry in the SQUID inductance, we write the total mag-
netic flux in the SQUID loop as

US = Ua+L1I1– L2I2 = Ua+LJ– aLLI/2 , (2.63)

where we introduced the parameter aL= (L2–L1)/L for the asymmetry in the induc-
tance of the two arms forming the SQUID loop as L1 = L (1–aL)/2 and L2 =
L (1+aL)/2. We note that our definition of the two inductances L1, L2 includes the
self-inductance of the two arms of the SQUID loop and their mutual inductance
[23], with L1 + L2 = L. Comparing (2.63) with (2.36) we have now added the “self-flux”
– aLLI/2 which increases linearly with bias current I. Including the inductance
asymmetry, (2.39) transforms into

d2 � d1 ¼ 2pðua þ
1

2
bL j�

1

4
aLbL iÞ ¼ 2pua þ pbL j�

aL
2
i

' (
, (2.64)
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Table 2.1 Analytical vs. numerical simulations of dc SQUIDs at small thermal fluctuations.

Method bL optimal Dynamic
Resistance

Transfer Function Energy Sensitivity

Analytical 0.9 3R/4 R/2L 8 kBTL/R
Numerical
Simulation

»1 R/�2 R/L from
[23], [70]

»R/2L from
[52]

(9–1) kBTL/R
from
[23], [80], [81]

6.7 kBTL/R
from [52]
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which has to be solved together with (2.37) and (2.38). We note that (2.64) can be
used to express the circulating current as

j ¼ d2�d1�2pu
a

pb
L

þ aL
2
i . (2.65)

The (time dependent) voltage across the SQUID can be written as

U ¼ U1 þ L1
dI1
dt

¼ U2 þ L2
dI2
dt

(2.66)

which includes the voltages induced by time-varying currents flowing through the
inductances L1, L2 through the SQUID arms. With the definition of L1 and L2 and
with dI1/dt= –dI2/dt=dJ/dt (for dI/dt=0) we get L1(dI1/dt)= L(dJ/dt)(1–aL)/2 and
L2(dI2/dt)= –L(dJ/dt)(1+aL)/2 and hence

U ¼ 1
2
U1 þ

1�aL
2

L
dJ
dt

þU2 �
1þaL

2
L

dJ
dt

� �
¼ 1

2
U1 þU2 � aLL

dJ
dt

� �
. (2.67)

With the normalization of voltage by I0R and time by xc
–1 we get then

u ¼ 1

2
_dd1 þ _dd2 � pbLaL

_jj
� �

, and using the expression for j in (2.65),

u ¼ 1

2
ð1 þ aLÞ _dd1 þ ð1 � aLÞ _dd2

� �
, (2.68)

where we assumed the external flux and the bias current to be constant in time. We
note that for the time-averaged voltages we still have V1 =V2.

One can derive the normalized potential uSQUID=USQUID/EJ for the asymmetric
dc SQUID by rewriting (2.37) and (2.38), with the expression (2.65) for the circulat-
ing current as

b
c
€ddkð1 � aC Þ þ _ddkð1 � aRÞ ¼ � @uSQUID

@dk
, (k=1,2) (2.69)

with

uSQUID ¼ 1
2pb

L

ðd2 � d1 � 2pu
a
Þ2 � ð1 � aI Þcosd1 � ð1 þ aI Þcosd2

� i
2

ð1 þ aLÞd1 þ ð1 � aLÞd2

� �
. (2.70)

Turning to new coordinates d+ ” (d1+ d2)/2 and d– ” (d2– d1)/2 one finds

USQUID

2EJ
¼ uSQUID

2
¼ 1

pb
L

ðd� � pu
a
Þ2 � cosdþcosd� þ aI sindþsind�

� i
2
ðdþ � aLd�Þ , (2.71)

which reduces to the expression (2.42) for the symmetric dc SQUID if aI = 0 and
aL= 0. Two consequences of nonzero asymmetry parameters are obvious from
(2.71). First, an asymmetry in the critical currents (aI „ 0) leads to the appearance of
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2.2 Theory of the dc SQUID

the (sindþsind� )-term, which breaks the reflection symmetry in the SQUID poten-
tial. As a consequence, one obtains voltage rectification if an ac driving current is
applied and if the applied flux is ua „ –n/2 (n = 0, 1, 2, ...) [62]. This fact can be used
to study ratchet effects [105] with asymmetric dc SQUIDs [106,107]. Secondly, an
asymmetry in the SQUID inductance (aL „ 0) changes the direction of the tilt of the
potential (along d+ if aL = 0) if a bias current is applied.

To understand the effect of various asymmetries on the dc SQUID operation we
neglect the thermal noise for the moment and consider first the static case, which is
also treated in [23,62,64–66]. Setting all time derivatives equal to zero we get from

(2.37),
i
2
þ j ¼ ð1 � aI Þsind1 , and from (2.38),

i
2
� j ¼ ð1 þ aI Þsind2 . Summation of

the above equations yields

i ¼ ð1 � aI Þsind1 þ ð1 þ aI Þsind2 , (2.72)

and after subtraction we get

2j ¼ ð1 � aI Þsind1 � ð1 þ aI Þsind2 , (2.73)

which have to be solved together with (2.64).
As expected, the asymmetries in R and C do not contribute in the static case. This

means that the Ic(Ua)-curves do not depend on aR and aC. Furthermore, the above
equations imply that the normalized critical current ic always reaches its maximum
possible (positive) value i

þ
c;max = 2 (corresponding to d1 = d2 =p/2), for some value of

the external flux u
þ
a;max . In this case the circulating current is j(i

þ
c;max ) = –aI and the

external flux u
þ
a;max ¼

b
L

2
aI þ aLð Þ. Hence, the maxima in the Ic(Ua)-characteristics

are shifted along the flux axis, as shown in Fig. 2.20. Reversing the polarity of the
bias current reverses the sign of the shift but does not change its amplitude
(u

�
a;max ¼ �u

þ
a;max ). This allows experimental determination of aI + aL (for known

bL ) by measuring the difference DU = bL (aI + aL)/U0 of the values of the external
flux at which ‰Ic‰ is maximum for both polarities of bias current. The same shift
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occurs for the minima in the V(Ua) characteristics if ‰Ic‰»2I0. For variable bias cur-
rent, the minima in the V(Ua) characteristics are shifted along the flux axis propor-
tional to aLLI/2, independent of the value of aI. This allows the experimental discri-
mination of asymmetries in critical currents and SQUID inductance. Furthermore,
from numerical simulations for nonzero values of C& 0.5 (for aL = 0) one finds the
same relation DU »bL aI /U0 for the flux shift in the maxima of Ic(Ua) and minima
of V(Ua) as for the case of C = 0.

Calculations of the Ic(Ua)-characteristics for C = 0 for various values of aI and aL
[23] show that with increasing aI, the minimum value of the critical current Ic,min
increases, leading to a reduction of the modulation depth (Ic,max –Ic,min)/I0. In con-
trast, the modulation depth does not depend on the value of aL. In the case of an
inductance asymmetry (aL „ 0) the Ic(Ua)-curves appear skewed. The value of ua at
Ic,min is shifted from ua= 0.5 for aL = 0 to ua= 0.5–bLaLic,min/4. Moreover, the entire
Ic(Ua)-curves for aL „ 0 can be readily generated from the corresponding curve for
aL = 0 [23].

Numerical simulations for even moderate values of C= 0.05 show that thermal
noise smears out the asymmetry in both the Ic(Ua)- and V(Ua)-characteristics [99].
We note, that an asymmetry in resistance and capacitance leads to an asymmetric
distortion of the V(Ua)-characteristics, while an asymmetry in the critical currents
only shifts the V(Ua)-characteristics. The latter follows directly from (2.64) for con-
stant i. For SQUID operation it is important to understand the effect of asymmetry
on the transfer function and noise under the presence of thermal fluctuations. A
detailed analysis of the V(Ua)-characteristics for various kinds of asymmetries in I0,
R and C is given in [108], where the coupled Langevin equations have been solved
numerically, and results are compared with experiments on YBCO dc SQUIDs. In
the following we show only results of calculations for the case of Xgeometric asym-
metry’ (aI =aR =aC). Due to the asymmetry one finds different values of the maxi-
mum transfer function V

þ
U and V

�
U on the positive and negative slope of the V(Ua)-

characteristics, respectively. Figure 2.21 shows the calculated normalized transfer
function V

þ
U and V

�
U plotted versus bL, for fixed CbL = 0.2 and various values of aI.

In most cases one finds for bL& 5 for the asymmetric SQUID a reduction of VU as
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2.2 Theory of the dc SQUID

compared to the symmetric SQUID. This reduction increases with decreasing bL
and increasing aI. However, in the case of geometric asymmetry, for intermediate
values of 1& bL& 5 an increase in V

�
U for aI* 0.5 is observed, which is due to a

strong distortion of the V(Ua)-characteristics.
As a main result, the numerical simulations again show factorization of the max-

imum normalized transfer function vu» g(CbL) · f(aIbL), similar to the case of the
symmetric dc SQUID (see Section 2.2.3.2). Figure 2.22 shows the simulation results
for V

þ
U in the case of geometric asymmetry. In fact, the function g(CbL) does not

depend on the asymmetry and is identical with (2.47), However, the function
f(aIbL), as shown in the inset, is now strongly dependent on aI, as already discussed
above. The simulation data can now be approximately fitted by

f þ
geo

» ð7:18 � 0:31
a8:42
I þ 0:45

a1:22
I Þ b

0:18þ0:49�a2:68
I

L

1þb
L

. (2.74)

The effect of asymmetries in critical current and resistance on transfer function,
voltage noise, flux noise and energy resolution has been treated by numerically sol-
ving the coupled Langevin equations by Testa et al. for the case of small thermal
fluctuations (C = 0.01) [109] and large thermal fluctuations (C = 0.16) [110]. In both
cases strongly overdamped junctions (bc= 0) have been assumed and the effect of a
damping resistor Rd which shunts the SQUID inductance has been included. With
the particular value of C = 0.01 [109] and with aI =aR ranging from 0 to 0.6 it is
found that the distortion of the V(Ua)-curve in the presence of asymmetry can
increase VU (if measured on the steeper slope of the V(Ua)-curve) within a certain
range of values for bL between 1 and 5. This behavior is also visible in Fig. 2.21(b).
However, the absolute maximum of the transfer function is still obtained for the
symmetric dc SQUID, if an optimum value of bL (close to 0.5) is chosen. This is
because the improvement in VU with increasing asymmetry is more pronounced for
values of bL which are larger than the optimum value. As the reduction of VU with
increasing bL can be suppressed by the use of a damping resistor, it finally turns out
that a combination of asymmetry and damping c ”R/Rd may increase the transfer
function, even over the optimum value for the symmetric SQUID. For example with

69

0.01 0.1 1

0.1

1

 for β
L
 =  0.25,  0.5,  1.25, 

              2.5,    5

Γβ
L

α
I
 = 0      α

I
 = 0.2     α

I
 = 0.4

α
I
 = 0.6   α

I
 = 0.8     α

I
 = 0.9

g ge
o+ (Γ

β L)

0.1 1 5
0.5

1

5

β
L

f ge
o+ (α

I,β
L)

 

Fig. 2.22 Calculated normal-
ized transfer function VU

+ for
geometric asymmetry. The
plot shows the function
g(CbL) which does not
depend on aI; the dashed line
is calculated from eq.(2.47).
The inset shows the normali-
zation function f(aI, bL); the
dashed lines are calculated
from eq.(2.74).
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c= 0.5, aI =aR = 0.6 and bL= 5 one finds a 3% increase in VU over the value obtained
for c= 0, aI =aR = 0 and bL = 0.5 [109]. It is not the slight increase in VU, which
makes this result interesting, but the fact that a high transfer function can be
obtained with larger inductance, which allows improvement of the coupling of input
signals. The introduction of a damping resistor, however, increases the voltage noise
SV which becomes now also dependent on the asymmetry, leading to an increase of
SV with increasing aI =aR [109]. Numerical simulations of the flux noise and the
energy resolution indicate that, even with damping, the SQUID performance
degrades if one increases bL from 1 to 5. For bL = 1 the flux noise SU is almost inde-
pendent of the damping c and the noise improves with increasing asymmetry, for
example by roughly a factor of 2 in SU if aI =aR is increased from 0 to 0.6 [109]. A
similar result has been obtained for larger C = 0.16 [110]. However, it is not clear yet,
whether bL = 1 is the optimum value in any case. In order to draw a final conclusion
on the possible improvement of SQUID performance via introduction of asymme-
try, a more detailed analysis is required, in particular regarding the optimization of
the flux noise and energy resolution with respect to bL and C. We note that the
improvement of the asymmetric SQUID performance relies on the operation on the
steeper slope of the V(Ua)-curve. Hence, direct readout, instead of flux modulation
[c.f. Section 4] should be used in that case.

2.3
Theory of the rf SQUID

2.3.1
Introduction

In this section we analyze the rf SQUID, which consists of a single Josephson junc-
tion closed with a superconducting loop that is inductively coupled via a mutual
inductance M to an rf current driven tank circuit LTCT. The principle of rf SQUID
operation is clear from Fig. 2.23: the measured flux Ua, superimposed over some dc
bias flux, changes the average value of the phase d across the Josephson junction.
The non-linearity of the junction expressed by the d(Ua) characteristic results in
some related change of its impedance for the rf drive oscillations and hence in some
change of the amplitude of the rf voltage VT across the tank circuit. This change,
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after preliminary amplification, is detected, low-pass filtered and serves as the out-
put signal which is proportional to Ua. The dynamics of rf SQUIDs depends funda-
mentally on whether the rf frequency is smaller than both the junction characteristic
frequency xc and the cut-off frequency of the SQUID loop, the so-called adiabatic
regime. In the adiabatic regime the dynamics is also strongly dependent on whether
the junction phase d as a function of the applied flux Ua (see Fig. 2.24b) is single
valued (the so-called non-hysteretic operation) or multi-valued (hysteretic operation).
In the hysteretic operation dissipative phase jumps occur (schematically shown as
AB or CD transitions in Fig. 2.24b) known as the main source for the intrinsic noise
of the SQUID. Consequently, the SQUID dissipates energy at a rate that is periodic
in Ua. This periodic dissipation in turn modulates the quality factor Q of the tank
circuit, so that when it is driven on resonance with a constant amplitude, the rf volt-
age is periodic in Ua. To avoid such intrinsic noisy phase transitions in the adiabatic
regime, the non-hysteretic operation known as a low-noise regime should be used
instead. In this case the SQUID behaves as a parametric inductance, modulating
the effective inductance, and hence the resonant frequency of the tank circuit, as the
flux is varied. Thus when the tank circuit is driven at constant frequency, the varia-
tions in its resonant frequency cause the rf voltage to be periodic in Ua. If, on the
other hand, the rf frequency is larger than either the junction characteristic fre-
quency xc or the cut-off frequency of the SQUID loop the regime of operation is
called non-adiabatic. In this regime, although the d(Ua) characteristic is hysteretic
(see Fig. 2.25a) no discontinuous phase jumps occur which make it a low-intrinsic
noise operation as well. Qualitatively, the SQUID operation is somehow similar to
the adiabatic non-hysteretic regime, that is, the SQUID behaves as a parametric
inductance whose output voltage response results from the Ua modulation of the
tank circuit resonant frequency. All these regimes will be investigated separately.

Since their first demonstration, rf SQUIDs were used as magnetic field sensors
for applications requiring very high sensitivity [111]. Tank frequencies of these early,
point-contact rf SQUIDs were in the range of 20 to 40 MHz. Later on in the 1980s,
they were gradually replaced by dc SQUIDs, which then offered higher sensitivity.
The operation at microwave bias frequencies (a few to tens of GHz) and the use of
liquid helium cooled preamplifiers, however, has greatly improved the sensitivity of
rf SQUIDs to a value comparable with that of the best dc SQUIDs, in terms of ener-
gy resolution. Moreover, the discovery of high transition temperature (high-Tc)
superconductors has further increased the interest in rf SQUIDs. As discussed in
Chapter 6, due to the different geometry and readout, rf SQUIDs offer interesting
advantages when compared to dc SQUIDs. Also, generally, because of the absence
of steady Josephson oscillations, in a well coupled input coil no problems usually occur
due to resonance, which, in dc SQUIDs, can lead to a reduction in signal voltage and in
sensitivity.

Soon after the first demonstration of rf SQUIDs, a consistent theory of their
operation was developed, which could explain the experimental results obtained at
that time. A complete summary of this theory can be found in the excellent review
articles by e.g. Silver and Zimmerman [111], Giffard, Webb and Wheatley [112],
Jackel and Buhrman [113], RyhUnen et al. [52] and in books by Likharev and Ulrich

71



2 SQUID Theory

[114], Likharev [4] and Gallop [115]. Recent work on high-Tc rf SQUIDs has shown
that in some cases this standard theoretical model needs considerable further devel-
opment. Issues not considered in early theories of the rf SQUIDs were operation at
large thermal fluctuations – the case of high-Tc rf SQUIDs –, and low-frequency
excess noise in rf SQUIDs. The effect of SQUID inductance on the thermal noise of
the SQUID in particular, as well as operation at large thermal fluctuations in gen-
eral, have been under theoretical investigation only recently [85], after observations
that high-Tc rf SQUIDs still function at much higher inductances and thermal fluc-
tuation levels than previously predicted. We briefly present the most important
results of all these analytical theories, but refer the reader to the above mentioned
papers for a more detailed review. It should be mentioned that in contrast to the
case of dc SQUIDs, for rf SQUIDs no extensive numerical simulations performed
for a wide range of noise parameter C and inductance L have been reported so far.

2.3.2
SQUID Potential and the Equation of Motion for the Phase Difference

The rf SQUID consists of a superconducting ring of inductance L containing a sin-
gle Josephson junction or weak link having a critical current I0, a resistance R and
capacitance C (Fig. 2.23). The inductance L is inductively coupled to the tank circuit
LTCT via a mutual inductance M. A rf current generator supplies the tank circuit
with a current Irf cosðxrf tÞ, so that the resulting rf magnetic flux applied to the
SQUID loop is Ua;rf ¼ U0=2pð ÞvT½ 	 cosðxrf tþ rÞ, where ðU0=2pÞvT is the ampli-
tude of the external rf flux, r is the phase, t is the time, and U0 is the flux quantum.
The voltage that provides the output signal of the rf SQUID is picked up from the
amplifier A whose input is connected to the tank circuit. The input signal magnetic
flux to be measured Ua is applied to the SQUID loop. Because the highest frequency
of the Ua flux spectrum is usually much less than the pumping frequency xrf , this
flux can be considered quasi-static.

In analogy to (2.36), written for a ring that incorporates two junctions, one has for
a single junction loop a similar equation that connects the junction’s phase differ-
ence d, the circulating current J in the SQUID loop, and the total applied flux Ua,T =
Ua;rf þUa

d ¼ 2p
U0

Ua;rf þUa þ LJ
' (

¼ 2p
U0

UT (2.75)

where UT is the total flux in the SQUID loop. In addition, one assumes that the
supercurrent across the junction has again a sinusoidal dependence on d (see (2.1)).
On the basis of (2.1) and (2.75) one can build up the SQUID potential, or, equiva-
lently the Gibbs free energy of the system. It has two components: the Josephson
coupling energy and the inductive energy that is due to the screening current flow-
ing into the SQUID loop. Thus, the dynamics of the rf SQUID can be visualized as
a motion in a one-dimensional potential – see Fig. 2.24(a)
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USQUID dð Þ
EJ

¼
d�2pu

a;T

' (2

2b
rf

� cos d (2.76)

where ua;T ¼ Ua;T =U0 , and b
rf
¼ 2pLI0=U0 is the so called SQUID hysteresis para-

meter (or screening parameter), At brf < 1 the potential has one minimum, corre-
sponding to the only superconducting state of the interferometer. At brf > 1, in addi-
tion, there can be several metastable states. Here, the resistive-capacitive shunted
junction (RSCJ) model of the Josephson junction is assumed (the Josephson junc-
tion is shunted by a resistor R and a capacitor C) so that the equation describing the
system dynamics is (see, e.g., Chapter 8 in [114], and Chapter 6 in [4]) of Langevin type

C
d2d
dt2

þ 1
R
dd
dt

þ 2p
U0

� �2
dUSQUID

dd
¼ IN

2p
U0

. (2.77)

It is also assumed that the input noise in the rf SQUID can be approximated by
the Johnson noise in the shunt resistance, so that the term IN, having a Dirac corre-
lation function and a spectral density SIN (x) = 2 kBT/pR, corresponds to the current
contribution of the thermal noise generated by the resistance R. Two more parame-
ters have to be defined at this point: the SQUID cutoff frequency xcut =R/L and the
characteristic frequency of the Josephson junction xc = 2pRI0/U0 =brfxcut. The
resistance R is usually chosen to have a Stewart–McCumber damping parameter
bc= 2pI0R

2C/U0 << 1, so that the current-voltage (I–V) characteristic of the weak link
is non-hysteretic. In this overdamped case, effects of C on the SQUID response can
be neglected. Consequently, the second derivative of the phase in the equation of
motion (2.77) vanishes so that the system dynamics is described by a nonlinear
first-order differential Langevin equation:
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1
xcut

dd
dt

þ b
rf

sindþ d� 2pu
a;T

¼ IN
2p
U0

(2.78)

From the point of view of bias frequency xrf, there are two different modes of
operation. First, the so called adiabatic mode defined by

xrf << min xcut ;xc
% &

(2.79)

in which case the first term on the left-hand side of (2.78) can be neglected so that,
in the absence of thermal fluctuations, (IN= 0):

b
rf

sindþ d ¼ 2pu
a;T

. (2.80)

Equation (2.80) is represented in Fig. 2.24(b). When brf < 1 the phase diagram is
single-valued [4], [115–122]. In contrast, when brf > 1, the phase diagram is multi-
valued (see for instance [4], [52], [111–115]), and noisy flux transitions occur
[123–124]. With increasing flux, the SQUID will follow a segment with positive
slope (only the parts having positive slopes are due to stable states of the system) up
to a value where the supercurrent in the SQUID reaches the critical current of the
weak link. Then the weak link momentarily switches to the resistive state and the
SQUID undergoes a quantum transition nfi n + 1 (the flux through the SQUID
changes by one flux quantum). For a system, where bc > 1, it may jump through sev-
eral flux states before stabilizing. The time of the transition is given by 1/xcut, the
response time of the SQUID ring or by the quasiparticle relaxation time of the weak
link 1/xc, depending on which will be larger. In the same way, as the flux is
decreased, quantum transitions n + 1fi n take place. As the system undergoes quan-
tum transitions from one state to another and back, a hysteresis loop (like ABCDA
in Fig. 2.24(b)) is described on the phase diagram. For that reason this mode of
operation is sometimes also called the hysteretic mode. If condition (2.79) is not sat-
isfied then one deals with the so called non-adiabatic mode. In the non-adiabatic
case the first term on the left-hand side of (2.78) should be considered in the calcula-
tions. This latter mode of operation has been less investigated theoretically
[125–129] although it is believed that in this mode rf SQUIDs are at their best in
terms of energy sensitivity.

What is the physical difference between the two modes of operation? Before
answering this question a simple physical picture has to be introduced (see for
instance [4] where the system dynamics can be found by considering the motion in
the one-dimension USQUID(d) potential). When brf > 1, phase transitions are possible
between different metastable states when an externally applied magnetic field is
changed, so that the parabolic part of USQUID is shifted along its oscillating part. As
a consequence, a gradual change of the applied field Ua;rf leads to the general rise
in energy of the system (since USQUID depends on Ua,T =Ua;rf þUa ), while the
phase is “captured” at the bottom of one potential well. As it increases further the
external flux Ua;rf , an energy barrier which separates this well from a lower energy
state, decreases, and the system eventually makes a phase transition to one of these
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lower states. In the limit of large damping the motion along the SQUID potential U
profile is non-inertial. The first stage of the phase transient (with the phase in the
vicinity of the energy barrier top) has a duration higher than 1=xc , while the second
stage of the jump (the phase motion along the external side of the energy barrier)
will be passed in the time 3=xc . As a result, in this case, the total transition time
between two adjacent metastable states takes a time interval of about 5=xc . Having
the estimates of flux transition time, it is easy to obtain a physical picture of the
operating regime for frequencies that satisfy condition (2.79). Simply, the sweep xrf
is much slower than the characteristic time for a flux transition which explains the
significance of the term “adiabatic”, used to describe this regime. The difference be-
tween the two SQUID modes is ultimately due to changes in the system response.
For the adiabatic mode, the external flux Ua;rf changes sufficiently slowly so that in
the one-dinensional space of the basic variable d, the system always manages to set-
tle in a local minimum of the potential USQUID(d). Thus, d remains nearly in phase
with u

a;rf
¼ Ua;rf =U0 . Whenever the barrier separating a local minimum from the

next lower minimum disappears, the system makes a flux transition. In contrast, for
the non-adiabatic mode, the system’s position in the one-dimension space is driven
through the same potential so quickly that it cannot settle to the bottom of the local
minima, so that d becomes significantly out of phase with u

a;rf
¼ Ua;rf =U0 . There-

fore, in 1D space, the system traverses far beyond the point where the barrier to the
next lower minimum disappears, without making a transition. Before the system
has a chance to transit to the adjacent stable steady state, the external flux Ua;rf

changes and the barrier reappears.
When phase transitions occur (adiabatic regime at low thermal fluctuations with

brf > 1) a considerable intrinsic noise [123–124] is generated that is due to amplifica-
tion of the junction’s thermal noise by multiple flux transitions which deteriorates
the SQUID measuring performances. For that reason this mode of operation has
been lately avoided in practice. To give an example, for rf SQUIDs with a non-hys-
teretic phase diagram operating at about 10 GHz, an energy sensitivity as small as
(2.5–0.7)10–33 J/Hz » (23 –7) " (here " = h/2p, h is the Planck constant) with a calcu-
lated thermal fluctuations level of about 6" has been reported in the literature [130].
This is about two orders of magnitude better than for any hysteretic rf SQUID. Con-
sequently, in spite of being historically the first mode used, the hysteretic mode will
be only briefly considered here. A more detailed description will be given of the
other two, low-noise regimes: adiabatic operation with non-hysteretic phase diagram
(this mode of operation is also known as the “dispersive” or “inductive” mode), and
non-adiabatic operation. In both of these regimes, rf SQUIDs can be tuned to pro-
duce an infinite value of the transfer function. This fact is responsible for the high
sensitivity reached in these cases. Around such operating points the energy sensitiv-
ity is limited by the intrinsic noise of the SQUID and not by the preamplifier, pro-
vided it is appropriately cooled.

It is important to note that the threshold value brf = 1, which separates the opera-
tion regimes into two categories (see Fig. 2.24(b)), namely, SQUIDs having a hys-
teretic phase diagram (brf > 1) or a non-hysteretic one (brf < 1) is valid only under the
assumption that the SQUID is operated at low thermal fluctuations. In the presence
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of large thermal fluctuations, as we shall see, the non-hysteretic phase diagram char-
acterizes SQUID operation also for brf > 1 so that the inductive mode of operation is
extended to higher values of brf.

2.3.3
Unitary Theory for Output Signal and Noise

When thermal fluctuations are important (as is the case of great interest for high-Tc

rf SQUIDs) the noise contribution in (2.78) cannot be treated as a small perturba-
tion. For that reason (2.80) as well as the phase diagrams plotted in Fig. 2.24(b) are
no longer valid. Instead, signal and noise should be treated simultaneously in a uni-
tary approach. An analytical solution of this problem has recently being given [85].
Its validity, with some restrictions, extends over all existing operating regimes dis-
cussed so far: adiabatic with hysteretic phase diagram which at large thermal fluc-
tuations become non-hysteretic, adiabatic with non-hysteretic (single-valued) phase
diagram, the non-adiabatic regime, and small and large thermal fluctuation
regimes. In comparison with numerical simulations, analytical expressions can be
very useful in that they not only permit more rapid calculations, but also give added
insight and allow manipulations such as the taking of derivatives. For all these rea-
sons a detailed description of the analytical approach will be given in this section.

As already mentioned at the beginning of Section 2.2.3 it was believed that ther-
mal noise imposed two requirements for a proper operation of SQUIDs: the noise
parameter C << 1 and L< LF. First reported evidence to the contrary was published
over 20 years ago; Falco and Parker [131]. operated at 2 K some rf SQUIDs with
noise parameter C as high as 1.7 and L < LF. More recently, high-Tc rf SQUIDs hav-
ing C up to 10 and inductances up to 1 nH (LF = 100 pH at 77 K) have been success-
fully operated in practice (Zhang et al. [132–134], Zakosarenko et al. [135], Il’ichev et
al. [136]). To improve understanding of rf SQUIDs operating at large thermal fluc-
tuations (in particular, of high-Tc SQUIDs operating at 77 K) an analytical approach
was developed for overdamped systems (bc << 1). When thermal fluctuations are
important (which is the case at T = 77 K), the processes that take place in the interfer-
ometer should be considered to be of a Markoffian type, and for calculations of
important SQUID parameters the Fokker–Planck equation should be applied. As
the general theory of the Brownian motion shows [102], this equation is equivalent
to the Langevin equation (2.78) which describes the SQUID dynamics in the frame
of the RSJ model. The first attempt to include the interaction within the rf SQUID
between the interferometer and the tank circuit, into the Markoffian-type formalism
was made some time ago [137]. In that work, however, the Fokker–Planck equation
had not been solved because of its complexity. Nevertheless, the equation was exactly
written for the case of a real rf SQUID (i.e., an rf SQUID inductively coupled to a
tank circuit) with brf ‡ 1. It was assumed that the product of the junction capacitance
times the resistance is a small but a non-zero parameter. Recently [85], although in a
different manner, this problem has been reconsidered for brf < 3 and successfully
solved in the case when the product CR is negligibly small. In practice this is the
case, because for proper high-Tc SQUID operation it is necessary that the Josephson
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junction be overdamped (bc << 1). Hence, the Fokker–Planck equation is reduced to
the Smoluchowski equation:

1
b
rf
xcut

@r
@t

¼ d
dd

1
EJ

dUSQUID

dd
r

� �
þ C

@2r
@d

2 (2.81)

where USQUID=EJ is the normalized rf SQUID potential (2.76), r(d,t) is the probabil-
ity density of finding the interferometer loop in a state d at time t, and xcut = R/L is
the cut-off frequency.

For brf << 1, an exact solution for the non-stationary Smoluchowski equation
(2.81) has been found:

r d; tð Þ ¼
ffiffiffiffiffiffiffiffiffi
LF

2pL

r
exp � LF

2L
d� 2pu

a
� v�

T
sin xrf t� h
' (h i2, -

, (brf << 1). (2.82a)

Here v
�
T ¼ vT =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ x

2
R

q
, tgh ¼ xR and xR ¼ xrf =xcut .

For larger values of the reduced inductance (0.2 < brf < 3) an approximate solution
valid for operating frequencies much less than the SQUID cut-off frequency (the
adiabatic mode of operation) xrf <<xcut is given by

r d; tð Þ ¼
ffiffiffiffiffiffiffiffiffi
LF

2pL

r
exp � LF

2L
d� 2pu

a;T
tð Þ

h i2, -
(2.82b)

with ua;T ¼ 2pua þ vT sinxrf t. In addition, the statistical average dh i of the Joseph-
son phase difference and its dispersion has been calculated as

hdi �!
t>>2pxrf

2pu
a
þ v�

T
sin xrf t� h
' (

d� dh ið Þ2
D E

�!
t>>2pxrf

L=LF (2.83)

Two important results are incorporated in (2.83). The first equation gives the
SQUID phase diagram (or, equivalently the flux diagram), i.e., the total flux in the
interferometer loop as a function of the applied flux, represented in Fig. 2.25(a) for
different values of the reduced operating frequency xR ¼ xrf =xcut. As can be ob-
served, the flux inside the interferometer is retarded by some phase lag h with refer-
ence to the applied flux, while the oscillation amplitude is reduced by a factor of

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ x

2
R

q
. Both effects are increasing as xR increases in which case the rf SQUID

will operate in the non-adiabatic mode. In this mode, although brf << 1, there is a
hysteresis depicted in the flux diagram. The second equation (2.83) implies that the
dispersion of the flux inside the interferometer loop (which describes the effect of
thermal noise) is proportional to the SQUID inductance L and temperature T.

After the probability density distribution r has been found, the statistical average
of any variable can easily be calculated. Of particular importance is the expression of
the average of the screening circulating current <J> flowing in the SQUID induc-
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tance L; for brf << 1, with the help of (2.82a), it can be written in an explicit form:

Jh i ¼ I0 sin dþ U0
2pR

dd
dt

! "
¼ I0

Z1
�1

r sin d ddþ U0
2pR

d
dt

Z1
�1

rd dd

0B@
1CA

¼ I0 �
(

exp �L= 2LF
% &� �

sin 2pu
a
þ v�

T
sin xrf t� h
' (h i

þxRv
�
T

b
rf

cos xrf t� h
' ()

(2.84a)

while for 0.2 < brf < 3 and xrf << xcut the parametric form (the parameter being x)
can be used:

2pu
a;T

¼ x þ b
rf

exp � L
LF

1:1

� �
sin x

Jh i ¼ I0 exp � L
2LF

1:1

� �
sin x :

8>><>>: ð2:84bÞ

Equations (2.84b) are valid for most values of interest for the SQUID parameters:
0.1 < L/LF < 3 and 0.3 <C < 3. Expressions (2.84a) and (2.84b) differ from the ones
that correspond to 4 K, see (2.80). In particular the screening supercurrent is sup-
pressed by a factor of exp �L= 2LFð Þ½ 	. It follows from (2.84b) that, in the presence of
large thermal fluctuations the circulating current vs. the applied flux diagram (or
equivalently, the phase diagram) of SQUIDs with brf > 1, which at low thermal fluc-
tuations (C << 1) is hysteretic (see Fig. 2.24(b)), is strongly distorted and becomes
non-hysteretic (see Fig. 2.25(b)). In the analysis of the interaction between the
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SQUID ring and the tank circuit, the average screening circulating current through
L, <J> is of prime importance, because the coupling is inductive, via induced cur-
rents. As a consequence, the inductive interaction is directly affected and new equa-
tions for the output current–voltage (I–V) characteristic, transfer function, flux noise
spectral density, and energy sensitivity should be derived at large thermal fluctua-
tions.

To obtain the output IV characteristics, one can use the analysis from [114] (Chap-
ter 13), [4] (Chapter 14), and [116,117] describing the interaction between the inter-
ferometer loop and the tank circuit coupled to it. Taking into account the calculated
average <J> (see (2.84a) and (2.84b)), the output rf SQUID I–V’s, or equivalently
irf ¼ irf vTð Þ, can be obtained. Here only the result for 0.2 < brf <3 and xrf <<xcut is
shown:

irf ¼
vT
Z vTð Þ (2.85a)

vT
Z vTð Þ

� �2

¼ vT
Q

� �2

þ4 vT n� k2F�
% &2

, (2.85b)

F� ¼ brf exp � L
2LF

� �
g J1 vT

% &
cos 2pu

a

' (
� f

2
J1 2vT
% &

cos 4pua
% &� �

, (2.85c)

g ¼ exp �
b
rf
=2

exp 3:5 C�0:5ð Þ½ 	þb
rf

( )
for 0.2 < brf < 3 and xrf <<xcut . (2.85d)

The coefficient f takes values in the range (0.1, 1). For brf << 1, gfi 1, ffi 0. Here
the output impedance Z is an output-voltage-dependent function Z=Z(vT), where
the amplitude vTU0=2p of the external applied rf flux is proportional to the SQUID
output voltage amplitude VT: vTU0=ð2pÞ ¼ VT ðk=xrf ÞðL=LT Þ

1=2
. Then, irf is the nor-

malized drive current in the tank circuit, irf U0=ð2pÞ ¼ Irf k
ffiffiffiffiffiffiffiffi
LLT

p
, Irf is the rf pump

current amplitude, J1 is the Bessel function of the first kind, of order 1;
Q ¼ x rf LT =RT is the quality factor of the tank circuit (LT, RT are, respectively, the
tank circuit inductance and the resistance), k ¼ M= LLTð Þ1=2 is the coupling coeffi-
cient between the interferometer loop and the tank circuit, and n ¼ ðxrf � x0Þ=x0

is the detuning of the drive frequency from the tank circuit resonant frequency
x0 ¼ 1= LTCTð Þ1=2 .

The flux modulation of the I–V characteristics is qualitatively similar to the case
of small thermal fluctuations (see [118–121]), namely it consists of a few maxima of
magnitude decreasing with increasing rf pump current amplitude (see Fig. 2.26(a)).
The dependence of the output voltage modulation on the detuning parameter n
shown in Fig. 2.26(b) is again, qualitatively only, similar to the case of small thermal
fluctuations (see [119], [121]). The same is true for the resonance curve vT(n) (com-
pare the figure from [4] p.492 for the case of small thermal fluctuations and
Fig. 2.27(a)). From (2.85) the SQUID transfer function proportional to ¶vT/¶ua can
easily be calculated. ¶vT/¶ua is a rather complicated functional that depends on inter-
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ferometer parameters (Ic, L, R) and all tank circuit parameters. In Fig. 2.27 (a) it is
shown that when k2Qbrf > 1 the output voltage versus detuning n is multivalued and
that a change in the applied flux has a drastic impact on the sign of the slope of the
vT(n) characteristics. From this, it immediately follows that when k2Qbrf > 1 the
transfer function may diverge. This property determines both advantages and draw-
backs of such a regime of operation [4]. On one hand, the large possible values of
the transfer results in a negligible amplifier noise contribution to the overall device
noise and thus improves its sensitivity. On the other hand, at bias points with large
transfer function the SQUID is extremely sensitive to small variations of ac drive
amplitude irf and the detuning n. In addition, the SQUID signal bandwidth narrows
when the transfer function increases, and vice versa. For these reasons the optimum
SQUID performance is not reached at maximum transfer function. Optimization
has to be done with respect to the energy sensitivity. Calculated energy sensitivity
has a rather complicated expression [85] which considerably simplifies by imposing
several optimizing conditions. First the flux modulation of the output voltage has to
be maximum, a condition fulfilled for vT/(1 +xr

2)1/2 = 1.84 and when the signal to
be measured is superimposed on an additional dc flux of (2n + 1)U0/4 (here n is an
integer). Secondly, an additional optimization condition is to have the inverse of the
effective tank circuit quality factor much smaller than twice the effective detuning
from the resonant frequency of the tank circuit. Finally one finds that the energy
sensitivity in units of 10–31XJ/Hz is given by:

eR ¼ 3C2 1 þ Tk
T

1
k2Q

1
xR

� �
exp L=LFð Þ
L=LF

1
g2

(2.86)

where g ¼ 1 þ x2
R

' (�1=2

for brf << 1
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while for 0.2 <brf < 3 and xrf <<xcut g is given by (2.85d). Here Tk is the tank circuit
temperature. Thus, in contrast to the case of small thermal fluctuations (4 K) the
energy resolution exhibits a minimum with respect to two parameters: the bias fre-
quency and the SQUID inductance L. From Fig. 2.27(b), where (2.86) is represented,

one finds the optimal value for the SQUID inductance: L = L* if C £ 0.335, and
L = LF = 100 pH if C > 0.335. Here L* is a monotonically increasing function of the
noise parameter and takes values from L*/LF = 0.55 for C = 0.3 to L*/LF= 0.9 for
C = 0.335. The minimum of energy sensitivity e with respect to the SQUID induc-
tance (or equivalently the screening parameter brf) – see (2.86) – can be understood
as follows [85]. The SQUID is a superconducting device, so that it is natural to
expect better output characteristics with improvement in its screening properties
with respect to the applied flux (the basic feature of superconductors). The depen-
dence of e upon brf contains two important terms: 1/brf and exp (brfC). The signifi-
cance of the first one is obvious: the higher the brf parameter (in the range consid-
ered in this paper, i.e., up to about 3 – this is also the range of practical interest) the
bigger the difference of the flux inside the SQUID ring from the value of the applied
flux, and as a result, the better the screening properties. The second term is a result
of the influence of thermal fluctuations. It has been shown that the screening cur-
rent in the SQUID ring is suppressed with increasing brf (the suppression becomes
noticeable at large thermal fluctuations and increases with C). Therefore, from this
point of view, the SQUID screening properties degrade with increasing brf. These
two physically opposing aspects are responsible for the minimum of energy sensitiv-
ity versus brf in the high-Tc rf SQUID.

The analytical analysis presented here also includes the case of small thermal
fluctuations. Indeed, by taking the limit L << LF, or equivalently brf C << 1 the expo-
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nent exp �L=2LFð Þ ! 1. By taking this limit in (2.84b), (2.85) and (2.86) one gets the
well known results of low thermal fluctuations for the phase diagram (2.80) (and the
current in the SQUID loop), output current–voltage characteristic, and energy sensi-
tivity, respectively (see [114] p.270, [4] p.490, and [116,117]).

Extensive measurements recently performed [138,139] on high-Tc rf SQUIDs
have confirmed the validity of the analytical analysis presented. In Table 2.2 a brief
example is given of the calculated and experimentally measured values of the energy
sensitivity of some rf SQUIDs. All quantities marked with the superscript * were
not directly measured, but indirectly estimated since in practice it is difficult to mea-
sure the SQUID critical current in the presence of large thermal fluctuations. The
first column for the theoretical estimates of e is for the ideal case when in (2.86) the
term T=Tk

% &
=k

2
QxR << 1. In this case, for a given inductance, the optimum sensi-

tivity is reached experimentally. The theoretical estimates are in good agreement
with the measurements. We note that the numbers given in the second column of
Table 2.2 are for practical, non-zero, values of the term T=Tk

% &
=k

2
QxR . Finally, we

note that the analytical theory from [85] was extended to a second-order approxima-
tion in [140].

Concluding, at low thermal fluctuations and for operating frequencies smaller
than both the SQUID cut-off frequency xcut and the characteristic frequency of the
Josephson junction xc, the presented analytical analysis reduces to the well known
theories of rf SQUIDs operating in the inductive mode brf < 1 [4], [115], [116–122].
For operating frequencies exceeding xcut and for brf << 1 it contains also the non-
adiabatic case studied in [125–129]. The approach also extends to the case of large
thermal fluctuations where it gives a fundamentally based explanation for the well
known experimental fact that rf SQUIDs preserve a remarkable energy resolution
even at higher values of the inductance L/LF (up to about 3) and the noise parameter
C (up to about 2). Table 2.3 contains a summary of some results in different
regimes.
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Table 2.2 Calculated (using Eq.(2.86)) and experimental values of the energy sensitivity for five
different high-Tc rf SQUIDs.

Josephson junction
parameters

Tank circuit
parameters

Derived SQUID
parameters

Energy sensitivity
(thermal noise only)
e : 10–31 (J/Hz)

#
I0

*

(mA)
L

(pH)
R*

(X)
k* Q*

loaded
x/(2p)
(MHz)

brf
* C* xR

* Theory Experi-
ment

1 1.1 150 8 0.15 500 850 0.5 3 0.15 10 16 14
2 1.7 230 8 0.15 500 850 1.3 1.8 0.1 5.5 10 6.4
3 1.8 260 8 0.15 500 850 1.5 1.7 0.17 5.8 8.8 5.6
4 1.1 450 6 – – 300 1.5 5 0.15 110 – 230
5 0.8 900 6 – – 300 2.3 4 0.28 7200 – 7600
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2.3.4
Noise as a Small Perturbation

2.3.4.1 Introduction
So far, noise and signal were treated simultaneously in a unitary approach (its ana-
lytical version has been summarized) which is the proper way of solving the prob-
lem at large thermal fluctuations (in particular, the case of high-Tc rf SQUIDs oper-
ating at 77 K). However, when thermal fluctuations are small (the case of low-tem-
perature superconductors rf SQUIDs at 4 K), alternatively, a more simple two-step
approximate approach may be used instead. First, by solving (2.78) SQUID signal
characteristics are calculated in the absence of noise, and then noise is included as a
small perturbation. As already pointed out, at low thermal fluctuations in the adia-
batic regime, rf SQUIDs operate either in the hysteretic mode (brf > 1) or non-hys-
teretic mode (brf < 1). Since the latter case can easily by obtained by taking the limit
exp (–L/2LF)fi 1, in the analysis presented in the previous section for the case of
large thermal fluctuations, it will not be considered further. Instead, a few details
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Tab. 2.3 Summary of the different rf SQUID operating regimes.

Operating
regime

brf Phase-flux diagram Intrinsic energy sensitivity* e
(or noise spectral density SU)

adiabatic;
xrf << min

xcut ;xcð Þ

brf < 1
(low TF; C<<1
and L/LF<<1)

brf <3
(large TF; either
C<<1 or L/LF <<1
is not fulfilled)

non-hysteretic
(Fig.2.24 b)

eR ¼ 3C2 1 þ Tk
T

1
k2Q

1
xR

� �

eR ¼ 3C2 1 þ Tk
T

1
k2Q

1
xR

� �
exp L=LF
% &
L=LF

1
g2

with g given by (2.85d)

adiabatic;
xrf <<min

xcut ;xcð Þ

brf >1
(low TF, C<<1
and L/LF <<1);

hysteretic
(Fig.2.24 b)
flux transitions
occur

SU
1/2 » 1.16 (1/xrf)

1/2 LI0
1/3

(kBT /U0)
2/3

non-adiabatic;
xrf <<min

xcut ;xcð Þ
is not fulfilled

brf arbitrary
(low TF)

brf <<1
(large TF)

hysteretic
(Fig.2.25 a)
no flux transitions
occur

e= kBTL/R

eR ¼ 3C
2

1 þ Tk
T

1

k2Q

1
xR

� �
exp L=LF
% &
L=LF

1
g2

with g ¼ 1 þ x
2
R

' (�1=2

* expressions for eR are in units of 10–31 XJ/Hz
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will be given about rf SQUID output characteristics calculated in the frame of small
perturbation theories of hysteretic rf SQUIDs operating in the adiabatic mode and
systems operating in the non-adiabatic mode.

2.3.4.2 Adiabatic Operation; Hysteretic Phase Diagram
In the adiabatic hysteretic mode and at low thermal fluctuations, (2.80) is applicable
and the phase diagram of the SQUID (see Fig. 2.24(b)) is characterized by phase
jumps. As long as the supercurrent induced in the interferometer by the applied rf
flux Ua,rf does not exceed the critical current I0, no phase transitions occur, and VT
is a linear function of rf current bias irf. As soon as the current in the SQUID ring
exceeds I0, the Josephson junction switches to the resistive state. The current in the
ring then decays exponentially with a time constant L/R, until the Josephson junc-
tion switches back to the superconducting state. At higher irf, dissipation in the
SQUID limits the tank circuit voltage VT to a constant value, until at the positive
and negative peak of every rf cycle, the current in the SQUID exceeds I0. A further
increase in irf increases VT linearly again up to a point where, during a rf cycle, a
third quantum transition takes place (I0 is exceeded twice during the positive half of
the rf cycle), which again limits VT. The rf SQUID output characteristics
VT�vT= vT(irf) thus looks like a staircase (see Fig. 2.28(a)). An applied external flux
leads to an additional supercurrent in the SQUID, which adds to ik and leads to a
shifting of the step in the vT(irf) characteristics towards lower values of the normal-
ized voltage (see Fig. 2.28(a)). If the SQUID is biased at a constant irf, VT�vT is
periodically changed by varying flux, with maximum values at U =nU0 and minima
at U = (2n–1)Uo. The flux induced maximum voltage change and thus the modula-
tion amplitude is DVT=VT(nU0) – VT((2n–1)U0/2) = xrfLT U0/2M. This result sug-
gests that the transfer coefficient can be made arbitrarily large by reducing M, i.e,
the coupling coefficient k. However, k cannot be made so small that the SQUID has
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no influence on the tank circuit. Indeed, it can be shown that the energy transfer
between SQUID and tank circuit and thus the modulation voltage is maximum,
when k2Q »p/4. Unlike all the other regimes of operation (see 2.3.3.), the SQUID
transfer function ¶VT/¶Ua= (LT/L)

1/2xrf/k is independent of interferometer parame-
ters I0, and R or tank circuit parameters as ac drive amplitude irf and detuning n.

For practical applications, the equivalent flux noise of a SQUID system and thus
its sensitivity to magnetic flux is the most important parameter. For the hysteretic
SQUID, a theory of intrinsic noise has been developed in [123,124]. Intrinsic noise
in the rf SQUID originates from current fluctuations in the weak link shunt resistor
R. The ratio between SQUID response to the flux to be measured and to these cur-
rent fluctuations, determines its maximum achievable sensitivity. The current fluc-
tuations lead to a nonzero probability of making quantum transitions at fluxes
smaller than the critical values determined from the phase diagram Fig. 2.24(b) in
the absence of thermal fluctuations. If the applied rf flux is increased slowly
(xrf <<xcut), a quantum transition will take place before the height of the barrier
between two adjacent quantum states has been reduced to below kBT. This problem
is similar to the case of a classical particle with a mean energy kBT, which tries to
overcome a barrier with a height large compared to kBT. The attempt frequency here
is of the order of the SQUID ring frequency R/L. The equivalent flux noise gener-
ated by this mechanism has been calculated [123,124]

SU
1/2 » 1.16 (1/xrf)

1/2 LI0
1/3 (kBT /U0)

2/3. (2.87)

One notices that the rf SQUID intrinsic noise is inversely proportional to the
square-root of the operating frequency. The sensitivity of rf SQUIDs can thus be
enhanced by operating them at very high frequencies (the non-adiabatic case will be
summarized in the next section). From (2.87) it also follows that in the hysteretic
mode the input energy of the thermal noise kBT in the SQUID loop is amplified by
the flux transitions that characterize this mode of operation, so that the SQUID
intrinsic noise drastically deteriorates its measuring performances. The rf SQUID
energy sensitivity will therefore considerably increase over the classical limit
kBTL/R. In addition, it has been shown [113] that the intrinsic noise leads to an
increase in the tank circuit voltage with increasing bias current, and thus in a tilting
of the (without noise) horizontal steps in the output current–voltage characteristic of
the tank circuit. The tilt angle a is related to the SQUID noise by SU

1/2 =
(2/xrf)

1/2aU0/(1–a). Additionally, the step tilting reduces the modulation voltage by
a factor of 1–a.

There are two further noise sources in rf SQUID systems, which, at low thermal
fluctuations, turn out to have a larger influence on the system noise than the intrin-
sic SQUID noise: tank circuit noise and preamplifier noise. In practice the tank cir-
cuit inductance LT is not ideal and therefore includes also a series resistance RT
which imposes a thermal noise current through LT. This current causes the bias
point of the SQUID to fluctuate, which in turn leads to a fluctuation of the output
voltage VT, since ¶VT/¶irf is non-zero (¶VT/¶irf »a). In [113] this noise contribution
has been calculated to be:
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SU
(tc) = 4pa2/(1–a2) · kBTeff L/xrf. (2.88)

It is important to emphasize that the effective temperature of the tank circuit Teff
when the preamplifier is at room temperature, is generally much higher than 4.2 K.
Thus, the Teff in (2.88) is not the bath temperature [51]. Since the SQUID modula-
tion voltage ¶VT/¶U0 is relatively small, e.g., 10mV/U0 for a 30 MHz rf SQUID, the
noise in the preamplifier usually limits the SQUID system noise that uses a conven-
tional room-temperature readout electronics. The equivalent flux noise of the pre-
amplifier is:

SU
1/2 (pa) = SV

1/2 (pa) H ¶ U0/¶VT =SV
1/2 (pa) ·M/[xrf LT (1–a)]. (2.89)

For conventional room-temperature preamplifiers, SV
1/2 (pa) is of the order of 2nV/

�Hz for high (» 10 kX), and 0.5 nV/�Hz for low (50X) input impedance amplifiers.

2.3.4.3 Non-adiabatic Regime
The model discussed in the previous section assumes that the times associated with
the various superconducting processes in the SQUID (like flux transitions, relaxa-
tion processes) are short compared to the period of the rf cycle. At high bias frequen-
cies, this is no longer the case. Both the L/R time of the SQUID ring response, as
well as the quasiparticle relaxation time, can be of the order of the rf cycle period or
higher, if the SQUID is operated at microwave frequencies. Simulations [125–126]
and analytical calculations [116,127] have shown that even at bias frequencies above
R/L, SQUID modulation can be observed. To obtain the highest possible modulation
voltage, k2Qbrf should, however, be much larger than one.

To obtain an idea of what is happening at such high frequencies it is useful to
introduce the analytical approach developed in [114,141]. One writes the phase d in-
side the interferometer in the form

d ¼ dex¼0 þ ðdeÞ
x;1

þ ðdeÞ
x;2

þ ::: (2.90)

where dex¼0 is the low-frequency component (x << xrf ), while ðdeÞx;n (n = 1,2,3,...) is
the correction of the n-th order for the high-frequency component (x »xrf ). Intro-
ducing (2.90) into the equation of motion (2.78) one gets instead, a set of two
coupled equations of motion for both low and high-frequency components which
may be solved analytically by the successive approximation method. The solution of
such a problem may be summarized as follows:

1) qualitatively, the low-frequency component of the phase d versus the applied dc
flux characteristic looks similar to the plot in Fig. 2.24(b), while;

2) the high-frequency component versus the applied rf flux characteristic again,
qualitatively, has the shape represented in Fig. 2.25(a).

These solutions tell us that in the non-adiabatic regime no flux transitions occur,
and as consequence, the major source of intrinsic noise in rf SQUIDs is eliminated.
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For that reason, it is also reasonable to think of optimizing the other two sources of
noise in an rf SQUID: the tank circuit noise and the preamplifier noise. In addition,
the solutions for the phase d form the basis for calculating the rf SQUID output
current–voltage characteristic and it has the form represented in Fig. 2.28(b). Quali-
tatively, the characteristic of voltage modulation versus the detuning parameter n
appears as shown in Fig. 2.26(b). Finally, the energy sensitivity approaches the clas-
sical limit, in this case:

e = kBTL/R. (2.91)

which is comparable to the best dc SQUIDs.
A modified version of an rf SQUID operated in the non-adiabatic mode has been

proposed in [141]. It differs from the traditional configuration in that the SQUID
inductance L does not close via a single Josephson junction but via two identical
junctions in parallel, symmetrically connected in a second loop. Analytical calcula-
tions [141,142] show that when the new configuration (also called rf double SQUID)
is symmetric it has optimal intrinsic noise properties due to minimization of the
back reaction (tank circuit fi interferometer). For that reason, unlike the case of a
traditional system, one can take advantage of the very high transfer function that
non-adiabatic rf SQUIDs usually have, a condition interesting to confirm in practice.
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3 SQUID Fabrication Technology

3.1
Junction Electrode Materials and Tunnel Barriers

Thin-film tunnel junctions are the only practical Josephson devices of modern
SQUID technology. Other types of Josephson junctions, from bulk point-contact
devices to thin-film proximity or constriction microbridges mentioned in Chapter 1,
have mostly historical significance. Therefore, in this chapter we present only the
thin-film fabrication technology of low- and high-temperature Josephson tunnel
devices, beginning with an overview of electrode materials and tunnel barrier prop-
erties. Similarly, other components of SQUIDs, from the SQUID loop to the input
coil or the whole flux transformer, are at present fabricated from thin films of the
junction electrode material, while incorporating also the required insulating, resis-
tive, conductive, etc., films. Their fabrication is addressed in the following sections.
The only optional bulk components of modern SQUIDs are wire-wound pickup
coils discussed in Chapter 7.

More than 20 of the metallic elements can become superconducting, while cer-
tain semiconductors can be made superconducting under suitable conditions (e.g.,
by the application of pressure, or in very thin film samples). In addition, thousands
of alloys and compounds have been found to exhibit superconductivity [1], but only
very few of these are of interest for practical Josephson junctions and devices. The
soft metallic elements such as Al, Sn, Pb, and In were commonly used to fabricate
many of the first tunnel junctions in the 1960s. These metals have low melting tem-
peratures, can easily be evaporated in simple vacuum systems, and tunnel barriers
readily form by exposing the base electrode to oxygen or oxygen glow discharge.
However, such junctions are unstable with respect to repeated thermal cycling and
are susceptible to chemical corrosion. Junctions made using Pb-Au-In alloy films,
for example, had a tendency to fail owing to a change of the film microstructure
after repeated thermal cycling that caused the thin tunnel barrier to rupture [2,3].

The material parameters that are important for practical Josephson junction ap-
plications include the critical temperature Tc, superconducting energy gap D, the
superconducting coherence length n, and the penetration depth kL of the electrode
material. A high energy gap is desirable for all applications. The maximum device
operating temperature, which optimally is around 2Tc/3 or lower in order for the
superconducting energy gap to be reasonably developed and relatively temperature-
independent, may be determined not by the Tc of the bulk material but rather by the
Tc of the material within one coherence length from the interface with the barrier.
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This is a consequence of the fact that superconducting tunneling probes a distance
of about one coherence length into the superconducting electrode. Thus, a long
coherence length is desirable in order to minimize the effects of surface damage
near the superconductor–insulator interface. The magnetic penetration depth
should be low in order to minimize flux trapping.

Note that the above requirements imply that Type II superconductors which in-
trinsically have n<kL are less attractive for Josephson junction applications because
of their low n and high kL. According to the Ginzburg–Landau theory, in the dirty
limit, n(0) � (rnTc)

–1/2 and k(0) � (rnTc)
1/2, where rn is the normal-state resistivity.

This implies that the only way to optimize the ratio of n/kL is to fabricate the elec-
trode films such that they are close to the clean limit with long electron mean free
path. This is very difficult in low-temperature superconducting (LTS) Type II materi-
als, given the impurities, defects and disorder inherent to deposited thin films, espe-
cially for the counter-electrode deposited last. In all high-temperature superconduc-
tors (HTS), which are extreme Type II materials, even atomic-scale defects may
reduce the local energy gap sufficiently to result in weak (Josephson) coupling
across, e.g., a high-angle grain boundary. This difficulty makes it mandatory to fabri-
cate junction electrodes from epitaxial, nearly single-crystalline films free of high-
angle grain boundaries. Fortunately, sensitivity to atomic defects can also be turned
into a major advantage, by permitting technologists to use controllable grain bound-
aries as HTS junction tunnel barriers.

The key barrier parameters that determine any tunnel junction performance
include the average height u and effective width s of the barrier and the junction
capacitance per unit area cJ = C/AJ, where C is the total capacitance and AJ is the
junction area. Junction quality is further quantified by the amount of sub-gap leak-
age current and low-frequency 1/f noise. The latter is particularly important for
many low-frequency SQUID applications and typically is around 1 to 2 mU0Hz–1/2

at 1 Hz for many LTS junction technologies. Sub-gap leakage current may arise
from non-superconducting microshorts in the barrier or excess tunneling current
via electron states localized within the barrier. Savo et al. [4] have shown that 1/f
noise in LTS junctions scales roughly as I0AJ

–1/2. Based on this observation, very
small junctions with high critical current density are less attractive for low-
frequency SQUID applications. The origins of 1/f noise are discussed in detail in
Chapter 2.

For a given barrier width, the average tunneling height determines the tunneling
resistance R above the energy gap, while for a given barrier height, the junction crit-
ical current I0 depends exponentially on the barrier width s. The effective width gen-
erally is comparable to the physical thickness of the barrier, which for oxides ranges
from 1 to 10 nm. In order to obtain tight I0 tolerances, one therefore needs to care-
fully control the barrier height and especially the effective barrier width s. An advan-
tage of low barrier height materials is that control of the barrier thickness is less
critical.

If the tunnel barrier is assumed to be rectangular, the average barrier height and
effective width may be obtained by fitting the experimental I–V characteristic to a
theoretical expression derived by Simmons [5],
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I ¼ 3:16�1031
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V
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where I is the junction current in mA, V is the voltage across the junction in mV, AJ is
the area of the junction in mm2, and the barrier height u and width s are expressed
in volts and nanometers, respectively. The junction capacitance cJ may be deter-
mined from junction resonances (Fiske modes) [6].

3.2
Low-temperature SQUID Devices

3.2.1
Refractory Junction Electrodes

Based on the considerations presented above, elemental, polycrystalline Nb is an
attractive material for Josephson junction electrodes. As borderline Type II super-
conductor, it has a reasonable coherence length n = 40 nm, a moderate penetration
depth kL = 85 nm, while the relatively high Tc » 9.2 K and energy gap D » 1.5 mV
permit one a comfortable temperature margin for junction operation at liquid
helium temperatures. In addition, Nb is a refractory metal, and mechanically very
stable. High-quality Nb films can be fabricated using electron-beam or ion-beam
evaporation or by sputtering, and films of Nb readily form a surface oxide, Nb2O5.
Such Nb/Nb-oxide junctions were studied extensively in the late 1970s [7,8], but the
junctions exhibited excessive sub-gap leakage current, which is typically described
by the parameter Vm = I0R. Here, I0 is the maximum supercurrent through each
junction (assumed to be identical) and R is the resistance below the sum of the ener-
gy gaps of both electrodes, i.e., usually determined at 2 mV. Latta [9] found that Nb
counter-electrodes deposited onto Nb2O5 barriers tend to react with the Nb2O5 to
form NbO and NbO2, which are metallic and semiconducting, respectively, thereby
producing microshorts and excess leakage. In addition, Nb2O5 has a high dielectric
constant, 29, resulting in a high specific capacitance of typically 0.14 pF/mm2 [8].
The only way to effectively reduce the junction capacitance in this case is to form the
tunnel junction on a sloped film edge, as reported by Sandstrom et al. [10]. This
edge (or ramp) junction geometry later became widely used for the fabrication of
HTS junctions, as described in Section 3.3.

The only strongly Type II low-temperature superconducting material, for which a
usable junction technology has been developed, is the refractory metal niobium
nitride, NbN (or carbonitride NbCN) having n = 4 nm and kL = 300 nm (Appendix
A.1). Although some experimental SQUIDs have been fabricated in this technology,
it did not gain broader acceptance since the junction parameters are much more dif-
ficult to control with narrow parameter spreads. The most viable, broadly used mod-
ern technology for fabricating low-temperature SQUIDs uses niobium supercon-
ducting films and AlOx barriers discussed in the next Section.
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3.2.2
Tunnel Barrier Technology

In addition to native Nb2O5 barriers mentioned above, artificial (deposited) low-
height barriers, such as amorphous and hydrogenated silicon or germanium, were
investigated in the late 1970s, and even used in junctions of some hybrid rf SQUIDs
manufactured in the early 1980s [11]. However, the excessively high 1/f noise and
subgap leakage current made all these barriers unattractive once the nearly ideal Al-
AlOx barrier technology emerged in early 1980.

The most important discovery in the development of all-refractory Josephson
junctions was reported by Rowell et al. [12] in 1981. They observed that a very thin
film (a few monolayers) of Al is sufficient to “wet” and completely cover the surface
of clean Nb. Gurvitch et al. [13–15] subsequently demonstrated that high-quality
junctions can be fabricated on Nb by depositing a very thin Al film (typically, 2 to
4 nm) onto a clean Nb surface and then oxidizing the Al layer. Interestingly, Laibo-
witz and Mayadas [16] also fabricated tunnel junctions on Nb using an oxidized Al
barrier nine years earlier, but the Al films used were much thicker, >40 nm, presum-
ably in order to cover the Nb film edges in their cross-strip geometry, and were leaky.

Following the initial work of Gurvitch et al., tunnel junctions fabricated using Nb
and oxidized Al barriers (usually denoted as Nb/Al-AlOx/Nb or Nb/Al2O3/Nb struc-
tures) were largely perfected during the remainder of the 1980s. Kwo et al. [17] first
studied the surface oxidation of Nb with thin Al overlayers using X-ray photoemis-
sion spectroscopy (EPS). They observed that an Al overlayer as thin as 1 nm is suffi-
cient to protect the underlying Nb from oxidation owing to the stronger oxygen af-
finity of Al as compared with Nb. Thicker Al overlayers, subsequently oxidized in
air, were observed to form self-limiting oxides not more than 2 nm thick, regardless
of the deposited Al thickness. An oxidation time of up to 30 minutes was sufficient
to allow most but not all of the exposed Al to become oxidized. The excess Al tends
to diffuse into the underlying Nb grain boundaries depending on the process condi-
tions and microstructure of the Nb film. In particular, if the Nb film consists of very
large grains, the residual unoxidized aluminum will form a proximity layer and
reduce the sum gap [18]. Thus, in order to avoid this proximity effect and also to
enhance surface smoothness, the Nb films should be microcrystalline with the
smallest possible grain size.

The grain boundary diffusion of Al into the underlying Nb is an important mech-
anism that can affect junction quality. As reported by Huggins and Gurvitch [19],
the diffusion of Al into Nb depends on substrate temperature. Improved junctions
were obtained by effective heat sinking of the substrate during Nb deposition, both
for the deposition of the base electrode as well as the deposition of the counter elec-
trode on top of the oxidized Al. Further improvements were reported by Morohashi
et al. [20,21], following optimization of the Nb films and Al thickness. Since sub-
strate heating owing to electron bombardment is larger with rf sputtering than with
dc sputtering, the potentially higher temperature of rf sputter deposited films and
the grain boundary diffusion mechanism help explain the degradation of tunnel
junctions fabricated using rf sputter deposited Nb films [21]. The enhancement of
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the grain boundary diffusion mechanism with increasing substrate temperature
was also reported by Tanabe et al. [22] and by Chang et al. [23].

Huggins and Gurvitch confirmed the effect of substrate temperature on the
sharpness of the Nb/Al interface using anodization spectroscopy [19]. They defined
the area to be anodized using photoresist and placed the sample in an electrolyte
consisting of 156 g ammonium pentaborate, 1120 ml ethelyne glycol, and 760 ml
H2O. One electrode contacted the Nb/Al film, a second electrode was placed in the
solution, and the exposed film was anodized at a constant current density of
0.4mA/cm2 with a compliance voltage of 85–90 V. Using an RC differentiating cir-
cuit, dV/dt could be measured as a function of the voltage across the anodization
cell. As the anodic oxide moves through the Al and into the Nb, the slope of the
dV/dt versus V curve changes, thereby providing a qualitative measure of the sharp-
ness of the Nb/Al interface. This technique was further refined by Blamire et al. [24]
and by Imamura and Hasuo [25,26] for Al overlayers on sputtered Nb and by Kohl-
stedt et al. [27] for Al overlayers on electron beam evaporated Nb. Imamura and
Hasuo [28] further correlated the anodization profiles with the microstructure of
Nb/Al bilayers determined using cross-sectional transmission electron microscopy
(TEM). They observed that the Al planarizes the Nb base electrode, resulting in good
crystalline structure of the Nb counter electrode just above the AlOx.

A key issue in all variants of the Al-AlOx barrier technology discussed above is the
thermal stability of the barrier during subsequent processing. The stability of Nb/
Al-AlOx/Nb junctions was investigated by Hikada et al. [29] who found that the junc-
tion critical current decreases linearly with increasing temperature while Vm

remained unchanged up to 250 OC. Note that the temperature dependence of the
critical current offers a means of adjusting the critical current after patterning by
annealing at elevated temperatures.

In closing, we mention only that the current NbN technology of refractory junc-
tion fabrication has been employing barriers of MgO, and lately also nitrides of Si or
Al. Neither metallic aluminum, nor any of these barrier materials can wet the NbN
surface as Al wets Nb, which would be conducive to barrier integrity and narrow
parameter spreads.

3.2.3
Deposition Techniques

SQUID process development has benefited from the rapid advance of semiconduc-
tor process technology. Whole-wafer processes for SQUID fabrication are largely
analogous to those of silicon device and integrated circuit manufacturing. The most
commonly used substrates include quartz (e.g., glass microscope slides) and espe-
cially Si wafers, as they are readily available at low cost. Bare Si and oxidized Si
wafers (for junctions fabricated using an anodization step) are generally used, with
diameters of 50 mm to 150 mm. In order to keep the substrates cool during film
deposition, the wafers are often greased (e.g., using ApiezonP L-Grease, which is
soluble in tetrafluoroethane), on to Cu pucks that are in contact with a water-cooled
platen during deposition.
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3.2 Low-temperature SQUID Devices

A simple and straightforward means of depositing thin films of low melting tem-
perature materials is by thermal evaporation. Typically a vapor pressure of 1 Pa
(10–2 mbar) must be achieved in order to obtain useful film condensation rates, cor-
responding to temperatures in the range of 1000 to 2000 OC for most materials of
practical interest. To avoid contamination, the evaporation source, which may be in
the form of a wire filament (which the evaporant will coat or “wet” upon melting), a
boat or a crucible, must have a low vapor and dissociation pressure at the operating
temperature. For this reason, refractory metals and oxides are generally used for
evaporation sources. Most advantageous are vessel-free sources shaped as wires of
the material to be evaporated.

Suitable thermal evaporation sources and conditions for a variety of elements and
compounds may be found in thin film handbooks (see, for example, [30–33]). The
evaporation of compounds and dielectrics can be complex, since few inorganic com-
pounds evaporate congruently owing to different vapor pressures of the constituent
elements. Thus, the composition of the thin film may be quite different from that of
the source. For example, SiO is often used to define the junction area or as interlayer
insulation. The deposition temperature must be carefully controlled, as above
1250 OC the dissociation into Si and O2 begins, which may lead to oxygen-
deficient films.

Instead of resistively or inductively heating the evaporant, electron bombardment
may be used. By focusing an electron beam accelerated by a field of 5 to 10 kV onto
the evaporant surface, temperatures in excess of 3000 OC can be reached. Using a
focused source, the beam energy can be localized in a small region, such that the
rest of the evaporant remains at a lower temperature. This helps reduce potential
interactions between the evaporant and supporting material. Inoue et al. [34]
described an electron beam evaporation process used to fabricate Josephson junc-
tions using Nb electrodes.

Sputtered films are deposited by bombarding the target material with energetic
ions (typically Ar+). As the kinetic energy of the incident ions exceeds roughly 4H,
where H is the heat of sublimation of the target material, the incident ions begin to
dislodge and eject target atoms into the gas phase. Typically, sputter yields do not
vary more than a factor of 10 for a wide variety of materials. Advantages of sputter-
ing are several. It is possible to sputter deposit not only elements but also more com-
plex alloys and compounds without significant compositional changes if the deposi-
tion conditions are properly configured. Film thickness control is fairly simple – the
deposition rate may be calibrated for a certain set of conditions, after which the
thickness is determined solely by the deposition time, and there are fewer problems
with “spitting”, i.e., the ejection of clumps of evaporant, which often occurs with vac-
uum evaporation processes. The plasma present during sputtering also provides a
means of manipulating film growth to achieve desired film properties. The main
disadvantage of sputtering is that the deposition rates are relatively slow, ranging
from around 5 to 300 nm/min.

Many compounds can be synthesized by sputtering elemental or alloy targets in
reactive gases instead of sputtering directly from compound targets. Mixing reactive
gases such as oxygen or nitrogen with the inert sputter gas, for example, it is possi-
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ble to deposit oxide or nitride films such as SiO2, TiO2, Si3N4, and NbN directly
from metallic or semiconducting target materials.

Bias sputtering is a variant of conventional sputtering in which the substrates are
ion bombarded during deposition by the application of a bias voltage to the substrate
to sputter away loosely bonded species (deposited film or trapped gases such as oxy-
gen) during film growth or to improve conformal coverage over contoured surfaces.
For example, Hoko et al. [35] used bias sputtering to improve conformal coverage of
SiO2 films used to fabricate Josephson junction circuits.

An important parameter that can affect thin-film device performance is film
stress. Evaporated Nb films typically are under a large tensile stress [36,37], which is
difficult to control experimentally. The stress in sputtered Nb films, however, varies
from compressive to tensile depending on the sputtering conditions such as the
sputter gas pressure [38]. In the worst case, tensile stress can lead to film peeling,
while excessive compressive stress can cause the film to wrinkle. Less dramatic but
equally damaging, the properties of junctions made on stressed films can seriously
degrade following stress relaxation after patterning.

Nearly stress-free Nb films may be sputter deposited by properly adjusting the
deposition conditions. Partly for this reason, sputter deposition has become the pre-
ferred method for the fabrication of Nb/Al-AlOx/Nb Josephson junctions for SQUID
applications. Typically, sputtered Nb films have a columnar structure with polycrys-
talline grains [28]. In order to cover the Nb base electrode without using an exceed-
ingly thick layer of Al, the Nb films should be smooth and stress free. The substrate
also should be cooled in order to reduce grain boundary diffusion of the deposited
Al into the Nb, leaving microscopic areas of the Nb base electrode exposed during
the oxidation step, which can lead to microshorts. If the Al layer becomes too thick,
the critical current density j0 and the energy gap will be reduced by the proximity
effect. SQUIDs fabricated using Josephson junctions with excess unoxidized Al
near the barrier also exhibit increased 1/f noise.

The stress of sputter-deposited films has been studied and characterized by sever-
al groups [39–45]. Kuroda et al. [40] found that small, square junctions (<5 mm per
side) fabricated from Nb films having tensile or compressive stress exceeding
roughly 1R108 N/m2 exhibited higher sub-gap leakage and reduced energy gaps.
This demonstrated the importance of optimizing the sputter conditions to minimize
film stress. Kuroda et al. [40] also demonstrated that similar junctions fabricated
using a lift-off process exhibited performance parameters comparable to those of
junctions patterned from stress-free films (see Section 3.2.6).

Original studies of the effects of stress in sputter deposited Nb films were carried
out using a fixed cathode voltage and varying the Ar pressure during deposition. In
these studies, the sputter conditions could be adjusted to obtain zero-stress films by
adjusting the Ar pressure for a given cathode voltage. Since the cathode voltage
drops as the target erodes, however, the optimal sputter conditions change and must
be monitored and adjusted over time. The zero-stress conditions also tend to be
system dependent [42,44,46,47] and therefore must be mapped out empirically, and
they also depend on the type of substrate used [48]. In consequence, no general
recipe can be recommended.

100



3.2 Low-temperature SQUID Devices

Aside from the importance of obtaining stress-free films, it is also important that
the films be clean and free of impurities or defects. For example, Nb films are partic-
ularly sensitive to oxygen content, which can reduce Tc by 0.93 K per at.% O [49].
The Nb films are usually sputter-deposited in cryo-pumped UHV systems having a
base pressure of the order of 10–5 Pa and at rates of the order of 100 nm/min. High-
quality films may be obtained, with room-temperature resistivities around
15.2mX-cm, which is very close to the value of 14 mX-cm for bulk Nb, and residual
resistivity ratios (RRR, the resistivity at 300K divided by the residual resistivity at
10K) of 4 to 8.

3.2.4
Junction Definition

Early thin-film Josephson junctions were fabricated by depositing the metal elec-
trodes through shadow masks made from carefully machined metal plates. Similarly
deposited oxides or hand-painted insulating layers (e.g., Formvar) were used to
define tunnel junction “windows” on the base electrode.

One of the first breakthroughs for the fabrication of Josephson junctions with re-
producible parameters and narrow parameter spreads was the whole-wafer process
described by Kroger et al. in 1981 [50]. First a superconductor–barrier–superconduc-
tor trilayer is deposited over an entire Si wafer in one deposition sequence without
breaking vacuum. By avoiding any intermediate patterning steps, the entire trilayer
can be fabricated with great cleanliness. Individual Josephson junctions (mesas) are
then patterned, isolated and defined by completely anodizing the top superconduct-
ing layer down to the barrier layer using a photoresist stencil as discussed in Section
3.2.6. The junction is completed by depositing and patterning a superconducting
wiring layer with or without an auxiliary insulator layer. Smith et al. [51] later used a
thin, sputter-deposited film of SiO2 as the anodization mask, which improved junc-
tion uniformity and anodization undercut. The Selective Niobium Anodization Pro-
cess (SNAP) developed by Kroger et al. greatly simplified the fabrication of Joseph-
son junctions with refractory Nb thin-film electrodes, and resulted in improved re-
producibility and narrow spreads of the junction parameters over an entire wafer.

Following the pioneering work of Kroger et al., several other whole-wafer pro-
cesses for the fabrication of Josephson junctions were developed in the 1980s. These
processes differ in the way in which the Josephson junctions are defined and iso-
lated, but they are all based on the fabrication in one vacuum sequence of a trilayer
over an entire Si wafer. These include the Selective Niobium Etch Process (SNEP)
[15] and the Selective Niobium Etch and Anodization Process (SNEAP) [52], which,
together with SNAP, are the most widely used Josephson junction processes. The
basic process steps are shown in Figure 3.1. The SNEP junctions are defined by pat-
terning the top Nb layer using a reactive ion etch (RIE; see Section 3.2.6) rather than
anodization, while the SNEAP junctions include a light anodization step following
the removal of the top Nb layer. Other whole-wafer techniques include the Selective
Niobium Isolation Process (SNIP) [53] and the Self-Aligned Contact (SAC) process
[54].
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By the mid-1990s, several groups had developed and optimized whole-wafer Nb/
Al-AlOx/Nb junction processes for SQUID fabrication. Most practical and nearly all
commercial LTS thin-film SQUIDs and SQUID-based sensors are now fabricated
using this junction technology and one of the whole-wafer processes described
above. These wafer-scale processes have resulted in improved junction reproducibili-
ty with narrow parameter spreads, both of which are important in improving device
yield (number of chips with acceptable parameters) and throughput. Wafer-scale
processes also are important for cost-effective production of large-area devices, such
as integrated thin-film magnetometer and gradiometer chips that can have side
lengths of around 1 cm or 2 cm, respectively.

3.2.5
Dielectric Insulation

Owing to the high dielectric constant of Nb2O5, the capacitance of SNAP Josephson
junctions can be dominated by the overlap between the counter-electrode wiring and
base electrode. This parasitic junction capacitance can lead to resonances that
degrade performance and complicate proper operation of the SQUID. This in part
motivated the development of alternate junction definition techniques, such as
SNEP and SNEAP discussed above. SQUIDs fabricated with integrated, thin-film
input circuits also require a low dielectric constant insulator between the SQUID
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Fig. 3.1 Schematic representations of (a) the SelectiveNiobiumAnodization Process
(SNAP) with additional deposited insulation, and (b) the Selective Niobium Etch and
Anodization Process (SNEAP). The Selective Niobium Etch Process (SNEP) is the
same as shown in (b) except the anodization step is deleted.
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and the input coil (see Chapter 5) in order to avoid introducing a large parasitic ca-
pacitance across the SQUID inductance, which also can degrade performance and
complicate operation.

In view of these considerations, other oxides and nitrides with lower dielectric
constants are generally used for Josephson device fabrication. Commonly used
dielectrics include SiO, SiO2 and Si3N4. Films of SiO are generally evaporated using
specially designed resistive sources with baffles to minimize particulate ejection.
Careful control of the source temperature and background pressure is required to
deposit optimal films. For most wafer scale processes, SiO2 is preferred, owing to its
low dielectric constant, and ease of deposition and patterning. High-quality SiO2

films may be rf sputter deposited using a quartz target or reactively sputtered using
a Si target and an Ar-O2 gas mixture, but the deposition rates tend to be low. Similar-
ly, Si3N4 films may be reactively sputtered using a Si target and Ar-N2 gas mixture.

More commonly, SiO2 films are deposited using Plasma-Enhanced Chemical
Vapor Deposition (PECVD) via the chemical decomposition of silane. The PECVD
process is capable of much higher deposition rates, but the optimal processing tem-
perature is 350 OC [55]. Several groups successfully developed low-temperature
(<200 OC) PECVD processes for the deposition of SiO2 [56–58], but the refractive
index and density of films deposited at these reduced temperatures are degraded.
Using Electron Cyclotron Resonance (ECR) enhancement, the plasma efficiency is
greatly increased making it possible to deposit high-quality SiO2 films at tempera-
tures below 150 OC. Meng et al. [59] reported a significant improvement in junction
uniformity and quality using low-stress SiO2 films deposited at low temperatures
with ECR-enhanced PECVD.

Recently, there has been interest in spin-on glass (SOG) dielectrics for interlayer
insulation and planarization. Pavolotsky et al. [60] described a process that uses a
300 nm SOG film (AccuglasP 314) prepared by spin coating at 3000 rpm with a low-
temperature cure at 90 OC for 3 minutes followed by electron beam curing at a dose
of 3000 mC/cm2. Advantages of such SOG films are the comparatively low dielectric
constants (2 to 4) and their ability to planarize the wafer topology. These are
important considerations for SQUID designs that include integrated, multi-turn
input circuits.

3.2.6
Patterning Techniques

Early Josephson junctions were fabricated using shadow masks, but most circuits
are now fabricated using one of the whole-wafer processes described above. The
junction trilayer, wiring and dielectric layers are patterned using photomask stencils
created by etching the desired pattern in a thin chrome or iron oxide film on a
quartz or glass plate, which is then transferred lithographically to a UV-sensitive
photoresist layer spun onto the wafer. The patterned photoresist stencil is then
transferred to the underlying film or films using various dry or wet etching tech-
niques. The desired pattern may also be obtained by depositing the film through the
resist stencil and then dissolving the resist away along with the excess film depos-
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ited on the photoresist. This so-called “lift-off” technique is very useful for pattern-
ing films that are otherwise difficult to etch. In order to avoid tearing along the film
edges, however, the resist stencil must be carefully prepared with an overhang or
negative edge profile. Special photoresists such as the nLOFU series from Clariant
have recently been developed specifically for lift-off processes and offer improved
resolution and reproducibility.

Typically, dry etch techniques are used to pattern thin films, such as ion milling
(e.g., using Ar+) or Reactive Ion Etch (RIE) plasmas (e.g., CF4, SF6). Although Ar
ion milling can be used to pattern practically any film, etch selectivity is limited,
which can be a problem for multi-layer structures, and for this reason ion milling is
rarely used for LTS Josephson junction fabrication. In contrast, depending on the
reactive gas or gas mixture used, RIE can be very selective and can produce very
steep or gradual edge profiles in etched films. Fluorine-based etch chemistries for
Nb junction and device fabrication include CF4 and CF4 + O2 mixtures developed in
the early 1980s [61,62] and SF6 developed in the early 1990s [45,47,63]. Ref. [45] also
describes a CHF3-based RIE etch process for patterning SiO2 films. Chlorine-based
chemistries also have been used to pattern Nb films, such as CCl2F2 [64–66], SiCl4
[67], Cl2 [68], and Cl2 + BCl3 + CHCl3 [47], but the fluorine-based chemistries tend to
be more widely used. Typical etch rates for Nb and SiO are 75 nm/min and 22 nm/
min, respectively, using CF4+10%O2 (300 mTorr, 100 W, 100 V), while using SF6

(30 mTorr, 85 W, 140 V), typical etch rates for Nb and SiO2 are 140 nm/min and
30 nm/min, respectively [69].

A disadvantage of CF4 based RIE is that Nb is isotropically etched leading to
severe undercutting and poor linewidth control unless low pressure and high rf
power are used, but these conditions are difficult to achieve using conventional RIE.
As shown by Aoyagi et al. [70], however, electron cyclotron resonance (ECR)
enhanced RIE may be used to develop a highly anisotropic CF4 etch process. A simi-
lar ECR enhanced RIE process using SF6 was described by Numata et al. [71].

Wet etchants generally are not used to pattern thin films, because they are less
selective than dry etches and difficult to control. Some materials, however, notably
Al and noble metals such as Au and Pd used for contact pads or resistors, cannot be
patterned using RIE1). To pattern these films, wet etches, ion milling, or lift-off sten-
cils are typically used. Standard wet etchants include 1 HCl : 20 HNO3 : 60
CH3COOH [72] for Pd, PAN (Phosphoric/Acetic/Nitric acid solution) for Al, and
Buffered Oxide Etch (BOE, NH4F/HF solution) for SiO2. The etch rate for SiO2 may
be adjusted an order of magnitude by varying the NH4F/HF ratio.

Regardless of the patterning method used, the edge profile of the patterned film
should be slightly tapered (beveled) in order to improve conformal coverage at cross-
overs by subsequently deposited films. The thickness of subsequently deposited
films should also be higher than that of the underlying film(s) in order to improve
conformal coverage. If conformal coverage is poor, isotropic wet or dry etches can
undercut the photoresist at crossovers and lead to disconnects. Alternately, if the
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RIE process conditions are not properly adjusted, the trenches, for example, be-
tween finely pitched wires in transformer coils may not etch completely at cross-
overs, leading to shorts between the coil windings.

Both wet and dry etches are used to open contact vias through insulating layers in
order to make electrical contact to the underlying metal layer. Contact vias usually
are small openings, typically 2 mm to 5 mm in diameter, and must have slightly
tapered edge profiles in order to avoid disconnects at the edges as discussed above.
Vias to Nb films usually are Ar+ ion etched before subsequent film deposition in
order to remove surface oxides on the exposed Nb surface and prevent the formation
of additional Josephson junctions in the circuit.

3.2.7
Passive Components for Device Fabrication

In order to fabricate Josephson junctions for practical SQUID applications, addi-
tional passive thin-film components such as resistors and capacitors for RC filter
networks are usually required. Thin films of Ta, AuIn2, Ti/Au and especially Mo
have been used as resistors in Josephson junction integrated circuits, but all of these
materials are superconductors below about 0.5 K and therefore are not suitable for
devices that must be operated below this temperature. Furthermore, although Ta
and Mo films are straightforward to pattern reactively, they must be buried under a
dielectric layer in order to prevent corrosion. Non-superconducting films of Au and
Cu also have been used to fabricate resistors, but the resistivities of these materials
are low and film adhesion is generally poor. Films of Pd, PdAu [10,45] and Pt
[73,74], on the other hand, also are non-superconducting and it is fairly easy to
obtain reasonable sheet resistances of around 1 X/& using films that are a few to
several tens of nm thick.

To fabricate capacitors, a high dielectric constant material is desirable in order to
keep the size of the capacitors from becoming too large. For this reason, Nb2O5 with
its high dielectric constant of 29 is an attractive choice [73]. High-quality Nb2O5

films may be formed by anodic oxidation during the anodization step, when using
SNAP or SNEAP.

3.2.8
Integrated SQUID Fabrication Process

A typical process suitable for the fabrication of integrated SQUIDs based on SNAP
junctions consists of six mask levels (see also [75]). The mask levels, film layers and
typical thicknesses are summarized in Table 3.1 and shown schematically in Figure
3.2. Minimum linewidths and spaces of 2 mm to 3 mm are sufficient and readily
achievable. To begin, a Nb/Al-AlOx/Nb trilayer is deposited over an entire wafer in a
single vacuum sequence. The trilayer is patterned using a wet or dry etch to define
the base electrode, contact pads, interconnects, and capacitors (if required). The
Josephson junctions are then defined using photoresist (mask level two) and the top
Nb layer is anodized. The shunt resistors and filter resistors (if required) are depos-
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ited next and patterned using mask level three and lift-off or a wet etchant. A blanket
Nb wiring layer is deposited and patterned using mask level four and RIE to define
the SQUID washer, counter-electrode, and interconnects. Next, an insulating layer,
typically SiO2, is deposited over the entire wafer and vias are opened to the first wir-
ing layer or the base electrode of the trilayer using mask level five and a wet or dry
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Fig. 3.2 Cross-sectional view of the layer sequence for a six mask
level process for integrated SQUID fabrication based on SNAP.

Table 3.1 Six mask level process for integrated SQUID fabrication based on SNAP.

Mask
Level

Layer Description Thickness
[nm]

Function

1 Nb
Al
AlOx

Nb

Trilayer base electrode
Trilayer barrier metal
Oxidation
Trilayer top electrode

200 – 300
5 – 7
1

30 – 60

JJ’s, Pads,
Wiring, Capacitors

2 Al2O3/
Nb2O5

Anodization
70 – 100

JJ Isolation

3 Pd Resistor 300 – 800 Shunts, Filters
4 Nb 1st Wiring Layer 300 SQUID Washer, Wiring
5 SiO2 Interlayer Dielectric 300 – 500 Transformer Insulation
6 Nb 2nd Wiring Layer 400 – 600 Input/Feedback Coils, Wiring
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etch. The SQUIDs are completed by the deposition of the last Nb wiring layer,
which is pattered using mask level six and a lift-off process or RIE to define the
input and feedback coils and remaining interconnects.

If the Nb and insulator deposition conditions are properly adjusted to achieve
stress-free films, the wafers are properly heat sunk as discussed in Section 3.2.3,
and the film edge profiles are tapered to promote conformal coverage as discussed
in Section 3.2.6, the key remaining challenges are to optimize the process condi-
tions to reproducibly obtain the desired critical current and shunt resistor parame-
ters with minimal spreads over the entire wafer. Critical current reproducibility and
uniformity depend on good control of the oxidation conditions (pressure, time, tem-
perature), tight control of the lithography and etch or anodization conditions used to
define the junction areas, and the reduction of film stress. Shunt resistor reproduc-
ibility and uniformity depend on the stability of the deposition conditions, tight con-
trol of the photolithography, and, if a wet etchant is used to pattern the films, tight
control of resist undercutting during the etch step. In any case, the uniformity of as-
deposited films typically is not better than 90% unless special deposition techniques
or large area targets are used. With good control over the optimized process condi-
tions, device yield can be as high as 80% [76].

3.3
High-temperature SQUID Devices

3.3.1
General Requirements and Problems

Initially, high-Tc (HTS) SQUIDs were fabricated from polycrystalline bulk or thin
films of the high-temperature superconductor YBa2Cu3O7–x (YBCO). The naturally
occurring grain-boundary weak links in machined bulk constrictions or micro-
bridges patterned in thin films served as junctions [77,78]. Despite successful opera-
tion at 77 K, the boiling temperature of liquid nitrogen, these polycrystalline devices
exhibited extremely high levels of 1/f noise caused by the thermally activated hop-
ping of flux vortices at grain boundaries and among intra-grain pinning sites.
Whereas 1/f noise due to flux motion rarely is a problem for LTS thin films, it is a
major issue in HTS films since the operating temperature is higher and pinning
energies are much lower.

Epitaxial, nearly single-crystalline thin films exhibit much lower 1/f noise than
polycrystalline films. As shown by Ferrari et al. [79], the level of 1/f noise in such
films is correlated with their microstructural quality. Although SQUIDs were also
fabricated from epitaxial thin films of other HTS compounds, high-quality SQUIDs
are almost exclusively fabricated from epitaxial YBCO films with their c axis normal
to the substrate (“c-axis films”). The reason for this is mainly that c-axis YBCO films
have been shown to have sufficiently strong flux pinning at 77 K to ensure both
high critical current densities in the ab plane (several 106 Acm–2) and acceptably low
levels of 1/f noise, and that worldwide efforts resulted in a readily attainable YBCO
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film quality higher than that of films of other materials. It should be emphasized
that the necessity to use epitaxial films with sufficiently strong flux pinning is even
more stringent for SQUID devices operated in the ambient magnetic field of the
Earth, which may induce vortices when the film is cooled to below its Tc.

For some structures, for example, ramp-type junctions (see Section 3.3.4), multi-
turn flux transformers, integrated Ketchen-type or multiloop magnetometers (see
Chapter 5) one requires two or more superconducting layers separated by an insulat-
ing or metallic layer. To achieve high crystalline quality of all layers, heteroepitaxial
growth is required which means that the various films must have comparable lattice
constants and thermal expansion coefficients, and that they must be chemically
compatible at the relatively high deposition temperature, typically 700–800 OC.
Furthermore, it is essential that the films can be deposited with sufficiently smooth
surfaces to allow subsequent layers to grow with high structural and electrical integ-
rity and without electrical shorts between them. Consequently, the material used for
the insulating layer is generally one of the substrate materials listed in Section 3.3.2.
As an alternative to the various insulating materials, semiconducting, but suffi-
ciently resistive PrBa2Cu3O7–x (PBCO) has been used for the fabrication of YBCO
trilayer structures [80].

3.3.2
Thin-film Deposition

Thin films of YBCO for SQUIDs are most typically deposited on commercial SrTiO3

(STO) substrates with (100) orientation and an epitaxial-quality polished surface.
Other substrates used for SQUID fabrication are MgO, LaAlO3 (LAO), NdGaO3, and
yttria-stabilized zirconia (YSZ). In most cases, substrates have a standard size of
10 mm R 10 mm and a thickness of 0.5 to 1.0 mm. The only disadvantage of STO is
its high dielectric constant (er » 1900 at 77 K), leading to potentially high parasitic
capacitances and resonances that have to be taken into account in the SQUID
design. Furthermore, the high dielectric losses of STO prevent its use as substrate
for planar superconducting resonator tank circuits in rf SQUIDs. For such rf tank
circuits, LAO has mostly been used. However, LAO twinning when cooling from the
deposition temperature to below the transformation point of about 500 OC causes
uncontrollable displacement of patterned features, which can be a problem for fine
multilayered structures where lower and upper layers need to remain well aligned.
SQUIDs were also fabricated from YBCO films grown on Si [81], but crack-free
films with reasonable superconducting properties could only be obtained for thick-
nesses up to about 50 nm. Kinetic inductances of such thin patterned structures are
undesirably large. Generally, all of these commercial substrates are of adequate qual-
ity so that only standard cleaning methods are required, involving ultrasonic rin-
sing, e.g., in acetone and isopropanol, and blow-off with dry nitrogen. For a more
comprehensive discussion of suitable substrates see [82–85].

Among the many different techniques used to deposit YBCO, pulsed laser deposi-
tion (PLD) and sputtering are most commonly applied to SQUID fabrication; in a
few cases coevaporation was successfully used. For comprehensive reviews of HTS
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deposition techniques and growth-related problems see [83–87]. For the fabrication
of SQUID devices only in situ processes are used, i.e., the material crystallizes on
the substrate surface as it is deposited. At the high temperatures that are necessary
to ensure a high crystallographic perfection of the YBCO film, an oxygen depleted,
tetragonal phase is formed. Thus, to obtain the metallic orthorhombic phase, the
YBCO is loaded with oxygen at lower temperatures after growth. Generally, it is suf-
ficient to vent the deposition chamber with (0.5–1) R 105 Pa (0.5–1 bar) O2 and to
cool the sample from the deposition temperature to room temperature in about
30 min. For multilayer structures with extremely dense insulating layers in between
the YBCO films it may be necessary to modify the annealing procedure to allow the
lower YBCO layer to be re-oxygenated (see Section 3.3.6).

PLD was the first technique to produce in situ YBCO films with high transition
temperatures [88–91], and is well suited to the deposition of insulators such as STO,
MgO, YSZ, and normal metals such as Ag. Usually, the substrate surface is parallel
to the rotating target and YBCO deposition rates well above 10 nm/min can be
achieved. Targets are usually not more than 25 mm in diameter and are therefore
relatively inexpensive. With the aid of a carousel with typically six targets, one can
easily fabricate multilayer structures in situ. One disadvantage is that only a relative-
ly small substrate area is covered uniformly, typically 10–20 mm. At the early stage,
PLD YBCO films exhibited numerous particulates at the surface, which was argued
to be a problem especially for multilayer structures. However, this could be solved
primarily by the use of high-density targets and by carefully cleaning the heater/sub-
strate holder prior to the next deposition.

Conventional sputtering techniques have the major disadvantage that the oxygen
necessary for the in situ deposition of YBCO causes negative oxygen ions to bombard
the substrate. This results in preferential re-sputtering of Ba and deviations from
the correct stoichiometry [92–94]. This problem can be ameliorated either by using
off-axis sputtering [93,95] in which the substrate is placed to one side of and perpen-
dicular to the sputtering gun, or by using high gas pressures [96] at which the nega-
tively-charged oxygen ions are thermalized. The disadvantage of both solutions,
however, is that the deposition rates are low, typically a few tens of nanometers per
hour. Important alternative sputtering techniques are the inverted cylindrical mag-
netron [94,97] and linear hollow cathode discharge sputtering [98,99]. Both config-
urations are off-axis, with the ionization and deposition rate enhanced by means of
a magnetic field and the hollow cathode effect, respectively. Alternatively, a magne-
tron sputtering source can be used in the on-axis configuration without re-sputter-
ing effects if it is operated unbalanced [100]. A disadvantage of sputtering multilayer
structures is the need for separate sources for each material, requiring large and
expensive vacuum chambers, and the high cost of targets that are usually much big-
ger than for laser deposition.

All of the deposition techniques mentioned above can produce – after thoroughly
optimizing the deposition process – smooth YBCO films with excellent electrical
properties. Typical YBCO films, 150–200 nm thick, grown on lattice-matched sub-
strates such as STO have transition temperatures Tc = 88–91 K and critical current
densities at 77 K of (2–5) R 106 A/cm2. The surface roughness, usually determined
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by atomic force microscopy, is below 10 nm and the half-width of the X-ray rocking
curve is typically 0.1–0.3O, depending on the lattice mismatch between YBCO and
substrate. It should be emphasized that there is no general recipe for the fabrication
of YBCO thin films with excellent superconducting and structural properties. The
optimum deposition parameters vary from deposition system to deposition system
and are strongly dependent on the YBCO target properties including its history.
Considering, for example, PLD, there is a variety of deposition parameters which
influence the film properties: substrate temperature, oxygen partial pressure, gas
flow rate, target-substrate distance, laser intensity on the target, size of the laser spot
on the target, repetition rate etc. To optimize such a complex system with numerous
input parameters, the design-of-experiment method, which is standard in semicon-
ductor technology, has been successfully applied [101,102]. This statistical instru-
ment provides a maximum of information for a minimum number of trials and can
give insight into the physics of the process.

To deposit Ag or Au layers for contact pads or shunt resistors, one can use ther-
mal evaporation, electron-beam evaporation, sputtering, or ion-beam assisted
deposition, usually with the substrate at room temperature. Especially when using
thermal evaporation one should take into account that any heating of the sample in
vacuum can lead to oxygen loss and thus to a degradation of the superconducting
properties (see next section). To achieve a low metal/YBCO contact resistance
(< 10–6 Xcm2) one should deposit the metal either in situ or after only a brief expo-
sure to air. If the YBCO film is stored in air for any length of time or exposed to
photoresist, either low-energy Ar ion beam cleaning of the surface, or sputter clean-
ing and/or post-annealing at 400–500 OC in oxygen or oxygen plasma is necessary to
achieve a sufficiently low contact resistance.

3.3.3
Patterning Techniques

Patterning techniques that are well established in semiconductor and LTS technolo-
gy are not necessarily applicable to YBCO thin films. One immediate problem is
that contact of YBCO with water or water-soluble chemicals deteriorates the super-
conducting properties of the YBCO. Second, the use of dry-etching methods in vacu-
um such as Ar ion beam etching can lead to a significant heating of the sample and
thus to oxygen loss at the patterned edges. Third, as a consequence of the complex,
anisotropic crystal structure of YBCO, smooth patterned edges with well-defined
slope are required as a prerequisite for the epitaxial growth of subsequent layers.
Given these limitations, however, a number of techniques have been successfully
used to pattern YBCO films down to sub-micrometer dimensions without
degrading their properties. Braginski [84] and Wellstood et al. [85] have reviewed
these techniques.

Conventional photomasking followed by dry etching is the most widely used tech-
nique for patterning SQUID devices based on YBCO films or multilayers. For the
photolithography, one generally uses conventional photoresists, for example,
Hoechst AZ 5214E or Shipley 1400-31. However, special masks are sometimes used,
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especially for step-edge and ramp-type junctions (Section 3.3.4) and for patterning
submicrometer structures. To obtain the edge definition essential for step-edge junc-
tions, one often uses metal, for example Nb [103], or diamond-like carbon (DLC)
masks grown by plasma-enhanced chemical vapor deposition [104].

Among dry-etching methods, an Ar-ion beam, bombarding the sample surface at
an angle between 90O (normal incidence) and 0O, is the most widely used to pattern
YBCO thin films and multilayers. To minimize damage of the YBCO, one restricts
the beam energies to between 350 and 500 eV, the latter being the most common
value, and the beam current density to below 1 mA/cm2. To reduce heating of the
sample, which can lead to significant oxygen loss from the film, it is also important
to cool the sample stage, either with water or, especially for submicrometer dimen-
sions, with liquid nitrogen. As demonstrated by Alff et al. [105] and Schneidewind et
al. [106], high-quality c-axis YBCO films are damaged near edges over a distance
from the edge of much less than 1 mm, provided the sample is water-cooled and the
beam energy and current density do not exceed the values given above. In order to
minimize the heat damage it is also recommended to use filament-free plasma
sources (e.g., rf sources) and plasma bridge neutralizers rather than conventional
Kaufman sources and tungsten wire neutralizers. Although microbridges in YBCO
films with widths down to a few 100 nm were fabricated without significantly deteri-
orating the superconducting properties, linewidths below 1 mm were rarely used in
SQUID structures. Typically HTS junctions are the narrowest structures of a
SQUID layout, with linewidths between 1 and 5 mm, depending on the critical cur-
rent density of the particular junction and the SQUID design parameters.

An alternative dry etch which has been successfully utilized by a few groups is an
Ar plasma [107]. In contrast to an Ar ion beam, the ions are multi-directional; none-
theless, as for ion-beam etching with a rotating sample, the edge profiles of the
etched films are determined by the shape and angle of the mask edges and the ratio
of mask and film etching rates. In contrast to LTS, reactive ion etching (RIE) cannot
be used for HTS materials due to the nonvolatility of Ba and (to a lesser extent) Y or
another rare-earth compound such as a chloride or a fluoride.

Both Ar ion beam and plasma etching have the disadvantage of being non-selec-
tive. To detect the end-point of an etching process, secondary-ion mass spectroscopy
(SIMS) of the ion-sputtered species [108], the observation of the material-dependent
plasma color near the sample surface [109] and optical reflectivity measurements of
the etched surface [110] have all been successfully used. If none of these methods is
available, one relies on the knowledge of etching rates and film thicknesses to con-
trol the etching depth by the etching time.

Especially in the early days of HTS SQUID development, wet etching in combina-
tion with standard photolithography was widely used to pattern the individual layers
since it is relatively simple and fast (etching rates are typically of the order of
100 nm/min). Wet etching has the advantages of being selective, as long as the
proper etchant is used, and the sample is not exposed to heat. A comprehensive
overview of wet-etching recipes is given in [84]. To etch YBCO, water-diluted HNO3,
H3PO4 or EDTA can be used. As a consequence of the typically isotropic etching
rate, undercutting restricts the linewidth to a few mm. If exposure of YBCO to water
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has to be avoided, e.g., for etch cleaning of the surface, a solution of Br in ethanol
can be used. The latter etchant has been also successfully used for the fabrication of
quasi-planar ramp-type junctions [111] (see also Section 3.3.4). Wet etching is suit-
able only for not-too-small linewidths, and the shape of the patterned edges depends
crucially on the perfection of the YBCO film. A selective etchant for STO is water-
diluted HF. An Au etchant, suitable for patterning metallization overlayers and not
attacking YBCO, is the water-diluted mixture of potassium iodide and iodine [112].

There is a variety of alternative patterning techniques that have been developed
and used for fabricating YBCO SQUID devices, including the use of shadow masks
[113,114], high-temperature lift-off [115], inhibit patterning [116] and focused laser
beam writing [117,118]. However, none of these reached the status of a “standard”
patterning method for YBCO SQUID devices. Many of these techniques are
restricted to single-layer structures or they are not suited for patterning structures
with dimensions below 10 mm, and methods like ion implantation and laser-writing
are unlikely to be suitable for mass production.

3.3.4
Junction Fabrication

The general requirements for a successful HTS junction technology for making
SQUIDs are basically the same as for LTS devices: nonhysteretic RSJ-like I–V char-
acteristics, high I0Rn products, controllable and reproducible junction parameters
(I0, Rn, C), high stability under room temperature storage and thermal cycling, and
low 1/f noise. Unfortunately, as a result of the short coherence length (nc » 0.2 nm,
nab »2 nm), a trilayer “sandwich” junction technology, analogous to that described
in Section 3.2, does not exist. Of the many types of internally shunted HTS junc-
tions that have been investigated over the past decade, only a few are suited for use
in SQUIDs. A comprehensive overview of fabrication issues for these junctions can
be found in [119,120]. The four standard HTS junction types that are used to fabri-
cate SQUIDs are schematically depicted in Figure 3.3.

The bicrystal grain boundary junction (GBJ) (Figure 3.3(a)) is basically a patterned
microbridge crossing the grain boundary of a bicrystal substrate. Due to the epitaxial
growth of YBCO on a lattice-matched substrate such as (100) STO, the a and b axes
of the YBCO film are aligned along the a and b axes of the substrate. Consequently,
using a bicrystal substrate (the most frequently used is the [001] tilt grain boundary),
a grain boundary forms in the YBCO film. As a consequence of the complicated
growth mechanisms, the YBCO grain boundary only generally follows the straight
path defined by the grain boundary of the substrate and meanders around it. The
faceting of the YBCO grain boundary is responsible for the experimentally observed
spread of junction parameters I0 and Rn (20–30% in the best cases), and generally
the spread increases with decreasing junction width due to averaging for wider junc-
tions. The degree of meandering depends on the deposition conditions (PLD YBCO
films are generally stronger faceted than sputtered ones) [121]. Until now, bicrystal
junctions have been most widely used by experimenters as well as commercial ven-
dors to make low-noise HTS SQUIDs. The reasons are the simplicity of fabrication

112



3.3 High-temperature SQUID Devices

– a single deposition and patterning step –, the RSJ-like I–V characteristics, the com-
parably high I0Rn values (typically 150–250 mV at 77 K) with a reasonable spread of
their I0 and Rn values, and the high yield of such junctions.

Commercially available are bicrystal substrates with misorientation angles of 24O,
30O or 36.8O in any material that is used to deposit in situ YBCO films; the most
widely used material is again STO. As a good compromise between high I0Rn values
and not too high critical current densities, 30O bicrystal substrates are being increas-
ingly used. A disadvantage of bicrystal junctions is – besides the high price of bicrys-
tal substrates – that the grain boundary extends across the whole substrate and
imposes a limitation on the SQUID layout design. If other parts of the supercon-
ducting layout intersect the substrate bicrystal line, additional 1/f flux noise is likely
to be generated in the film grain boundaries.

Inspired by bicrystal junctions, Char et al. [122] developed for first commercial
SQUIDs the so-called biepitaxial junctions which are, in contrast to bicrystal GBJs,
free of topological limitations. The fabrication process is basically simple: an ex-
tremely thin epitaxial film with its major crystal axes rotated against those of the
underlying substrate is deposited on part of the substrate, thus forming a grain
boundary. The main disadvantage is that so far only processes yielding 45O grain
boundaries exist, which are known to result in GBJs with low jc and I0Rn values. As
a consequence, SQUIDs with sub-optimum junction and noise properties were
obtained, eventually banishing biepitaxial GBJs from device fabrication. Only
recently, Tafuri et al. [123] proposed an improved concept of biepitaxial junctions
which, however, has not been widely tested.

Another quite frequently used type of a GBJ is the so-called step-edge junction
(Figure 3.3(b)). It is based on the fact that an epitaxially grown c-axis YBCO film
changes its orientation at a steep step in the substrate. As for biepitaxial junctions,
step-edge GBJs do not suffer from topological limitations, except that the step edge
should be aligned along the major cubic axes of the substrate. Another advantage
over bicrystal GBJs is that the substrate costs are much lower. However, the addi-
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tional fabrication step to define the step edge in the substrate is more expensive in
terms of labor investment. The understanding of the step-edge GBJs is mainly based
on the high-resolution transmission electron microscopy (HRTEM) work by Jia et al.
[124]. The detailed microstructural investigations of YBCO films grown on steep
steps (> 45O) in lattice-matched cubic single-crystal substrates, like STO and LAO,
show that two nearly identical 90O tilt grain boundaries occur in the YBCO. If the
step is steep enough (‡ 70O), the microstructure at the upper and lower is dissimilar,
the lower exhibiting a much smaller jc than the upper one. Consequently, for
SQUID device fabrication, very steep steps are required so that only the lower grain
boundary is active. Careful process optimization by numerous groups indicated that
the step height h should exceed the film thickness d for optimum junction proper-
ties: h/d = 2/3 to 1 for PLD-grown YBCO films and about 1/2 for sputtered ones.

There is much evidence that 90O grain boundaries in planar YBCO thin films do
not act as weak links. Therefore, the weak-link behavior observed for step-edge junc-
tions is presumably a consequence of the high defect density at the grain boundary
which in turn is extremely sensitive to fabrication process variations. Although I0Rn

products comparable to those of bicrystal junctions, i.e., approximately 100 mV at
77 K, were obtained for step-edge junctions, the critical parameters jc and rn are less
well defined as a result of variations in the defect density at the grain boundary. The
most crucial process step is the fabrication of the step edge (see Section 3.3.3).

A third type of HTS junction that is used for SQUID fabrication is the step-edge
SNS junction (Figure 3.3(c)) which combines the topological freedom with excellent
long-term stability and reasonable spreads in I0 and Rn. The fabrication of such SNS
step-edge junctions, originally introduced by DiIorio et al. [125], is more complicated
than the step-edge GBJ process: One cuts a steep step into a substrate and deposits a
YBCO film directionally so that the film does not grow over the step. Without break-
ing the vacuum in the deposition chamber, i.e., in situ, one fills the gap by direc-
tional deposition of an Au or Ag layer which makes contact to the a-b plane of the
YBCO films. Although I0Rn products of up to 1 mV at 77 K and Rn above 10 X were
achieved by certain process refinements [126], the typical parameters are less opti-
mum than those of bicrystal junctions. The major problem is the lack of control of
the properties of the resistive interfaces between YBCO and the noble metal. These
interfaces are responsible for the fact that the junctions are SINIS rather than SNS
junctions and appear to dominate the normal resistance Rn. This has hindered the
widespread application of this junction technology.

Edge- or ramp-type junctions (Figure 3.3(d)) represent the fourth type of HTS
junctions that are used in SQUIDs. Similar to SNS step-edge junctions, excellent
long-term stability, large freedom of positioning and acceptable I0 and Rn spreads
are claimed for these junctions. The price for these benefits is a complicated fabrica-
tion process. Unlike the other HTS junctions mentioned above, ramp-type junctions
require the fabrication of an epitaxial trilayer with two superconducting electrodes
separated by a thin insulating or resistive layer. As for the SNS step-edge junctions,
the current transport is along the ab planes. Generally, resistive PBCO is used for
the barrier material although other barrier materials, such as STO, NdGaO3, Ca- or
Co-doped YBCO and Ga-doped PBCO, have been tested as well. In practice, one
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starts with the deposition of a bilayer YBCO/PBCO. Next, a ramp with a shallow
angle (typically 10–20O to prevent the formation of any grain boundaries in the top
electrode) is patterned. This patterning can be done combining conventional photo-
lithography with ion beam etching or wet etching (e.g., Br in ethanol [111]). A prin-
cipal advantage of such quasi-planar ramp-type junctions over planar GBJs is that
the top electrode effectively shields the magnetic field component normal to the
film surface. As for the SNS step-edge junctions, the interfaces between YBCO and
barrier determine the junction characteristics and parameters. Special care has to be
taken in the patterning of the ramp. Argon ion beam etching can damage the sur-
face or the ramp, either destroying the crystallographic structure or leading to oxy-
gen depletion; wet etching in bromine solution requires extremely smooth films,
otherwise very inhomogeneous surfaces can result [127]. In spite of all these difficul-
ties SQUIDs with ramp junctions are commercially available [128] and, with further
improvements, are likely to represent the future of HTS SQUID technology .

There are other types of HTS junctions, like interface-engineered edge junctions
and c-axis microbridges, but their parameters do not fulfill the requirements for
making low-noise SQUIDs.

3.3.5
Fabrication of Single-layer Devices

Due to the simplicity of the fabrication process and consequently the relatively high
yield of properly functioning devices, in recent years most practical HTS SQUID
devices were fabricated from single YBCO layers. Examples of complete SQUID
devices that can be patterned from a single YBCO film are large washer and direct-
coupled SQUID magnetometers (see Chapter 5). Direct-coupled SQUID magnet-
ometers are mostly fabricated using bicrystal junctions, although devices based on
grain boundary step-edge and SNS step-edge junctions were also reported. Fabrica-
tion yields are to a large extent determined by the YBCO film quality and the spread
of junction parameters. If the junction parameters are not optimum, for GB junc-
tions they can be adjusted by a proper annealing or trimming process. For a care-
fully optimized deposition and patterning process, yields of “good” devices of 50 %
or more are not uncommon.

Sometimes complete devices are built by mounting and pressing two single-layer
devices together in a flip-chip configuration, with a very thin insulation layer (e.g.,
Mylar foil) in between. These two devices can be a SQUID washer or a direct-
coupled SQUID magnetometer on the one side and a single-layer flux transformer
or a flux concentrator on the other.

To fabricate a single-layer SQUID device on a bicrystal substrate, one has to be
able to see the grain boundary at the substrate edges to exactly align the mask with
respect to the substrate grain boundary. For STO, this is usually done by etching the
substrate for a few seconds in diluted HF: a trench clearly visible under an optical
microscope forms owing to the higher etching rate at the grain boundary.
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3.3.6
Fabrication of Multilayer Devices

Most sensitive SQUID devices including spiral input coils inductively coupled to a
washer SQUID or multiloop structures (see Chapter 5) as well as ramp-type junc-
tions require fabrication of multilayer structures. In the simplest case such a multi-
layer structure consists of a YBCO/insulator/YBCO trilayer. Although additional
layers might be advantageous, e.g., to incorporate a superconducting ground plane,
almost all HTS multilayer development work has been restricted to such trilayers.
The reason for this is that with an increasing number of layers it becomes more and
more difficult to maintain high crystalline quality of all YBCO layers as is required
for low levels of 1/f noise and to preserve the integrity of the thin insulating layers
between the YBCO films. Thus, we will only address issues related to the fabrication
of trilayer structures. As stated in Section 3.3.2, the insulator is generally one of the
substrate materials, especially STO, or PBCO.

In an actual multilayer device, each layer has to be patterned separately, usually
with photolithographic processing, which greatly complicates matters. Furthermore,
devices with spiral input coils or multiloops all contain crossover structures where a
line in the upper YBCO film crosses one patterned in the lower one, both electrically
insulated against each other, and vias permitting one to make contact between the
upper and lower YBCO films through the insulating layer. As an example, Figure
3.4 depicts the input coil region of a multiturn flux transformer. The crucial require-
ment is that the upper films have to grow over the patterned edges of the lower
layers with high crystalline perfection. Another key issue is that the surface of the
lower YBCO film has to be protected since the photoresist attacks it, thus degrading
the growth of the subsequent layers. A third important issue related to the integrity
of the insulating layer is the oxygen content in the lower YBCO film. In a multilayer
process, the subsequent high-temperature deposition of an epitaxial insulating layer,
typically 150–300 nm thick, leads to a loss of oxygen in the lower YBCO film. The
better the crystalline perfection and thus the integrity of the insulating layer, the
more it inhibits the necessary oxygen diffusion into the lower YBCO film, resulting
in a reduced transition temperature. To re-oxygenate the lower YBCO film fully, one
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Fig. 3.4 Simplified planar view and cross-section of input coil region of multiturn
flux transformer. The planar view shows the A-A cross-section position. 1 – input coil;
2 – vias; 3 – pickup loop; 4 – substrate; 5 – lower epitaxial YBCO film; 6 – epitaxial
insulation layer; 7 – upper epitaxial YBCO film; 8 – crossovers.
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has either to considerably increase the annealing time or perform the annealing in
an oxygen plasma rather than in molecular oxygen [127,129,130].

Taking into account the issues evoked above, the following process, schematically
depicted in Figure 3.5, has been successfully used to fabricate multilayer SQUID
devices with white magnetic field noise levels slightly below 10 fTHz–1/2 and 1/f cor-
ner frequencies around 1 Hz. After the deposition of a typically 150 nm thick, very
smooth YBCO film, a 10–30 nm thin epitaxial insulating layer is deposited in situ,
i.e., without breaking the vacuum, on the YBCO layer to protect it during the ex situ
patterning. The patterning of the “capped” YBCO film as well as of the subsequently
deposited layers is done using conventional photolithography and Ar ion beam
etching. To obtain gently sloped edges of the lower layers (as stated in Section 3.3.4,
to prevent nucleation of grain boundaries in the subsequent epitaxially deposited
layers, the angle should not exceed 30O), one usually bakes the resist after develop-
ment, at a temperature which causes it to flow at the edges (130–150 OC depending
on the resist). The subsequent Ar ion-beam etching is performed with substrate
holder rotation and at an ion-beam incident angle of 45–60O, the latter to prevent
accumulation of milling debris at edges. With this process, one obtains beveled
edges with ramp angles below 20O in all directions in the plane. After the deposition
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Fig. 3.5 Cross-sectional view of the fabrication step sequence for a HTS multilayer
SQUID device (fabrication of contact pads not shown). (a) Deposition of YBCO film
with a thin cap layer, (b) patterning of the YBCO/insulator bilayer using photolithogra-
phy and Ar ion-beam etching, (c) the patterned bilayer after removing the photomask,
(d) deposition of the insulating layer, (e) patterning vias using photolithography and Ar
ion-beam etching, (f) a patterned via after removing the photomask, (g) deposition of
the top YBCO film, (h) patterning of the upper YBCO film using photolithography and
Ar ion-beam etching.
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of the insulating layer and the subsequent annealing step(s), vias are opened, again
using photolithography with resist postbaking and ion-beam etching. Since the
lower and upper YBCO films make contact in the ab plane, one generally etches all
the way through the lower YBCO film so that the upper YBCO film in the via area is
deposited on ion-beam-etched substrate rather than etched YBCO. The last step is
the deposition and patterning of a typically 200–300 nm thick upper YBCO film. For
integrated and multiloop magnetometers the upper YBCO film deposition is fol-
lowed by a Ag or Au metallization and patterning of contact pads.

The simplified description of the fabrication process of multilayer HTS SQUID
devices omits many details and alternate methods which are reviewed in
[84,119,127]. The processing of HTS multilayer structures is much more compli-
cated than that of HTS single-layer devices. Due to the complicated fabrication pro-
cess, the comparably low yield and the fact that – in contrast to LTS devices where 3†
or 4† wafers are processed so that quite a number of devices can be fabricated simul-
taneously – only one device can be processed at a time, the fabrication of multilayer
devices has been almost exclusively limited to demonstrations of feasibility by the
very few laboratories capable of this technology, and to one commercial source [128]
which has been offering multilayer magnetometers and gradiometers for about five
years2). In any case, with continuing progress in processing, the highest sensitivity
SQUIDs will eventually be fabricated in multilayer technology.

3.3.7
Device Passivation and Encapsulation

One of the problems that restricts the application of HTS SQUID devices is that the
superconducting properties of YBCO films deteriorate when in contact with water.
There are two general ways to protect the device from moisture: one can either cover
the device with a passivation/protection layer or encapsulate the device hermetically.
As passivation layers, amorphous or insulating YBCO, deposited at room tempera-
ture, STO, either amorphous or crystalline, Teflon or polyamide have been used.
Alternatively, the devices are sealed in a housing made, e.g., from alumina or rein-
forced fiberglass. The advantage of the latter approach is that other sensor compo-
nents, like a heater, feedback or compensation coils can be integrated in the hous-
ing. In spite of numerous promising approaches, no standard protection method
insuring long-term stability of HTS devices is presently known.

3.4
Future Trends

Fabrication of planar, thin-film low-temperature SQUIDs using the Nb/Al-AlOx/Nb
processes is already a mature technology, in which only incremental progress can be
expected, aimed mostly at optimizing yields and reducing the manufacturing costs.
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Center JXlich (FZJ), Germany.
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An example is a possible wider introduction of less expensive lift-off processing,
which can partially replace dry etching. The future of the technology is linked to the
demand for most sensitive SQUID sensors and amplifiers. The former find use, for
example, in some biomagnetic research and diagnostic applications, the latter are
irreplaceable in scientific instrumentation and as detector readout devices.

It is possible that the demand for mechanically cryocooled LTS instruments (see
Chapter 7) will provide a sufficient incentive for perfecting and using the NbN junc-
tion and circuit technology capable of providing devices operating at about 10 K. In
this case, it is likely that the MgO barriers will eventually be replaced by insulating
nitride barriers, and that some form of heteroepitaxial, reactive in situ film deposi-
tion process will be introduced to minimize the NbN kL/n ratio and reduce junction
parameter spreads.

Despite the enormous progress that has been made over the last decade in terms
of device performance, the numerous practical applications of HTS SQUIDs and
the availability of a few commercial products, there are still a number of problems
that need to be solved to turn HTS fabrication into a mature technology. This
requires the development of a reproducible and reliable junction technology that
combines topological freedom, long-term stability, high I0Rn products, high Rn, and
adjustable I0s. Further improvements in the quality of YBCO thin films and pat-
terned structures, especially in flux-pinning capability are needed, since there will
be a market for HTS SQUID systems only if they can be operated in magnetically
unshielded or moderately shielded environments. The noise level at 1 Hz of about
30 to 50 fTHz–1/2, which is attainable in simple single-layer and flip-chip structures
is sufficient for most anticipated HTS SQUID applications. However, to reduce that
level to 10 fTHz–1/2 or less, which might be advantageous for biomagnetic applica-
tions such as magnetocardiography, one will need multilayer devices. Here, it seems
to be essential to develop a reproducible process that will allow one to fabricate
many devices in a wafer batch process, not just one device per week. Also, as long as
there is no junction technology ensuring high I0Rn products, with a much lower
spread of junction parameters, the best philosophy is probably to fabricate relatively
large numbers of separate washer SQUIDs and multilayered input circuits, in order
to select those meeting specifications for coupling in the flip-chip configuration.
Last but not least, a reliable housing/protection technology is urgently needed to
improve the long-term stability of the devices.
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4 SQUID Electronics

4.1
General

In this chapter we describe the electronics needed to read out the information of a
SQUID used as a flux sensor, i.e., to quantitatively determine the amount of applied
flux signal threading the SQUID loop, and also to control the device’s settings in
order to attain the optimum sensitivity and accuracy of the flux measurement.

The simplified general description of readout principles suitable for dc and rf
SQUIDs is included in Chapter 1. The dc SQUID is a flux-to-voltage converter with
a nonlinear, periodic V–Ua characteristic where V is the voltage across the SQUID
and Ua is the applied flux (Figure 4.1(a)). The peak-to-peak voltage swing Vpp (mod-
ulation of the total voltage drop across the SQUID by the flux change) which is to be
measured is rather small, typically a few tens of mV. The period is equal to one flux
quantum U0. The rf SQUID has a similar characteristic, but V is replaced by
changes in the rf voltage amplitude across a resonant circuit inductively coupled to
the rf SQUID loop and energized from an rf source. In the following general discus-
sion of readout electronics, the dc SQUID is referred to, but the discussion is applic-
able to the rf SQUID as well.

4.2
Basic Principle of a Flux-locked Loop

4.2.1
Linearization of the Transfer Function

In principle, a SQUID can be operated in a small-signal mode around the optimum
working point W which is typically located near the steepest part of the V–Ua char-
acteristic. A small change in the applied flux dUa will produce a proportional change
in the voltage dV = VU dUa where VU = ¶V/¶Ua is the transfer coefficient at the
working point (cf. Figure 4.1(a)).

However, the proportionality between voltage and flux is maintained only for very
small dUa, and the output becomes strongly distorted if the peak-to-peak flux ampli-
tude exceeds the linear flux range

Ulin= Vpp / ‰VU‰ & U0 /p . (4.1)
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The expression on the right-hand side of (4.1) is valid for a sinusoidal V–Ua char-
acteristic which is often a useful first approximation. In order to keep the nonlinear-
ity low and to avoid excess noise at large excursions from the working point, the sig-
nal flux range dUpp has to be made sufficiently small compared to Ulin. To discuss
the nonlinearity in the small-signal readout quantitatively, we define the nonlinear
error flux Unl as the largest deviation of the V–Ua characteristic from a straight line
over the full signal flux range. This straight line is defined by two parameters, the
offset voltage V 0

* at the working point (dUa = 0) and the slope VU
*, which are selected

such that the amplitudes of the positive and negative deviations are equal. To sim-
plify the discussion, we assume a sinusoidal V–Ua characteristic with the working
point W located at its steepest part and a symmetric signal flux range of –dUpp/2
around it. Obviously, for this symmetric case, V 0

* = 0. Approximating the sine func-
tion by the two leading terms of its Taylor expansion, we find VU

* » VU [1–(dUpp/
Ulin)

2/8]. The corresponding nonlinear error flux is given by

Unl = –‰dV – (V 0
*+VU

* dUa)‰max/VU
* » –dUpp

3 /48 Ulin
2 . (4.2)

For small flux ranges dUpp £ Ulin/2, (4.2) deviates from the exact solution by less
than 1.6%. According to (4.2), the relative nonlinearity Unl/dUpp scales with the
square of the reduced signal frequency range dUpp/Ulin. Assuming a tolerable non-
linearity Unl/dUpp of –1% or –0.1%, (4.2) predicts a maximum signal flux range of
–0.11 U0 or –0.035 U0, respectively. In the case of rf SQUIDs, a higher linearity is
expected because the V–Ua characteristic of rf SQUIDs is typically triangular rather
than sinusoidal, and sufficient linearity might be obtained within the linear flux
range of –U0/4. We see that, for a typical SQUID magnetometer with a sensitivity of
1 nT/U0, the weak signal of the human heart (peak amplitude typically 50 pT)
would be small enough for a small-signal readout. However, environmental interfer-
ences (e.g., a power line) commonly exhibit much larger amplitudes. Therefore,
small-signal readout is rarely used.

The dynamic range can be considerably increased by using a flux-locked loop
(FLL) as shown in Figure 4.1(b). The SQUID is biased at working point W as in the
small-signal readout. The deviation of the SQUID voltage V from that at the working
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Fig. 4.1 Fundamentals of SQUID readout: (a) V–Ua characteristic with working point
W; (b) basic direct-coupled FLL circuit. The dc SQUID is drawn (circle with two crosses
indicating the Josephson junctions), but any type of SQUID with nonhysteretic V–Ua

characteristic can be used. In the case of the rf SQUID, the voltage V has to be
replaced by the rf voltage amplitude at the preamplifier input.
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point Vb is amplified, integrated, and fed back into the SQUID via a feedback resis-
tor Rf and a feedback coil which is magnetically coupled to the SQUID via a mutual
inductance Mf. Commonly, feedback resistances in the kX range are used, making
the impedance of the feedback coil negligible in the frequency range of interest. For
infinite integrator gain, the flux in the SQUID is kept constant by the negative feed-
back, and the voltage Vf across the feedback resistor depends linearly on the applied
flux. For finite integrator gain, the peak-to-peak flux in the SQUID dUpp is reduced
by the gain of the open feedback loop (compared to the small-signal readout). For
example, assuming a signal flux range of 100 U0 and an open-loop gain of 1000, we
obtain dUpp = 0.1 U0. For a sinusoidal V–Ua characteristic, the corresponding
nonlinear error flux Unl according to (4.2) is –2M10–4 U0 resulting in a system
nonlinearity of –2M10–6 relative to the signal flux range of 100 U0. In practice, the
nonlinearity of SQUID systems is characterized by applying sinusoidal test signals
and investigating the generation of harmonics. In our example, a full-scale (100 U0

peak-to-peak) sinusoidal signal flux at frequency f will cause a harmonic distortion
flux at 3f (including higher-order harmonics at 5f, 7f, ...) with a peak-to-peak value of
4M10–4 U0 or –108 dB below the fundamental. Experimentally, very low levels of
nonlinearity have been attained for both high-Tc and low-Tc SQUIDs (harmonic dis-
tortions down to about –120 dB at low signal frequencies), which is adequate for vir-
tually all applications [1–3].

In contrast to the small-signal readout, the FLL transfer coefficient does not
depend on the working point of the SQUID but only on constant circuit parameters
(feedback resistance Rf and feedback coil mutual inductance Mf). The dynamic
range can easily be made very large by decreasing Rf and/or increasing Mf. However,
the dynamic range is commonly not limited by the FLL but rather by the analog-to-
digital converter (ADC) in the data acquisition system following the FLL. For exam-
ple, a SQUID with a low noise level of 1M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
will exhibit a peak-to-peak

noise flux of about 2M10–4 U0 in a 1-kHz band (assuming that the peak-to-peak noise
is about 6 times the rms noise). A feedback range of 100 U0 thus requires a ‡19-bit
ADC to make the least-significant bit (LSB) smaller than the noise flux. Further-
more, as discussed above, for an open-loop gain of 1000 and a sinusoidal V–Ua char-
acteristic, the nonlinearity at the FLL output is –2M10–6 relative to a 100 U0 feedback
range which corresponds to an integral nonlinearity of –1 LSB for a 19-bit ADC.

The demands on the ADC can be lowered by taking advantage of the periodicity
of the V–Ua characteristic. For this, the feedback range and the corresponding ADC
input range are set to –1 U0 (or an integer multiple of it). Each time the feedback
flux exceeds this range, the integrator is reset and the corresponding U0 steps are
counted. By combining the ADC output with the flux-quanta counted, one obtains a
digital data word with substantially increased resolution [4–7]. A dynamic range of
8M104 U0 was experimentally verified [6]. A short integrator reset time is essential to
allow a high system slew rate (see Section 4.2.2) [8]. Flux-quanta counting can be
conveniently implemented in a digital feedback electronics. Here, the analog output
of the preamplifier is digitized, integrated digitally (e.g., using a digital signal pro-
cessor (DSP)), and fed back into the SQUID via a digital-to-analog converter (DAC)
[4–6]. The digital integrator can easily be reset and yields the digitized feedback sig-
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nal with an accuracy given by the DAC. However, the system bandwidth is limited
by the digital loop delay (e.g., »200 ns in a fast system [7]). Analog and digital FLLs
may be combined together in a hybrid version [6]. For both analog and digital FLL,
the flux-quanta counting method implies that only a small fraction of the applied
magnetic field is cancelled out, i.e., that the SQUID “sees” almost all of the field.
Therefore, the upper limit of the dynamic range is given by the maximum field the
device can withstand without producing magnetic hysteresis or excess noise. This
may be a severe limitation in the case of high-Tc SQUIDs (cf. Section 5.4).

4.2.2
Noise and Dynamic Behavior

We turn now to a brief discussion of noise and dynamic behavior of the basic FLL
circuit in Figure 4.1(b). The total flux noise density of a dc SQUID operated in such
a FLL is given by

SU,FLL = SU + SV,amp /V2
U

(4.3)

where SU is the intrinsic flux noise density of the SQUID and SV,amp is the pream-
plifier voltage noise density, respectively. The effect of preamplifier current noise is
neglected in (4.3) because of the low dynamic resistance Rdyn of the SQUID. If nec-
essary, it may be included by adding a current noise contribution SI,amp R

2
dyn to the

voltage noise density SV,amp. For typical values of preamplifier noise and transfer
coefficient (1 nV/

ffiffiffiffiffiffiffi
Hz

p
and 100 mV/U0, respectively) the preamplifier flux noise con-

tribution amounts to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SU;amp

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
SV ;amp

p
/‰VU‰ = 1M10–5 U0/

ffiffiffiffiffiffiffi
Hz

p
which is sub-

stantially higher than the intrinsic dc SQUID noise level of typically a few 10–6 U0/ffiffiffiffiffiffiffi
Hz

p
. Therefore, the transfer coefficient has to be enhanced by about one order of

magnitude to make the preamplifier noise negligible. In the standard dc SQUID
readout involving flux modulation [9], this is done without a reduction of the linear
flux range Ulin by using a step-up transformer between the SQUID and preampli-
fier. In contrast to this, most of the direct readout schemes without flux modulation
increase ‰VU‰ = Vpp /Ulin mainly by reducing Ulin which degrades the dynamic
performance [10]. The various ways to enhance the transfer coefficient of dc
SQUIDs will be described in Section 4.3. In the case of traditional rf SQUIDs with
bias frequencies around 30 MHz, the preamplifier usually determines the system
noise due to a low transfer coefficient ¶VT/¶Ua. The system noise can be improved
by increasing the bias frequency which enlarges ¶VT/¶Ua without a reduction in
Ulin (see Section 4.4).

The dynamic performance of the FLL in Figure 4.1(b) is estimated using the sim-
plified FLL model depicted in Figure 4.2. This model involves three basic compo-
nents: the SQUID, an ideal one-pole integrator, and a delay element. Input and out-
put quantities are flux values: the applied flux Ua and the feedback flux Uf. The
SQUID is assumed to be an infinitely fast but nonlinear flux-to-voltage converter
with a linear characteristic in the flux range –Ulin/2 around the working point W.
The idealized SQUID behaves as a linear element as long as the error flux
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dU=Ua – Uf remains within –Ulin/2 but its output signal saturates for ‰dU‰ >
Ulin/2. The integrator gain f1/if represents the total gain of the open feedback loop
including the gains of SQUID, preamplifier and integrator. Here, i is the imaginary
unit and f1 is the unity-gain frequency of the open feedback loop. To determine f1, it
is convenient to split the loop gain into two parts: the SQUID gain

GSQUID = VU Mf /Rf (4.4)

and the electronics gain GElectronics = fGBW/if, where fGBW is the gain-bandwidth
product of the feedback electronics (preamplifier plus integrator). GSQUID represents
the total gain between the system output (integrator voltage Vf in Figure 4.1(b)) and
the preamplifier input. To give an example, assuming realistic parameters VU =
100 mV/U0, 1/Mf = 10 mA/U0, and Rf = 10 kX, we obtain GSQUID = 1M10–3. Thus,
the unity-gain frequency f1 is found from the condition ‰GElectronics‰ = 1/GSQUID =
1000, i.e., to realize f1 = 100 kHz with the assumed SQUID parameters, a high gain-
bandwidth product fGBW = 100 MHz is required. Note that in the case of flux-modu-
lated systems (Section 4.3.2.1), the gains of the lock-in detector and of the step-up
transformer between SQUID and preamplifier have to be included in the calcula-
tion.

The delay element takes into account dynamic errors and phase shifts in the cir-
cuit components. Ideally, the loop delay td represents the total delay time in the
transmission lines between SQUID and readout electronics. In practice, however,
the delay is dominated by other effects. In the case of flux-modulated SQUIDs, td
represents phase shifts caused by the step-up transformer between SQUID and pre-
amplifier, and by the demodulator (mixer). For a wideband electronics with 16–MHz
flux modulation, td = 100 ns can be deduced from the measured phase response
[11]. Direct-coupled readout electronics allow for much shorter loop delays, e.g.,
about 15 ns for a 15-MHz bandwidth system [8]. Here, the preamplifier bandwidth
and LC resonance effects in the lines between SQUID and readout electronics are
limiting factors. For rf SQUIDs, td is expected to be comparable to that of flux-modu-
lated dc SQUIDs because the bandwidth limitations imposed by the step-up trans-
former of flux-modulated dc SQUIDs are similar to those resulting from the tank
circuit of rf SQUIDs. Finally, we note that the described dynamic model can be used
for digital SQUIDs with on-chip feedback (Section 4.3.4.4) as well. In this case Ulin

is given by the narrow transition width of the switching probability, which is typical-
ly of the order 10–2 U0 [12]. The loop delay is minimized due to the on-chip feed-
back. It is determined by the finite clock period and time constants in the sensor
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design. With practical single-chip SQUIDs, td & 1 ns may be achieved for clock fre-
quencies in the GHz range.

The closed-loop gain of the FLL with delay time is obtained from a small-signal
analysis around the working point W [10]:

‰GFLL(f)‰ = 1/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f

f1

f
f1
� 2sinð2p ftdÞ

� �s
. (4.5)

It depends on the unity-gain frequency f1 and on the delay time td. In practice, the
delay time is fixed for a given system, and f1 is used to adjust the system bandwidth.
The FLL gain according to (4.5) is plotted in Figure 4.3 versus the reduced frequency
ftd for various values of the reduced unity-gain frequency f1td.

At low values of f1td << 0.08, the loop delay is negligible and the FLL exhibits a
first-order low-pass response with a 3-dB bandwidth f3dB = f1. If f1td is increased, the
loop delay causes significant phase lag and a peak appears in the frequency response
indicating that the system stability is impaired (cf. Figure 4.3). For f1,max = 1/4ptd =
0.08/td, the frequency response is optimally flat just without a peak and the band-
width is increased to

f3dB,max = 2.25 f1,max = 0.18/td . (4.6)

Equation (4.6) is a realistic estimate for the achievable bandwidth of a SQUID sys-
tem. A higher bandwidth is possible but results in a degraded frequency response.
For room temperature readout electronics, the bandwidth is limited to about
20 MHz due to the distance between SQUID and electronics (typically 1 m).

The system slew rate is defined as _UUf ” ‰¶Uf/¶t‰max. It is commonly measured
by applying a sinusoidal signal flux, the amplitude of which is increased until the
system becomes unstable or the output saturates. Here, we discuss the slew rate at
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high signal frequencies where it is not limited by the static feedback range. With a
one-pole integrator one obtains [10]

_UUf = p Ulin f1 & U0 f1 . (4.7)

The slew rate with a one-pole integrator is frequency independent, but increases
with the linear flux range Ulin and the unity-gain frequency f1. Thus, with respect to
slew rate it is not desirable to increase ‰VU‰ at the expense of a reduced Ulin as is
often the case in direct readout schemes. Flux-modulated SQUIDs and series
SQUID arrays (Section 4.3.4.2) do not show a reduced Ulin. Assuming a sinusoidal
V–Ua characteristic, one obtains for these SQUIDs the expression on the right-hand
side of (4.7), i.e., a slew rate of 1 U0/ms per MHz of unity-gain frequency.

Although in most cases bandwidth and slew rate requirements imposed by the
measured signals are modest, the readout electronics often has to be very fast to
track interference signals superimposed on the measured signals without producing
nonlinear distortions or causing flux jumps by integer multiples of a flux quantum.
This is particularly crucial in the case of magnetically unshielded systems where the
interference signals can be orders of magnitudes larger than the signals of interest.
In order to achieve the highest possible slew rate, one has to maximize the FLL
bandwidth even if the measured signals exhibit a low bandwidth. The upper slew
rate limit with a one-pole integrator

_UUf ;max = Ulin/4td & U0/4ptd (4.8)

is obtained from (4.7) by setting f1 = f1,max = 1/4ptd [13]. A slew rate above _UUf ;max is
possible by choosing f1 > f1,max but at too high values of f1 the noise performance
degrades due to broadband noise which is fed back into the SQUID and mixed
down into the signal frequency range. Assuming realistic values for Ulin and td one
obtains maximum slew rates between about 1 U0/ms and 10 U0/ms for the various
readout schemes. Digital SQUIDs with on-chip feedback may achieve even higher
slew rates if very high clock frequencies in the GHz range are used and the linear
flux range is made sufficiently large.

This section is closed by a short discussion of broadband noise effects. In the FLL
mode, the voltage noise across the SQUID SV as well as the preamplifier voltage
noise SV,amp is amplified, integrated and fed back into the SQUID as a noise flux
with a power spectral density SU,FLL = (SV+SV,amp)/V

2
U . The rms value of this noise

flux is found by multiplying
ffiffiffiffiffiffiffiffiffiffiffiffiffi
SU;FLL

p
with the square-root of the effective noise

bandwidth of the FLL which (for a first-order low-pass response) is equal to (p/2)
f3dB. The corresponding peak value is obtained by multiplying the rms value with
the crest factor. For a periodic signal, the crest factor is a constant depending on the
shape of the signal (e.g.,

ffiffiffi
2

p
for a sine function). For Gaussian-distributed noise,

however, the crest factor depends on the probability that the noise exceeds the
quoted peak value. Assuming a realistic crest factor of 4 (which means a probability
of 6.3M10–5 for exceeding the peak value), we obtain an approximation for the peak-
to-peak noise flux coupled back into the SQUID:
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Un,pp/Ulin » 10
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f3dBðSV þ SV ;ampÞ

q
/Vpp & 1 . (4.9)

The broadband noise flux Un,pp increases with the square-root of the FLL band-
width f3dB. Obviously, if Un,pp approaches Ulin at high values of f3dB, the broadband
noise will start to round the V–Ua characteristic and to correspondingly reduce the
transfer coefficient ‰VU‰, thereby increasing the system noise level. Furthermore,
the system might become unstable (i.e., frequent unlocking events might occur) if
Un,pp becomes too large compared to Ulin. Therefore, the FLL bandwidth should be
chosen such that Un,pp/Ulin & 1 as indicated on the right-hand side of (4.9). To give
an example, for

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SV þ SV ;amp

p
= 1 nV/

ffiffiffiffiffiffiffi
Hz

p
and f3dB = 10 MHz, the peak-to-peak

voltage swing of the V–Ua characteristic should be larger than about 30 mV accord-
ing to (4.9). Thus, using a low-noise preamplifier and a SQUID with a large voltage
swing, a high system bandwidth can be achieved, which is limited by the loop delay
rather than by broadband flux noise.

4.2.3
Integrator Types

To obtain the highest possible slew rate, one selects the highest open-loop gain
(bandwidth) for which the SQUID system remains stable and no intolerably high
excess noise is observed [14]. At low frequencies, the loop gain and hence the slew
rate can be further increased by introducing a second pole in open-loop response at
a frequency f2 [15]. In Figure 4.4, the frequency dependence of the open-loop gain
‰GOL(f)‰ and phase jOL(f) of the two-pole integrator is compared with that of the
one-pole integrator for negligible loop delay (td = 0) and corner frequencies f2 = f1/4
and f 2¢ = f2/400. Equations for the complex frequency response GOL( f ) and examples
of integrator circuits are also shown in Figure 4.4(a).

At high frequencies f >> f2, the behavior of the two-pole integrator is identical to
that of the one-pole integrator. At low frequencies f<< f2, however, the gain vs. fre-
quency curve of the two-pole integrator has a slope of –40 dB/decade instead of
–20 dB/decade obtained with a one-pole integrator. Therefore, the two-pole integra-
tor gain and hence the slew rate is higher by a factor of f2/f at low frequencies com-
pared to that of the one-pole integrator, but the phase margin is reduced (cf. Figure
4.4). At very low frequencies f < f 2¢ , a zero in the frequency response shifts the phase
back to –90S, and the enhancement factor of gain and slew rate approaches its max-
imum value f2/f 2¢ .

The reduced phase margin of the two-pole integrator leads to a peak in the closed-
loop frequency response. For td = 0 and f2¢ << f2, the peak gain is obtained from a
small-signal analysis of the FLL:

‰GFLL(fpeak)‰ = 1/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

f1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ f2=f1

p
�

ffiffiffiffiffiffiffiffiffiffi
f2=f1

p� �2r
with

fpeak = f2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2f1=f2
p

� 1
q

. (4.10)
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To keep the peak low, the pole frequency f2 should be made small compared to
the unity-gain frequency f1. A maximum pole frequency f2 = f1/4 was recommended
in [15]. In this case, the phase margin is reduced by 14S to 76S (cf. Figure 4.4), and
the closed-loop frequency response exhibits a peak of 1.25 dB according to (4.10). In
the time domain, the step response has a 13.5% overshoot. In contrast, the one-pole
FLL with td = 0 has a first-order low-pass response (i.e., no peak) and a step response
without overshoot. With finite loop delay, the peak in the closed-loop frequency
response of a two-pole FLL has a minimum value of ‰GFLL(fpeak)‰min » 1/(1–f2/2f1)

2

for the optimum unity-gain frequency f1 » f1,max = 1/4ptd [10]. For the recommended
pole frequency f2 = f1/4, the minimum peak height with loop delay is 2.3 dB, i.e.,
about 1 dB larger than without loop delay. Note that the FLL with one-pole integra-
tor has just no peak in the frequency response for the optimum f1 = f1,max as dis-
cussed in Section 4.2.2.

In summary, the two-pole integrator improves the slew rate and reduces the har-
monic distortion at low frequencies, but it deteriorates the high-frequency perfor-
mance of the SQUID system. In most cases the deterioration of the high-frequency
performance will be tolerable so that the two-pole integrator is a good choice in
applications where large low-frequency signals have to be tracked with low distor-
tions, e.g., the power-line interference in unshielded magnetometer systems. SeppT
and Sipola developed a so-called PI3/2 controller (i.e., a 11U2-pole integrator), which
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provides a phase of –135S and a gain slope of –30 dB/decade over five frequency dec-
ades [16]. Compared to the two-pole integrator, the PI3/2 controller has an improved
phase behavior, but a reduced low-frequency gain. It is rarely used, perhaps because
the realization of –30 dB/decade requires a relatively complicated R–C network, and
the dimensioning is not as simple as for a one-pole or two-pole integrator.

4.3
The dc SQUID Readout

4.3.1
Fundamentals

The main challenge in SQUID readout is to perform the linearization of the transfer
function without adding noise. In the case of dc SQUIDs operated at liquid helium
or nitrogen temperatures, it is relatively easy to keep the preamplifier noise contri-
bution below the intrinsic SQUID noise. Furthermore, low-frequency excess noise
arising from critical-current fluctuations in the SQUID can be removed by using
bias current reversal. Here we address the fundamentals, while in the following sec-
tions we review standard dc SQUID readout schemes (both with static bias and bias
reversal), as well as recently developed alternative readout concepts.

There are different ways to bias a dc SQUID, which can be understood with the
help of the following small-signal description at the working point W [10]:

dV = VU dUa + Rdyn dI = VU (dUa + Mdyn dI) . (4.11)

Here, dV, dUa and dI are small deviations of the voltage across the SQUID, the
applied flux and the current through the SQUID from the values Vb, Ub and Ib
defining the working point. The transfer coefficient VU = (¶V/¶Ua)Ib describes the
voltage-flux dependence at constant current I = Ib. The dynamic resistance Rdyn =
(¶V/¶I)Ub

represents the voltage–current dependence at constant flux Ua = Ub. Note
that Rdyn might include effects not directly related to dissipative elements in the
SQUID such as, e.g., a magnetic coupling between the bias current leads and the
SQUID ring, which produces a contribution to ¶V/¶I via VU. On the right-hand side
of (4.11), the current sensitivity Mdyn is used, which is defined as [10]

Mdyn= –(¶Ua/¶I)Vb = Rdyn /VU » –(1...2) L . (4.12)

It is often convenient to describe current effects in the SQUID by Mdyn rather
than Rdyn for the following reason: Rdyn depends strongly on the working point and
on parasitic effects in the SQUID structure, e.g., resonances in the input coil. In
contrast to this, Mdyn = Rdyn/VU is reasonably constant because the scaling of Rdyn

and VU is similar [17]. Approximately, Mdyn scales with the SQUID inductance L.
One obtains values of ‰Mdyn‰ between L and 2L for low-Tc SQUIDs covering a wide
range of SQUID inductances between 7 pH and 400 pH [17–20]. For high-Tc
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SQUIDs with L between 30 pH and 145 pH, a typical current sensitivity ‰Mdyn‰ »
2L was measured [21,22]. High-Tc SQUIDs with strongly rounded V–Ua characteris-
tic are expected to exhibit a higher ‰Mdyn‰ because, in the limit of strong noise-
rounding, Rdyn approaches the normal resistance R/2 but VU falls to zero, and
thus ‰Mdyn‰= ‰Rdyn/VU‰ rises.

The two basic bias modes of a dc SQUID, current bias and voltage bias, are
depicted in Figure 4.5(a) and (b).

In the current bias mode, a constant current Ib is passed through the SQUID and
the voltage V across it is sensed, i.e., the SQUID acts as a flux-to-voltage converter.
The transfer coefficient dV/dUa = VU is obtained from (4.11) by setting dI = 0. In
contrast, in the voltage bias mode, the voltage across the SQUID is kept constant
and the current I through the SQUID is detected. Here, the SQUID acts as a flux-to-
current converter with a transfer coefficient dI/dUa = –1/Mdyn obtained from (4.11)
by setting dV = 0.

The bias voltage Vb is maintained in Figure 4.5(b) by configuring the preamplifier
as a transimpedance amplifier (i.e., current-to-voltage converter) and connecting a
room-temperature bias voltage source to the noninverting preamplifier input [23].
Alternatively, the bias source may be realized by sending a current through a resistor
Rb << Rdyn connected in series with the SQUID and operated at the SQUID temper-
ature T [24]. Both current and voltage bias can be used to operate a SQUID in a FLL.
With respect to noise, there is no difference between the two bias modes, i.e., the
total noise, including the contribution of the preamplifier voltage and the current
noise, is identical [10]:

SU,FLL = SU + SV,amp /V2
U

+ SI,ampM
2
dyn

. (4.13)

Note that the preamplifier noise SV,amp or SI,amp might include contributions
from noise in the bias voltage or current source, respectively.

Voltage bias has the advantage compared with current bias that it can be used for
SQUIDs with unshunted Josephson junctions as well [25]. Furthermore, a higher
linearity and slew rate might be obtained because the linear flux range of the I–Ua

characteristic is somewhat larger than that of the V–Ua characteristic. For fast
SQUID systems, however, voltage bias has the disadvantage that broadband pream-
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Fig. 4.5 The dc SQUID bias modes: (a) current bias with voltage amplifier, (b) volt-
age bias with transimpedance amplifier [23], and (c) voltage bias with inductive load.
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plifier noise is fed directly back into the SQUID [24], i.e., the achievable system
bandwidth is lower than with current bias. Voltage bias is particularly useful when
the SQUID is connected to an inductive load, e.g., the input coil of a second SQUID
(see Section 4.3.4.1 and Figure 4.5(c)). In this case, a small bias resistance Rb <<
Rdyn is connected in series with the SQUID, and a current is sent through Rb in
order to produce the bias voltage Vb across it. The series connection of a bias resistor
(i.e., bias voltage source) and SQUID is shunted by the load (i.e., the input coil of
the second SQUID). The bias resistance should be made as small as possible in
order to minimize the spectral density of its flux noise contribution 4kBTRb/V

2
U .

4.3.2
Methods to Suppress Preamplifier Noise

4.3.2.1 Flux Modulation
In this section, we discuss the two basic readout schemes for resistively-shunted dc
SQUIDs, the flux modulation and direct readout. In both cases, preamplifier noise
must be suppressed by enlarging the transfer coefficient of the SQUID using extra
components at cryogenic temperature.

The widely-used flux modulation readout [9] is depicted in Figure 4.6. A square-
wave modulation flux Umod of typically 100 kHz is applied to the SQUID such that
it is periodically switched between two working points W+ and W– placed at adjacent
slopes of its V–Ua characteristic. Using square-wave modulation, the SQUID is
always biased at points with minimum noise. Sinusoidal modulation (introduced in
Chapter 1) minimizes the detrimental effect of switching transients but increases
the noise because the SQUID passes through points with reduced or even no sensi-
tivity. Assume there is zero alternating voltage across the SQUID without applied
flux (dUa = 0). A positive change in flux dUa > 0 leads to a square-wave SQUID volt-
age which is out of phase with the modulation flux (see signals Umod(t) and V(t) in
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Fig. 4.6 SQUID readout with flux modulation: (a) the V–Ua characteristic and (b) the
FLL circuit. A square-wave modulation fluxUmod switches the SQUID periodically be-
tween the working points W+ and W–. Components inside the dashed box are at cryo-
genic temperature.
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Figure 4.6(a)). For a negative flux dUa < 0, the alternating SQUID voltage will be in
phase with the modulation flux. Thus, the applied flux can be sensed by synchro-
nously detecting the SQUID voltage at the modulation frequency.

In the FLL with flux modulation, the alternating voltage across the SQUID is
increased by a cooled step-up transformer (or an LC series-resonant circuit [26]),
further amplified at room temperature, and lock-in detected at the modulation fre-
quency. A small resistance is placed between the SQUID and the transformer pri-
mary to avoid the SQUID being shorted by the transformer (i.e., the SQUID is oper-
ated with voltage bias rather than current bias). The turn ratio (i.e., the voltage
“gain”) of the step-up transformer is commonly chosen to transform the dynamic
resistance of the SQUID to the value required to optimize the noise temperature of
the preamplifier [27]. At typical modulation frequencies of some 100 kHz, field-
effect transistor (FET) preamplifiers achieve noise temperatures down to a few K.
Since the theoretical equivalent output noise temperature of the SQUID is about
four times its operating temperature (bear in mind that for practical SQUID param-
eters the simulated dynamic resistance at the operating point Rdyn » R and the volt-
age noise density across the SQUID SV » 16kBTR » 4M4kBTRdyn [18]), the preampli-
fier noise is negligible for SQUID temperatures above a few K. The lock-in detector
involves an analog multiplier [26], a synchronous switch [28], or (in the case of wide-
band systems) a mixer [11]. Its output signal, which is an image of the V–Ua charac-
teristic, is integrated and fed back as a current into a feedback coil in order to coun-
terbalance the flux applied to the SQUID. The voltage Vf across the feedback resistor
Rf is the linearized output signal.

Flux-modulation is an efficient way to read out SQUIDs with smooth, well-
behaved V–Ua characteristics. Due to the cooled transformer, the preamplifier noise
contribution can be made negligible for SQUIDs operated above a few K. However,
the system noise may increase considerably if the SQUID exhibits strongly reso-
nance-distorted V–Ua characteristics, e.g., with a high degree of asymmetry or nar-
row linear flux ranges around W+ and W– [28,29]. Preamplifier low-frequency noise
and in-phase critical-current fluctuations (Section 5.4.1) are suppressed by flux mod-
ulation because they only produce a dc offset across the SQUID but no ac compo-
nent at the modulation frequency (it is implied that the modulation frequency is
chosen well above the respective 1/f corner frequencies).

The SQUID voltage is increased by the step-up transformer without reducing the
linear flux range Ulin thus providing maximum slew rate for a given system band-
width. However, with the commonly-used modulation frequency of 100 kHz to
500 kHz, the system bandwidth is severely limited by the transformer. It may be
increased by using two transformers, one cooled and the other at room temperature
[14]. Wideband SQUID electronics with 16-MHz flux modulation were developed,
involving a resonant superconducting thin-film transformer [11] or a non-resonant
terminated transmission-line transformer [30]. Using a commercial low-Tc SQUID
with non-resonant transformer, a FLL bandwidth of 5 MHz, a slew rate of 1.9 U0/ms
and a noise level of 5.5M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
, were measured. Recently, a high-Tc system

with a 33-MHz flux modulation and a two-pole integrator was reported which allows
a FLL bandwidth of 10 MHz and a slew rate of about 10 U0/ms [31]. Note that for
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low-Tc SQUIDs the system noise tends to degrade at high modulation frequencies
because the noise temperature of FET preamplifiers increases with frequency. At
modulation frequencies above about 10 MHz it might even be advantageous to use
a preamplifier with low-noise bipolar transistors which achieve noise temperatures
around 100 K [30].

4.3.2.2 Additional Positive Feedback
Direct readout with additional positive feedback (APF) was developed to simplify the
readout electronics of biomagnetic multichannel systems [32]. The APF circuit con-
sists of a resistor RAPF and a coil LAPF in series, the latter being magnetically coupled
to the SQUID via a mutual inductance MAPF. The APF circuit is connected in paral-
lel with the SQUID (Figure 4.7(a)). Assume the SQUID is biased at a working point
W at the positive slope of the V–Ua characteristic. A (say) positive change in flux
dUa will cause a positive voltage change dV. The resulting increase of the current in
the APF coil induces an additional, positive flux in the SQUID via MAPF, which
increases the SQUID voltage further and leads to an enhanced flux-to-voltage coeffi-
cient. Similarly, the transfer coefficient is lowered when W is at the negative slope of
the V–Ua characteristic, i.e., the V–Ua characteristic becomes strongly asymmetric
(cf. Figure 4.7(c)). The peak-to-peak voltage swing is somewhat reduced due to the
APF resistor which acts as an extra shunt at low frequencies. The I–Ua characteris-
tic, however, is not affected by APF because it is measured at constant SQUID volt-
age and thus at constant current through the APF coil [23]. Recently, it was demon-
strated that an effect similar to APF can be obtained by making the shunt resistors
of the SQUID strongly asymmetric [33].

The behavior of a SQUID with APF can be understood using the low-frequency
equivalent circuit in Figure 4.7(b) which describes the behavior for small deviations
from the working point W. A more detailed model including frequency dependen-
cies is given in [10]. According to Figure 4.7(b), a SQUID with APF behaves like the
same SQUID with disconnected APF circuit followed by a voltage amplifier having
a gain

GAPF = 1 / (1 – bAPF) with bAPF = VU (MAPF – Mdyn) /RAPF & 1 . (4.14)
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Here, bAPF is the feedback coefficient and VU is the transfer coefficient of the
SQUID with the APF circuit disconnected. The amplifier gain GAPF describes the
increase of the flux-to-voltage coefficient. It becomes infinite for bAPF = 1. The out-
put resistance of the amplifier GAPFRdyn represent the dynamic resistance of the
SQUID with APF. Both the dynamic resistance and the flux-to-voltage coefficient
increase by the same factor, and thus the current sensitivity Mdyn remains
unchanged (reflecting the fact that the I–Ua characteristic is not affected by APF).
The noise contribution of the APF resistor is taken into account by a voltage noise
source at the amplifier input with a spectral density

SV,APF = 4kBT RAPF bAPF
2 » 8kBT R . (4.15)

For minimum noise, RAPF should be made as small as possible; however, RAPF >>
R/2 (the normal resistance of the SQUID) should be fulfilled to avoid a serious
reduction of Vpp. The approximation on the right-hand side of (4.15) is obtained
using realistic APF parameters: GAPF = 10 and RAPF = 2.5R. For low-Tc SQUIDs, the
APF noise contribution of »8kBTR is well below the voltage noise across the SQUID
of »16kBTR [18]. For high-Tc devices, the APF noise contribution increases because,
in the limit of extreme thermal noise-rounding, the voltage noise across the SQUID
approaches the Nyquist noise of its normal resistance, 2kBTR. Therefore, for high-Tc

SQUIDs the correct choice of APF parameters is crucial to achieve low overall noise.
A SQUID with APF can be operated in a direct-coupled FLL without flux modula-

tion using either current or voltage bias. In the latter case, APF is also called the
noise cancellation (NC) method [24]. With current bias, a feedback coefficient
bAPF £ 1 is required to avoid hysteresis in the V–Ua characteristic. In contrast, with
voltage bias, bAPF > 1 does not lead to instability [23]. Furthermore, the linear flux
range with voltage bias is not reduced by APF and thus the slew rate at a given sys-
tem bandwidth is higher than with current bias. As bAPF is proportional to the
intrinsic transfer coefficient VU, it may be fine-tuned via the bias current [34]. The
use of a cooled field-effect transistor (FET) as a tunable APF resistor [23] is an ele-
gant method of adjusting the APF gain manually or even automatically [35]. It is
important to note that the bandwidth of the enlarged flux-to-voltage coefficient is not
equal to that of the APF circuit fAPF = RAPF/2pLAPF but rather to fAPF/GAPF [10].
Therefore, for large GAPF the frequency range over which the system noise is low
becomes small, independent of the SQUID bias mode (with current bias, the system
bandwidth is also affected). The limited APF bandwidth may be critical when using
bias reversal (Section 4.3.3) because it increases the settling time after each polarity
change of the bias current/voltage. Therefore, the APF gain should not be made
unnecessarily high, but just high enough to achieve an overall noise close to the
intrinsic SQUID noise.

APF reduces the effect of preamplifier voltage noise which is commonly the
dominant noise source in a direct-coupled FLL. Preamplifier current noise, which is
often only of significance at low frequencies [10], is not suppressed because the cur-
rent sensitivity Mdyn remains constant (cf. (4.13)). If required, the effect of current
noise can be removed using a technique called bias current feedback (BCF) [10,19].
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For this, a BCF coil is connected in series to the SQUID which is magnetically
coupled to the SQUID loop via a mutual inductance MBCF » ‰Mdyn‰. For correct
polarity of the BCF coil, any voltage change caused by a current change dI via the
dynamic resistance of the SQUID is (partially) cancelled by the flux change MBCF dI
resulting from the magnetic coupling between the BCF coil and the SQUID loop.
Consequently, with BCF the net current sensitivity is Mdyn–MBCF, and the dynamic
resistance of the SQUID can be made zero in the vicinity of the working point so
that preamplifier current noise no longer causes excess voltage noise across the
SQUID. An effect similar to BCF is obtained if the bias current is fed asymmetri-
cally into one of the Josephson junctions instead of symmetrically into the SQUID
inductance. In this case, for a SQUID with identical Josephson junctions, half the
bias current (and also half the preamplifier noise current) flows through the SQUID
loop thereby producing a flux change, as in the case of BCF. Thus, asymmetric bias
current feedmay be applied to reduce ‰Mdyn‰ by L/2 without using an extra coil [36].

Direct readout has the advantage, compared with flux modulation, that the feed-
back electronics is less complex. A low FLL noise level close to the intrinsic SQUID
noise can be achieved even with strongly resonance-distorted, asymmetric V–Ua

characteristics [22]. Noise levels down to 0.9 fT/
ffiffiffiffiffiffiffi
Hz

p
with a 1/f corner at 2 Hz were

obtained using 7.2M7.2 mm2 multiloop low-Tc magnetometers [37]. Biomagnetic
multichannel systems with up to 256 SQUIDs were realized [38]. Furthermore, a
high bandwidth can easily be obtained. The degradation of the slew rate of current-
biased SQUIDs with APF (caused by their reduced Ulin) is often more than compen-
sated by a high bandwidth. Several wideband systems were developed [1,39–41]; the
fastest achieved a FLL bandwidth of 15 MHz, a slew rate of 2 U0/ms and a noise lev-
el of 1.45M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
using a 100–pH low-Tc SQUID and a one-pole integrator

[8]. APF was also applied to read out high-Tc magnetometers [21,22]; however, due to
the higher noise level of high-Tc devices, a direct readout can often be performed
even without APF if a low-noise (&0.4 nV/

ffiffiffiffiffiffiffi
Hz

p
) bipolar preamplifier is used

[7,37,42]. Furthermore, bipolar preamplifiers for operation at 77 K were reported ex-
hibiting even lower noise levels of &0.2 nV/

ffiffiffiffiffiffiffi
Hz

p
[43].

4.3.3
Methods to Suppress 1/f Noise

Critical-current fluctuations are of minor importance for low-Tc SQUIDs with state-
of-the-art tunnel junctions [44] but are a dominant source of low-frequency excess
noise in high-Tc SQUIDs [45]. To understand their influence on the SQUID noise,
we define two contributions: in-phase and out-of-phase fluctuations (Section 5.4.1).
The first appear as a voltage across the SQUID (“vertical” shift of the V–Ua charac-
teristic) whereas the latter appear as a flux in the SQUID (“horizontal” shift of the
V–Ua characteristic). Resistance fluctuations (also those of the APF resistance) may
contribute in the same way to the SQUID noise, but are commonly less important.
Obviously, using flux modulation readout with static bias current, the effect of in-
phase fluctuations is suppressed but that of out-of-phase fluctuations remains
because it cannot be distinguished from a “real” flux applied to the SQUID. In the
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case of direct readout with static bias, both in-phase and out-of-phase fluctuations
contribute to the SQUID noise.

The effect of critical-current or resistance fluctuations (abbreviated I0,R fluctua-
tions) is compared in Figure 4.8 with that of a change in flux dUa.

The in-phase and out-of-phase fluctuations are labeled dV* and dU* because they
appear as voltage or flux fluctuations, respectively. In addition, in Figure 4.8(d), the
effect of preamplifier low-frequency noise is shown, which corresponds to a fluctua-
tion in the SQUID voltage dV. The V–Ua characteristics for positive and negative
bias current are shown both without (solid lines) and with (dotted lines) fluctua-
tions. The optimum working points are marked in the four quadrants as 1 to 4. The
effect of dUa, dU*, dV* and dV at the four working points is indicated by vertical
arrows. We see that dUa and dU* have the same effect for positive bias current
(working points 1 and 2), but opposite effects if the bias current is reversed (working
points 3 and 4). Therefore, to suppress the effect of I0,R fluctuations, one has to
apply a bias current reversal scheme that makes the net effect of the I0,R fluctua-
tions zero over one period of the bias reversal, but preserves the sensitivity of the
SQUID for magnetic flux.

Various bias reversal schemes are described in the literature [46–54]. Their func-
tion principle is depicted in Figure 4.9. A square-wave bias current Ib and bias flux
Ub are applied in order to switch the SQUID periodically between different sets of
working points. The frequency of the bias current fb must be chosen well above the
1/f corner frequency fc that one would obtain with static bias (for typical high-Tc

SQUIDs, fc » 1 kHz with flux modulation and fc » 10 kHz with direct readout). The
switching sequences in Figure 4.9 are illustrated by arrows in the V–Ua characteris-
tics and by time sequences (one bias reversal period).

The basic FLL circuit for the bias reversal schemes involving lock-in detection
(Figures 4.9(a)–(c)) is depicted in Figure 4.10(a). As with static bias current, the sig-
nal of the SQUID is stepped up by a cooled transformer, amplified at room tempera-
ture, lock-in detected using the reference signal “Ref”, integrated, and sent back into
the SQUID via the feedback coil. In the case of direct readout (Figures 4.9(d) and
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resulting voltage change at working point 1 is assumed to be positive.
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4.10(b)), the output of the SQUID is directly connected with the preamplifier and
integrated to generate the linearized system output.

With bias reversal, a large, parasitic ac voltage appears across the SQUID with a
peak-to-peak value of twice the bias voltage Vb. This oscillating voltage does not con-
tain useful information about the applied flux, but leads to switching transients in
the step-up transformer of flux-modulated systems. Their effect can be minimized
by connecting a resistor in series to the transformer primary, and passing a current
synchronously with Ib through this resistor such that the alternating voltages across
the SQUID and the resistor are equal (cf. Figure 4.10(a)) [46,47]. Recently, an alter-
native compensation scheme with a non-constant bias current was proposed [55].

In Figure 4.9, it is assumed for clarity that in all cases the bias voltage Vb is sub-
tracted from the SQUID voltage such that zero output signal appears without
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Fig. 4.9 Bias reversal schemes: (a),(b) flux modulation with fb „ fmod [46,50] and fb =
fmod [52], (c) SHAD scheme [48,49], and (d) direct readout [53]. The superposition of
square-wave bias current Ib and bias fluxUb switches the SQUID periodically between
the working points 0 to 4 according to the arrows in the V–Ua characteristics. A bias
voltage Vb is subtracted from the SQUID voltage in order to provide zero output sig-
nal without applied flux. Bold lines in the bottom four rows show the preamplifier out-
put for a change in flux dUa, for an out-of-phase or in-phase I0,R fluctuation dU* or
dV*, and for a voltage fluctuation dV, respectively. The lock-in detector output (thin
lines) is obtained by multiplying the preamplifier output with the lock-in reference
“Ref”. A change in the FLL output only occurs if the lock-in detector output has a
nonzero time average over one bias reversal period (shaded regions) except for direct
readout where the FLL output results directly from the averaged SQUID signal.
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applied flux. Under this condition and with the help of Figure 4.8, the correspond-
ing preamplifier output signals for a change in flux dUa as well as for fluctuations
dU*, dV* and dV, can easily be determined (bold traces in the four bottom rows of
Figure 4.9). In the schemes involving lock-in detection, the signals at the lock-in
detector output are obtained by multiplying the preamplifier output signals with the
lock-in reference “Ref” (thin lines in the four bottom rows of Figure 4.9). The effect
of a fluctuation is suppressed if the time average of the lock-in detector output is
zero over one bias reversal period (i.e., for zero net area of the shaded regions in
Figure 4.9). In contrast, a nonzero time average means that a fluctuation will cause
a response at the FLL output. In the scheme with direct readout, the averaged pre-
amplifier output signal is the measure for a change in the FLL output signal. Ana-
lyzing the time traces in Figure 4.9, one can easily verify that the presented bias
reversal schemes indeed suppress I0,R fluctuations while preserving sensitivity for
magnetic flux.

We now briefly discuss the individual bias reversal schemes. Figure 4.9(a) shows
a standard bias reversal scheme with flux modulation where the frequency of the
bias current fb is different from that of the modulation flux fmod [46,50]. The ratio of
both frequencies must be an integer. Here we discuss the widely used case fb < fmod

(in Figure 4.9(a), fb = fmod/4 is arbitrarily chosen). From Figure 4.8 we see that the
flux-to-voltage coefficient changes its sign if the bias current is reversed (working
point pairs 1«4 or 2«3). Therefore, to preserve the flux sensitivity with bias rever-
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sal, the signal polarity must be changed each time the bias current is reversed. This
can easily be done by reversing the phase of the lock-in reference signal at each
change of the bias current (see arrows in the row “Ref” in Figure 4.9(a)). Alterna-
tively, an extra ac flux may be applied simultaneously with the bias current in order
to shift the V–Ua characteristics at reverse bias current polarities by U0/2 against
each other [47].

Another bias reversal scheme is shown in Figure 4.9(b) [52]. Here, bias current
and modulation flux have the same frequency (fb = fmod) but are shifted by 90S
against each other (quadrature modulation). The demodulation is performed at
twice the bias frequency. The third scheme called second harmonic detection
(SHAD) involves only three working points: the pair 1,3 and a point 0 at zero bias
current and voltage [48,49]. With the SHAD scheme, the white flux noise density SU

increases by a factor of two because the SQUID is biased half the time at the point 0
without flux sensitivity. The last scheme, direct readout, involves switching between
only two working points 1«3 [53]. Recently, another bias reversal scheme with only
two working points (1«4) was proposed, but this does not suppress in-phase I0,R
fluctuations [54]. From Figure 4.9 one sees that all bias reversal schemes using lock-
in detection, suppress preamplifier low-frequency voltage noise, but direct readout
does not. The described bias reversal schemes may be applied to both current-biased
and voltage-biased SQUIDs. A comparative study of bias reversal schemes including
noise considerations is given in [56]. Finally, we note that with bias reversal it is even
possible to adjust the bias current or voltage automatically by synchronously detect-
ing the bias frequency component at the preamplifier output and removing it via an
extra feedback loop [37,46].

In Figure 4.9, ideal V–Ua characteristics of a symmetric SQUID have been
assumed with an optimum bias flux at –U0/4. In practice, however, this assumption
is not always fulfilled, which can cause problems in bias reversal schemes involving
all four working points 1 to 4. For example, the V–Ua characteristics for positive and
negative Ib might be shifted against each other due to an asymmetric bias current
feed or a mutual inductance between the bias current leads and the SQUID loop.
This would increase the noise level for the bias reversal schemes in Figure 4.9(a)
and (b) unless an extra ac flux is applied simultaneously with the bias current in
order to compensate the flux shift (the scheme in [47] already uses such an extra ac
flux). Furthermore, the optimum working points might not be located at a bias flux
of –U0/4 [49]. This is no problem for the schemes in Figure 4.9(a) and (b) where the
modulation flux amplitude can be chosen freely, but it would increase the noise
with the scheme in [47] where the modulation amplitude is fixed to a peak-to-peak
value around U0/2. In contrast to this, the SHAD scheme and direct readout do not
have any problems with the above-mentioned nonideal V–Ua characteristics. Low-
noise SQUID operation may even be possible in the case of strongly resonance-dis-
torted V–Ua characteristics.
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4.3.4
Further Readout Concepts

4.3.4.1 Two–stage Configuration
In the previous sections, readout techniques for single, resistively-shunted dc
SQUIDs were reviewed. Now we briefly describe alternative SQUID concepts which
involve more than one SQUID per sensing channel or which require alternative
SQUID designs.

A simple method of increasing the transfer coefficient of a SQUID is to use
another SQUID as a low-noise preamplifier. An example of such a two-stage config-
uration is shown in Figure 4.5(c). Configurations with more than two stages are also
possible, but are not discussed here. The front-end SQUID determines the overall
system noise, so it is inevitably a standard dc SQUID with resistively-shunted junc-
tions. It is coupled to the amplifier SQUID via a resistor Rb and the amplifier input
coil. Rb should be made as small as possible to minimize its flux noise contribution
4kBTRb/V

2
U , i.e., voltage bias with Rb << Rdyn gives the minimum overall noise (VU

and Rdyn are intrinsic parameters of the front-end SQUID with disconnected ampli-
fier SQUID) [10]. A variety of amplifier SQUIDs is described in the literature:
SQUIDs with hysteretic junctions being operated either digitally [51] or in an analog
mode [57,58], SQUIDs with resistively-shunted junctions readout either with flux
modulation [59] or directly [60,61], and series SQUID arrays [62].

To enhance the effective transfer coefficient of a two-stage configuration, a gain
GU > 1 between the applied flux in the front-end SQUID Ua and that in the ampli-
fier SQUID Uamp must be provided. The low-frequency small-signal flux gain is giv-
en by

GU = ¶Uamp/¶Ua = Mamp / (Mdyn + Rb/VU) » Mamp / Mdyn , (4.16)

where Mdyn = Rdyn/VU is the intrinsic current sensitivity of the front-end SQUID
and Mamp is the mutual inductance between the amplifier SQUID and its input coil,
respectively. The expression on the right-hand side of (4.16) is valid for voltage bias
Rb << Rdyn. The amplifier input coil inductance Lamp and the total loop resistance
Rdyn+Rb form a first-order lowpass which leads to a reduction in flux gain above the
cut-off frequency (Rdyn+Rb)/2pLamp.

The two-stage SQUID can be operated in a FLL as a single SQUID with enhanced
transfer coefficient GUVU. For sufficiently high flux gain, the effect of both flux
noise in the amplifier SQUID and room-temperature preamplifier noise is sup-
pressed [10]. However, the linear flux range of a two-stage configuration shrinks to
Ulin/GU (Ulin is the intrinsic linear flux range of the front-end SQUID). Thus, one
has to compromise between low noise and high slew rate. The reduction of the line-
ar flux range can be avoided by using an alternative readout scheme with two feed-
back loops: an “inner” loop with feedback into the amplifier SQUID to linearize the
transfer characteristic of the amplifier SQUID, and an “outer” loop with feedback
into the front-end SQUID to provide the desired linear relation between the applied
flux Ua and the system output [63]. With two feedback loops, however, the achievable
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system bandwidth is lower because the system bandwidth (i.e., the bandwidth of the
“outer” feedback loop) must be kept well below the bandwidth of the “inner” ampli-
fier feedback loop which is limited by the loop delay as shown in Section 4.2.2.

A two-stage configuration needs more wires between the cryogenic region and
room temperature than a single-stage design. Furthermore, it is more complicated
to adjust the working point. For large flux gains GU * U0/Ulin (or GU * 2U0/Ulin

in the scheme with two feedback loops), a locking to multiple working points is pos-
sible [10]. Therefore, this configuration is not very tempting in systems with very
many channels. On the other hand, in systems with only few channels, it is an effi-
cient method of achieving very low noise levels, in particular if the front-end SQUID
is cooled at low temperatures T << 4.2 K and thus exhibits a very low voltage noise.
In such cases, a two-stage configuration is often the only way to take full advantage
of the low SQUID noise.

4.3.4.2 Series SQUID Arrays
The relatively small voltage signal of a single dc SQUID can be enlarged consider-
ably by connecting many identical SQUIDs in series [64]. Provided that all SQUIDs
of such a series array are biased at the same working point and that the same flux
Ua is coupled into each of the SQUIDs, the array behaves as a single SQUID with
an enlarged voltage signal. Series SQUID arrays are ideal in terms of slew rate
because the linear flux range is not decreased. Arrays with 100 SQUIDs are quite
common, yielding output signals of a few mV. As the voltage noise density SV across
the array rises linearly with the number of SQUIDs, 100-SQUID arrays can be con-
nected directly to a room-temperature preamplifier with only a minor increase in
system noise compared to the intrinsic noise of the SQUID array [65]. All SQUIDs
of the array are equipped with input coils, which are also connected in series thus
having a large input inductance (e.g., Li = 150 nH [66]). Both flux noise density SU

and input current noise density SI, scale inversely with the number of SQUIDs, but
the coupled energy resolution ec = LiSI/2 should remain constant. In principle, one
could couple a pickup coil to the input coil in order to build a magnetometer, but
series SQUID arrays are commonly used as transimpedance amplifiers, e.g., in two-
stage SQUID configurations or as readout devices for cryogenic particle detectors. A
very high bandwidth of *100 MHz was experimentally demonstrated with
100-SQUID arrays [64,66].

Series SQUID arrays suffer from parasitic resonances in the input coils.
Improved array designs with intracoil damping were developed to solve this prob-
lem, yielding smooth V–Ua characteristics and input current-noise levels of
»2.5 pA/

ffiffiffiffiffiffiffi
Hz

p
at 4.2 K [66]. Recently, a low-Tc transimpedance amplifier was

reported involving a three-stage configuration (two single SQUIDs followed by a
100-SQUID series array) and on-chip negative feedback to linearize the transfer
function [67]. Such amplifiers might allow one to read out SQUIDs without room
temperature feedback loop if the required dynamic range is not too high. An unde-
sirable feature of large SQUID arrays is that their V–Ua characteristics may be dis-
torted by variations in the bias of the individual SQUIDs, e.g., due to trapped flux or
variations in the junction critical currents or SQUID geometries [64]. Recently, a
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novel type of SQUID array was proposed for which the elementary dc SQUID loops
vary in size according to an arithmetic relation [68,69]. These devices exhibit a V–Ua

characteristic which is not periodic in U0 but has a single minimum of V at zero
magnetic field. Low-Tc prototypes were fabricated to demonstrate the usefulness of
this concept. More recently, high-Tc versions consisting of 30 SQUIDs were
reported, which were designed such that they can be coupled to a large pickup coil
using a flip-chip configuration [70].

4.3.4.3 Relaxation Oscillation SQUIDs
The I–V characteristic of a hysteretic Josephson junction without a shunt resistor in
parallel, exhibits stable and unstable branches, indicated in Figure 4.11 by solid and
dotted lines, respectively.

If the current I through the junction is initially zero and then increased, the junc-
tion will first stay in the zero-voltage (superconducting) state. If the critical current
I0 is exceeded, the junction will switch within a few ps along the dotted line in
Figure 4.11 into the voltage state, and the voltage V across the junction will rise
from zero to the gap voltage (»2.8 mV for Nb-Al2O3-Nb junctions at 4.2 K). The
junction will remain in the voltage state even for I < I0 and not switch back into the
zero-voltage state until the current is lowered below the return current Ir. Both the
critical and the return current are influenced by noise. Typically, the spread in the
critical current, given by the full width at half-maximum value of the switching prob-
ability distribution, is of the order of 1 mA at 4.2 K [71]. The return current Ir and
voltage Vr depend strongly on the damping of the junction, i.e., on the subgap leak-
age current, and thus on the junction quality.

The I–V characteristic of a dc SQUID with hysteretic junctions resembles that of
a single junction because a dc SQUID is basically a parallel connection of two junc-
tions via the SQUID inductance L. The major difference is that the critical current
of the SQUID Ic depends sensitively on the applied magnetic field, but that of a
small (point contact) junction does not. In the voltage state, only the subgap
branches differ somewhat, e.g., due to parasitic L–C resonance effects. The depen-
dence of the SQUID return current on the applied flux is of secondary importance
and will not be considered here. Therefore, to understand the function of a circuit
based on a dc SQUID with hysteretic junctions, it is convenient to consider the
SQUID as a single junction with a critical current controlled by the current in the
input coil or directly by the applied magnetic field.
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A relaxation oscillation SQUID (ROS) consists of a dc SQUID with hysteretic
junctions, which is shunted by a resistor Rsh and an inductor Lsh in series [71–74].
The shunt circuit is similar to the APF circuit shown in Figure 4.7, except that the
inductor should not be magnetically coupled to the SQUID. Relaxation oscillations
can occur if the ROS is biased with a constant current Ib above the critical current Ic.
This is illustrated in Figure 4.11 by the dashed load line of the shunt resistor. If the
load line does not intersect the stable subgap voltage branch, a stable working point
in the voltage state is not possible, and the circuit will oscillate permanently. Thus,
relaxation oscillations will always appear for (Ib–Ir) Rsh < Vr. If this condition is not
fulfilled, either the relaxation oscillations stop and the SQUID settles to a stable
working point with finite voltage or, if the shunt inductance Lsh is within a certain
range, the relaxation oscillations persist. The conditions for the occurrence of relaxa-
tion oscillations have been determined by numerical simulation of a single junction
with realistic values of I0, C and Rsh [71].

During the relaxation oscillations, the voltage across the ROS oscillates between
zero and the gap voltage. Both the frequency fRO and the duty cycle (and hence the
average voltage across the ROS) depend on the bias current Ib and on the critical
current Ic. As the critical current is a function of the applied flux Ua, both the fre-
quency fRO and the average voltage across the ROS depend on Ua. Therefore, a ROS
can be used as a flux-to-frequency or a flux-to-voltage converter. In the first case, a
simple frequency-modulated readout is possible [75,76], whereas in the second case,
conventional electronics with flux modulation [74] or direct readout [71] may be
used.

The flux power noise of a ROS decreases with increasing relaxation frequency:
SU� 1/fRO. Above about 1 GHz, there is usually no further improvement (or even
an increase) in noise due to the plasma oscillation decay time [77] or resonances be-
tween the shunt inductance Lsh and the SQUID capacitance 2C [78]. By adding a
damping resistor in parallel to the ROS, a higher fRO can be used and a correspond-
ingly lower noise is obtained. The need for frequencies in the GHz range explains
why ROSs are commonly operated as flux-to-voltage converters. Large voltage
swings Vpp well above those of standard resistively-shunted dc SQUIDs and transfer
coefficients ‰VU‰ > 1 mV/U0 can easily be obtained with ROSs, thus simplifying
direct readout. However, the noise level is commonly somewhat higher than for
comparable resistively-shunted dc SQUIDs. Recently, a 5M5 mm2 multiloop ROS
magnetometer with a high SQUID inductance L » 1 nH and fRO » 2.5 GHz was
reported, which exhibited a large voltage swing Vpp » 70 mV, an exceptionally high
transfer coefficient ‰VU‰ * 10 mV/U0, and a typical noise level of 4.4 fT/

ffiffiffiffiffiffiffi
Hz

p
with

a 1/f corner around 1 Hz [79].
A double relaxation oscillation SQUID (DROS) consists of two hysteretic dc

SQUIDs in series, shunted by an Lsh–Rsh circuit. In the original version, named bal-
anced ROS [74,77], the signal flux is applied to both SQUIDs. In the simplified ver-
sion discussed here [71], Ua is applied only to one of the SQUIDs, the sensor
SQUID (see Figure 4.12(a)). The other one, the reference SQUID, is biased at a con-
stant flux to adjust its critical current to a value that lies typically in the middle be-
tween the maximum critical current 2I0 and the minimum critical current (e.g.,
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1.05I0 for bL = 1). A constant bias current Ib is passed through the DROS to start
relaxation oscillations. The output voltage V is tapped across the reference SQUID.
During relaxation oscillations, only the SQUID with the smaller critical current will
oscillate between zero and gap voltage; the other SQUID always will stay at zero volt-
age. Thus, a DROS behaves as a critical-current comparator. The output voltage of
the DROS will be zero if the critical current of the reference SQUID is larger than
that of the sensor SQUID; otherwise, the voltage will be nonzero with an average
value depending on Ib. The transition between these two states is very sharp, leading
to step-like V–Ua characteristics with extremely high transfer coefficients ‰VU‰ (cf.
Figure 4.12(c)). To simplify the structure and to lower the number of wires between
the cryogenic region and room temperature, the reference SQUID may be replaced
by a single Josephson junction with an appropriate critical current as shown in Fig-
ure 4.12(b) [80].

DROSs need relaxation oscillation frequencies fRO * 1 GHz and proper damping
of resonances to achieve a low noise level [78,81]. Their voltage swings Vpp and
transfer coefficients ‰VU‰ are typically higher than those of ROSs with comparable
noise, and thus direct readout is relatively simple. The minimum of five wires per
independent DROS unit is larger than the minimum of four wires needed to operate
ROSs or dc SQUIDs with APF. Practical systems involving DROSs were developed,
e.g., two low-noise biomagnetic multichannel systems (a 37-channel magnetometer
and a 40-channel planar gradiometer) [81]. Furthermore, DROSs may be used to
build simplified digital single-chip SQUIDs as will be discussed in the following
section.

4.3.4.4 Digital SQUIDs
Digital SQUIDs are devices in which the sensor itself or, in multistage configura-
tions, at least one of the following stages is operated in a digital mode. There are
various digital SQUID concepts reported in the literature: concepts involving room-
temperature feedback electronics [51,82], latching Josephson logic [12,83–89], rapid
single-flux-quantum (RSFQ) logic [90,91], or DROSs [92,93]. A key element in digital
SQUIDs is a sensitive current comparator which oversamples the input signal at a
high rate. Driven by an external bipolar clock current Iclk, the comparator produces
a sequence of voltage pulses if the signal current is above a certain threshold; other-
wise, it produces pulses of inverse polarity. In the case of a unipolar clock, it pro-
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duces pulses or remains in the zero-voltage state (missing pulses). The use of a
DROS for the comparator avoids the need of an external clock.

The comparator pulses represent the digitized error flux. They are integrated digi-
tally using an up/down counter. In superconducting logic, the counter function can
be realized by writing flux quanta into a superconducting loop, i.e., increasing or
decreasing the flux in this loop by U0 at each positive or negative (missing) com-
parator pulse, respectively. To close the digital feedback loop, the flux in the counter
loop is magnetically coupled to the comparator SQUID. For a bipolar clock, the digi-
tal feedback loop automatically locks at a state with equal probability for positive and
negative pulses; with a unipolar clock, a state with 50% pulse probability is main-
tained. The comparator output pulses are transmitted to room temperature and
counted to obtain the digital sensor output. A low bit error rate is required to avoid
drift and low-frequency excess noise [87]. The minimum flux change ULSB in the
comparator SQUID (corresponding to 1 U0 in the counter loop) determines the
slew rate and quantization noise. A useful compromise is to make ULSB approxi-
mately equal to the broadband rms noise flux in the comparator [87], which is typi-
cally of the order of 10–2 U0. For an optimized digital DROS, ULSB »

ffiffiffiffiffiffiffiffiffiffiffiffiffi
SU fRO

p
should

be chosen [93].
In order to achieve a high current sensitivity, a low-inductance SQUID is used for

the comparator involving up to 16 washers in parallel, each equipped with a multi-
turn coil on top [12]. These coils are connected in series to obtain an input coil with
a large inductance. A pickup coil might be connected directly to it in order to build a
magnetometer. However, as with (D)ROSs, a high clock frequency fclk * 1 GHz is
needed to obtain a low noise level comparable to that of standard dc SQUIDs. In
contrast, an output frequency of &10 MHz is desirable for a convenient transmis-
sion and further processing of the comparator output pulses. A simple solution is
the use of a multistage design with a low-noise resistively-shunted dc SQUID as the
first stage and a »10 MHz comparator SQUID as the last stage, but this reduces the
slew rate and bandwidth. Alternatively, the output pulse frequency might be reduced
digitally from the GHz range to &10 MHz by using a decimation filter involving
Josephson logic, but this increases the circuit complexity considerably.

We turn now to a brief discussion of practical digital SQUIDs. Three representa-
tive devices are depicted in Figure 4.13.

The first single-chip SQUID was developed at Fujitsu by Fujimaki et al. [12,83] –
see Figure 4.13(a). In this device, an asymmetric, hysteretic dc SQUID is used as a
comparator. Driven by a sinusoidal bias current, it produces positive or negative volt-
age pulses which increase or decrease the flux in the superconducting storage loop
(the counter loop) in steps of U0 via a second asymmetric SQUID, the write gate.
Flux in the storage loop is equivalent to a nonzero circulating current If that couples
magnetically into the input circuit consisting of a pickup coil and a comparator
input coil such that the input current Iin is kept at zero. Some buffer gates and sev-
eral damping resistors (not shown in Figure 4.13) are required for optimum perfor-
mance. A 35-pH comparator with a 0.5-mH input coil and the complete feedback
electronics were integrated on a single 4M10 mm2 chip [12]. The maximum clock
frequency of 10 MHz resulted in a noise level of 6.2M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
. The noise was
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white down to 0.2 Hz, probably because the effect of critical-current fluctuations is
suppressed by using a bipolar clock (i.e., bias current reversal). The slew rate, how-
ever, was only 170 U0/s due to a too small ULSB = 1.7M10–5 U0.

The dynamic range of the Fujitsu single-chip SQUID was limited in principle,
because the input flux was cancelled via a nonzero feedback current If flowing in
the superconducting storage loop. A virtually infinite dynamic range can be
obtained if the comparator output pulses are directly used to cancel the input flux
without an intermediate storage loop (Figure 4.13(b)). This feedback concept was
first proposed for RSFQ logic [90] and demonstrated using latching Josephson logic
[84]. The input circuit consists of the pickup coil, the comparator input coil and two
write gates forming a superconducting loop (the counter loop). The bipolar com-
parator pulses control the write (up/down) gates which keep the average flux in the
input circuit constant. A prototype single-chip SQUID was fabricated and proper
operation experimentally verified [84]. Subsequently, a three-stage version with bipo-
lar clock [85] and a two-stage version with a unipolar two-phase clock [88] were devel-
oped. For the latter, a noise level of 2M10–5 U0/

ffiffiffiffiffiffiffi
Hz

p
and a slew rate of 0.035 U0/ms

were reported. The noise was probably dominated by Nyquist noise in a 1-X damp-
ing resistor connected in parallel to the 0.4-mH input coil.

An external clock is not needed if a self-oscillating DROS is used for the compara-
tor. The basic circuit of such a digital DROS is depicted in Figure 4.13(c). Its feed-
back loop is similar to that in Figure 4.13(b). The counter loop involves two write
gates: the up gate driven by the voltage pulses across the sensor SQUID, and the
down gate driven by the pulses across the reference junction shown in Figure 13(c)
or reference SQUID. The feedback loop automatically locks at a state with equal
pulse probability for sensor and reference. Prototypes of an optimized 100-MHz

154

Down
Gate

Up
Gate

Pulse
Outputs

DROS

(c)

Iin = 0

Pickup Coil

±Pulse
Output

Up
Gate

Down
Gate

Comparator

Iclk

Iin = 0

(b) Pickup Coil

±Pulse
Output

Comparator

Iclk

(a)

Iin = 0

Pickup Coil

Write
Gate If ≠ 0

Superconducting
Storage Loop

Fig. 4.13 Digital single-chip SQUIDs: (a) latching comparator with feedback via a
superconducting storage loop [12], (b) latching comparator with direct feedback into
the input circuit [84], and (c) digital DROS with direct feedback into the input circuit
[92,93]. In (a,b) a bipolar clock current Iclk has to be applied externally, whereas in (c)
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digital DROS with a 280-pH SQUID inductance were fabricated [93] but do not yet
operate fully due to fabrication problems. A noise level of 6M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
and slew

rate of 5 U0/ms a are expected for these devices.
An extremely high slew rate can be obtained with digital SQUIDs based on RSFQ

logic. A prototype of such a device was reported involving a decimation filter with a
serial output and a 218 over-sampling ratio to match the internal »20-GHz clock to
the desired cut-off frequency of »40 kHz [91]. The basic function was experimentally
demonstrated, but a fully operational chip could not be fabricated due to a high chip
complexity (2700 Josephson junctions).

4.4
The rf SQUID Readout

4.4.1
General

In the case of a dispersive (non-dissipative) rf SQUID flux sensor, the readout elec-
tronics has to convert the flux-dependent change in the SQUID inductance into a
voltage (usually proportional to the flux signal) of sufficient magnitude (several
volts) for further information processing. In the case of the hysteretic rf SQUID, the
readout must detect small changes in the rf energy dissipated by the SQUID and
convert these into a voltage. In rf SQUID systems, the readout plays a key role in
achieving optimum performance of the system. Unlike dc SQUID systems, where
the sensitivity of the entire system is mainly determined by intrinsic SQUID noise
(and thus optimum performance can still be achieved with simple electronics), in
many cases rf SQUID system noise is limited by the readout. Therefore, it is impor-
tant that the preamplifier noise should be minimized and that the coupling between
SQUID and tank circuit, as well as between tank circuit and readout, should be opti-
mized.

4.4.2
Basic Building Blocks of rf SQUID Readout Electronics

Zimmerman and Silver first investigated rf SQUIDs with the SQUID loop directly
coupled to the rf source, a method not used today [94]. Rather, to read out the rf
SQUID, one is coupling it inductively to a parallel tuned LTCT circuit shown in Fig-
ure 1.7. The tuned circuit, often called a tank circuit, is excited at its resonant fre-
quency by an rf current with amplitude Irf and the corresponding rf voltage across
the tank circuit VT is amplified and the amplitude detected. If the SQUID is oper-
ated in the dispersive mode (brf < 1), the flux-dependent change in SQUID induc-
tance leads to a change in the tank circuit resonant frequency Dx0, and thus to a
change in the rf voltage VT across the tank circuit. The frequency of the readout xrf

is chosen such that it differs slightly from the resonant frequency of the tank circuit
x0 in order to obtain maximum ¶VT/¶xrf (see Chapters 2 and 6 for more details). If
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xrf = x0, positive and negative flux changes lead to a reduction in VT. If the flux
changes periodically by, say U0/2, the case for which xrf = x0 leads to a period dou-
bling, which can conveniently be used to identify operation in the dispersive mode.

In the hysteretic mode, the magnitude of the rf current flowing through the tank
circuit coil is chosen such that it induces periodic quantum transitions in the
SQUID. A change in the (static) flux threading the SQUID causes the screening cur-
rent in the SQUID to change and thus changes the frequency with which the quan-
tum transitions occur. This in turn leads to a flux-dependent damping of the tank
circuit and to a flux-dependent change in the rf voltage which develops across the
tank circuit.

Figure 4.14 shows a diagram of all the components needed to operate rf SQUIDs.
An rf oscillator generates the rf current Irf at the chosen bias frequency xrf. The
amplitude of Irf can be controlled by an attenuator over a range of 20 to 30 dB. In
the case of a hysteretic SQUID, the attenuator is used to adjust the rf current in the
tunable tank circuit so that the SQUID is operated at the first step of the VT(Irf)
curve. An adjustment range of 20 dB allows for the use of SQUIDs with a spread in
critical currents of a factor of ten. The rf voltage drop across the tank circuit is ampli-
fied by a factor of several thousand and then amplitude demodulated, usually by an
envelope detector. When using a semiconductor diode as an amplitude detector, the
voltage level at the output of the rf amplifier must be sufficient to overcome the
diode diffusion voltage (‡100 mVpp). For flux-locked-loop operation, a lock-in ampli-
fier is provided, together with a low-frequency generator, which sweeps the flux
through the SQUID by a fraction of a flux quantum. A flux-locked loop similar to
the ones described for dc SQUIDs is used.

A readout system for SQUIDs operated at microwave frequencies (e.g., 3 GHz,
[95]) is similar to conventional electronics used for lower radio frequency (20 to 30
MHz) SQUIDs. There are, however, a few details which differ from the conventional
configuration. If the tank circuit is in the form of a microstrip or other planar reso-
nator, its resonant frequency is fixed. This requires tuning of the rf bias current gen-
erator. Microwave preamplifiers have a relatively wide bandwidth of hundreds of
MHz. In order to decrease the bandwidth to the frequency range needed, a synchro-
nous detector (usually an analog multiplier) should be used instead of the usual en-
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velope demodulator. The following lock-in amplifier can be a standard version, as
used in lower rf systems, although a much higher modulation frequency and thus a
higher slew rate are possible because of the high bias frequency.

It is also possible to operate an rf SQUID in a flux-locked-loop mode without ac
modulation. As in dc SQUID electronics, Simacek et al., and later others, have mea-
sured the demodulated tank-circuit voltage and compared it to an adjustable dc volt-
age, so that the SQUID was always biased at the steepest part of its ¶VT/¶Ua transfer
function [96].

4.4.3
Construction of the Tank Circuit

At lower bias frequencies, such as the 30 MHz historically used in commercial rf
SQUIDs, the tank circuit usually consisted of a wire-wound inductor and a variable
capacitor, connected in parallel. For high bias frequencies, permitting one to mini-
mize the intrinsic noise of the SQUID, the high resonant frequency of the tank cir-
cuit requires a corresponding decrease in its capacitance and inductance. However,
because of stray and parasitic capacitance and inductance of the discrete compo-
nents, it is not practical to use such components at frequencies above 1 GHz. Sever-
al alternatives have been studied: for very high bias frequencies, a cavity [97], or a
mismatched transmission line [98] were used. For thin-film SQUIDs, a planar trans-
mission-line resonator (e.g. a half-wavelength (k/2) microstrip resonator) is a suit-
able replacement for a discrete LC circuit – see Figure 4.15.

In order to obtain a reasonable coupling between the SQUID and the resonator,
the SQUID should be placed in the vicinity of a current anti-node. For simplicity,
the SQUID can also be integrated into the resonator – see Figure 4.15. Coupling the
SQUID to the room-temperature electronics can be accomplished by a second
microstrip on the substrate (coupling microstrip, Figure 4.15), which runs in paral-
lel to one end of the resonator, or by a small wire antenna.

In order for a superconducting film to form a transmission line resonator, dielec-
tric material is required between the resonator and a metallic ground plane. The
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dielectric layer can be the substrate itself, and the ground plane can be a piece of
copper-clad printed-circuit material, which at the same time can serve as the sample
holder. To avoid thermal magnetic noise from the normal-conducting ground plane,
it should be very thin. The presence of the ground plane lowers the SQUID induc-
tance by a few percent.

An important requirement to be met by rf SQUIDs is that k2Q » 1, where k is the
coupling coefficient between the resonator and the SQUID loop, and Q the quality
factor of the resonator. The coupling between SQUID and resonator is determined
by how much rf flux threads the SQUID ring if a given rf current flows in the reso-
nator. Planar superconducting resonators can exhibit quality factors of several thou-
sands to tens of thousands, if dielectric and radiation losses are small.

Both low-Tc [99] and high-Tc [100,101] rf SQUIDs integrated into a half-wave-
length superconducting microstrip resonator have been demonstrated. Here, we
describe only the representative layout for a low-Tc SQUID integrated into a k/2
microstrip resonator, which is shown in Figure 4.15. Resonators which are most
suitable for high-Tc rf SQUIDs are described in Chapter 6.

Low-Tc microstrip resonator SQUIDs were fabricated from thin niobium films
sputtered onto 1-mm-thick sapphire substrates. Microstrip resonators made of
200 mm wide niobium strips with a resonator length of 20 mm exhibited a resonant
frequency of about 3 GHz [99]. With a microstrip impedance of 80 X, unloaded Q’s
of up to 4500 were measured, reflecting mainly radiation losses and losses in the
normal-conducting ground plane. Loading by the readout electronics reduced the Q
to 1000–3000. The 100 M 100 mm2 SQUID ring was integrated into the center of the
resonator – see Figure 4.15. The optimum SQUID signal voltage was obtained when
the bias frequency equaled the microstrip resonant frequency. Signal voltages of up
to 160 mV/U0 and a white noise of about 4M10–6 U0/

ffiffiffiffiffiffiffi
Hz

p
could be measured for

tunnel-junction SQUIDs. The calculated tank circuit noise was 6M10–7 U0/
ffiffiffiffiffiffiffi
Hz

p
and

the intrinsic SQUID noise was 1M10–6 U0/
ffiffiffiffiffiffiffi
Hz

p
.

Yet another possibility of realizing a tank circuit at higher frequencies is the use
of a dielectric resonator. This usually consists of a cube or cylinder of dielectric mate-
rial with high er and low losses. It resembles a cavity resonator filled with dielectric,
but with the outer conducting walls removed. The high er keeps the electric field
confined to the dielectric, but since the permeability lr of the dielectric is low, the
magnetic field also penetrates the space outside of the resonator, so that it can cou-
ple to the SQUID. Dielectric resonators are commercially available and usually used
to stabilize oscillators at ultra-high frequencies, or are used in bandpass filters. They
have a high Q of up to 104, especially when cooled to lower temperatures. Such reso-
nators were first used as tank circuits by Kornev et al. [102], who deposited a nio-
bium rf SQUID directly onto a rutile cylinder of 3-mm diameter and 1-mm height.
This rutile dielectric resonator had a resonant frequency of 10 GHz and was coupled
to the readout electronics by placing it into a waveguide. One can also use SrTiO3

substrates as dielectric resonators for high-Tc rf SQUIDs, as discussed in Chapter 6.
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4.4.4
Coupling of the Tank Circuit to the Transmission Line

For rf SQUIDs operating at 30 MHz or below, the tank circuit can be coupled
directly to the room temperature preamplifier by a low-capacitance coaxial cable. As
already pointed out by Jackel et al. [103], with increasing bias frequency it becomes
increasingly difficult to maintain high tank-circuit impedance, which is desirable for
high sensitivity. This is mainly due to a relative increase in parasitic capacitances,
and to a reduced real part Rin of the input impedance of the preamplifier used. A
realistic value for Rin for FET amplifiers at 150 MHz is of the order of 5 kX, com-
pared to an obtainable tank-circuit impedance of typically 30 kX. The low amplifier
Rin reduces the tank circuit voltage VT significantly when the amplifier is directly
connected to the tank circuit. Additionally, an unmatched transmission line between
tank circuit and amplifier introduces a high parasitic capacitance. For this reason,
several additional coupling schemes have been proposed in the literature.

The use of a low-impedance coaxial cable (“coax”) between the tank circuit and the
amplifier, shown in Figure 4.16(a), is a popular approach. In order to reduce its para-
sitic capacitance and the loading of the tank circuit, the coax is given an electrical
length of k/2. In this case, the high impedance of the tank circuit is transferred to a
high-impedance amplifier. Since, however, in most cases the amplifier Rin is smaller
than that of the tank circuit, a somewhat shorter coax would lead to a better impe-
dance match. We note that the use of an unmatched coaxial cable leads to a high
standing-wave ratio along it. This leads to higher losses in the coaxial cable as com-
pared to a coaxial cable with matched input and output, which increase with increas-
ing intrinsic cable loss. This is usually relatively high, since in most cases a thin
coax is used to minimize thermal input. For a coax with 1-dB intrinsic loss (mea-
sured with matched input and output), a total attenuation of 6 dB can result, which
leads to a reduction in sensitivity by a factor of four! Also, for tank circuits of very
high impedance ZT » RT near resonance, the length of the coaxial cable has to be
exactly k/2 (– a few ppm), which is very difficult to achieve. It seems advisable,
therefore, to use additional coupling schemes which include a matched transmis-
sion line, rather than to connect it to the tank circuit directly. The coupling schemes
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can help in optimizing the condition k2Q » 1 and provide matching to the line,
while the virtue of the matched line itself is that all available signal power from this
scheme is transferred to the amplifier. Matching can be achieved by several different
schemes: Robbes et al. [104] have used a coil in series with the transmission line
(Figure 4.16(b)), which can transform the high tank-circuit impedance to lower val-
ues. For optimum results, the inductance of the tank circuit coil must be adjusted,
which is difficult, since it is at low temperature. Jackel et al. [103] used a tapped
tank-circuit coil – see Figure 4.16(c) – which transforms the high tank-circuit impe-
dance to a value of 50 X at the tap. Since it is difficult to tap the tank-circuit inductor
used for a planar rf SQUID, He et al. avoided connecting the tank circuit galvanically
to the transmission line [105]. Instead, they coupled LT inductively to an additional
low-inductance matching coil connected galvanically to the transmission line, so
that only the high inductance tank coil was coupled to the SQUID.

The disadvantage of a tapped tank-circuit coil is that, with increasing bias fre-
quency, stray inductances move the tap to higher inductance values, so that a 50-X
impedance can no longer be obtained. For this reason, Duret et al. [106] developed a
matching scheme using a capacitive voltage divider – see Figure 4.16(d). The capaci-
tor CT, in conjunction with the tank circuit inductance LT, determines the resonant
frequency of the circuit, whereas CM determines the output impedance. One could
achieve a nearly perfect impedance match (return loss > 20 dB) by choosing the
proper ratio between CT and CM [107]. It was found that the actual value of CM is not
very critical. A return loss of >10 dB, which is sufficient, can be obtained for CM

varying by about 20%. For 150-MHz tank circuits with copper-wire coils, a ratio CM/
CT » 15 gave optimum results. It should be noted that for quality factors of Q > 200
(e.g., when using a niobium coil with a low-Tc SQUID), matching by this technique
becomes difficult. For tank circuits with superconducting coils, a resistor in parallel
to the tank circuit can be used to reduce Q , although at the expense of increased
tank-circuit noise.

An example of the coupling of a microwave SQUID with a microstrip resonator
to the room-temperature electronics by a second microstrip on the substrate, or by a
small wire antenna, was given in Section 4.4.3. Other examples of matching high-Q
UHF and microwave resonators to the transmission line are given in Chapter 6.

4.4.5
Cryogenic Preamplifiers

The noise performance of rf SQUIDs can be improved by increasing their bias fre-
quency, as discussed in Chapter 2. The intrinsic noise amplitude of the SQUID is
proportional to 1/

ffiffiffiffiffiffiffi
xrf

p
, whereas the transfer coefficient of the SQUID ¶VT/¶Ua is

proportional to
ffiffiffiffiffiffiffi
xrf

p
. However, even at microwave frequencies, ¶VT/¶Ua is so small

that the noise of the entire SQUID system is still likely to be limited by the noise of
the room temperature preamplifier, at least in the case of a hysteretic mode of opera-
tion (for a dispersive mode, slight detuning of the tank circuit from resonance can
provide very high ¶VT/¶Ua, see Figure 2.26). In order to decrease this contribution
to the overall noise, the preamplifier can be operated at cryogenic temperatures
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[108–111]. At a temperature of 4.2 K or less (used for low-Tc SQUIDs) and for micro-
wave amplification, only III–V semiconductor devices (made of, e.g., GaAs or InP)
are suitable. Additionally, they offer the advantage of very low noise. Since a cooled
preamplifier can be placed close to the SQUID, losses in the transmission line be-
tween SQUID and room-temperature electronics do not contribute to the system
noise. This is particularly important at microwave frequencies, where thin coaxial
cables can have considerable losses.

As an example we show in Figure 4.17 the circuit diagram of a cryogenic pream-
plifier developed by Mezzena et al. [112,113] for thin-film low-Tc rf SQUIDs operated
at 1.7 GHz and 3 GHz. In order to achieve sufficient amplifier gain and to have the
possibility of noise matching the amplifier, a two-stage version was used, where the
input circuit could be tuned by two GaAs varactors. The power dissipation of this
cryogenic preamplifier was of the order of 5 mW, which resulted in an additional
helium evaporation of about 150 ml per day.

The active elements of the preamplifier were arranged in a cascade configuration
and included a microwave hetero-junction FET and a dual-gate MESFET. The design
was based on a cryogenic amplifier used in a 300-MHz SQUID system [111]. The
cascade configuration was employed to reduce power dissipation and thus the junc-
tion temperature of the transistors. The gain of the preamplifer was 15 dB with
input and output loaded with 50 X. A careful determination of the amplifier noise
temperature led to a value of about 5 K. With this low preamplifier noise, the noise
of the SQUID system was dominated only by intrinsic SQUID noise. Since the
noise temperature of the rf SQUID is about four times its bath temperature, a
cooled preamplifier noise temperature of about 20 K should be sufficient for rf
SQUID systems operating at liquid helium temperatures.
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Fig. 4.17 Circuit diagram of a two-stage cryogenic preamplifier for use in rf SQUID
systems with tunable input matching [from 112].



4 SQUID Electronics

4.4.6
Optimization for Maximum Sensitivity

The sensitivity of an rf SQUID, in the absence of external noise, is limited by the
sum of intrinsic noise, tank-circuit noise (inclusive transmission line) and preampli-
fier noise. In systems with low bias frequencies (e.g., 30 MHz) the system noise is
limited by preamplifier and transmission-line noise. In order to reduce this noise
contribution, the transfer coefficient ¶VT/¶Ua should be maximized. Here, we
emphasize the hysteretic mode, where ¶VT/¶Ua cannot be maximized by detuning.
Since ¶VT/¶Ua = (1–a) xrfLT/(2M), where a is the rf I–V curve step tilting parameter
[114] (see Chapter 6), it can be maximized by using the highest possible tank-circuit
inductance and the lowest possible mutual inductance between SQUID and tank
circuit, but without reducing k2Q to below unity. To achieve a large LT, the parasitic
capacitance, e.g., of the transmission line to the room-temperature electronics, must
be made as small as possible. A rather ingenious way to achieve this is to use a
cooled field-effect transistor [115], which is employed as an impedance match be-
tween the tank circuit and a coaxial cable, rather than as an amplifier. A large LT and
small CT additionally lead to a high tank-circuit Q in the case of a superconducting
tank-circuit coil, which permits a reduction of M and a decrease in the tank-circuit
noise. For low-Tc SQUIDs, the use of superconducting wire for the tank-circuit coil
is advisable because of its intrinsic high Q and the absence of thermal magnetic
noise. For high-Tc SQUIDs either planar superconducting tank-circuit coils, thin
film resonators or dielectric substrate resonators should be used.

To give examples, we discuss two tank-circuit layouts, one with a 30 MHz bias
frequency using discrete tank-circuit components, and a second where a 3-GHz
microstrip resonator with an integrated SQUID is used.

In 30-MHz systems, widely used in the past, usually only the tank-circuit coil was
at cryogenic temperatures. Since the bias frequency oscillator was crystal controlled,
the tank-circuit capacitor was made variable to tune the resonant frequency of the
tank circuit to the desired value. A low-capacitance coaxial cable connected the
inductor and the room-temperature electronics. The tank-circuit was directly con-
nected to a high-input-impedance rf amplifier. We assume that a thin-film rf SQUID
with a loop size of 200 M 200 mm2 (L = 400 pH) was used and the tank-circuit coil
inductance LT » 500 nH. This inductance required a capacitance of about 50 pF for
a resonance frequency of 30 MHz and permitted the use of a coaxial cable with rela-
tively high capacitance (say, 20 pF/m). Because of losses in the coaxial cable and the
variable capacitor and of damping by the rf amplifier, the loaded quality factor of the
tank circuit Q thus obtained is usually less than 100. In this example, we assume Q
= 60. To obtain k2Q » 1, the coupling between SQUID and tank-circuit coil should
be chosen such that the mutual inductance, M » 230 pH. If pressing the wire-
wound coil directly onto the SQUID gave too large a value of M, thin teflon pieces
were inserted between the coil and the SQUID to adjust the coupling. With the pa-
rameters used, the SQUID transfer coefficient ¶VT/¶Ua = xrfLT/2M » 20 mV/U0 (we
assume a » 0). High input impedance amplifiers at 30 MHz have a typical input
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voltage noise of
ffiffiffiffiffiffi
SV

p
» 2 nV/

ffiffiffiffiffiffiffi
Hz

p
. Thus, the flux noise was about 10–4 U0/

ffiffiffiffiffiffiffi
Hz

p
, a

typical value for this type of rf SQUID system.
One might argue that by using a greater LT, the modulation voltage could be

increased and the resulting flux noise decreased, when operating in the hysteretic
mode. There are, however, some limitations. If the rf amplifier is directly coupled to
the tank circuit, the resistance of the tank circuit at resonance RT must be much
smaller than the input resistance of the amplifier Rin to avoid loading of the tank
circuit by the amplifier. Also, thermal noise generated by the input resistance of the
amplifier is coupled into the tank circuit, if RT ‡ Rin. In the example above, RT =
QxrfLT » 6 kX. This is still lower than Rin, which is of the order of some tens of kX.
Increasing LT from 0.5 to 5 mH would increase VT by a factor of about 3, since in
order to keep k2Q » 1, M is increased by a factor of three as well. At the same time,
RT will now be 60 kX, so that if Rin = 30 kX, only a fraction of VT really develops
across the tank circuit. It is not likely, therefore, that this system will have a lower
flux noise than the one using LT = 500 nH.

As a second example, we discuss a system with a 3-GHz rf SQUID integrated
into a microstrip resonator. We assume that the resonator is a 100-mm wide, 20-mm
long niobium strip on a 1-mm thick sapphire substrate (er » 10, LT » 16 nH). The
loaded Q of such a resonator is assumed to be 1000. For k2Q » 1, M » 75 pH. Thus,
¶VT/¶Ua » 9 mV/U0 across the tank circuit with RT » 320 kX. This very high impe-
dance has to be transformed to the input impedance of the rf amplifier, e.g., by
using a coupling microstrip, such as the one shown in Figure 4.15. For a typical het-
ero-junction FET, at 3 GHz the real part of its input impedance Rin » 200 X. The
resistance ratio thus is 320 kX/200 X = 1600 resulting in a voltage ratio of 40. The
transfer coefficient of the SQUID at the preamplifier input is then 225 mV/U0, and,
assuming a noise temperature of the preamplifier of 70 K (

ffiffiffiffiffiffi
SV

p
» 0.9 nV/

ffiffiffiffiffiffiffi
Hz

p
at

200 X), a white flux noise of 4M10–6 U0/
ffiffiffiffiffiffiffi
Hz

p
results; a typical value measured in

low-Tc rf SQUID systems at 3 GHz. We note that this flux-noise value is quite simi-
lar to that of a dc SQUID.

In the example above, there are two parameters which could be varied, Q and LT.
We could increase Q further by reducing losses in the substrate and radiation losses,
and vary LT by changing the width of the resonator or the thickness of the dielectric
between resonator and ground plane. Assuming that k2Q should be unity for maxi-
mum modulation voltage, we can write ¶VT/¶Ua » xrf

ffiffiffiffiffiffiffiffiffiffi
LTQ

p
/(2

ffiffiffi
L

p
), again assuming

a » 0. This equation seems to imply ¶VT/¶Ua �
ffiffiffiffiffiffiffiffiffiffi
LTQ

p
, but, on the other hand, RT

� LTQ, and thus the voltage transformation ratio Vin/VT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rin=RT

p
� 1/

ffiffiffiffiffiffiffiffiffiffi
LTQ

p
. So

in principle the transformed transfer coefficient at the preamplifier input ¶Vin/¶Ua

is not dependent on the quality factor or the inductance of the tank circuit. One also
would not expect this, because the signal energy at the input of the preamplifier
V

2
in/Rin is a function only of the flux-dependent change in the energy dissipated in

the SQUID, which should not depend on Q and LT, but only on xrf.
We note that the above calculations assume that the optimum energy transfer

from the SQUID to the amplifier occurs if k2Q = 1. Although in some cases a larger
k2Q can lead to a larger VT, usually the peaks of the triangular transfer coefficient
are truncated, which might lead to an unstable operation of the flux-locked loop. It
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was also assumed above, that the system noise is dominated by the preamplifier and
transmission line, which is usually the case for rf SQUID systems using room-tem-
perature preamplifiers, independent of the SQUID mode of operation, which may
be hysteretic or dispersive.

4.4.7
Multiplexed Readouts for Multichannel rf SQUID Systems

With a growing number of channels in multichannel SQUID systems, some efforts
have been made to reduce their size and complexity. Using discrete readout electron-
ics for each channel can lead to a complex and expensive system, and to a trouble-
some alignment of each channel. In addition, the large number of wires between
SQUIDs and the room-temperature electronics, up to four in the case of the dc
SQUID (and two more if SQUID heaters are included), can lead to increased heat
input and thus increased coolant loss. The individual wires of each channel must be
properly screened to prevent cross-talk between channels.

In principle, some parts of the readout system, such as the amplifier and the
phase detector, could be shared by all channels, if the signals from the individual
SQUIDs can be distinguished from each other. However, nonlinearities in the
amplifier, and especially in the detector, can give rise to mutual mixing, which
makes the resulting output signals useless. Some interesting ideas have been pub-
lished regarding this problem. Furukawa and Shirae [116] suggested a multichannel
system where the sum of all channels modulates yet another SQUID, which then
requires only one transmission line and amplifier to be read out. The response of
the individual channels can be separated by individual phase detectors, but each
SQUID still requires discrete wires to feed its feedback coil.

Another solution to this problem, readily applicable to a limited number of rf
SQUID channels, is a serial readout of the channels instead of a parallel one [117].
Each SQUID is given a certain time window for operation, during which all other
SQUIDs are switched off. Under these circumstances, only one readout and one
transmission line are needed (theoretically) with the addition of a logic circuit which
controls the on-off switching of the SQUIDs. Using LTS rf SQUIDs biased at
around 100 MHz, a three-channel multiplexed system was demonstrated. The
SQUIDs were biased at widely spaced frequencies (100, 121 and 140 MHz), and the
SQUIDs turned on and off by switching the individual oscillators. The flux noise of
the individual channels did not increase as a result of the multiplexed readout, and
the slew rate of the system was sufficient to operate it in a low-interference
unshielded environment.

Recently, Krause et al. have demonstrated a simplified three-channel rf SQUID
system using serially-multiplexed readout suitable for applications in non-destruc-
tive evaluation [118]. For each HTS SQUID, they used higher individual bias fre-
quencies (700 to 900 MHz), differing by 5 to 15%. The relatively close spacing of
channels was possible since the HTS coplanar tank circuits had high Qs.
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4.5
Trends in SQUID Electronics

In the past decade, both rf and dc SQUID electronics have been improved consider-
ably. Stimulated by the success of early high-Tc rf SQUIDs, practical techniques
were developed to increase the bias frequency from the traditional values near
30 MHz up to *1 GHz. Today, high-Tc rf SQUIDs with well-designed readout elec-
tronics can achieve noise levels comparable to those of their dc SQUID counterparts.
For dc SQUIDs, the research and development activities concentrated on simplify-
ing the readout electronics for multichannel applications and improving the
dynamic performance for unshielded or high-frequency applications. Considerable
increases in the slew rate and bandwidth were achieved by raising the modulation
frequency from the traditional 100 kHz range up to some 10 MHz or by using direct
readout without flux modulation. Today, the maximum FLL bandwidth of around
10 MHz is close to the limit given by the loop delay with room-temperature readout
electronics. SQUIDs with cryogenic readout electronics or digital single-chip
SQUIDs might achieve superior dynamic performance, but such devices are not yet
ready for practical applications, representing a challenge and prospect for the
future.

Another issue of growing importance is user friendliness. Until recently, many
versions of readout electronics had to be controlled manually by operating a number
of mechanical knobs. In order to obtain the best performance, a certain knowledge
of the operational principle of the SQUID and the readout is then required. Efforts
have been made recently to enable non-scientists to operate a SQUID successfully
by performing all the necessary adjustments by means of a personal computer, DSP
or microcontroller. The extensive use of digital circuits in the readout electronics
allows one also a substantial increase in the dynamic range by using the flux-quanta
counting method. The implementation of digital components, however, must be
made in such a way as to prevent electromagnetic interference from coupling into
the SQUID.

Many sets of SQUID electronics have been quite bulky. Particularly in the case of
a multichannel system, the readout electronics should be as small as possible, and
also should consume little electrical power. Nowadays, the use of surface-mounted
electronic components makes possible a remarkable miniaturization, and – at the
same time – can lead to a reduced power consumption and improved high-fre-
quency behavior. The use of both digital circuits and surface-mounted components
results in compact, fully automated, SQUID electronics which adjust the bias point
of the SQUID even in a magnetically noisy environment without compromising the
sensitivity.
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5.1
Introduction

Jaklevic et al. [1] first observed quantum interference in a dc SQUID made of films
of Pb and Sn. Since tunnel junctions made of soft superconductors tend to be short-
lived, shortly afterwards, there were attempts to develop alternative technologies
that were perceived as being less fragile. The point contact junction [2] was an early
invention that was used for many years, and is found even today in undergraduate
laboratories. This junction involves pressing the sharpened end of a piece of nio-
bium wire or a niobium screw against a niobium surface, and adjusting the force to
achieve the desired critical current. An early dc SQUID made in this way is shown
in Figure 5.1.

Shortly afterwards came the invention of the SLUG (Superconducting Low-Induc-
tance Undulatory Galvanometer), shown in Figure 5.2 [3]. The SLUG consisted of a
bead of PbSn solder frozen around a length of Nb wire. The I–V characteristic, mea-
sured between the solder and the wire, showed Josephson-like behavior; in addition,
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Fig. 5.1 Drawing of point contact dc SQUID
(reprinted with permission from ref. [2].)
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the critical current was periodic in a current passed along the Nb wire, often with
more than one periodicity. This behavior implied that the Josephson current was
carried by a small number of contacts between the solder and the wire. The current
along the wire produced a magnetic field within the penetration depths of the wire
and the solder, thus modulating the critical current. This device was used chiefly as
a voltmeter, with a noise level as low as 10 fV ·Hz–1/2. Connecting the ends of the
Nb wire to make a superconducting loop produced a magnetometer – and demon-
strated the great utility of the flux transformer [4].

These early devices were far from being ideally coupled to the readout electronics,
which in retrospect meant that they did not realize their full potential. The introduc-
tion of the rf SQUID [5] – requiring only a single junction – led to the first commer-
cially available SQUIDs, and in the early 1970’s these were much more widely used
than their dc counterparts. The scene shifted again, however, with the introduction
of the cylindrical dc SQUID [6], shown in Figure 5.3. This device consisted of a
3-mm diameter fused quartz tube on which Nb-NbOx-PbIn junctions were grown –
patterned with shadow masks – and connected to a thin-film PbIn cylinder. The
SQUID was optimally coupled to the room temperature amplifier via a cold reso-
nant circuit. The flux noise, 3.5 K 10–5 U0-Hz–1/2, was not strikingly low by today’s
standards, but the large area of the SQUID loop corresponded to a magnetic field
noise of 10 fT · Hz–1/2 – that was white at frequencies down to 0.02 Hz. This devel-
opment was followed shortly afterwards by the theory for noise in the dc SQUID [7]
which showed that the intrinsic noise was much lower than that of rf SQUIDs oper-
ated at tens of megahertz. The next step in the development of thin-film dc SQUIDs
was the planar square washer design with an integrated, multi-turn input coil (Fig-
ure 5.6) [8]. Combined with the Nb-AlOx-Nb tunnel junction [9], this configuration
is the dc SQUID of choice today, and is manufactured on Si wafers in batches of
hundreds. The essential features of this device have changed little over the past two
decades.

The appearance of high-Tc superconductivity focused attention on the develop-
ment of dc SQUIDs based on YBCO. The first such device [10] involved grain
boundary junctions formed between randomly oriented grains in the film. Most
subsequent devices have relied on rather more controlled grain boundary junctions
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Fig. 5.2 SLUG (courtesy of John Clarke).
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formed by growing YBCO epitaxially on either a bicrystal [11] or a step-edge pat-
terned in the substrate [12]. However, devices have been made successfully with
ramp-edge junctions, too [13]. Another early development was the YBCO-SrTiO3-
YBCO multilayer technology [14] – with insulating crossovers and superconducting
vias – required to make integrated high-Tc SQUIDs. As with low-Tc SQUIDs, it is
necessary to couple a superconducting flux transformer to the SQUID to increase
its effective area and thus achieve low-noise magnetometers. There are two basic ap-
proaches. The lowest magnetic field noise is achieved with a planar, multilayer flux
transformer in which a single-turn pickup loop is connected to a multi-turn coil that
is either integrated with the SQUID – as with low-Tc devices – or alternatively made
on a separate substrate that is pressed against the SQUID in a flip-chip arrange-
ment. The second approach involves a single-layer technology in which a relatively
large pickup loop – say 10 mm across – injects current into the body of the SQUID.
This “directly coupled magnetometer” is considerably simpler to fabricate than the
multilayer devices, but its white magnetic field noise is high because of the induc-
tive mismatch between the pickup loop and the SQUID. On the other hand, the
multilayer devices have a higher level of 1/f noise at low frequencies, so that at 1 Hz
the difference in performance of the two kinds of device may not be very significant.

In the remainder of this chapter, the basic elements of dc SQUID design for prac-
tical applications are discussed. Both LTS and HTS design considerations and prac-
tical examples are presented. The discussion starts with a brief review of basic dc
SQUID operation and the optimization of a simple, uncoupled or “bare” dc SQUID
design. This discussion forms the foundation for the subsequent overview of the key
design issues and optimization procedures for coupled dc SQUIDs. Several practical
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Fig. 5.3 Schematic representation of cylindrical dc SQUID (re-
printed with kind permission of Kluwer Academic Publishers
from ref. [6]).
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examples are described, including thin-film magnetometers and gradiometers as
well as the design of wire-wound pickup coils for magnetometer and gradiometer
applications. The chapter concludes with two sections on special effects that can
cause a deterioration of the performance of practical dc SQUIDs. We focus on the
discussion of low-frequency 1/f noise and operation in an ambient magnetic field,
which is a much bigger problem for high-Tc than for low-Tc SQUIDs. In addition,
we give a brief discussion of hysteresis, the effects of rf interference, and finally, of
the effect of temperature fluctuations and drift.

5.2
Basic dc SQUID Design

5.2.1
Uncoupled SQUIDs

For the reader’s convenience, we first summarize the basics of dc SQUIDs dis-
cussed in Chapters 1 and 2. An uncoupled or “bare” dc SQUID consists of two resis-
tively-shunted Josephson junctions connected in parallel within a superconducting
loop and biased by an external dc source, as shown in Figure 5.4. The SQUID may
be current biased or voltage biased depending on the readout technique used (see
Chapter 4). Each Josephson junction may be represented by the resistively-shunted-
junction (RSJ) model, consisting of an ideal Josephson junction with maximum
supercurrent I0, capacitance C and shunt resistance R. The inductance of the
SQUID loop is L. A lumped circuit element model (equivalent circuit) of the dc
SQUID is shown in Figure 5.5.

An important figure of merit for dc SQUIDs is the noise energy per unit band-
width, commonly referred to as the energy resolution, defined as e= SU (f)/(2L),
where the flux power spectral density is given by SU(f) = SV(f)/(¶V/ ¶Ua)

2. Here,
SV(f) is the spectral density of the voltage noise power across the SQUID and
¶V/¶Ua is the flux-to-voltage transfer function. Its optimum value is j ¶V/
¶Ua jmax= VU.
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Fig. 5.4 Model layout of a dc SQUID. The SQUID inductance is
shaped in the form of a square washer with a hole in the center
and slit to the outer edge where the two Josephson junctions
(JJ’s) are located. The SQUID is biased using a dc current Ib.
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As discussed in Chapters 1 and 2, the dynamics of the SQUID are determined by
two key parameters. The modulation parameter bL= 2LI0/U0 is a measure of the
modulation depth of the maximum zero-voltage current as a function of the applied
flux. For bL >> 1, the modulation depth is very much smaller than 2I0, while for
bL << 1, the modulation depth approaches the limit 2I0. The Stewart-McCumber
parameter bc= (2p/U0) I0R2 C is a measure of the damping of the Josephson junc-
tions. For bc £ 0.7, the SQUID current-voltage (I–V) characteristics are non-hystere-
tic and the average voltage across the SQUID for a given applied flux is single
valued. For bc > 0.7, the I–V characteristics are hysteretic, although the experimen-
tally measured characteristics may appear to be single-valued owing to smearing
caused by thermal noise [15]. Hysteresis leads to excess noise and a degradation of
the energy resolution. Based on simulations [15], the optimal energy resolution in
the low-fluctuation limit is obtained roughly for bc~ 1, in which case e» 12kBT

ffiffiffiffiffiffi
LC

p
.

This is about 25 % less than that predicted by simulations carried out assuming that
the junctions are over-damped with bc << 1, where the nearly unlimited bandwidth
increases the mixing-down effect of noise and e » 16kBT

ffiffiffiffiffiffi
LC

p
.

Based on the above considerations, the design of an uncoupled dc SQUID for a
given operating temperature T is, in principle, straightforward: the SQUID induc-
tance and junction capacitance should be made as small as possible, consistent with
the available process technology. In practice, neither may be made arbitrarily small,
however. It is difficult to make the SQUID inductance much smaller than 10 pH,
and LTS fabrication technology limits the minimum junction capacitance that can
be achieved typically to 0.5 to 1 pF. Once L is chosen, the condition that bL= 1 deter-
mines the critical current. This value along with the junction capacitance and the
condition that bc £ 0.7 determines the shunt resistance R. Thus, all of the SQUID
parameters are defined.

One complication is the possibility of a strong LC resonance in the SQUID
dynamics [15]. Resistive damping may be used to improve performance in situations
where the LC resonance is too strong or unavoidable (see Section 5.2.2). Also, excess
1/f noise may be observed if very small junctions are used, as shown by Savo et al.
[16]. They noted that 1/f noise scales as I0/AJ

1/2, where AJ is the junction area, sug-
gesting that larger junction sizes should be preferable for low-frequency SQUID ap-
plications. Increasing the junction size in order to reduce excess 1/f noise necessari-
ly requires a junction fabrication process with low j0, typically of the order of
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Fig. 5.5 A lumped circuit element representation
of a dc SQUID.
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100 A/cm2 for SQUID applications. The low j0 requirement is contrary to what one
would expect based on the expression for the energy resolution, since, for bL=bc= 1,
it can be shown that e�

ffiffiffiffiffiffiffiffiffi
L=j0

p
.

Although the small inductance of uncoupled SQUIDs leads to a small effective
flux capture area and poor magnetic field resolution, the spatial resolution can be
very good. For example, bare SQUIDs have been used to build SQUID-based micro-
scopes capable of producing high-resolution magnetic images of a variety of sam-
ples. Configured as a two-loop gradiometer (see Section 5.4.2), miniature suscept-
ometers have been developed to study the behavior of minute magnetic particles.
Aside from these specialized applications, which are discussed in more detail in Sec-
tion 5.3.2 and Section 5.4.2, a means of coupling the external signal to the SQUID
inductance is generally required. For a bare SQUID, the simplest approach is to
extend the area of the loop without increasing the inductance, and to use the flux-
focusing properties of a large washer structure such as is shown in Figure 5.4 [17].
This approach has been used to fabricate HTS devices, for example. However, it is
much less effective than the flux transformer discussed in the next section.

5.2.2
Coupled SQUIDs

To improve the magnetic field resolution, a separate pickup loop, having a much
larger flux capture area than the bare SQUID, may be flux-transformer-coupled to
the SQUID inductance via a multi-turn spiral input coil. Tight coupling is obtained
by patterning the SQUID inductance in the shape of a washer with a multi-turn
input coil integrated on top, as shown in Figure 5.6 [18]. Useful expressions to calcu-
late the inductance of the input coil, Li, and the mutual inductance of the input coil
with respect to the SQUID, Mi, are given in Table 5.1. If the input flux transformer
circuit (e.g., the input coil and pickup loop) forms a closed superconducting circuit,
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Fig. 5.6 Model layout of a dc SQUID with integrated input coil.
For simplicity, only two turns of the coil are drawn (N= 2); prac-
tical N values are much higher.
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the effective SQUID inductance will be smaller (typically 40 % to 50 %) than the
inductance calculated using the SQUID washer dimensions owing to screening
effects by the flux transformer circuit. The effective or “screened” SQUID induc-
tance is often denoted by Ldc; an expression for the screened inductance is given in
Table 5.1. Similarly, the SQUID inductance screens the input coil, resulting in an
effective input coil inductance, Li,eff, that is somewhat smaller (typically around
10 % to 20 %) than Li (see Table 5.1).

Although excellent coupling can be achieved, the integrated thin-film coil intro-
duces a parasitic capacitance Cp across the SQUID inductance that can lead to a deg-
radation of the energy resolution [19]. Furthermore, the input coil and SQUID
washer as groundplane form a microwave transmission line (a microstrip) that can
have high-Q resonances near the frequency corresponding to the optimal SQUID
working point. The transmission line resonance is either a half-wavelength or quar-
ter-wavelength resonance depending on whether the inner end of the input coil is
floating or grounded to the washer. Note that, as the frequency of the input signal
becomes greater than the transmission line resonant frequency (typically a few
GHz), the phase of the input signal between consecutive turns in the input coil
eventually reverses, thereby decoupling the input circuit from the SQUID [20,21].

The Q-value of the half-wavelength resonance of the washer is also enhanced by
the groundplane effect of the multi-turn input coil [19]. These high-Q resonances
affect the SQUID dynamics and produce strong irregularities in the I–V and V–U
characteristics, leading to increased noise and making it difficult to find a suitable
working point for the SQUID [19,22]. Thus, it is essential that the microwave reso-
nances and parasitic capacitance be properly taken into account in designing
SQUIDs with integrated coupling circuits.

It has been demonstrated that the input circuit resonance can be damped in a
nearly noise-free manner by the insertion of a series RxCx shunt across the input
coil [23]. The resonance of the microstrip line is suppressed by preventing reflec-
tions at the “open” end of the line as it leaves the washer. The reflection coefficient is
given by Cr = (ZL – Z) / (ZL + Z), where ZL is the impedance of the termination at the
end of the stripline and Z is the nominal impedance of the transmission line. The
shunt resistor Rx is matched to the nominal transmission line impedance, which
properly terminates the stripline and inhibits the microstripline resonance, and the
shunt capacitor Cx fixes the resonant frequency of the input circuit at 10 to
100 MHz. In addition, Cx effectively blocks the injection of low-frequency noise cur-
rents due to Rx into the SQUID input circuit. The Q-value of the input circuit reso-
nance is determined by the RxCx shunt. In practice, typical values for Rx (a few
Ohms) and Cx (of the order of 100 pF) lead to a moderate Q (2 to 4), which ensures
that the resonance is well damped but not over-damped to prevent the Josephson
oscillations from mixing noise due to Rx down to low frequencies.

It has also been shown that the insertion of a damping resistor Rd across the
SQUID inductance can improve noise performance [24,25]. For Rd= R, the addi-
tional resistor effectively damps the washer resonance and smoothes the SQUID
characteristics, leading to an enhancement of the transfer function and reduced
noise [15]. The microstripline resonances, however, will still be present. The
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improvement is also partially offset by the additional flux noise arising from the cur-
rent noise of the damping resistor Rd. Alternatively, the damping resistor may be
placed across the turns of the input coil [26]. This intra-coil damping technique has
proven to be quite effective in smoothing the I–V characteristics of series SQUID
array amplifiers [27] but can lead to some additional noise owing to the noise cur-
rents of the resistive links that are directly injected into the input circuit. Thus, this
additional noise contribution must be taken into account if intra-coil damping is
used.

The resonances described above may be studied using expanded models fabri-
cated from standard, two-sided Cu-clad printed circuit boards, where scaled layouts
(e.g., 500K) of the SQUID input coil and SQUID washer are patterned on the top
and bottom layers of the printed circuit board [28,29]. For frequencies greater than
20 MHz, the skin depth of the Cu in the expanded printed circuit board model is
less than 14mm, which is less than the thickness of the Cu layers, while the separa-
tion of the Cu layers (i.e., board thickness) is much greater than twice the skin
depth. The behavior of the electromagnetic fields in the expanded model therefore
provides a reliable representation of the electromagnetic field behavior of the
SQUID. For example, Enpuku et al. [29] used expanded models to investigate the
properties of gradiometric dual-washer configurations connected either in series or
in parallel, as shown in Figure 5.7. Each washer was coupled to a multi-turn input
coil connected in series. Based on the expanded model studies, no significant rf in-
teraction between the two washers for either gradiometer configuration was found.
Furthermore, the impedance seen by the Josephson junctions in the series gradi-
ometer configuration is simply twice the impedance of a single washer, while the
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Fig. 5.7 Series- and parallel-configured double washer SQUID
layouts. For clarity, the integrated input coils are not shown.
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impedance seen by the Josephson junctions in the parallel gradiometer configura-
tion is one-half the impedance of a single washer. These results are useful in design-
ing dual-washer gradiometric SQUID layouts.

As noted above, the thin-film input coil deposited on top of the SQUID washer
introduces a potentially large parasitic capacitance Cp across the SQUID inductance.
If Cp > C, simulations and experiments by RyhTnen et al. suggest that the parasitic
capacitance leads to a degradation of the energy resolution [30]. In particular, for
large SQUID inductances L ~ 300 pH, RyhTnen et al. found that e�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2Cp=C

q
for Cp / C£ 2, while for Cp / C >2, e saturates and becomes roughly twice the value
for Cp / C» 0 in the limit Cp / C >> 1. A large parasitic capacitance can also lead to a
strong LCp resonance, complicating SQUID operation and resulting in increased
noise caused by thermally activated hopping between the zero-voltage state and the
resonant state, for example.

Based on these observations, the parasitic capacitance should be minimized such
that Cp << C. Various design approaches have been developed to either reduce the
parasitic capacitance or use it to advantage in order to define a low-noise point of
operation. One way to eliminate the parasitic capacitance is to locate the Josephson
junctions near the hole in the slotted SQUID washer rather than at the outer edge
(as shown in Figure 5.4). The first tightly coupled SQUIDs built by Jaycox and
Ketchen [18] were designed with the junctions located at the outer edge of the
washer in order to avoid the magnetic field region inside the washer hole. Later,
SeppT et al. [31] successfully built a low-noise SQUID with junctions located near
the inner hole, which largely eliminates the parasitic capacitance and associated
parasitic effects. No adverse affects owing to the close proximity to the inner hole
were observed. Alternatively, the SQUID may be designed using a small washer and
input coil with only a few turns, which requires coupling the SQUID to the load
using an intermediate coupling transformer [22,32]. Although attractive for very
high load inductances, the energy transfer function from the load inductance to the
SQUID is in practice a factor of two lower than without the transformer, if ideal
inductance matching is achieved in both cases [22].

Instead of choosing a layout that minimizes the parasitic capacitance, one may
use the parasitic capacitance to define a specific resonance where the SQUID may
be operated, often with low noise. For example, the double-loop SQUID shown sche-
matically in Figure 5.8 will have a high frequency resonance above the normal range
of operating frequencies [15]. For this structure, the total SQUID inductance is given
by Ltot= L + LJp, where the parasitic inductance LJp is much smaller than the induc-
tance L (for practical designs LJp can be difficult to calculate exactly, but an approxi-
mate value can be determined using the inductance formula for the structure that
most resembles the actual layout; e.g., using the coplanar stripline formula for the
two, long and narrow, junction bridges in an HTS SQUID). Also shown in the fig-
ure are the parasitic capacitance Cp and damping resistor Rd. Since the large parasi-
tic capacitance Cp is effectively a short at high frequencies, a resonance occurs at the
frequency fr= (1/2p) (LJp C/2)–1/2. Inside this high-frequency resonance, the SQUID
characteristics are very smooth, and the energy resolution is nearly the same as that
for a SQUID having the same total inductance but with Cp= 0. This is an interesting
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design alternative for devices with high parasitic capacitance (e.g., when Cp >> C),
provided sufficient space is available for a double-loop layout. An example of such a
device is the multi-loop SQUID magnetometer described by Drung et al. [33] (see
Section 5.3.3).

In a hybrid approach first described by Cromar and Carelli [34] and subsequently
improved by Carelli et al., [35] a low-noise multi-loop SQUID is placed inside the
core of an integral thin-film multi-turn input coil of a flux transformer, as shown in
Figure 5.9. They were able to achieve a very low SQUID inductance of 28 pH with
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Fig. 5.8 A lumped circuit element representation of a double-
loop dc SQUID.

Fig. 5.9 A photograph of a hybrid SQUID design with
multi-turn input coil surrounding a multi-loop dc SQUID
(courtesy of P. Carelli).
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minimal capacitive coupling between the SQUID and 1mH input coil, thereby push-
ing the parasitic resonances to very high frequencies, well away from the intended
SQUID working point. The coupling constant ki was 0.42, however, which is about
two times less than can be achieved using a washer-shaped SQUID inductance with
integral input coil on top, and consequently the mutual inductance of the input coil
with respect to the SQUID was only 2.1 nH (corresponding to approximately
1mA/U0). Designs based on conventional flux transformers with integrated input
coils typically have much higher input mutual inductances of around 10 nH.

Several years ago, Knuutila et al. [22] introduced an optimization procedure for
the design of thin-film dc SQUIDs with integrated coupling circuits that includes
the parasitic effects associated with the input coil. This procedure was further devel-
oped to build integrated SQUID magnetometers and gradiometers [36,37]. The gen-
eral design guidelines are as follows. For typical layouts, the operating frequency fop

corresponding to the optimal SQUID working point lies below the resonant fre-
quency of the washer fw and above the stripline resonant frequency fs. According to
simulations [20], the optimal operating frequency fop= 0.3I0R/U0. The frequency fop

corresponds to the voltage at which the noise performance of a current- or dc flux-
biased SQUID is optimal. For designs requiring an input coil with many turns, the
long length of the input coil pushes the stripline resonance to frequencies well
below fop, but the large size of the washer usually causes the washer resonance to
move towards fop. A reasonable compromise is to choose the SQUID layout such
that 4fs < fop < fw / 4. The resonances are also damped using an RxCx shunt in parallel
with the input circuit as discussed above. Based on these guidelines, design optimi-
zation models were developed [22,31,36] to express the energy resolution in design-
dependent parameters only (e.g., bL and bc, the SQUID inductance, the junction ca-
pacitance, the input coil coupling constant, etc.). A summary of useful expressions
to calculate the relevant junction parameters, inductances and resonant frequencies
is given in Table 5.1 and in [38]. Once the energy resolution (or other application-
specific parameter) is expressed in design-dependent parameters only, it can be opti-
mized using conventional multi-variable minimization algorithms.

182



5.2 Basic dc SQUID Design

Table 5.1 Summary of expressions used to calculate SQUID design parameters.

Description Ref.

Total Junction Capacitance
C = – cJAJ + CJp + CR, Junction Capacitance

1/(cJAJ) = a – blnj0 AJ = junction area
a, b are process-dependent parameters

CJp= e0 er AJp / h Parasitic Junction Capacitance
AJp= parasitic area (overlap with base-electrode)
er, h are permittivity, thickness of dielectric

CR = e0 er AR / 2h Parasitic Capacitance from Shunt Resistors
AR = area of shunt resistor

SQUID Inductance
L= Lh + Lsl + LJp Geometric inductance of the washer:

Lh= 1.25l0d square washer with square hole [18]

Lh= 1.05l0d octagonal washer with octagonal hole [39]

Lh=l0d circular washer with circular hole
(d= inner side length or diameter of washer hole)

[40]

Lsl » 0.3 pH/lm Slit Inductance (without groundplane) [41]

LJp Parasitic Junction Inductance (usually negligible)

Ldc= (1–kisin)L Screened SQUID Inductance
ki= input coil coupling constant
sin= Li / (Li + Lp),
Li = input coil inductance
Lp= pickup loop inductance

Input Circuit
‘ ¼ 4Ni d þ Ni þ 1ð Þsi þ Ni wi½ � Input Coil Length, Square Coil

Ni = Number of turns
wi and si are linewidth and spacing, respectively

‘ ¼ 2pNi d þ wið Þ=2 þ wiþsi

2

ffiffiffiffiffiffi
Ni

2p

r
Input Coil Length, Circular Coil

C ¢strip ¼ e0er wi

h
Kðwi ; h; ti Þ Microstripline Capacitance

K(wi, h, ti) = field fringe factor
(typically 1.1 to 1.6)

[42]

L ¢strip » l0

hþkL;wþkL;i

wiþ2ðhþkL;wþkL;i Þ
Stripline Inductance
kL,w and kL,i are London penetration depths
of the washer and input coil, respectively

[42]
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Description Ref.

Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lstrip

.
Cstrip

r
Input Coil Stripline Impedance

Li ¼ N
2
i Lh þ Lsl=3
� �

þ ‘L ¢strip Input Coil Inductance
(single washer)

[41]

Li ¼ 2 N
2
i Lh þ Lsl=3
� �

þ ‘L ¢strip
h i

Input Coil Inductance
(dual washers, series or parallel)

[41]

Mi ¼ Ni Lh þ Lsl=2
� �

Input Coil Mutual Inductance
(single washer or dual washers, parallel)

[41]

Mi ¼ 2Ni Lh þ Lsl=2
� �

Input Coil Mutual Inductance
(dual washers, series)

[41]

ki ¼ Mi

ffiffiffiffiffiffiffi
LLi

p
Input Coil Coupling Constant

Li;eff ¼ 1 	 k
2
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Li ,
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L
sin k2

i
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L
þb

L
sin k2

i

Screened Input Inductance [22]

fs ¼ v=4‘; v ¼ L ¢strip C ¢strip
� �	1=2

fs ¼ v=2‘

Stripline Resonance
input coil grounded to washer
input coil floating

fw ¼ c

2‘
eff

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er ð1þðkL;wþkL;i Þ=hÞ

q Washer Resonance (without groundplane)
‘eff ¼ 4ðd þ 4bsl=3Þ, bsl is slit length

[43]

Parasitic Capacitance
Cp ¼ ‘C ¢strip=8 þ 0:5Cgp Input Coil Parasitic Capacitance

(single washer)
Groundplane Capacitance Cgp may be calculated
using expression for stripline

[43]

Cp ¼ ‘C ¢strip=16 þ 0:25Cgp Input Coil Parasitic Capacitance
(dual washers, series)

[43]

Cp ¼ ‘C ¢strip=4 þ Cgp Input Coil Parasitic Capacitance
(dual washers, parallel)

[43]

For most instrument applications, a SQUID is operated as a null detector using
negative feedback electronics in order to linearize the periodic SQUID output. The
SQUID may be operated using two different negative feedback modes, [44] which
are referred to as flux-lock and current-lock modes. In the flux-lock mode, the feed-
back signal is coupled to the SQUID: a flux applied to the SQUID by an external
signal in the input coil is cancelled by an opposing flux in the feedback coil that is
coupled to the SQUID inductance. In this case, if the feedback and input coils are
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not sufficiently isolated, the feedback signal (and modulation signal if conventional
readout electronics are used) may couple to the input circuit and interact with the
load. Similarly, for experiments where the (superconducting) load inductance is not
fixed, the feedback coupling changes as the load is varied because of screening
effects. For these applications, it is desirable to design the SQUID such that there is
negligible coupling of the feedback and modulation signals to the input circuit. This
may be accomplished, for example, by designing the SQUID layout such that sepa-
rate secondaries are used for the input and feedback flux transformers, as shown in
Figure 5.10 and schematically in Figure 5.11. A more elegant design due to Sim-
monds [45] uses a four-hole, symmetric washer configuration rather than a two-hole
configuration.

In the current-lock mode, the feedback signal is coupled to the SQUID input,
either directly or using transformer coupling. In this case, the feedback signal
opposes any change of the current in the input circuit. If the load consists of a super-
conducting pickup loop, for example, this feedback mode maintains constant cur-
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Fig. 5.10 A model of a dc SQUID layout with separate input
and feedback secondaries.

Fig. 5.11 Lumped circuit element representation of a
dc SQUID with separate input and feedback secondaries.
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rent (e.g., zero) in the pickup loop and input coil circuit, and offers the advantages
that very little distortion of the field being measured is introduced and cross-talk in
multi-channel applications is greatly reduced. If the feedback is transformer-coupled
to the input circuit, note that this feedback mode requires that the load be supercon-
ducting.

In addition to provisions for coupling the feedback to the SQUID, the electrical
connections for the bias current and feedback should be routed such that the mag-
netic fields arising from these currents do not couple to the SQUID, as substantial
self-coupling may complicate proper operation of the SQUID.

5.3
Magnetometers

5.3.1
Overview

In the following sub-sections, magnetometers designed for high spatial resolution
and high magnetic field resolution are discussed. These are predominantly thin-
film devices, as in many cases it is easier and more cost effective to integrate the
pickup loop and SQUID on the same chip, or, especially for HTS, the SQUID and
the pickup loop with flux transformer may be fabricated on separate substrates
which are then pressed together face-to-face in a “flip-chip” configuration. For some
applications, however, it may be desirable to locate the pickup loop remotely from
the SQUID. In such cases, the pickup loop is usually made from superconducting
wire and connected to the SQUID input using superconducting screw terminals. At
present, such configurations can only be realized using LTS SQUIDs. A photograph
of a packaged dc SQUID with superconducting screw terminal inputs and detach-
able superconducting shield is shown in Figure 5.12.
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Fig. 5.12 A photograph of a packaged dc SQUID assembly with niobium shield.
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5.3.2
Magnetometers for High Spatial Resolution

Beginning in the early 1990’s, several groups developed scanning SQUID-based
magnetic microscopes to record magnetic images of a variety of samples [46,47,48].
Most of these microscopes are based on HTS SQUIDs and measure only a single
component of the sample’s magnetic field. Spatial resolutions as low as 15mm for
room-temperature samples have been achieved [49]. Microscopes based on LTS
SQUIDs include the miniature LTS vector magnetometer developed by Ketchen et al.
[50] consisting of three orthogonal magnetometers used to measure the three or-
thogonal components of the magnetic field, and the self-oscillating LTS micro-
SQUID (see Chapter 4) developed by Dechert et al. [51].

To obtain high spatial resolution, a small pickup loop is required (e.g., of the order
of 10 mm diameter). Given the small size, the pickup loop is often formed from part
of the SQUID inductance, or the SQUID loop itself is used as the pickup loop; that
is, the SQUID is uncoupled. If a large magnetic polarizing field is needed to image
the sample, the junctions may be located well away from the pickup loop using
coplanar transmission lines. In such cases, it is usually necessary to use supercon-
ducting groundplanes under the lines to prevent stray pickup and to reduce the
transmission line inductance, which is desirable in order to keep the total SQUID
inductance low. Groundplanes under the junctions may also be needed to protect
them from potentially high magnetic fields. The use of groundplanes is much more
difficult to implement in HTS, and consequently the SQUID loop is generally used
as the pickup loop for high spatial resolution HTS magnetometers. Feedback may
be inductively coupled to the pickup loop or to the leads to the pickup loop, as
shown in Figures 5.13(a) and (b). Again, the design of the feedback circuit is easier
to implement with LTS SQUIDs, since high yield in HTS SQUID processing is gen-
erally obtained only for single-layer designs. For HTS SQUIDs, it may be simpler to
galvanically couple the feedback to the SQUID, as shown in Figure 5.13(c). Given
the small geometries and narrow linewidths typically used, kinetic inductance con-
tributions also play a more important role for HTS than for LTS designs. If the HTS
film thickness is less than the London penetration depth kL and the film width w is
much greater than the film thickness t, the kinetic inductance per unit length is
approximately given by L ¢k = l0k

2
L/wt [52].

For LTS applications in high magnetizing fields or in the presence of electromag-
netic interference (EMI), a miniature pickup loop may be made from superconduct-
ing wire and located well away from the SQUID, which may be further protected by
a superconducting shield assembly (see Figure 5.12). Spatial resolution may be
improved by mounting the coils inside the dewar (cryostat) vacuum space in order
to reduce the distance between the sample and pick up loop. Pickup coils generally
are wound on fiber-glass epoxy (G-10) or MacorU ceramic forms, and may require
several turns in order to minimize the effect of the parasitic inductance of the leads
going to the SQUID. To reduce pickup, the twisted-pair leads to the SQUID are
usually routed through superconducting Pb or Nb tubing. Useful expressions to cal-
culate loop inductances for wire-wound coils are given in Section 5.3.3.
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5.3.3
Magnetometers for High Field Resolution

In order to enhance magnetic field resolution, a pickup loop with large effective flux
capture area is required. This loop may be a thin-film or wire-wound coil that is
transformer-coupled to the SQUID via an input coil, or (as above) the SQUID induc-
tance itself may be used to directly sense the magnetic field. In the latter case, as the
size of the SQUID loop is increased in order to improve the effective area and mag-
netic field sensitivity, the SQUID inductance increases as well and quickly becomes
excessively high. If the inner dimension of the SQUID washer is kept small, how-
ever (wide linewidth design), the SQUID inductance will not increase as signifi-
cantly as may be seen from the expressions in Table 5.1 for the SQUID washer
inductance and pickup loop effective area. On the other hand, the effective area will
be much lower than that for a layout where the outer and inner dimensions of the
SQUID washer are more comparable (narrow linewidth design). According to the
optimization condition that bL= 2LI0/U0 = 1, an excessively high SQUID inductance
can lead to a critical current that is comparable to or less than the current noise at
the given operating temperature.

The LTS thin-film pickup loop designs usually are integrated with the SQUID on
a single chip. Assuming that the parasitic capacitance can be kept small, the discus-
sion in Section 5.2.2 describes a design optimization procedure where the energy
resolution is expressed in design-dependent parameters and then minimized using
multi-variable minimization algorithms, subject to the constraints on the microwave
resonances. For magnetometers, the relevant application-specific figure of merit is
the rms magnetic field noise SB

1/2 ( f ) = SU
1/2 ( f ) / Aeff, where Aeff is the effective flux

capture area of the magnetometer. The rms magnetic field noise is often referred to
simply as the magnetic field resolution Bn( f ) ”SB

1/2( f ). In practice, the design pa-
rameters that minimize the application-specific figure of merit are often different
from those which minimize the energy resolution, although the two minima gener-
ally are broad and do not differ by more than a factor of 10. In this case, mag-
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Fig. 5.13 Feedback coupling schemes for miniature dc
SQUIDs: (a) feedback coupling to the pickup loop, (b) feedback
coupling to the leads to the pickup loop, and (c) direct coupling
of the feedback to the SQUID.
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netometer designs may be optimized by minimizing the magnetic field noise cal-
culated from the energy resolution using the expression S

1=2
B ðf Þ ¼

ffiffiffiffiffiffiffiffi
2eL

p
=Aeff



ffiffiffiffiffiffiffiffi
2eL

p
BU=U0 , where the magnetic field sensitivity BU is given by

BU ¼ U0

LpþLi; eff

Mi Ap; eff

. (5.1)

Here, Lp is the inductance of the pickup loop, Mi is the mutual inductance of the
input coil, Li,eff is the effective inductance of the input coil including the effects of
screening by the SQUID inductance, and Ap,eff is the effective area of the pickup
loop including flux-focusing effects [17]. For a square pickup loop with linewidth wp,
inner side length d and outer side length a, the inductance and effective area are
given by

Lp ¼ 2
p
l

0
ðd þ wpÞ lnð1 þ d=wpÞ þ 0:5

h i
(d/wp > 10), [53] (5.2)

Lp ¼ 2
p
l

0
d lnð5 þ d=wpÞ þ 0:25
h i

(1 < d/wp < 10), [57] (5.3)

Lp ¼ 1:25 l
0
d (d/wp < 1), [18] (5.4)

Ap,eff = ad[17]. (5.5)

For a circular pickup loop, the inductance and effective area are given by

Lp ¼ l
0

d
2

lnð8d=wpÞ 	 2
h i

(d/wp > 10), [53] (5.6)

Lp ¼ l
0
d (d/wp < 1), [40] (5.7)

Ap,eff = (2/p)ad [17]. (5.8)

The first integrated LTS thin-film magnetometers designed using this optimiza-
tion procedure were fabricated on 4-mm K 4-mm chips [36,37]. The magnetometers
exhibited smooth characteristics over the entire operating range of the SQUID with
a broad noise minimum (<5 fT/Hz1/2 at 1 kHz), even though the SQUID was near
the hysteretic limit with bc= 0.6. The smooth characteristics and broad noise mini-
mum help to simplify operation in flux-locked loop mode using standard feedback
electronics. Although these magnetometers exhibited a very low white rms flux
noise of 0.61lU0/Hz1/2, the small chip size and low mutual inductance of the input
circuit resulted in a magnetic field sensitivity of 5.6 nT/U0, corresponding to a mag-
netic field noise at 1 kHz of 3.4 fT/Hz1/2. For optimal performance, the total noise of
the SQUID magnetometer and room-temperature readout electronics should be
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dominated by the SQUID noise. The low intrinsic flux noise of the above magnet-
ometer, however, places stringent demands on the noise performance of the room-
temperature electronics, especially if conventional flux-modulation readout electron-
ics are used. In addition, the flux noise increases at low frequencies, becoming about
2lU0/Hz1/2 at 1 Hz, a typical value independent of the junction technology used,
corresponding to a magnetic field noise at 1 Hz of over 10 fT/Hz1/2. The reduced
field resolution at low frequencies makes these small magnetometers less attractive
for applications such as biomedical imaging.

To improve magnetometer field resolution, a larger chip size may be used, which
increases the flux capture area of the pickup loop, along with a higher SQUID
inductance, in order to increase the mutual inductance of the input circuit. For
example, magnetometers fabricated using a 7.75-mm K 7.75-mm pickup loop and a
relatively high SQUID inductance of L= 190 pH (in order to increase the mutual
inductance to Mi= 1.7 nH) exhibited a high field-to-flux conversion efficiency (mag-
netic field sensitivity) of 0.83 nT/U0 [54]. For these magnetometers, an integral RxCx

shunt installed in the input circuit resulted in very smooth I–V and V–U character-
istics. The intrinsic rms white flux noise of this magnetometer was measured to be
1.6lU0/Hz1/2 at 1 kHz, corresponding to an rms magnetic field noise of better than
1.4 fT/Hz1/2. More recently, Granata et al. [55] described a similar thin-film magnet-
ometer with 8.2-mm K 8.2-mm pickup loop coupled to a 260 pH SQUID inductance
via a 12-turn input coil with 2.9 nH mutual inductance, giving a magnetic field sen-
sitivity of 0.7 nT/U0. Using directly-coupled readout electronics with Additional Pos-
itive Feedback (APF) (see Chapter 4) [33], a magnetic field noise of 1.5 fT/Hz1/2 was
obtained.

As shown by Zimmerman, an effective way to increase the effective area of the
SQUID, while at the same time keeping the total SQUID inductance at a tolerable
level in order to keep the SQUID noise low, is to use a layout consisting of several
pickup loops connected in parallel [56]. Drung et al. [33] were first to demonstrate a
planar version of this concept, reminiscent of a wheel with spokes (often called
“Drung’s wheel”), which is shown in Figure 5.14. For n loops connected in parallel,
the total SQUID inductance is L= Lp/n2 + Lspoke/n and the total effective area is given
by Aeff = Ap/n – Aspoke, where Lp and Ap are the inductance and effective area, respec-
tively, of an equivalent pickup loop without spokes and Lspoke and Aspoke are the aver-
age parasitic inductance and average parasitic effective area associated with the pair
of “spokes” between neighboring loops that form coplanar transmission lines. If wc

and sc are the linewidth and separation of the spokes, the coplanar line inductance
Lcop is given by [57]

Lcop ¼ l
0

p
ln

4ðwcþsc Þ
wc

	 wc

wcþsc

� 
. (5.9)

For the special case that wc= sc, the coplanar transmission line inductance
Lcop= 0.8 pH/lm.

Drung et al. [58] have recently demonstrated a multi-loop LTS magnetometer with
a field sensitivity BU =U0/Aeff = 0.46 nT/U0 and rms magnetic field noise
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SB
1/2 ( f ) = 0.9 fT/Hz1/2. Similar designs have been successfully fabricated in HTS as

well [59], but twice as many loops were required in order to further reduce the
SQUID inductance and allow the use of a higher critical current per junction, owing
to the stronger effects of thermal noise at 77 K.

Magnetometers based on HTS SQUIDs for operation at 77 K generally require a
SQUID inductance of about 100 pH or less. Since the flux capture area of a SQUID
loop with such a low inductance is generally very small as well, a pickup coil with
much larger flux capture area may be flux-transformer-coupled to the SQUID induc-
tance via a multi-turn input coil as described above for LTS magnetometers. Owing
to difficulties in fabricating the multi-layer structures necessary to pattern designs
of this type, however, early HTS magnetometers were fabricated using a much sim-
pler approach, whereby the signal from the pickup loop is coupled to the SQUID by
direct injection, as shown in Figure 5.15 [60, 61]. Although connecting the pickup
loop in parallel with the SQUID inductance results in a substantial inductance mis-
match, reasonable coupling and a significant enhancement of the effective area can
be achieved. For example, in 1993 Koelle et al. reported a field noise of 93 fT/Hz1/2 at
1 Hz for a 1-cm K 1-cm direct-coupled dc SQUID magnetometer at 77 K. A notewor-
thy advantage of this approach is that a complete device can be fabricated from a
single layer of high-Tc superconducting film.

Multi-layer HTS magnetometers may be fabricated with the pickup loop, input
coil and SQUID integrated on the same chip as described above for LTS magnet-
ometers, or the flux transformer and SQUID may be fabricated on separate chips
and then pressed together in a “flip-chip” configuration. Shen et al. [62,63] reported
the first fully integrated magnetometer for operation at 77 K with a white rms mag-
netic field noise below 10 fT/Hz1/2 at 1 kHz, but the noise increased to 53 fT/Hz1/2 at
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(a) (b)

Fig. 5.14 (a) Photograph and (b) schematic diagram of the
PTB multi-loop magnetometer type W7A (reprinted with permis-
sion from D. Drung and H. Koch, “An integrated DC SQUID
magnetometer with variable additional positive feedback,”
Supercond. Sci. Technol. 7, 242–245 (1994)).
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1 Hz for reasons discussed in Section 5.5. In another approach, Scharnweber et al.
[64] described a multi-loop pickup coil that is transformer-coupled to a washer-
shaped SQUID using an integrated thin-film input coil and reported a magnetic
field sensitivity BU of 1.34 nT/U0, which is quite good, but the relatively high rms
flux noise observed resulted in a field noise of 100 fT/Hz1/2 at 1 Hz. This approach
can significantly reduce the inductance of the load coupled to the SQUID, thereby
reducing the number of turns required in the input coil and simplifying the design
of the input circuit such that the parasitic resonances are well away from the
intended working point.

Excess 1/f noise in multi-layer flux transformers is often observed for frequencies
f below 1 kHz [65,66] owing to a degradation of the critical current density of the top
HTS film particularly at crossovers. Dantsker et al. [67] improved the low-frequency
noise performance using a 9-mm K 9-mm multi-layer pickup loop and flux trans-
former flip-chip coupled to a separate SQUID chip and achieved noise levels of
27 fT/Hz1/2 at 1 Hz and 8.5 fT/Hz1/2 at 1 kHz. Faley et al. [68] reported 6 fT/Hz1/2 at
1 kHz also for a flip-chip magnetometer using a larger, 16-mm K 16-mm multi-layer
pickup loop and flux transformer. An important advantage of the flip-chip approach
is that one may select the lowest noise HTS SQUIDs from several made on a single
substrate in a separate run.

As discussed in Section 5.3.2, magnetometer applications in the presence of high
background magnetic fields generally require the use of wire-wound pickup coils so
that the SQUID can be located remotely from the high-field region. At the present
time, this applies to LTS SQUID sensors only, as suitable HTS wire and supercon-
ducting contact technologies currently do not exist. In designing systems where the
LTS SQUID is a large distance from the pickup loop, it is important to consider the
effects of the parasitic inductance of the superconducting twisted pair leads con-
nected to the SQUID input.
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Lp L

Bias

Fig. 5.15 (a) Photograph and (b) schematic diagram of a high-
Tc dc SQUID fabricated on a bicrystal substrate. The two vertical
strips in (a) are the bias leads, one of which is connected to the
signal injection lead from the pickup loop. The dashed line in
(a) shows the location of the bicrystal grain boundary.
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For a single-turn pickup loop of mean diameter D made from wire having diame-
ter d such that D/d > 10, the loop inductance is given by [53]

Lloop ¼ l
0
D

2
lnð8D=dÞ 	 1:75½ �. (5.10)

The parasitic inductance of the leads connecting the pickup loop to the SQUID,
which should be twisted to avoid picking up stray signals, adds to this induc-
tance. Typically, twisted pair leads have an inductance per unit length of
Lleads » 0.5 nH/mm. Then, Lp= Lloop + Lleads and (5.1) becomes

BU ¼ U0 �
ðLloopþLleadsÞþLi

Mi Ap

. (5.11)

Since the parasitic inductance of the leads can be comparable to the inductance of
a single-turn pickup loop, an improvement in performance may be achieved by
increasing the number of turns in the pickup loop. In general, the inductance of an
N-turn pickup loop is approximately given by [69]

LloopðNÞ ¼ F � D½cm� � N2 nH, (5.12)

where F is a function [70] of the coil diameter D and length ,. The coil length , is
determined by the winding pitch p and the diameter of the wire d; that is,
,= (N–1)p + d. Over the useful range 0.01 < ,/D < 0.40, F is given by [71]
F ¼ 5:87 	 14:25Log ‘=Dð Þ with an accuracy of better than 1 %. This expression for
F may be used with (5.12) to calculate the loop inductance as a function of the
number of turns N. As shown in ref. [71] for a typical coil with D = 16 mm,
LloopðNÞ ¼ 58:98N

1:56
with an accuracy of better than 4 % for N‡ 2 (better than 2.2 %

for N ‡ 3).
The effective area of an N-turn pickup loop Ap(N) is simply N times the area Ap of

a single-turn loop, or Ap(N) = NAp. Since the inductance of an N-turn pickup loop
Lloop(N)�N1.56 and Ap(N)�N, it is clear from (5.11) that BU will initially improve
for N > 1, but then get worse as the effect of Lleads becomes negligible with respect to
Lloop(N).

5.4
Gradiometers

5.4.1
Overview

For many applications of practical interest (e.g., biomedical imaging, non-destruc-
tive testing of materials, geophysical prospecting), it may not be possible to place the
sample or magnetic field source very close to the SQUID or to locate the source in a
sufficiently quiet environment to allow one to use SQUID magnetometers. In such
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cases it is more desirable and more cost effective to use gradiometric sensors that
strongly discriminate against distant sources.

Schematic representations of several gradiometric pickup loop configurations are
shown in Figure 1.10. In each case, the pickup loop is transformer-coupled to the
SQUID, which is operated in locked-loop mode. Two loops separated axially by a dis-
tance b and connected in series opposition form a first-order axial gradiometer. The
coil separation b is referred to as the gradiometer baseline. By properly balancing
the two loops, a uniform axial field Bz will couple zero net flux to the SQUID, while
a field gradient ¶Bz/¶z in the z-direction will couple a non-zero net flux to the
SQUID. In practice, however, some response is always observed owing to imperfec-
tions and asymmetries in the coil windings. The ratio of the gradiometer response
in a uniform field gradient to that in a uniform gradient field is referred to as the
gradiometer balance. A thorough discussion of gradiometer balance can be found in
Section 7.7. Achieving a balance of 1 %–0.1 % is straightforward, while achieving a
balance of 0.1 %–0.01 % or better, is more difficult, requiring very high-precision
fabrication and post-assembly balancing. Aside from asymmetries in the coils, the
presence of nearby objects (such as the superconducting enclosure surrounding the
SQUID) may, in response to a changing uniform background field, distort the local
field seen by the pickup loop and also lead to a degradation of the gradiometer bal-
ance. Similarly, connecting together two first-order gradiometers of opposite polarity
results in a second-order axial gradiometer (see Figure 1.10), and two second-order
gradiometers of opposite polarity connected together form a third-order axial gradi-
ometer. Gradiometers may also be fabricated using thin-film pickup loops, but for
practical reasons such devices are planar and measure off-diagonal gradients, such
as ¶Bz/¶x or ¶2Bz/¶x¶y (see Figure 1.10). Wire-wound or thin-film SQUID gradi-
ometers are referred to as hardware gradiometers since the corresponding gradient
signal is coupled to the SQUID by the pickup loop.

As discussed in Chapter 4, it is also possible to form first-order gradiometers by
subtracting the outputs of two magnetometers either electronically or in software
[72], a technique that is attractive in order to achieve high baselines using HTS
SQUIDs [73,74]. Similarly, a second-order gradiometer can be formed by subtracting
the outputs of two first-order hardware gradiometers. Although it is often simpler to
build electronic or software first-order gradiometers in situations where the number
of channels required is small (especially when using HTS SQUIDs), the magnet-
ometers and associated readout electronics must be capable of operating without los-
ing lock in potentially high ambient magnetic fields.

An elegant solution that addresses this issue is the three-SQUID gradiometer
(TSG) devised by Koch et al. [75]. The axial TSG consists of a reference SQUID
located between two sensor SQUIDs, all of which are operated in locked-loop mode.
The feedback to the reference SQUID, however, is coupled also to the two sensor
SQUIDs using three identical coils connected in series that produce the same mag-
netic field at each of the three SQUID locations. Any change of the uniform mag-
netic field along the TSG axis is therefore nulled at all three SQUIDs, while a non-
uniform field will produce a difference in the outputs of the two sensor SQUIDs.
The average gradient is then simply the difference of the sensor SQUID outputs
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divided by their axial distance. Note that, to first order, the noise associated with the
reference (which actually need not be a SQUID) does not appear at the output since
this noise is added coherently to both sensor SQUIDs and is subtracted out by the
electronic differencing to form the gradient.

5.4.2
Thin-Film Planar Gradiometers

The first thin-film planar gradiometers were reported by Donaldson et al. [76] and
Ketchen et al. [77] in the late 1970’s. Although the two-dimensional nature of thin-
film gradiometers limits these devices to measurements of off-diagonal magnetic
field gradient components, planar gradiometers of this type are nevertheless very
attractive for practical applications, such as to study the magnetic properties of mi-
croscopic materials, to build x-ray detectors based on magnetic calorimeters, and to
map the magnetic fields generated by neuronal activity in the human brain or mus-
cle activity in the heart.

Similar to the thin-film magnetometers for high spatial resolution discussed in
Section 5.3.2, Ketchen et al. [78] and Narasimhan et al. [79] described gradiometric
thin-film miniature susceptometers that may be used to study magnetic properties
of very small particles and thin-film samples. The gradiometer consists of two se-
ries-configured pickup loops remotely located from the two Josephson junctions,
similar to the two-washer layouts shown in Figure 5.7. An integral magnetizing field
coil around each pickup loop, along with a center tap, can be used to apply a bal-
anced magnetic field to both loops. If a sample of magnetic material is placed inside
one of the pickup loops, a change of the current through the field coils will lead to
an imbalance signal, depending on the susceptibility of the magnetic material.
Using such devices, the magnetic properties of extremely small particles of the order
of 10-mm diameter can be studied. Since a change in temperature will also lead to
an imbalance signal, thin-film susceptometers can also be used as readout devices
for magnetic calorimeter x-ray detectors [80]. The energy dissipated by x-rays inci-
dent upon a magnetic calorimeter located in one of the gradiometric pickup loops
produces a proportional temperature change and consequently a magnetization
change that is sensed by the susceptometer.

Applications in biomagnetism require gradient sensitivity much higher than that
used in other applications. Similar to the magnetometers for high field resolution
discussed in Section 5.3.3, a gradiometric thin-film or wire-wound pickup loop hav-
ing a high flux capture area is generally used, which is transformer coupled to the
SQUID via an integrated input coil, as in the case of high-sensitivity magnet-
ometers. Following the discussion in Section 5.3.3, the application-specific func-
tional form to be minimized for a first-order gradiometer is the magnetic field gradi-
ent noise, S

1=2
B ðf Þ/b, where S

1=2
B ðf Þ is the rms magnetic field noise associated with

signals coupled to one of the gradiometer loops and b is the baseline of the gradi-
ometer. Several integrated first-order and second-order LTS thin-film gradiometers
have been developed specifically for applications in biomagnetism [22,36,81–84].

195



5 Practical DC SQUIDS: Configuration and Performance

These devices typically have a gradient noise of 0.01 to 0.3 fT/cm · Hz1/2 with base-
lines of around 1 cm.

Although the first HTS thin-film planar gradiometer was fabricated using a
multi-layer process [85], most HTS planar gradiometers are based on single-layer,
directly-coupled designs or flip-chip designs owing to the complexity of fabricating
multi-layer HTS structures with high-quality junctions, vias and crossovers (see
Chapter 3). First-order planar gradiometers were first reported by Knappe et al. [86]
and Zakosarenko et al. [87]. The performance of such gradiometer has improved
considerably over the past 10 years. For example, Eulenburg et al. [88] achieved a
magnetic field gradient noise of 50 ft/cm · Hz1/2 at 1 kHz with a baseline of 1.3 cm
using a longer, 30-mm K 10-mm substrate and single layer design, while a flip-chip
gradiometer with 24-mm diameter pickup loop described by Faley et al. [68] achieved
a gradient noise level of 30 ft/cm · Hz1/2 at 1 kHz with an approximate baseline of
1 cm.

Aside from the intrinsic noise performance, of particular interest are the gradi-
ometer balance and noise performance in ambient magnetic fields. Since the
SQUID used to build the gradiometer is sensitive to uniform magnetic fields, the
SQUID effective area can be a limiting factor in optimizing the balance of single-
layer and multi-layer gradiometers. In order to reduce the SQUID sensitivity to uni-
form fields, a gradiometric SQUID design [89] or single-layer, anti-parallel two-
SQUID design may be used [88]. The gradiometric HTS SQUIDs shown in Figure
5.16 and fabricated by Millar et al. [90] using step edge junctions (see Chapter 3) had
sensitivities to uniform magnetic fields about two orders of magnitude lower than
single-loop SQUIDs with comparable inductance. Using two pairs of anti-parallel
configured SQUIDs as shown in Figure 5.17 to reduce the sensitivity to uniform
fields, Eulenburg et al. [88] and Carr et al. [91] achieved roughly an order of magni-
tude balance enhancement over similar designs with a single-loop SQUID, resulting
in a balance of 3 K 10–5 for their single-layer gradiometer.

As shown by Dantsker et al., [92] one may alternatively exploit the sensitivity of
the SQUID to uniform fields to build a flip-chip asymmetric gradiometer with a bal-
ance of 1 part in 3000 and 4.8 cm baseline simply by adjusting the coupling of the
flux transformer with respect to the SQUID as shown in Figure 5.18. Kittel et al. [93]
used a similar approach to build a second-order gradiometer by flip-chip coupling a
symmetric flux transformer with 3.1 cm baseline to a directly-coupled SQUID mag-
netometer as shown in Figure 5.19. By mechanically adjusting the mutual induc-
tance between the magnetometer and flux transformer, the response to uniform
magnetic fields was reduced to 50 ppm. Single-layer second-order gradiometers
have also been developed, consisting of three symmetrically designed, parallel-con-
figured pickup loops that are directly coupled to the SQUID inductance [94]. Thus
far, however, these devices have much smaller baselines than the flip-chip designs
owing to the limited size of available substrates to fabricate the SQUID and integral
pickup loop layout. Dantsker et al. also demonstrated that SQUIDs made using nar-
row linewidths w (e.g., w= 4mm) or perforations in the SQUID film [92] have low
excess 1/f noise when cooled in magnetic fields up to a threshold value of pU0/4w
[95]. The use of narrow linewidths or perforated SQUID washers is especially impor-
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tant for devices operated in ambient fields and leads to a reduction of the coupling
using flip-chip flux transformers of only around 16 %. A more detailed discussion
about the origins of 1/f noise is given in Section 5.5.1.
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20 µm

Fig. 5.16 A gradiometric SQUID layout designed by Millar et al.
[90] (reprinted with permission from ref. [90]). The dotted line is
the step used to define the step-edge Josephson junctions, and
IM is the current from the two pickup loops.

100 µ m

Signal from

pickup loop Bicrystal grain

boundary

Fig. 5.17 An anti-parallel SQUID layout designed by Carr et al.
[91] to reduce the magnetometer response of their single-layer
gradiometer (reprinted with permission from ref. [91]).
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5.4.3
Wire-Wound Axial Gradiometers

Long baseline axial gradiometers are usually preferred to image deep-lying sources.
Axial LTS gradiometers are almost always fabricated using wire-wound pickup coils
that are transformer-coupled to the SQUID. To determine the performance parame-
ters of a first-order axial gradiometer, each loop is assumed to have the same area
Ap=pD2/4, where D is the mean diameter of the coils. The loop closest to the source
is often referred to as the signal loop, while the more distant loop is referred to as
the reference loop. The first-order gradient sensitivity G1,U is given by
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Fig. 5.18 An asymmetric first-order flip-chip gradiometer devel-
oped by Dantsker et al. [92] (reprinted with permission from ref.
[92]).

Fig. 5.19 A second-order flip-chip gradiometer developed by
Kittel et al. [93] (reprinted with permission from ref. [93]).
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G1;U ¼ U0 �
2LloopþLleadsþLi

Mi Ap b
, (5.13)

where Lloop is the inductance of each loop and Lleads is the total parasitic inductance
of the twisted pair leads running between the two loops and to the SQUID input
(typically, 0.5 nH/mm). The loop inductance may be calculated as described in Sec-
tion 5.3.3. The rms field gradient noise S

1=2
G;1ðf Þ for the first-order gradiometer is

then given by

S1=2
G;1

ðf Þ = G1;U · S1=2
U

ðf Þ. (5.14)

As discussed in Section 5.3.3, a significant part of the total inductance coupled to
the SQUID can arise from the parasitic inductance of the leads. In such cases, one
may obtain a performance improvement by decreasing the ratio of the lead induc-
tance to the sum of the signal and reference loop inductances, e.g., by increasing
the number of turns of each loop.

Gradiometer coils typically are wound on materials such as quartz, Macor, or
G-10 fiberglass epoxy that have relatively small coefficients of thermal expansion,
which is necessary in order to reproducibly obtain balance levels of up to 0.1 %. To
further optimize the balance, the response of the gradiometer coils to uniform axial
fields can be trimmed (nulled) by adjusting the position of superconducting tabs
near the reference loop. In this way, balance levels of 0.01 % to 0.001 % may be
achieved. More recently, electronic correction of balance employing signals from a
reference vector magnetometer has been introduced to attain comparable or better
balances, as discussed in Section 7.7.

To improve the rejection of background fields and field gradients, a second-order
gradiometer may be built by winding (in opposition) two first-order gradiometer
coils on the same coil form (see Figure 1.10). The distance between the centers of
the first-order gradiometer coils is the baseline (the spacing between the coils of
each first-order gradiometer need not be the same). For a single-turn configuration,
there is a single turn at one end, two turns in the middle, and one turn at the other
end, or the turns ratio is 1:2:1. For a two-turn configuration, the turns ratio is 2:4:2,
and so on.

Assuming that any multi-turn coils used to build the gradiometer are closely
wound and the spacing of the lower and upper coils from the middle coil is b, the
baseline of the second-order gradiometer is also equal to b. The second-order gradi-
ent sensitivity and rms field gradient noise are then given by G2,U= G1,U/ b and
S

1=2
G;2ðf Þ = G2;U S

1=2
U ðf Þ, respectively.
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5.5
1/f Noise and Operation in Ambient Field

5.5.1
General Remarks on 1/f Noise

In applications such as biomagnetism or geophysics, one requires the low level of
noise to extend down to frequencies of 1 Hz or lower. In this frequency range it is
often observed that the spectral density of flux noise SU or of magnetic field noise
SB, scales as 1/f. Such a 1/f noise (or “flicker noise”) can significantly limit the per-
formance of practical devices at low frequencies. We note that 1/f noise has been
observed in low-Tc SQUIDs, but is generally not a serious issue. In contrast, in high-
Tc SQUIDs 1/f noise is a severe problem and a great deal of effort has been
expended in attempting to understand its origins and reduce its magnitude. Early
high-Tc dc SQUIDs made from polycrystalline YBCO films [96] exhibited large levels
of 1/f noise, which increased the noise energy at 1 Hz to above 10–26 J/Hz. Since
that time, there have been dramatic reductions in the level of 1/f noise, and the 1/f
corner frequency fc (the frequency at which the extrapolated values of the white
noise and l/f noise intersect) has been reduced from ~1 kHz to ~ 1 Hz.

There are two major sources of 1/f noise in dc SQUIDs [97]. One is due to fluctua-
tions of the critical current I0 in the Josephson junctions (as discussed in Section
2.1.3); the other is due to the motion of flux lines (vortices) trapped in the body of
the SQUID or in the superconducting input circuit. The effect of both sources on dc
SQUID performance is discussed below.

5.5.2
Critical Current Fluctuations

Fluctuations of the critical current of the junctions contribute in two independent
ways to the dc SQUID noise. One is the “in-phase” mode, in which the critical cur-
rents of the two junctions fluctuate in phase to produce a voltage across the SQUID,
and the second is the “out-of-phase” mode in which the two fluctuating critical cur-
rents produce a current circulating around the SQUID loop. Resistance fluctuations
also contribute 1/f noise. However, at the low voltages where SQUIDs are operated,
critical current fluctuations dominate, and we shall not address resistance fluctua-
tions further. As discussed in Section 4.3.3 there exist various electronic readout
schemes, based on reversing the bias current at some frequency above fc, to reduce
or eliminate 1/f noise from I0 fluctuations. In practice, the reduction of 1/f noise
with bias reversal is optimized empirically, but nonetheless, there are predictions for
the magnitudes of the in-phase and out-of-phase contributions [97,98]. The in-phase
mode produces a voltage noise with a spectral density SV » (dV*/I0)

2 SI/2»
(V –IRdyn)

2 K SI/2I0
2, and the out-of-phase mode produces a term SV » L2SIVU

2 /2.
Here, Rdyn is the dynamic resistance and SI is the spectral density of critical current
fluctuations, as introduced in Section 2.1.3. With SV = SU/VU

2 one obtains the
approximate expressions for the spectral density of flux noise
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SU;in	phase � f »
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SU;out	of 	phase � f »
U
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0
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b

2
L

sI f , (5.15b)

where f” |V–IRdyn|/I0R is close to unity and vu”VUU0/I0R and sI ”SI/ I0
2 are the

normalized transfer function and normalized spectral density of I0-fluctuations,
respectively. Both, the in-phase and out-of-phase contributions to SU scale linearly
with sI · f. For a variety of high-Tc junctions sI · f is temperature independent and
approximately equal to 10–8 R/X [99], which is about three orders of magnitude larg-
er than for typical Nb tunnel junctions with shunt resistances of a few ohms [16,98].
Hence, 1/f noise from I0-fluctuations is orders of magnitude higher in high-Tc than
in low-Tc dc SQUIDs. Assuming y= 1 and typical values I0R = 100mV, C = 0.2 and
bL= 1 for high-Tc dc SQUIDs operated at 77 K, we estimate from (5.15), and from
the numerical simulation results (2.47), (2.48) for vu, a flux noise of about 200 (100)
lU0 · Hz–1/2 at 1 Hz for the in-phase (out-of-phase) contribution. This is substan-
tially above measured levels of white noise. These estimates are in reasonable agree-
ment with experimental observations, and emphasize the need for bias reversal in
any high-Tc dc SQUID used for low-frequency measurements.

5.5.3
Thermally Activated Motion of Vortices

The second major source of 1/f noise in SQUIDs, which cannot be reduced by any
bias reversal scheme, is due to thermally activated vortex motion. A vortex, which is
trapped in the body of the SQUID or in the superconducting input circuit, experi-
ences a random pinning potential determined by the presence and nature of defects
acting as pinning sites. If the thermal energy is sufficiently large, the vortex may
overcome the pinning energy and hop back and forth between two or more adjacent
pinning sites. Such a process can induce a change in the flux Ua coupled to the
SQUID in two different ways [65,100]: First, the SQUID senses directly the change
in magnetic stray flux coupled to the SQUID loop, as produced by a vortex moving
with a spectral density of Yradial’ motion Sr( f ). This so-called “direct noise” produces
a flux noise SU= Sr(¶Ua / ¶r)2, where r is the radial distance of the vortex from the
SQUID hole. Second, a vortex fluctuating perpendicularly to some line which is part
of the superconducting input structure (e.g., the input coil, crossover or pickup loop
of a flux transformer) induces a fluctuating screening current to conserve the total
magnetic flux. This process induces also a fluctuation of the magnetic flux coupled
into the SQUID (“indirect noise”).

Direct and indirect noise both induce a random telegraph signal (RTS) in the
SQUID output if a single vortex is hopping between two pinning sites. If the hop-
ping process is thermally activated, the lifetimes s1(T) and s2(T) in each of the poten-
tial wells labeled by 1 and 2 are given by
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si(T) = sa,i eUi(T)/kBT, (i= 1,2). (5.16)

Here, 1/sa,i is the attempt frequency for the ith state and Ui(T) is the temperature-
dependent energy barrier for hopping out of that state. With the change of flux DUa,
due to the hopping process between the two states, one obtains the Lorentzian
power spectrum of the RTS as [101]

SUðf ;TÞ ¼
4DU

2

a

s1þs2ð Þ 1

s1

þ 1

s2

� �2

þ 2pfð Þ2

( ) . (5.17)

Assuming symmetric wells, so that U1 = U2 ”U and sa,1 = sa,2” 2s0, one can char-
acterize the hopping process with a single characteristic time
s ” 1/(s1

–1 + s2
–1) = s0 exp{U(T)/kBT}. In this case (5.17) simplifies to

SUðf ;TÞ ¼
DU

2

a
s

1þ 2pf sð Þ2 . (5.18)

Following the approach of Dutta, Dimon and Horn (DDH), [102,103] one can
superimpose various uncorrelated hopping processes (see also Sec. 2.1.3), each with
its own characteristic time, to obtain a 1/f power spectrum

SUðf ;TÞ�
kB T

f
Dð~UÞ (5.19)

where D(U) is the distribution of activation energies and ~UU 
 	kB T ln 2pf s0ð Þ. The
DDH-model was extended by Ferrari and co-workers to include a generalization of
temperature-dependent activation energies [104] and a driving force which acts on
the vortices [105]. This model is in good agreement with the experimentally ob-
served dependence of the low- frequency flux noise in high-Tc thin films and single
crystals, on frequency, temperature (if not too close to Tc), magnetic field and cur-
rent [101]. The model allowed the authors to derive the distribution of pinning ener-
gies from flux noise measurement. They obtained a broad peak in D(U) at a level
below 0.1 eV in YBCO and near 0.2 eV in Bi2Sr2CaCu2O8. The experimentally ob-
served linear increase in flux noise power with magnetic field, in which the sample
is cooled, supports the assumption of uncorrelated hopping of vortices. We note that
1/f noise from vortex motion is a much bigger issue in high-Tc SQUIDs at 77 K than
in low-Tc SQUIDs because of the large thermal activation at the operation tempera-
ture 77 K and the low pinning energies of defects.
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5.5.4
Generation of vortices

In the following, we consider three different scenarios for the generation of vortices
in thin film structures:

(i) The SQUIDs are cooled and operated in a magnetically well-shielded environ-
ment. In this case, the magnetic flux density B0 should be small enough to
avoid magnetization of the thin-film SQUID. However, vortex-antivortex
pairs can be nucleated upon cooling through Tc. Such pairs may not entirely
annihilate because they could be pinned while the temperature is being low-
ered below the Kosterlitz–Thouless transition temperature. Vortices formed
that way can contribute to low-frequency flux noise, even if B0 = 0. However,
at present there is no clear experimental evidence that this source of noise
plays an important role for SQUID operation. Measurements of flux noise
and simultaneous imaging of vortices in YBCO dc SQUIDs by low- tempera-
ture scanning electron microscopy (LTSEM) never showed formation of vor-
tex-antivortex pairs. Images taken after zero-field cooling showed that the
thin film structures were free of vortices, and the flux noise was white down
to the lowest measured frequency of ~1 Hz [106].

(ii) The SQUID is cooled in a static magnetic field and vortices are induced with
an areal density nU »B0/U0. Cooling in the Earth’s magnetic field of
B0 » 50mT results in approximately 250 trapped flux quanta over an area of
100mm K 100mm. Indeed, one requires very high magnetic shielding factors
(above 25 000) to keep a 1 mm2 washer free of vortices. In general, when
HTS SQUIDs are cooled in a nonzero magnetic field, the additional vortices
so formed can create high noise levels. In fact, the low-frequency flux noise
power of most high-Tc SQUIDs increases when they are cooled in the Earth’s
field, by as much as a factor of 50. Figure 5.20 (a) shows the flux noise SU

(f = 1 Hz) versus cooling field, measured for a YBCO thin film which showed
SU ( f )� 1/f for cooling fields B0 above a few mT [107]. SU (f) scales linearly
with B0, as expected for the uncorrelated hopping of vortices, since SU (f) is
expected to be proportional to the number of vortices and hence to B0. Simi-
lar behavior was found for YBCO dc SQUIDs (see Figure 5.20(b)), directly-
coupled magnetometers and planar gradiometers, although SU (f) did not
always scale linearly with B0 [107–112]. The deviation from the linear
increase of SU could be due to sample geometry, inhomogeneous distribution
of pinning sites and distribution of activation energies. Reduction of the
excess 1/f noise in SQUIDs cooled in the static magnetic field of the Earth is
clearly essential.

(iii) Below Tc, vortices may enter the superconducting thin film structures at
their edges if screening currents due to (time varying) magnetic fields are
strong enough. This may be the case even with proper magnetic shielding if
currents in metallic parts close to the SQUIDs are generated by thermal gra-
dients upon cooling. Vortices created that way are another possible source of
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the low-frequency flux noise observed in a magnetically shielded environ-
ment. This is supported by observations that the low-frequency flux noise
tends to be higher when the SQUIDs are more rapidly cooled through Tc.
Careful design of SQUID probes and slow cooling from Tc down to the opera-
tion temperature can reduce such vortex generation. In SQUIDs operated
without magnetic shielding, vortices can be generated by screening supercur-
rents induced by time-varying external field disturbances. This may occur
also in unshielded mobile SQUIDs rotated in the static magnetic field of the
Earth. For example, Koch et al. [113] investigated the effect of removal of a
magnetic shield, in which a directly-coupled HTS magnetometer was first
cooled. Exposure to a field of 50mT, for example, caused a substantial
increase in the level of 1/f noise, even when the device was subsequently
placed inside the same shield. Generation of vortices is certainly a bigger
problem in unshielded operation than when shielding is used.

We note that the above discussion refers to Abrikosov vortices, which are hopping
in the superconducting film. Josephson vortices which can move along grain bound-
aries in polycrystalline high-Tc thin films have been a major source of 1/f noise in
the early days of high-Tc superconductivity. The improvement of film quality, how-
ever, has greatly reduced this source of 1/f noise.
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Fig. 5.20 Flux noise SU (1 Hz) vs. cooling field B0 (a) for a YBCO film at 77 K, mea-
sured with a low-Tc SQUID. Filled and open circles indicate reversed direction of B0,
the line is a least- squares fit; (b) for YBCO dc SQUID with bicrystal junctions and
250mm washer, measured with bias reversal (reprinted with permission from ref.
[107]).



5.5 1/f Noise and Operation in Ambient Field

5.5.5
Reduction of 1/f Noise Generated by Vortex Motion

5.5.5.1 Overview
There are two basically different approaches to minimizing 1/f-noise caused by vor-
tex motion: (1) to improve pinning of vortices inside superconducting structures,
and (2) to avoid vortex entry. The latter is more effective in HTS structures and can
be done by introducing (a) an active cancellation of the external magnetic field dis-
cussed in Chapter 7, (b) narrow linewidth structures making it energetically unfa-
vorable for vortices to enter upon cooling in a static magnetic field, (c) flux dams,
which reduce screening, and (d) high quality of film edges, which avoid vortex entry
after cooling below Tc.

5.5.5.2 Vortex pinning
The vortex hopping rate increases exponentially as the ratio of pinning energy to
thermal energy kBT is reduced. Therefore, the microstructurural quality of films and
the related pinning energies play an important role in determining the level of low-
frequency noise [101]. While SQUIDs made from high-quality Nb thin films usually
do not show 1/f-noise caused by vortex motion down to frequencies around 1Hz,
such noise can be dominant in high-Tc SQUIDs fabricated from YBCO thin films.
Hence, much effort has been expended to improve techniques for depositing YBCO
on lattice-matched single-crystal substrates (see Section 3.3.2).

To study the flux noise in high-Tc thin films and single crystals, Ferrari et al.
[101,114,115] measured their fluctuating magnetization using a low-Tc, thin-film dc
SQUID. It was inductively coupled to the high-Tc sample, the temperature of which
could be raised to above Tc. Subsequently, the availability of high-Tc SQUIDs with
low levels of 1/f noise made it possible to measure flux noise of high-Tc films more
straightforwardly by mounting them directly on such a SQUID placed in liquid
nitrogen [116,117,118]. In their early work, Ferrari et al. [114] found that the 1/f flux
noise of a YBCO thin film decreases dramatically as the crystalline quality of the
sample improves. For example, for a polycrystalline YBCO film they found a flux
noise power of 3 K 10–4U0

2/Hz at 1 Hz and 40 K, whereas values below 10–10 U0
2/Hz

at 1 Hz and 77 K were obtained for high-quality epitaxial YBCO films [119]. In
YBCO single crystals, the flux noise power at 1 Hz was more than a factor of 50
higher, even after the incorporation of artificial defects by proton irradiation. This
indicated that high-quality epitaxial YBCO films contain a high density of effective,
intrinsic pinning sites. Unfortunately, little is known about their nature. Flux pin-
ning studies, in which various parameters controlling sample quality are systemati-
cally and independently varied, are very much needed. In any event dc SQUIDs fab-
ricated from carefully optimized YBCO thin films have reached noise energies close
to 10–30 J/Hz at 1 Hz [120]. Such a performance is adequate provided the SQUIDs
can be coupled to appropriate pickup loops without further increase in the 1/f noise.
This, however, may require fabrication of low-noise multilayer thin film structures.
The general tendencies observed for single YBCO films also apply to such multi-
layers. Through careful optimization of the multilayer fabrication process, ex situ
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YBCO/insulator/YBCO trilayers have been fabricated [117,118] which showed low
levels of 1/f flux noise in a magnetically shielded environment. However, since the
upper YBCO film in patterned trilayers tends to be of poorer quality than a single-
layer YBCO film, its flux noise is generally higher.

Overall elimination of vortex motion in high-Tc thin films via creation of strong
pinning sites, proved to be very difficult. Proton or heavy ion irradiation of single
crystals of YBCO increased the critical current density and reduced the 1/f noise
substantially [119]. However, these critical current densities were still substantially
lower, and the 1/f noise in ambient fields still substantially higher, than the values
in thin films. Furthermore, heavy ion irradiation at doses up to the level at which Tc

starts to degrade does not increase the critical current of thin films that already have
high critical current densities [121], implying that pinning in these films as grown is
already close to optimum. Thus, it seems unlikely that this approach will materially
reduce the level of 1/f noise in thin YBCO films cooled in an ambient magnetic field.

5.5.5.3 Narrow Linewidth Device Structures
The most practical method of eliminating the excess 1/f noise in high-Tc SQUIDs is
to design the superconducting components of the magnetometer so that vortices do
not enter. Clem calculated that it is energetically unfavorable for magnetic flux to
penetrate a film of width w, cooled in a perpendicular field B0, when w £ (pU0/4B0)

1/2

[122]. This has been proved experimentally on YBCO dc SQUIDs with various film
widths by measurements of flux noise vs. cooling field B0 [95]. Figure 5.21 shows
SU

1/2 ( f ) of a square-washer bicrystal SQUID with outer dimensions of 500mm and a
slit 100mm long and 4mm wide, cooled in 24mT (upper trace). The observed 1/f
spectrum is typical for such devices. The SQUID was subsequently re-patterned to
reduce the outer dimension to 30mm and the linewidth to 13mm, as indicated by
dotted lines in the inset. The lower trace shows that the low-frequency noise is dra-
matically lower, by two orders of magnitude in power at 1 Hz. Similar measure-
ments on SQUIDs with linewidths ranging from 4 to 13mm showed that the flux
noise at 1 Hz, typically 8–20lU0 · Hz–1/2, was independent of the cooling field up to
a threshold BT, above which the noise increased rapidly, indicating that vortices
penetrated the film. Although BT increased with decreasing linewidth, the increase
was slower than Clem’s model predicts. It was suggested that poor quality edges,
which contain low-energy sites where vortices tend to nucleate, were the most likely
cause of the lower threshold. Indeed, subsequent work (see below) showed that
threshold fields of over 100mT could be achieved with more carefully patterned
edges. We note that edges should be vertical to give the highest threshold field, a
requirement opposing that of the smoothly-beveled edges needed for multilayer
structures.

The concept of narrow linewidths was extended to SQUID washers with arrays of
slots or holes (see Figure 5.22). Such structures showed virtually no increase in the
low-frequency noise for B0 up to above 100mT [123] while their effective area was
almost unchanged, sometimes even larger than the effective area of comparable
washers without slots or holes [124,125]. Similarly, directly coupled magnetometers
with narrow linewidth pickup loop structures have been investigated. Due to the
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large mismatch of inductances of the pickup loop and the SQUID, indirect 1/f noise
from vortices created in the pickup loop, upon cooling through Tc in a static mag-
netic field, is usually negligible [95,126].

Narrow linewidths can also be useful for multilayer devices. In the case of the
multiloop magnetometer, at least in principle, it should be possible to reduce all the
linewidths to (say) 4mm, so that the 1/f noise should not increase in ambient cooling
fields up to about 100mT. For a square washer SQUID coupled to a multiturn flux
transformer, one can use a washer and a pickup loop with arrays of slots or holes.
Such an approach has been successfully demonstrated for YBCO flip-chip magnet-
ometers, which showed only a slight increase of the low-frequency noise when the
cooling field was increased from zero up to about 80–100mT [127].

5.5.5.4 Flux Dams
When a device is moved in an ambient magnetic field, the induced supercurrents
are very likely to generate vortices and increase the noise. Koch et al. [113] demon-
strated that this flux entry and the ensuing 1/f noise could be prevented or reduced
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Fig. 5.21 SU
1/2(f) for dc SQUID shown in the

inset, cooled in a field of 24mT. Upper trace is
for device with outer dimension D = 500mm,
lower trace is after re-patterning to a width
D = 30mm (dotted lines). Inset not to scale.
Dashed line indicates grain boundary (rep-
rinted with permission from ref. [95]).

(b)(a)(a)

Fig. 5.22 (a) A “slotted washer” design (outer dimension 186 I 204mm); (b) Noise
at 1 Hz SU

1/2(f ) vs. cooling field B0 for various washer SQUIDs (reprinted with per-
mission from ref. [123]).
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by means of a “flux dam” – a weak link in the pickup loop that limits the circulating
supercurrent. With the flux dam in place, exposing a directly coupled YBCO mag-
netometer to 50mT after a zero-field cooling resulted in a considerably smaller
increase in the 1/f noise than in the absence of the flux dam. Similar devices have
shown no significant increase in flux noise (beyond several hundred fT Hz–1/2 at
1 Hz, 77 K) after exposure to fields as high as 34mT following zero-field cooling
[128]. Replacing the wide pickup loop of directly coupled magnetometers by several
parallel, narrow loops, each with a flux dam, resulted in further improved perfor-
mance. Such devices have been shown to maintain relatively low noise levels at low-
frequency, even after exposure to ac fields with amplitudes up to about 50–60mT
[129,130]. Furthermore, for multiturn flux transformers coupled to narrow linewidth
SQUIDs it has been shown that the use of flux dams in the pickup loop is essential
to avoid rapid increase of low-frequency flux noise if the magnetometers are sub-
jected to changes of the applied field after cooling below Tc [127]. Thus, for mobile
magnetometers the lowest levels of 1/f noise are likely to be achieved by combining
narrow linewidths and flux dams.

5.6
Other Performance Degrading Effects

5.6.1
Hysteresis

Magnetic hysteresis in a SQUID-based instrument manifests itself as a shift of the
voltage-flux characteristics along the flux axis after the magnetic field is cycled [131].
This effect is undesirable if one wishes to keep track of the absolute value of the
magnetic field or to measure gradients in large fluctuating background fields. Mag-
netic hysteresis is observed in low-Tc and high-Tc SQUIDs and is related to vortex
entry and pinning near the edges of thin films [96,111,131–135]. The degree of hys-
teresis is expressed by the hysteresis parameter h= dU/DU, where dU is the flux
error caused by sweeping the applied flux between –DU. For integrated thin film
low-Tc gradiometers operated at 4.2K in the ambient magnetic field, a magnetic hys-
teresis as low as 10–9–10–11 has been measured [136]. Initial studies on high-Tc dc
SQUIDs made from polycrystalline films showed high levels of nonlinear hysteresis
[96,137]. For grain boundary dc SQUIDs involving epitaxial YBCO films on bicrys-
tals, Gross and Chaudhari reported h < 10–6 at 77 K for DU £U0 [138].

Sun et al. [139] made systematic studies of the hysteresis in low-Tc and high-Tc dc
SQUIDs using cycling fields ranging from 10mT to 1 mT peak-to-peak. In each case
they found both time- independent and time-dependent hysteresis. The time-inde-
pendent hysteresis appeared above a threshold field of a few hundred mT. The tem-
perature dependence of the threshold field was similar to that of the critical current
density in thin films, suggesting a relationship between this hysteresis and flux pin-
ning. Sun et al. developed a quantitative model involving the Lorentz force on vor-
tices due to screening currents, the surface barrier to flux entry, and the pinning
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force of defects in the superconducting film. Within this model they showed that
the observed threshold field corresponds to the value at which the Lorentz force
equals the sum of the surface barrier and the pinning force. Since the screening cur-
rents and thus the Lorentz force acting on a vortex are maximum at the edges of the
film and decay into film, the vortices are swept into the film until the Lorentz force
becomes smaller than the pinning force. The distance over which the vortices pene-
trate into the washer and the ensuing degree of hysteresis are predicted to depend
crucially on the local pinning force near the film edges, in agreement with the dra-
matic reduction of the hysteresis achieved by improving the quality of the film edges
[139]. Clearly, to obtain small hysteresis one requires a high average critical current
density in the films and one needs to avoid the presence of grain boundaries in the
case of high-Tc films, because they can increase the hysteresis by several orders of
magnitude due to the motion of Josephson vortices [131]. In devices made from
high-quality films, the hysteresis is dominated by the local film properties close to
the edges. Keene et al. made measurements of hysteresis in a gradiometric, high-Tc

SQUID coupled to a gradiometric flux transformer with multiturn input coils [111].
For cycling fields up to 70mT, the hysteresis parameter averaged 10–9. When the
measurements were repeated on the SQUID without the flux transformer, the hys-
teresis was little changed for cycling fields below 40 lT but increased dramatically
for higher fields. The authors attributed this behavior to the pinning of radial
motion of vortices in the SQUID by the input coils. It is particularly important to
note that high edge-pinning forces are the key to producing low levels of both 1/f
noise and hysteresis, which requires steep film edges. This requirement is, unfortu-
nately, not compatible with the need for gently sloping edges on all but the last film
of a multilayer structure.

5.6.2
Radio-Frequency Interference

Environmental rf fields may have a major effect on dc SQUID operation, leading to
a change in the transfer function VU and to an increase in the white noise [140].
Usually the physical dimension of the SQUID is much smaller than the wavelength
of the rf signal. In that case one can consider an external rf radiation applied to the
SQUID via its input and output circuitry as an additional rf current bias and rf flux
bias. In their simulations, Koch et al. [141] coupled rf signals to dc SQUIDs as both
an rf flux and an rf current bias. They showed that applying either rf flux or rf cur-
rent causes rounding of the V–U curve. This results in a reduced transfer function
and hence leads to an increase in the white noise of the SQUID. However, when
conventional flux modulation is used, the rf interference does not create a shift in
the output of the SQUID if it is operated in the flux-locked loop. In practice, one
expects an external rf signal to induce both an rf flux and rf current simultaneously;
these are applied coherently to the SQUID. Simulations showed that in this case the
V–U curve can become asymmetric about the U0/2 point, even if the rf-free V–U
curve is symmetric. Such an asymmetry leads to a shift in the output of the flux-
locked loop, which is proportional to the applied rf amplitude. If the applied rf sig-
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nal is changing, e.g., due to low-frequency modulation, the low-frequency spectrum
of the SQUID output will contain the modulated rf amplitude. Therefore, rf interfer-
ence may cause a large increase in the level of low-frequency noise of the dc
SQUID. Fortunately, the rf induced shift of the SQUID output changes polarity
with a change in the polarity of the bias current. Therefore, the combined use of
flux modulation and bias current reversal can be used to largely eliminate this prob-
lem, as has been suggested and demonstrated experimentally by Koch and co-
workers [141].

One can often effectively eliminate rf interference by means of appropriate shield-
ing. However, this may not be possible in systems that are required to move in the
Earth’s field since motion induces eddy currents in the shield. If operation without
rf shielding is required, one should make the rf transfer function, which quantifies
the coupling of the rf field to the rf bias applied to the SQUID, as small as possible.
The direct coupling of the rf radiation as an rf flux bias is usually smaller than the
indirect coupling of applied rf fields through rf currents and rf potentials generated
in both the input and output components of the SQUID systems. Hence, the exact
geometry of these structures (flux transformer, readout wires, etc.) determine the
frequency-dependent rf transfer function. Koch et al. [141] emphasized that rf cou-
pling is reduced by making the superconducting structures small so as to decrease
their antenna gain and, especially, by making the input and output circuits and the
SQUID itself as balanced as possible. A high degree of balance prevents common
mode rf fields, which have no effect on the SQUID itself, from creating differential
signals that could couple to the current and flux bias. Also, rf filtering at both input
and output terminals of the SQUID can help in reducing rf interference. An analy-
sis of rf interference pertinent also to the dc SQUID can be found in Chapter 6.

5.6.3
Temperature Fluctuations and Drift

The effects of temperature fluctuations or drifts on the output of a dc SQUID can be
substantial [130,142–144]. When operating with liquid coolants, changes in temper-
ature can be induced by boiling or by changes in the ambient pressure above the
liquid nitrogen or helium bath. When a cryocooler is used, the temperature of the
cold head can fluctuate. Depending on the application, long-term drift or short-term
fluctuations will be of different importance. For measurements at low frequencies
above 0.5 Hz, as in magnetocardiography, the change in SQUID output, due to drifts
in temperature, may be eliminated by a simple high-pass filter. For other applica-
tions, which require measurement frequencies as low as 1 mHz, as in geophysics,
drifts are a serious issue, whereas high-frequency fluctuations can be averaged.

Different mechanisms can contribute to instability of, or increased noise in,
SQUIDs exposed to temperature variations. Due to the temperature dependence of
the critical current I0, the 1/f noise caused by critical current fluctuations may
change with temperature. This effect, however, can be eliminated by using bias cur-
rent reversal readout. In dc SQUIDs with critical current asymmetry aI or induc-
tance asymmetry aL one may experience a flux shift proportional to bL(aI +aL) (see
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Section 2.2.4). The temperature dependence of I0� bL produces a flux change asso-
ciated with a non-zero coefficient ¶U/¶T [142]. This effect, however, can also be
eliminated by using bias current reversal readout. Furthermore, a change DT in
temperature modifies the London penetration depth kL (T) and thus the effective
sensing area Aeff (kL) of any SQUID or a SQUID magnetometer. This mechanism
produces a flux change DU = (¶U/¶T) ·DT = B · (¶Aeff/¶T) ·DT in the presence of an
ambient magnetic field. With the spectral density of temperature fluctuation ST, one
finds an rms flux noise contribution given by S

1=2
U ¼ B � ð¶Aeff =¶TÞ � S

1=2
T or for the

rms magnetic field noise S
1=2
B ¼ B � aT � S

1=2
T , with aT 
 ð¶Aeff =¶TÞ=Aeff . Using

the London formula kLðTÞ ¼ kLð0Þ½1 	 ðT=Tc Þ
4 �	1=2

one finds ¶kL/¶T » 5.3 nm/K
for YBCO (with kL(0) = 150 nm, Tc = 92 K) at T = 77 K and ¶kL/¶T» 0.84 nm/K for Nb
(with kL(0) = 39 nm, Tc= 9.2 K) at T = 4.2 K. Therefore, one expects a much stronger
temperature fluctuation effect on noise in YBCO SQUIDs operated at 77 K than on
noise in Nb SQUIDs operated at 4.2 K. The coefficient aT depends strongly on the
type and geometry of the SQUID or SQUID magnetometer. For a detailed treatment
and experimental results obtained for high-Tc devices we refer to [130,143,144]. For
typical devices in the earth’s magnetic field, the change in flux can be as high as
0.5U0/K. To achieve a noise level of (say) 10 lU0 Hz–1/2, with this temperature coef-
ficient, would require a temperature stability of a few tens of mK Hz–1/2 at frequen-
cies above 1 Hz. The effect of temperature fluctuations can be reduced by appropri-
ate design of the SQUID and flux transformer, by stabilizing the ambient pressure,
providing a long thermal time constant between the bath and the device, and reduc-
ing the ambient field. We note that for magnetometers operated in the Earth’s mag-
netic field, the use of flux dams can significantly reduce ¶U/¶T as demonstrated by
Milliken et al. [143].
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6 Practical RF SQUIDs: Configuration and Performance

6.1
Introduction

A simplified description of rf SQUIDs is given in Chapter 1, their theory is pre-
sented in Chapter 2 and the readout electronics in Chapter 4. Given this back-
ground, we concentrate here on presenting in historical perspective the more impor-
tant examples of practical embodiments of rf SQUIDs, and their performance as
magnetic flux and field sensors. Indeed, since the ground breaking work and initial
instrument demonstrations in the 1960s [1,2], rf SQUIDs were used as magnetic
field sensors for applications requiring high sensitivity. With no reproducible thin-
film junction technology at hand, this was a natural consequence of the relatively
easy set-up and operation of rf SQUIDs, which required only a single adjustable
point contact junction,. Later on, in the 1980s, they were gradually replaced by thin-
film dc SQUIDs, which then offered sensitivity much higher than that of the first
commercially available lower radio frequency SQUIDs of the 1970s.
The discovery of high-Tc superconductors (HTS) in 1986 rekindled interest in rf

SQUIDs. Indeed, sensitivity comparable to that of high-Tc dc SQUIDs was immedi-
ately achieved. Also, at the end of that decade, very high bias frequency (above
1GHz, microwave) low-Tc (LTS) rf SQUIDs, in a practical thin-film (microstrip
resonator) embodiment, were also shown to offer flux noise and energy resolution
comparable to those of good low-Tc dc SQUIDs [3].

Operation of high-Tc and low-Tc rf SQUIDs at very high bias frequencies is cur-
rently a standard approach, and such devices continue to be attractive as magnetic
field sensors. However, with low-Tc dc SQUIDs well entrenched in most existing ap-
plications involving liquid helium, only high-Tc rf SQUIDs have viable application
prospects. For that reason, in this chapter we emphasize practical HTS rf SQUIDs.

6.2
Rf SQUID Magnetometers

6.2.1
Practical Device Optimization

In the following sections, we review earlier and recent practical rf SQUID magnet-
ometers and gradiometers. Most of the essential parameters characterizing the per-
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formance of such practical devices are the same as those introduced in Chapter 5. To
calculate and optimize rf SQUID parameters such as inductance and coupling be-
tween the input coil and the SQUID loop, one should proceed as described there.
However, additional parameters specific only to rf SQUIDs, which are most impor-
tant for practical device optimization, need to be introduced and emphasized here.
We restrict our attention to rf SQUIDs operating in the adiabatic regime, where the
angular bias frequency xrf is sufficiently below the cutoff frequency xcut= 2pfcut=
R/L; here R is the junction resistance and L the rf SQUID loop inductance.

It was shown in Sections 1.4 and 2.3 that rf SQUIDs can operate either in the
hysteretic (dissipative) or nonhysteretic (dispersive) regime, depending on the value
of the hysteresis or screening parameter brf = 2pLI0/U0; here I0 is the junction criti-
cal current and U0 is the flux quantum. Early analog simulations and experiments
indicated that in the case of dissipative low-Tc SQUIDs operating at liquid helium
(LHe) temperatures, the rf SQUID output (modulation) signal VT and the transfer
coefficient ¶VT/¶Ua are maximum and the white noise intrinsic energy e( f ) is a
minimum when brf » 1, i.e., near the transition from the dissipative to dispersive
mode of operation [4,5].

Another equally essential requirement for the best performance is the optimiza-
tion of inductive coupling between the rf SQUID loop and the tank circuit. It was
shown in Chapter 2 that, while the coupling needs to be weak in the dissipative
mode, it should not be weaker than some necessary minimum. At low thermal fluc-
tuations, simulations and experiments lead to the requirement k2Q» 1, where k is the
coupling coefficient andQ is the loaded quality factor of the tank circuit [5].

Indeed, hysteretic rf SQUIDs designed using these two optimization criteria were
prevalently in use until the 1990s, while the attainable superior performance of non-
hysteretic rf SQUIDs remained largely ignored. Even today, highly sensitive micro-
wave LTS SQUIDs are usually hysteretic. Yet, it was analytically shown [6,7] and also
confirmed by experiments, that in the dispersive mode a very high transfer coeffi-
cient [8] and superior energy resolution [9] can be attained, provided that brfk

2Q > 1.
This condition can be fulfilled when Q, and thus the impedance of the tank circuit
is sufficiently high.1) Nonhysteretic rf SQUIDs operate with bias frequency xrf off
resonance (which occurs at x0), while the resonance curve of their tank circuit VT(n)
is nonlinearly dependent on the applied flux Ua; here n= (xrf –x0)/x0 is the detun-
ing coefficient. When Ua deviates from (n + 1/4)U0, the usual bias point, the reso-
nance curve becomes asymmetrical and even multivalued as shown in Figure
2.27(a). With the bias frequency set off-resonance, near an infinite slope point, the
transfer coefficient can be arbitrarily high, but at the cost of reduced bandwidth and
strong dependence on SQUID parameters, especially on the bias current amplitude
and frequency [7]. Hence, the requirement for optimal performance is an appropri-
ate value of n set so that the transfer coefficient will be very high, but not exceedingly
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1) Since the impedance of the semiconductor
preamplifier is rather low at very high
(microwave) frequencies, operation in this
regime can be advantageous only when
impedance matching of the preamplifier

and the tank circuit is possible in spite of
the high impedance of a high-Q resonator,
as it was done in [9], for example. This is dis-
cussed in Subsection 6.2.2.2.
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so – to safeguard the stability of flux locking and the required signal bandwidth. In
any given system, one needs to adjust n empirically.
The analyses and simulations cited above were performed for practical values of

the critical current and SQUID loop inductance, and are valid in the low-thermal-
fluctuation limit brfC << 1; here C= 2pkBT/I0U0. However, in the case of rf SQUIDs
operating at liquid nitrogen (LN2) temperatures, practical values of I0 and L often
result in the high thermal fluctuation limit, brfC ‡ 1. The unitary theory (Section
2.3.3) and experiments to date [10] suggest that in this limit, and with brfk

2Q > 1, the
output signal is maximum and the white noise minimum at brf < 3. The transition
from dispersive to hysteretic mode of operation occurs at brf » 3 (in [10] the transi-
tion was observed at brf = 3.6). In experimental practice, the optimum value of brf is
usually attained or approached by adjusting the junction’s critical current I0, usually
by appropriate annealing processes.
The general requirement for optimum performance of all rf SQUIDs, dissipative

and dispersive, is a high bias frequency xrf. According to the low thermal fluctua-
tion hysteretic noise theory (see Section 2.3.4.2), the energy resolution scales as
1/xrf up to about 0.1 xcut, although even at xrf >R/L the SQUID can still operate.
This scaling is the cause of the already mentioned high sensitivity of microwave hys-
teretic rf SQUIDs [3]. In nonhysteretic SQUIDs, high xrf <<xcut minimizes the con-
tribution of the tank circuit to the noise and thus helps to optimize the system’s en-
ergy resolution. To take full advantage of the low noise and energy resolution of all
sensitive rf SQUIDs, cryocooled preamplifiers are usually required, as pointed out
in Sections 2.3 and 4.4.
Theoretical predictions in the high thermal fluctuations limit apply only when

xrf <<xcut (Section 2.3.3). For high-Tc rf SQUIDs, the attainable HTS junction resis-
tances lead to practical optimum bias frequencies in the UHF and low microwave
range, between, say, 0.6 and 3GHz. In practice, the exact frequency choice is not
very critical, and depends also on tank circuit layout design and size considerations.
For example, when the tank circuit resonator is integrated with a SQUID single-
layer flux focuser, the resonator’s size, and thus its resonant frequency x0, may
depend on the required magnetic field resolution.
We note that, in contrast to dc SQUID magnetometers, quantitative optimization

(numerical simulation), which incorporates all high-frequency effects, and also para-
sitic couplings between the low-frequency (input) and rf (tank) circuits, has not
been applied extensively to rf SQUIDs. Especially, the high-Tc rf SQUID device opti-
mization has been mostly empirical. Hopefully, numerical analysis of practical
high-Tc rf SQUIDs, which will include both the tank circuit resonator design and
the input circuit optimization, analogous to that discussed in Chapter 5, will be per-
formed in the future and will lead to a more precise determination of layouts and
parameters for optimized performance.
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6.2.2
Low-Temperature rf SQUID Magnetometers

6.2.2.1 Low-Temperature Bulk Magnetometers
Historically, the first practical rf SQUIDs were made from pieces of machined bulk
niobium cylinder, in which a hole with a diameter of a few mm was drilled and a slit
machined, as shown in Figure 6.1(a). An adjustable point contact between two ano-
dized niobium screws across the slit, served as the Josephson junction. A more
inherently stable symmetrical mechanical design, less sensitive to mechanical vibra-
tions, is shown in Figure 6.1(b) [2]. The niobium cylinder had two identical holes
drilled parallel to the cylinder axis with a slit between them, which was bridged by
the point contact. The tank circuit was wound from niobium wire and placed inside
one SQUID hole. A superconducting wire coil permitted one to attain a high quality
factor of the tank circuit, thus minimizing its noise (normal conducting wire, e.g.,
of copper, generates Nyquist noise currents and resulting magnetic noise, which
was thus avoided). This structure was suitable as a magnetometer in cases where
the bare SQUID was not used as a field sensor, but rather as a current sensor mea-
suring the current flowing in the input coil of a flux transformer. That coil could be
placed in the other hole of the symmetrical SQUID structure. A major advantage of
that structure was also its insensitivity to an external uniform magnetic field.
The disadvantage of such open-hole bulk SQUID structures was their high loop

inductance, which could reach or exceed 1 nH, depending on the hole diameter and
length. A high SQUID loop inductance, of the order of nH, leads to low I0, compar-
able with noise current, and thus high flux noise, low modulation voltage and low
transfer coefficient. To minimize the loop inductance, Zimmerman proposed and
demonstrated the so-called fractional turn rf SQUID, which essentially consisted of
a number of SQUID loops connected in parallel [11]. This reduced the total loop
inductance to L/n, where n is the number of loops, all having equal areas. Since all
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A A

10 mm

A A

Fig. 6.1 Bulk niobium rf SQUID point-contact devices: (a) an early asymmetrical con-
figuration, (b) an inherently more stable symmetrical structure. Drawn following [2]
(with permission, ( J. Appl. Phys.)
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loops are threaded by magnetic flux, the magnetic field sensitivity (field-to-flux coef-
ficient ¶B/¶U) is the same as for one single loop. As discussed in Chapter 5, a planar
version of this concept, shown in Fig. 5.14, became quite useful and widely used in
LTS thin-film dc SQUIDs.

A different approach to attaining a sufficiently small loop inductance was the tor-
oidal cavity rf SQUID. A cut-away schematic drawing is shown in Figure 6.2(a). A
major advantage of the toroidal cavity was its long length and, therefore, a loop
inductance that was much lower than that of the open two-hole structure. This
made the rather complicated bulk multi-loop structure unnecessary. Furthermore,
the toroidal SQUID permitted to attain tight coupling between the wire-wound
input coil and the SQUID loop, while at the same time providing an excellent super-
conducting self-shield for the SQUID, especially helpful in preventing direct rf inter-
ference coupling into the structure and also reducing flux trapping. The first dem-
onstrated device had one cavity, common for the input and tank coils [12]. Soon
thereafter, a design with two concentric toroidal cavities shown in Figure 6.2(a), a
smaller one for the tank circuit coil and a slightly larger for the input coil, was intro-
duced [13] and used also in commercial designs. An additional advantage was that
the mutual inductance between these coils was zero. The loop inductance of such
structures could be rather low, down to below 100 pH. Such toroidal SQUIDs (with
factory-adjusted, fixed point contacts, or early thin film junctions) became work
horses in early commercial magnetometer systems. Table 6.1 contains a perfor-
mance summary of a typical magnetometer, which used to be manufactured by BTi
and is shown in Figure 6.3 [14]. The values of typical design parameters such as the
input inductance, input and feedback coupling, etc., are rather typical also for more
recent thin-film magnetometers (compare Tables 6.1 and 6.2). With an appropriate
flux transformer pickup coil, the magnetic field resolution BN of this magnetometer
was of the order of 10 fT/�Hz.

It was recognized very early that the SQUID sensitivity should increase with tank
resonant frequency (see Table 6.1) and several demonstrations of bulk microwave
SQUID operation were made at frequencies up to 10 GHz [15,16]. A significantly
improved energy resolution of e= 7 P 10–31 J/Hz was obtained at 9GHz for a point-

224

Fig. 6.2 The early rf SQUIDs: (a) toroidal SQUID (a cut-away) with point contact,
(b) a cylindrical thin-film SQUID with Dayem bridge weak link. Courtesy D. Paulson,
Tristan Technologies.
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contact toroidal SQUID adjusted to operate in the hysteretic mode [16]. A low-Q
resonant annular cavity was used as a tank circuit, which constituted a mismatched
low-impedance transmission line having an electrical length of k/2 at 9GHz. The
complex reflected signal was monitored rather than the signal being transmitted
through the cavity. The matched k/2 resonator and the readout in the reflection
mode were later emulated in the development of modern planar microwave rf
SQUIDs described below. At the time, that important laboratory demonstration did
not result in any practical devices.
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Tab. 6.1 Characteristics of a commercial (BTi) toroidal rf SQUID (1975) [14]

Parameter Symbol Unit Value

Overall dimensions (in housing, with screw
terminals for input and tank coils, see Fig. 6.3)

– mm 20 diam. P
75 long

Toroidal capsule dimensions – mm 11.9 diam. P
39 long

Josephson junction: thin-film, Nb-based
SQUID loop inductance L pH 60
Input coil inductance Li mH 1.7–2.0
Input coil coupling (current sensitivity) 1/Mdyn mA/U0 0.1
Feedback coupling (current-lock), separate
modulation coil

– mA/U0 1 to 2

Flux noise SU
1/2 mU0/�Hz 80–200

(f0 = 20MHz)
20 (f0 = 200MHz)

Corner frequency (to 1/f noise) fc Hz 0.01 to 1
Energy resolution (f0 = 20 MHz) e J/Hz 0.6–1.5 P 10–28

Fig. 6.3 Cut-away drawing of a commercial toroidal rf SQUID with two cavities
(BTI, courtesy D. Paulson, Tristan Technologies).
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6.2.2.2 Low-Temperature Thin-Film Magnetometers
Even at the beginning of research on rf SQUIDs, and into the 1970’s, some devices
had been made entirely by thin-film technology [12,17], using the cylindrical geome-
try shown in Fig. 6.2(b). In the early 1980’s, Ketchen et al. proposed a wide thin-film
dc SQUID loop (a planar washer, see Figures 5.4 and 5.6) to maximize coupling
between the SQUID and an integrated input coil [18]. At about the same time,
emerged the reliable technology of the trilayer Nb-AlOx-Nb refractory tunnel junc-
tion. As a consequence of these two milestone achievements, refractory washer-type
rf SQUID magnetometers were promptly demonstrated by a number of research
groups. Shortly thereafter, such devices became commercially available from several
sources [BTi, Quantum Design, Cryogenic Consultants (later Oxford Instruments)].
These rf SQUIDs operated at bias frequencies between 20 and 200MHz. Their
main advantage over the bulk devices was ruggedness, exemplified by unlimited
shelf-life and immunity to thermal cycling failures. At higher bias frequencies, the
thin-film devices were also more sensitive than at 20- or 30-MHz. Shielding was
assured by a niobium cylinder, inside which the SQUID chip was mounted on a
printed circuit board or encapsulated in an appropriate epoxy – in analogy to dc
SQUIDs, see Figure 5.12. The rf SQUID chip was typically a two-hole gradiometric
washer (see Section 6.3), with an integrated input coil coupled to one hole and either
an integrated or a wire-wound tank coil coupled to the other (within the polymer
capsule). As representative examples, we summarize in Table 6.2 the performance
of two such commercial refractory devices fabricated on sapphire or quartz sub-
strates [19,20]. Such devices, even if still available commercially, are a dying breed,
since their flux noise and energy resolution are significantly worse than those of
modern LTS dc SQUIDs.
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Tab. 6.2 Performance of commercial thin-film rf SQUID magnetometers [19,20]

Parameter Symbol Unit Oxford Instruments
SQS6C Values (1992)

Quantum Design
20 RF Values (2002)

Overall dimensions
(in Nb cylindrical shield)

– mm 12.7 diam. P
70 long

46 or 76 long

SQUID loop inductance L pH 150 NA*
Input coil inductance Li mH 1.5 2.0
Input coil coupling
(current sensitivity)

1/Mdyn mA/U0 < 1.0 0.2

Feedback/modulation
coil inductance

– mH NA 0.3

Feedback/mod. coupling
(current-lock)

– mA/U0 1.0 1.5

Flux noise SU
1/2 mU0/�Hz 70 (f0 = 20 MHz)

30 (f0 = 200 MHz)
30–35
(f0 = 150MHz)

Corner frequency fc Hz NA 0.01–0.2
Energy resolution e J/Hz 0.7 P 10–28 (f0 = 20 MHz)

0.2 P 10–28 (f0 = 200 MHz)
NA

* NA= information not available to us
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The flux noise and noise energy of uncoupled thin-film hysteretic rf SQUIDs can
be made comparable to those of typical dc SQUIDs by adopting a sufficiently high
bias frequency and emulating the approach of [16]. A practical and relatively simple
planar tank circuit was demonstrated as a half-wavelength (k/2) narrow microstrip
niobium resonator into which the SQUID loop could be integrated [21]. The concep-
tual transition from a SQUID with discrete LC elements tank circuit to a microstrip
rf SQUID, is schematically illustrated in Figure 4.15. Optimized coupling to the
microwave oscillator and readout electronics was provided by a thin-film coupling
microstrip (also shown in the Figure)2), which permitted readout in the reflection
mode.

At the tank frequency of 3GHz, the Nb resonator with copper or Nb ground plane
had a loaded Q of 500 to 1000. The coupling coefficient between the SQUID and
microstrip inductances was calculated to be k2 = 1 P 10–3 to 3 P 10–3 for SQUID
inductances between 80 and 240 pH, with the effective microstrip inductance esti-
mated at 8 nH for an assumed sinusoidal current distribution. The I0 of the tunnel
junction was set to obtain brf ‡ 1. Consequently, optimum coupling of the rf SQUID
to the resonator (k2Q » 1) and thus optimum performance could be attained. The
signal amplitude and transfer coefficient were reasonably high, for example,
VT = 80mV and ¶VT/¶Ua= 160mV/U0 at a SQUID inductance L= 100 pH. The best
measured rms white noise level was �SU= 3 P 10–6 U0/�Hz down to 0.1Hz and
reflected the dominating room-temperature preamplifier noise rather than the
intrinsic noise of the SQUID. In the best case, the white noise energy resolution
was e = 2 P 10–31 J/Hz for a SQUID inductance of 240 pH [21,3]. A further improve-
ment of noise, down to 1.2 P 10–6 U0/�Hz, was experimentally recorded in flux-
locked loop when using a cooled GaAs HEMT preamplifier. In this case, the lowest
energy resolution was approximately 3 P 10–32 J/Hz or about 300" [22,23]. Optimiza-
tion considerations for the microstrip rf SQUID can be found in Section 4.4.6. Such
SQUIDs, with room-temperature preamplifiers, have been used in successful dem-
onstrations of various practical applications.
The possibility of designing thin-film rf SQUID magnetometers with an input

coil, which would have a magnetic field or current resolution comparable to that of
modern dc SQUIDs was also shown in [21]. Superconducting input coils of various
designs could be integrated on the microstrip rf SQUID. Depending upon the
design, no increase of noise or only a moderate increase was observed.

An important demonstration of an even more sensitive nonhysteretic thin-film rf
SQUID actually preceded the work [21] described above. A washer SQUID with a
PbAuIn-PbSb tunnel junction was flip-chip mounted with a larger thin-film flux
concentrator (2mm in diameter) and a rutile (TiO2) substrate (4 P 3 P 0.7mm) high-Q
dielectric resonator serving as the tank circuit and oscillating in the distorted H11

mode at about 9.5GHz [9]. Coupling between the SQUID, the flux concentrator and
the resonator was easily adjustable by spacers in the flip-chip assembly. The H11
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2) In ref. [21] the coupling microstrip was actu-
ally a small piece of thin brass plate, which
could be positioned to adjust coupling. Since

the position was found not critical, in subse-
quent experiments the microstrip was
included into the photolithographic design.
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mode has maximum field perpendicular to the main surface of resonator and
SQUID loop. In this configuration, the maximum field corresponds to maximum
current, the resonator and SQUID can be seen as connected in series, and the
equivalent resistance of the resonator is Q times less than its high wave impedance.
Hence, good matching to a relatively low-impedance microwave amplifier is possi-
ble.
The whole assembly was placed inside a microwave cavity (near its shorted end)

attached to the end of a coaxial cable connected to the 9.5 GHz oscillator and readout
electronics (readout was in reflection mode), with a preamplifier at room tempera-
ture. An open coupling loop was formed of the internal coax conductor end. It could
be rotated from outside the cryostat to adjust the coupling to the tank resonator.
Importantly, in this experimental setup it was possible to compare directly the per-
formance of hysteretic and nonhysteretic SQUIDs using the same evaluation meth-
od. Measured with a 10 kHz output bandwidth, with k2Q» 0.9 and brf » 3.2, an ener-
gy resolution of e= 1.5 P 10–31 J/Hz was recorded [24], similar to that in [21], but with
a much lower loop inductance of only 30 pH. Yet, when brf < 1 was obtained by re-
ducing I0 of an otherwise identical SQUID junction, and brfk

2Q> 1 (k2Q » 6, with
k2 » 1 P 10–3), the reported energy resolution was (2.5 – 0.7) P 10–33 J/Hz or about 24"
[9], nearly two orders of magnitude better than for the hysteretic SQUID. One can
question how such resolution could be attained without cooling the amplifier, which
at room temperature had a noise temperature of 2000K. According to the authors,
this is possible because the rf SQUID in nonhysteretic mode is a parametric ampli-
fier, using the rf bias “pumping” to boost the energy of low-frequency input signals
[9,25]. Hence, the noise temperature of the system can be well below that of the
amplifier to which the SQUID output (the tank resonator) is connected.
The results described in [9] to our knowledge have not been duplicated by others.

However, the design approach demonstrated in [9] was later successfully emulated
in high-performance high-Tc rf SQUIDs with dielectric resonators, which are
described below.

6.2.3
High-Temperature rf SQUID Magnetometers

6.2.3.1 Technological Limitations
As in the case of dc SQUIDs, the lack of HTS wire suitable for making pickup coils
and of a bonding technology for high-Tc superconducting contacts, restrict high-Tc
rf SQUIDs to planar structures, usually mounted in flip-chip configuration. Typical-
ly, two single-layer HTS film structures are used, one including the SQUID itself,
and the other a flux focuser, possibly integrated with a superconducting tank circuit
resonator. The reported high-Tc flux transformers, which were suitable for rf
SQUIDs (see Section 6.2.3.6), and were fabricated using the multilayer fabrication
technology, represented feasibility demonstrations rather than production devices.
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6.2.3.2 Bulk High-Tc Magnetometers
Usable SQUIDs were made initially from HTS bulk samples [26-30]. At first,
unstructured pieces of HTS material were used, but soon thereafter more suitable
geometries were tested, which already had been proven in bulk LTS rf SQUIDs.
Simple one-hole SQUIDs or fractional turn SQUIDs were fabricated. White noise
levels between 10–3 and 10–4 U0/�Hz were obtained in some cases, with field-noise
levels down to about 1 pT/�Hz. Toroidal rf SQUIDs were also demonstrated [31],
but, in the absence of suitable HTS wire for winding a flux transformer, such
devices have not been used in any application demonstrations.
The weak links in high-Tc bulk rf SQUIDs consist of natural grain boundaries

and their critical current was usually trimmed by some procedure to obtain the value
required at 77K. These procedures included heating [28], squeezing [30] or spark
erosion [32] of a small bridge machined into the superconductor. Notably, in the first
demonstration by Zimmerman et al. [27], the use of a break junction made it possi-
ble to reversibly adjust the junction’s critical current, and thus the SQUID para-
meter brf. However, no solution could be found to the main problem of bulk poly-
crystalline high-Tc SQUIDs – the pronounced low-frequency excess noise – which
was attributed mainly to thermally-activated hopping of vortices in the bulk material
and its grain boundaries (see Section 5.5). Nevertheless, given the large hole (loop)
diameter of up to several mm, magnetic field resolutions of the order of 1pT/�Hz
were obtained, sufficient even to demonstrate rudimentary biomagnetic measure-
ments [29,32].

It is unlikely that the performance of bulk SQUIDs could have been improved
further, unless single crystals or nearly single-crystalline bulk materials were intro-
duced. Most of these early devices were operated at or near 20MHz, and a slight
decrease in white noise was achieved using higher bias frequencies [33].

6.2.3.3 Early Thin-Film High-Tc Magnetometers
From 1990 onwards, with steady advances in cuprate [mostly YBa2Cu3O7–x (YBCO)]
epitaxial thin film and junction fabrication technology, single-layer high-Tc thin-film
rf SQUIDs were investigated and developed. Most substrates were single crystal
SrTiO3 (STO) or LaAlO3 (LAO), 0.5 to 1mm thick, but Y:ZrO2 (YSZ) and MgO sub-
strates were also used. Many research groups reported early washer-type devices
[34–40] utilizing various HTS junction types. Compared to high-Tc dc SQUIDs, all
of these rf devices had a relatively large SQUID loop size, up to 0.4 P 0.4mm2, corre-
sponding to an inductance of over 500 pH, and an external lump-element tank cir-
cuit with a wire-wound coil providing only suboptimal coupling to the SQUID,
k2Q << 1. At tank frequencies of 20 to 30MHz, such devices exhibited a rather high
level of white noise, �SU= 2–3 P 10–4 U0/�Hz at best. A somewhat lower white noise
level could be achieved using a higher bias frequency of 150–160MHz [38,39].
There was no observable 1/f noise at frequencies above 1Hz (as it was submerged
by the high white noise), and the absolute value of the noise at a specified low fre-
quency, typically 1Hz, was usually lower than that of early thin-film HTS dc
SQUIDs. An example was a 150-MHz rf SQUID utilizing step-edge junctions [41].
With loop inductance of L= 125 pH it exhibited a white noise of about �SU = 1 P 10–4
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U0/�Hz down to 0.3Hz, an energy resolution of 1.4 P 10–28 J/Hz, and a magnetic
field resolution of BN= 0.9 pT/�Hz at 1Hz, for a washer size of only 1.4 P 1.4mm2

[38]. Similar single-layer magnetometers having much larger washer size and loop
inductance were then developed to optimize flux capture and focusing, and thus
improve the field sensitivity (¶B/¶U) and resolution. With a washer size close to
10 P 10mm2, and a loop inductance L» 300 pH (still below the critical L value,
beyond which ¶VT/¶Ua degrades) these simple magnetometers attained a BN close
to 100 fT/�Hz, sufficient for many applications [42]. A 4 P 4 cm2 thin-film flux focu-
ser in flip-chip configuration with such a SQUID, exhibited a BN of 24 fT/�Hz.
Large bulk focusers were also demonstrated to improve BN significantly. One should
note that, due to the higher loop inductances, the magnetic field noise without flip-
chip concentrators could be made comparable to that of direct-coupled high-Tc dc
SQUIDs of the same size, in spite of the flux noise levels much exceeding those of
dc SQUIDs (see data in Chapter 5).
The possibility of obtaining lower levels of flux noise in planar rf SQUIDs, by

using bias frequencies in the microwave range, was pursued from the beginning of
the HTS thin-film rf SQUID investigations. Daly et al. reported the first microwave
YBCO SQUIDs, which had been coupled to a 10-GHz TE011 cylindrical cavity and
operated at temperatures up to 55 K [43]. Instead of using a cavity, Zhang et al. used
a superconducting microstrip k/2 resonator as a 3-GHz tank circuit for a step-edge
junction rf SQUID integrated into the microstrip [44], in direct analogy to the LTS
microwave rf SQUIDs [3,21]. For a SQUID inductance of 140 pH, the best reported
white flux noise was, approximately, �SU = 3 P 10–5 U0/�Hz, and the corresponding
noise energy resolution e= 1.9 P 10–29 J/Hz [45]. That value of flux noise was one
order of magnitude higher than that of the LTS microstrip rf SQUID [21], and the
energy resolution was two orders of magnitude higher. One of the reasons for such
rather substandard performance was the weak coupling of the SQUID to the micro-
strip resonator, caused by the loaded Q of the resonator being too low.

Afterwards, over several years, a largely empirical development process contin-
ued, aimed at: (1) designs with sufficiently high k2Q at high, but not too high, tank
frequencies, say, between 0.5 and about 1GHz, and (2) flip-chip high-Q resonators
integrated with a thin-film flux concentrator (focuser). This made it possible to opti-
mize ¶B/¶U and BN for substrate sizes not exceeding 10 P 10 to 15 P 15mm2. Even-
tually, two relatively mature and simple rf SQUID types emerged, which are
described in the following two sections. We note that initially the nominal optimiza-
tion criteria were brf ‡ 1 and k2Q » 1, and only later, after the experimental confirma-
tion [10] of the unitary noise theory [46], was it fully understood why the tank circuit
I–V characteristics (discussed in Section 6.6) suggested a nonhysteretic behavior
even when brf > 1. A more conscious effort was then made to maintain brf k

2Q> 1.

6.2.3.4 Magnetometers with Coplanar Resonators
The superconducting coplanar resonator tank circuit consists of two concentric
stripes surrounding a flux-focusing large washer, both patterned from the same
YBCO thin film. The motivation for the coplanar rather than microstrip configura-
tion with a high-er dielectric (e.g., LAO) spacer (substrate) was to eliminate eddy
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current losses originating in the large-area normal ground plane under the focuser.
Two typical layouts, circular and square, are shown in Figure 6.4 [47,48]. The reso-
nant frequency fo can be controlled (reduced) by increasing the angle h > 0 between
the resonator slits, i.e., by relative rotation of open ends of the two resonator stripes.
For the circular layout, the dependence of f0 on h was calculated to be

fo;thðhÞ ¼ f0ð0Þ= 1þ 2
h
p
� h

p

� �2
" #1=2

, (6.1)

where f0(0) is experimentally determined at h= 0 [49]. The experimental dependence
on h is in reasonable agreement with Eq. (6.1). An additional degree of f0(h) control
can be achieved by introducing a small short between the resonator stripes posi-
tioned at an angle n relative to the inner slit, as also shown in Figure 6.4. For washer
outer dimensions of 8.0 to 8.5mm on a 10 P 10mm substrate, and with stripe
widths and separation of 0.1 to 0.2mm, the experimental values of f0(h,n) can be
varied from approximately 1.5GHz at h= 0 and no short in the circular layout, down
to » 0.6GHz at (h,n) = 90T, in the square layout [48]. With increasing size of each
layout the resonant frequency decreases. For example, for the circular layout of
Figure 6.4 with (h,n) = 0, the measured frequency decreases from f0 » 1.5GHz at
D1 = 8.1mm to » 0.8GHz at 13.4mm, and 0.6GHz at 23mm. The unloaded Q0 of
such coplanar YBCO resonators at 77 K is typically a few thousand, without any elec-
tromagnetic shielding.

The resonator is coupled inductively (indirectly, via the flux concentrator), to a
concentrically positioned small washer rf SQUID, 2 to 3mm in diameter, with a
trimmed step-edge junction. The SQUID and the resonator are assembled in a flip-
chip configuration. Typical SQUID inductances are L= 150 to 300 pH, with
1 < brf < 3 at 77 K so that the SQUID operates in the dispersive mode. Slit hole induc-
tances providing effective field sensitivity (low ¶B/¶U) are calculated using an
empirical formula [50], which does not account for the kinetic inductance Lkin. For
better accuracy, numerical calculations incorporating Lkin were also used [51].
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Fig. 6.4 Two layouts of flux concentrator surrounded by coplanar resonator [48].
Resonance frequency depends on h, the angle between stripe slits, and n, the angle
between the position of the optional short between stripes and of the inner slit.
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The coupling coefficient k can be roughly estimated from

k2 =Aeff/At,c (6.2)

where Aeff is the effective area [52] of the small SQUID and At,c is the geometric
area of the flux concentrator with the surrounding resonator. The loaded Q of the
resonator coupled to the SQUID and the electronics is 200 to 300 in the L range
indicated above, so that brfk

2Q > 1 is attained with brf ‡ 2 and k2 ‡ 7 P 10–3 [53]. A sin-
gle-turn coupling coil (readout loop), fabricated as a printed circuit positioned close
to the other side of the resonator substrate, provides matching between the high-
impedance tank circuit and the 50X coaxial cable, which connects to the electronics.
The coil provides rf biasing, flux modulation (if used) and feedback to the SQUID,
and also picks up the readout signal, so that, in the reflection measurement mode,
only one coaxial cable connects the SQUID with the room-temperature electronics.
A complete SQUID probe thus consists of at least three planar flip-chip-mounted
elements: the SQUID, the resonator with flux focuser and the coupling (readout)
coil, all shown in Figure 6.5(a). Additionally, a planar heater can be incorporated
into an encapsulated package, as shown. MylarU foil spacers between these ele-
ments permit one to adjust coupling and matching.
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Fig. 6.5 Elements of encapsulated rf SQUID probe: (a) schematic representation,
(b) a photograph of probe components with cable (adapted from [57]).

Fig. 6.6 An oscilloscope trace of typical
VT-Ua function of a dispersive optimized rf
SQUID with coplanar or dielectric resonator.



6.2 Rf SQUID Magnetometers

In the nonhysteretic mode, and when brfk
2Q > 1, the V–U function is nearly rec-

tangular at a proper detuning from resonance, as discussed in Chapter 2.3 and
shown in Fig. 6.6, so that ¶VT/¶Ua is high, up to 0.5mV/Uo. At 77K the preamplifier
noise contribution is thus small and optimal performance is approached.

A few examples of best performance reported for coplanar resonatormagnetometers
are presented in Table 6.3. The noise spectrum, compared to that of an optimized rf
SQUIDwith tank circuitmade of normal discrete elements, is shown in Figure 6.7(a).

A rms white flux noise level of slightly less than 1 P 10–5 U0/�Hz, and a corre-
sponding noise energy resolution of about 1 P 10–30 J/Hz at signal frequencies
f > 100Hz were attained. Accordingly, the white magnetic field noise of 23 to
35 fT/�Hz for the square washer size of 8.5mm and 16 fT/�Hz at D1 = 13.4mm are
among the lowest attained in the absence of a planar flux transformer. However, one
should note that the low-frequency (LF) flux noise remains rather high, e.g.,
�SU(1Hz)» 6 P 10–5 U0/�Hz. It turns out that lack of effective rf shielding permits
the modulated electromagnetic interference (EMI) disturbances to mix down and
contribute to LF noise (see Section 6.6). Also, the stability of the SQUID’s operating
point can be adversely affected by slowly varying external fields, and this contributes
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Fig. 6.7 Noise spectra of HTS rf SQUIDs: (a) with coplanar resonator and an opti-
mized rf SQUID with discrete LC tank circuit, L= 150 pH, D1 = 13.4mm; (b) with
dielectric substrate resonator, L= 150 pH, D2 = 10mm.

Tab. 6.3 Reported performance of planar HTS magnetometers with flux focusers [48,57]

Parameter fi
Resonator
Type fl

Washer
Size

mm

f0

MHz

Loop Size

mm

L

pH

¶B/¶U

nT/ U0

SU
1/2

mU0/�Hz

100 Hz 1 Hz

e
10–30J/Hz

100 Hz

BN

fT/�Hz

100 Hz 1 Hz

Coplanar 8.5 P 8.5 910 100 P 100 » 150 3.87 6.5 NR* » 0.6 26 NR
8.5 P 8.5 810 10 P 500 » 260 2.54 9.0 NR » 0.7 23 NR
8.5 P 8.5 810 15 P 500 » 270 2.42 14.4 60 » 1.6 35 » 150
13.4 dia. 650 10 P 500 » 260 1.85 8.5 55 » 0.6 16 » 105

Dielectric,
STO

10 P 10 650 100 P 100 » 150 3.2 7.3 25 » 0.8 24 » 83

* NR = not recorded
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to LF noise as well. Attempts to reduce these effects consisted of two approaches: (1)
to shield the SQUID and resonator partially by introducing the, so-called, planar tor-
oidal design [54], inspired by the bulk toroidal SQUID [12,13]; and (2) to concentrate
the rf field of the resonator and SQUID by replacing the coplanar resonator with a
suitable dielectric resonator with high er, as described below, and depositing the
SQUID washer on the same high-er substrate material.

In closing, to emphasize that the described properties of magnetometers with
coplanar resonators were consistently attained using nonhysteretic SQUIDs operat-
ing in the high fluctuation limit, we give the example of another 8.5 P 8.5mm
SQUID with loop inductance L ‡ 260 pH3), similar to the two included in Table 6.3.
At about 77K, this sample had the following properties, determined in part by
direct, destructive measurement (of I0 and R) [10]: k

2 » 8 P 10–3, brf » 1.8, k2Qbrf ‡ 3,
I0 » 2mA, R » 11X (low V0 = I0R of only 22mV), C » 1.4, e » 0.9 P 10–30 J/Hz.

6.2.3.5 Magnetometers with Dielectric Resonators
The use of a bulk high-Q dielectric resonator as a microwave tank circuit was first
proposed and demonstrated for a low-Tc thin-film rf SQUID [55]. The rf SQUID
loop was deposited directly on a rutile disc 3mm in diameter and 1mm thick, ser-
ving as a resonator at about 10GHz. Subsequently, the flip-chip flux concentrator
was added as described in [9] (Section 6.2.2.2). This approach was adapted to non-
hysteretic high-Tc rf SQUIDs [56] and eventually empirically optimized by using a
standard 10 P 10 P 1mm STO substrate as a resonator with the flux concentrator
deposited on it [57]. While the bare substrate resonates at about 1.6GHz, the YBCO
thin-film flux focuser, deposited on this substrate, reduces f0 to only 0.65GHz, a
convenient value. With YBCO coating, the unshielded Q0 is still of the order of sev-
eral thousand at 77K. Hence, a loaded Q of a few hundred and k2Qbrf > 1 can easily
be attained. The same layout of SQUID washer is used as with the coplanar resona-
tor, but deposited on STO rather than LAO. In fact, all the components of the encap-
sulated probe package shown in Figure 6.5(b) are fully analogous to those of the
coplanar resonator package, except that the coplanar stripes are now absent. The
essential motivation for replacing the coplanar resonator with the dielectric one is
the much improved stability of the rf SQUID operating point. The SQUID and reso-
nator are sandwiched between high-er STO substrate plates, which confine the oper-
ating electromagnetic fields to a small electrically shielded volume. As already men-
tioned in Section 6.2.3.4, such field confinement and shielding should reduce the
LF noise.
The reported properties are included in Table 6.3, and the noise spectrum is

shown in Figure 6.7(b). One can see that the white noise is virtually identical with
that of coplanar devices, while the LF noise at 1 Hz is reduced. Nevertheless, it is
still higher than in the best direct-coupled dc SQUIDs operating with bias reversal.
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bution, which at 77K can represent 10 to
20% of the geometric inductance.
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6.2.3.6 Thin-Film HTS Magnetometers with Flux Transformers
To enhance the field sensitivity of rf SQUIDs further, planar flux transformers with
a multi-turn input coil are desirable. For YBCO rf SQUIDs, attempts to use flux
transformers remained unsuccessful until it was shown that the multi-turn input
coil must be rf-decoupled from the planar tank-circuit resonator to prevent damping
of the latter [58]. The feasibility of such decoupling was demonstrated using a copla-
nar resonator design, and a flip-chip two-hole planar gradiometric rf SQUID shown
in Figure 6.8(a) and (b). A thin-film normal shunt shorts the pickup coil for the rf
bias only, while the low-frequency signal current flows through the trilayer multi-
turn input coil (Figure 6.8(a)). The input coil is coupled to one hole of the gradio-
metric SQUID, while the rf bias is coupled to the other hole by a single-turn loop
shaped within the contour of the pickup coil. The separate equivalent layouts for rf-
and low-frequency currents are shown in Fig. 6.8(c) and (d). Simulations of current
distribution and Q0 of the resonator versus the substrate loss tangent, were per-
formed for various resonator and flux transformer layouts and showed that it is pos-
sible to test various layouts numerically for effective rf decoupling without resorting
to experiments [53]. With a somewhat optimized design using a modified coplanar
resonator on the 10mmP10mm substrate, a ¶B/¶U = 0.9 nT/Uo and BN» 12 fT/�Hz
were demonstrated, an improvement by a factor of 2 compared with the best data of
Table 6.3 (for devices of nearly the same size) [59]. The 1/f noise for this structure
was, unfortunately, very high, about SU

1/2(10Hz) = 300 lU0/�Hz, with a corner fre-
quency of about 2000Hz. The results to date should be considered only as a demon-
stration of feasibility since a reliable technology for input coil fabrication, a prerequi-
site for any 1/f noise reduction effort, has not been implemented.
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Fig. 6.8 Experimental and equiva-
lent layouts illustrating the decou-
pling of HF and LF circuits in a flux
transformer operating in a flip-chip
configuration with a two-hole gradio-
metric rf SQUID: (a) layout of the
complete flip-chip transformer with
an rf shunt; (b) layout of the gradio-
metric two-hole SQUID; its baseline
equals the separation between the
centers of the input and tank cou-
pling coils; (c) equivalent layout for
rf currents; (d) equivalent layout for
LF currents [58].
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6.3
Rf SQUID Gradiometers

6.3.1
Low-Temperature Gradiometers

In an unshielded environment, one can use gradiometers of first or higher order to
reduce interference by distant undesired external signal sources within the measur-
ing signal bandwidth. The conventional solution for low-Tc rf SQUID gradiometers
has been to use superconducting (niobium) wire-wound pickup gradiometric coils
in an axial (radial) configuration (see Figure 1.10(b,c)). These coils are attached to
the thin-film input coil of the SQUID so that a superconducting contact is obtained.
These gradiometric coils are the same as those of the dc SQUID gradiometers
described in Chapter 5. Planar low-Tc rf SQUID gradiometers, again similar to those
of the dc SQUID, can be fabricated, but are rarely used in practice, in contrast to
planar dc SQUID gradiometers, which are used, for example, in some commercial
biomagnetic systems.

6.3.2
High-Temperature Gradiometers

6.3.2.1 Hardware rf SQUID Gradiometers
No HTS wire is available to wind the pickup coils and the input coil of a SQUID
gradiometer. The technology of superconductive connections between HTS wire
and an HTS thin-film input coil also does not exist. First-order high-Tc gradiometers
can be shaped (machined) from bulk material as two-hole structures, fully analo-
gous to the early bulk LTS designs, but with a weak-link bridge trimmed as in bulk
HTS magnetometers (see 6.2.2.1).
Thin-film two-hole gradiometer structures with short baselines were developed

and implemented in various nondestructive evaluation (NDE) applications. The
equivalent circuit and an example of a practical layout are shown in Figure 6.9. This
layout, which measures the off-diagonal field component ¶Bz/¶x, is equivalent to
two washer SQUIDs, connected in parallel and sharing the common junction, in
which currents induced by the signals captured by the two washers subtract. The
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Fig. 6.9 The equivalent circuit and an
example of a two-hole planar gradiometer
layout, where b is the baseline and a the
outer diameter of the washer [61].
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geometrical symmetry of such a layout permits one to attain easily a gradiometer
imbalance on the order of 0.1% (common mode suppression by a factor of over
1000). The wire-wound tank coil can be coupled to one of the holes without signifi-
cantly affecting the balance.
Tinchev was first to report a thin-film YBCO rf SQUID gradiometer with a base-

line of 1.4mm [60]. It operated at 20MHz and its flux noise was about 1 P 10–4

U0/�Hz in a flux-locked loop. Subsequently, thin-film YBCO two-hole gradiometers
were developed with somewhat longer baselines, up to 5mm, and similar noise lev-
els [61]. Their gradient sensitivity has been typically of the order of 1 pT/cm�Hz.

Baselines exceeding a few millimeters are impractical since the parasitic induc-
tance of the slit dominates, and may exceed the washer inductance of 100 – 50 pH by
an order of magnitude [62]. Consequently, the total inductance is likely to exceed
0.5 nH and thus fall in the range where ¶VT/¶Ua is depressed and the flux noise
increased. The inductance of slits can be reduced by a factor of roughly two with a
flip-chip YBCO film cover shield, and possibly by a higher factor when introducing
a shield patterned in a trilayer structure, but this is likely to be at the price of deterio-
rated balance. Much longer baselines, up to about 30mm, were attained by adapting
to rf SQUID [63] the asymmetric first-order gradiometer concept demonstrated by
Dantsker et al. for dc SQUID gradiometers [64]. A gradiometer balance of better
than 0.1% was measured in the rf SQUID version. To date, a similar second-order
asymmetric gradiometer [65] has not been demonstrated for rf SQUIDs. Higher
order thin-film rf SQUID gradiometers requiring multilayer fabrication technology
have not been developed to date.

6.3.2.2 Electronic rf SQUID gradiometers
An alternative to a wire-wound axial gradiometer is an electronic gradiometer,
where two or more magnetometers are separated by the required baseline, typically
of the order of some tens of millimeters, and their output signals are subtracted. As
discussed in Chapter 4, subtracting the signals can be done by analog as well as by
digital (software) techniques. The requirements for the dynamic range, slew rate
and stability of the individual (magnetometer) channels of such a gradiometer, are
substantially more severe than for a system with a gradiometric pickup coil because
such a well-balanced pickup coil can reduce the response to homogeneous fields by
a factor of 102 to 104. Also the electronics is more cumbersome, since the number of
individual channels is n + 1 or more for a gradiometer of nth order, and their output
phases need to be identical. Nevertheless, the electronic high-Tc rf SQUID gradi-
ometers have been successfully used in applications, especially in various biomag-
netic demonstrations.

6.4
Low-Frequency Excess Noise in rf SQUIDs

Certain applications of SQUIDs require high sensitivity at relatively low frequencies,
often 1Hz or lower. However, excess noise, typically with a spectral density scaling
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inversely with the frequency f, can substantially reduce the sensitivity of SQUIDs at
low frequencies. Although this 1/f noise has been known for many years in LTS
SQUIDs, it is particularly severe in high-Tc devices. The reader is referred to Section
5.5 for an in-depth discussion of the origins of 1/f noise in both low- and high-Tc
devices. One major source of this noise is fluctuations in the junction critical current
I0. In the rf SQUID, the combination of rf bias and flux modulation eliminates that
noise. This fact was recognized long ago by Giffard, who gave a correct, albeit con-
cise, discussion of the theory [66]. The second source of 1/f noise involves thermally-
activated hopping of flux vortices between pinning sites in the body of the SQUID.
Noise from this source cannot be reduced by any bias modulation scheme. The mag-
nitude of such noise depends strongly on the quality of the superconducting
material.

Here, we reproduce a description of how the operation of the rf SQUID in an ac
flux-modulated (at frequency xm) flux-locked loop suppresses 1/f noise due to criti-
cal current fluctuations – as given by MWck et al. [67]4). First, we consider the effect
on the tank circuit voltage VT of a fluctuation dI0 in I0 at a frequency f<<xrf for a
SQUID operated in the hysteretic mode. Fluctuations in I0 lead to a fluctuation of
the critical fluxUc, for which a quantum transition takes place. We note thatUc fluc-
tuates in any case due to white noise in the SQUID. However, fluctuations due to
1/f noise are slow compared to the frequency of quantum transitions. An increase in
I0 increases the value ofUc to L(I0 + dI0), and thus the transitions from the k= 0 state
to the +1 and –1 states occur at the flux values L(I0 + dI0) and –L(I0 + dI0), respec-
tively. As a result, VT (Ua= 0) is increased to

Ṽ T (Ua = 0) = xrf LT (Uc+LdI0) /M. (6.3)

We can see that 1/f noise in the critical current will result in a 1/f noise component
in the demodulated rf voltage.

However, when the SQUID is flux modulated and operated in a flux-locked loop,
the effect of critical-current fluctuations is reduced. The effect of a (say) positive fluc-
tuation dI0 is to increase VT uniformly for all values of applied flux. The effect on
the demodulated voltage versus flux is as follows: the demodulated output consists
of a “rectified” sine wave with no Fourier components at a frequency xm, and a peak
value xrfLTU0 /4M for critical currents of I0 and I0 + dI0. When this signal is mixed
with the fundamental frequency xm, the output of the mixer is zero, regardless of
the voltage offset of the signal produced by the critical current fluctuations at fre-
quencies f << xm. In this way, the effect of low-frequency fluctuations in the critical
current on the output of the flux-locked loop is substantially reduced. We note that
any slow fluctuation of the rf driving current will be similarly suppressed.
The discussion above has neglected the effects of thermal noise, that is, white

noise that adds a random component to the value of Uc, at which each transition
between quantum states occurs. The effect of this noise is to tilt the plateaus in the
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VT(Irf)-curve, but it does not affect the mechanism for 1/f noise reduction. Further-
more, we have neglected the fluctuations in the resistance of the junction. Resis-
tance fluctuations will, in turn, produce fluctuations in the quality factor Q of the
tank circuit. Fortunately, the magnitude of VT does not depend on Q, at least for
k2Q » 1, so that, to first order, resistance fluctuations will not give rise to noise at the
output of the flux-locked loop.
We extend the discussion to the dispersive mode: a calculation of the tank-circuit

voltage VT shows that, in this case, VT is also proportional to dI0. Here, however, the
transfer function ¶VT/¶Ua is nonlinear and dependent on I0. This not only leads to
fluctuations of the static component of VT, but also to amplitude fluctuation of the
oscillating component generated by flux modulation. Since an ideal feedback loop is
sensitive only to the phase of the flux modulation, amplitude fluctuations will not
change the output voltage at the phase-sensitive detector. Noise produced by critical-
current fluctuations will thus be suppressed as in the hysteretic mode.
The effects of 1/f noise in the rf SQUID had not been investigated extensively

before the advent of HTS. This may be due to the fact that preamplifier noise
usually dominated the rf SQUID-system noise and any low-frequency excess noise
of the SQUID was thus buried in the preamplifier noise. MWck et al. investigated 1/f
noise in niobium rf SQUIDs operated at 3GHz while using a cold preamplifier to
minimize the electronics noise [67]. They found that the measured 1/f noise of their
LTS rf SQUIDs was in good agreement with the model described above. In their
Josephson junctions, the rms current noise was dI0 » 1 nA/�Hz at 1Hz. The corre-
sponding flux noise measured in open loop dU= LdI0 was about 1.5 P 10

–4 U0/�Hz
for a 300 pH SQUID. By operating the rf SQUID in an ac flux-modulated loop, no
1/f noise was observed down to frequencies below 0.1Hz. We note that, although
the current noise of their Josephson junctions was large compared to that of others
[68,69], the large reduction in the 1/f noise engendered by the standard read-out
scheme implies that one can achieve very good low-frequency performance without
using junctions with the lowest possible critical current fluctuations.

As in dc SQUIDs, the 1/f noise depends strongly on the external magnetic field,
in which the device was cooled, or which was applied to a cold device. The discus-
sion of this effect, presented in Section 5.5, applies also to rf SQUIDs.

6.5
Response of rf SQUIDs to High-Frequency Electromagnetic Interference

It has long been known that SQUIDs are very sensitive to high-frequency electro-
magnetic interference (EMI). EMI can severely degrade the performance of SQUID
systems operated in an unshielded environment. Normal-conducting foil shields,
placed around each individual SQUID, substantially reduce EMI, but at the expense
of increased thermal magnetic noise, reduced bandwidth and a frequency-depen-
dent phase shift due to eddy currents in the shield. Ishikawa et al. [70] and Koch et al.
[71] investigated the effects of EMI on dc SQUIDs, and MWck et al. [72], on rf
SQUIDs. They all found that EMI of sufficient intensity can reduce the modulation

239



6 Practical RF SQUIDs: Configuration and Performance

depth of SQUIDs, as well as induce low-frequency excess noise, especially if the
EMI has an amplitude-modulated component. We reproduce MWck’s explanation of
why high-frequency interference can decrease the modulation depth for (slowly vary-
ing) magnetic fields.5) This explanation is applicable also to dc SQUIDs.

In most cases, the physical dimensions of SQUIDs are small compared to the
wavelength of the EMI. Radiation applied to the SQUIDs can then be considered to
be a pure rf flux bias [70], i.e., the SQUID senses only the magnetic component of
the electromagnetic field. Indirect (electric or magnetic) coupling can occur by
pickup of EMI in the tank circuit, and by the leads between SQUID and readout
electronics. It is believed, however, that proper shielding of the transmission line be-
tween the SQUID and the readout, e.g., by using a semi-rigid coaxial cable, can
minimize these effects. Besides, since the tank circuit is a resonant structure, sub-
stantial pickup of the electrical EMI component will take place only at frequencies at
or close to its resonant frequency.

For this reason, one can primarily consider effects of EMI magnetic flux UEMI on
SQUID operation. For a quantitative treatment of the effect of EMI on the modula-
tion depth of a SQUID, we assume that only EMI at a single frequency xrf =xEMI is
present. The rf flux induced by EMI generates an additional screening current in
the SQUID loop, which adds to that of the rf bias flux generated by the tank circuit.
The tank-circuit voltage will then be the result of a superposition of the SQUID
response to Ua and the interference signal. The time-dependent modulation voltage
of the SQUID V(t) can be then written as

VðtÞ ¼ DVmcos
2pUrf

U0

cosxrf tþ
2pUa

U0

� �

¼ DVmcos
2pUa

U0

� �
cos

2pUrf

U0

cosxrf t

� �
� sin

2pUa

U0

� �
sin

2pUrf

U0

sinxrf t

� �
(6.4)

For Ua<<U0, sin(2pUa/U0)»0, so that

VðtÞ ¼ DVmcos
2pUa

U0

� �P1
n¼�1 Jn

2pUrf

U0

� �
cosnxrf t. (6.5)

The “low-frequency” EMI, of the order of several hundred kHz, may be sensed by
the flux-locked loop, and thus will be present at the loop output. Higher frequencies
will not appear at the detector output, since both the bandwidth of the detector cir-
cuit used in rf SQUID electronics and the bandwidth of the tank circuit, limit the
frequency response of the system to a few MHz. Nevertheless, the SQUID itself will
respond to much faster flux changes, since its response time is given only by the
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switching time of its Josephson junction and the L/R time constant of the SQUID
ring, which, for conventional thin film SQUIDs, is of the order of 50 ps. Thus, the
only component of the indefinite sum in (6.5), which will be present at the output of
the detector (or the preamplifier in the case of a dc SQUID), is J0(2pUa/U0), lea-
ding to

VðtÞ ¼ DVmcos
2pUa

U0

� �
J0

2pUrf

U0

� �
. (6.6)

We see that as Urf = UEMI is increased, the modulation voltage V is decreased as
J0(2pUrf/U0). This is illustrated in Figure 6.10 for Urf = 0.25U0, where D is the
modulation depth of the undisturbed V(Ua) curve and D¢ the disturbed depth,
which is the difference between the averaged tank circuit voltages VT;max and VT;min .
For a peak rf flux of Urf = 0.38 U0, V = 0, independent of a change in Ua. For larger
rf fluxes, the SQUID modulates again, but the modulation depth is much smaller
than forUrf = 0.

In summary, high-frequency electromagnetic interference leads to a reduction of
the SQUID modulation voltage, even if the EMI flux is only a fraction of a flux quan-
tum. The only way to ameliorate this problem would be by using a flux-locked loop
with very high bandwidth (larger than xrf, which in most cases is impossible), or to
prevent EMI flux from leaking into the SQUID by proper rf shielding and filtering
of both sensors and electronics.

6.6
Characterization and Adjustment of rf SQUIDs

For optimal performance, the rf SQUIDs require a careful adjustment of brf and
k2Q, and of detuning from resonance when in the dispersive mode; these require-
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ments necessitate convenient characterization techniques. We provide here a brief
outline of such techniques, based in part on the evaluation of the rf I–V characteris-
tics such as those shown in Figures 6.11 and 6.12. When the measured rf I–V traces
for nU0 and (n + 1) U0/2 intersect at the origin Irf =Vrf = 0, the SQUID is nonhys-
teretic (dispersive), with brf < 1 at low levels of thermal fluctuations (the case of low-
Tc rf SQUID operating in LHe), and brf £ 3 when thermal fluctuations are high (the
case of high-Tc rf SQUID operating in LN2). In the hysteretic (dissipative) mode, the
first intersection point occurs at finite values of Irf and Vrf, i.e., to the right and
above the origin of coordinates [73]. With some experience, it is possible to estimate
semi-quantitatively the hysteretic brf value from this shift.

As discussed in Sections 1.4 and 6.2.1, one obtains the lowest white flux noise in
hysteretic low-Tc rf SQUIDs at the transition from dispersive to dissipative mode,
i.e., when brf » 1. In this case, the optimum value of the junction critical current I0
can be chosen in the design process, since LTS tunnel junction parameters are re-
producible with a narrow spread. The noise performance of the hysteretic rf SQUID
can be roughly estimated from the rf I–V characteristics, if the current-phase rela-
tionship in the junction is sinusoidal, which is usually the case. Jackel and Buhrman
have shown that the step slope (tilt) in the rf I–V curve is directly proportional to the
intrinsic flux noise of the SQUID, regardless of the form of the fluxoid transition
distribution [74]. They verified experimentally that the ratio a of the voltage rise
along a step DVs, to the voltage difference DVo between steps (the step tilting para-
meter), shown in Figure 6.12, is given by

242

VT

Irf
0

Φa = (n+1/2)Φ0

β rf < 1

Φa = nΦ0

Fig. 6.11 The rf current-voltage characteristics
of a dispersive rf SQUID.

VT

0

∆ V’ ∆ V0

∆ V

α = ∆VS/∆V0

β rf > 1

Irf

Φa = nΦ0

Φa = (n+1/2)Φ0

Fig. 6.12 The rf current-voltage characteristics
of a hysteretic rf SQUID, and the determination
of a [74].



6.6 Characterization and Adjustment of rf SQUIDs

a» 1
0:7U0

xrf

2p

� 	1=2 hSUi
1=2ffiffiffiffiffiffiffi

Hz
p . (6.7)

Hence, one can determine the intrinsic noise from the measured a. The nonintrin-
sic component of the flux noise is also proportional to a. Therefore, for the total
noise energy resolution, one finds

eðf Þ ¼ 1
xrf

ap2U
2

0

2L
þ 2pakBTeff

 !
(6.8)

Here, Teff is the effective noise temperature of the tank circuit, transmission line
and preamplifier, all lumped together. The value of T can be estimated from room-
temperature noise data of the amplifier and the transmission line can contribute
about 100K if the amplifier is at room temperature. The noise in the tank circuit
can be neglected in modern hysteretic SQUIDs since the resonator is integrated and
thus cooled [21].

In nonhysteretic low-Tc SQUIDs with k
2Qbrf > 1, the value of I0 can be set in the

design, but the lowest flux noise is obtained at the maximum practical value of the
transfer coefficient, which still provides the required bandwidth and operation sta-
bility. This value is found empirically, by adjusting the detuning from resonance,
that is, by varying the frequency of the rf bias oscillator.

As shown in Section 6.2.3, the best high-Tc rf SQUIDs are always operated in the
nonhysteretic regime with k2Qbrf > 1. Unfortunately, in the case of HTS junctions
the reproducibility of I0 is inadequate, and brf may be outside the range of the non-
hysteretic mode or too low to ensure k2Qbrf > 1. Therefore, it is usually necessary to
trim I0 iteratively by the methods described in Chapter 3, while verifying the result
of trimming by inspecting the V–U characteristic and the rf I–V curves for nU0 and
(n + 1) U0/2. Obviously, such iterative trimming may significantly increase the cost
of high-Tc rf SQUID fabrication.

It is essential to have k2Qbrf > 1 to attain the optimum performance of high-Tc dis-
persive SQUIDs. In the HTS flip-chip designs presented in Subsections 6.2.3.4 and
6.2.3.5, the value of k2 is determined by the layout and spacing between the SQUID
and the flux focuser, coupled to the tank circuit resonator. This spacing is usually
kept as small as possible by pressing the two parts against each other. Similarly, the
unloaded Q0 of the tank circuit resonator (coplanar or dielectric substrate) is always
kept at the maximum value permitted by the resonator’s dimensions (layout) and
the material of which it is made, so that k2Q remains as high as possible. The
matching to the preamplifier via the 50X coax is done by varying the size of the
matching loop and its distance from the resonator. Once found, these geometric pa-
rameters can be fixed in the matching loop printed circuit and assembly design,
such as that shown in Figure 6.5.

It was shown theoretically that, for a nonhysteretic SQUID operating in the high
fluctuation limit, the I0 and R of the junction and also k2 and Q, can be inferred
from the experimental amplitude-frequency characteristics (AFC), i.e., from VT(n)
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curves measured forUa= nU0 (with resonance at x1) andUa= (n + 1)U0/2 (with res-
onance at x2) using weak rf bias [75]. With I0 known, brf and C can be determined.
Experiments confirmed a good agreement with I0 and R determined directly
(destructively) by opening the SQUID loop and measuring the junction characteris-
tics [10].

6.7
The rf SQUID versus the dc SQUID

Due to their different loop geometry and readout, rf SQUIDs offer some interesting
advantages when compared to dc SQUIDs fabricated using a similar technology.
The rf SQUID requires no dc electrical connection between the SQUID itself and
the readout electronics. Due to the low impedance of the dc SQUID, a contact resis-
tance of only a few ohms (which is quite common for contacts to HTS films) can
significantly reduce its modulation voltage. In contrast, it is rather easy to obtain
relatively high modulation voltages across the tank circuit of an rf SQUID. The
inductance of the rf SQUID, and thus its loop area, can be made larger than that of
the dc SQUID, before a significant reduction in signal (modulation) voltage is ob-
served. This leads to a higher field sensitivity of the uncoupled rf SQUID (compared
to the uncoupled dc SQUID), so that for many applications a complex flux transfor-
mer is not needed. Furthermore, when a transformer is used, the absence of Joseph-
son oscillations in the SQUID loop eliminates resonances in its integrated input
coil, which in the dc SQUID can lead to a reduction in signal voltage and sensitivity.
The comparison of noise performance of the two kinds of SQUIDs is a complex

issue. When rf SQUIDs are operated at UHF or microwave frequencies, their intrin-
sic flux noise is on the same order as that of dc SQUIDs.6) However, at liquid helium
temperatures, the system flux noise of rf SQUIDs may be truly comparable to that of
dc SQUIDs only when a cold rf preamplifier is used. Otherwise, the effective noise
temperatures of the transmission line connecting the tank circuit to the room-tem-
perature preamplifier and of the preamplifier itself will likely exceed 100K, and thus
submerge the intrinsic SQUID noise. Hence, the rf SQUID system noise energy will
be much higher than that of a dc SQUID. A possible exception is the dispersive
SQUID with k2Qbrf > 1 when it acts as a (rf bias pumped) parametric amplifier such
that the system noise can be lower than the amplifier noise (see 6.2.2.2. and [9]) In
contrast, at liquid nitrogen temperatures, where the intrinsic noise energy of any
SQUID is a factor of about 20 higher than at 4.2 K, the relative noise contribution of
the transmission line and the preamplifier may be less significant. Therefore, the
system noise of dc and rf SQUIDS can be truly comparable even when using room-
temperature preamplifiers. Furthermore, at 77 K the dispersive rf SQUIDs are likely
to be preferable to hysteretic SQUIDs since the intrinsic flux noise is much lower.
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6) The rather common belief that rf SQUIDs
exhibit mediocre sensitivity originated in the

past, when 30MHz electronics had been
widely used.
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When operated in an ac-modulated flux-locked loop, usually no 1/f noise is ob-
served in low-Tc rf SQUIDs down to frequencies below 1Hz, as is also the case for
low-Tc dc SQUIDs without any bias reversal. Unfortunately, high-Tc rf SQUIDs ex-
hibit higher 1/f noise than the direct-coupled high-Tc dc SQUIDs operating with
bias reversal. The origin of the higher noise is only partially explained by the effects
of external disturbing fields on the working point of the rf SQUID [54], and requires
further investigation. A systematic comparison of 1/f noise in the two kinds of
SQUIDs is still missing.

Of course, in an unshielded or weakly shielded environment the flux noise of any
SQUID may increase drastically due to the nonintrinsic noise caused either by vor-
tex hopping or by electromagnetic interference. The broadband environmental sig-
nals can be high and regarded as extra noise, as discussed in Chapter 7. Ultimately,
therefore, in the absence of good magnetic shielding the difference in overall noise
performance between typical dc and rf SQUID systems may be rather insignificant.
The readout electronics of the rf SQUID are more complex and bulky than those

of the dc SQUID, although differences in the number and price of electronic com-
ponents used may be negligible in commercial production on a larger scale, espe-
cially if the chosen bias frequency permits one to use the inexpensive electronic
components of wireless communication. The absence of any galvanic connection be-
tween rf SQUID and readout electronics simplifies manufacturing for a large num-
ber of devices, prevents aging (contact corrosion effects), and, most importantly,
eliminates the possibility of rf SQUID destruction by accidental electrical discharge
(junction burnout).

In principle, it is even possible to separate the rf SQUID from the conventional
tank circuit by a thin thermally insulating wall, so that, for example, the SQUID
could be mounted in a cold vacuum space, whereas the tank circuit and the wires
leading to the room-temperature electronics could be at atmospheric pressure and
room temperature. At a price of extrinsic noise higher than that with an integrated
tank circuit, this can minimize the thermal load of the cryostat or cryocooler, which
otherwise is much higher in the case of rf SQUIDs. This is because the rf coaxial
cables to the room-temperature electronics, even miniature versions, have higher
thermal losses than the extremely thin twisted wire pairs used in the case of dc
SQUIDs. Cryogenic preamplifiers further increase the thermal load of rf SQUIDs
so that systems with many such channels may be entirely impractical.
We note that there are a few applications where rf SQUIDs either cannot be used,

or are inferior to dc SQUIDs. These applications include low-Tc high-frequency
amplifiers, and low-Tc scanning SQUID microscopes where SQUIDs with the
smallest possible loop area must be used and brought into very close proximity of
the sample under test.
To complement the comparisons made above, Table 6.4 summarizes typical and

some best properties of dc and rf SQUIDs [76]. This Table is intended to provide a
quick and convenient comparison, but SQUIDs may exist with parameters well out-
side the indicated value ranges.
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6.8
Concluding Remarks and Outlook

The performance of planar low-Tc rf SQUID magnetometers can be competitive
with planar dc SQUID magnetometer performance only when a sufficiently high
bias frequency, an optimized tank resonator and a cryocooled preamplifier are
used.7) Such optimized low-Tc SQUIDs are rarely used since they emerged when the
technology of high-performance dc SQUIDs was already mature and firmly
entrenched in applications. We do not see clear incentives for the use of low-temper-
ature rf SQUID sensors, except possibly in special scientific applications.

In the past decade, progress in the understanding and development of high-Tc rf
SQUIDs has been remarkable, so that the demonstrated performance of practical rf-
biased sensors (operated in the optimal dispersive mode) is today largely competitive
with that of their dc-biased counterparts, except at very low frequencies. Neverthe-
less, as in the case of high-Tc dc SQUIDs, the poor reliability of HTS fabrication
technology was limiting progress. The main difficulty has been to fabricate multi-
layered flux transformers and fully integrated sensor structures reproducibly and
economically. Further significant improvements in field noise (resolution) to attain
BN£ 10 fT/�Hz reproducibly (on 10 P 10mm2 substrates) and down to very low fre-
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Tab. 6.4. Comparison of typical properties of thin-film dc and rf SQUIDs; preamplifier at 300 K

Kind of SQUID at
Temperaturefi

Parameter, Propertyfl

dc SQUID

4.2 K

Hysteretic
rf SQUID

4.2 K

Nonhysteretic
rf SQUID

4.2 K

dc SQUID

77 K

Nonhys-
teretic rf
SQUID
77 K

Inductance range, L, pH 500–10* 500–100* 500–100* 150–20* 300–100*

Output signal range, 10–100 <20–100 <20–100 10–50 10–50
(peak-to-peak) mV
Transfer coefficient, mV/U0 30–1000 60–200 300–1000 30–150 < 200–500
(lower line: dc SQUID with APF) up to 1000 up to 1000
White flux noise, SU

1/2( f ),
lU0/�Hz 0.3–5 1–6 20 (best) 0.3 3–10; best 1.5 8–20

at 1Hz 1.5–3 1–6 – – 3–10; best 2.3? 25–50
Best energy resolution
reported, e(f), J/Hz 3.6 P 10–33 1.5 P 10–31 2.5 P 10–33 2 P 10–31 7 P 10–31

Magnetometer field
resolution (white), BN, fT//�Hz
Single layer/flip-chip not used not reported not reported 15–50 25–50
Multilayer flux transformer, 1–5 not reported not reported 6–20 12–20
Bias frequency, GHz – 3 9.5 – 0.5–1

* Better values of parameters below correspond to lower inductance

7) Amplifier cryocooling may be avoidable in
the case of nonhysteretic rf SQUIDs acting

as parametric amplifiers [9,25].
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quencies (and also to improve the sensitivity, extend the baseline, balance and order
of planar gradiometers) will be paced by progress in understanding the cause of
excess low-frequency noise and in fabrication technology of patterned multilayered
structures. As for dc SQUIDs, there is a need for better parameter control, reproduc-
ibility and long-term stability of viable types of high-Tc Josephson junctions.
The development of sensitive high-Tc rf SQUIDs, although qualitatively guided by

the new unitary theory, has been largely empirical. In contrast to dc SQUIDs, only
few simulations of rf SQUIDs, rf-compatible flux transformers and tank circuit reso-
nators have been performed to aid the design. It is important to have this gap filled
to generate quantitative guidelines for optimized designs.

One may expect high-Tc rf SQUIDs to find an increasing use in applications such
as NDE and geomagnetic prospecting, where simplicity, ruggedness and perfor-
mance of today’s rf SQUIDs are crucial. The prospect of implementing high-Tc rf
SQUIDs into biomagnetic applications is less certain since the evolutionary intro-
duction of high-Tc systems will most likely benefit from the existing low-Tc dc
SQUID electronics and the know-how accumulated for low-Tc dc SQUID multichan-
nel systems. Also, the heat influx into the cryostat via multiple concentric cables is
likely to be excessive.
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7.1
Introduction

A SQUID system contains various building blocks in addition to the SQUID itself.
In this chapter, we consider the issues relating to these components in several sys-
tem configurations; for example, shielded and unshielded, static or mobile. We pro-
vide practical information derived from our knowledge and experience with LTS and
HTS magnetometers and gradiometers for various applications such as biomedical,
nondestructive evaluation (NDE), geophysics and defense, for magnetically shielded
and unshielded environments, and in remote or urban areas. Much of this practical
information is not described in existing publications.
A SQUID system, in order to be suitable for implementation, must be considered

holistically. It is not sufficient merely to use good SQUIDs or low-noise electronics.
Rather, all components of the system must be integrated together, with each compo-
nent being developed and optimized to eliminate noise and interference while meet-
ing the specifications for the current application.
The SQUID system can be separated into the following components:

. SQUIDs

. Signal pickup and noise-cancellation circuits

. Housings and cryogenics

. Shielding

. Electronics, connectors and cables and

. Data-acquisition hardware and software.

The SQUID itself (which is not discussed in this chapter), and the signal pickup
coils, together form a sensor. Various configurations of pickup coils and possibly
additional reference sensors are required for external noise cancellation. When the
system is constructed, it is necessary to integrate all the components listed above,
methodically, to minimize external noise and interference. It is also necessary to
characterize, calibrate and test the system to ensure that it can achieve the desired
specifications. Accordingly, we address the integration of SQUID systems and pro-
vide the information required to bring these most sensitive detectors of magnetic
fields into the realm of useful applications.
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7.2
Cryogenics

7.2.1
Introduction

SQUID magnetometers can be cooled by two methods: either by a cryogenic liquid
or by a cooler. In this section, both methods are considered and compared. In this
comparison, noise contributions arising from a cooler are shown to be important
and the reduction of this cooler interference is considered separately. Material prop-
erties at cryogenic temperatures, relevant to both cooling methods, are also dis-
cussed.
As discussed in Chapters 3, 5, and 6, high-Tc SQUIDs are much more difficult to

fabricate with desired parameters and harder to work with than low-Tc SQUIDs.
However, cooling is much simpler and cheaper. The heat of evaporation per unit
volume of liquid nitrogen is a factor of 60 higher than that of liquid helium, and in
addition, it is cheaper by a factor of about 15 [1]. Also, coolers for the HTS range are
much smaller, lighter and less expensive than those for 4 K. The differences in
mass, volume and cost between 80K and 4K systems may range up to 3 orders of
magnitude [1–4]. This big difference is the driving force behind the worldwide
research aimed at overcoming the material-related disadvantages of HTS.
This section provides an introduction to SQUID cooling, and the discussion is

valid both for high-Tc and low-Tc SQUIDs. For more information on cryogenics, the
reader is referred to [1, 5–10] and, for coolers, to [1, 2, 11–16]. Furthermore, in the
literature, valuable information on specific cryogenic topics is available in the jour-
nal Cryogenics and in proceedings of various conferences, such as the International
Cryocooler Conferences (published by Kluwer Academic/Plenum Publishers under
Cryocoolers); the Cryogenic Engineering Conferences (published as Advances in Cryo-
genic Engineering by the same publishers); and the International Cryogenic Engineer-
ing Conferences.
In order to find the best method for cooling the SQUID, a number of require-

ments need to be considered. The most important parameter is the contribution of
the cryogenic system to the noise level of the magnetometer. Electromagnetic inter-
ference should be below the targeted noise level of the system; vibrations in the
environmental-background field (especially tilting) should be avoided and tempera-
ture fluctuations should be limited, since the SQUID operating parameters may be
affected, and their variation may add to the system noise. Other parameters, such as
cost and reliability, may also be relevant in the selection of the cryogenic system (see
also Section 7.2.4). However, these requirements will depend strongly on the specif-
ic application and cannot be generalized in a simple manner.
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7.2.2
Liquid Cryogen Cooling (Cryostats)

A simple method of cooling is to immerse the SQUID in a cryogenic liquid that is
contained in a cryostat using liquid helium for low-Tc and liquid nitrogen for high-
Tc SQUIDs. The properties of cryogenic liquids are discussed in numerous contribu-
tions to the open literature [e.g., 1, 9, 10]. A typical liquid-helium cryostat for a
SQUID magnetometer is depicted in Figure 7.1. Depending on the desired hold-
time, the helium reservoir can be from a few liters to a hundred liters or even more.
By surrounding the reservoir with an outer casing, and evacuating the space in be-
tween, rapid boil-off due to convective heat exchange with the 300K environment
can be prevented. In order to maintain the vacuum despite outgassing, a getter
material, such as carbon or a zeolite can be attached to the helium reservoir. Resid-
ual gases in the vacuum space would thus be cryotrapped in a very effective way
[17, 18]. To withstand the atmospheric pressure, the bottom and top plates of the
cryostat should be relatively thick compared to the cylindrical walls. After evacua-
tion, the main heat load to the reservoir is thermal radiation, but placing superinsu-
lation in the vacuum space will reduce this radiative heat flow. Superinsulation, or
multilayer insulation (MLI), consists of alternating layers of highly reflective mate-
rial such as aluminized Mylar, and a low-conductivity spacer material such as nylon
net [5, 6, 10, 19–21]. The superinsulation known as NRC-2 is crinkled so that succes-
sive layers make occasional point contact and no spacer material is needed [22]. The
optimum layer density of MLI is about 30 layers per 10mm [5, 19]. Usually, in
SQUID cryostats, two blankets of MLI are applied: one blanket wrapped around the
reservoir, the other around a radiation shield. This is a thin shield of good conduct-
ing material that is positioned in the vacuum space and is attached to the neck of
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the cryostat. A large proportion of thermal radiation that is emitted by the 300K out-
side wall is reflected by the MLI blanket on this shield. The small amount of heat
that is absorbed by the shield is partly emitted from its inside surface, and partly
conducted to the cryostat neck. The radiative heat flow from the shield to the reser-
voir can be reduced to a negligible level by the MLI blanket on the reservoir. Thus
the heat flow to the helium bath of the bare cryostat (i.e. without the SQUID
installed) is determined by conductive heat flow through its neck. This includes con-
duction from 300K plus the conductive load coming from the radiation shield. For
this reason, the neck is made of a low-conductivity material that, also needs to be
sufficiently strong. Usually, glass-fiber reinforced epoxies are used for this purpose
[17]. The conductive heat flow through the neck is further reduced by enforcing a
good heat exchange of the neck with the boil-off helium gas: the conductive flow is
used to warm up the gas, or in other words the vented helium gas cools the neck. In
SQUID cryostats, usually, a plug (e.g. a foam material) is placed in the neck of the
cryostat, leaving an annular gap of a few mm. The evaporated helium is forced to
flow along the neck, thus establishing a good thermal contact between the neck and
the gas. In helium cryostats, this utilization of the gas enthalpy change is extremely
important. If the available enthalpy change is fully used, the conductive heat load
coming from 300K is reduced by a factor of 80!
By incorporating these insulating techniques, the boil-off of commercial helium

containers can be reduced to a level as low as 1% of the reservoir volume per day.
Hence, hold times of a few months can be realized. However, SQUID systems
which are used for measuring magnetic-field sources outside the cryostat (e.g., in
biomagnetism, NDE, and geomagnetism) have significantly higher boil-off rates
due to two effects. First, the thermal radiation shielding in the vacuum space
requires metallic sheets. These affect the measuring field because of eddy currents
and, furthermore, their thermal noise adds to the system noise. Because low-Tc
SQUIDs have magnetic field resolutions of only a few fTHz–1/2, the thermal noise
of cryostats may be a limiting factor [23–25]. Therefore, a compromise has to be
found between the unwanted interference effects and a minimum boil-off: the price
for lower interference is higher boil-off. Second, in many applications, the distance
of the sensing coil to the source should be minimized (e.g., in biomagnetism and
NDE). Again, a trade-off results: a smaller distance means higher boil-off. Usually,
commercial SQUID cryostats are designed to have hold times of roughly one week
with a daily boil-off of around 15% of the reservoir volume. When installing a
SQUID in the cryostat, the boil-off increases because of the additional conductive
heat load. The increase depends on how the SQUID insert is configured (e.g., how
many channels are installed). Low-conductivity materials should be used as much as
possible. For instance, the dc SQUID lines can be made from high-ohmic wires
(apart from the voltage output lines). Another consideration is that the insert mate-
rial forming the thermal contact between the 300 K outside and the helium bath,
should be well cooled by the vented helium. For this reason, it may be advantageous
to anchor cables and leads thermally on plates that are in good contact with the
helium gas. Despite these measures, an increase in the evaporation rate of 30 to
40% is not uncommon.
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Obviously, the situation is significantly different for nitrogen cryostats, where, as
previously mentioned, the heat of evaporation per unit volume is a factor of 60 high-
er. Insulation is, therefore, not that critical. Usually, merely vacuum insulation is
applied, with highly reflective walls (as in Dewar bottles) or with a simple MLI blan-
ket. Even non-evacuated containers may be used which are made of materials such
as polystyrene. Also, the gas enthalpy change is not that relevant. The maximum
conductive heat load reduction that is attainable is merely a factor of 2.
The specific SQUID application may put specific constraints on both the design

and materials of the cryostat. As stated above, systems for measuring sources out-
side the cryostat, should contain a minimum amount of metal. Therefore, engineer-
ing composites such as glass-fiber reinforced epoxies are used, and the measuring
section may have a specific shape. A typical example in this respect is the concave-
tail cryostat bottom used for MEG experiments. Another example is SQUID micros-
copy. Here, the separation between the sensing element and the source should be
minimized to an extremely low value (order of magnitude 0.1mm). For this pur-
pose, the sensors are placed in the vacuum space and thermally linked to the helium
bath by a non-metallic good conducting material (usually sapphire). The tail con-
tains a very thin window and the separation between the vacuum wall and the 4K
part can be mechanically controlled.
A cryostat is usually filled by siphoning the liquid cryogen from a transport and

storage container. For this purpose, a tube is immersed in the liquid in the container
and the other end of the tube is inserted into the cryostat. Then, by building up a
small overpressure in the container, the liquid cryogen is siphoned from the con-
tainer into the cryostat. For helium cryostats, the siphoning tube has to be vacuum-
insulated. Usually, the filling procedure is monitored by means of liquid-level indi-
cators. For both helium and nitrogen, special safety precautions have to be taken
(e.g., face protection and gloves). The filling of the liquid-cryogen reservoirs can also
be automated by means of valves. Automated transfer of liquid nitrogen is now stan-
dard and available from a number of suppliers, automated transfer of helium is also
possible but it is difficult to restrict the transfer losses in this case [26].

7.2.3
Cryogenic Refrigerators (Cryocoolers)

7.2.3.1 Introduction
Conventional coolers for the cryogenic temperature range (i.e., < 120K), all consist
of a mechanical compressor, that compresses a working gas at about ambient tem-
perature, and an expansion space at a low temperature. In the expansion space, the
compressed fluid is allowed to expand, thus causing refrigeration. This section
focuses on four representative types of mechanical cooler: the Joule–Thomson, the
Stirling, the Gifford–McMahon, and pulse-tube coolers. Alternative cooling tech-
niques and trends in cooling will also be discussed.
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7.2.3.2 Joule–Thomson Coolers
In the early 1850s, two British scientists J.P. Joule and William Thomson (later Lord
Kelvin) performed experiments on the expansion of gases. They expanded gases
from a high pressure, through a porous plug, under adiabatic conditions. Under
these conditions, the expansion is isenthalpic and the temperature of the gas
increases or decreases depending on the sign of the Joule–Thomson coefficient
l= (¶T/¶P)H [1, 27]. Below the so-called inversion temperature, l is positive and
cooling can be obtained as the result of expansion. This inversion temperature
depends on the pressure, the maximum value of which (i.e., at P = 0) for helium is
40K, for hydrogen it is 205K, for neon, 250K, and for nitrogen, 621K. A cooler
which utilizes this effect, consists of a compressor, a control and filter unit, a coun-
ter-flow heat exchanger (CFHX), and a Joule–Thomson expansion stage, including a
porous plug or another type of flow restriction (the JT-valve). For an ideal CFHX, the
cooling power of a JT cooler is given by the product of the mass-flow rate and the
difference in specific enthalpy between the high and low-pressure sides at the warm
end of the CFHX [1, 13]. Lowering the warm-end temperature, i.e., by pre-cooling
the fluid before it enters the CFHX can increase this enthalpy difference, and thus
the cooling power. Very large enthalpy changes can be obtained by pre-cooling to a
level such that the fluid is liquefied before the expansion. In this case, the expansion
valve is usually referred to as a throttling valve rather than a JT-valve [28]. Another
way of obtaining large enthalpy differences is to mix hydrocarbons, with higher boil-
ing points, into the working fluid [1, 12, 28, 29]. The much higher enthalpy differ-
ence then allows for a one-order-of-magnitude lower pressure ratio and, as a result,
straightforward air-conditioning-type compressors can be used. An example of this
is the “Cryotiger”, a commercial cooler developed by APD cryogenics, [30] and
shown in Figure 7.4(a). A refrigerant mixture is used here in a single flow stream.
The advantage of these JT-type coolers with regard to SQUID cooling is the

absence of cold moving parts, which helps to attain a low level of interference.
Furthermore, the cold stage can be constructed in a very simple and straightforward
way [e.g., 13, 31] and is very suitable for miniaturization [32, 33]. The biggest prob-
lem with these JT-type coolers is clogging of the cold stage caused by moisture and
contamination. The lower the operating temperature, the bigger the problem. In the
case of 4 K cooling, a further disadvantage is that a helium-based JT cooler has to be
pre-cooled to, typically, 20 K, because of the inversion temperature. As a result, a
three-stage cooler is configured using a two-stage Gifford–McMahon pre-cooler.
Three-stage coolers consisting of helium JT loops pre-cooled by two-stage GM cool-
ers were used to cool low-Tc SQUIDs by Biomagnetic Technologies Inc [34] and by
Daikin [35]. To cool high-Tc SQUIDs (from 300K to below 80K) nitrogen can be
applied in a single stage, but this is very inefficient [1, 13]. As an alternative, gas-
mixture coolers can be used in spite of problems caused by de-mixing and clogging.
The cooling of high-Tc SQUIDs by a “Cryotiger” was investigated at the Research
Center JRlich [36, 37] and at the University of Twente [38, 39].
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7.2.3.3 Stirling Coolers
A schematic diagram of the so-called split-type Stirling cooler is presented in Figure
7.2. In the compressor, two pistons are driven by linear motors. The motion of each
piston is produced by the time-varying magnetic field of a coil that interacts with a
permanent magnetic field around the coil. The permanent magnets are fixed to the
compressor housing. Because the coil is connected to the piston, a pressure wave is
established in the gas that acts on the spring-loaded displacer in the cold head. In
order to establish high compressor efficiency, the pistons are operated close to me-
chanical resonance (50/60Hz). First, by moving the compressor pistons towards
one another, the gas is compressed isothermally and the heat of compression is
passed to the environment. After the compression, the displacer moves down and
displaces gas from the compression space to the expansion space. The motion of the
displacer is discussed in more detail at the end of this paragraph. In this process,
the gas is forced to flow through the interior of the displacer, which is filled with a
regenerator material. This is a material with a large specific heat (e.g., copper
screens or lead spheres). Along the regenerator, a temperature gradient is estab-
lished from the compression space at ambient temperature to the expansion space
at low temperature. The gas exchanges heat with the regenerator material and is
thus cooled to a temperature close to that of the cold tip. Then, the compressor pis-
tons move apart and the gas is allowed to expand at the cold tip. Because the gas is
in good thermal contact with the environment, the heat of expansion is absorbed
from the environment. This is the actual cooling step in the cycle. After the expan-
sion, the gas is returned to the compression space by an upward motion of the dis-
placer. Passing the regenerator, the gas warms up to the compression space temper-
ature. In this cooling cycle, the phase of the displacer motion with respect to that of
the compressor pistons, is very important. In general, the required phase difference
can be obtained by attaching the compressor piston(s) and the displacer to a kinetic
drive mechanism resulting in a disciplined piston/displacer Stirling cooler. In the
example given in Figure 7.2, a free displacer is used. Here, the dynamic gas forces
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acting on it, together with the mechanical spring, cause the movement of the displa-
cer. The effective spring constant and the mass of the displacer determine the reso-
nance frequency of this displacer motion. By adjusting the latter two parameters,
the phase of the displacer motion can be tuned to that of the compressor pistons.
Thus, at a given compressor operating frequency, the cooling performance can be
optimized.
Since the late 1950s, small Stirling coolers with helium as the working gas were

especially developed for cooling infrared detectors in military applications. Cur-
rently, thousands of units a month are produced worldwide for cooling these detec-
tors in night-vision equipment and missile guidance systems [15]. Coolers for this
market are manufactured with more or less standard dimensions: cold tip diameter,
5–10mm, length of the cold finger, typically 6 cm, compressor diameter, 55mm and
length, 120mm (see also Figure 7.4). Their cooling powers range from 0.2W to 2W
at 80K, with the environment at 20 SC and an input power of typically 50W. They
are usually operated at 50/60Hz. Larger Stirling coolers are, for instance, applied
for cooling superconducting filters in telecommunication systems (5–10W of cool-
ing power [16]).
At the end of the 1970s, the cooling of low-Tc SQUIDs by means of custom-made

multi-stage plastic Stirling coolers was investigated by Zimmerman et al. at NIST in
Boulder, NBS [40, 41]. The advent of high-Tc SQUIDs made possible the use of com-
mercially available Stirling coolers [42, 43]. By means of various measures (see
7.2.5.), the cooler noise contribution can be reduced to below that of the high-Tc
SQUID measuring system (range 0.1–0.2 pTHz–1/2, < 100Hz, except for the power-
line interference peak, e.g., [43]).

7.2.3.4 Gifford–McMahon Coolers
One disadvantage of the Stirling cooler was the inability to separate the compression
and expansion sections by a large distance thus limiting the flexibility of the cooler
[44]. At the end of the 1950s, Gifford and McMahon developed a method of separat-
ing the compressor and expander [45]. In their approach, the compressor is just a
high-pressure generator connected to the expansion unit by flexible gas lines that
can be up to several meters long, with an active-valve unit that generates the pres-
sure wave. As well as the advantage of separation, the compressor can be a standard
oil-lubricated air-conditioning type compressor, involving a much lower cost. Of
course, provisions are included for filtering the compressor oil out of the working
fluid. The cold head is similar to that of a Stirling cooler. The phasing of the displa-
cer movement with respect to the pressure wave is set and controlled by means of
the mechanics that drive the valve unit and the displacer/regenerator. In contrast,
the Stirling cooler of Figure 7.2 is a mechanically resonant system in which the
proper phasing has to be tuned in the design.
GM-coolers with helium gas as the working fluid were primarily developed for

cryopumping and are now available from a large number of suppliers, amongst
whom are the biggest suppliers of vacuum equipment. Cryopumps constitute the
largest commercial application of cryocoolers (roughly 20 000 units per year [46]). In
addition, GM-coolers are installed in MRI systems for reducing the boil-off rate of
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the liquid helium bath. These coolers are commonly manufactured in single-stage
and double-stage versions. The latter type has cooling powers of several watts at the
coldest stage (typically at 20K) and several tens of watts at the other stage (at 80 K)
with an input of a few kilowatts [1], see Figure 7.4. Two-stage GM coolers are also
available, which can cool down to 4K by using rare-earth regenerator materials.
These materials have magnetic phase transitions in the temperature range 4K –
10K, and thus a high latent heat in that temperature range [47, 48]. The operating
frequency of the displacer and the valves is relatively low, in the range of a few Hz.
A two-stage GM cooler equipped with an Er3Ni regenerator, was used to cool two

low-Tc SQUIDs by researchers from SSL and ETL in Japan [49, 50]. At the University
of Twente, a helium-gas circulation was used to cool a high-Tc SQUID by means of a
“normal” two-stage GM cooler [51, 52].

7.2.3.5 Pulse-tube Coolers
An important drawback of both Stirling and GM coolers is the presence of a moving
displacer in the cold part of the cooler. This displacer limits the lifetime (due to
wear) and, because of its movement, it can generate noise (vibrations and EMI [1]).
In 1963, Gifford and Longsworth invented a regenerative refrigeration technique
that did not need a displacer [53]. They called their invention a pulse-tube refrigera-
tor. An improved concept of it was introduced by Mikulin et al. in 1984 [54] and later
refined by Radebaugh and co-workers [55]. In this concept, an orifice was inserted at
the warm end of the pulse tube to allow some gas to flow into a relatively large reser-
voir volume. The ideal operation of the orifice pulse-tube refrigerator is explained in
Figure 7.3. Here, both ends are at environmental (high) temperature TH, whereas
the cold spot in the middle is at a low temperature TL. The dense vertical lines in the
figure symbolize heat exchangers (HX). In a similar way to the Stirling cycle, gas is
compressed in step a fi b with release of heat QH1 to the environment, followed by
a regenerative step b fi c. In this step, the gas is forced to flow through the regen-
erator and is thus cooled from TH to TL. The expansion of the working gas (cfi d) is
not against a piston, as is the case in a Stirling cooler, but against a compressible
gas volume in the pulse tube. This gas volume can be considered as a freely moving
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piston. The heat of expansion, QL, is absorbed at the cold heat exchanger. The me-
chanical work of expansion is transferred to the warm end of the tube by means of
the gas piston. The associated heat QH2 (which equals QL) is released to the warm
environment. The cycle is closed with the regenerative step d fi a. The orifice and
the reservoir are needed to establish the proper phasing between the gas movement
in the tube and the pressure wave imposed by the compressor.
In an electronic circuit analogy, the pressure and gas flow can be seen as the volt-

age and current respectively, whereas the orifice and reservoir act as an RC load.
The schematic diagram of Figure 7.3 depicts a so-called in-line arrangement, in
which the regenerator and pulse tube are in line. Because this implies two warm
ends and a cold spot in the middle, this arrangement is difficult to integrate within
a device. A more compact design is possible by reversing the gas flow at the cold
heat exchanger in a U-shape (the regenerator and pulse tube are side by side, con-
nected by the cold heat exchanger) or in a coaxial arrangement (the regenerator is
coaxially outside the pulse tube). The advantage of these arrangements is a more
compact design with a single warm end and a cold end, similar to the other coolers.
The advantage is a slightly lower power efficiency compared to the in-line configura-
tion, because of losses in the flow reversal.
In the last few years, pulse-tube coolers have been improved to such a level that

their efficiencies at cryogenic temperatures are comparable to those of Stirling cool-
ers. The most important improvement was a so-called double inlet that was intro-
duced by Zhu et al. in 1990 [56]. They added a by-pass from the warm end of the
pulse tube to the inlet of the regenerator, in which a second orifice was placed. The
benefit of this by-pass plus second orifice is two-fold: first, it provides an extra para-
meter in optimizing the phasing between mass flow in the tube and pressure wave
at the inlet; second, part of the gas flow that is required for expansion and compres-
sion at the warm end of the pulse tube is taken directly from the inlet, instead of
passing through the regenerator and the pulse tube. A reduction in mass flow
through the regenerator means lower regenerator losses, and thus a higher effi-
ciency, especially at higher operating frequencies. The disadvantage of pulse-tube
coolers is that they may exhibit temperature stability problems because of unwanted
gas flows. This may be a dc flow through the double inlet [57–59] or gravity-induced
secondary streaming in the tube [60]. Apart from these problems, it is clear that the
pulse-tube cooler has great advantages over the Stirling or the GM cooler: the
absence of moving parts in the cold results in longer life, lower interference, and
lower cost. Moreover, a pulse-tube cooler is less sensitive to side loads (i.e., forces in
the radial direction) and less sensitive to contamination coming from the compres-
sor.
Two types of pulse-tube cryocoolers can be distinguished: A Stirling-type pulse

tube is directly connected to the pressure-wave generating compressor, whereas a
GM-type pulse tube is connected to an active-valve unit connected to a compressor.
In terms of cooling power, input power, size, operating temperature and frequency,
these pulse-tube coolers resemble their Stirling and GM-type counterparts. GM-type
pulse-tube coolers are also available for the 4K range [61].
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The application of pulse-tube coolers for cooling SQUIDs has so far been
restricted to high-Tc SQUIDs. These investigations were carried out in Germany at
the Universities of Giessen [62, 63] and Jena [64]. Research was also conducted by a
collaborative effort of CNRS with Air Liquide in France [65].

7.2.3.6 Comparison of Cryocoolers
The operating temperature of low-Tc SQUIDs can be attained with GM coolers and
GM-type pulse-tube coolers. Joule–Thomson coolers with two-stage precooling are
available but are more complex and more expensive. GM coolers have higher cool-
ing capacities than pulse-tube coolers and correspondingly higher efficiencies; GM
coolers are available in the range 0.5W to 1.5W at 4K with efficiencies of typically
1% of Carnot (e.g., 1W of cooling power at about 7 kW of input power), whereas
GM-type pulse-tube coolers have cooling powers below 1W at a Carnot efficiency of
about 0.7% (e.g., 0.5W at about 5 kW input) [16]. Despite the lower efficiency, the
pulse-tube cooler is more attractive for SQUID cooling then a GM cooler because of
the much lower level of vibration. In this respect, a pulse-tube pre-cooled Joule–
Thomson cooler may also be attractive.
In the temperature range of high-Tc SQUIDs, a large variety of coolers can be

used, as discussed in [16]. Below 1W of cooling power, Stirling coolers are the most
efficient with Carnot efficiencies of up to 15%. Between 1W and 10W, Stirling-type
pulse-tube coolers perform almost as well as Stirling coolers with typical Carnot effi-
ciencies of between 10% and 20%. Cooling powers well above 10W can be attained
with GM coolers and GM-type pulse tubes. Carnot efficiencies are about 5% at a
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Fig. 7.4 Examples of commercially available
cryocoolers. Indicative values for cooling
power/operating temperature/input power/
size are given in brackets. (a) APD Cryotiger
Joule–Thomson gas-mixture cooler (3W/80 K/
300W/compressor 40 cm); (b) Thales Cryo-
genics Stirling coolers UP series (1W/80K/
50W/10 cm); (c) AirLiquide/Ricor K535 Stirling
cooler (6W/80 K/200W/30 cm); (d) Leybold

cold head of RGD 5-100 2-stage GM cooler
(5W/20K/4 kW/60 cm), also available in
(1W/4.2 K/6 kW/60 cm); (e) Leybold 4 kW com-
pressor to be combined with cold head under
d; (f) Cryomech cold head of PT 405 pulse tube
cooler (0.5W/4.2 K/5 kW/60 cm); (g) Iwatani
P301 pulse tube cooler (2W/77 K/700W/com-
pressor 40 cm).
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few tens of watts, approaching 20% for cooling powers around 300W. Since a
SQUID system shows hardly any power dissipation, the required cooling power will
be below 10W and, therefore, Stirling-type pulse-tube coolers and Stirling coolers
are the most attractive in terms of cooling performance. However, the compressor
in these coolers is usually close to the cold head and generates a lot of noise (electro-
magnetic noise and vibrations). Special measures are therefore required (see Section
7.2.5). Joule–Thomson coolers are much less noisy but have a far lower efficiency
and, as a result, require relatively big compressors.

7.2.3.7 Trends in Cryocooling

High Reliability. In the second half of the 1990s, the most important issue in the
development of coolers, was reliability. Available coolers had specified lifetimes of
the order of one year, whereas the requirement for civil applications was more than
five years. Since then, considerable developmental work has been done on the com-
pressor and on the gas-expansion unit. Concerning the latter, the main attention has
been on eliminating the moving parts in the cold. Typical examples are the pulse-
tube refrigerator and the developments in Joule–Thomson cooling. In the case of
the compressor, the key issue was the rubbing contact between the compressor pis-
ton and the cylinder. The wearing of the rubbing seals was the limiting factor in the
lifetime of the compressor. Nowadays, using flexure bearings that support the piston
and the displacer inside their respective cylinders, without any contact, can elimi-
nate these rubbing contacts. Accurate machining can reduce the gap between piston
and cylinder to a few mm. The flow impedance of this clearance gap is so high that it
acts as a dynamic seal for the helium gas. The “mean-time-to-failure” (MTTF) of
these compressors can exceed 50 000 hours, whereas Stirling compressors without
flexure bearings have MTTF levels of less than 10 000 hours [16, 66]. Another
approach is to eliminate the moving parts of the compressor by means of a so-called
sorption compressor. In such a compressor, a number of cells with adsorber mate-
rial (for instance charcoal) are alternately cooled, to adsorb a working gas (e.g. nitro-
gen), and heated to desorb it. In this way gas flow can be established from a heated
desorbing sorption cell to a cooled adsorbing cell. This flow can be used in a Linde–
Hampson cycle to obtain cooling from a JT-valve. By far the largest amount of
research in this field has been carried out at the Jet Propulsion Laboratory, mainly
on metal hydrides with a hydrogen cycle [67]. More recently, work has also been
performed at the University of Twente [33, 68].

Low Cost. Another challenge is to manufacture highly reliable coolers at a suffi-
ciently low price. Cooler manufacturers are continuously improving their designs
and manufacturing processes, with cost reduction being the main concern. Descrip-
tions of such processes were presented by Superconductor Technologies Inc. [69, 70]
and by Sunpower [71]. The US DARPA program that sponsored research aiming at
$ 1,000 coolers, largely stimulated these efforts towards lower cryocooler cost. Nowa-
days (2002), the cost of a single unit sub-1W cryocooler ranges roughly from 20 k$
to 40 k$ for low Tc (~ 4 K), and from 5 k$ to 15K$ for high Tc (~ 70 K) [16]. The
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production volume is an important cost-determining parameter. As a rough indica-
tion, the price per cooler goes down by a factor of two when the number of coolers
produced is increased by one order of magnitude [16].

Small Size. Increasing attention has been paid to the size of the cooler. Since elec-
tronic devices become smaller and smaller in terms of size and dissipation, there is
need for extremely small coolers (with the dimensions of centimeters) with small
cold heads (of the order of mm) and low cooling powers (of the order of mWs).
Extreme miniaturization is possible by using micromechanical techniques. Walker
first suggested this in 1990 [72], and by the mid-90s, patents were already being filed
on a micro-pulse-tube cooler [73] and on a micro-Stirling-cooler [74]. Actual micro-
cooling research was performed at the University of Twente [33, 68, 75].

7.2.4
Cryostat or Cryocooler?

In order to compare cryostats with cryocoolers, it is important to note that the cryo-
stat with the liquid cryogen is only a small part of a rather complex cryogenic sys-
tem. It just serves as a thermal buffer in the total system. First, gas has to be lique-
fied in a large cooler that produces relatively large amounts of liquid in big storage
dewars. This liquefaction is performed industrially. The liquid cryogen is then
shipped in large transport/storage dewars to a customer, who transfers the liquid
into smaller (e.g., SQUID system) dewars and vents it to air. This is the standard
procedure with liquid nitrogen, but helium is so expensive that it is often worth-
while to recover the vented gas. In this case, it is captured in large inflatable gas-
bags or gas tanks, and, after filtering and purification, is re-pressurized by a com-
pressor to be re-liquefied through expansion.
The main drawback of liquid cryogens is that periodical replenishment of the

cryostat is required for long-term operation. In particular with liquid helium, exper-
tise and cryogenic facilities are required. It is necessary to have available the service
of a skilled technician who can safely transfer the liquid from a storage dewar with
comparatively little transfer losses. This is especially relevant for applications out-
side the cryogenic laboratory (e.g., in hospitals). In addition, not all spaces are suit-
able for transfer; low ceilings, for instance, make transfer difficult. The most attrac-
tive feature of a cryocooler is, in general terms, its turn-key operation. No expertise
or cryogenic facility is required. This dramatically lowers the barrier preventing the
application of superconducting devices outside cryogenic laboratories. A very impor-
tant requirement in this respect is reliability. The cooler should be a Vblack box’ to
the user, who should not need to worry about it at all. A qualitative comparison be-
tween liquid-cryogen cooling and cryocoolers is given in Table 7.1.
The operating temperature of any liquid cryogen is fixed by its boiling point and a

temperature variation is only possible by changing the vapor pressure, e.g., by
pumping the space above the bath. Practical cryocoolers are available for cryogenic
temperatures down to well below 4K. Within some range, changing the input power
to the cooler can simply vary the temperature. Temperature stability and low inter-
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ference are clear advantages of cryogens, although methods are available to control
the cryocooler temperature fluctuations and reduce interference (see Section 7.2.5).
As mentioned above, cryocoolers are very “friendly” to the user because of their
turn-key operation. On the other hand, they are rather “unfriendly” to the manufac-
turer because of their constructional complexity. The latter aspect directly translates
into higher costs.
Liquid-cryogen cooling is quite reliable. Once the cryostat is filled, it will operate

for a predictable period of time and is not vulnerable to unscheduled interruptions
of the electric power. However, availability may be the problem of cryogens. These
fluids, particularly helium, are not widely available in some parts of the world. A
further point related to the reliability of cryostats is the availability of a good clean
vacuum. The necessary periodical re-pumping may be problematic in some places.
A big advantage of cryocoolers compared with liquid cryogens, is the weight re-

quired for long-term operation, which is especially relevant in space applications.
The possibility of operating the cryogenic systems in all orientations is another clear
advantage of cryocoolers. For earth applications, a liquid cryogen clearly has its lim-
itations, although special constructions can be used to keep the liquid inside the
cryostat at all orientations [76].

7.2.5
Cryocooler-interference Reduction

7.2.5.1 Interference Mechanisms
As mentioned in the previous section, one main disadvantage of cryocoolers is their
interference with the SQUID operation. This interference can be electromagnetic
interference (EMI), mechanical vibrations, and/or temperature fluctuations. EMI
can be caused by currents flowing through the compressor coils or the motors that
drive the valves or the displacer, and also by moving magnetic material. The move-
ment of pistons, displacers and valves causes mechanical vibrations, as also can gas
flow or pressure oscillations. The cold-tip temperature may fluctuate with a charac-
teristic frequency (in regenerative coolers, this is the operating frequency), or it may
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Tab. 7.1 Qualitative comparison between liquid-cryogen cooling and cryocoolers.

Liquid cryogen Cryocooler

Operating temperature þ / – þ
Temperature stability þ –
Interference þ –
“User friendliness” – þ
“Maker friendliness” (= costs) þ –
Reliability þ þ / –
World-wide availability – þ
Weight (long-term operation) – þ
Operating orientations þ / – þ
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exhibit a low-frequency drift. In addition, cryocoolers usually contain metallic parts
and, therefore, thermal noise and eddy-currents may cause problems, as in the case
of cryostats. In this section, methods are discussed to reduce the effect of these inter-
ference mechanisms. A more detailed review was presented elsewhere [1].

7.2.5.2 Time Separation
The simplest approach for the suppression of cooler interference is to switch off the
cooler when the SQUID is to be used. There are two problems with this separation
in time: first, the cooler should not be switched off too frequently because that can
seriously limit its lifetime, and, second, the temperature of the device will slowly
increase while the cooler is switched off (thermal drift). Incorporating a sufficiently
large thermal buffer, i.e., a thermal storage unit, can solve both problems. To stabi-
lize the temperature most efficiently, it is best to provide a buffer or thermal storage
unit with a phase change material (e.g., a boiling liquid). Using this approach,
Longsworth et al., for instance, equipped a Linde-Hampson cooler with a 1.4-liter
helium reservoir [77]. After switching off the cooler, this buffer maintained a tem-
perature of 4.2 K for a period of 10 hours.

7.2.5.3 Space Separation
Coolers and SQUIDs can also be separated in space. The problem to be solved in
this case is how to transport the heat from the SQUID to the cooler. Three possible
interfaces can be used: a heat pipe, a forced gas circulation and a thermal strap.

Heat Pipe. A standard heat pipe is a tube with axial grooves along the inside wall.
The closed tube is filled with a fluid such as ammonia or, for lower temperatures,
nitrogen or oxygen. It is connected at one end to a cold station (i.e., a cryocooler)
where the fluid condenses. Capillary action moves the fluid into the grooves, thus
transporting it to the other end of the tube, where it makes contact with the device
(e.g., a SQUID). Heat is absorbed from the device and the fluid evaporates. Due to
the pressure increase, the vapor can return via the center part of the tube to the cold
condenser side [78]. The attractive aspect of the heat pipe is the, more or less, iso-
thermal behavior, i.e., the high heat fluxes that can be obtained over relatively large
distances with very small temperature drops. Furthermore, it has no moving parts,
is highly reliable and has a relatively low mass. Therefore, heat pipes have been spe-
cially developed for applications in space. In ground applications, gravity will affect
the fluid motion and, in general, special configurations must be used. Either gravity
needs to be applied as an extra driving force [e.g., 79], or larger capillary forces must
be established.

Forced Gas Circulation. A gas that is circulated in a closed-cycle system can also
transfer heat. This method was investigated by Van den Bosch et al., who used
helium gas circulated by a diaphragm pump and cooled by a two-stage GM-cooler
[51, 52]. Using a 2.5m long gas line, a heat exchanger, on which a superconducting
device could be mounted, was cooled. A temperature of 31K was established [see
also 80, 81].
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Thermal Strap. If the separation between the cooler and the superconducting
device is relatively small (roughly 0.5m or less) a thermally conductive strap inter-
face, made, e.g., of a copper braid, is a reasonable option [43].

7.2.5.4 Low-noise Coolers
Most of the noise that a cooler generates, arises from the moving parts, as discussed
in 7.2.5.1. Therefore, the elimination of moving parts in the cold stage is needed for
lower-noise cold heads. This is attained in JT-coolers and pulse-tube refrigerators,
although mechanical vibrations transmitted from the compressor via gas tubing
may often require additional damping. Alternatively, non-magnetic or even non-
metallic components should be used to reduce EMI [82–84]. It is therefore obvious
that, besides the cold heads, it is also useful to develop compressors without moving
parts. The main effort in this respect has been the development of sorption com-
pressors (see Section 7.2.4).

7.2.5.5 Noise Suppression Techniques

Direct EMI. Coolers usually operate at a well-defined frequency and generate peri-
odic EMI signals. Therefore, various filtering techniques can be applied. As well as
commutative filters [41], digital signal processing can be applied in which templates
of the cryocooler noise are subtracted from the signal [35, 49, 50]. One disadvantage
of filtering techniques is that all information, including the desired data, is lost at
the cooler operating frequency and its higher harmonics. When the relative config-
uration of the cooler and SQUIDs is fixed, the following alternative procedure sug-
gested by Van den Bosch et al. can be applied [85]. Prior to the actual experiments,
the transfer functions of the compressor currents to the SQUID outputs should be
determined. Then, during the experiments, the compressor currents are monitored
and, because the transfer functions are known, the compressor field contributions
can be subtracted from all SQUID outputs in a simple manner.

Mechanical Vibrations. The correct mechanical design and both passive and active
damping, can reduce mechanical vibrations in various ways. The design of the sys-
tem should be such that the cooler is mechanically uncoupled from the SQUID
device as well as possible. Since a cooler usually operates at a fixed frequency, the
vibrations of a system element can be damped in a passive way by connecting a
mass-spring system to it that vibrates in anti-phase at that specific frequency. Vibra-
tions can also be minimized in an active way by applying compensating forces e.g.,
[86–89].

Temperature Fluctuations. The simplest way to reduce temperature fluctuations is
to use a passive thermal filter, which is a piece of material placed between the cold
tip of the cooler and the SQUIDs. This material conducts the heat but it also damps
the thermal oscillations as a first-order low-pass filter. For example, Hohmann et al.
attenuated the 0.08Hz oscillations of their cooler by a factor of 50 using a 5mm-
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thick piece of PMMA (Polymethylmethacrylate) [90]. The temperature can also be
stabilized and controlled by incorporating an active feedback loop, e.g., [1].

7.2.6
Material Properties

Mechanical and thermal properties of materials are important in cryogenic design.
Specifically for SQUID applications, electrical properties are also relevant. Material
properties at cryogenic temperatures can be found in much of the literature in the
form of tables and graphs, and are, to some extent, also available in software. Data is
also included in handbooks such as in reference [10]. The reader is particularly
referred to [91] and the software that is available from Cryodata [92] and from JAHM
Software [93]. This section focuses on the relevance of the various properties and the
general tendencies of their temperature dependence. The most important properties
of some of the materials that are commonly used in cryogenic constructions are
given in Table 7.2 at temperatures of 300K, 80K, and 4K, the data being mostly
based on [91–93].

Mechanical Properties. The mechanical properties, especially Young’s modulus
and the yield strength, are important in the design of vacuum casings. Metals and
polymer composites show a monotonic increase in stiffness with decreasing temper-
ature. However, the overall effect is small. When cooling from 300K to 77K, the
increase in Young’s modulus for metals is of the order of 10%, whereas, for com-
posites, this increase may reach 50%. The temperature effect is much bigger for
polymers (by a factor of 5 or even more).

Thermal Conductivity. The most important thermal property of a material is its
thermal conductivity, since this often determines the heat flow into the cryostat and
thus the boil-off rate. There is quite a wide range of values. At 300K, for instance,
the thermal conductivity of copper is typically 400Wm–1K–1, whereas that of stain-
less steel is 15Wm–1K–1 and that of glass only 1Wm–1. From 300K down to 150K,
the conductivity decreases but not very dramatically. Below about 100K, however, the
conductivity roughly scales with temperature. Important in this cryogenic tempera-
ture range is the purity of the material. At around 10K, for instance, the conductivity
of copper may vary by more than one order of magnitude, depending on its purity.

Specific Heat. The specific heat Cp is of relevance in dynamic effects, such as cool-
down time, damping of temperature oscillations, regenerator performance, etc. This
property is even more temperature dependent than the thermal conductivity. In
most of the cryogenic temperature range, Cp scales with T3 because of the lattice
contribution. Below about 10K, the Cp of metals scales with T, because the electron
contribution is dominant. For temperatures around the ambient temperature, the
heat capacity levels off to the Dulong–Petit limit. All in all, from 300K to 4K, the
specific heat of a material may drop by more than four orders of magnitude!
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Thermal Expansion. Thermal expansion (or shrinkage) is of importance in con-
structions with accurate fittings. It also affects the distance from the sensing coil to
the outside (as discussed in 7.2.2), since the inner parts of the cryostat shrink when
it is filled. Coefficients exist for the volumetric expansion (b) of a material, and of its
linear expansion (a, for an isotropic material b= 3a). Above about 100K, these coef-
ficients are roughly constant, and below this they decrease to zero at the absolute
zero. The integral expansion is even more important than the coefficients. In one
dimension, this integral expansion (or shrinkage) is given with respect to a reference
temperature, e.g., 293K, by (L293–LT)/L293 expressed as percentages. Following the
temperature dependence of the coefficients, the integral expansion scales with T
above about 100K, and levels off to a constant for lower temperatures. Metals shrink
by about 0.2–0.5% from 300K to 4K, whereas non-metals, such as epoxies and
nylon, shrink up to 1.5%.

Electrical conductivity. Metal in the vicinity of a SQUID magnetometer generates
noise, not only because of magnetic impurities, but also because of eddy-currents
and thermal noise, the latter originating from the thermally activated motion of elec-
trons. For the determination of noise due to both eddy-currents and thermal noise,
the electrical conductivity of the material is an important parameter. For tempera-
tures below ambient down to about 100K, the conductivity scales roughly with 1/T.
At lower temperatures, the electrical conductivity levels off to a constant value that is
determined by the purity of the material. Combining this temperature dependence
with that of the thermal conductivity, it follows that, for metals, the ratio of the ther-
mal and electrical conductivities is linear with temperature. This is the so-called
Wiedemann–Franz–Lorenz law. At a specific temperature, this means that a high
thermal conductivity also automatically implies a high electrical conductivity. In
cryogenic SQUID magnetometer design, this may present some problems. For
instance, when a SQUID has to be thermally anchored to a cold plate, a thermally,
good-conducting interface is required. However, an electrically good conducting sur-
face would produce a high thermal-noise contribution. To overcome this problem,
non-metals are used such as sapphire (single crystalline Al2O3). Single-crystalline
materials can have a very high thermal conductivity and be electrically insulating at
the same time.

7.3
Cabling and Electronics

7.3.1
Shielding and Filtering of Noise Sources

7.3.1.1 Introduction to Shielding Effectiveness
SQUID operation can be disturbed by stray low-frequency and rf electromagnetic
fields from a range of sources such as permanent magnets, power cables, transfor-
mers, motors, television or communication transmission towers, radar and railways.
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This interference, which has contributed to many unsuccessful SQUID system
trials, can also originate from the system’s own electronics or computers as well as
other electronics in the vicinity.
Inadequate shielding of cables and electronics is a common problem and can

lead to the failure of the system to meet the specifications required for the antici-
pated operating environment. This section discusses ways of providing adequate
low-frequency and rf screening, and gives a method of determining the level of low-
frequency shielding and filtering required.
Shielding is one of the most effective methods for controlling radiated electro-

magnetic interference (EMI) effects on all components of a system. The perfor-
mance of a shield is a function of the characteristics of the incident electromagnetic
fields. The terms “shield” and “screen” are used synonymously in the EMI context
and refer to the use of conducting panels and enclosures to prevent or minimize the
access of electromagnetic fields to the system. There are two shielding mechanisms:
field absorption and reflection. The combination of these mechanisms reduces the
level of electromagnetic fields in the protected space (volume). The total shielding
effectiveness (S) is usually expressed as either a dimensionless ratio or, as shown
below, in decibels as [94–96]:

S= 20 log10E0/E [dB] (for electric fields) and (7.1)

S= 20 log10B0/B [dB] (for magnetic fields) (7.2)

where E0 (or B0) is the intensity of the electric (or magnetic) field outside and E (or
B) is the intensity inside the screen.

7.3.1.2 Absorption
When an electromagnetic wave encounters a shield, a portion of this wave pene-
trates and experiences an exponential decay of amplitude, exp(–d/d). Here, d is the
distance the wave has traveled into the shield, and d is the penetration depth. In the
case of conductors, d can be extremely small. The resulting confinement of the field
close to the surface is known as the skin effect, and d is called the skin depth. This
skin depth can be expressed as [96, 97]:

d ¼ 1
plrf

� �1=2
[m]. (7.3)

Here, l= l0lr where l0 is the permeability of free space (4p X 10
–7 Hm–1), lr is

the dimensionless relative permeability, r is the electrical conductivity (S m–1) and f
is the frequency of the wave (Hz). The resulting EMI absorption, A, expressed in dB
for a metal sheet of thickness, t, is approximated by [94–96]:

A= 8.686 t/d [dB]. (7.4)

In this equation, t and d must be expressed in the same length units. Some typi-
cal values of absorption and skin depths at various frequencies are given in Tables
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7.3 and 7.4. If the shield material is thick compared to the skin depth (i.e., about
equivalent to three skin depths), then absorption is significantly greater than the
reflection at the surface. This is particularly true for high-frequency EMI waves.

7.3.1.3 Reflection
When an electromagnetic wave strikes a conducting surface, some of the incident
energy is reflected at the air–conductor interface and some is transmitted into the
metal. If the metal is thick compared to the skin depth then the absorption is signifi-
cant as discussed in Section 7.3.1.2. The reflection mechanism is similar to that
which occurs in a mismatched transmission line where an incident voltage is
reflected at a mismatched termination as determined by a reflection coefficient. By
determining this reflection coefficient at various interfaces, the amount of energy
transmitted through the shield can be calculated. Using this approach, an expres-
sion for attenuation due to reflection in dB is given as [96]:
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Tab. 7.3 Typical absorption losses for possible shielding materials.

Metal Conductivity relative
to copper

Permeability relative
to copper

Absorption loss,
A, dB/mm

Silver 1.05 1 52
Copper–annealed 1.00 1 51
Copper–hard drawn 0.97 1 50
Gold 0.70 1 42
Aluminum 0.61 1 40
Brass 0.26 1 26
Nickel 0.20 1 23
Phosphor-bronze 0.18 1 22
Mu-metal 0.03 80000 2500a

a) assuming the material is not saturated.

Tab. 7.4 The skin depth of various common shielding materials over a range of frequencies [97].

Frequency
f (Hz)

t (mm)
Cu Al Fe

lr=200
Fe
lr=20

25 13.40 17.40 2.54 8.10
50 9.44 12.30 1.80 5.69
100 6.67 8.70 1.30 4.11
1000 2.11 2.75 0.41 1.29
10 k 0.667 0.87 0.13 0.41
100 k 0.211 0.275 0.041 0.13
1 M 0.0667 0.087 0.013 0.04
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R 20 log
10

ðZWþZSÞ
4ZW ZS

[dB] (7.5)

where ZW is the wave impedance of the incident energy and ZS is the intrinsic impe-
dance of the shield, which can be written as:

ZS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pf l

0

r

r
[dB]. (7.6)

ZS is very small for good conductors. At 3GHz, for example, copper has
ZS = 0.02X and less for lower frequencies. The value for ZW is not as easily defined
as it depends on two factors: the type of electromagnetic source and the distance
between the source and the shield. Figure 7.5 shows the variation in wave impe-
dance, ZW, with distance, r, from the source, expressed in units of r= k/2p where k
is the EMI wavelength. This figure shows that when r >> k/2p, then ZW=377X (the
intrinsic impedance of free space). When r< k/2p, the wave impedance depends on
whether the source emits predominantly an E-field or a B-field component. Predo-
minant E-field components have a ZWE given by:

ZWE ¼ 377 k
2pr

[dB]. (7.7)

A dominant B-field component source has a wave impedance of

ZWB ¼ 377 2pr
k
[dB]. (7.8)

A correction factor for multiple reflections between the two surfaces of the shield
can usually be ignored. This is possible because the electric field sources are more
easily shielded. This is due to the large difference between ZWE and ZS and more
than 90 dB of shielding effectiveness can easily be achieved. However, the typical
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low impedance magnetic field penetrates the shield more effectively and undergoes
multiple reflections, making inclusion of a correction factor necessary. As a general
rule, if absorption is less than 15 dB then the correction factor, C, must be added
and can be estimated by:

C = 20log10(1 – e
(–2t/d)) [dB]. (7.9)

Note that C is usually a negative number, indicating that the shielding effective-
ness is reduced due to the presence of multiple reflections. If the correction factor is
significant (i.e., greater than 15 dB), the shield design may need to be modified.
This is particularly relevant for magnetic shielding as discussed in Section 7.3.1.5. A
detailed description of absorption and reflection mechanisms can be found in refer-
ences [94–96, 98].
For SQUID systems, there are two main external electromagnetic-noise frequency

ranges, which require different shielding approaches. These are: high (radio) fre-
quency (rf) signals in the range of 10 kHz to GHz and the low-frequency signals in
the range of dc to 10 kHz. The two corresponding shielding approaches are consid-
ered separately below.

7.3.1.4 High-frequency Shielding
Rf interference is the common cause of output drift, higher noise levels and the fail-
ure of a system to lock up in a flux-locked loop, particularly for operation outside an
rf-screened laboratory. To screen out rf interference, the SQUID system must be
surrounded by well rf-screened housings or shields around the dewar and the elec-
tronics, with appropriately rf-screened cables connecting various electronic compo-
nents. This is discussed in Section 7.3.2.
Whenever the rf EMI screening is placed around the dewar or located in the vicin-

ity of the SQUID sensors, it may increase the noise due to eddy currents induced in
the rf screen by the external changing fields. The minimization of these eddy cur-
rents was first achieved in the development of Magnetic Resonance Imaging (MRI)
systems, which operate at about 100MHz [99–102]. The approach was to provide
effective rf shielding by copper [101], but with eddy currents minimized by suffi-
ciently thin layered copper shields separated by a thin dielectric material [102]. To
achieve successful rf shielding, the total copper thickness must be three or more
times the skin depth at the frequency of the EMI source, while each individual cop-
per layer should be less than a skin depth in thickness to minimize eddy currents.
The amplitude of the interference decays by 37% of its incident value within one
skin depth [96]. Data from Table 7.4 can be used to design optimal shielding.
It is also possible to model the eddy currents in a shield by finite-element analysis

(FEA) using one of the various FEA computer packages available commercially
[103]. Successful computation needs a programmer with sufficient expertise to run
the program. FEA requires the modeling of the source field that induces the eddy
current by using an estimation of the field-source strength, the frequency and the
orientation. An example of the calculation results using the FEMLAB program is
shown in Figure 7.6. At an operating frequency of 1MHz, calculated surface plots of
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eddy currents induced in copper and lead cylinders, each surrounded by a current-
carrying excitation coil, are compared. The calculation shows that, with identical
excitation, the rf screening achieved by copper is higher than that achieved in a lead
cylinder, which has a higher resistance.
Overall, the rf EMI shielding can be summarized as follows.

. The absorption losses predominate above about 10MHz.

. The reflection effects are more significant below 10MHz.

. The total-shielding effectiveness of a 0.5mm thick aluminum panel without
orifices exceeds 200 dB at 10MHz.

. Below 10MHz, electric fields are still attenuated by more than 100 dB, while
the attenuation of magnetic fields decreases with frequency and is less than
10 dB at 100Hz.

. For low-frequency magnetic fields, the best attenuation is achieved by using
high-permeability materials as discussed below.

. As shown by (7.3), shielding material with high permeability may have such
a small-skin depth that the shield structure would be impractically thin, even
at low frequencies.

7.3.1.5 Low-frequency Shielding
Power lines or moving magnetic objects generate low-frequency noise. Three meth-
ods can be used to reduce these disturbances: magnetic shielding, signal filtering
and noise cancellation techniques. For low-frequency or dc fields, it is usually neces-
sary to use a high-permeability soft magnetic material, which provides a low-resis-
tance path for the magnetic flux to move around, rather than to penetrate the device
to be shielded. This type of shield is referred to as a “magnetic shield”. Magnetic
shielding is the most straightforward, but relatively costly and cumbersome, method
for the reduction of environmental noise. A thick layer of high-conductivity metal,
as shown in Figure 7.7(a) curve 1 [104, 105], can provide the simplest shielding tech-
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Fig. 7.6 Surface plots of eddy currents with
field flow lines calculated using FEMLAB [103]
for a (i) copper and (ii) lead, cylinder. The mag-
netic field in this example is from a single coil
of diameter 0.01m with a 100 kA current at

1MHz, with the skin effect taken into account.
The current and frequency have exaggerated
values to enhance the visualization of the dif-
ference between the two materials.
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nique achieved by the presence of eddy currents. The effectiveness of such eddy cur-
rent shielding increases with the thickness of the conducting layer. Magnetic shields
are constructed of high-permeability alloys such as mu-metal (a trade name for an
alloy composed mostly of nickel and iron [106]). A list of possible soft magnetic
high-permeability materials is given in Table 7.5. Magnetic shield design is complex
and a detailed discussion can be found in references [107–109]. When the shield is
required to operate in a magnetic field of high intensity, the design complexity
increases. If the operating flux level in the shield wall approaches 0.6 T, it may
become necessary to use lower permeability materials such as iron or 50%Ni–
50%Fe as these materials also have high saturation flux densities. To optimize the
design, it may be necessary to use a multiple shield construction combining higher
permeability material, e.g., mu-metal inside and higher magnetic saturation materi-
als such as iron outside [109].
Generally, the following factors need to be considered in magnetic shield design:

the required size and shape of the shield, the thickness and permeability of the
shield material and the intensity of the field to be screened. The shielding factor can
be estimated for various shapes from the dimensionless ratios given below:

Ssphere=4lt/3D (7.10)

Scube=0.7lt/a (7.11)

Scyclinder=lt/D (7.12)

where l is the sheet permeability (Hm–1), t is the sheet thickness, D is the screen
diameter and a is the side length. All dimensions are in the same units.
For open-ended cylindrical shields, the length should exceed twice the radius.

End caps should be used if the length is less than this. Ideally, the magnetic dc field
should be perpendicular to the shield axis. When this is not possible and the mag-
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Tab. 7.5 High-permeability alloys suitable for magnetic shields and their properties [94, 107].

Material Composition Initial
permeability

Maximum
permeability

Saturation flux
density (T)

Coercive
force (Am–1)

Ni77 Fe14Cu5Mo4 50000 200000 0.8 1.0
Hypernik Ni50Fe50 6000 40000 1.6 8
Iron Commercial 99 Fe 300 5000 2.15 70
Iron Pure 99.9 Fe 25000 350000 2.16 0.8
Mild Steel FeC0.1Si0.1Mn0.4 800 1100 200
78 Permalloy Ni78Fe22 4000 100000 1.05 4
Supermalloy Ni79Fe16Cu5Cr0.5 100000 1000000 0.79 0.15
Mu-metal Ni77Fe16Cu5Cr2 20000 100000 0.75 4
Alfenol
(Alperm)

Fe84Al16 3000 55000 0.8 3.2

Sendust Fe85Si10Al5 36000 120000 0.89 1.6
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netic field can impinge directly into the open end of a cylinder, the shielding factor
may be only 20% of that for the perpendicular field. For ac fields, induced eddy cur-
rents can reduce field penetration, but this can be compromised as the magnetic
permeability decreases with increasing frequency. Thick conductors with high per-
meability (e.g., mu-metal) are advantageous.
The design of mu-metal shields can be summarized as follows: The magnetic

shield must operate at magnetic induction levels well below the saturation level of
the shield material. The permeability of the material and hence also the shielding
factor, decrease when approaching saturation. The magnetic induction in a cylindri-
cal shield wall, BSW (T), in a magnetic field strength of Houtside (Am

–1) can be
approximated by [107]:

BSW = l0lrHoutsideD/t (7.13)

where D is the diameter and t is the thickness of the shield. Saturation is avoided by
the use of thicker shielding material or multiple concentric shields [109]. In general,
the use of multiple shields is more effective than the use of increased shield-wall
thickness. For example, the shielding factor for two shields can be calculated using
the equations below, which give a dimensionless shielding ratio [107]:

Ssphere=S1+S2+S1S2(1–D1
3/D2

3) (7.14)

Scyclinder=S1+S2+S1S2(1–D1
2/D2

3) (7.15)

Scube=S1+S2+0.8S1S2(1–a1
3/a2

3) (7.16)

where Si and Di are the dimensionless shielding factors and the diameters of each
shield are given in the same units. For very sensitive scientific or medical measure-
ments, shielding can be enhanced by a technique known as “shaking” [110]. This
involves applying a continuous high-frequency field to the shield wall.
The fabrication of a mechanically hard metal shield as can be made from mu-met-

al, requires welding with the parent alloy being used as a filler rod. Subsequently,
the shield must be heat-treated to restore the material’s high permeability. This
requires the, suitably supported, shield to be annealed at a temperature of 1050 SC
and cooled for a period of 2–4 hours in a dry hydrogen atmosphere. This process
requires special safety precautions and is best left to expert manufacturing compa-
nies who specialize in fabricating finished shields according to customers’ engineer-
ing drawings.
For research and development, design evaluation or small production runs, the

cost of a fully fabricated, mechanically rigid magnetic shield may be too expensive.
However, pre-annealed foils made from high-permeability materials, may possibly
achieve sufficient magnetic shielding. The foils can be wrapped around the device
with the number of wraps adjusted to provide the thickness necessary to achieve the
required attenuation.
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An often forgotten requirement is the need for magnetic-shield demagnetization
to achieve low-remnant fields. This is accomplished by toroidally winding a number
of turns around the shield. A current at power-line frequency, which is sufficient to
saturate the shield, is passed through the coil and then slowly reduced to zero.
The discussion above merely gives an overview of the complexity of magnetic

shielding design, fabrication and use. The reader may seek detailed information in
the references listed earlier.
For practical applications, such as, e.g., magnetoencephalography (MEG) or

paleomagnetometry, mu-metal shielded rooms are usually used [106]. The typical
attenuation of such rooms is shown in Figure 7.7(a) curve (2). Even though their
low-frequency attenuation is relatively modest, the attenuation below 1Hz is in a
range of less than 100 to about 1000. Low-frequency attenuation in excess of 104 can
be achieved with multilayer mu-metal rooms and examples are shown in Figure
7.7(a), curves (3) and (4) [106, 111–113]. The overall field attenuation of the shielded
room can be enhanced by active shielding, as discussed in Section 7.7.3 and shown
by curve (5) [117]. High attenuation can also be provided by the use of a supercon-
ducting shield. An example is the whole-body high-Tc superconducting shield [119],
which provides a low-frequency shielding factor of nearly 108 (see curve (6)).
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Fig. 7.7 Noise attenuation methods. (a) Noise
attenuation by shielded rooms. (1) Eddy-cur-
rent shields [104, 105]. (2) Modestly shielded
mu-metal rooms with low-frequency attenua-
tion of < 100, e.g., [106, 111–113]. (3, 4) High
shielding ratio mu-metal rooms with low-fre-
quency attenuation > 104 [114–116]. (5) High
attenuation mu-metal room with active shield-
ing [117]. (6) Whole-body high-TC supercon-
ducting shield with low-frequency attenuation
of nearly 108 [119]. (7) Typical attenuation by
third-order synthetic gradiometers [120]. (8)
Combined attenuation of modestly shielded
mu-metal rooms as in (2) and third-order syn-
thetic gradiometers as in (7) [121]. (9) Com-

bined attenuation of modestly shielded mu-me-
tal rooms, third-order synthetic gradiometers,
and adaptive noise cancellation, see part (b).
(b) Noise cancellation, MEG site in Toronto,
AK3b-shielded room [106], channel MLF43, 151
channel MEG system [122]. Primary sensors are
radial gradiometers with 5 cm baseline, fre-
quency spectra were averaged over 20 trials.
(1) Unshielded magnetometers. (2) Shielded
magnetometers, the different noise slope is
due to the presence of a thick Al layer in the
shielded room wall. (3) Hardware first-order
gradiometer. (4) Synthetic third-order gradi-
ometer. (5) Synthetic third-order gradiometer
and adaptive noise cancellation.
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7.3.1.6 Filtering in an Unshielded Urban Environment
Mains power is a source of strong noise at the fundamental and harmonic frequen-
cies. When a very effective magnetic shield is not available, noise from power lines
is best removed by filtering.
The noise levels due to mains power at 50/60Hz and computer monitor frequen-

cies (“lines”) at about 67 to 75Hz, are usually much higher than the intrinsic-noise
levels of the sensors and are best removed by the use of electronic filters. Figure 7.8
shows an idealized filter response for the various filter classes in use. There are
many references [123–126] that provide assistance in the design of filters. SQUID
systems are often used for measurements in the low-frequency range, where they
show a significant advantage over other magnetic field sensors. In this case, the use
of a high-order low-pass filter with a cut-off frequency of about 30Hz can minimize
the influence of power-line interference [124]. It is also possible to use specially de-
signed comb filters described in [127]. These filters combine several notch filters to
block out a particular noise source of a certain frequency and its harmonics. This is
particularly useful for the removal of power-line noise especially if the SQUID sys-
tem is being used in a broadband application. However, the use of notch filters may
significantly distort the signal spectrum, by also removing useful signals at filtered
out frequencies.

7.3.1.7 Determination of Low-frequency Shielding, Filtering or Noise Cancellation
Requirements
In order to design sufficient low-frequency shielding and filtering, it is necessary to
measure the background field level at the point of application with no magnetic
shielding present and then to determine the system sensitivity required for the
intended application. Measurement of background electromagnetic fields for fre-
quencies less than 1000Hz can be simply achieved by using a fluxgate magnet-
ometer with a spectrum analyzer and measuring a noise spectrum over a wide fre-
quency range. For example, Figure 7.9 shows noise spectra obtained with a well rf-
shielded SQUID and a flux gate. The spectra (i) and (ii) correspond to magnetically
unshielded measurements undertaken in a factory, and the spectrum (iii) indicates
the noise measured in a double mu-metal shield. The 50Hz mains power and its
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harmonics cause peaks in the unshielded spectrum. The ratio of the unshielded
environmental noise to the desirable resolution required, gives the shielding effec-
tiveness needed. In this example, if the sensitivity required for a specific application
were 400 fTHz–1/2 at 1Hz, then to reduce the noise level at 1Hz to 200 pTHz–1/2, a
shielding effectiveness of 500 is required. This is achievable by the use of a three-
layer mu-metal shield, which would have a shielding factor of about 1000 at 1Hz.
Another method of achieving lower noise is the use of noise cancellation tech-
niques.
Noise reduction by various noise-cancellation techniques can provide an alterna-

tive to, or a significant enhancement of the magnetically shielded performance. An
example of such a method is a synthetic higher-order gradiometer, discussed in Sec-
tion 7.7.4.2. Depending on the spatial characteristics of the noise, the synthetic
third-order gradiometer can provide noise attenuation of several times 103 to more
than 104 (the 104 level is shown in Figure 7.7(a), curve (7)) [120]. Such attenuation
also works within shielded rooms and is added to that of the shielded rooms [121].
The combined attenuation of a third-order gradiometer and a modestly shielded
room is shown in Figure 7.7(a), curve (8). At low frequencies, where the residual
noise is larger than the SQUID noise, an additional, adaptive noise cancellation (dis-
cussed in Section 7.7.4.1) can increase the attenuation by a factor of 10 or more, Fig-
ure 7.7(a) curve (9). The combined attenuation using modestly shielded rooms and
the synthetic methods, is illustrated in greater detail in Figure 7.7(b), for a specific
measurement site. At low frequencies, the shielded room attenuates the unshielded
magnetic field by a factor of about 50. The primary hardware first-order gradi-
ometers, provide an additional attenuation of about 100, and the synthetic third-
order gradiometers increase the attenuation by another factor of nearly 100. Below
about 0.1Hz, an additional attenuation of about 30 is achieved by adaptive-noise
minimization. Thus at low frequencies, the combined noise attenuation of the mod-
estly shielded rooms and the synthetic methods, is greater than 107 and is compar-
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able to that of expensive high-attenuation rooms with active shielding (compare
curves (5) and (9) in Figure 7.7(a)).

7.3.2
Electronics and Cables

7.3.2.1 RF Screening of Electronics
Chapter 4 gives information on SQUID electronics. This section considers some of
the issues necessary to transfer the electronics from an ideal laboratory environment
to a non-ideal environment while still meeting the specifications for a specific appli-
cation.
The electronics require adequate rf shielding to prevent their stray fields from

contributing to the noise of the SQUID sensor. As discussed in Section 7.3.1, in
order to obtain shielding effectiveness for electric fields, one should use a good con-
ductor such as copper or aluminum of sufficient thickness. Any mechanically rigid
metal box will usually provide effective shielding. However, in some applications,
where it is necessary to have the SQUID and the electronics close to each other,
there is a need to optimize the shielding of the electronics (i.e., the amount of metal
present in the electronics housing required to achieve sufficient shielding effective-
ness) while minimizing the amount of metal present to prevent eddy-current noise
contributions, as discussed above.
Optimized construction of the electronic housings (casings) and cables should

follow the general guidelines below:

. Use materials of high conductivity (see Table 7.3).

. Choose a suitable wall thickness in order that the EMI frequency is shielded
out: the higher the frequency, the thinner it can be for a given material (see
Table 7.4).

. At high frequencies (f > 1MHz), non-ferrous materials such as copper and
aluminum will be sufficient for both electric and magnetic fields.

. Holes, gaps and apertures in the shield must be kept as small as possible. A
general rule is that the largest dimension of the hole is more critical than its
area. The maximum permissible length is k/10 where k is the EMI wave-
length.

. Avoid gaps between panels.

. A large number of small round holes is better than one long hole.

To achieve the desired shielding effectiveness, all the seams and joints in the
housings of the dewar and the electronics, need to be welded or sealed with overlap-
ping joints providing intimate contact between mating surfaces [128]. Screened
cables that penetrate a case should be terminated “shield-to-shield” in a peripheral
bond at the point of entry or around the barrel of the plug or connector by soldering
around the full 360S. If a “pigtail” connection is used, then the current is no longer
confined within the cable and a common-mode component (discussed in detail
below) will flow along the outer surface of the shield from where it can be conducted
to other susceptible points in the system or produce radiated energy causing deleter-
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ious effects on the system performance. Soldering the shield peripherally around
the complete circumference of the cable may result in a reduction of the common-
mode current by as much as 65 dB. Multiple shielding of cables may be necessary in
application areas where high-rf fields are present. In some cases, it may be neces-
sary to construct cables with extra sleeves of shielding, such as double silver-coated
copper-braided sheaths, to obtain the desired shielding effectiveness. It is not
uncommon to see SQUID systems with extra layers of aluminum foil (Alfoil)
crimped onto the cables to enhance rf shielding during the development phases, or
a system testing where system drift or failure to lock is apparent. If this is necessary,
the eventual use of multiple-shielded cables, as described below, is recommended.

7.3.2.2 Cables and Conductors
A major source of EMI is radiation from the cable or conductor network. There are
two modes of current flow along the conductor: the common mode and the differen-
tial mode. Differential-mode conduction is the usual conduction mechanism. Here,
the functional currents flow within any electrical circuit and are of equal amplitude
but in the opposite direction. If the distance between these conductors is small, the
radiation is negligible. This can be easily achieved by twisted pairs, for example.
Common-mode conditions exist when currents of equal amplitudes flow in a multi-
wired system in the same direction in all of the conductors. The return path is pro-
vided by nearby conducting objects. The dimensionless ratio of the differential-
mode to common-mode currents can be estimated by:

Id/Ic=cl/2pfA (7.17)

where c is the speed of light (ms–1), l the length of the conductor carrying the com-
mon-mode current (m), A is the area of the small loop carrying the differential-
mode current (m2) and f is the frequency (Hz). For example, if l is 1m and A is
1000mm2, then at 30MHz, Id is about 1500 times greater than Ic, while at
1000MHz, the ratio is about 50, suggesting that the common mode will have a
greater effect.
The source of common-mode current is frequently a voltage drop within the

ground system. If a long, thin conduction wire is used to provide a connection to
ground, the voltage drop will be greater than if a conductor with a large cross-section
were used. Ground planes are needed for high-frequency applications. As a general
rule, the more copper used, the better the ground. However, compromise is neces-
sary to avoid excessive eddy currents causing a “self-field” noise source. More details
on grounding are given in Section 7.3.2.3.
The following suggestions can minimize the radiation from cables:
For common-mode:

. Use the shortest possible length of cable within or between the various sys-
tem components.

. To the maximum possible extent, eliminate independent-ground connections
and minimize the common-mode spurious voltage-to-ground connections.
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. Use common-mode filters, such as ferrite rings, on all cables but do not posi-
tion them so that they create a magnetic noise source for the SQUID.

. Screen the cable while keeping the area of the resulting loop as small as pos-
sible.

For differential-modes:

. Minimize the area of all current-carrying loops, particularly high-frequency
signals.

. Operate the system at the lowest possible frequency.

. Reduce the current amplitudes as much as possible.

. Screen the cable, while keeping the loop as small as possible.

7.3.2.3 Cable Junctions, Terminations, Connectors and Grounding
As a general rule, there are two types of basic conductor configurations: the bal-
anced, parallel or twin-wire cable and the co-axial or shielded cable. The twin-wire
cable is a balanced and symmetric system, where equal and opposite (differential)
currents flow. The co-axial cable is unsymmetrical because of the dissimilar conduc-
tor geometries. If these two cables are interconnected, then the symmetrical current
flow on the twin cables is converted into two modes along a co-axial cable. One
flows conventionally within the cable and returns via the inner surface of the outer
conductor or screen. The second mode causes current to flow along the outer sur-
face of the cable screen and to return via the surrounding conductors or the earth.
Because of this, the mating of balanced with unbalanced conductors, will introduce
significant EMI and must therefore be avoided.
The choice of connectors involves balancing the need to provide user friendliness

with suitability for a specific application. In all cases, the connector material needs
to be checked. Many connectors are made of gold or chrome-coated nickel, which is
ferromagnetic and can contribute to system noise due to “self-field” effects. Bayonet
and military style connectors are useful for rugged applications in the field, such as
for geophysical exploration and defense applications. BNC and SMA connectors are
suitable for laboratory or stationary applications but are not suitable for setups
where frequent connecting and disconnecting may be anticipated, as they can be
fragile.
A ground is an equipotential point to which all other potentials in the system are

referenced. In practice, grounds are rarely at the same potential and care must be
taken to ensure that unwanted coupling of various signals does not take place since
the ground system includes a “loop”. The ground system should provide the low
impedance route for a signal to its return path.
Effective grounding can reduce noise pickup very significantly while inadequate

grounding can exacerbate interference. The ground system must be designed and
not left as an afterthought. Safety grounding is also necessary to prevent shock haz-
ards.
There are three grounding techniques: floating, single-point and multiple-point.

Floating points should be avoided as static charges can build up and may cause
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SQUID failure when discharged. Static discharges can also create increased noise.
Bleeder resistors are recommended when an application requires a floating earth. A
single-point earth is preferred for low frequencies (below 1MHz). When all the
earth leads are connected to a common point, no interference will be produced, if
sufficiently large cross-sections of conductors are used. However, at frequencies
above 1MHz, prevention of capacitive coupling is necessary to avoid interference,
and multi-point grounds may be required. Such grounds are made by the most
direct route to the nearest low-impedance ground. The wire length must be kept to a
minimum to reduce self-inductance and high-frequency resistance. Multi-point
grounding can lead to ground loops which are a common cause of malfunctioning
electronics. Cable-shield grounding must also be designed to take into account the
frequency range in use [128].

7.3.2.4 Crosstalk
Performance degradation due to the interference between the various system com-
ponents is a serious issue in the design of multi-component magnetometers and
gradiometers. In this discussion, crosstalk is defined as the interaction between
devices where any signal current flowing in one device induces error currents in
other devices. Crosstalk is a consequence of various contributions:

Self-field Effects. The interference between SQUIDs and adjacent low-temperature
electronic components in the probe is referred to as “self-field” effects, which can be
mitigated by the appropriate use of shielding and an increased distance between
interacting components in order to provide satisfactory isolation.

Electronic Component Interactions. Crosstalk can also be introduced into the
SQUID system via the electronics by poorly mounted connectors which can cause
capacitive coupling between the leads which are carrying different signals. The
choice of electronic components and their position is important in the control of
crosstalk. For example, a circuit containing an inductor can interact with nearby cir-
cuits, due to mutual inductance. Shielding and separating such components is
essential [129]. Inductive crosstalk occurs when poorly designed circuits create a
mutual inductance between neighboring wires whether on a circuit board or in a
poorly designed connector. A general discussion of crosstalk is given in ref [129].

Crosstalk in Multichannel SQUID Magnetometers. Crosstalk is caused by the
mutual inductances between individual sensing coils, where the sensing current of
one coil induces an error current in a nearby coil. For example, estimation of the
crosstalk signals can be obtained by considering two second-order gradiometers (di-
ameter 20mm, baseline 40mm) placed parallel to one another with a distance of
41mm between the gradiometer axes. Here, the crosstalk between the sensing coils
is 5% [130]. When these coils are part of a multi-channel system, the crosstalk is
even larger. For example, in a hexagonal configuration, a coil can have six neighbors
resulting in a crosstalk of about 30% [130].
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Crosstalk Mitigation for Arrays. Crosstalk can be minimized be separating the
pickup coil structures, but this is often impractical, especially in multi-channel sys-
tems. Another option is to apply “external” feedback directly to each input circuit
rather than to the SQUID, such that the flux transformers carry zero current and
thus do not interact [130]. Since the inductive crosstalk is directly proportional to the
current in the coupled inductors, nulling of the flux transformer current will elimi-
nate the crosstalk. It should be emphasized that this procedure is applicable only to
analogue SQUID electronics and is not effective in systems with digital electronics,
where different methods must be used.

Crosstalk Mitigation for Orthogonal SQUIDs. In systems with orthogonal SQUIDs,
the feedback operates in order to keep the currents flowing in the SQUID constant
and hence the SQUID itself will not be a source of indirect crosstalk. However, the
feedback also produces a fringing field, which can couple to orthogonally oriented
SQUIDs. This form of coupling is linear and will give rise to direct crosstalk be-
tween channels. Ideally devices need to be located at null points of the fields of or-
thogonal feedback coils as the coupling, which is causing the direct crosstalk be-
tween channels, is geometry and frequency dependent. The positioning of orthogo-
nal components requires trial and error to find the null positions, or crosstalk
removal by means of signal processing.
The orthogonality–crosstalk error correction, along with gradiometer and magnet-

ometer calibration, is all necessary in order to make an accurate analysis of measure-
ments possible. If crosstalk is present between the components, the error will add
linearly to the true response. Crosstalk can be measured by using a set of three cali-
brated orthogonal calibration coils, which are accurately orthogonal and also accu-
rately oriented with respect to the SQUID system. For example, to achieve an error
correction to an accuracy of 1%, the orientation of the calibration coils would need
to be aligned to better than sin–1(0.01) = 0.06S. Moreover, the required accuracy of
the field orientation needs to be sustained over the entire volume occupied by the
sensors, and all components which may contribute to crosstalk. Typical systems
would have an orthogonality accuracy of 1% with a crosstalk of less than 3% in
each channel, when measured in a calibrated Helmholtz coil. More details of cali-
bration methods are given in Section 7.5.

7.3.2.5 Power Consumption and Supply
A range of power consumption levels for various SQUID electronics, is currently
available commercially. For laboratory or static use, mains power is available and
power consumption is not an issue unless power-line harmonics cause excessive
noise and filtering is not sufficient to obtain the desired signal-to-noise ratio. Bat-
tery-operated systems are necessary for remote and mobile applications. When
operation is by battery, power consumption is then an important parameter. Choos-
ing the correct type of battery requires consideration of the space and weight that is
allowable, and also the rating of the battery to ensure that it holds enough charge to
provide operation without the need for a recharge over the required measurement
period. Information needed for choice of battery is current rating, tolerable weight,
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7.4 Data Acquisition and Rudimentary Signal Processing

voltage (and hence the number of cells required), the relative costs of the batteries,
their operating time and their performance at different temperatures, if they are to
be used in external locations. For example, lead-acid gel-cell batteries are heavy, but
offer good lifetimes, are easily recharged and are relatively cheap. However, gel-cell
battery capacity is severely compromised in low-temperature environments. The rat-
ing of the battery at different environmental temperatures should be noted from the
battery specification sheets or measured in environmental chambers when extreme
variations of temperature are to be experienced. Table 7.6 gives the battery character-
istics for a range of rechargeable batteries. It is also important to verify that the elec-
tronics powered by the batteries are able to cope with the voltage fall-off during
operation as the battery charge drops. Otherwise, one needs to provide appropriate
compensating electronics. Sufficient shielding and filtering, as outlined in Sections
7.3.1.4 and 7.3.1.5, must be implemented if AC-DC converters or other switched-
mode power supplies are used, because of the generation of high-frequency noise.

7.3.2.6 Choice of SQUIDs and Electronics
As outlined in previous chapters, alternative choices of dc versus rf SQUID and ana-
log versus digital electronics, can be made. When designing a SQUID system, it is
necessary to determine what the specification requires. For example, the enormous
dynamic range offered by digital electronics (192 dB with 32 bit converters) is
needed for unshielded stationary or mobile magnetometers and unshielded mobile
gradiometers (Tables 7.11 and 7.13). In the opposite extreme of a well shielded envi-
ronment with a background-noise level as shown in Figure 7.13(a), such a large
dynamic range is not necessary because the signal plus noise has only a small
dynamic range of about 26 dB (about 4.3 bits). Generally, diverse magnetometry ap-
plications span the whole range between the two indicated extremes.

7.4
Data Acquisition and Rudimentary Signal Processing

7.4.1
Introduction

For the vast majority of SQUID systems, a computer interface is required so that the
sensor’s signals may be processed by algorithms, then stored and presented. This
section overviews some guidelines for designing data-acquisition systems for ana-
log-output SQUID systems. (Digital-SQUID systems are usually directly interfaced
to computers). We assume that the most common situation is where the SQUID’s
output is a voltage proportional to the feedback current in the flux-locked loop, al-
though the same data acquisition principles are applicable to other situations. Sever-
al manufacturers of SQUID systems offer good data acquisition products, but many
researchers prefer to configure their own, tailored to their specific systems.
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7.4.2
Hardware Considerations

Analog-to-Digital Converters, ADCs, are required to make the computer interface.
The hardware required may vary, but the most flexible approach is to use an ordin-
ary personal computer with plug-in data acquisition cards. It is important to ensure
that there are suitable software drivers for the cards that work well with the comput-
er’s operating system and the programming language of choice. Some companies
offer acquisition hardware and software programming environments that are guar-
anteed to work properly together. Irrespective of the hardware choice, due considera-
tion must be given to the key issues of dynamic range, sampling frequency and ana-
log signal conditioning.

7.4.3
Dynamic Range, Accuracy and Linearity

ADCs have a finite dynamic range. The output resolution of a single sample is one
least significant bit, LSB, and the digital-output range is 2n where n is the number
of bits that the ADC can convert. It is usual to match the voltage output range of the
SQUID electronics to the input range of the ADC.
One key requirement for matching a SQUID channel to an ADC is that the volt-

age noise on the SQUID output must exceed the resolution of the ADC, usually sev-
eral LSBs in magnitude. If this is not met, then the ADC rather than the SQUID,
will dominate the system’s overall noise performance. A second key requirement is
that the ADC’s input voltage range must exceed the maximum expected signal size,
otherwise, information will be lost where the ADC saturates. The practical example
below illustrates a selection process for an ADCwith suitable resolution.

Example. A SQUID has a flux noise of 10 lU0 rms/�Hz, a FLL bandwidth of
10 kHz and a range in flux, up to a maximum of +/– 4U0. (The FLL is not of the
automatic reset variety described in Section 4.2) The feedback electronics has select-
able FLL feedback resistors, but a voltage range limited to +/–10V. To make best use
of the voltage range, an ADC with a +/–10V input range, should be selected. The
FLL feedback resistor is chosen to provide 10V for 4U0 at the SQUID, i.e., 2.5 V/U0.
This satisfies the range requirement, so now the resolution requirement can be cal-
culated. The voltage noise on the FLL output is 2.5 V/U0 X 10 lU0 rms/�Hz i.e.,
25 lVrms/�Hz, and this is equivalent to 2.5mVrms over the full bandwidth. The volt-
age noise is equated to, say, 10 LSBs, to be on the safe side, so the required LSB is
equivalent to 250 lV at the input. The ADC resolution, calculated from the formula
2n=Voltage range/LSB equivalent voltage, i.e. 20V/250 lV, is n = 16.3. For this exam-
ple, a 16-bit ADC would be just sufficient while an 18-bit ADC would provide a bet-
ter safety margin. If the bandwidth of the SQUID output is subsequently likely to be
reduced, then the resolution limit may be reached, so it is best to base the calcula-
tion upon the lowest bandwidth that is likely to be used in practice.
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It is also important to be aware that most ADCs have self-noise at the one to two
LSBs for 20 bits or less and more noise for higher-resolution ones. For example,
many 24-bit ADCs have a useable resolution of only 21 or 22 bits because of their
self-noise. Where the ADC’s self-noise exceeds one or two LSBs and the noise has a
gaussian distribution, then extra voltage resolution may be obtained by over-sam-
pling the data and decimating. For example, sampling four times faster and aver-
aging the results over four samples increases the resolution �4 times.
ADCs can vary considerably in their linearity and in the accuracy with which they

can reproduce a digital representation of an analog signal. Where a SQUID is being
used for simple measurements with a low signal-to-noise ratio, the accuracy and lin-
earity requirements are modest and most modern ADCs are more than good
enough. For systems that use software algorithms to cancel high levels of noise
using reference SQUIDs, poor accuracy and linearity can compromise system per-
formance so these factors should be considered at the selection stage.

7.4.4
Sampling Rate and Signal Conditioning

The maximum frequency that an ADC can resolve is one-half of its sampling rate. It
is therefore easy to calculate the minimum sampling rate required for a system of
given bandwidth. As a general principle, it is good to sample at the maximum rate
that the ADCs can manage (providing the software can handle it) and use the largest
SQUID bandwidth that can be accommodated. In this way the maximum informa-
tion is captured from the SQUID. It is important to avoid conditions under which
aliasing occurs, i.e., when noise that is above the maximum resolvable frequency is
reflected down into the bandwidth of interest and adds to the noise there. This is
usually avoided with “anti-aliasing” low-pass filters between the SQUID outputs and
ADCs that cut off the signals below the maximum-resolvable frequency, so the
aliased noise makes no significant contribution. If the FLL electronics has a lower
cut-off frequency than the ADCs, then filters are not needed.
It is important to be cautious with low-pass filters on SQUID outputs – particular-

ly in multi-channel systems. The problem is that the filters induce phase shifts in
the signals at frequencies well below the cut-off (pole) frequency. The phase shift is
proportional to the frequency well below the pole, which is equivalent to a constant
time delay on the signal. In many multi-channel SQUID systems, the accurate time
alignment of signals from channel to channel is crucial for effective noise cancella-
tion, so different delays on each channel are not acceptable. A high degree of match-
ing of the filters is thus required to keep the delays equal. If the use of analog filters
is unavoidable, then implementing the highest practical pole frequency, and careful
matching of high-stability resistors and capacitors in the filters, will help.
Many ADCs inject noise onto the wires joining them to the SQUID electronics.

This is mostly in the form of spikes originating from the digital electronics behind
the ADCs that are picked up on the wires and carried towards the SQUIDs. If this is
a problem, then RF filters should be placed in the lines to prevent the spikes from
passing. Otherwise these could easily knock SQUIDs Voff lock’. If the physical dis-
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tance between the SQUID outputs and the ADCs is long or there is a strong likeli-
hood of interference pickup on the wires, then it is better to use balanced differential
pairs to convey the signals. Many ADCs have differential inputs so it is straightfor-
ward to generate a balanced pair of signals using an accurate buffer and an inverter
(there are also good analog ICs available especially for this purpose, such as Analog
Devices SSM2142, a balanced line driver, and the SSM2141, a complementary recei-
ver). In this case the cables used should be a shielded twisted pair of wires to con-
nect to the differential ADCs. High-quality commercial microphone cable is excel-
lent for this as it well shielded and has no microphonic pickup, which can be a prob-
lem with some cables. For multi-channel systems, cables with several individually
shielded twisted pairs within an overall shield could be used.

7.4.5
Digital Signal Conditioning and Storage

When the signals from the SQUID channels have entered the digital domain, they
should each be SQUID-noise limited in range, accurately time-aligned from channel
to channel, and preferably have a higher bandwidth than is required for subsequent
processing. The extra bandwidth is useful because it can then be reduced using dec-
imation and digital filters that are perfectly matched channel to channel. The system
should also be checked to ensure that the data is continuous, with no time gaps.
This is particularly important for “event driven” software used, for example, in many
graphical programming environments.
Many researchers prefer to stream data to a hard disk before undertaking any

digital processing. This ensures that it is preserved and can be re-processed in other
ways if, for example, a bug is subsequently found. For large numbers of channels or
slow computers, the streaming to disk may not be quick enough for the raw data so
this function is performed after filtering. The signals from the multiple channels
may then be passed to the subsequent signal-processing stages. If quality ADCs
were selected with high linearity and very low bit error rates, then the signals can be
passed to the processing algorithms with practically the same integrity as the analog
outputs from the SQUID’s electronics.

7.5
Characterization, Calibration and Testing

7.5.1
Introduction

The previous sections of this chapter and Chapters 4, 5 and 6 have provided informa-
tion on how to construct a SQUID-based system with appropriate cryogenics,
SQUIDs, electronics, cables, connectors, shielding, filters, and data acquisition suit-
able for the intended application and specification. This section will consider the
measurements that are necessary in order to characterize and calibrate the system.
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Various measurements are recommended to test both the individual SQUID sensor
and the whole system in a low-noise environment, such as in a laboratory with an rf
and low-frequency shielded-measurement set-up, to check that the system is operat-
ing as ideally as possible and in the manner desired. Issues related to the operation
of the system under the conditions imposed by the environment of an application,
will be discussed in Sections 7.6–7.8.

7.5.2
Characterizing SQUIDs

7.5.2.1 Introduction
The standard measurements necessary to characterize the performance of a SQUID
are: optimized-transfer coefficient, noise floor over a range of frequencies, band-
width, slew rate, dynamic range and SQUID effective area. The following methods
assume an rf or dc SQUID with electronics optimized for maximum transfer func-
tion as outlined in Chapters 4 to 6. These initial measurements should be undertak-
en in a two or three-layer mu-metal shield, achieving a magnetic-field attenuation of
at least 500 in the required frequency band. The suggested test equipment required
for characterization of a SQUID is given in Table 7.7. SQUID manufacturers usually
provide some information on the device characterization in their manuals and web-
sites and these are recommended reading.

7.5.2.2 Transfer Coefficient
The performance of a SQUID is usually first evaluated by determining the transfer
coefficient, ¶V/¶Ua for the dc SQUID or ¶VT/¶Ua for the rf SQUID, in volts per flux
quantum. This can be achieved by displaying the SQUID voltage against the applied
flux on an oscilloscope (FLL off), measuring the peak-to-peak voltage and dividing
by U0/2. The displayed waveform is ideally sinusoidal for dc SQUIDs and nearly
triangular (with possible noise rounding) for rf SQUIDs. For dc SQUIDs, a peak-to-
peak measurement is only indicative as the maximum value of ¶V/¶Ua is p/2 times
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Tab. 7.7 Test equipment required for characterization of a SQUID system.

Equipment Comments

SQUID system Assuming SQUID, dewar, cryogen, electronics, cables, flux-locked loop
setup.

Mu-metal shield Double or triple layer
Magnetic field
calibration coil

For example, 2 mT/A with high (10 kX) or low (330X) input resistance

Signal generator Sine and triangular waveform with symmetry adjustment
Oscilloscope Analog, dual channel, 50–200MHz bandwidth
Spectrum analyzer
Appropriate cables and
connectors

Well shielded, non-magnetic connections
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larger if the function is a true sinusoid. If it is not sinusoidal, then the maximum
slope should be measured directly from the oscilloscope trace. This is particularly
important where the characteristic is distorted, e.g., when a direct readout scheme
with additional positive feedback is used.
Typical dc SQUIDs should have ¶V/¶Ua @ 10–100lV/U0 while the transfer coeffi-

cient of rf SQUIDs depends greatly on the frequency and mode of operation, as dis-
cussed in Chapters 1, 2 and 6. Under most circumstances, the SQUID biasing is
adjusted to maximize ¶V/¶Ua, so it is useful to record the biasing conditions as well.
These are important measurements because they provide an easy benchmark to
monitor long-term changes in a device (e.g., in HTS SQUIDs where I0 may change
slowly due to oxygen migration within the junctions). In addition, ¶V/¶Ua may be
depressed under operational conditions due to rf interference, so knowledge of the
transfer function and its optimized biasing under shielded conditions (both high
and low-frequency shielding) can be used to indicate how the environment is effect-
ing the SQUID in later measurements.
If a wire-wound gradiometer is connected to a SQUID, it is crucial that the flux-

transformer circuit is superconducting (or else a high-pass transfer results). After
cool-down, this can simply be tested by generating a change in the environmental
dc field (e.g., by moving a chair in the vicinity of the system). The SQUID output
should respond by changing along with the environmental field change, but after
that it should remain at a constant level. A small resistance in the flux transformer
circuit will give a slow decay.

7.5.2.3 Effective Area of a Magnetometer
The effective area, Aeff, is an indication of the efficiency of the SQUID at capturing
magnetic flux, and is sometimes referred to as the responsivity. The effective area is
defined as Aeff =Us/DB, where Us is the magnetic flux produced in the SQUID by a
change in the externally applied magnetic field, DB (in the direction of highest
SQUID sensitivity). The higher the value of Aeff, the more flux that is coupled to the
SQUID for a given external field and thus the higher the field sensitivity of the
device. Aeff depends only on the geometry of the superconducting structures and is
independent of the junction properties in the limit when the junction inductance is
negligible compared with that of the SQUID. For thin-film structures, Aeff should
therefore never change and one initial measurement will be sufficient. For struc-
tures where the geometry may change over time, as in the case of flip-chip devices,
it is prudent to measure it periodically. One may determine Aeff by placing the
SQUID at the midpoint of the axis of a calibrated Helmholtz pair, or solenoid with
its plane parallel to the coils, and then counting the number of flux quanta induced
by a given change in field. The procedure for setting up and using calibrated coils to
make this measurement is described in detail in Section 7.5.4.

7.5.2.4 Effective Volume of a Gradiometer
For first-order gradiometers, the effective volume (responsivity), Rg, is defined by
Rg=Us/DG and relates an externally-applied change in gradient DG to the flux
coupled to the SQUID, Us. (For higher-order gradiometers, the responsivity has
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units of length2+n where n is the order of the gradiometer.) It is also important to
measure Aeff for a first-order gradiometer because, unless the coils are perfectly bal-
anced, there will also be a response to the magnetic field, thus:

Us=Rg DG +Aeff DB. (7.18)

This also extends to higher-order gradiometers. One may use (Aeff b)/Rg as a mea-
sure of imbalance where b is the baseline of the gradiometer. Practical details on
measuring responsivity and calibrating gradiometers are given in Section 7.5.4.

7.5.2.5 SQUID Noise and Bandwidth Measurements
The spectral voltage noise power density at the output of the FLL, SV, should be mea-
sured while the SQUID is operating within a well-shielded environment, in order to
determine the intrinsic noise of the SQUID and its associated electronics. From
this, the spectral-power density of the flux noise in FLL mode, SF, can be calculated
from:

SF ( f ) =SV ( f ) /VU, FLL
2 [U0

2/Hz] (7.19)

where VU,FLL= ¶Vout/¶Ua is the ratio of the FLL output to the flux applied to the
SQUID set within the FLL. In the white noise region, carefully designed dc and rf
SQUIDs have values for SF in the region of about 10

–12 U0
2Hz–1, for LTS devices.

An alternative figure of merit is the noise energy per unit bandwidth:

eð f Þ ¼ SFð f Þ=ð2LÞ [Joules/Hz]. (7.20)

This parameter takes into account the SQUID inductance and gives a better basis
for comparing SQUIDs of different geometries.
The SQUID noise may be measured with a spectrum analyser or a Fast-Fourier

Transform (FFT) algorithm included in the system’s data-acquisition software. For
noise measurements in the absence of signals, a Hanning window function should
be used prior to the FFT. The least significant bit (LSB) of the analyser or data acqui-
sition system should be significantly lower than the level of SQUID noise (if this is
not the case, digital-quantization steps will appear in the FFT trace.) The 1/f noise-
corner frequency and the white noise at 1 kHz can be determined from recorded
noise spectra. FFT spectra can be averaged to reduce the noise on the traces. The
bandwidth can be determined from the FFT spectrum as the frequency where the
white noise has dropped to half its amplitude, or alternatively the frequency of a
small applied field may be increased until its measured amplitude has halved. This
assumes that the bandwidth starts at dc, which is not always the case.
There is generally a trade-off between wide bandwidth and low noise. As the

bandwidth is increased, due to increased gain, the white noise will also increase. The
bandwidth can usually be adjusted by trimming the gain of the SQUID preampli-
fier. When undertaking noise measurements, it is sensible to adjust the gain to opti-
mize for the best white noise and bandwidth required for the intended application.

295



7 SQUID System Issues

7.5.2.6 Dynamic Range
The task of the experimenter is to measure magnetic fields with a specified resolu-
tion. Invariably, the detection system is exposed not only to the desired signal, but
also to environmental magnetic noise, which may be many orders of magnitude
larger than the signal of interest. The SQUID and its associated electronics must be
designed to handle all applied magnetic fields (signal and noise) and still provide
the resolution appropriate for the specific measurement task.
The ratio between the total applied signal and the noise amplitude, determined to

the desired resolution, is called the dynamic range of the applied fields. If the re-
quired electronics resolution is ¶B and the peak magnitude of the applied quantity
(field, gradient, etc.) is DB, then the dynamic range may be defined as a peak-to-
peak amplitude divided by the resolution [132], or

D ¼ 2DB
¶B (7.21)

The dynamic range can be expressed either as a ratio, in decibels (dB), or by the
number of bits. The dynamic range is discussed in detail in Section 7.8.2.
It is clear that the applied dynamic range is often much larger than the dynamic

range of the signal of interest. For example, for MEG, the magnetic fields (signal)
from the brain may have peak-to-peak amplitudes of about 300 fT. We may want to
resolve this signal with an accuracy of 0.5 fT, which corresponds to a signal dynamic
range of only D= 600 = 56 dB= 9.2 bits. However, even within shielded rooms, the
environmental-noise amplitude can be as large as 40 nT, resulting in a much larger
total dynamic range for magnetometers of Dtotal= 4 X 10

7 = 158 dB= 26.3 bits [132]. In
contrast, rock magnetometers operate within superconducting shields where the
environmental noise is negligible and the total dynamic range is small and roughly
corresponds to that of the signal (85 dB or 8 bits).
Therefore, the SQUID and its associated electronics must be designed to handle

the dynamic range which is relevant to the measurement problem, and this can
range from negligible up to about 31 bits [132].

7.5.2.7 Slew Rate
The slew rate describes the rate of change of the applied field. The maximum slew
rate of a sinusoidal signal with amplitude DB is:

B
•
¼ xDB (7.22)

where x= 2pf is the signal frequency. The applied-field slew rate, B
•
(T/s), and its

conversion to flux slew rate,U
•
(Uo/s), are discussed in a detail in Section 7.8.2.

The slew rates within shielded rooms are small, typically < 10Uo/s, while the slew
rates for sensitive magnetometers in unshielded environments can be in excess of
106Uo/s [132]. The SQUID and its electronics must be designed to handle the slew
rates which are expected to occur during the measurement.
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The slew rate of a SQUID system can be measured by applying a known time-
variable field or gradient and determining the slew rate as the point at which the
flux-lock loop ceases to follow the applied signal. This requires that the SQUID be
placed within a calibration coil, which has a known triangular signal of a few kHz,
and the SQUID output monitored. The slew rate is determined from the maximum
peak-to-peak applied field at which the SQUID FLL is able to remain in lock. Using
this value, Bmax, the flux slew rate can be evaluated as:

_UUf ” ‰¶Uf/¶t‰max = 2 f Bmax [T/ls] (7.23)

where f is the frequency of the triangular applied field.

7.5.2.8 Nonlinearity
Low-Tc SQUID magnetometers are among the most linear devices available in
metrology. Small nonlinearities are caused by various system imperfections such as
weak links in contacts, dependence of the transfer function on the applied fields,
large deflections along the sinusoidal SQUID transfer function (see Section 4.2.1),
penetration-depth dependence on the applied field, and also by nonlinearity of the
electronics components in the SQUID circuitry (e.g., resistors). Successful noise
cancellation and signal processing requires the nonlinearities to be sufficiently
small [132]. The maximum allowed nonlinearity is inversely proportional to the
dynamic range and is discussed in detail in Section 7.8.2. The nonlinearity of low-Tc
systems has been discussed in references [133] to [137], including the use of modi-
fied feedback circuit to improve the linearity.
The nonlinearity requirements, which stem from the need to cancel high levels of

environmental noise, can be relaxed by configuring the SQUID flux transformer to
detect smaller levels of environmental noise. For example, in some unshielded ap-
plications, the use of a magnetometer flux transformer would require the nonlinear-
ity to be less than –185 dB, while the same application using the first-order gradi-
ometer flux transformer, would relax the nonlinearity requirement by about –150 to
–160 dB [132]. Nonlinearity in some commercial MEG systems was measured to be
<10–6 with signal amplitudes of 1000U0 [132].
The nonlinearity can be measured either by harmonic distortion or by the inter-

modulation product. During the measurement of harmonic distortion, a pure sinu-
soidal signal is applied to a SQUID magnetometer. The presence of nonlinearities
will result in harmonic generation. The total harmonic power can be measured by a
spectrum analyser. The ratio of power in the generated harmonics to the power of
the fundamental frequency is then related to the degree of nonlinearity. Good qual-
ity and appropriately filtered oscillators can produce sine waves with harmonics
which are at least 130 dB below the fundamental.
Alternatively, if two harmonically unrelated signals are applied and the inter-mod-

ulation product measured, this can also determine the nonlinearity. The intermodu-
lation method is less demanding on the oscillator purity than is the harmonic distor-
tion method.
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The generation of even harmonics depends crucially on the amplitude of the flux
modulation. The modulation should be adjusted for minimum nonlinearity and the
measurements should be performed at different constant flux biases and different
open loop gains. These measurements are best made with zero magnetic field cool-
ing. The performance can also be affected by the open-loop gain. To obtain the high-
est possible linearity at the highest possible frequency, it is desirable to use a SQUID
with low flux noise so that the operation is possible in a FLL with the highest band-
width, without causing loss of lock. The sensitivity of the nonlinearity to the flux
modulation reflects the fact that VF is linear only over a relatively narrow range of
flux. Once it moves out of this range, the level of distortion grows rapidly with signal
amplitude. Rf SQUIDs have a high level of linearity, and the harmonic generation is
likely to be relatively independent of the level of flux modulation. However, the flux
noise is usually higher than for dc SQUIDs and so rf SQUIDs must be operated
with a lower-gain bandwidth to prevent the feedback loop from losing lock. High-
frequency nonlinearity is not an intrinsic property of the SQUID, but rather of the
electronics package. There are schemes that have been devised to reduce this nonlin-
earity [137].

7.5.3
Characterization in Various Magnetic Field Situations

7.5.3.1 Introduction
Section 5.5.1 has provided some details of SQUID performance in magnetic fields.
However, the specific type of magnetic field history and the setup in which a
SQUID is measured can affect the SQUID performance and behavior. Below is a list
of different magnetic field setups that can be used. This is followed by a discussion
of how these setups should be used:

. Zero-field cooled (ZFC) where the SQUID is cooled in a high-performance
magnetic shield.

. Field-cooled (FC) where the SQUID is cooled in the presence of a dc mag-
netic field.

. Field-applied (FA) where the SQUID is ZFC and a dc magnetic field is subse-
quently switched on.

. Field-removed (FR) where the SQUID is stable with no creep apparent in an
applied dc magnetic field, which is then turned off.

. Ac fields which were covered in Section 7.3.1.4.

Understanding the SQUID behavior in these different situations can assist in the
selection of the best measurement protocols for a particular application. Indeed, in
most applications, SQUIDs and gradiometers are operated in constant or varying
magnetic fields, which might be much stronger than the measured signal.
For the characterization of the effects of magnetic fields on a system’s perfor-

mance, the SQUID should be operated in a FLL. Noise spectra should be measured
as the FLL output using, e.g., a spectrum analyser, and the measurement value con-
verted to flux in the SQUID or pickup circuit.
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7.5.3.2 Field-applied (FA) Characterization
FA measurements will give direct performance data for a SQUID operating in a low
magnetic field. Low-frequency excess noise arises from movement of the flux
trapped during any exposure. For these measurements, it is necessary that the
applied field itself should not contain significant low-frequency noise. For example,
a solenoid energized using a current derived from a stable voltage reference can pro-
vide such a field. In general, the magnetic field magnitudes employed in these types
of experiments should be increased step-wise until well in excess of the dynamic
range of the FLL. Thus, the application of a field after ZFC, or a change of the field
without a thermal cycle, causes the FLL to lose lock and the SQUID will be exposed
to, essentially, the full change of the applied field. Where necessary, the FLL should
be reset to the locked state giving a near-zero FLL output before noise measure-
ments are made.

7.5.3.3 Field-removed (FR) Characterization
FR measurements rely on the fact that the SQUID retains a remnant magnetization
for a period following exposure to a magnetic field. In measurements of this type,
there is no requirement that the applied field itself should have low noise; hence, a
simple current supply may be used. The upper limit of the applied field for FR mea-
surements is greater than for FA measurements since the remnant field near the
junction is less than the applied field. However, FR measurements are only an indi-
rect indication of the performance of a SQUID under practical conditions, since the
amount of flux present in the device and the forces to which the flux is subjected,
are different from the FA case.
Both FA and FR measurements can be made under either field-cooled (FC) or

zero-field cooled (ZCF) conditions. In order to determine the field dependence of
the excess noise, measurements can be made for a sequence of different fields as
given in references [138–140]. FR measurements are easier to perform than FA mea-
surements because of the simpler instrumentation used and the absence of poten-
tial errors due to the effects of the applied field. FR measurements are preferable to
FA measurements for routine noise characterization of the SQUIDs and can be
used to determine the FR noise-corner frequency, fc, as a convenient measure of the
relative performance of the SQUID in a magnetic field.
FR noise exhibits a similar frequency and field dependence but has a lower mag-

nitude than FA noise for a given applied field. FR noise decays with time following
removal of the applied field, as shown, for example, in Figure 7.10(a). The form of
the decay cannot be fitted by a single simple curve of exponential, logarithmic or
power-law form, but a logarithmic function is often a reasonable fit for times earlier
than a certain value, as in this case (30 minutes in Figure 7.10(a)).
For later times, the rate of decrease of noise slows markedly, and indeed, within

the limits of measurement uncertainty, the noise reaches a stable “plateau” at which
decay effectively ceases. For weaker fields, the plateau is reached at earlier times
than for stronger fields, and is achieved within about 15 minutes for fields below
100 lT. Note that the plateau is well above the white noise floor of the device and
that the noise studied in these experiments is at all times excess noise.
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An example of FA excess noise data for a 2mm washer SQUID, which has been
both field cooled (FC) and zero-field cooled (ZFC), is shown in Figure 7.10(b). The
FC noise magnitudes are less than the ZFC noise magnitudes, typically by an order
of magnitude at 1Hz and B= 50lT (the Earth’s field). The field-dependence expo-
nent is also lower for a FC SQUID, which is less than 0.5 in all cases. Miklich et al.
[139], in their FC/FA studies, observed exponent values of about 0.5 at 1Hz.
After field cooling, although flux is trapped in the SQUID body, the SQUID is in

magnetic equilibrium with its environment. The extremes of field concentration
which occur at the device edges, and which lead to high rates of flux creep and high
levels of noise in the ZFC case, are avoided in the FC case. As a practical implication,
a SQUID magnetometer, operating in the earth’s field, exhibits substantially lower
excess noise if FC than if it is ZFC. However, it is important that, if FC, no subse-
quent variation in the applied field should occur to perturb the SQUID’s magnetic
equilibrium, a potentially quite restrictive requirement in many situations. A field
variation large enough to cause a substantial increase in noise, compared with the
FC case, could readily arise, for example, from reorientation of the magnetometer
with respect to the direction of the Earth’s field. The ability to “degauss” the SQUID
by local heating to remove flux and then either field cooling or the use of active
Earth field compensation, discussed in Sections 7.7.2 and 7.7.3, can overcome this.
A scheme to “demagnetize” SQUIDs in order to reduce the 1/f noise generated by
thermally activated hopping of vortices, either by removing the vortices from the
SQUID body or by moving the flux to pinning sites with high pinning energy, has
been described in [141]. The 1/f noise and, in some cases, the white noise of a
SQUID can increase by two orders of magnitude due to rapid transients caused by
nearby equipment being turned off and on, or by rapid changes in the applied static
magnetic fields. The flux noise can be reduced by generating a high-frequency mag-
netic field by passing an rf current through a wire-wound coil close to the SQUID.
Frequencies of the order of several hundred MHz and a maximum power of 10mW
at the generator output, are required. The rf amplitude is slowly increased to 10mW
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and then slowly decreased again over about a 15 second period. The rf generator is
then disconnected. This should return the SQUID to its original noise value.

7.5.3.4 Hysteresis
Magnetic hysteresis in a SQUID system is observable as a shift of the voltage-flux
characteristic along the flux axis after the magnetic field is cycled. This effect is
undesirable if the absolute value of the magnetic field or measurement of the gradi-
ents in highly fluctuating background fields is required. Magnetic hysteresis is ob-
served in both LTS and HTS SQUIDs and is related to vortex entry and pinning
near the edges of thin films [140, 142]. The degree of hysteresis is expressed by the
hysteresis parameter:

g= dU/DU (7.24)

where dU is the flux error caused by sweeping the applied flux between –DU. For
LTS SQUIDs, g can be 10–9–10–11 [142]. HTS SQUIDs show high levels of non line-
ar hysteresis with g <10–6 for DU£U0. Sun et al. [143] have made systematic studies
of hysteresis in LTS and HTS dc SQUIDs by cycling fields ranging from 10 lT to
1mTpeak-to-peak. In each case, they found both time independent and time depen-
dent hysteresis. Time independent hysteresis appeared above a threshold field of a
few hundred lT. This was also found for a time independent critical current density
of thin films suggesting a relationship between hysteresis and flux pinning. Reduc-
tion of hysteresis by providing high pinning forces within the superconducting
material and at the edges can be achieved during the device fabrication process by:

. high-film critical current density,

. reduced edge damage during device fabrication and

. steep film edges, defining the SQUID device.

7.5.4
Calibration

7.5.4.1 Setting up Calibration Fields
When using a SQUID system in a quantitative measurement, it is extremely impor-
tant to calibrate the system properly. Calibration is the method used to relate the out-
put of a magnetometer or gradiometer to the value of the external field or gradient
of a known reference system. To achieve a calibration accuracy of less than one per-
cent is non-trivial. An example of an analytical model for the calibration of a mag-
netometer using the relative motion of the sensor in a constant magnetic field is
given in [144]. This technique parameterizes the sensor motion in terms of the ele-
mentary rotations about one axis, with the number of rotations giving the number
of degrees of freedom. The general method used to establish the flux/voltage calibra-
tion factor of the SQUID system consists of measuring a known magnetic flux and
then comparing the known and experimental values. The two most reliable methods
for one-channel magnetometer calibration are [145]:
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. A sufficiently large calibration coil is placed around a cryogenic dewar con-
taining the SQUID system and the position of the dewar is adjusted in the
coil until a maximum output voltage from the SQUID is obtained. From the
geometry of the calibration coil and the magnetometer, the mutual induc-
tance can then be calculated [146]. The product of the mutual inductance and
the current in the calibration coil is the magnetic flux applied to the gradi-
ometer. The field that corresponds to the SQUID output voltage is obtained
by dividing this flux by the magnetometer area.

. A small calibration coil (about 5mm diameter) is axially placed at about
20 cm from the magnetometer, to approximate a magnetic dipole. When the
flux in the magnetometer is calculated and divided by the SQUID area, the
field that corresponds to the output voltage is obtained.

Both methods can give an accuracy of about 10%. However, if more than one sen-
sor is to be used or if better accuracy is required, different calibration errors will cor-
respond to different errors in different positions. Note that the calibration factor is
usually quoted as field/voltage by dividing the sensor net flux by the effective area of
the sensor. This is an approximation as it assumes: 1) a uniform field over the
pickup loop of the sensor and; 2) that no other magnetic field is coupled in. In some
applications, accurate calibration is of the utmost importance. For example, in mul-
tichannel biomagnetic measurements (such as when determining the location in
the brain of the focal point causing epilepsy), a relative inaccuracy of a few percent
can lead to errors of several millimetres in the location of the source [147]. However,
the calibration of all channels relative to one another is crucial here, rather than the
absolute calibration.
The calibration should be set up under heavily shielded conditions to avoid inac-

curacies due to noise or interactions with the earth’s field. Ideally, a calibration
would be conducted in a magnetically shielded room or a compensated coil system
as described in [148]. In the literature, various methods have been developed to cali-
brate a system and they are given in [149] and [150]. In most simple applications
where the SQUID system and cryogenic housing are not too large, the use of a dou-
ble or triple mu-metal shield, a well made coil (powered by a low-noise current sup-
ply) and accurate positioning of the sensor, will be sufficient. However, if the shields
are in close proximity to the coils, distortion of the generated field may lead to
errors. Another issue relating to shielding is that it is not always possible to make
the field coil sufficiently large or distant from the SQUID to obtain high uniformity
of the field or gradient over the volume of the sensor. (The applied signal should be
highly uniform for the “order” of the sensor, e.g., for a magnetometer it should be a
uniform field with no higher order terms, for a first-order gradiometer it should be
a uniform gradient with no second-order terms, etc.) When it is not possible to
achieve this, a calibration may still be conducted by explicitly calculating the average
applied field over each input coil or loop in the flux transformer, which can be done
provided that the precise geometries of the field coil and superconducting structure
are known.
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Multichannel systems requiring complex and large cryogenic housings such as
are used in tensor gradiometry and magnetoencephalography, are more likely to
require access to a high-quality magnetically shielded room or compensated Helm-
holtz or Rubens coils discussed in [151–153].
Calibration procedures for planar, axial and second-order gradiometers are given

in reference [154]. The methods are briefly outlined below:

Planar Gradiometer. Calibration of a planar SQUID gradiometer can be achieved
with the use of a spatial Fourier technique and a theoretical spatial transfer function,
which is dependent on the planar gradiometer design (this procedure is valid for all
planar gradiometers designs). The calibration process requires that the gradiometer
is scanned over a known input-field source and the output-voltage values measured.
The measured transfer function is the result of the division of the Fourier transform
of the output signal by the Fourier transform of the input signal. The gradiometer
spatial transfer function G(k) can be expressed as:

GðksÞ ¼
Pn�1
i¼0

Aie
�jks ib (7.25)

where n is the number of gradiometer coils, Ai is the area of the coil i, ks is the
spatial frequency and b is the gradiometer sampling period or baseline. The calibra-
tion factor is obtained by fitting the measured transfer function by the theoretical
one. This calibration method provides an uncertainty of about 0.2%. Further details
are given in reference [154(c)].

First-order Axial Gradiometer. First-order axial gradiometers can be calibrated by
the use of a numerical optimization technique [154(b)]. The procedure uses a dc
current carrying wire of infinite length whose magnetic field spatial distribution is
determined analytically as shown in Figure 7.11(a). Ampere’s law gives the vertical
component of the magnetic field, Bz, generated by a wire of infinite length, coincid-
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ing with the y-axis. In the x direction, at a distance z above the wire carrying the
current I, the field is:

BzðxÞ ¼
l
0

2p
I

x
x2þz2

h i
. (7.26)

(7.26), valid when the gradiometer axis is exactly parallel to the z-axis of the coor-
dinate system, can be used with a numerical algorithm to integrate the magnetic
field over the coil area and compute the flux over each gradiometer coil. After sum-
ming each flux, taking into account the winding directions of the coils, it is possible
to obtain the simulated net flux. This technique requires an accurate knowledge of
the position of the device in the dewar. However, normalizing the simulated flux
and the experimental voltage values can overcome this. By using a least-squares opti-
mization to determine the distance from the lower pickup coil to the x–y plane and
determining the best match to the normalization curves, the signals can be normal-
ized and the calibration factor, C, can be calculated through a second least-squares
optimization, in order to minimize the error function, f, which is given by:

f ¼ Vout � C � Aeff �Utheo (7.27)

where Vout is the output SQUID voltage and Utheo is the theoretical gradiometer net
flux.
The axial SQUID gradiometer output is monitored for various positions along the

wire and at different heights above the wire.

Second-order Gradiometer Using a Large Coil. A large current carrying single-turn
coil surrounding the dewar, which is concentric with the gradiometer axis, can be
used to calibrate a second-order gradiometer. Measurements are taken at various
positions along the z axis, as shown in Figure 7.11(b). In this case, the Biot–Savart
Law expresses the magnetic field as:

Bzðx ¼ 0; y ¼ 0; zÞ ¼ l
0
IR2

2ðR2þz2Þ
3
2

(7.28)

where R is the radius of the current-carrying coil and it is assumed that the center
coordinates coincide with the geometrical center of the large coil. The diameter of
that coil should be about 20 times the diameter of the gradiometer coils, to create a
uniform field over the gradiometer. This will enable a calibration with an error of
about 0.1% in the flux calculation, which is negligible. There is no requirement to
determine the vertical position of the sensor inside the dewar, using the optimiza-
tion method which is needed for an infinite-wire calibration. Rather, the center of
the gradiometer, and hence the z-coordinate of the center of the gradiometer in the
coil, is determined as the position where the experimental signal reaches its maxi-
mum absolute value. There are various techniques for integrating the z-component
of the magnetic field over the area of the gradiometer coils. A comparison of differ-
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ent integration techniques is given by Ornelas et al. [154], who compare trapezoidal,
adaptive recursive, Simpson’s rule, seven-point Gaussian quadrature and convolu-
tion techniques. Determination of which integration technique should be used will
depend on the error of the technique and the execution time.
Calibration accuracy is affected by noise and gradiometer imbalance. The gradi-

ometer imbalance is an indication of the unwanted sensitivity of the gradiometer to
homogeneous magnetic fields and gradients lower than the order of the gradi-
ometer. For small-coil techniques discussed in [154(a)], as the sensor is moved away
from the coil, discrepancies in the calibration “best-estimate” increase, because the
theoretical model does not take into account the imbalance effect. This can be mini-
mized by extrapolation to zero in a distance-calibration graph. Removal of the imbal-
ance effect for the large-coil calibration technique requires the use of spatial Fourier
techniques described in detail in [145].

7.5.4.2 Magnetometer and Gradiometer Calibration
For a magnetometer, calibration consists of measuring the flux response of the
SQUID to an external field, Aeff (i.e. ¶Us/¶Ba), and the response of the FLL output
to a flux applied to the SQUID, VF, FLL (i.e. ¶Vout/¶Us). The product of these relates
the voltage output of the SQUID electronics to the field applied to the SQUID. Aeff
is measured by displaying the periodic voltage against flux (FLL off) on an oscillo-
scope, then increasing the calibration field until a precise-integer number of quanta
has passed and noting that field change. More quanta give better precision on the
field-per-quantum, i.e., 1/Aeff.

VU,FLL is measured with the FLL on, by applying a known flux to the SQUID and
measuring the change in the output signal. This can be achieved by applying a trian-
gular wave signal to the SQUID with the FLL off, and adjusting the amplitude to
sweep an integer number of flux quanta. The FLL is then switched on and the same
sweep signal restored. The voltage deflection divided by the number of quanta swept
is VU,FLL. It is best to use most of the output range of the FLL to maximize the preci-
sion. Gradiometers may be calibrated using exactly the same method, the only
experimental difference being the geometry of the calibrated signal coils used to
determine the responsivity, Rg (i.e., ¶Us/¶DG).

7.5.5
Testing and Practical Tips

7.5.5.1 Drifts and Offsets
Drifts and offsets may be measured by observing the outputs over a long period.
There is a very wide range of possible causes and remedies for them but we touch
briefly upon just a few in Table 7.8.

7.5.5.2 SQUID or Flux Jumps
SQUID or flux jumps can easily be observed by viewing the SQUID output. There
are two types of jump, one is where the FLL temporarily loses, and then regains,
lock at another quantum level. This usually occurs in systems with poor signal-to-
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noise ratio or where there is inadequate shielding from external interference. This
jumping is caused by the slew rate of the FLL being temporarily exceeded. The other
type of flux jump is manifested as a very low-frequency telegraph noise. This is char-
acterized by being smaller in amplitude than one quantum and originates from
either a trapped fluxon hopping between two positions within the SQUID or flux
transformer’s structure, or a critical-current fluctuation in a Josephson junction. In
the case of dc SQUIDs, the latter would usually be compensated for by using a bias
reversal scheme as described in Chapter 4, while jumps caused by I0 fluctuation
should not occur in rf SQUIDs operated with modulation (see Section 6.4). The
trapped fluxon should be removed by thermal cycling to above Tc and back.
Improved shielding will help eliminate flux jumps due to any of these causes.
Koch [155] has modelled the theoretical bandwidth and slew rate of a dc SQUID

feedback system. When noise appears as a signal applied to a SQUID in a feedback
loop, the performance of the SQUID can be downgraded. Flux jumps can then
occur. The feedback error flux is defined as the difference between the input signal
flux applied to the SQUID and the feedback flux. Nominally, in a feedback circuit
the error flux is zero. However, the noise due to the feedback circuit and the finite
gain of the feedback loop can mean that this error flux is non-zero. When the size of
the error flux exceeds a one-half flux quantum, the SQUID feedback circuit will
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Tab. 7.8 Factors that lead to drift

Effect Test Remedial action

Thermoelectric effects in the
SQUID electronics. Usually
originates in connectors.

Correlate SQUID output with
thermometer at the electronics

Avoid connectors between
SQUIDs and pre-amplifiers if
possible. Insulate or pot
connectors in thermally
conductive epoxy.

Flux creep in the SQUID or
flux transformer.

If the drift is large and
continuous.

Thermally cycle the SQUID
above Tc and re-cool.

Poor cryogenic temperature
stability.

Very accurate temperature
measurement. If not possible,
check for air pressure changes
or low cryogen levels.

Very difficult to achieve retro-
spectively. Requires better
cryogenic design.

External effects, e.g., magnetic
relaxation in an abused mu-
metal shield or drift in
compensation coils.

Drift characteristics are com-
mon to all SQUID channels.

De-gauss and re-anneal (if
excessively abused) mu-metal.
Improve compensation coil
driver electronics.

Drift in application use but
no drift in laboratory test

Re-test in laboratory to confirm
this is an effect caused by opera-
tion in the other environment.

Use Al foil on crimped cables
and around cryostat to increase
rf shielding in the application
use. Check for the position of
other electronic gear and move
as far away from SQUID as
possible.
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usually experience a flux jump or phase-slip one period along the periodic flux-to-
voltage characteristic of the SQUID response curve. If the bandwidth or slew rate is
increased, more error flux, and therefore more noise, will be fed back to the SQUID.
This will cause the tendency for the feedback loop to jump lock.

7.5.5.3 Excess Noise
If a SQUID operates with noise that is excessively above the anticipated levels mea-
sured in heavily shielded conditions, it is important to find out the reason for this.
For a high level of white noise, excess noise is usually due to the suppression of the
VF transfer coefficient caused by external interference or by trapped flux in a junc-
tion, which cause changes in I0 so that the SQUID is no longer optimized or sym-
metrical, for d.c. SQUIDs. Excess low-frequency noise may be telegraph noise due
to trapped flux moving in the device. If this noise is evident at a very low frequency,
then flux hopping will be seen directly at the output and a large 1/f noise will be
observed in the FFT spectrum. If the flux hopping is too rapid to resolve in the time
domain, the FFT spectrum will take on a characteristic Lorentzian form. There are
several ways of dealing with excess noise:

. Use an imbedded heater on the SQUID chip to heat-cycle the SQUID past Tc
and then re-cool to expel trapped flux.

. Improve the rf shielding as outlined in Sections 7.3.1.4 and 7.3.2.1.

. Check that a high-Tc device has good YBCO film Jc, which provides good flux
trapping.

. Check for unnecessary metal and other magnetic materials near the SQUID
that will cause a self-field effect.

. Check that the SQUID has enough coolant and is at the required tempera-
ture.

7.5.5.4 Electronic Noise from Other Systems
If the SQUID system uses motors, both the motor and the drive amplifiers can gen-
erate substantial electromagnetic noise. Significant attention to shielding and elim-
ination of ground loops is then necessary. The use of pneumatic motors can reduce
this problem. If noise is coming from the motor control electronics, a metal chassis
and routing of the motor cables through braided shields will help, also locating the
stage and motors away from the SQUID system can be effective (see Section
7.3.2.1). The remaining high-frequency contributions may need to be removed by
low-pass filtering of the output prior to data acquisition.

7.5.5.5 Adequate Shielding of the Cryostat
The cryogenic design of each system is different. In some cases, it is possible to
have the rf shielding integral with the cryostat by using, for example, sticky alumi-
num foil as a layered coating on the outside of the dewar or by using super-insula-
tion on the inside of the dewar. The FLL electronics and the control electronics must
be placed in copper or aluminum boxes and may be connected by copper pipes,
through which cables are fed. These boxes must be constructed using the principles
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given in Section 7.3.2. The entire rf shielding must be grounded via a low resistive
path to the main ground, with the electrical cables between the FFL and the SQUID
threaded through toroidal filter cores.

7.5.5.6 Consequences of Cryogen Boil-off
In cryogen-cooled systems, there is the potential problem that microphonic noise,
due to the bubbles from the liquid boil-off bumping the SQUID, might cause
“micro” vibrations. This is an often forgotten source of noise. The use of cotton or
glass wool in the dewar has been found to be highly effective at muffling the bub-
bles by providing a bigger surface area so that bubble size is insignificant. Use of
cotton or glass wool does not cause an increase in the cryogen boil-off. Microphonic
noise from bubbles can be effectively eliminated by the positioning of the SQUID so
it is mechanically isolated from the bubbles. For example, mounting an HTS
SQUID with the YBCO surface oriented towards the face of the SQUID holder, can
eliminate the microphonic vibrations caused by bubbles knocking the surface.

7.5.5.7 Mechanical Vibration
Mechanical vibration can be caused by a cryocooler, the cantilever vibration of the
SQUID on a probe or as a consequence of the SQUID being in motion, such as in
airborne applications. Section 7.2.5.5 gives various options for suppression of cryo-
cooler vibrations. When the system is operated in motion, vibrations can be damped
by a suitable mechanical suspension system, the use of a gradiometer rather than a
magnetometer and also by the use of digital finite-impulse response filters. Using
these techniques can reduce the motion noise to below the sensor noise.
Motion noise is dominant below 25Hz, as determined from the noise spectrum

of the SQUID magnetometer in motion. An example of the noise spectrum of a sys-
tem, which is stationary, and then in motion with both poor suspension and good
suspension, is shown in Figure 7.12. Ideally the SQUID sensor should be mounted
in a system so that it is immune from the motion-induced noise at all frequencies.
There is one example of a suspension system that decreased the noise level to the
SQUID noise floor at around 30–35Hz [138]. This suspension system was devel-
oped for airborne magnetometery. It uses fluid damping with a two-stage spring
mounting.
Specially designed filters can be used for noise reduction, such as a digital tapered

stacking filter [127]. These comb filters are related to the B-spline filters which are
used in wavelet transforms and have little effect on the spatial resolution of the sys-
tem.
The vibration due the motion of a cantilevered probe can be removed by fixing the

SQUID to the base of the dewar [138].
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7.5.5.8 Increase in Noise of the System Compared to a SQUID
Ideally, the SQUID sensor should limit the sensitivity of the whole system. If the
system noise is higher than the SQUID noise, it is necessary to analyse the noise
spectrum, step-by-step to identify the noise sources and then to undertake appropri-
ate actions to eliminate the various sources of noise using the methods listed above.
This can be a very long process but can make the difference in whether or not the
system succeeds in its application.

7.6
Conditions Imposed on SQUID Systems by the Environment and Applications

7.6.1
Introduction

SQUID magnetometer or gradiometer outputs consist of two parts: (i) random
instrumental noise generated within the SQUID sensors and their electronics; and
(ii) SQUID-sensor response to external signals. This section will be mostly con-
cerned with detection of external magnetic signals applied to a properly functioning
SQUID magnetometer or to gradiometer systems through their flux transformers.
Examples from SQUID magnetoencephalography will often be used to illustrate the
concepts discussed.
In most situations, the external magnetic signals are a combination of the re-

quired signals and environmental noise. The distinction between the signal and the
noise is possible only if the context of the measurement is known. What may be
noise in one experiment may become signal in another. For example, the variation
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Fig. 7.12 Noise spectrum of a magnetometer with no motion
(on the ground), in motion with a poor suspension system and
in motion with a good suspension system.
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in the magnetic field of the human heart will represent noise when the brain is stud-
ied, but will be a signal to a researcher who is investigating the heart; similarly, the
geophysical magnetic field variations represent noise during various low-frequency
measurements, while they may represent signal to a geophysicist. Thus the terms
“signal” and “noise” will often be used interchangeably and their meaning will vary
depending on what is being discussed. In this section we shall review typical fea-
tures of the signal and the noise. These features will be used in the subsequent sections
for discussion of the noise reduction methods and for determination of the SQUID
system design parameters which are necessary for successful noise elimination.
SQUID systems are operated either in a stationary position or are moved during

the measurement. Stationary instruments are usually employed in urban environ-
ments in the presence of high man-made magnetic noise (environmental fields and
gradients). Such noise is caused by various moving objects (cars, trains and trolleys,
elevators, people), power-line related sources (power-line frequencies and harmon-
ics, rotating machinery, current fluctuations), or other sources such as computers,
monitors, digital switching, etc. In addition, the static instruments are also operated
in large-dc environmental fields and gradients, and small vibrations of the SQUID
system will also contribute noise. The mobile systems are typically operated far
from the man-made noise. However, mobile instruments are subjected to a large
motion in the Earth’s magnetic field and environmental gradients, which in turn
impose different operational requirements. The hand-held SQUID detectors which
are operated in the large gradients of urban environments represent an extreme
limit of mobile instrumentation and will be briefly commented on in Section
7.7.4.3.

7.6.2
Signals Acting on SQUID Systems

A detailed description of various applications and the corresponding signal
strengths are presented in the second volume of this Handbook. In this section,
only the magnitudes of the observed signals will be indicated. The SQUID detector
parameters are usually a compromise between the desire for the best resolution and
the reality of the noisy environment. The consideration of only the signal magni-
tudes is not sufficient for designing SQUID systems, the environmental-noise pa-
rameters, discussed in Section 7.6.3, must also be included. In the absence of envir-
onmental noise, an arbitrarily small, spatially uniform magnetic signal could always
be detected by making the flux transformer coils sufficiently large [156]. However,
the presence of a large-magnitude environmental noise may make an excessively
sensitive magnetometer impossible to operate.
The smallest magnetic field magnitudes, which need to be measured in stationary

applications are of the order of 5–60 fT (e.g., [157–165, 174]). To obtain a meaningful
measurement, the SQUID-system resolution in the required bandwidth must be
better than the measured signal. In many situations, such a condition implies white
noise levels of no more than several fT rms/�Hz. The resolution can often be
improved by averaging if the signal is repetitive, relative to a trigger or a stimulus.

310



7.6 Conditions Imposed on SQUID Systems by the Environment and Applications

Mobile applications typically require gradient resolutions of the order of 10–
1000 fT/m rms/�Hz. Since in these applications, the gradiometer baselines are of
the order of 10 cm, this represents field resolutions of about 1–100 fT rms/�Hz, sim-
ilar to what is needed for stationary applications.
The smallest measured signals determine the required SQUID-sensor resolution.

The largest encountered field or gradient magnitudes affect other parameters, such
as the dynamic range, the slew rate, and the required linearity. In most situations
the latter are due to environmental noise and are the determining factors to be con-
sidered when designing the SQUID system. There are a few exceptions, e.g., sus-
ceptometers or rock magnetometers [158–161], where the sensors are operated with-
in superconducting shields. In these instruments the measured signals dominate
and can be as large as 0.1–1 lT. However, no complex signal processing is usually
required (since these measurements employ only a few channels), there are no spe-
cial linearity requirements, and the dynamic range can be handled by analog rang-
ing or digital flux counting (see the second volume of this Handbook).

7.6.3
Noise Acting on a SQUID System

7.6.3.1 Environmental Noise in Stationary Applications
SQUID systems are subjected to dc fields regardless of whether they are shielded or
unshielded. The dc fields will introduce noise only in the presence of small motions
or vibrations (note that the vibration-induced SQUID outputs will be noise only if
we are not interested in vibrations; they will be signal if we want to measure them).
The dc fields are due to the earth’s magnetic field and to various stationary magnetic
objects. The environmental dc fields and gradients are summarized in Table 7.9; the
fields and first gradients were measured, while the higher gradients were extra-
polated.
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Tab. 7.9 Typical dc fields and gradients at various locations. (a) In Vacuumschmelze shielded
room AK3 [106], with dc field attenuation of about 1000 (modest shielding). (b) The range repre-
sents the gradient increase during the period from 1982 to 2000 [118]. (c) This value can be as
large as several 100 000 nTdirectly above ore deposits. (d) For a dipole source, G = 3B/r [169]. If
B = 50 000 nT, r= 6300 km, then G = 2.4 H 10–2 nT/m. (e) Extrapolated, assuming a distance from the
gradient generating dipole object of r» 10m, G(2) » 4G/r, and G(3) » 20G/r2, where G, G(2), and G(3)

denote the first, second and third gradients, respectively [169]. The shielding is assumed to pre-
serve the spatial character of the fields. (f) Extrapolated by the same equations as in (e), but
r= 200m. (g) Extrapolated by the same equations as in (e), but r= 6300 km.

Parameter Unshielded Modest shielded
urban (a)Urban Rural Earth dipole only

field (nT) 55 000 55 000(c) 55 000 50
First grad. (nT/m) 200 to 3000(b) 1 to 20 2.4 X 10–2 (d) 10 to 30
Second grad (nT/m2) 80 to 1200 (e) 0.02 to 0.4 (f) 1.5 X 10–8 (g) 4 to 12 (e)

Third grad (nT/m3) 40 to 600 (e) (5 to 100) X 10–4 (f) 1.2 X 10–14 (g) 2 to 6 (e)
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In addition to the static-field components, the earth’s magnetic field is also sub-
ject to diurnal variations. The magnitude of these variations is typically 20–40 nT/
day, but during magnetic storms it can be as large as about 10% of the earth’s mag-
netic field magnitude.
Unshielded SQUID magnetometers are also exposed to periodic fields from

power lines and electrical machinery. These ac fields are especially large in urban
environments, where the magnitude of the first harmonic can be as much as
500 nT. The power-line interference exists even in rural environments. Close to the
ground, the magnetic fields due to the ground currents (caused by electric power
system and electric trains) can dominate direct field from wires.
Gradients of the power line fields, G, can be estimated by assuming infinitely

long single or parallel wires. Then G = nB/r, where n = 1 for a single wire, n = 2 for a
parallel wire and r is the distance from the magnetometer to the power line (parallel
wires carry currents in opposing directions). If B = 500 nT, r= 5m, then G » 200 nT/m
for parallel wires. Higher gradients can be computed similarly [169]. Modestly
shielded rooms provide an attenuation of about 104–105 at power-line frequencies
[106] and the expected magnitude of the power-line fields within shielded rooms is
up to about 5–50 pT. In addition, the magnetic disturbances can be generated at fre-
quencies related to the subharmonics of the power line frequencies, the power trans-
mission line resonances, computer monitor frequencies, etc.
Depending on the shielding levels, the SQUID instruments may also be exposed

to non-periodic man-made noise, which has mostly low-frequency character. The
ranges of the observed noise can be as large as 104 and are shown as a function of
the frequency by gray patches in Figure 7.13. For unshielded magnetometers in Fig-
ure 7.13(c), the patch covers the range of noise magnitudes reported in the literature
[116, 165–168] and for shielded magnetometers and all gradiometers, the patches
correspond to observations made with MEG systems at laboratories around the
world [169, 177]. Specific examples of the noise spectra in various environments are
shown by black lines in Figure 7.13. For gradiometers, the noise was multiplied by
the baseline and is also expressed in units of field. The field noise magnitudes in
rural environments were reported in [168] and [169]. The unshielded noise was not
measured at the quietest site (Tu2 in Figure 7.13(b)) and therefore the shielded noise
was scaled up by the room-shielding ratio – line VTu2 (scaled)’ in Figure 7.13(c). The
traces VC3rd’, VT (33rd & adapt)’ will be discussed in Section 7.7.5.2.
Noise within the high-attenuation Berlin shielded room1) [117] was not available

and therefore the data from the noisiest site, T in Figure 7.13(c), was copied into
Figure 7.13(a) as a gray line and scaled by the Berlin room combined shielding and
active shielding attenuations (Sections 7.7.2 and 7.7.3) and is labeled by VT (scaled)’.
Noise measured within the whole-body superconducting shield (Yokohama, [119]) is
labeled by VSC shield’ and is roughly the same as the VT (scaled)’ at low frequencies.
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1) The shielded room at Physikalisch-Tech-
nische Bundesanstalt in Berlin, Germany,
exhibits the highest environmental noise
attenuation presently available. The room

consists of one aluminum and seven mu-
metal layers and its low-frequency attenua-
tion is about 3 X 104 without active shielding
and more than 107 with active shielding.
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For comparison, the noise levels corresponding to the trace T after noise suppres-
sion by shielding (AK3b room [106]), by third-order gradiometers, and with or with-
out additional adaptive noise reduction are shown by dashed lines in Figure 7.13(a)
(labeled by T (3rd) and T (3rd & adapt)). These noise levels are comparable to that
obtained with the high-attenuation shielded rooms and illustrate that the combina-
tion of a modestly shielded room with synthetic-noise cancellation can be as effec-
tive as the high-attenuation shields.
Also shown in Figure 7.13(d) is the noise generated by the background brain

activity measured in an unshielded environment (C), upper two lines. The differ-
ence between the brain activity with the eyes closed or open is largest at about 8Hz.
The bottom trace indicates the system noise with no subject in the MEG helmet.
The environmental noise was cancelled by third-order synthetic gradiometers and
small arrows at the bottom of the plot indicate residual noise lines due to nearby
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Fig. 7.13 Environmental noise measured at
various locations: T – Toronto MEG site, A –
Amsterdam MEG site, Tu1 and Tu2 – Tuebin-
gen MEG site (day and night), C – CTF
unshielded laboratory, S – unshielded Brain
Behaviour Laboratory at SFU, Ta – Taipei site.
(a) High attenuation shielding (b) – either the
Berlin room [117] or the whole body, high-Tc
superconducting shield [119]. Medium
attenuation shielding – typically Vacuumsch-
melze AK3b room [106]. (c) Unshielded – no
shielding. Gray patches – range of noise ob-

served at various sites around the world, heavy
black lines – examples of noise spectra, thin
black lines in (b) and (c) – illustration of syn-
thetic noise reduction, dashed lines in (a) –
comparison of synthetic noise suppression
with the shielded room performance, gray line
in (a) – same as unshielded line T in (c).
(a, b, c) Magnetic field noise; (e, f) Gradient
noise measured with first-order gradiometer
with 5 cm baseline; (d) Noise generated by the
background brain activity measured in an
unshielded environment (c).
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machinery. The brain noise is only one example of noise generated by the body. The
heart, muscles, eye blinks or eye motion, etc., also produce noise.
At low frequencies, the SQUID-detector noise is dominated by low-frequency

noise, which for low-Tc SQUIDs is solely due to the environmental noise. At higher
frequencies, the white-instrumental SQUID noise is dominant. In addition, the
noise spectrum at higher frequencies also contains contributions from power-line
frequencies and their harmonics. The frequency dependence of the noise spectra is
shown schematically in Figure 7.14(a). The onset of the low-frequency noise is
denoted by fob and the low-frequency noise amplitude slope (on a log-log scale) by k.
The fob and k depend on the location and the time of the day and are shown for a
number of sites in Figure 7.14(b). The measurements in Figure 7.14(b) were
obtained with hardware first-order gradiometers with a 5 cm baseline inside a
shielded room (AK3b2) [106]). The eddy-current layer within the shielded rooms
increases the low-frequency noise slope by 1. Therefore, the corresponding noise
slope outside the shielded rooms should be reduced by the same amount (the
change in the noise slope due to the shielded-room effect is illustrated in Section
7.3.1.5 in Figure 7.7(b) lines 1 and 2). The measurement bandwidth typically spans
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Fig. 7.14 Noise detected by gradiometers.
(a) Noise detected by a SQUID sensor consists
of white instrumental and low-frequency envir-
onmental noise (higher frequency noise due to
power lines and various alternating sources is
not considered here). The measurements
extend over the bandwidth of interest, Df,
which typically spans both the low- and high-
frequency noise regimes. The amplitude of the
low-frequency noise depends on the gradi-
ometer baseline. (b) Onset of low-frequency

noise, fob, and the noise slope, k, measured
within AK3b [106] shielded rooms at various
sites. Noise slope, k, corresponds to noise
amplitude vs frequency plots. Measured with
hardware first-order radial gradiometers with
5 cm baseline [177], Tu – Tuebingen, O – Osaka
(night), S – Sendai, A – Amsterdam,
To – Tokyo, P – Paris, V – Vienna, Tr – Toronto.
The parameters change with time, the results
correspond to one or several measurements
only.

2) The AK3b is a shielded room produced by
Vacuumschmelze in Hanau, Germany, and
is used here as a typical example of a mod-
estly shielded room, such as is frequently
used in biomagnetic applications. The

room’s inside dimensions are 3mX 4m and
about 2.8m in height. The room is con-
structed from one aluminum and two mu-
metal layers.
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both the low and the high-frequency noise regions (shaded area in Figure 7.14(a))
and both noise regimes must be considered during the sensor design.

7.6.3.2 Additional Noise in Mobile Instrumentation
Mobile SQUID sensors are exposed to additional noise due to their motion relative
to the earth and to geophysical and man-made fields and gradients. This motion
noise can be quite large. For example, the SQUID sensor rotating in the environ-
mental fields will be subjected to signal changes as large as twice the values shown
in Table 7.9. The moving gradiometers will be exposed to geological fields and gradi-
ents, which at an altitude of, e.g., 170m above the earth’s surface, may have a mag-
nitude of up to 1000 nTand 5 nT/m, respectively [175, 176]. Also, the moving devices
are exposed to vibrations and electromagnetic interference from their supporting
platform.
If hand-held SQUID detectors were constructed, they would be moved in urban

environments within large higher-order gradients, as in Table 7.9. The presence of
high-order gradients significantly complicates the removal of motion noise and is
briefly discussed in Section 7.7.4.3.

7.7
Noise Suppression

7.7.1
Introduction

The output of a properly functioning SQUID detector contains, not only the intended
signals and the SQUID noise, but also environmental noise, as discussed in Section
7.6. The signals and the environmental noise enter through the SQUID flux trans-
formers and temporal filtering usually cannot separate them. To reduce the environ-
mental noise, a typical SQUID system employs a combination of noise cancellation
methods, including: shielding, active shielding, optimization of the flux transformer
signal-to-noise ratio (SNR), reference-based noise-cancellation, and methods based
on the spatial difference between the signal and the noise sources (spatial filtering).
Shielding has been discussed in detail in Section 7.3.1. However, active shielding
using reference magnetometers, feedback electronics and a set of compensating
coils can also reduce environmental noise.

7.7.2
Active Shielding

Active shields can reduce environmental noise when employed either in unshielded
environments [178, 179], or in combination with shielded rooms, e.g., [180–183,
117]. Active shielding consists of a reference magnetometer, feedback electronics,
and a set of compensating coils. The references can be either SQUID magnet-
ometers, flux-gate magnetometers, or sensing coils which are exposed to the envi-
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ronment. The noise cancellation can be provided by a system of coils either sur-
rounding the detection area or wrapped around the shielded room.
The active shielding operated in unshielded environments must cancel both the

low-frequency noise as well as the power lines and their harmonics. The power-line
harmonics can have significant magnitudes up to high frequencies and the active
shielding must operate over the whole-frequency range (in some environments the
13th harmonic of 60Hz has been observed to be as high as 1 nT). Requirements for
such broadband active shielding in unshielded environments can pose a problem,
because the useful frequency range of the active shielding is limited by the phase
shifts which are introduced by the large inductances of the compensation coils.
In shielded environments, SQUID magnetometers can be used as references

[182, 183]. If they are located within a distance of up to 1m from the measurement
area, active shielding better than 40 dB below 50Hz can be obtained. When the ref-
erences are positioned far from the measurement area or outside the shielded
rooms, smaller attenuations were found. In the recently built Berlin room (7 mu-
metal layers and one 1 cm thick Al layer [117]), flux gate magnetometers were
located outside the shielded room and an attenuation of about 28.5 dB at low fre-
quencies was reported (see also the footnotes in Section 7.6.3.1).
The noise of the reference sensors, transformed through the feedback electronics,

will be added to the primary sensor noise. If the SQUID sensors are magnetometers,
then the transformed reference noise is simply added to the sensor noise [183]. If
the sensors are gradiometers, then the reference noise contribution is more compli-
cated and will depend on the field uniformity produced by the compensation coils.
In general, the active shielding reduces the magnetic field noise due to far field

sources and is effective only for magnetometers with no noise cancellation, while it
has only a small effect on well balanced first-order gradiometers or magnetometers
with noise cancellation. For higher-order gradiometers, the active shielding actually
degrades the noise attenuation, because the active coils produce higher-order gradi-
ents, which are larger than that of the environmental noise.
In some situations, static compensation of the earth’s dc magnetic field may be

provided [184, 185]. Such dc compensation reduces the effect of vibrations on the
SQUID detector and is advantageous for operation of high-Tc SQUIDs, which tend
to exhibit noise due to motion of trapped flux [140]. If used in combination with
shielded rooms, the static compensation allows tuning of the working point of the
soft magnetic material of the shielded room to its optimal shielding performance
(where the magnetic permeability is at a maximum).

7.7.3
Noise Cancellation by Primary Sensors

A SQUID system consists of primary sensors and, optionally, reference sensors.
The primary sensors are located in close proximity to the measured signal source(s)
so that they detect the source fields and also the environmental noise. The referenc-
es are designed to measure the environmental noise and are located at some dis-
tance from the signal sources so that they have low sensitivity to them. The referenc-
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es are used to subtract the environmental noise from the primary sensor outputs
and are discussed in Section 7.7.4.
The primary sensors can be magnetometers or low-order hardware gradiometers.

The direct use of magnetometers, even within shielded rooms, is usually not possi-
ble because the environmental noise is too large (see Figure 7.7). In these situations
the magnetometers must be coupled with references to reduce the noise and conse-
quently, the magnetometers with noise cancellation behave as first- or higher-order
gradiometers relative to distant noise sources (Section 7.7.4.1). The distance be-
tween the magnetometer and the references is equivalent to the gradiometer base-
line. In this section, we will consider either primary magnetometers with reference
vector magnetometers, or hardware first-order gradiometers, and such configura-
tions will be called first-order detection systems. Extension to higher-order systems
is possible.
The first-order systems can have either a long or short baseline, as shown in Fig-

ure 7.15(a). For the optimum detection, the baseline length should be chosen to
maximize the sensor’s SNR. The optimized sensor will exhibit high sensitivity to
near field signals while rejecting the far field environmental noise [186]. The base-
line optimization is shown schematically in Figures 7.15(b) and (c).
The magnitude of the detected near-fields (e.g., biomagnetic, non-destructive eval-

uation, etc.) typically increases with increasing baseline length. This is because, for
short baselines, both gradiometer coils (or a magnetometer and its reference) detect
the measured signal and, since they are connected in subtractive fashion, the net
signal is reduced. For long baselines, the more distant gradiometer coil (or refer-
ence) will detect less signal and the overall signal reduction will be smaller. Similar-
ly, the environmental noise usually has spatial gradients and increasing the baseline
will increase the magnitude of the detected noise. Thus both signal and noise
increase with increasing baseline, but their functional dependencies on the baseline
are different. As a result, the SNR exhibits a peak at a certain baseline length. Since
the SNR is usually themost important operational parameter, the best performance of
the first-order flux transformers is obtained in the vicinity of their SNR maximum.
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Fig. 7.15 Optimization of the radial gradiometer baseline. (a) Magnetometers with
noise cancellation and gradiometers can have long or short baselines. (b) Detected
signal and noise both increase with baseline but have different functional dependen-
cies on the baseline. (c) Dependence of SNRon the baseline exhibits amaximum (region
of optimum baseline) and regions where the baseline is either too short or too long.
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The argument above can be developed more quantitatively. Consider first the
environmental noise. Its magnitude can be approximated by Blow=A/f k, where k is
the noise slope (see Figure 7.14(b)) ranging from about k = 1 to more than k = 6 in
some unshielded environments [169]. The noise amplitude A is proportional to the
baseline length, A=Aob/bo, where the amplitudes A and Ao correspond to the gradi-
ometer baselines of b and bo, respectively [121, 186]. Denote by fo the low-frequency
noise onset measured with the baseline bo. Then the low-frequency noise measured
with baseline b can be expressed in terms of the white noise density as

Blow ¼ Bw
b
bo

fo
f

� �k

(7.29)

where Bw is the system rms white noise per �Hz. The total noise, BN, is the rms
addition of the white and low-frequency noise, B

2
N ¼ B

2
w þ B

2
low . Substituting for

Blow from (7.29) and integrating the total noise over the bandwidth of interest (as
shown in Figure 7.14(a)), the detected rms noise is obtained as

BNrms
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiRf1þDf

f1

B2
N
df

vuut
¼ Bwffiffiffiffiffiffiffiffi

Nave

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Df þ fmin

2k�1
fo

fmin

� �2k
b
bo

� �2
1� fmin

fminþDf

� �2k�1" #vuut (7.30)

where Nave is the number of averages, fmin is the minimum frequency of interest,
and Df is the measurement bandwidth. If fmin >> fob= fo(b/bo)

1/k, the measurement is
in the white-noise regime (see Figure 7.14(a)) and then (7.30) simplifies to the stan-
dard white noise expression for rms noise. For longer baselines, the transition to the
white-noise regime occurs at higher frequencies. In general, the rms noise in (7.30)
increases monotonically with increasing baseline b, as shown by the dashed line in
Figure 7.15(b).
The baseline dependence of the near-field signal can be illustrated by the example

of a magnetic dipole with moment Mdip. Let the dipole distance from the nearest
gradiometer coil be r and the gradiometer baseline again be b. The field change over
the gradiometer dimension is DB= (Mdip/r

3){1 – [r/(r+ b)]3}. This expression togeth-
er with (7.30) can be used to calculate the SNR, and its maximum as a function of
the baseline, can be found numerically. For Bw= 5 fT rms/�Hz, Nave= 1, fmin= 1Hz,
Df = 100Hz, k= 2, fo= 2Hz, bo= 5 cm, the SNR attains a maximum for the baselines
in the range 2.4–6.7 cm, when r is in the range 1–10 cm.
The optimized baseline is only weakly dependent on the character of the source.

Similar computations for MEG current dipoles [186, 121] also resulted in compar-
able optimum baselines of 2–8 cm for noise parameters measured at a number of
MEG sites shielded by AK3b, [106].
The conclusion that the optimum primary sensor baselines are short is valid in

most detection situations. This is because, even in modestly shielded rooms, (curve 2
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in Figure 7.7(a)), the environmental noise is still substantial (Figure 7.13(b)). Only
in high-quality shielded rooms (curves 5 and 6 in Figure 7.7(a)) is the environmental
noise sufficiently low that the white-noise limit, fmin >> fob, is approached and gradi-
ometers with long baselines or even magnetometers can be successfully employed.
The considerations in this section do not apply to far field measurements, where

the dependencies of the signal and noise on the baseline are comparable.

7.7.4
Noise Cancellation Using References

7.7.4.1 Introduction
SQUID flux transformers can be configured as magnetometers or gradiometers.
Hardware gradiometer flux transformers typically consist of a collection of coils at
different spatial locations connected subtractively to a SQUID sensor. For example,
a first-order hardware gradiometer consists of two coils wound in opposite direc-
tions. For near sources, the coil closer to the source may be considered to be a sen-
sor, and the more distant coil, the reference.
Consider a sensor and a number of separate references located at different posi-

tions; the sensor and the references are connected to different SQUIDs. Such a sys-
tem can be used for synthetic noise cancellation which will be understood to mean
the subtraction of a linear combination of the reference outputs from the sensor out-
put, using subtraction coefficients constructed to accomplish a specified task, e.g.,
to minimize noise, or to construct a synthetic gradiometer, etc. Synthetic noise can-
cellation is quite flexible because results with different characteristics can be
obtained from the same sensor and reference data. This is different from the hard-
ware-noise cancellation, where the coefficients of the subtraction are predetermined
by the construction of the hardware for example, for a perfectly symmetrical first-
order gradiometer, the subtraction coefficient between the sensing and reference
coils is equal to 1.
References for a synthetic noise cancellation system span a wide range of com-

plexity, from simple three-component magnetometers, to complex structures com-
prising magnetometers and gradiometers suitable for synthesis of higher-order gra-
diometers. The sensors can be either magnetometers (magnetometer-based systems
as in Figure 7.16(a)), or hardware first-order gradiometers (gradiometer-based sys-
tems as in Figures 7.16(b) and (c)), or any other type of flux transformer.
The relationship between the synthetic noise cancellation designed either to mini-

mize the environmental noise (adaptive system) or to synthesize a gradiometer
response (gradiometer system) will be illustrated analytically [121]. For simplicity, a
first-order system as in Figure 7.16(a) will be considered. The system consists of a
magnetometer sensor and a three-component vector magnetometer reference. If the
magnetometer output is denoted by g(0) and the reference outputs are ri, i= 1, 2, 3,
then both the synthetic gradiometer and the adaptive system may be described as

S ¼ g 0ð Þ �
P3
i¼1

niri (7.31)
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where ni are subtraction coefficients, and S is the synthetic system output. Assume
that the primary magnetometer is positioned at the origin as in Figure 7.17(a), only
the field and first gradients are present, and the field at a position b is related to the
field at the origin, B0, by B =B0 + G · b, where G is the first gradient tensor. The
coefficients nimay be determined by the minimization of S.
Assume that the fields and gradients are generated by a large number of ran-

domly positioned sources and that the random source configuration is changing
with time. The variable sources will result in a time-variable output of the synthetic
system, which can be described as a vector S= [S(t1), S(t2), ...]. A snapshot of the sys-
tem at one time instant is shown in Figure 7.17(b). If the components of the mag-
netic fields and gradients are independent, if the coefficients are determined by
minimization of the vector S norm, and if the norm of a column vector V is defined
as iV i= (VTV)1/2 [204], then the coefficients ni can be derived as [121]

ni= pi
kBt

i
k2

kBt

i
k2þkGt

i
k2

i= 1, 2, 3 (7.32)
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Fig. 7.16 Synthetic noise-cancellation systems. (a) Magnetometer-based system.
(b) Hardware first-order radial gradiometer-based system. (c) Hardware first-order
planar gradiometer-based system.

Fig. 7.17 Magnetometer-based first-order synthetic noise cancellation system with
vector magnetometer as a reference. (a) General detection configuration; the magnet-
ometer sensor is oriented along p and the three-component reference vector magnet-
ometer is located at distance b from the magnetometer sensor. (b) System exposed to
a field consisting of a number of noise sources (dipolesM1, M2, andM3 in this dia-
gram; however, the sources are not limited to dipoles and there are typically many
more than three sources present).
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where Bi
t= {BOi(t1), BOi(t2), ...}, Gi

t= {(G(t1) · b)i, (G(t2) · b)i, ...}, and tk are time sam-
ples (note that the norm defined in [121] is the square of the norm defined here).
The result in (7.32) indicates that, if the minimization is performed in a uniform

field, G = 0, then Gi
t= 0, and ni = pi, i = 1, 2, 3, or the coefficients are equal to the com-

ponents of the magnetometer orientation vector and the synthetic system then
describes a first-order gradiometer. This result is intuitive, and agrees with the con-
cept of a first-order gradiometer consisting of two parallel coils: one coil correspond-
ing to the magnetometer sensor, and the second coil at the position b which is emu-
lated by the projection of the reference outputs to the orientation p. The gradiometer
coefficients depend only on the sensor geometry and are universal, i.e., independent
of the character of the noise.
If the field during the noise minimization is non-uniform, G „ 0, then the sub-

traction coefficients in (7.32) do not describe a gradiometer system, they correspond
to an adaptive system designed to minimize the noise. In this case, the coefficients
are not universal because they depend on the fields and gradients present during
the adaptation (i.e., they depend on the norms iBi

ti and iGi
ti). If the fields and gradi-

ents change during the subsequent measurement, it is necessary to determine new
adaptive coefficients.
The norms of the vector S minimized for the true gradiometer or the adaptive

systems can be derived as [121]

Sk kadapt

min

� �2
¼
P3
i¼1

p2
i

B
t

i

�� ��2
B

t

i

�� ��2þ G
t

i

�� ��2 (7.33)

Sk kgrad

min

� �2
¼
P3
i¼1

p2
i

G
t
i

��� ���2 . (7.34)

In the gradiometer case, the coefficients were determined to cancel the field, and
therefore the residual iSi2 contains only the gradient components. In the adaptive
case, the residual contains a combination of gradients and fields. All the quantities
in (7.33) and (7.34) are positive and, for a given i, the adaptive term is smaller than
the corresponding gradiometer term. Thus the adaptive noise yields better cancella-
tion, but only during the time period for which the noise character is not changing
(norms iBi

ti and iGi
ti remain constant). Similar minimization can also be performed

for higher-order gradiometers and the results will contain norms corresponding to
the fields and gradients of all orders up to the investigated gradiometer order.
The above results can be illustrated graphically for a simplified case where the

magnetometer is oriented along the x3 direction and p = (0, 0, 1), as in Figure
7.18(a). In this case, (7.33) and (7.34) contain only one term each. If it is further
assumed that the environmental sources are magnetic dipoles with the same magni-
tude and are distributed on the surface of a sphere with radius r, then it can be
shown [121] that (iGi

ti/iBi
ti)2 =W(3b/r)2 » (3b/r)2, where W » 1 and b is the baseline

of the synthetic system. If a dimensionless quantity rb=R/(3b
ffiffiffiffiffi
W

p
) » r/(3b) is intro-

duced, then (7.33) and (7.34) simplify to
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Sk kadapt
min

B
t
3

�� �� ¼ 1ffiffiffiffiffiffiffiffiffiffi
1þr2b

q (7.35)

Sk kgrad
min

B
t
3

�� �� ¼ 1
rb
: (7.36)

The minimized norm of the vector S, i.e., the residual noise after the noise mini-
mization or gradiometer synthesis, is shown in Figure 7.18(b). For large rb (i.e.,
r >> 3b, for distant sources) the performances of the adaptive and gradiometer sys-
tems are similar, and for small rb (r<< 3b), the adaptive systems produce significantly
smaller noise. However, since the largest realistic gradiometer baselines are small,
b £ 0.3 m, the dividing point between these two limits, rb » 1 (or r » 3b » 1m) repre-
sents very near distances. Since in practical situations the environmental noise
sources are located at large distances, r>> 3b (rb >> 1), the differences between the
adaptive and synthetic gradiometer performances are typically small. For higher-
order gradiometers (i.e., more references), the adaptive methods can perform better
than indicated for the present simple first-order system. The utility of the adaptive
systems, however, is not as great as that of the gradiometers, because the gradi-
ometer coefficients are universal, while the adaptive coefficients are not.
In summary: the synthetic noise cancellation coefficients are different for the gra-

diometer and adaptive processes. The adaptive methods can provide better noise
rejection than the synthetic gradiometers, but only during the time period for which
the noise character remains constant. In practice, this time period depends on the
environment and it ranges from as short as several seconds to long periods of sever-
al months [169]. On the other hand, the synthetic gradiometer coefficients are truly
universal (they can be factory pre-determined and are independent of the noise char-
acter or dewar orientation), while the adaptive coefficients are not [169, 121] (the
adaptive coefficients must be recomputed every time either the noise character or
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Fig. 7.18 A comparison of first-order synthetic gradiometers and adaptive systems.
(a) Geometry of the sensor and the references. The magnetometer sensor is oriented
along x3 and the reference is a three-component vector magnetometer. (b) Residual
noise for the gradiometer and adaptive systems. Parameter rb is the normalized dis-
tance from the MEG system, rb » r/(3b), where b is the baseline length.
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the dewar orientation change). In all practical situations, the residual noise for both
adaptive and gradiometer processes is proportional to the baseline.

7.7.4.2 Static Systems
It was shown in Section 7.7.3 that the first step towards the environmental noise
reduction is to optimize the primary sensors. However, noise attenuation by first-
order sensors (either gradiometers or adaptive) is usually insufficient and more
effective noise cancellation must be implemented. One possibility is to use higher-
order systems, usually gradiometers. For a small number of channels, the higher-
order gradiometers can be constructed in hardware by connecting together a suffi-
cient number of coils. Examples of hardware symmetric and asymmetric second-
order gradiometers and an asymmetric third-order gradiometer, are shown in Figure
7.19.(e)–(g) [190]. However, the hardware gradiometers are bulky, complicated to
construct, and difficult to balance and are not suitable for multichannel systems.
For these reasons synthetic higher-order gradiometers (or adaptive systems) were
developed. Such systems typically use low-order sensors (either magnetometers or
first-order hardware gradiometers) and a system of reference magnetometers and
gradiometers which are suitable for synthesis of a required-order gradiometer. The
synthetic gradiometer outputs are independent of the noise character and the dewar
orientation, as discussed in Section 7.7.4.1. In this section, a more direct, physically
based approach to the gradiometer synthesis will be described.
Before proceeding with a more detailed discussion of the gradiometer synthesis,

the gradiometer tensor properties will be briefly reviewed. The first gradient is a spa-
tial derivative of the magnetic field. As there are three components of the magnetic
field and three spatial directions, the first gradient tensor has 3 X 3 = 9 components.
But because the first gradient tensor is traceless (divB= 0) and symmetrical
(curlB = 0), it has only five linearly independent terms [169]. The second gradient
tensor is the second spatial derivative of magnetic field and it has 3 X 3 X 3 = 27 com-
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Fig. 7.19 Magnetometers and hardware and
synthetic gradiometers. (a) Magnetometer ori-
ented along vector p. (b) Hardware first-order
gradiometer with baseline b1¢ and coil orienta-
tion p¢. (c) Reference vector magnetometer:
three components are oriented along orthogo-
nal directions. (d) Reference tensor gradi-
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tion in the air and 9 components for operation
in conducting media. (e) Symmetric second-
order hardware gradiometer. (f) Asymmetric
second-order hardware gradiometer. (g) Asym-
metric third-order hardware gradiometer.
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ponents. But because of the same symmetry relationships, there are only seven line-
arly independent terms. Similarly, the third gradient tensor has 81 components, but
only 9 linearly independent terms. Generally, for every increase in the tensor gradi-
ometer order by one, the number of linearly independent terms increases by two.
The simplest example of the gradiometer synthesis is a first-order gradiometer,

based on a magnetometer sensor and a three-component vector magnetometer ref-
erence, as in Figure 7.19(a) and (c) [187–189, 169]. The primary magnetometer
detects the magnetic field component along its coil normal, p (unit vector), as
g(0) = a (p ·B), where B is the vector of the environmental magnetic field and a is the
inverse of the field-to-flux conversion coefficient, called the magnetometer gain
(Uo/T) for brevity. For simplicity, the three reference magnetometers are assumed to
be orthogonal and to have identical gains, ar. The reference outputs are then
rk= arBk, k= 1, 2, 3, where Bk are the components of B. The outputs rk form a vector
of the reference output, rref. Expanding the magnetic field into a Taylor series about
the origin, defining the gradiometer baseline b1 as in Figure 7.19, and projecting the
reference output to the direction p, the first-order gradiometer, g(1), can be synthe-
sized as

g 1ð Þ ¼ g 0ð Þ � a
ar

p � rref
� �

¼ a pGb1 (7.37)

where G is the first gradient tensor at the coordinate origin. The synthetic first-order
gradiometer output is given as a projection of the first gradient tensor to the primary
magnetometer orientation, p, and the baseline, b1. If the p and b1 have general
orientations, the synthetic gradiometer in (7.43) is a linear combination of the first
gradient tensor components. Note that the synthetic gradiometer output in (7.37) is
expressed in units of Uo.
Examples of ideal first-order gradiometers are shown in Figure 7.20. Figure

7.20(a) corresponds to an axial gradiometer where b1 = b1(0, 0, 1), p = (0, 0, 1) and
g(1) = ap ·G · b1 = ab1G33. Figure 7.20(b) corresponds to an off-axis (planar) gradi-
ometer where b1 = b1(0, 1, 0), p = (0, 0, 1) and g(1) = ab1G23. In Figure 7.20(c) the coils
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Fig. 7.20 Examples of ideal first-order gradiometers. Vector p denotes orientations of
the gradiometer coils. (a) Axial (radial) gradiometer. (b) Off-axis (planar) gradiometer.
(c) Gradiometer with tilted coils.
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and the baseline are not aligned, b1 = b1(0, 0, 1), p = (0, 1/�2, 1/�2) and g(1) = ab1
(G23 +G33)/�2.
The synthesis of a second-order gradiometer from a primary first-order hardware

gradiometer and a first gradient tensor reference gradiometer, is illustrated in Fig-
ure 7.19(b) and (d)[121]. Assume that the primary first-order gradiometer has a base-
line b1¢ and coil orientation unit vector p¢. The second-order baseline b2¢ connects the
reference and the primary gradiometer centers. Similar to the first-order gradi-
ometer, the second-order gradiometer, g(2), is synthesized by projecting the reference
tensor gradiometer output to the vectors p¢ and b1¢ and subtracting the projection, scaled
by the gains, from the primary gradiometer output. It can be shown that g(2) is given
by the projection of the second gradient tensor, G(2), on to the vectors p¢, b1¢, and b2¢ as

g(2) » ap¢G(2)b2¢b1¢ (7.38)

where a is the primary first-order gradiometer gain. To simplify the notation, it was
assumed that the hardware gradiometer gain in Figure 7.19(b) is the same as that of
the synthetic gradiometer in (7.37). In a similar way, the second-order gradiometer
could be synthesized from a magnetometer primary sensor using vector magnet-
ometer and first gradient tensor gradiometer references, as in Figures 7.19(a), (c),
and (d). In this case, the first-order gradiometer is synthesized first as in (7.37), and
then the second-order gradiometer is synthesized as in (7.38) using the synthetic
first-order gradiometer as a primary sensor, and the relevant system vectors in
Figure 7.19 are p, b1, and b2. The procedure can be generalized to higher-order
gradiometers. For example, a third-order gradiometer can be synthesized as
g(3) = apG(3)b1b2b3, where b3 is the third-order baseline. Synthetic third-order gradi-
ometers are now routinely used in commercial MEG systems [133].
Examples of ideal second-order gradiometers are shown in Figure 7.21. Figure

7.21(a) corresponds to a second-order gradiometer where all three principal vectors
are parallel, p i b1 i b2, and p= (0, 0, 1). The second-order-gradiometer output is then
g(2) = apG(2)b1b2 = ab1b2G333. The gradiometer in Figure 7.21(b) corresponds to the
case where p i b1^b2, and p= (0, 0, 1), b2 = b2(0, 1, 0) and g(2) = ab1b2G233. The gradi-
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ometer in Figure 7.21(c) has a tilted baseline b2, and p i b1, where p= (0, 0, 1),
b2 = b2(0, 1/�2, 1/�2), and the second-order gradiometer output g(2) = ab1b2(G233 +
G333)/�2 is a linear combination of the second gradient tensor components.
In practice, gradiometers are not perfect, either because of manufacturing errors

or due to the presence of normal conducting or superconducting objects in their vi-
cinity. These gradiometer imperfections can be described by means of common-
mode and eddy-current vectors [169].
For a simple first-order gradiometer, the field common-mode vector, CB, describes

the gradiometer residual sensitivity to magnetic field. The origins of the common-
mode vector can be either mechanical (imperfect construction, as in Figure 7.22(a)
and (b)), or the common-mode vector can be induced by the presence of a supercon-
ducting object near the gradiometer (Figure 7.22(c)). A normal metal in the vicinity
of the gradiometer can be modeled as an R–L circuit, Figure 7.22(d). The time-vary-
ing applied fields will excite currents within it, which in turn will generate magnetic
fields and affect the gradiometer. This effect depends on the time derivative of the
magnetic fields and can be described in terms of an eddy-current vector EB.
Generally, the presence of a normal metal in the vicinity of the gradiometer will

induce not only a frequency-dependent eddy current vector, EB, but also a frequency-
dependent common mode vector, CB. This will be illustrated for a first-order gradi-
ometer [169]. If the eddy current source is modeled as an R–L circuit as in Figure
7.22(d), then it can be shown that the total field acting on a magnetometer is fre-
quency dependent, as

BT ¼ 1þ k
x2

x2þx2E

� �
B þ k

xE

x2þx2E
B
•

(7.39)

where x= 2pf is the frequency of the applied field, B
•
is the time derivative of the

applied field, xE is the characteristic frequency of the R–L circuit xE =RE/LE, where
LE is the inductance of the normal metal inductor, and k is the coupling constant,
given by

k ¼ MEAE

LEAp
(7.40)
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Fig. 7.22 Sources of common-mode and eddy-current vectors. (a, b, c) common-
mode vector sources. (a) Inequality of coil areas. (b) Coil tilt. (c) Presence of a super-
conducting object near the gradiometer. (d) Eddy-current vector source represented
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where AE is the area of the normal metal inductor, Ap is the magnetometer coil area,
and ME is the mutual inductance between the R–L circuit and the magnetometer
coil.
Let us consider a first-order gradiometer positioned in the vicinity of a conducting

object (Figure 7.23(a)). This gradiometer can be thought of as two coils coupled to
the conducting object by the coupling constants k1 and k2, and exposed to total fields
BT1 and BT2. Further, assume that the gradiometer is imperfectly constructed and its
common-mode vector magnitude is Co. For simplicity, assume that the field differ-
ence detected by the gradiometer is

DB» (1 +Co)BT1 –BT2 (7.41)

Substituting for the BT’s from (7.39) into (7.41), the signal detected by the gradi-
ometer can be written as

DB=CBB+EBB
•

(7.42)

where Dk= k 1 –k2 and

CB ¼ Co þ Dkþ Cok1
� � x2

x2þx2E
(7.43)

EB ¼ Dkþ Cok1
� � xE

x2þx2E
: (7.44)

Thus, the gradiometer output consists of the common-mode term (proportional
to the applied field) and the eddy-current term (proportional to the time derivative of
the applied field). Both vectors CB and EB are frequency dependent. Examine the
behavior at the high and low-frequency limits. In the high-frequency limit, when
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x >>xE (or xEfi 0, or REfi 0), the material behaves as a superconductor, and the
vectors CB and EB become

x >>xE: CB =Co+CS (7.45a)

EB = 0 (7.45b)

where CS =Dk +Co · k1 is the common-mode vector magnitude which would be
induced if the eddy current source were superconducting. In the high-frequency
limit, the conducting object affects only the CB. The situation is opposite in the low-
frequency limit, where the conducting object affects only the eddy-current vector

x <<xE: CB =Co (7.46a)

EB ¼ CS

xE
(7.46b)

An acceptable magnitude of the eddy-current vector can be estimated by requiring
the eddy-current signal to be smaller than the common-mode signal when the com-
mon-mode vector is balanced to a required level CR:

ERB
•
< CRB (7.47)

Considering only the magnitudes, the condition imposed on the eddy-current vec-
tor at frequency x is

ER <
CR

x
: (7.48)

In practice, the condition in (7.48) may be difficult to achieve, and the eddy cur-
rent may have to be reduced by methods similar to common-mode balancing.
As an example, consider a brass cylinder with radius 2 cm, length 10 cm, wall

thickness 0.5 cm, and resistivity 6.4 X 10–8 Wm, coupled to an axial gradiometer with
baseline b= 8 cm and common-mode vector Co= 2 X 10

–3. The brass cylinder is posi-
tioned coaxially with the gradiometer such that the cylinder center is at a distance of
60 cm from the nearest gradiometer coil. Such a brass cylinder results in
CS = 3.8 X 10

–5 and a characteristic frequency of fE = 207Hz (xE = 2pfE).
Finally, to illustrate the frequency dependent effects, the common-mode and

eddy-current vector parameters induced by the brass cylinder above, are plotted as a
function of the normalized frequency x=x/xE in Figure 7.23(b). The quantities
plotted are EB, see (7.44), xEB, DC=CB – Co, see (7.43), and CR (the level to which
the common-mode vector should be balanced). The eddy-current vector EB is fre-
quency independent for x <<1, and its magnitude decreases as 1/x2 for x >> 1. As a
result, xEB increases as x for x << 1, and decreases as 1/x for x >> 1. The common-
mode vector DC increases as x2 for x << 1 and is independent of frequency for
x >> 1. The CR is frequency independent and is crossed by the xEB term at x= 0.026
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(frequency f» 5.6Hz). This implies that, for frequencies less than 5.6Hz, the eddy-
current signal due to the brass cylinder is negligible, while for frequencies greater
than 5.6Hz, it is dominant and cannot be neglected.
The common-mode and eddy-current vectors in the case of higher-order gradi-

ometers are somewhat more complicated. An imperfect kth-order gradiometer will
have residual sensitivity not only to the field, but also to all gradients of order lower
than k. Similarly, such a gradiometer will also have a residual eddy-current sensitiv-
ity to derivatives of field and to all gradients with order lower than k. If, for simplici-
ty, only the eddy-current contributions due to the field derivatives are considered,
the outputs of first-, second- and third-order gradiometers can be described as

gð1Þ ¼ a CBBþ EBB
•
þ pG

ð1Þ
b1

� �
(7.49a)

gð2Þ ¼ a

�
CBBþ EBB

•
þ CG1y1b1 þ pG

ð2Þ
b1b2

�
(7.49b)

gð3Þ ¼ a

�
CBBþ EBB

•
þ CG1y1b1 þ CG2y2b1b2 þ pG

ð3Þ
b1b2b3

�
: (7.49c)

For a gradiometer of order k the output can be generalized (including eddy cur-
rent terms corresponding to higher gradients) as

g kð Þ ¼ a

�
CBBþ EBB

•
þ
Pk�1
i¼1

CGiyi

Qi
j¼1

bj þ
Pk�1
i¼1

EGiy
•

i

Qi
j¼1

bj þ pG
kð Þ Qk

i¼1
bi

�
(7.49d)

where P signifies the product, b1, b2, b3, and bi are the baselines of the first-, second-,
third, and ith-order gradiometer and a is the gradiometer gain equal to the inverse of
the field-to-flux conversion coefficient (assumed to be the same for all gradiometer
orders). The CB, CG1, CG2, and CGi are 3, 5, 7, and (3 + 2i)-component common-
mode vectors, EGi is the (3 + 2i)-component eddy-current vector, y1, y2, and yi are 5, 7,
and (3 + 2i)-component vectors with elements equal to the independent components
of the first, second, and ith-gradient tensors, and G(1), G(2), G(3), and G(k) are the
first, second, third, and kth-gradient tensors. The far right-hand terms in (7.49) are
the desired gradiometer responses; all other terms are undesirable and should be
balanced out. The balancing is usually done synthetically by determining the coeffi-
cients between the references and the primary sensors. Only in simple systems, con-
sisting of one or a few channels, is hardware or electronics balancing practical
[191–194]. The balancing accuracy must be quite high, especially for higher-order
gradiometers, and it is also necessary to construct the sensor reference system with
utmost rigidity [173].
Noise cancellation by synthetic third-order gradiometers within a modestly

shielded room is illustrated in Figure 7.7(b). The primary channel was a first-order
hardware gradiometer with a 5 cm baseline [169]. Even within the shielded room,
the synthesis of a third-order gradiometer reduces noise at low frequencies by about
four orders of magnitude, relative to the magnetometers. This result is also shown
in Figure 7.7(a) by the dashed line 7. The combined noise attenuation of the mod-
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estly shielded rooms and gradiometers is more than 5.5 orders of magnitude at low
frequencies and is shown by line 8 in Figure 7.7(a).
The environmental noise can also be removed using adaptation, as discussed in

Section 7.7.4.1. To determine the adaptive coefficients, the system of primary sen-
sors and references is observed during the application of noise and the adaptive coef-
ficients are adjusted to minimize this noise. The frequent need for re-adaptation for
every dewar orientation or change of the noise character makes the adaptive systems
less desirable than the gradiometers. Furthermore, the adaptive methods may not
provide linear combinations which give the lowest white noise. The adaptation can
be done with constant coefficients or with frequency dependent coefficients [169].
Constant coefficient adaptive noise cancellation applied in addition to the syn-

thetic third-order gradiometer is illustrated in Figure 7.7(b), line 5. This figure also
shows that, at low frequencies, the combined shielded rooms, gradiometers, and
adaptation, attenuates noise by more than seven orders of magnitude, see line 9 in
Figure 7.7(a). This performance is also compared with the high-Tc superconducting
shield [119] and the high-performance Berlin room [117] in Figure 7.13(a) and it
indicates that combined synthetic noise cancellation with modestly shielded rooms
can successfully compete with the best available shielded environments.

7.7.4.3 Mobile Systems
The mobile systems for geophysical or military applications usually operate in rela-
tively low environmental gradients and employ first-order gradiometers. The higher-
order gradiometers are not used because the distances to the targets are large and
signal strengths decay with distance (characteristic of their performance). Since the
mobile systems use first-order gradiometers, then (7.49a) applies and can be rewrit-
ten for gradient component k (k= 11, 12, 13, 22, 23, where the pairs of indices are
determined by the orientations of the vectors p and b1) as

g 1ð Þ
k

¼ ak CBBþ EBB
•
þ pG

1ð Þ
b1

� �
: (7.50)

The mobile gradiometers and magnetometers move relative to the environment
and detect motion-induced noise. If it is assumed that the environmental gradient is
constant and equal to GE, then five linearly independent components of this gradi-
ent tensor (see Section 7.7.4.2) can be arranged into a five-component column vec-
tor, e.g., yE = (G11, G12, G13, G22, G23)

T.
To simplify the discussion, assume that the vectors CB and EB in (7.50) are zero

(extension to nonzero vectors is straightforward). Further, assume that the gradi-
ometer motion is described by a matrix of rotation, a (translational terms vanish for
a perfectly balanced gradiometer moving in a constant first gradient). The rotated
gradient tensor, as seen by the gradiometer, will be GR = aGEa

T. Since the rotated
tensor depends only on the five components of yE, the matrix of rotation terms in
front of each component can be collected (including the gains) and the rotated gradi-
ometer output g

R
k can be expressed as g

R
k ¼ A

T
k yE, where Ak is a five component vec-

tor with elements constructed from the sensor gains and the elements of the matrix
a. The gradiometer outputs corresponding to the five independent components of
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the gradient tensor can be arranged into a vector gR =ATyE, where the columns of
the 5 X 5 matrix A are the vectors Ak.
Assume that there is a crosstalk present and that a 5 X 5 matrix X describes it.

Then the tensor gradiometer will measure vector gm=XTgR =XTATyE. In general, the
expression for each gradiometer (each element of gm) contains 25 unknown prod-
ucts between the elements of the matrix X and the vector yE. If the matrix A is
known (through the knowledge of the matrix of rotation a and the gradiometer cali-
bration), then the 25 unknown parameters can be determined from measurement
during the gradiometer motion in a constant gradient. In the absence of crosstalk
(or if the crosstalk is known), each gradiometer will depend on only five unknown
components of the vector yE. In practice, additional parameters due to unknown CB
and EB must also be added to the computational procedure.
For a hand-held device operated in high-order gradients of an urban environment,

the above procedure cannot be used because the first gradients are not constant. As
an example, consider a second-order tensor gradiometer, which is well balanced
against three components of the magnetic field and five components of the first gra-
dient tensor. Since the second gradient tensor has seven linearly independent com-
ponents (Section 7.7.4.2), extrapolation of the above method would suggest that 49
calibration coefficients are needed. If also the second gradient was non-uniform and
the third-order gradiometer was required to compensate for the motion, the number
of coefficients would be 81. Presently, the values of second and third gradients in
the unshielded or shielded environments have not been reported in the literature.
However, they were deduced from the estimated distance to the gradient-generating
objects in Table 7.9.
The motion–noise cancellation in high-gradient environments is relatively com-

plex and can be avoided under certain conditions. For example, if the environmental
third gradient was negligible, then a well balanced third-order gradiometer would be
immune to motion. Such a condition is satisfied within modestly shielded rooms
[106], where the immunity to small motions has been demonstrated in MEG mea-
surements during an epileptic seizure when the patient moved and slightly shifted
the dewar. The magnetometers recorded about 100 pT and the first-order gradi-
ometers about 10 pT signals, while the third-order gradiometer output remained
unperturbed [173] (to within the SQUID noise resolution, or about 1/2 of the
SQUID peak-to-peak noise; the measurement was performed with Df = 70Hz band-
width, Bw= 5 fT rms/�Hz, and Bp–p/2» 5Bw�Df/2 = 105 fTp–p). Similar results were
obtained with fetal MEGwhere mothers actually sit on the dewar and transmit vibra-
tions directly into it. The third-order gradiometer outputs still exhibit noise of
< 10 fT/�Hz [174]. The results above are consistent with the third gradient values
within a shielded room of G(3) » 4 nT/m3 for r= 10m, in Table 7.9. If a third-order
gradiometer were to be moved by a small distance Dr» 0.5 cm in such a gradient
field, and if the relevant baselines were b1 = 5 cm, b2 = 20 cm, and b3 = 15 cm [169],
then the signal change would be 6G(3)b1b2b3Dr/r » 18 fT. Such a signal change is
small in comparison with brain noise. However, the same motion in an unshielded
environment where the third gradient value may be as large as 40–600 nT/m3, would
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produce unacceptably large signal changes of 180 fT–2.7 pT and motion noise can-
cellation would have to be implemented.

7.7.5
Noise Cancellation Without the References

Noise cancellation without the references is possible only in systems with a larger
number of channels. The operations are usually performed in the so-called “signal
space”, a multidimensional space where the number of dimensions is equal to the
number of channels, K. A single measurement is represented by a vector in the sig-
nal space, and a sequence of measurements is represented by a vector whose orien-
tation and length are changing. Noise or signal sources occupy certain vectors in the
signal space. Noise cancellation by the techniques mentioned in this section is
sometimes called spatial filtering.
Gradiometers with their spatially separated coils can also be considered as spatial

filters [203]. They reject sources which produce spatially uniform fields, and detect
only the sources which produce large spatial variations (i.e., large spatial gradients);
so they function as spatial high-pass filters. Gradiometers are usually utilized to sep-
arate, within one sensor, distant and near sources (distant sources produce only low-
spatial frequencies and near sources produce high-spatial frequencies). The spatial
filtering considered in this section separates the sources corresponding to different
signal space vectors, where the sources do not need to be at different distances from
the sensor array. The source separation is accomplished by considering signals mea-
sured simultaneously by many sensors.
The simplest spatial filtering method is Signal Space Projection (SSP) [195–197],

which projects out from the measurement, those noise components that are orient-
ed along specific spatial vectors in the signal space. Assume that the noise compo-
nents (vectors) are known. Assuming that the noise is stationary during the mea-
surement, the noise vectors can be determined, e.g., by measuring the environmen-
tal noise before the application of the required signal to the SQUID system. Denote
the noise column vectors by Vk, k= 1, ... KN, KN<K, where K is the number of chan-
nels, and arrange them in a K XKN matrix V = (V1, V2, ... VKN

). The matrix V
describes the “noise subspace” and it can be used to construct parallel, Pi, and or-
thogonal, P^, projection operators [199] as

Pjj ¼ V VTV
� ��1

VT and P? ¼ I � Pjj (7.51)

where I is the identity matrix and the superscript T denotes transposition. The
operator Pi will project data into a subspace parallel to the noise subspace, while the
operator P^ will project the data into a subspace orthogonal to the noise subspace. If
a K XN matrix m describes the measured data, where N is the number of time sam-
ples, then the projection operators are applied to the measurement as Pim and
P^m.
The functioning of the projection operators is illustrated in Figure 7.24 for a sim-

ple system of 34 axial gradiometers uniformly distributed on a hemispherical sur-
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face and oriented along the local surface normal (since the gradiometer baselines
are parallel to the local radius vector, they are often called radial gradiometers). The
system also contains one signal and one noise source. The signal and noise are
mixed at the sensors and they are in a similar bandwidth, such that they cannot be
separated by temporal filtering (compare Figures 7.24(b) and (d)). Yet it is possible
to project out the noise from the data to retrieve the original signal, see Figure
7.24(g). The method works best when the signal and noise subspaces are nearly or-
thogonal.
More insight into the mechanics of the SSP can be obtained by first considering

the measurement when only the noise is present. The noise at time tn can be mod-
eled as [196]

mnoise(tn) = Va(tn) + v(tn) (7.52)

where mnoise(tn) is the K-component vector of noise measurement at time tn, v(tn) is
the K-component sensor noise vector, and the noise space waveforms a(tn) = {a1(tn),
a2(tn), ..., aKN

tnð Þ}T describe the time dependence of the noise source magnitudes. If
m is normally distributed, the unbiased estimate for a(tn) is obtained as a(tn) =
w+mnoise(tn), where w

+ = (VTV)–1VT is the Moore–Penrose pseudoinverse.
Let the required signal be described by a K XKS matrix U = (U1, U2, ... UKS

) and
the corresponding signal space waveforms u(tn) = {u1(tn), u2(tn), ..., uKS

(tn)}
T. Then,

in the presence of both signal and noise, the measurement is given by

m(tn) =Va(tn) +Uu(tn) + m(tn). (7.53)

Application of the orthogonal projection operator P^, see (7.51), to the measure-
ment in (7.53) will yield

P^m(tn) =P^Uu(tn) +P^m(tn). (7.54)

Equation (7.54) indicates that the noise has been projected out and if none of the
vectors Uk, k= 1, 2, ... KS, are completely in the noise subspace then the projected
measurement will preserve the required signal. (7.54) also indicates that the signal
in the projected measurement will be affected by the projection operation; so instead
of the spatial distribution U, we shall have the spatial distribution P^U. The signal
will be redistributed among the channels by the action of the projection operation
[200]. This can also be seen in Figure 7.24 where the signals in frames (b) and (g)
have different amplitudes, indicating a redistribution of the signal among different
channels. More examples of the redistribution are shown in [201]. The signal redis-
tribution will be smallest when the signal and noise subspaces are nearly orthogo-
nal.
Related to the SSP is the noise elimination by rotation in the signal space [198],

which avoids the loss of degrees of freedom encountered in SSP. In this method, a
set of virtual “compensator” channels is added to the system and the rotation is
arranged such that the compensator channels contain a projection of the input sig-
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nal into interference subspace, while the real channels are orthogonal to it. The
number of compensation channels is equal to the dimensionality of the interference
subspace. The interference subspace can be determined from the noise measure-
ment by the principal component analysis.
Other array techniques, such as beamformers and MUSIC also provide efficient

cancellation of the environmental noise. These techniques are mostly used for sig-
nal extraction from the region of interest and the environmental noise cancellation
is their beneficial side effect. These methods will be discussed in greater detail in
the second volume of this Handbook in the chapter on Biomagnetism.
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(b) Signal

(a) Signal map (c) Noise map

(f) Pro- 
jection

(d) Signal and noise (g) Noise projected out

(e) Orthogonal 
     projection 
     operator

Fig. 7.24 Illustration of noise cancellation by
Signal Space Projection. The signal and noise
vectors are represented by block-maps in (a)
and (c). The block height denotes the vector
component magnitude corresponding to a par-
ticular sensor: black is positive, hatched is neg-
ative. Time courses correspond to the same
selected channel and are shown on the same
scale. Sensors are radial gradiometers with 5
cm baseline uniformly distributed on the sur-
face of a hemisphere with radius 11 cm. The
number of sensors is K= 34 and the mean dis-
tance between the sensors is about 5 cm.
(a) Signal generated by a magnetic dipole posi-

tioned at the center of the sensor hemisphere,
located at the coordinate origin. Dipole orienta-
tion is (0, 1, 0) and its momentMsource is vari-
able in time. (b) Time course of the source
waveform. (c) Noise is generated by a mag-
netic dipole positioned at (10, 3, 0) m and ori-
ented along (0, 0.287, 0.958). The noise dipole
is time variable with magnitude 3 H 107Msource.
(d) Combination of signal and noise at the
selected channel. (e) Noise is used to con-
struct an orthogonal projection operator.
(f) Noise is projected out from the combina-
tion of signal and noise in Ld’. (g) The original
signal waveform is retrieved.
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7.8
Signal and Noise Implications for the SQUID System Design

7.8.1
Introduction

The operation of a high-resolution SQUID system within high environmental noise,
imposes special demands on the system parameters. Such demands must be met in
order to realize the high degree of noise cancellation discussed in Section 7.7. The
parameters affected by these demands include environmental noise attenuations,
common-mode and eddy-current vector magnitudes, slew rates, dynamic range,
nonlinearity, and inter-channel matching. These parameters will be discussed in
this section and their determination will be outlined for static and mobile systems.

7.8.2
Static SQUID Systems

Static systems (e.g, MEG, NDE, geophysical, etc.) have to operate in changing envir-
onmental fields (noise) and are subjected to vibrations. Assume that the electronics
bit resolution in field units (T) is ¶B and b¶G for the magnetometers and first-order
gradiometers, respectively, and b is the gradiometer baseline. The electronics resolu-
tion can be different from the system white noise in 1Hz bandwidth, dB or bdG (in
this section, dB and dG represent all noise at the output and include the SQUID
and electronics noise, BN, dewar noise, etc.). For the present purposes it will be
assumed that dB = 2q¶B or dG = 2q¶G (e.g., q= 4 in some commercial MEG systems
[172, 121]). Denote the gradiometer common-mode and eddy-current vectors by CB
and EB (Section 7.7.4), the amplitudes of the applied fields and gradients by DB and
DG, and their angular frequency by x= 2pf. The DB and DG can represent either
signals or environmental noise.
Let the operational parameters of the SQUID system be: w – the environmental

noise attenuation; D – the dynamic range; B
•
(or G

•
) – the slew rate; L – the nonline-

arity; dt – the delay among channels, and subscripts Vmag’ and Vgrd’ denote the mag-
netometer or gradiometer sensors. The noise attenuation, w, should reduce the
environmental noise down to, or below, the instrumental white-noise level in a rep-
resentative bandwidth. Since the required w will be largest for narrow bandwidth
experiments, the representative bandwidth is arbitrarily chosen to be 1Hz. Then the
w is given by

w
mag

¼ DB=dB, w
grd

¼ DG=dG. (7.55)

The dynamic range can be defined as the applied peak-to-peak field or gradient
magnitude divided by the electronics resolution [132]. The division by the electronics
resolution, rather than by the white noise in the 1Hz bandwidth, is necessary
because it determines the true dynamic range of the electronics system.
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Dmag ¼ 2DB=¶B ¼ 2qþ1DB=dB, Dgrd ¼ 2DG=¶G ¼ 2qþ1DG=dG. (7.56)

The factor of q + 1 arises because we are dividing a peak-to-peak signal which is
equal to twice the magnitude. The dynamic range for low-frequency noise must be
computed by integrating over the frequency range of interest [132]. The maximum-
field slew rate for a sinusoidal signal with amplitude DB is _BB=xDB (T/s). The slew
rate for gradiometers is obtained, similarly, by replacing DB by bDG. The slew rate
can be expressed in Uo/s by dividing the _BB by the SQUID field-to-flux conversion
coefficient, BU= dB/dU (T/Uo), and substituting for DB or DG from (7.56). The dU
is either the magnetometer, dUB, or the gradiometer, dUG, flux resolution refer-
enced to the system field or gradient noise. The magnetometer and gradiometer
slew rates (in Uo/s) then become [132]

U
•

mag ¼ xdUB
DB
dB

¼ xdUB

Dmag

2qþ1 , U
•

grd ¼ xdUG
DG
dG

¼ xdUG

Dgrd

2qþ1 . (7.57)

The system nonlinearity, Lmag or Lgrd, may be defined as a deviation from the line-
ar input–output relationship. It is important to keep the nonlinearity small in order
that large numbers may be accurately substracted during the noise cancellation
(Section 7.7.4). The noise cancellation will only be as good as the nonlinearity. The
required nonlinearity may be defined as the ratio of the white noise in 1Hz band-
width to the peak-to-peak signal amplitude [132]

Lmag ¼ dB= 2DBð Þ ¼ 2q=Dmag , Lgrd ¼ dG= 2DGð Þ ¼ 2q=Dgrd . (7.58)

For example, in the presence of polynomial nonlinearity of order n, the measured
field will be given as Bmeas=DB+jnDBn=DB(1 +jnDBn–1), where the relative devia-
tion from linearity, jnDBn–1, should satisfy jnDBn–1 £ dB/DB= 2Lmag. The nonline-
arity discussed in Section 4.2.1 corresponds to the sinusoidal SQUID transfer func-
tion where, for small excursions around the working point, the nonlinearity order is
n= 3.
Equation (7.58) shows that the acceptable nonlinearity is inversely proportional to

the dynamic range. (7.56)–(7.58) are also valid for the gradiometer output, due to
the common-mode signal, rather than the gradient variation. Equivalent expressions
for the common-mode signal can be obtained by the replacement bDGfiCBDB in
(7.56)–(7.58).
The time delay between the reference and primary sensors (Section 7.7) is mani-

fested as an eddy-current term in the balancing equations [169]. This eddy-current
term can be handled either by: (i) making the time delay sufficiently small so that
the eddy-current term is negligible; or by (ii) balancing out the eddy-current term.
In the following discussion, it will be assumed that the common-mode term (Sec-
tion 7.7.4) is completely balanced out. The eddy-current term due to the time delay
dt among the channels will be negligible if the time delay satisfies dt£ dt(1) [132],
where
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dt 1ð Þ ¼ Lmag = pfCB

� �
¼ 2q= pfDmag CB

� �
(7.59)

where CB is the gradiometer common-mode vector magnitude. If subtraction be-
tween two magnetometers is attempted, then CB = 1 in (7.59) and dt(1) is much
smaller than that for the gradiometers. If the field common-mode and the eddy-cur-
rent vectors are both balanced out by frequency-independent coefficients, see, e.g.,
(7.46), then the cancellation error will be caused only by the frequency dependence
of the CB and EB, see (7.42)–(7.44), and the delay must satisfy dt £dt(2) [132], where

dt(2) =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dt 1ð Þ= pfð Þ

q
: (7.60)

In all practical situations dt(2) >> dt(1). The delay limit dt(1) is difficult to achieve. It
is less than 100 ps for unshielded magnetometers and about 100 ns for unshielded
gradiometers. The limit dt(2) is larger than several 100 ns even for unshielded mag-
netometers and is relatively easy to achieve, however, it requires differentiation, see
(7.39) and (7.42). Simple differentiators are sufficiently accurate only if the sampling
rates are high. For example, a three-point differentiator and maximum signal fre-
quency of 60Hz would require sample rates in excess of 17.5 kHz to achieve an
eddy current subtraction error less than the SQUID sensor noise in a 1Hz band-
width. Such high sample rates are impractical, especially in multichannel systems,
and therefore accurate but computationally more expensive, differentiators must be
used [170, 202].
The delay between channels becomes completely unimportant from the gradi-

ometer balancing point of view if the frequency-dependent balancing is implemen-
ted, e.g., using the coherence method [171]. This method provides separate com-
mon-mode and eddy-current balancing at each frequency and operates by eliminat-
ing coherent parts of the sensor and reference outputs (note, however, that the time
delay between the channels must still be kept low for accurate signal analysis and
interpretation).
During ordinary use, even stationary systems are subjected to small vibrations.

For example, the biomedical systems are often in contact with the subjects, and
breathing, heart beats, and other tremors are transmitted to the SQUID system.
Similarly, the systems for non-biological measurements are subject to vibrations
induced by the environment. The vibrations can either rotate or translate the
SQUID system [169]. The translational vibrations produce noise through motion in
environmental gradients. If the translational vibration amplitude is Dd, then the
translational noise is given as

DBT ¼ GDd, DGC
T
¼ CBDBT ¼ CBGDd, DGG

T
¼ DdG 2ð Þb, (7.61)

where b is the gradiometer baseline and G(2) is the second gradient. The rotational
vibrations are proportional to the angle of rotation, h:

DBR ¼ hB, DGC
R
¼ CBDBR ¼ hCBB, DGG

R
¼ hGb. (7.62)
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In the above equations, the superscripts VC’ and VG’ denote the vibrational noise
due to either the common-mode vector or the environmental gradients. The vibra-
tional noise amplitudes are summarized in Table 7.10 for Dd= 10lm and
h= 10–5 rad (this h corresponds to 10lm motion at 1m arm). The results indicate
that for the selected parameters, the vibrational noise is quite severe in unshielded
environments even for first-order gradiometers (but it is highly attenuated by high-
er-order gradiometers [173]). In shielded environments, the magnetometer vibra-
tional noise is still unacceptably high, but the first-order gradiometer noise is nearly
acceptable. Generally, the rotational vibrations produce larger noise than the transla-
tional vibrations.
Finally, the noise attenuation, w, will be considered. The required w can be

obtained from the noise envelopes in Figure 7.13 and by assuming that the ultimate
SQUID system white noise is about 2–5 fTrms/�Hz. At low frequencies (about
0.1Hz), the noise attenuation for unshielded magnetometer-based systems would
have to be up to wmag» 107 and, in modestly shielded environments, wmag> 10

5.
Similarly for the gradiometer-based systems, the attenuations would have to be up
to wgrd» 105 and wgrd > 10

3, for unshielded and modestly shielded systems, respec-
tively. In highly shielded environments (high-Tc superconducting [119] or high-qual-
ity mu-metal [117] rooms) the noise appears to be sufficiently low even for magnet-
ometers without any additional noise cancellation.
The required dynamic range and slew rates corresponding to the noise envelopes

in Figure 7.13 are represented graphically in Figure 7.25.
Figure 7.25(a) indicates that for magnetometers in static unshielded environ-

ments the dynamic range due to low-frequency noise can be in excess of 30 bits and
the power line slew rates can be of the order of 106 Uo/s. The use of gradiometers
greatly relaxes the operational requirements. Even in unshielded environments, the
gradiometer dynamic range is only up to 25 bits and the power line slew rates are of
the order of 104 Uo/s. The conditions in modestly or well-shielded environments are
easy to achieve even for magnetometers, Figure 7.25(b).
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Tab. 7.10 Vibrational noise amplitudes, Dd= 10 lm, h = 10–5 rad, b= 0.1m, CB =Co = 10
–3. Urban

environment (Table 7.9): unshielded, B = 55lT, G =G(1) = 1000 nT/m, G(2) = 400 nT/m2; modestly
shielded, B = 50 nT, G= 20 nT/m, G(2) = 8 nT/m2. Modest shielding is provided by, e.g., VAC AK3b
shielded room (Section 7.3). All entries are in fT; see (7.61) and (7.62) for definitions of symbols.

Environment DBT DBR bDGT
C bDGR

C bDGT
G bDGR

G

Unshielded 10 000 550 000 10 550 400 1 000
Shielded 200 500 0.2 0.5 8 20
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7.8.3
Mobile SQUID Systems

Mobile systems for geophysical or military applications usually use first-order
SQUID tensor gradiometers and vector magnetometers. The gradiometers are
employed not only because they provide more information than the magnetometers
(five linearly independent components, rather than three for magnetometers, see
Section 7.7.4.2), but also because they have additional advantages. Gradiometers are
less sensitive to micropulsations3) and diurnal variations of the earth’s field, because
these variations originate at large distances and are spatially uniform. Gradiometers
exhibit reduced sensitivity to the altitude variations. If the altitude change is small
in comparison with the distance to the source, r, then the ratio of the gradient varia-
tion, DG, to the field variation, DB, is approximately bDG/DB» nb/r << 1 because
b << r. The distance–decay exponent n depends on the source type and is n= 3 for a
magnetic dipole. Gradiometers have better spatial resolution than magnetometers
because the gradients decay faster with distance than the fields. For the same rea-
son, the gradiometers also enhance the near-surface structures relative to deeply
buried structures, and also enhance a local anomaly relative to large-scale regional
variations, if they are at similar distances from the gradiometer (by the ratio of their
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Fig. 7.25 Dynamic range as a function of fre-
quency for the noise ranges shown in Figure
7.13, for magnetometer and gradiometer-
based systems with white noise = 5 fTrms/
�Hz, q= 4, gradiometer baseline of b = 0.05m,
Dd= 10lm, h = 10–5, and CB =Co = 10

–2.
Unshielded dc fields and gradients were 55 lT

and 200 nT/m, and shielded, 55 nT and
10 nT/m, respectively. Field power line ampli-
tudes were 200 nT in unshielded and 2 pT in
shielded environments. Signal levels corre-
sponding to 1 fT, 10 fT, 100 fT and 1 pT are
shown by dashed lines. Modified from [132].
(a) Unshielded. (b) Shielded.

3) Micropulsations are small, almost sinusoi-
dal fluctuations of the geomagnetic field,
usually with a duration of seconds to min-
utes and a frequency range from mHz to
Hz. Micropulsations are responses to

changes in the magnetosphere. Pulsations
are divided into two classes; continuous and
irregular, each of which is further divided
according to the period of the pulsations.
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distance–decay exponents, nloc/nreg, where nloc and nreg are the distance–decay expo-
nents for the local and the regional variations, nloc >nreg. For example, the local
anomaly can be an extrusion or a dipole with nloc= 3 or a magnetized cylinder with
nloc= 2, while the regional anomaly could be a thin magnetized dipping sheet with
nreg= 1, or a large magnetized region, or a thick polarized dipping sheet with
0 < nreg < 1).
The gradiometer motion in the environmental magnetic field (usually the earth’s

field) produces noise. To reduce (or eliminate) the field motion noise, the gradi-
ometers must be well balanced. Since accurate hardware balancing is impractical,
gradiometers are balanced synthetically using a reference vector magnetometer. The
magnetometer gain must be designed such that the gradiometer noise is not
degraded by the balancing. Let the SQUID signals corresponding to the reference
magnetometers (in Uo) be ri= aBBi, i= 1, 2, 3, where Bi is the ith component of the
applied magnetic field and aB is the reference magnetometer gain, assumed to be
the same for all three magnetometer components (the gain was defined in Section
7.7.4.2 as an inverse of the field-to-flux conversion coefficient and is expressed in
Uo/T). Further, assume that the output of the gradiometer (also in Uo) is
g= a(CBB+Gb), where a is the gain and G is the magnitude of the gradient tensor
component to be measured. Assume that the magnetometer and gradiometer white-
noise levels in the 1Hz bandwidth are dB and dG. Then the corresponding flux
noise of the magnetometer and gradiometer SQUIDs are dUr= aBdB and
dUG = abdG. The noise contributed by the balancing should be less than the gradi-
ometer noise, or CBdB< bdG. This condition determines the required magnet-
ometer gain as

aB >
CBdUr

bdG
or aB ¼ f

CBdUr

bdG
(7.63)

where the parameter f> 1 describes the strength of the inequality. The “as made”
gradiometer common-mode vectors are typically in the range from 10–2 to 10–4. For
illustration purposes, assume CB =Co= 10

–3, the gradiometer baseline b= 0.1m, the
reference magnetometer SQUID flux noise dUr » 10–5 Uo rms/�Hz, and the re-
quired gradient resolution to be about dG = 20 fT/m rms/�Hz (corresponding to the
gradiometer gain a» 5 X 109 Uo/T if dUG = dUr). Then the required magnetometer
gain is aB > 5 X 10

6 Uo/T, and for f = 4, the magnetic field resolution should be
dB= 0.5 pTrms/�Hz.
The maximum allowed common-mode vector magnitude, CR, may be estimated

from the assumed environmental field amplitude during the motion, DBE. If the
measurement bandwidth is Df, and if the common-mode signal is required to be
smaller than the gradiometer rms noise, then CR2DBE < bdG�Df, or

CR � bdG
ffiffiffiffiffiffi
Df

p
2DBE

(7.64)

where a peak-to-peak environmental field variation was used. If the gradiometer res-
olution was dG = 20 fT/m rms/�Hz, b= 0.1m, Df = 4Hz, and the gradiometer was
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rotated by 360S in the earth’s field, then DBE =BE » 55lT, and CR £ 3.6 X 10–11. This
is also the required common-mode stability (or system rigidity). It is an incredibly
small value – if the gradiometer coils were 5 cm in diameter, then such a small CR
would be obtained by a gradiometer coil tilt corresponding to a 0.02_ displacement
of the coil rim. From the computational point of view, the common-mode vector
must be improved by the magnetometer balancing by a factor of CR/Co » 3.6 X 10–8 if
the “as made” gradiometer common-mode vector magnitude was Co= 10

–3. If the
motion was stabilized to, e.g., u=–0.5S, then DBE »BEsinu» 480 nT, the required
common-mode vector would be CR £ 4.2 X 10–9, and the required improvement of
the gradiometer balance would be CR/Co » 4.2 X 10–6. The common-mode vector for
the stabilized platform would correspond to coil-edge motion of » 2_, or about one
atomic distance. This example illustrates the importance of achieving the smallest
possible magnitude of the “as made” common-mode vector, Co, and the highest pos-
sible degree of rigidity.
The dynamic range is given by (7.56). The reference magnetometer dynamic

range can be obtained from (7.56) by expressing the field resolution in terms of the
SQUID flux noise, dUr, and substituting for gain from (7.63). The required gradi-
ometer dynamic range is defined either by the gradient changes, D

G
grd , or through

the common-mode vector, D
C
grd . The latter is obtained from (7.56) by substituting

bDGE =CBDBE. Then the dynamic ranges are given by

Dmag ¼ f
2qþ1CBDBE

bdG
, DG

grd
¼ 2

qþ1DGE

dG
, DC

grd
¼ Dmag

f
. (7.65)

If the gradiometer was rotated by 360S in the earth’s field, then DBE = 55lT and
DGE = 20 nT/m (see Table 7.4 for rural environment). Then for q= 4, f = 4, b= 0.1m,
CB =Co= 10

–3, and dG = 20 fT/m rms/�Hz, the dynamic ranges would be
Dmag= 3.5 X 10

9 (31.7 bits), D
G
grd = 3.2 X 10

7 (24.9 bits), and D
C
grd = 8.8 X 10

8 (29.7 bits).
If the platform was again stabilized to –0.5S, then the dynamic ranges would be
reduced by a factor of 1/sin(0.5S) » 114.6 or by about 6.8 bits.
Assume that the SQUID detector is rotating in a uniform field and gradient with

angular rate x. Then expressing dB= dUr/aB from (7.63) and substituting it into
(7.57) and equating dUr= dUG = dU, the reference magnetometer and gradiometer
slew rates are obtained as

U
•

mag ¼ xdU
CBDBE

bdG
f, U

• G

grd
¼ xdU

DGE

dG
, U

• C

grd
¼

_UUmag

f
, (7.66)

where the right-hand part of (7.66) was again obtained by substituting
bDGE ! CBDBE . Assume that x= 90 deg/s » 1.57 rad/s (f = 0.25Hz) and that the
parameters are the same as in the example for (7.65). Then the slew rates are
U
•

mag = 1,728Uo/s, U
•

grd
G
= 15.7Uo/s, and U

•

grd
C
= 432 Uo/s. Such slew rates are small

and any SQUID system should be able to achieve them.
The acceptable nonlinearity, as given by (7.58) is proportional to the inverse of the

dynamic range computed above. For a platform stabilized to about –0.5S, a nonline-
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arity of better than about 10–6 is required. Such a nonlinearity is achievable; values
of 10–6 or less were measured in commercial MEG systems [121]. Sufficiently small
nonlinearity is important for realization of the common-mode cancellation with the
required accuracy.
If a system without the eddy-current cancellation was used, then the eddy-current

error should be less than the system noise [169] (Section 7.7.4.2). Since the com-
mon-mode error was adjusted to be about equal to the system noise, the eddy-cur-
rent contribution should be smaller than, or equal to, the common-mode signal, or
xER £CR. Consider a frequency f = 1Hz, then for an unstabilized platform, the
eddy-current vector magnitude should be ER £ 5.8 X 10–12 s and for a –0.5S stabilized
platform, ER £ 6.7 X 10–10 s. The eddy-current vector for a stabilized platform should
be achievable. As an example, consider a relatively large eddy-current source repre-
sented by a Cu wire ring with a radius of 2.5 cm, wire diameter of 0.2 cm and resis-
tivity of 1.75 X 10–8Wm at a distance of 0.75m from a radial gradiometer with a base-
line of 10 cm and a coil radius of 1 cm. Such a ring would induce E » 6.5 X 10–10 s.
Consider a SQUID tensor gradiometer moving in a constant gradient back-

ground. Such motion will introduce noise similar to that induced in magnetometers
by the motion in the earth’s field. It is not possible to use gradiometer references to
eliminate this motion noise, because they would also eliminate the gradient signal.
However, the motion noise can be cancelled using angular motion sensors as refer-
ences (see Section 7.7.4.3 for discussion of the matrix of rotation). This type of noise
cancellation, especially if higher-order gradients have to be accounted for as in the
hand-held instruments, requires a high degree of accuracy; the nonlinearity, com-
mon-mode balancing, and stability discussed in this section then become extremely
important.

7.8.4
Summary of Parameters

Examples of the SQUID system design parameters are shown in Tables 7.11–7.13.
For each parameter, the difficulty of its realization is also indicated. Generally, most
of the parameters in these tables can be met with low-Tc SQUIDs. The high-Tc
devices are not as suitable, particularly for mobile applications, because they are too
hysteretic when in motion and exposed to the earth’s magnetic field [140]. However,
there has been a report of an airborne HTS SQUID system for mineral exploration
[138]. Issues that can cause problems are the high level of low-frequency noise and
the difficulty in maintaining stable values of common-mode vectors with high-Tc
devices.
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Tab. 7.11 Examples of SQUID system design parameters for a static magnetometer. q = 4,
flow= 0.1Hz, DBunshielded= 100 nT, DBshielded= 1 nT, fpower= 60Hz, DBpower unshielded= 200 nT,
DBpower shielded = 2 pT, dU = 10–5 Uo rms/�Hz, and the maximum allowed inter-channel delay
was computed at fpower.

Unshielded Modestly shielded
Parameter Required Difficulty Required Difficulty

White noise dB (fTrms/�Hz) 5 Easy 5 Easy
Noise attenuation wmag 2 X 107 Difficult 2 X 105 Possible
Dynamic range, Dmag (bits) 29.3 Easy 22.6 Easy
Nonlinearity, Lmag 2.5 X 10–8 Not known 2.5 X 10–6 Possible
Slew rate,U

•

mag (Uo/s) 1.5 X 105 Possible 1.5 Easy
Inter-channel delay, dt(2) (ns) 593 Easy 187 566 Easy

Tab. 7.12 Examples of SQUID system design parameters for static gradiometer. q = 4, b= 0.1m,
flow= 0.1Hz, bDGunshielded= 1 nT, bDGshielded = 50 pT, fpower= 60Hz, bDGpower unshielded= 5 nT,
bDGpower shielded= 200pT, dU= 10–5 Uo rms/�Hz, CB =Co = 10

–3, and the maximum allowed inter-
channel delay was computed at fpower.

Unshielded Modestly shielded
Parameter Required Difficulty Required Difficulty

Noise, bdG (fT rms/�Hz) 5 Easy 5 Easy
Noise attenuation, wgrd 2 X 105 Easy 1 X 104 Easy
Dynamic range, Dgrd (bits) 22.6 Easy 18.3 Easy
Nonlinearity, Lgrd 2.5 X 10–6 Possible 5 X 10–5 Easy
Slew rate,U

•

grd (Uo/s) 3.8 X 103 Easy 0.15 Easy
Inter-channel delay, dt(2) (ls) 118.6 Easy 18 757 Easy

Tab. 7.13 Examples of SQUID system design parameters for mobile gradiometer system. q= 4,
f = 4, b= 0.1m, CB =Co = 10

–3, dU = 10–5 Uo rms/�Hz, dG = 20 fT/m rms/�Hz, DBE= 55lT,
GE = 20 nT/m (rural environment), Df = 4Hz, platform stability u = –0.5N, unstabilized platform is
assumed to rotate with frequency of frot= 0.25Hz, frequency for eddy current vector computation,
feddy= 1Hz. Linearity is not shown, but it is related to the dynamic range, see (7.58) and (7.65).

Platform not stabilized Platform stabilized
Parameter Required Difficulty Required Difficulty

Mag. gain, aB (Uo/T) 5 X 106 Easy 5 X 106 Easy
Mag. resol., dB (pT rms/�Hz) 0.5 Easy 0.5 Easy
Mag. dynamic range, Dmag (bits) 31.7 Easy 24.9 Easy
Mag. slew rate,U

•

mag (Uo/s) 1728 Easy negligible Easy
Grad resol., dG (fT/m rms/�Hz) 20 Easy 20 Easy
Grad. dyn. range, D

C
grd (bits) 29.7 Easy 22.9 Easy

Grad. dyn. range, D
G
grd (bits) 24.9 Easy 18.1 Easy

Grad. slew rate,U
•

grd
C (Uo/s) 432 Easy negligible Easy

Grad. slew rate,U
•

grd
G (Uo/s) 15.7 Easy negligible Easy

CR 3.6 X 10–11 Not possible 4.2 X 10–9 Very difficult
ER (s) 5.8 X 10–12 Very difficult 6.7 X 10–10 Possible
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7.9
Concluding Remarks and System Trends

The preceding sections provide an overview of issues relating to methods for opti-
mizing the performance of a SQUID system. A large part of our considerations was
based on practical experience gained in the development of various stationary and
mobile magnetometer systems, especially those for biomagnetic and prospecting ap-
plications. However, these also remain largely valid for other SQUID-based systems,
such as detector readout amplifiers, for example.
We defer the practical examples of the implementation of various precepts pre-

sented here, to the second volume of this Handbook. There, examples of developed
systems will be discussed to illustrate how the specified performance can be
achieved for a given application type with the help of the methods and approaches
reviewed here.
Although quite complex in implementation, SQUID systems make it possible to

perform extremely sensitive measurements of magnetic fluxes, fields and gradients
(or physical quantities which can be related to these), which are not achievable by
other means. This extreme sensitivity can be exploited even in the presence of spur-
ious noise signals, which exceed the measured “useful” signal by orders of magni-
tude. Also, SQUID systems have a wide frequency response, exceeding that of most
other magnetic field sensors. Finally, the extremely high dynamic range also makes
SQUID systems truly unique. The various application examples described in the
second volume, will illustrate the versatility of SQUID sytems and their potential for
a great many practical uses. However, the complexity of SQUID systems and the
necessity to cool the SQUID devices to very low temperatures are significant barriers
to widespread application. It is thus appropriate to recall the important maxim of
Harold Weinstock: “never use a SQUID when a simpler, cheaper device will do”
[205].
Future system evolution trends will certainly aim at increased user friendliness,

optimized performance, improved versatility, system simplification and the asso-
ciated cost reduction. At present, we can identify the following future developments.
We expect that sufficiently quiet and relatively inexpensive cold-finger cryocoolers

will gradually replace liquid cryogens, especially liquid nitrogen, in an increasing
number of stationary applications. Development of “black box” cryogenics contain-
ing the sensor and cooler as an integrated, replaceable module of the SQUID sys-
tem, will be necessary for high-volume applications such as stainless-steel detection
in quality assurance during the manufacture of food, cosmetics and pharmaceutical
products [206]. In small, mobile hand-held HTS systems, there is the perspective of
eventually using so-called “cold batteries” – precooled, high thermal capacity inserts,
permitting the user to operate them autonomously over a limited period of time
[207, 208]. In large and extremely sensitive biomagnetic systems, liquid helium will
be preferred as a cooling medium, but in a closed cooling system – in association
with a subsidiary cryocooler, which may operate only during the biomagnetometer
off-time, in analogy to what is now rather common in modern MRI systems – to
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reduce dramatically the consumption of liquid helium and thus the operating costs,
and to minimize cryogen handling.
A broader replacement of low-Tc SQUIDs by their high-Tc counterparts, will be a

function of progress in HTS fabrication technology, especially with respect to
improved junction reproducibility, much reduced 1/f noise in multilayer circuits,
reduced cost of fabrication and electronics and the feasibility of fabricating axial gra-
diometer coils4). As pointed out in Section 1.8, these are formidable challenges. As
also pointed out there, propagation delays in cables connecting the SQUID to the
room-temperature electronics set the upper frequency limit of the flux-locked loop.
When cryogenic, low-power semiconductor chips become available, a substantially
higher frequency response and slew rate will be attained by placing the electronics
package closer to the SQUID. Alternatively, one could introduce superconducting
“on-chip” SQUID electronics based on RSFQ circuits [210]. This prospect is still pos-
sible, even if no fully successful implementation has been demonstrated to date.
Indeed, such electronics should also have an incomparably high dynamic range,
greatly facilitating the use of SQUIDs in unshielded environments.
The cost of magnetic shielding is a significant fraction of the total system price.

Also, the need to operate in shielded rooms, as is the case for biomagnetic applica-
tions, greatly reduces the system flexibility in terms of accessibility and installation
site. Therefore, there has been a trend towards multichannel systems which are ca-
pable of operating without any magnetic shielding but with a, still acceptable quality
of recorded signals [211]. This trend is now especially discernible in MCG biomag-
netometers [212]. However, the electromagnetic pollution of the environment is
steadily increasing due to mobile telecommunications, and, in hospitals, due to sat-
uration caused by electronic monitoring, diagnostics and therapy apparatus. There-
fore, we believe that eventually the most viable systems will be those which operate
within relatively inexpensive magnetic or electromagnetic shielding. This will
improve the chances of high-Tc SQUIDs being used for biomagnetometers. A
broader use of active shielding is also an option for the future. The development of
absolute-value devices [213] and superconducting interference filter devices (SQIFs)
[214, 215] for use as referencing sensors, will enable the implementation of “built-
in” compensation instead of the, currently used, external flux gates [216].
There is a general trend towards improved user friendliness and ease of opera-

tion. Computer-controlled setting of SQUID parameters is already commonplace,
while automating setting and optimization of these, using either a computer or a
dedicated microprocessor, is becoming increasingly popular.
We expect that multiplexed SQUID amplifier arrays for the readout of submilli-

meter, infrared and X-ray detectors (see volume II) will, in the near future, be as
commonplace as multichannel biomagnetometers are today. SQUID amplification
and multiplexing in biomagnetometers could also greatly reduce the cost, enhance
the simplicity and improve accuracy, but the speed, bandwidth and low-noise

345

4) First attempt to use patterned YBCO film on
flexible hastelloy tape, to form an axial gradi-
ometer, was recently reported [209].
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requirements are much more formidable than in the case of detector arrays, so that
such multiplexed systems are not likely in the near future.
An important trend in multichannel biomagnetometers is towards improved ver-

satility and accuracy attained by combining SQUID magnetometry with low-field
MRI imaging using SQUID amplifiers. The first steps in this direction were
recently announced [217].
Finally, there is a clear development towards further optimization of portable and

mobile systems for various kinds of exploration. Important steps in this direction
are the recent common-feedback schemes for a mobile gradiometer [218, 219] and
the recent concept of a rotating axial gradiometer [220]. With the rapid rate of prog-
ress in adaptive signal-processing algorithms, it may also become possible, in the
near future, to configure an accurate total-field magnetometer from three orthogo-
nal SQUIDs. If successfully implemented, these developments might significantly
contribute to the acceptance of SQUID systems in many mobile applications.
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A.1.1
Introductory Remarks

This appendix is intended to give a very brief introduction to some of the basic prop-
erties of superconductors used in the context of SQUIDs. For more details, we refer
to some of the many excellent books on either superconductivity in general [1–6] or
specifically on the Josephson effect [7,8]. Our introduction is divided into two sub-
sections. The first focuses on the bulk properties of superconductors while the
second deals with currents across interfaces weakly coupling massive superconduct-
ing electrodes.

A.1.2
Bulk Superconductors

The key quantity which we will start with is the wave function of the superconduct-
ing condensate. It has a well defined phase, being responsible for many of the prop-
erties of superconductors. While in a normal metal, charge carriers can be excited or
scattered basically independent of each other, they become strongly correlated in the
superconducting state existing below the critical temperature Tc. At least for the
known superconductors, the charge carriers – electrons or holes – form pairs with
charge 2e, and all pairs are strongly correlated in momentum space having a com-
mon center of mass. This Cooper pairing allows one to assign the superconducting
state a macroscopic wave function or order parameter W (~rr,t) =W0(~rr,t) exp[ij(~rr,t)]
with W

2
0 being proportional to the density of pairs in the condensate. The phase j

describes the center of mass motion of the Cooper pairs. With the possible exception
of some materials, like the heavy fermion compounds or the recently discovered
ruthenium oxides, the Cooper pairs form spin singlets. Thus, for symmetry reasons
the relative momentum of the two electrons of the pair needs to be an even multiple
of ", for example 0 (s state) or 2" (d state). The conventional superconductors like Pb
or Nb are in the spin singlet s state, and the macroscopic wave function has an
amplitude W0 which is more or less isotropic. In contrast, for high-temperature
superconductors there is overwhelming evidence that the dx2–y2 state prevails, with
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possible admixtures of subdominant components. W0 is maximum along the Cu-O
bonds of the CuO2 layers forming the basic superconducting units of these materi-
als and has nodes along the diagonal. Upon a 90E rotation, the wave function
changes sign, or, in other words, the phase j jumps by p when passing a node of
W0. Fig. A.1.1 shows the isotropic s wave order parameter in comparison to the dx2–y2
state.

The simplest excitation in a superconductor is to add an electron or hole which is
not paired. It requires at least an energy D to have this quasiparticle, and an energy
of 2D is required to break a Cooper pair. It can be shown that D is proportional to
W0. Thus, for an s wave superconductor there is a well defined gap in the density of
states for energies below D. At nonzero temperatures quasiparticles are thermally
excited. For temperatures well below Tc, their number is exponentially small and the
density of Cooper pairs is almost independent of temperature. When approaching
Tc, the density of quasiparticles increases and both the Cooper pair density and D go
to zero. For a d wave superconductor, quasiparticle states with wave vectors along
the nodes of W can be created without additional cost of energy. Thus there are qua-
siparticle states at any energy, although the density of states is low below the maxi-
mum value Dmax � W0,max. D also scales with Tc. For many conventional supercon-
ductors the ratio 2D/kBTc is near 3.5, the value obtained from BCS theory [9]. For
high-temperature superconductors, one finds values of 2Dmax/kBTc between 5 and 8.
What are the consequences of the macroscopic wave function having a well

defined phase? The first consequence is the existence of persistent supercurrents,
for example, flowing around a superconducting ring. Once the Cooper pair conden-
sate is set into motion all pairs move with the same center of mass velocity and can-
not lose their energy one by one, due to inelastic scattering processes. The conden-
sate could, in principle, be slowed down as a whole. However, sufficiently below Tc
the energy required is extremely large making this process completely unlikely. The
second consequence is the existence of magnetic flux quantization. Let us consider a
superconductor in an external magnetic field with flux density ~BB. When moving
once around a closed path inside the superconductor, the phase can only vary by
multiples of 2p to guarantee a unique wave function. Writing the phase gradient as

~rj ¼ 1
"
ðmp~vvp þ qp

~AAÞ, (A.1.1)
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(a) (b) Fig. A.1.1 Superconducting order parameter in
momentum space. (a) s wave order parameter; (b)
dx2–y2 wave order parameter. The s wave order para-
meter is essentially isotropic. It has the same
phase for all directions. The dx2–y2 wave order para-
meter is maximum along kx and ky, corresponding
to current flow along the CuO2 bonds in high-Tc
superconductors. It changes sign upon a 90& rota-
tion and has nodes along the diagonals.
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with the Cooper pair mass mp, density np, velocity vp, charge qp and vector potential
~AA, and replacing the kinetic term mp~vvp by ðmp=qpnpÞ~jjsusing the supercurrent den-
sity~jjs ¼ qpnp~vvp we find

2pn ¼
H
~rj d~ll ¼ mp

qp np"

H
~jj

s
d~ll þ qp

"

H
~AAd~ll ; n= 0, –1, –2,... (A.1.2)

The second integral on the right-hand side is equivalent to the magnetic flux U
through the closed contour. With the flux quantum U0 = h/qp= h/2e and the London
penetration depth kL= (l0qp

2np/mp)
–1/2, with the permeability l0 we finally get the

fluxoid quantization condition

nU0 ¼ l
0
k2

L

H
~jjs d~ll þU; n = 0, –1, –2,... (A.1.3)

Often, the supercurrent density along the contour is exponentially small, in which
case (A.1.3) reduces to the flux quantization condition U= nU0.
Let us consider a massive superconductor where W is nonzero everywhere inside

the integration path. Here, (A.1.3) must hold even for a path with infinitely small
radius in which case both terms on the right-hand side approach zero. Conse-
quently, we have n = 0 and l0k

2
L
H
~jjs d~ll ¼ �U ¼ �

R
~BBd~ff . The latter condition can

also be written as ~BB ¼ �l0k
2
Lcurl~jjs . The latter condition can be combined with Max-

well’s equation curl~BB ¼ �l0
~jj resulting in D~BB ¼ ~BB=k

2
L with the Laplace operator D.

This equation shows that magnetic fields will exponentially decrease inside an
homogeneous superconductor on a length scale kL. Since the London penetration
depth kL is proportional to np

–1/2 it diverges at Tc. Typical low-temperature values are
100–300 nm.
Nonzero values of n can be obtained if W is zero somewhere inside the integra-

tion path. The simplest way to achieve this is a superconducting ring. Here n can
take many values with an upper limit given by the maximum supercurrent density jc
which can flow around the ring. The case n =–1 is realized in the mixed state of
type II superconductors where the flux penetrates the superconductor in the form of
Abrikosov vortices (see Fig. A.1.2). Here, circulating currents flow around an axis
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Fig. A.1.2 (a) Schematic drawing of Abrikosov vortices pene-
trating a type II superconductor. Solid lines symbolize magnetic
field lines and dashed lines, circulating currents; (b) shows sche-
matically the variation of W0 (dashed curve) and B (solid curve)
when passing a vortex core.
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where W approaches zero on a length scale n (Ginzburg–Landau coherence length).
The magnetic field inside the vortex, which is maximum on the axis, again decreases
on a length scale kL. Like kL, n also diverges when approaching Tc, and the Ginzburg
Landau parameter k= kL/n is almost temperature independent.
Under which conditions do Abrikosov vortices form in a superconductor? In

type I superconductors where k is smaller than 1/
ffiffiffi
2

p
the formation of a vortex costs

energy in any field and only the case n = 0 is realized. The reason is that supercon-
ductivity needs to be suppressed in a relatively large volume � n2 while the magnetic
field remains confined in a relatively small volume � k

2
L . This energy balance

becomes opposite in type II superconductors (for example, YBa2Cu3O7 belongs to
this class) where we have k>1/

ffiffiffi
2

p
. While for external fields below the lower critical

field Bc1 » (U0/4pk
2
L )lnk (for k>>1) again the vortex-free Meissner state is thermo-

dynamically stable, Abrikosov vortices appear in the fields between Bc1 and the
upper critical field Bc2 =U0/2pn

2 above which the system returns to the normal con-
ducting state. If the superconductor has no, or only a few, defects the Abrikosov vor-
tices arrange themselves in the form of a triangular lattice. In most practical cases,
however, a large number of defects is present, pinning a vortex and disturbing the
triangular lattice. A pinning center essentially is a region of suitable size where
superconductivity is weakened or absent. If the core of the vortex is located in this
region, the suppression of W costs less energy and thus the vortex tends to remain
at the pinning site.
The consideration of vortices presented above assumes that the superconducting

state is more or less isotropic. This assumption holds for many conventional super-
conductors. In the case of high-Tc materials, superconductivity is mostly restricted
to the CuO2 planes while the “barrier” layers in between are only weakly supercon-
ducting or even insulating. Thus W not only strongly varies in k-space but is also
spatially modulated, leading, for example, to a quite complex behavior of the vor-
tices. For details, we refer the reader to the literature [10]. Here, we only mention
that for magnetic fields oriented perpendicular to the layers, circulating currents
flow in the CuO2 planes almost exclusively, and the flux line consists of a stack of
almost two-dimensional pancake vortices. In fields parallel to the layers, part of the
circulating currents flows as a Josephson current across the layers, as discussed in
the next section. In this case, flux penetrates the material in the form of Josephson
vortices, being much larger in size than pancake or Abrikosov vortices.
We finish this section with some remarks on the maximum supercurrent that can

flow in a superconductor. We first consider a superconducting wire thin enough for
radial variations of W to be neglected. In that case it turns out that, when the super-
current flowing along the wire increases, the number of Cooper pairs decreases in
proportion to their kinetic energy. The current density js along the wire can thus be
written as js ¼ 2enpvp ¼ 2enp0ð1� mp v

2
p=2‰acp‰Þvp . Here, np0 denotes the density of

Cooper pairs in the absence of a supercurrent, mp is the Cooper pair mass, and acp

is the condensation energy per Cooper pair, as given by the Ginzburg–Landau
theory describing the superconducting state near Tc. The expression has a maxi-
mum at vp=(2‰acp‰/3mp)

2 thus defining the depairing critical
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current density jc;p ¼ 2enp0
2
3

ffiffiffiffiffiffiffiffiffiffiffiffi
2jacpj
3mp

s
. The parameter acp is related to the thermody-

namical critical field Bc via Bc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
np0 jacp j l0

q
. With Bc and the London penetration

depth, jc,p can be expressed as
2
3

� �3=2 Bc

l
0
kL

, which has values of the order of

108 A/cm2 for YBa2Cu3O7 and also Nb. When the dimensions of the superconductor
(a wire or a thin-film structure) are large compared to kL, the maximum supercurrent
is actually much less than the above value. For example, consider a type II super-
conductor in the vortex state. The transport current imposes a Lorentz force on the
vortices. Consequently, above some threshold value the vortices become depinned
and a nonzero voltage appears as soon as the vortices start to move. The critical cur-
rent density is thus essentially limited by pinning forces. Even in zero magnetic
field, pairs of vortices with opposite polarity can be created by self-field effects also
resulting in a critical current density well below the depairing current density.
Another way to decrease the critical current density is to introduce a barrier region
into the superconducting structure resulting in the Josephson effects discussed in
the next section. To conclude this section, we give in Table A.1.1, the critical temper-
ature, the London penetration depth, the Ginzburg–Landau coherence length, criti-
cal fields and the energy gap for some superconductors of interest.

Tab. A.1.1 The critical temperature, London penetration depth, Ginzburg–Landau coherence
length, critical fields and the energy gap of some superconductors.

Material Tc [K] kL [nm] n [nm] Bc1 [T] Bc2 [T] Bc [T] 2D [meV]

Nb 9.25 39 38 0.2 0.27 0.21 3.0
Pb 7.20 37 83 – – 0.08 2.7
Al 1.18 16 1600 – – 0.01 0.34
In 3.41 21 440 – – 0.028 1.0
NbN 17.3 300 4 47 0.19d 6.4
MgB2 40 85–180 3.7–12ab

1.6–3.6c
0.027–
0.048

2–24^

14–39i
1.8–7.5

YBa2Cu3O7 92 140^

700i
1.5ab

~0.3c
0.085^

0.025i
130^ 1.1d 50–60

Bi2Sr2CaCu2O8 90 200–300^

>5P104 i
~2ab

<0.1c
0.1^

6P10–4 i
33^

1600i
0.39d 80–90

^ For magnetic fields perpendicular to the layers (a–b plane)
i For magnetic fields parallel to the layers

ab in a–b plane
c along c-axis
d from Bc ¼

U0

2
ffiffiffi
2

p
pkLn
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A.1.3
Weakly Coupled Superconductors

We consider a one-dimensional geometry where the current flows through a barrier
region connecting two superconductors. The barrier can, for example, be an insulat-
ing layer allowing electrons to tunnel from one side to the other (see Fig. A.1.3). The
barrier can also be a normal conducting one in which case the superconducting
transport is associated with Andreev reflection processes [11]. Although quite differ-
ent from a microscopic point of view, all geometries have in common that the super-
current across the barrier (the Josephson current) has a simple sinusoidal depen-
dence on the difference of the phase j(z) of the wave functions of the two super-
conductors near the barrier. We assume the current to flow in the z direction. From
(A.1.1) we get for the z component of the Cooper pair velocity

vp;z ¼ 1
mp

"
dj
dz

� qpAz

� �
or (A.1.4a)

jz ¼ qp np"

mp

dj
dz

� 2p
U0

Az

� �
¼ qp np"

mp

	 dd
dz

, (A.1.4b)

where we have defined the quantity dðzÞ ¼ jðzÞ � 2p
U0

R
0

z
Azdz, where Az denotes the

z component of the vector potential [see (A.1.1)].

Note that the supercurrent density can depend on z via the Cooper pair density np

and the phase difference d(z). Also, in the one-dimensional situation, the current
conservation requires js to be constant in space. Thus changes in np have to be com-
pensated by changes in dd(z)/dz. At the barrier layer the Cooper pair density is
strongly suppressed. Thus dd(z)/dz is large here, leading to a step-like increase of
d(z) which, inside the superconductors, is almost constant. Thus the supercurrent js

across the barrier essentially becomes a function of d 
 j2 � j1 �
2p
U0

R
1

2
Azdz,

where R1’ and R2’ are positions near both sides of the barrier. This d is often called
the “gauge invariant phase difference”. Since it is defined only modulo 2p, js(d) can
be written as a Fourier series in d consisting of sine and cosine terms. Only the sine
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Fig. A.1.3 Geometry of a Josephson junc-
tion in an external magnetic field B direct-
ed along y. The bias current I is applied
along z. The junction length along x is
denoted b. The magnetic field penetrates
into the superconducting electrodes by a
distance kL. The thickness of the barrier
layer is t. The dashed contour is an integra-
tion path used to determine the depen-
dence of the phase difference d on B.



A.1.3 Weakly Coupled Superconductors

terms fulfil time reversal symmetry, js(d) = –js(–d), and thus the supercurrent density
can be written as

js ¼
P1
k¼1

jcksinðkdÞ. (A.1.5)

Equation (A.1.5) is the most general form of the supercurrent across the barrier
fulfilling the fundamental symmetry principles, the gauge invariance and time
reversal symmetry. For almost all junction types used in practice the Fourier series
(A.1.5) converges rapidly and only the first term needs to be considered. We then
have

js= j0 sind (A.1.6)

which is the first Josephson relation. The time evolution of d is described by the
second Josephson relation,

"
dd
dt

¼ 2eU, (A.1.7)

where U is the time dependent voltage drop across the Josephson junction. The
equation can easily be obtained by taking the time derivative of d,

_dd ¼ _jj2 � _jj1 �
2p
U0

R2
1

_AAzdz. With w / expðiEt="Þ the difference _jj2 � _jj1 is given by

the differences in energy of the two superconductors, _jj2 � _jj1 ¼ ðE2 � E1Þ=", while
the time derivative of the vector potential yields induced voltages,

� 2p
U0

R2
1

_AAz dz ¼ 2eUind=". The right-hand side of (A.1.7) is thus given by the total

potential difference 2eU across the barrier. Note that if U is constant, equations
(A.1.6) and (A.1.7) describe oscillations of the Josephson current with frequency
f ¼ 2eU=" (483.6 MHz/mV).
For U „ 0, currents across the barrier do not only flow as supercurrents. Also qua-

siparticle currents jq as well as displacement currents have to be taken into account.
In general, jq depends on voltage and frequency and needs to be determined micro-
scopically. For example, for a Josephson tunnel junction with an insulating barrier
between s wave superconductors, at zero temperature the quasiparticle current is
zero for voltages below 2D/e and increases linearly above 2D/e. The slope of the line-
ar current–voltage characteristic corresponds to the normal resistance Rn. For this
type of junction the supercurrent amplitude j0 develops a singularity at voltages
2D/e and there is also an interference term between the quasiparticle current and
the supercurrent. It thus seems that many Josephson junctions require a complex
description of their dynamics. However, in almost all cases being relevant for
SQUIDs, it is sufficient to approximate the quasiparticle current by a linear relation,
as discussed in Section 2.1. In the case of, for example, Nb SQUIDs, the Josephson
tunnel junctions used are shunted by a normal resistor leading to a linear quasipar-
ticle current with resistance R. Also in the case of YBCO grain boundary junctions,
experiments show that the quasiparticle current indeed behaves in a linear way. The
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current through the junction is thus simply given as the sum of supercurrent, quasi-
particle current and displacement current,

I ¼ I0sindþ U
R

þ C _U. (A.1.8)

This equation forms the basis of the Resistively Shunted Junction Model (see Sec-
tion 2.1).
We next address the effect of the finite size of a Josephson junction. The basic

effect is that, in the presence of magnetic fields, the phase difference d will vary
along the barrier layer. We consider the geometry shown in Figure A.1.3 where an
external field is applied along y and a transport current is injected into the junction
along z. The junction length along x is b. We consider the width of the junction
along y to be small, such that d is constant along y. We integrate the gradient of the
phase j inside the superconducting electrodes (Equation (A.1.1)) along the dashed
path in Figure A.1.3. Integration from 2 to 1 gives

jð1Þ � jð2Þ ¼ 2p
U0

l
0
k2

L

R1
2

~jjsd~ll þ
2p
U0

R1
2

~AAd~ll. (A.1.9a)

Integration from 1¢ to 2¢ yields

jð2¢Þ � jð1¢Þ ¼ 2p
U0

l
0
k2

L

R2¢
1¢

~jjs d~ll þ
2p
U0

R2¢
1¢

~AAd~ll. (A.1.9b)

Adding (A.1.9a) and (A.1.9b) and further adding the term
2p
U0

R2
2¢

~AAd~ll þ
R1¢
1

~AAd~ll

" #
to

both sides of the equation, yields

jð2¢Þ � jð2Þ � 2p
U0

R2¢
2

~AAd~ll � jð1¢Þ � jð1Þ � 2p
U0

R1¢
1

~AAd~ll

 !
¼ 2p

U0

H
~AAd~ll

þ 2p
U0

l
0
k
2 R1

2

~jjd~ll þ
R2¢
1¢

~jjd~ll

 !
. (A.1.10)

The left-hand side of the equation can be written as d(x+dx)–d(x). The integral
over the vector potential is equal to the flux through the integration path yielding
Bteff dx, with teff » 2kL, if the thickness of the superconducting electrodes is much
larger than kL and the electrodes are in the Meissner state. In that limit the integrals
over the current densities are also exponentially small and can be neglected. Equa-
tion (A.1.10) then reduces to

dd
dx

¼ 2p
U0

Bteff . (A.1.11)

Combining (A.1.11) with Maxwell’s relation curl~BB ¼ l0 j
!
yields

d2d
dx2

¼ 1
k2

J

	 jz

j0
, (A.1.12)
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with the Josephson length kJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U0=2pl0kL j0

q
and the current jz across the

Josephson junction, for example, described by (A.1.8). The Josephson length kJ
plays a similar role as the London penetration depth for massive superconductors,
however, it is typically of the order of microns. In particular, the size of Josephson
vortices is about kJ. If the Josephson junction is smaller than kJ contributions of
circulating currents to B can be neglected and (A.1.11) can be integrated, yielding a
supercurrent density varying sinusoidally along x. If the critical current density j0 is
homogeneous, integration of the Josephson current over the junction area results in
the maximum supercurrent across the junction, given by the Fraunhofer pattern

I0ðBÞ ¼ I0ð0Þ 	 ‰sinðpB=B0Þ=ðpB=B0Þ‰, with B0 ¼ U0=ðteff bÞ. (A.1.13)

We finally consider the dc SQUID configuration of Fig. A.1.4 in order to intro-
duce the kinetic inductance which is important for both dc and rf SQUIDs. Assum-
ing that the size of the Josephson junction is much smaller than the size of the
SQUID loop, an integration of the gradient of the phase j along the dashed contour
in Figure A.1.4 gives

d2 � d1 ¼
2p
U0

Uþ l
0
k
2
L

R1
2

~jjsd~ll þ
R2¢
1¢

~jjs d~ll

 ! !
¼ 2p

U0

UT (A.1.14)

in complete analogy to the derivation of (A.1.10). UT is the total flux in the SQUID.
The corresponding equation for an rf SQUID configuration can be obtained from
(A.1.14) by setting d2 = d and d1 = 0. The flux U through the SQUID loop is given by
the sum of the applied flux Ua=BAeff and the induced flux LgJ, with the geometric
inductance Lg and the circulating current J. Aeff denotes the effective area of the
SQUID. The integrals over current densities are usually small, however, they may
contribute if the film thickness is comparable to kL and the width of the patterned
structures is small. Since the sum of the two integrals provide a full integration of
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Fig. A.1.4 Configuration of a dc SQUID biased with a current I.
The Josephson junctions are denoted J1 and J2. The dashed con-
tour is an integration path used to obtain (A.1.14).



Appendix 1 Basic Properties of Superconductivity

the supercurrent density around the SQUID loop they can be written as LkJ, with
the kinetic inductance Lk. Thus, the total flux can be written as

UT ¼ BAeff þ LJ ¼ Ua þ LJ, (A.1.15)

with the total inductance L= Lg + Lkin.
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ac alternating current
ADC analog-to-digital converter
APF additional positive feedback
BCF bias current feedback
CFHX counter-flow heat exchanger
CPR current phase relation
DAC digital-to-analog converter
dc direct current
DLC diamond-like carbon (thin-film etching mask of)
DROS double relaxation oscillation SQUID
DSP digital signal processor
EMI electromagnetic interference
FA field-applied
FEA finite element analysis
FET field-effect transistor
FLL flux-locked loop
FR field-removed
GBJ grain boundary junction
GM Gifford–McMahon
HTS high-temperature superconductor (ing)
HX heat exchangers
I insulator
ISJ intrinsically shunted junction
JT Joule–Thomson
LAO LaAlO3

LSB least-significant bit
LTS low-temperature superconductor (ing)
MCG magnetocardiography
MEG magnetoencephalography
MLI superinsulation, or multilayer insulation
MRI magnetic resonance imaging
MTTF mean-time-to-failure
MUSIC multiple signal classification

Appendix 2



Appendix 2

N normal conductor
NDE nondestructive evaluation (of materials and structures)
NDT non destructive testing
PBCO PrBa2Cu3O7

PECVD plasma-enhanced chemical vapor deposition
PI3/2 integrator integrator with a gain slope of –30 dB/decade
PLD pulsed laser deposition
PMMA polymethylmethacrylate
RCSJ resistively and capacitively shunted junction
rf radio frequency
RIE reactive ion etching
rms root-mean-square
ROS relaxation oscillation SQUID
RRR residual resistivity ratio
RSFQ rapid single flux quantum
RSJ resistively shunted junction
RSJN nonlinear resistive junction
RTS random telegraph signal
S superconductor
SAC self-aligned contact
SHAD second harmonic detection
SNAP selective niobium anodization process
SNEP selective niobium etch process
SNEAP selective niobium etch and anodization process
SNIP selective niobium insulation process
SNR signal-to-noise ratio
SQUID superconducting quantum interference device
SSP signal space projection
STO SrTiO3

TEM transient electromagnetic (geomagnetic exploration method)
TJM tunnel junction microscopic
UHF ultra-high frequency
W working point
YBCO YBa2Cu3O7

YSZ Yttria-stabilized zirconia
ZBCP zero-bias conductance peak
ZES zero energy state
ZFC zero-field cooled
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Constants

e= 1.6022 I 10–19 C electron charge
h= 6.6261 I 10–34 Js Planck constant
" = h/2p= 1.0546 I 10–34 Js Planck constant
kB = 1.3807 I 10

–23 J/K Boltzmann constant
e0 = 8.8542 I 10

–12 As/Vm permittivity of vacuum
er relative permittivity
U0 ” h/2e= 2.0678 I 10–15 Vs flux quantum
l0 = 4p I 10

–7 Vs/Am permeability of vacuum

General
~AA vector potential
~BB magnetic flux density
B0 cooling field
f frequency
Fd external driving force
~HH magnetic field
i imaginary unit
m mass
~rr spatial coordinate
t time
T temperature
U magnetic flux
x angular frequency
n friction coefficient

Superconductors General

BT threshold field for vortex entry
D(U) distribution of activation energies for vortex motion
Hc = Bc/l0 thermodynamic critical field of superconductor
Hc1 = Bc1/l0 lower critical field of type II superconductor
Hc2 = Bc2/l0 upper critical field of type II superconductor
�s supercurrent
jc maximum supercurrent density
jc,p depairing critical current density
js supercurrent density
mp mass of Cooper pairs
np density of Cooper pairs
np0 density of Cooper pairs in the absence of a supercurrent
qp charge of Cooper pairs
Tc critical temperature of superconductor
vp velocity of Cooper pairs
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acp condensation energy per Cooper pair
D energy gap for quasiparticle excitation
D0 maximum value of energy gap
j phase of superconducting wave function
k Ginzburg–Landau parameter
kL London penetration depth
n Ginzburg–Landau coherence length
C (~rr, t) superconducting wave function
C0 real amplitude of superconducting wave function

Josephson Junction

AJ cross-section of Josephson junction
AJp parasitic area of Josephson junction
C total capacitance of Josephson junction
cJ ” C/AJ capacitance per junction cross-section
CJp parasitic capacitance of Josephson junction
D(E) distribution of activation energies
EJ ” I0U0/2p Josephson coupling energy
fJ ” xJ/2p= V/U0 Josephson frequency
fd ” –¶uJ/¶d effective “force” (negative gradient) of tiltedwashboard potential
I current through Josephson junction
i ” I/I0 normalized current through Josephson junction
I0 maximum supercurrent through Josephson junction
Iac amplitude of ac bias current
iac ” I/Iac normalized amplitude of ac bias current
Id displacement current
IN noise current
iN ” IN/I0 normalized noise current
Iqp quasiparticle tunneling current
Ir return critical current of hysteretic Josephson junction
ir ” I/Ir normalized return critical current
Ith ” CI0 = 2pkBT/U0 thermal noise current
ir probability flow
j0 ” I0/AJ maximum supercurrent density across Josephson junction
Ljp parasitic inductance of Josephson junction
R shunt resistance of Josephson junction
Rn normal resistance of Josephson tunnel junction
SI( f ), SI(x) power spectral density of current noise
Si( f ), Si(x) power spectral density of normalized current noise
teff magnetic thickness of Josephson junction
U time-dependent voltage across Josephson junction
u ” U/I0R normalized time-dependent voltage across Josephson junction
UJ tilted washboard potential of Josephson junction
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uJ ” UJ/EJ normalized tilted washboard potential of Josephson
junction

V time-averaged voltage across Josephson junction
v ” V/I0R normalized time-averaged voltage across Josephson

junction
Vc ” I0R characteristic voltage of Josephson junction
Vgap gap voltage
Vn voltage of nth Shapiro step
Vr return critical voltage of hysteretic Josephson junction

bc =
2p
U0

I0R
2C Stewart–McCumber parameter

d gauge invariant phase difference across Josephson
junction

DIn height of nth Shapiro step
Din normalized height of nth Shapiro step
C ” kBT/EJ = 2pkBT/I0U0 noise parameter

kJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U0=2pl0kj0

q
Josephson penetration depth

rJ ” R · AJ resistance times junction cross-section
rn normal resistivity of Josephson junction
rðt; d; uÞ probability density of finding system at point [d,u] in

phase space at the moment t.
s ” t · xc normalized time
Xac ” xac/xc normalized frequency of ac bias current
xac frequency of ac bias current
xc ” 2pVc/U0 characteristic frequency of Josephson junction
xJ ” 2pV/U0 Josephson frequency
xp ” 2pI0/CU0 plasma frequency at zero bias current
xp,i plasma frequency of Josephson junction
xRC ” 1/RC frequency of RC circuit

SQUIDs General

a outer dimension of pickup coil
Aeff = Us/Ba effective area of SQUID
Ap geometric area of the pickup coil
Ap,eff effective area of the pickup coil
AR parasitic area of junction shunt resistor
Aspoke parasitic area of coplanar microstripline “spokes” in

“wagon-wheel” magnetometer
b gradiometer baseline
bsl length of slit in SQUID ring
Ba external field applied to the pickup coil

BN =
ffiffiffiffiffiffiffi
SU

p
/Aeff =

ffiffiffiffiffiffiffiffi
S
ðpÞ
U

q
/Ap magnetic field spectral resolution (field noise)
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BF = ¶B/¶U = 1/Aeff field sensitivity or field-flux conversion coefficient
Cgp parasitic capacitance of groundplane over SQUID slit
Cp parasitic capacitance across the SQUID inductance
CR parasitic capacitance of junction shunt resistor
Cx capacitor of series RxCx shunt across the input coil
C¢strip input coil microstripline capacitance per unit length
d inner side length or diameter of SQUID hole or pickup coil,

wire diameter of wire-wound pickup coil
D mean diameter of wire-wound pickup coil
F coil factor for wire-wound pickup coils
fc 1/f noise corner frequency
fs microstripline resonant frequency of SQUID input coil
fop = 0.3I0R/U0 frequency corresponding to optimal SQUID operating point
fr SQUID LC resonant frequency
fw SQUID washer resonant frequency
G1,F field gradient sensitivity, first-order gradiometer
G2,F field gradient sensitivity, second-order gradiometer
h dielectric insulator thickness
J circulating current
j= J/I0 normalized circulating current
Js current circulating in flux transformer
ki input coil coupling constant
, length of input coil microstripline,

length of wire-wound pickup coil
,eff effective length of input coil
L inductance of the SQUID ring
LF ¼ 2pkBT=U0I0 fluctuation threshold inductance
Lg geometric inductance
Lh inductance of SQUID ring hole
Li input coil inductance
Lleads inductance of twisted pair leads
Lloop inductance of a wire loop
Lsl inductance of slit in SQUID ring
Ltot total inductance of SQUID ring
L¢strip input coil microstripline inductance per unit length
Mi mutual inductance between SQUID loop and input coil
N number of turns in wire-wound pickup coil
Ni number of turns in input coil
Lcop inductance of coplanar microstripline
Ldc effective SQUID inductance including screening effect of the

input coil
Li,eff effective input coil inductance including screening effect of

the SQUID loop
Lp inductance of pickup coil
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Lspoke parasitic inductance of coplanar microstripline “spokes” in
“wagon-wheel” magnetometer

Lkin kinetic inductance
p pitch of wire-wound pickup coil
Rx damping resistor of series RxCx shunt across the input coil
s input circuit screening factor
sc spacing between a pair of coplanar microstriplines
si spacing between turns of input coil
sin= Li / (Li + Lp) input coil screening factor
SB ¼ SF=A

2
eff power spectral density of magnetic field noise

SB = B
2
N power spectral density of field noise

SG,1 power spectral density of first-order gradiometer flux noise
SG,2 power spectral density of second-order gradiometer flux noise
SI power spectral density of current noise referred to SQUID

input
SF power spectral density of flux noise
S
ðpÞ
F power spectral density of flux noise referred to the pickup coil

Sr power spectral density of radial vortex motion
ST power spectral density of temperature fluctuations
t superconducting film thickness
ti film thickness of SQUID input coil
USQUID SQUID potential
uSQUID =USQUID/EJ normalized SQUID potential
w superconducting film width
wc linewidth of coplanar microstripline
wi linewidth of input coil
wp linewidth of pickup coil
Z microstripline impedance
ZL impedance of a microstripline termination
e=SF/2L energy resolution
ec=SF/2k i

2L= SILi/2 coupled energy resolution (spectral noise energy in input coil)
e(p) energy resolution referred to the pickup coil
Cr reflection coefficient at the termination of a microstripline
Ua applied flux
ua =Ua/U0 normalized applied flux
UN =

ffiffiffiffiffiffiffi
SU

p
magnetic flux resolution (flux noise)

Us flux coupled into the SQUID by a pickup coil structure
UT total flux
kL,w London penetration depth of SQUID washer
kL,i London penetration depth of SQUID input coil
r probability density distribution
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dc SQUID

C average junction capacitance
e= su/2CbL= e·I0R/2U0kBT normalized energy resolution
I current through SQUID
i ” I/I0 normalized current through SQUID
I0 average junction critical current
Ib SQUID bias current
Ic critical current of SQUID
Mdyn= Rdyn /VF current sensitivity of SQUID at working point
R average junction resistance
Rd damping resistor (shunting the SQUID inductance)
Rdyn dynamic resistance of SQUID at working point
SV power spectral density of voltage noise

sv ¼ SV
2p

I0RU0

normalized power spectral density of voltage noise

su ¼ sv=v
2
u ¼SU � 2pI0R=U

3
0 normalized power spectral density of flux noise

U time-dependent voltage across SQUID
u ” U/I0R normalized time-dependent voltage across SQUID
Vpp peak-to-peak modulation of V–Ua characteristic
V time-averaged voltage across SQUID
v ” V/I0R normalized time-averaged voltage across SQUID
Vb SQUID bias voltage
¶V=Fa SQUID transfer coefficient
VF SQUID transfer coefficient optimized with respect to

bias current and flux
vu ¼ VFF0=I0R normalized transfer function
�XX temporal average of quantity X
a= L/4LF normalized SQUID inductance
aC, aI, aR asymmetry in junction capacitance, critical current, or

resistance
aL asymmetry in SQUID loop inductance

bL � 2LI0
U0

screening parameter of dc SQUID

d+” (d1+d2)/2; d– ” (d2–d1)/2 rotated coordinates for dc SQUID potential
dI, dV, dUa small change in current, voltage, or applied flux
dV* in-phase critical current or resistance fluctuation
dU* out-of-phase critical current or resistance fluctuation
Ub SQUID bias flux
Ulin=Vpp/VU linear flux range
c= R/Rd damping parameter for shunted SQUID inductance
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rf SQUID

CM matching capacitance
CT capacitance of tank circuit
Irf peak rf current in tank circuit
irf ¼ Irf M2p=U0 normalized rf current in tank circuit
Jm(x) Bessel functions of first kind of order m and

variable x
k ¼ M=

ffiffiffiffiffiffiffiffi
LLT

p
coupling coefficient between SQUID loop and tank
circuit

LT inductance of tank circuit
M mutual inductance between SQUID loop and tank

circuit
Q =RT/x0LT quality factor of tank circuit (loaded)
Q0 unloaded quality factor of tank circuit
RT tank circuit impedance at resonance frequency

(parallel resistance)
Teff effective noise temperature of the tank circuit,

transmission line and preamplifier lumped together
VT SQUID output voltage (peak rf voltage across tank

circuit)

vT ¼ VT ðk=xrf Þ
ffiffiffiffiffiffiffiffiffiffiffi
L=LT

p
2p=U0 normalized SQUID output voltage

¶VT/¶Ua transfer function of rf SQUID
<X> statistical average of quantity X
Z output impedance of rf SQUID
a step tilting parameter

b
rf
� 2pLI0

U0

¼ pbL screening parameter of rf SQUID

Ua,rf external applied rf flux
u
a;rf

¼ Ua;rf =U0 normalized applied rf flux
Uc critical magnetic flux (for which a quantum transi-

tion takes place)
UEMI magnetic flux of electromagnetic interference
k wavelength
r phase difference between rf bias current Irf and

SQUID output rf voltage VT.
x0 ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
LTCT

p
tank circuit resonant frequency

xcut ¼ R=L SQUID cutoff frequency
xR ¼ xrf =xcut reduced operating frequency
xrf = 2pfrf frequency of rf bias current
n= (xrf –x0)/x0 detuning of drive frequency from tank circuit

resonant frequency
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SQUID Electronics

f1 unity-gain frequency of open feedback loop
f1,max = 1/4ptd maximum unity-gain frequency
f2, f 2’ corner frequencies of two-pole integrator
f3dB FLL bandwidth
f3dB,max = 0.18/td maximum FLL bandwidth
fAPF cutoff frequency of APF circuit
fb bias reversal frequency
fclk clock frequency
fGBW gain-bandwidth product of feedback electronics
fmod modulation frequency
fpeak frequency of peak in closed-loop frequency response
fRO relaxation oscillation frequency
GAPF low-frequency small-signal voltage gain obtained with APF
Gelectronics feedback electronics gain
GFLL closed-loop gain of FLL
GOL total gain of open feedback loop
GSQUID =VF Mf/Rf SQUID gain
GF low-frequency small-signal flux gain in two-stage configura-

tion
Lamp input coil inductance of amplifier SQUID
LAPF inductance of APF coil
Lsh shunt inductance of ROS or DROS
Iclk comparator clock current
If feedback current
Iin current in SQUID input coil
Iout output current of voltage-biased SQUID
Mamp mutual inductance between amplifier input coil and amplifier

SQUID
MAPF mutual inductance between APF coil and SQUID
Mf mutual inductance between feedback coil and SQUID
RAPF APF resistance
Rb bias resistance
Rf feedback resistance
Rin real part of preamplifier input impedance
Rsh shunt resistance of ROS or DROS
SI,amp preamplifier current noise density
SV,amp preamplifier voltage noise density
SV,APF power spectral density of equivalent APF noise source
SF,amp preamplifier flux noise contribution
SF,FLL flux noise density in FLL mode
td equivalent loop delay
V0

*, VF
* offset voltage and slope of straight-line fit to V–Ua characteristic

Vf voltage across feedback resistor
Vin preamplifier input voltage
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Vout output voltage
bAPF APF feedback parameter
dIout small change in output current
dVout small change in output voltage
dU deviation of flux in SQUID from value at working point (flux

error)
dUn,pp peak-to-peak noise flux fed back into SQUID operated in FLL

mode
dUpp peak-to-peak value of dU
Uamp flux applied to amplifier SQUID
Uf feedback flux
_UUf ” ‰¶Uf/¶t‰max system slew rate
_UUf ;max maximum system slew rate
ULSB LSB of digital SQUID referred to flux input
Unl nonlinear error flux
jOL total phase of open feedback loop

SQUID Systems

A low-frequency noise constant of proportionality corresponding
to the noise measured with gradiometer with baseline b

A matrix constructed from matrix of rotation elements and
sensor gains

a sensor gain equal to the inverse of the field-to-flux conversion
coefficient

a matrix of rotation
a(tn) vector of noise space waveforms at time tn
aB minimum allowed reference magnetometer gain devised not

to increase balanced gradiometer white noise (equal to the
inverse of the field-to-flux conversion coefficient)

AE area of an eddy-current source
ak sensor gain for component k, k = 11, 12, 13, 22, 23 (equal to

the inverse of the field-to-flux conversion coefficient)
ak(tn) component k of the vector of noise space waveforms at time tn
Ao low-frequency noise constant of proportionality corresponding

to the noise measured with gradiometer with baseline bo

Ap magnetometer coil area
ar sensor gain for reference magnetometers (equal to the inverse

of the field-to-flux conversion coefficient)
B, B field at a general position
_BB magnetic field slew rate in T/s
b(tn) vector of signal waveforms at time tn
b, b, b1, b1, bo, bo first-order gradiometer baseline
b2, b2, b2¢, b2¢ second-order gradiometer baseline
b3, b3, b3¢, b3¢ third-order gradiometer baseline
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B
t
i vector of magnetic field time samples for a component Bi

Blow square-root of low-frequency noise density
BN square-root of total noise density
Bo, Bo field at the coordinate origin
Brms rms noise
BT, BT1, BT2 total field acting on a magnetometer coil
Bw square-root of white noise density
bdG gradiometer system white noise in 1 Hz bandwidth multiplied

by the gradiometer baseline (includes SQUID and electronics
noise, dewar noise, etc.)

CB, CB = iCBi field common-mode vector and its magnitude
CG1 first gradient common-mode vector
CG2 second gradient common-mode vector
Co, Co “as made” field common-mode vector and its magnitude
Cp specific heat
CR required level of the field common-mode vector balance
CS field common-mode vector magnitude which would be

induced by the eddy current object if it were superconducting
Dmag, Dgrd dynamic range of magnetometer or gradiometer
D

C
grd , D

G
grd gradiometer dynamic range imposed by field common-mode

vector or by the environmental gradients
E electric field intensity inside the shield
E0 intensity of the electric field
EB, EB = iEBi field eddy-current vector and its magnitude
EGi ith gradient eddy-current vector
ER required level of the field eddy-current vector balance
fE characteristic frequency of an eddy-current source
fmin minimum frequency of interest
fo onset of low-frequency noise measured with gradiometer with

baseline bo

fob onset of low-frequency noise measured with gradiometer with
baseline b

g(0) magnetometer (0th-order gradiometer) output
g(1) first-order gradiometer output
g(2) second-order gradiometer output
g(3) third-order gradiometer output
G, G(1), G, G(1) first gradient tensor
G(2), G(2) second gradient tensor
G(3), G(3) third gradient tensor
G11, G12, G13, G22, G23 first gradient tensor components
G111, G112, G113, G122, G123, G222, G223 second gradient tensor components
GE first gradient tensor corresponding to

the environmental gradients
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G
t
i vector of time samples of a component i of the first gradi-

ent tensor projection into the gradiometer baseline
G(k) gradiometer spatial transfer function
g

1ð Þ
k output of a first-order gradiometer component k, k = 11,

12, 13, 22, 23
g

R
k component k (k = 11, 12, 13, 22, 23) of the rotated first gra-

dient tensor
gm measured output of first gradient tensor
gR output of all components of the rotated first gradient ten-

sor
GR rotated first gradient tensors of the environmental gradi-

ent
I identity matrix
Icm common-mode current
Idm differential-mode current
K number of channels
k slope of low-frequency noise amplitude vs frequency on

log–log scale
ks spatial frequency
KN number of noise components
KS number of signal components
LE inductance of an eddy-current source
Lmag, Lgrd permitted magnetometer or gradiometer nonlinearity
m K IN matrix of measurements
ME mutual inductance between an eddy-current source and a

magnetometer coil
mnoise(tn) K-component vector of noise measurement at time tn
Msource,Mdip,M1,M2,M3 magnetic dipole moments
N number of time samples
Nave number of averages
nloc exponent in the field decay law with distance for a local

anomaly
nreg exponent in the field decay law with distance for a regional

anomaly
P pressure
P? orthogonal projection operator
Pi parallel projection operator
p, p¢ coil orientation vector
q exponent which determines relationship between the sys-

tem white noise in 1Hz bandwidth and electronics bit res-
olution: dB = 2q¶B, dG = 2q¶G

QH1 rejection of heat
QH2 associated heat
QL heat of expansion
r, r distance from magnetometer or gradiometer to a source
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rb distance normalized by three times the gradiometer baseline
Rg effective volume (responsivity)
ri reference outputs, i= 1, 2, ...
rref vector of reference outputs
S synthetic system output
S vector of time samples of the synthetic system outputs
Scube shielding factor for a cube
Scylinder shielding factor for a cylinder
Ssphere shielding factor for a sphere
Sk k

min
adapt signal vector norm determined by minimizing the system

noise
Sk k

min
grad signal vector norm determined by requiring that the system

be a gradiometer
t1, t2, ti, tk, tn time instances (time samples)
TH environmental high temperature
TL environmental low temperature
U K IKS matrix composed of signal column vectors
uk(tn) component k of the signal space waveforms at time tn
Uk signal column vector, k= 1, 2, ... KS

V matrix composed of noise column vectors
Vk K-component noise column vectors, k= 1, 2, ...KN

X crosstalk matrix for first gradient tensor components
y1 vector of five independent components of a first gradient

tensor
y2 vector of seven independent components of second gradient

tensor
yE vector of independent components of the tensor GE

ZS intrinsic impedance of a shield
ZW wave impedance of the incident energy
ZWB B-field component of the wave impedance
ZWE E-field component of the wave impedance
¶B, b¶G electronic bit resolution of magnetometer or gradiometer

multiplied by baseline (in T)
DB field change applied to either a magnetometer coil, or a field

difference between two first-order gradiometer coils
dB magnetometer system white noise in 1Hz bandwidth

(includes SQUID and electronics noise, dewar noise, etc.)
Dd amplitude of translational vibrations
Df bandwidth of measurement
d penetration depth or skin effect
dt(1) maximum allowed time delay between channels determined

by the requirement of negligible eddy-current term
dt(2) maximum allowed time delay between channels when the

eddy-current term is balanced out using constant coefficients
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dUB flux resolution of magnetometer systems (contains SQUID
system and electronics noise, dewar noise, or any other
system noise)

dUG flux resolution of gradiometer systems (contains SQUID
system and electronics noise, dewar noise, or any other
system noise)

dUr flux resolution of reference magnetometers (contains SQUID
system and electronics noise, dewar noise, or any other
system noise)

Dk difference of the eddy-current coupling constants between two
gradiometer coils

l= (¶T/¶P)H Joule–Thomson coefficient
_UU
C
grd , _UU

G
grd gradiometer slew rates imposed by field common-mode vector

or by environmental gradients, inUo/s
_UUmag , _UUgrd magnetometer or gradiometer slew rates in Uo/s
jn coefficient for a power-law nonlinearity of nth order
g hysteresis parameter
k, k1, k2 eddy-current coupling constants
v(tn) K-component vector of sensor noise at time tn
h amplitude of rotational vibrations
xE = 2pfE characteristic frequency of an eddy-current source
n vector of subtraction coefficients
ni component i of the subtraction coefficient
C constant containing all orientation dependent parts of the

dipole equation
w environmental noise attenuation
wgrd environmental noise attenuation required for gradiometer

operation
wmag environmental noise attenuation required for magnetometer

operation
f strength of inequality for the reference magnetometer gain

design
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1/f corner frequency (onset of low frequency
noise) 200, 235, 314

1/f (excess, low-frequency or flicker) noise
12, 41–42, 58, 95, 107, 143, 200–207,
237–239, 300, 307, 318

1st gradient noise 313

a
Abrikosov vortices 204, 359–360
absorption shielding/loss 273–274, 277
accelerometer 23
accuracy of analog-to-digital converters

(ADCs) 130, 290–292
accuracy of SQUID calibration 302, 305
activation energies 204
active shielding 315–316
adaptive methods (noise cancellation) 282,

319–322, 330
adaptive systems 321–322
adaptive-noise minimization 282
ADCs (analog-to-digital converters) 130,

290–292
additional positive feedback (APF) 139
airborne HTS SQUID system 308, 342
all-refractory Josephson junctions 97
amplifier (dc SQUID electronics,

preamplifier) 11, 64, 130–132, 134–135,
137–142, 145–149

amplifier (rf SQUID electronics,
preamplifier) 15–16, 80, 85–86, 155–156,
159–164, 222, 227–228, 244

amplifier (SQUID) 23
analog signal conditioning 290
analog-to-digital converters (ADCs) 130,

290–292
Andreev reflection 36
anisotropic crystal structure 110
anti-aliasing 291
APF (additional positive feedback) 141–143

Ar ion beam 111
Ar ion beam etching 117
Ar plasma 111
asymmetric dc SQUID 66
asymmetry 65

effect on transfer function 69
energy resolution 69
in capacitance 65
in critical current 65
in geometry (of junction, in dc SQUID) 69
in inductance 65
in resistance 65
parameters 65
potential for asymmetric dc SQUID 66
ratchet effets 67
self-flux 65
shift in Ic(Ua) characteristics 67
shift in V(Ua) characteristics 68
voltage noise 69
voltage rectification 66

attenuation of magnetic fields 277
axial (radial) SQUID gradiometer 18–20,

194, 198–199, 303–305, 317–320, 323–332

b
B-spline filters 308
balance (imbalance, balancing) of

gradiometer 194–199, 237, 305, 323, 337,
340–341

balanced (parallel, twin-wire) cable 285
bandwidth 293, 295, 306, 310, 314, 340
baseline of gradiometer 20, 194, 237,

317–320, 325–326
batteries 288
BCF (bias current feedback) 142–143
beamformer (noise cancellation method) 334
bias current 8, 12, 43, 175, 221
bias current feedback (BCF) 142–143
bias frequency 220–221, 227, 229, 246
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bias reversal 144–147, 198
bias sputtering 100
bicrystal grain boundary junction 36, 112
bicrystal substrate 112
biepitaxial junctions 113
biomagnetic methods, measurements,

systems, applications 20–21, 229,
236–237, 247, 334

Biot-Savart Law 304
BN (magnetic field resolution equivalent to

field noise) 200, 224, 230, 233
BNC connectors 285
boil-off of liquid cryogen 257–258
broadband noise (in SQUID electronics)

134–135
bulk SQUID 5–6, 172–173, 223–225, 229,

236

c
c-axis films 107
c-axis microbridges 115
Ca- or Co-doped YBCO 114
cables 283, 284, 292, 307
cabling 272
calibration 292, 301, 303, 305
calibration accuracy 302, 305
calibration best-estimate 305
calibration coil 297, 302
capacitance, C (junction self-capacitance,

capacitor, RCSJ model) 8, 31, 73
capacitance, C¢strip (microstrip line, input

coil) 183
capacitance, Cp (parasitic, input coil) 178,

180, 184
capacitance, CJp (parasitic, junction) 183
capacitance, CR (parasitic, shunt resistor)

183
Carnot efficiencies 264
casings 283
characteristic frequency (of Josephson

junction) 32
characteristic voltage (of Josephson junction,

Vc) 9–10, 32, 52
characterizing SQUIDs 293
charge of Cooper pair 359
circulating current 44–45, 61, 66
closed-loop gain 133
coaxial cable 159, 232, 245, 285
Co- or Ca-doped YBCO 114
coercive force 278
coherence length (Ginzburg–Landau) 37,

94–95, 112, 360–361

coil (input) 6, 9, 18–19, 23, 94, 116, 177–184,
223–224, 227, 235, 244

coil (pickup loop) 18–20, 94, 174, 177,
186–190, 192–194, 198–199, 224, 228, 235

coil (readout, matching, coupling, rf biasing
loop, in rf SQUID) 228, 232

coil (tank circuit in rf SQUID) 16, 223–224,
226, 229

coil (wire-wound pickup) 188, 192–195,
198–199, 224, 226, 236, 294

coil (wire-wound tank circuit inductor) 16,
157, 162, 226, 229, 237

comb filters 308
common-mode 284, 335
common-mode filters 285
common-mode vector 326, 328, 337, 340–341
compensation coils 316
compressor 259
conductivity relative to copper 274
configuration of dc SQUID 8, 43, 175
connectors (BNC, SMA) 285
contact vias (between layers, technology) 6,

105–106, 116
conventional superconductors 357, 360
Cooper pair 30, 357–358

charge 359
density 358–359
mass 359
velocity 359

coplanar resonator 230–233, 235
coplanar transmission line 180, 187, 190
copper-braided sheaths 284
counter-flow heat exchanger 259
coupled SQUID 177
coupling (to rf SQUID) 226–227, 230, 232,

235
coupling coefficient, k (tank circuit to rf

SQUID) 12, 14–15, 79, 158, 160, 221
coupling coefficient or constant, ki (input to

SQUID) 18–20, 183–184
coupling energy (Josephson) 32
CPR (current-phase relationship in Josephson

junction) 35–36
crest factor 134
critical current 43

density 95
depairing 360
Josephson 365

critical current fluctuations 143–144,
200–201, 306
in-phase (fluctuations) mode 12, 143–144,

200–201
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out-of-phase (fluctuations) mode 12,
143–144, 200–201

spectral density of flux noise 200–201
critical field 361

lower critical field 360–361
thermodynamical critical field 361
upper critical field 360–361

critical temperature 94, 357, 361
crossover (in multilayer devices) 104, 116
crosstalk 286, 331
crosstalk mitigation for arrays 287
crosstalk mitigation for orthogonal SQUIDs

287
cryocooler 16, 21, 25, 245, 258, 264–266
cryocooler-interference reduction 267
cryodata (of materials) 270
cryogen boil-off 257, 308
cryogenic (cooled) preamplifier (amplifier)

15–16, 71, 160–161, 222, 227, 245
cryogenics 16, 255–272
cryopumps 261
cryostat (dewar) 16, 228, 256–258, 266
Cryotiger 259
current

circulating current 66
displacement current 31
excess current 36
leakage current 42
quasiparticle current 31
return critical current (of Josephson

junction) 34
screening current 205
thermal noise current 38

current bias 138
current noise 12, 18, 51
current noise source 31
current sensitivity 137
current-phase-relation (in Josephson

junction) 35
current-voltage characteristics (dc SQUID)

8, 43, 47–49, 54, 61
current-voltage characteristics (Josephson

junction) 3, 33–34, 36, 39, 43, 95
current-voltage characteristics (rf SQUID)

14–15, 80, 82, 85, 87, 242
cutoff frequency (rf SQUID) 71, 73, 221
cylindrical SQUID 6, 174, 224, 226

d
d-wave pairing symmetry 36–37
damping resistor, Rd (shunting SQUID

inductance) 69, 178–179

damping (Steward–McCumber) parameter, bc
(shunted junction) 8, 33, 46, 73

data acquisition 289
dc compensation (of magnetic field) 316
dc sputtering 97
dc SQUID 170

circulating current 44, 56, 61, 72, 77–78
critical current 46
current-voltage characteristics 8, 43,

47–49, 54, 61–62
energy resolution (sensitivity) 9–10, 53,

59, 63–65
equivalent circuit 44, 176, 181
flux modulation 43, 46–47, 54
flux noise power 53, 56
flux-to-voltage transducer 5, 43
Fokker–Planck equation 52, 60, 76
inductance 8, 60, 62, 183–184
Langevin equation 45, 52–53, 60–61, 73,

76
LC resonance 47, 49, 56, 180
modulation depth 46, 48, 176
noise current 50
noise performance 50, 204, 207
noise voltage 50
optimized energy resolution 59
optimized low frequency flux noise power

56, 58
optimized low frequency voltage noise

power 56, 58
optimized transfer function 56
performance (comparison with rf SQUID)

244–246
potential 49
screening parameter 54
thermal fluctuations 54
thermal noise current 52
transfer function (coefficient, ¶V/¶Ua) 8,

10, 43, 48, 53–54, 63, 128, 175, 293–294
V(Ua) characteristics 8, 68
voltage noise power 50, 52–53, 56
working principle 7–8, 43

defects (in SQUID films) 203
degauss 300
delay (feedback loop, FLL) 131–135
delay (inter-channel, between sensors)

335–337, 343
demagnetize 300
density of supercurrent 359
depairing 360
deposition rates 99
deposition temperature 108
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depth of modulation (swing of SQUID output
voltage) 46, 48, 128, 163, 176, 221

design-of-experiment method 110
detect the end-point 111
detectors of radiation 23
device passivation and encapsulation 118
dewar (cryostat) 16, 228, 256–258, 266
diamond-like carbon 111
dielectric insulation 102
dielectric resonator 158, 227, 234
differential-mode conduction 284
differential modes 285
digital signal conditioning 292
digital SQUID 152–155
digital SQUID systems 289
dipole (magnetic, noise) 321, 334
direct noise (due to vortex motion) 201
direct readout 141, 146
direct-coupled SQUID magnetometers 115,

191–192
dispersive (nondissipative, nonhysteretic)

mode (regime) in rf SQUID 13–15, 75,
155, 221–222

displacement current 31
distribution function 40
distribution of activation energies 42
diurnal variation of geomagnetic field 339
double relaxation oscillation SQUID (DROS)

151–152
drift of SQUID output 210, 305–306
DROS (double relaxation oscillation SQUID)

151–152
dry etching 103
Dulong–Petit limit 270
¶V/¶Ua (transfer function or coefficient of dc

SQUID) 8, 10, 43, 48, 53–54, 63, 128, 175
dx2–y2 state 357
dynamic range 12, 237, 290, 293, 296–297,

311, 335–336, 338–339, 341, 343

e
Earth’s (magnetic) field 7, 16, 21, 203, 312,

339
ECR (electron cyclotron resonance) 103–104
eddy-current 257, 268, 272, 276, 278, 284,

314, 328–329
eddy-current cancellation 326–329, 342
eddy-current error 342
eddy-current vectors 326, 328, 335, 337
edge- or ramp-type junctions 108, 113–115
effective area of SQUID 18, 45, 232,

293–294, 302, 365
effective noise cancellation 323

effective volume 294
electrical conductivity 271–272
electromagnetic interference (EMI) 187,

209–210, 239–241, 267, 269, 273–277,
283–284

electron-beam evaporation 110
electronic component interactions 286
electronic gradiometer 20, 194, 237
electronics housing 283
electronics of SQUID 11, 122–170, 237, 272,

283–284
electronics resolution 335
EMI (electromagnetic interference) 187,

209–210, 239–241, 267, 269, 273–277,
283–284

energy (pair breaking) 358
energy (thermal, kBT ) 38, 51–52
energy gap 2, 94, 358, 361
energy resolution (sensitivity) of SQUIDS

9–10, 15, 19, 24, 53, 59, 63–65, 225–228,
230, 233–234, 243, 246

entry of vortices 204
environmental noise 17, 245, 310, 318, 323,

330
epitaxial, nearly single-crystalline thin films

107
equipotential point 285
error correction 287
“excess current” 36
excess (1/f ) noise 41–42, 58, 95, 107, 143,

200–207, 237–239, 300, 307
extrinsic noise energy 15, 243

f
Fast-Fourier-Transform 295
FEA (final element analysis) 276
feedback coupling (coil) 130, 224–226, 239
feedback error flux 130, 306
feedback loop (flux-locked loop, FLL) 10–12,

16, 24, 128–135, 239, 305–307
ferrite rings 285
field (magnetic) 3–5
field noise (rms, SB

1/2, equivalent to magnetic
field resolution, BN) 7, 18, 20, 188,
229–230, 233, 246

field resolution, BN (equivalent to rms
magnetic field noise, SB

1/2) 7, 18, 20, 188,
200, 224, 229–230, 233, 246

field sensitivity (¶B/¶U, equivalent to field-to-
flux conversion coefficient) 189, 230, 233,
340

field-applied (FA, measurement of SQUID)
298–300

Index



387

field-cooled (cooling, FC) SQUID 298–300
field-removed (FR, measurement of SQUID)

298–299
field-to-flux conversion coefficient (¶B/¶U,

equivalent to field sensitivity) 189, 230,
233, 340

figure of merit (high-Tc dc SQUID) 10
film adhesion 105
film stress 100
filter 281, 308
filtering 272, 281
finite-element analysis (FEA) 276
first-order (first-derivative) axial (radial)

gradiometer 19–20, 194, 198–199,
303–304, 320

first-order gradiometer 282, 314, 316, 321,
324, 327, 330, 338

first-order (first-derivative) planar
gradiometer 19–20, 195–198, 236–237

Fiske modes (junction resonances) 96
flicker noise (1/f or excess noise) 12, 41–42,

58, 95, 107, 143, 200–207, 237–239, 300,
307, 318

flip-chip (configuration, also used as
adjective) 115, 119, 191, 227, 230, 232,
234–235, 294

FLL (flux-locked loop or feedback loop)
10–12, 16, 24, 128–135, 239, 305–307

floating point (grounding) 285
fluctuation threshold inductance, LF 51
flux creep 306
flux dam 207–208
flux (vortex) hopping 7, 201, 203, 205, 238,

300, 307
flux jump 305, 306
flux modulation 10–12, 16, 139–141, 232,

238–239
flux noise 7, 9, 16, 19, 52, 56, 175, 201,

203–204, 225–226, 230, 233, 246, 300
flux (vortex) pinning 107–108, 205–206,

300–301
flux quantization 2, 13, 18–19, 358–359
flux quantum 2, 4, 30, 359
flux qubit 23
flux transformer 5, 16–20, 94, 108, 115–116,

177–178, 181, 185–186, 191–192, 208, 223,
235, 297

flux (vortex) trapping (trapped) 16, 95, 201,
300, 307

flux-locked (feedback) loop, FLL 10–12, 16,
24, 128–135, 239, 305–307

flux-quanta counting 130–131

flux-to-voltage transfer coefficient
see transfer function (coefficient)

flux/voltage calibration 301–305
Fokker–Planck equation 53, 60, 76–77
forced gas circulation 268
forward problem 22
Fourier transform 303
fractional turn (multiloop) SQUID 18, 108,

118, 190–191, 223
Fraunhofer pattern 4, 365
frequency

1/f corner frequency (onset of low-
frequency noise) 200, 235, 314

characteristic frequency (of Josephson
junction) 32–33, 73, 82

cutoff frequency (rf SQUID) 71, 73, 221
Josephson frequency 8, 31
plasma frequency 32

g
Ga-doped PBCO 114
gain of magnetometer (inverse of field

sensitivity) 324, 340
galvanometer (superconducting low-

inductance undulatory galvanometer,
SLUG) 5, 172–173

Gaussian white noise 38
GBJ see grain bondary junction
generation of vortices 203–204
geomagnetism (also geophysical exploration)

22, 257
geometric asymmetry (in dc SQUID) 69
geometric inductance 45, 234, 365
getter material 256
Gifford–McMahon (GM) coolers 258–259,

261–262, 264, 268
Ginzburg–Landau coherence length 37,

94–95, 112, 360–361
Ginzburg–Landau parameter 360
Ginzburg–Landau theory 95, 360
GM (Gifford–McMahon)-cooler 258–259,

261–262, 264, 268
GM-type pulse tube cooler 263–264
gradient (of magnetic field) 20, 194, 312,

320–326, 330–331
gradient tensor 320
gradiometer (SQUID) 17–20, 152, 193–199,

236–237, 303–305, 319–333, 335–342
gradiometer balancing (imbalance,

balancing) 194–199, 237, 305, 323, 337,
340–341

gradiometer baseline 20, 194, 237, 317–320,
325–326
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gradiometer motion 340
gradiometer references 342
grain boundary 6, 97, 107, 192, 204, 209, 229
grain boundary (Josephson) junctions 10, 16,

36, 112–115
gravity wave detectors 23
ground connections 284
ground planes 284
grounding 285–286

h
half-wavelength microstrip resonator

156–158, 227, 230
hand-held device (SQUID) 315, 331
Hanning window function 295
harmonic distortion 130, 297
heat exchanger (regenerator) 260–263
heat of evaporation 255, 258
heat of expansion 263
heat pipe 268
heater (of SQUID) 232, 307
Helmholtz pair 294
heteroepitaxial growth 108
high attenuation shielding 313
high (large) fluctuation limit (regime) 15, 51,

59–64, 76–83, 222
high-angle grain boundary 95
high-frequency shielding 276–277
high-Tc (superconductors, superconductivity)

36, 357, 360
high-Tc Josephson junctions 6, 35–37,

112–115
high-temperature lift-off 112
higher-order (-derivative) gradiometers

19–20, 295, 316, 319, 338
highly shielded environments 338
hopping of (flux) vortices 7, 203, 205, 238,

300, 307
housing/protection technology 119
HRTEM (high-resolution transmission

electron microscopy) 114
hysteresis (in dc SQUID) 208–209
hysteretic (dissipative) mode (regime) in rf

SQUID 13–15, 75, 156, 221–222

i
I0 (critical current of Josephson junction)

fluctuations 12, 16, 41–42, 143–144,
200–201

I–V (current-voltage) characteristics of dc
SQUID 8, 43, 47–49, 54, 61

I–V (current-voltage) characteristics of
Josephson junction 3, 33–34, 36, 43, 95

I–V (current voltage) characteristics of rf
SQUID 14–15, 80, 82, 85, 87, 242

IcUa characteristics of dc SQUID 67
imaging of vortices 203
immunoassay 21
in-phase mode (of critical current

fluctuations) 12, 143–144, 200–201
in-situ deposition 109
indirect noise (due to vortex motion) 201
inductance (coplanar line, Lcop) 190
inductance (fluctuation threshold, LF) 51
inductance (input coil, Li) 18–20, 184, 189
inductance (mutual, feedback, Mf) 185
inductance (mutual, input, Mi) 18, 184
inductance (mutual, tank in rf SQUID, M)

12, 70, 79
inductance (of SQUID loop, L) 8, 12, 15–16,

18, 175, 180
geometric 45, 183, 234, 365–366
kinetic 45, 187, 234, 365–366
total 180, 365–366

inductance (parasitic, junction, LJp) 180, 183
inductance (pickup coil, Lp) 18–20, 189, 193
inductance (screened of coupled SQUID loop,

Ldc) 178, 183
inductance (slit, Lsl) 183
inductance (tank circuit, LT) 12, 79
inductance asymmetry 68
inhibit patterning 112
initial permeability 278
input coil 6, 9, 18–19, 23, 94, 116, 177–184,

223–224, 227, 235, 244
insulation (-ing, -or), dielectric 102–103,

105–106, 108–109
integrated input coil 10, 106, 116, 177–179,

181–184, 235
integrated (SQUID) magnetometer 7, 9–10,

105–108, 177–185, 189–193, 227
integration techniques (magnetic field

integration) 304–305
integrator 11, 133, 135–137
inter-channel delay (between sensors)

335–337, 343
inter-channel matching 335
interface-engineered edge junctions 115
intermodulation method (nonlinearity

measurement) 297
intrinsic impedance (of electromagnetic

shield) 275
intrinsic (flux) noise (energy sensitivity) 6,

14–15, 75, 83, 243
intrinsically shunted junction 35, 42
inverse problem 22
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inversion temperature (gas expansion) 259
inverted cylindrical magnetron 109
ion milling (dry etching) 104, 111
ion-beam assisted deposition 110

j
Josephson

coupling energy 30, 32, 38, 72
current 2–3, 30–31, 36, 363–364
current-phase relation in junction, CPR

35–36, 362
frequency 8, 31, 33
junction 2–3, 7, 30–42, 94–98, 101–102,

112–115, 362–365
bicrystal (grain-boundary) junction 6,

37, 112–113
grain-boundary junction 6, 37, 112–114
high-Tc (HTS) junction 6, 35–37,

111–115
intrinsically shunted 35
overdamped limit 33
point contact junction 5, 36, 172,

223–224
return critical current 34
shunted junction 7–8, 31–42
SNS junction 35, 65, 82, 114–115
tunnel junction 2, 30, 35, 94–98,

172–173, 176–177, 180–183,
362–363

underdamped limit 33
weak link 6, 107, 114, 229
p-junction 36–37

length 395
phase difference 3, 30–31, 35, 362–363
relation (equation) 2–3, 363
vortex (-ices) 7, 202, 360, 365

Joule-Thomson coefficient 259
Joule-Thomson coolers 259, 264–265

k
kinetic inductance 45, 187, 234, 365–366

l
Langevin equation 39–40, 44–48, 53–61,

68
(large, SQUID) washer 9–10, 18, 106, 115,

177–185, 226, 230–231, 236
lattice-matched substrates 109
LC resonance (parasitic, in SQUID) 49, 56,

176, 178–182, 184
lead-acid gel-cell batteries 288–289
leakage current (in junctions) 42

least-squares optimization (in SQUID
calibration) 304

lift-off (process, technique) 100, 104, 112
linear (thermal) expansion 272
linear flux range (SQUID electronics) 129
linear hollow cathode discharge sputtering

109
linearity (analog-to-digital converters)

290–291
linearity/nonlinearity (of SQUID

characteristic) 129–130, 297–298, 335–336,
341–343

liquid cryogens 16, 266–267
liquid helium 16, 25, 255, 266
liquid nitrogen 16, 25, 255, 266
liquid-helium cryostat 256–258
lock-in detection (detector) 11, 132, 139, 144,

146
locked loop see flux-locked (feedback) loop

(FLL)
(London) penetration depth, kL 94–95, 187,

211, 359–361
long-term stability of HTS SQUID 118–119
loop delay (flux-locked, feedback, FLL)

131–133
Lorentzian spectral density (of random

telegraph noise, RTN) 41, 202
low (small) fluctuation limit (regime) 15, 24,

51, 64, 75, 79, 81–82, 222
low-frequency (1/f, excess, flicker) noise 12,

41–42, 95, 107, 143, 200–207, 237–239, 300,
307, 318

low-frequency (magnetic) shielding 277–282
low-frequency voltage noise simulation 58
low-noise coolers 269
low-pass filters 281, 291
low-pass filters (anti-aliasing) 291
(low-Tc, low-temperature, conventional)

superconductors 31, 36, 96, 357–361
lower critical field 360–361

m
MacorJ coil former 187
macroscopic quantum coherence 23
macroscopic wave function 2, 357
magnetic (noise) dipoles 321, 334
magnetic field noise (rms, SB

1/2, equivalent to
magnetic field resolution, BN) 7, 18, 20,
188, 229–230, 233, 246

magnetic field resolution (BN, equivalent to
rms magnetic field noise, SB

1/2) 7, 18, 20,
188, 229–230, 233, 246

magnetic hysteresis in SQUID 208–209, 301
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magnetic permeability 274, 278
magnetic relaxation in shields 306
Magnetic Resonance Imaging (MRI, shielding

of) 276
magnetic shield (shielding) 16–17, 277–280,

313
magnetic shield demagnetization 280
magnetic shield design 278
magnetic susceptibility, susceptometer 20,

25, 177, 311
magnetocardiography (MCG) 21, 25, 119,

210
magnetoencephalography (MEG) 21, 25,

309, 313, 318
magnetometer (SQUID) 18, 186–193,

223–235, 310–312, 316–317, 319–323
magnetometer gain (inverse of field

sensitivity) 324, 340
mass of Cooper pair 359
maximum supercurrent of junction 365
mean-time-to-failure (MTTF) of compressors

265
mechanical vibration 269, 308
metallization (normal metal films) 104, 110,

118
micro-pulse-tube cooler 266
micro-Stirling-cooler 266
microphonic noise 308
micropulsation (of geomagnetic field) 339
microscope (SQUID) 17, 21, 177, 187, 245
microstrip (microstrip line, resonator) 17,

156–158, 178, 183, 227, 230
minimum norm (method, in noise

cancellation) 321–322
Mobile SQUID (and SQUID motion related)

308–311, 315, 330–332, 339–342
modulation (of flux) 10–12, 16, 139–141, 232,

238–239
modulation depth, swing (of SQUID output

voltage) 46–48, 128, 163, 176, 221
Moore–Penrose pseudoinverse 333
motion (induced) noise 308–309, 331, 340,

342
motion noise cancellation 331
motion of flux lines (vortices) 201, 205–206
MRI (Magnetic Resonance Imaging, shielding

of) 276
mu-metal shield 279, 282, 293, 302
mu-metal shielded rooms 280
multichannel (SQUID) system 17, 286, 323
multilayer (structure, device, magnetometer,

integrated SQUID) 6, 20, 24, 105–107,
116–119, 205–206

multiloop magnetometers (fractional turn
SQUID structures) 18, 108, 118, 181,
190–191, 223

multiplexed readout (SQUID multiplexing,
multiplexer) 24, 164

multi-point earth (grounding) 286
multiturn flux transformer (input coil) 9–10,

108, 116, 207, 209, 235
MUSIC (noise cancellation method) 334
mutual inductance (feedback, Mf) 185
mutual inductance (input, Mi) 18, 184
mutual inductance (tank in rf SQUID, M)

12, 70, 79
mylar 232, 256

n
narrow linewidth HTS SQUID (device)

206–207
Nb (niobium, bulk and films) 6, 96–98,

100–102, 104–107, 186–187, 205, 223,
226–227

Nb-AlOx-Nb process, trilayer, tunnel junction
and related; also Nb/Al-AlOx/Nb and
Nb/Al2O3/Nb 6, 24, 97–98, 100–102,
105–106, 201, 226

NbCN (niobium carbonitride) 96
NbN (niobium nitride) 96
NbN junction 119
Nb/Nb-oxide junctions 96
Nb2O5, oxide, insulator, (tunnel) barrier

96–97, 105–106
NDE (non-destructive evaluation) 22, 236
NdGaO3 108, 114
near-field (signal, source and related) 20,

117–118
nearly single-crystalline films 95
noise

1/f (excess, low-frequency or flicker) noise
12, 41–42, 58, 95, 107, 143, 200–207,
237–239, 300, 307, 318

attenuation (by gradiometers, in systems)
323, 338, 343

cancellation (suppression) 282, 297,
315–334, 336

corner frequency (onset frequency,
1/f noise) 140, 143–144, 151, 200, 235,
299, 314

correlation function 38
current noise 12, 31, 38, 51, 179, 188, 201
direct noise (vortex motion) 201
elimination (separation, signal space

projection, SSP) 332–334
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energy (resolution, sensitity, e) 9–10, 15,
19, 24, 53, 59, 63–65, 225–228, 233–234,
243, 246

flicker noise (1/f, excess, low-frequency)
12, 41–42, 95, 107, 143, 200–207,
237–239, 300, 307, 318

floor 293, 299
flux noise, SU, su 6–7, 9, 12, 15–16, 18–19,

52–53, 56–59, 69–70, 79, 85, 151, 179,
189, 200–206, 220, 223, 225–227,
229–230, 233, 237, 239, 242–246

Gaussian white noise 38
indirect noise 201
Johnson (Nyquist, thermal) noise 8–9,

37–38, 45, 142, 154, 223
noise current see current noise
noise parameter, C 8, 38, 76, 81, 222
noise rounding of current-voltage

characteristics 8, 39
subspace 332
suppression of cryocooler noise 315, 321
thermal energy, kBT, see also Johnson noise

8, 38
voltage (contribution of APF) 142
voltage (preamplifier noise, SV,amp) 131,

134
voltage (SQUID noise spectral density),

SV, sv 5, 9, 50–59, 134, 139, 149, 163,
175, 200–201

white 7, 9, 11, 16, 20, 24, 26, 38, 41, 52, 54,
59, 200–201, 203, 209, 221–222, 238, 242,
318, 335, 338–339, 343

nondestructive evaluation (NDE) 22, 236
nondispersive (nonhysteretic, nondissipative)

mode (regime) in rf SQUID 13–15, 75,
153, 221–222

nonlinear error flux 129
nonlinearity/linearity 129–130, 297–298,

335–336, 341–343
norm (minimum, method in noise

cancellation) 321–322
normalized potential 32, 40, 66, 73
nuclear magnetic resonance 23
nuclear quadrupole resonance 23
Nyquist theorem 50

o
off-axis sputtering 109
offsets of SQUID output 305
one-channel magnetometer calibration 301
one-pole integrator 133, 135–137
open-loop frequency response 134
optimized energy resolution 59

optimized transfer function (coefficient)
56–57, 293

order parameter 37, 357
d-wave symmetry 36
dx2–y2 state 357
isotropic s state 357
p-phase shift 36

ordnance 22
orthogonal (vector, 3-axis) SQUIDs

(magnetometers) 20, 287, 319–320
orthorhombic phase 109
out-of-phase mode (of critical current

fluctuations) 12, 143–144, 200–201
overdamped limit (shunted Josephson

junction) 33
oxygen diffusion (in HTS multilayers) 116
oxygen plasma 117

p
p-junctions 37
p-phase shift 36
pancake vortices 360
parallel (balanced, twin-wire) cable 285
parasitic capacitance, Cp (input coil) 178,

180, 184
parasitic capacitance, CJp (Josephson

junction) 183
parasitic capacitance, CR (shunt resistor) 183
parasitic inductance, Lcop (coplanar line,

multiloop SQUID) 190
parasitic inductance, LJp (Josephson

junction) 180, 183
parasitic inductance, Lleads (twisted leads to

input coil) 193, 199
passivation layers 118
patterning techniques 103–105, 110–112
PECVD (plasma-enhanced chemical vapor

deposition) 103
penetration depth, kL (London) 94–95, 187,

211, 359–361
permeability (magnetic) relative to copper

274
phase difference, d (of macroscopic wave

functions in Josephson junction
electrodes) 2–3, 30–35, 362–364

photolithography, lithography-related
103–107, 110–112, 115–118

photomask 103
photoresist 104, 110
pickup coil, loop 18–20, 94, 174, 177,

186–190, 192–194, 198–199, 224, 228, 235
pinning (of flux vortices)

activation energy 202
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energy 201, 205
force 208–209
potential 201–202
sites 7, 201, 205

planar (thin-film) gradiometer (structure)
18–19, 152, 194–198, 236–237

plasma frequency 32
PMMA (Polymethylmethacrylate) 270
point contact 5, 172, 220, 223–224
polycrystalline (granular) devices (SQUIDs)

6, 107, 173, 229
polystyrene containers 258
positive feedback (additional, APF) 12,

141–143
(post)-annealing (of HTS films and

multilayers, in oxygen, plasma) 110,
116–117

potential (dc SQUID) 49–51, 66
potential (rf SQUID) 72–74
potential (washboard, Josephson junction)

32, 39
power consumption (of SQUID electronics)

287–289
power-line interference (filtering) 281
PrBa2Cu3O7–x 108
preamplifier (amplifier, dc SQUID

electronics) 11, 64, 130–132, 134–135,
137–142, 145–149

preamplifier (amplifier, rf SQUID
electronics) 15–16, 80, 85–86, 155–156,
159–164, 222, 227–228, 244

pre-annealed foils (for magnetic shielding)
279

pulse-tube coolers 262–265
pulsed laser deposition 108–109

q
quantum interference 4, 51
quasiparticle current (transport) in Josephson

junction 30–31, 363
qubit 23

r
radial (axial) SQUID gradiometer 18–20,

194, 198–199, 303–305, 317–320, 323–332
radiation shield (thermal) 257
radio-frequency interference see also

electromagnetic interference (EMI) 207–208,
276

ramp- or edge-type junctions 108, 113–115
random telegraph signal, RTS (noise) 7,

41–42, 201–202, 306

rapid single flux quantum (RSFQ) 25, 152,
154

ratchet effects 67
RCSJ model 7, 31–41, 44, 364
reduction of 1/f noise 205–208
reference magnetometer (sensor, channel) for

noise cancellation 21, 315–316, 319–323,
341

reflection shielding 274–277
relaxation oscillation SQUID (ROS) 150–152
residual noise 322
resist postbaking (edge bevelling after

development) 117
resistive damping (shunting of Josephson

junction) 7–8, 31–32, 72–73
resistive damping of coupled SQUID

178–179
resistively shunted junction model see

RCSJ model
resolution (of magnetic field, BN, equivalent to

rms magnetic field noise, SB
1/2) 188, 200,

224, 229–230, 233, 246
resolution of noise energy (energy sensitivity)

of SQUIDs 9–10, 15, 19, 24, 53, 59, 63–65,
225–228, 230, 233–234, 243, 246

resonance (input coil, circuit) 178–182, 192
resonance (SQUID) 49
return critical current (in Josephson

junction) 34
rf filters 291
rf interference see also electromagnetic

interference (EMI) 207–208, 276
rf screening 283
rf sputtering 97
rf SQUID

coupling coefficient, k 12, 14–15, 79,
84–85, 221, 227–228, 230, 232

current-voltage characteristics 14–15, 80,
82, 85, 87, 242

cutoff frequency 71, 73, 221
detuning 79–80, 85, 87, 160, 162, 221
energy resolution (sensitivity, noise

energy) 14–15, 71, 80, 82–83, 221,
225–230, 233, 246

hysteresis (screening) parameter, brf 13,
15, 73–74, 221

output impedance 79
quality factor 12, 14–15, 79–80, 158, 160,

162–163, 221, 227–228, 230, 232–234
performance (comparison with dc

SQUID) 244–246
resonant frequency (frequency at

resonance) 12, 71, 79, 155–158, 221

Index392



resonator (coplanar) 230–233, 235
resonator (dielectric) 158, 227, 234
resonator (microwave tank circuit) 16,

157–158, 162–163, 225, 227–228,
230–234

tank circuit 12–13, 70–71, 79, 82, 87, 132,
155–160, 225, 227–228, 230–231, 234

transfer function (coefficient), ¶VT/¶Ua

14, 79, 85, 131, 155, 160, 162–163, 221,
233

VT(Ua) characteristics (rf SQUID) 14, 84,
242

working principle 12–13, 70–71
RIE (reactive ion etching) 101, 104–105
rock magnetometer 21, 25
ROS (relaxation oscillation SQUID) 150–152
RSJ-model see RCSJ model
RTS (random telegraph signal, noise) 7,

41–42, 201–202, 306

s
s state 357
SAC (self-aligned contact process) 101
sampling frequency/rate 290–291
saturation (of magnetic shield) 278–279
screen (shield against EMI) 273
screening (modulation, SQUID) parameter,

bL 8, 46, 64, 176
second harmonics detection (SHAD, a bias

reversal scheme) 147
second-order (-derivative) gradiometer 19,

194, 196, 303–305, 323, 325
self-field (of eddy currents or ferromagnetic

components) 284, 285, 286, 307
self-flux (of asymmetric dc SQUID) 65
self-noise of ADCs 291
series SQUID arrays 149–150
SHAD, second harmonics detection (a bias

reversal scheme) 147
shadow masks 112
shaking (of magnetic shield) 279
Shapiro steps 4, 35–36
shield (screen against EMI) 273
shield (shielding, magnetic) 16–17, 277–280,

313
shielded magnetometers 312–313
shielded room (magnetic, shielded

environment, MRS) 17, 280, 282, 312–316,
330, 338–339

shielding (electromagnetic, rf, against EMI)
272–277, 307–308

shielding (magnetic) 16–17, 277–280, 313
shielding factor 279

shielding of cables 273, 284
shift in Ic(Ua) characteristics (asymmetric dc

SQUID) 67
shunt (damping) resistance (resistor) –

damping the Josephson junction 7–8,
31–32, 72–73

Si wafer (substrate) 98, 106
signal conditioning 291–292
signal processing 289–292
signal space projection (SSP) 332–334
signal-to-noise ratio (SNR) 291, 315, 317–318
Si3N4 dielectric insulator 103
SIN junction 2
single flux quantum (rapid, RSFQ) 25, 152,

154
single point earth (grounding) 286
SINIS junction 114
sinusoidal dependence (current-phase

relationship in junction, CPR) 2, 30,
35–36, 362–363

SiO (insulation, dielectric, film) 99, 103
SiO2 (insulation, dielectric, film) 101,

103–104, 106
SIS tunnel junctions 2, 35, 101–102,

362–363
skin depth 273, 274, 277
slew rate 12, 130, 133–134, 237, 293,

296–297, 306, 311, 335–336, 338, 343
slope of transfer function, ¶V/¶Ua 48
SLUG (superconducting low-inductance

undulatory galvanometer) 5, 172–173
SMA connector 285
small-signal readout 128–129
Smoluchowski equation 40, 77
SNAP process 101–102, 105–107
SNEAP process 101–102
SNEP process 101–102
SNIP process 101
SNR (signal-to-noise ratio) 291, 315, 317–318
SNS junctions 35
SNS step-edge junctions 114
spatial filtering 20, 332
spatial Fourier technique 303
spatial resolution of gradiometers 339
specific heat 270–271
spectral density of current noise (Josephson

junction) see noise/current noise
spectral density of flux noise (flux noise

power, dc SQUID) see noise/flux noise,
SU, su

spectral voltage noise power density see
noise/voltage (SQUID noise)

spin-on glass 103
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sputtering (of films) 99–101, 108–110
SQUID flux transformer see flux transformer
SQUID heater 232, 307
SQUID microscope 17, 21, 177, 187, 245
SQUID noise see noise
SQUID system resolution (field, noise

energy) 244, 310
SQUID transfer function see dc

SQUID/transfer function (coefficient) and/or
rf SQUID/transfer function (coefficient)

SQUID voltmeter (see also SLUG) 5, 17,
172–173

SQUID washer (large) 9–10, 18, 106, 115,
177–185, 226, 230–231, 236

SrTiO3 (STO) dielectric resonator 234
SrTiO3 (STO) substrate 108, 114, 229
static compensation (of the dc Earth’s field)

316
static (SQUID) systems, noise cancellation

323–330
static (SQUID) systems, noise implications for

design 335–339
stationary instruments, applications (signal &

noise considerations) 310–311
step edge (junction) 6, 16, 111, 113–114,

229–231
step edge SNS junction 114
Stewart–McCumber (damping) parameter, bc

(shunted junction) 8, 33, 46, 73
Stirling cryocoolers 260–261, 264–266
Stirling-type pulse tube 263–264
STO (SrTiO3) substrate 108, 114, 229
stoichiometry of YBCO films 109
storage of data 292
stress in cryogenic materials 271
sub-gap leakage current 95
sub-micrometer dimensions 110–111
substrate temperature 98
superconductor

conventional (low-Tc, LTS) 6, 9, 31, 36,
94–98, 357, 360

high-Tc (HTS, unconventional) 6, 36, 95,
357–358, 360

low-Tc see conventional
type I 360
type II 95, 360

superconductor-barrier-superconductor tri-
layer 101–102, 105–106, 112

superinsulation 256
susceptometry (magnetic), susceptibility,

susceptometer 20–21, 25, 177, 311
synthetic gradiometer 319–332
synthetic noise cancellation 319–322

t
tank circuit (dc SQUID output) 6
tank circuit (rf SQUID) 4, 12–13, 70–71, 79,

82, 87, 132, 155–160, 225, 227–228,
230–231, 234

temperature fluctuations 210–211, 255,
269–270

terminations of cables (grounding) 285
test equipment (for SQUID testing) 293
thermal conductivity 270–271
thermal drift (of SQUID output) 210–211,

268–270, 306
thermal energy 38, 52

fluctuation threshold inductance, LF 51
thermal evaporation 99, 110
thermal expansion 272
thermal fluctuation (noise in Josephson

junction) 37–41
thermal fluctuation (noise in SQUID) 50–65,

72–83, 222, 272
thermal noise current see thermal fluctuation
thermal radiation 257
thermal strap 268, 269
thermoelectric effects (causing drift) 306
thin film SQUIDs (devices) 4, 6, 9, 174–199,

206–207, 226–237, 246
thin-film fabrication technology 96–118
third-order gradiometer 313, 323, 325
tilted washboard potential 32, 38–39
transducer (flux-to-voltage) 5, 43
transfer coefficient (function, ¶V/¶Ua, of dc

SQUID) 8, 10, 43, 48, 53–54, 63, 128, 175,
293–294

transfer coefficient (function), ¶VT/¶Ua, of rc
SQUID) 14, 79, 85, 131, 155, 160,
162–163, 221, 233

transformer (flux) see flux transformer
transition-edge bolometer 23
transmission line see microstrip (microstrip

line, resonator)
trapped flux (vortex) also flux trapping 16,

95, 201, 300, 307
trilayer (HTS flux transformer) 116–118
trilayer (tunnel junction and related) 6, 24,

97–98, 100–102, 105–106, 112, 201, 226
tunnel junction 2, 30, 35, 94–98, 172–173,

176–177, 180–183, 362–363
twin-wire (balanced, parallel) cable 285
two-pole integrator 135–137
two-stage configuration 148–149
type I superconductor 360
type II superconductor 360
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u
uncoupled SQUID 175
underdamped limit (Josephson junction) 33
unity-gain frequency 132
unshielded environment 21, 164, 296, 316,

318, 331
unshielded magnetometer 312
upper critical field 360

v
V(Ua) characteristics (dc SQUID) 8, 68
VT(Ua) characteristics (rc SQUID) 14, 84,

242
vector magnetometer (3-axis, orthogonal) 20,

287, 319–320, 323
vector magnetometer reference 319, 323
velocity (of Cooper pair) 359
via(s) [contact(s) betwen separated layers] 6,

105–106, 116
vibration 264, 269, 308, 337
vibrational noise 338
voltage, Vc (characteristic) 9–10, 32, 52
voltage bias 138–139
voltage noise (spectral density, in SQUID),

SV, sv 5, 9, 50–59, 134, 139, 149, 163, 175,
200–201

voltage noise power see voltage noise
voltmeter (SQUID, also SLUG) 5, 17,

172–173
volumetric (thermal) expansion 272
vortex

Abrikosov vortex 204, 359–360
entry 205–208
generation 203–204
hopping (also of flux) 7, 201, 203, 205,

238, 300, 307
imaging 203
Josephson vortex 204

single 201–202
thermally activated motion 201–202

w
washboard potential 32, 38–39
washer (SQUID, large) 9–10, 18, 106, 115,

177–185, 226, 230–231, 236
washer resonance 178–184
washer resonance frequency 184
wave impedance 275
wet etchant/etching 104, 107, 111–112
white noise 7, 9, 11, 16, 20, 24, 26, 38, 41, 52,

54, 59, 200–201, 203, 209, 221–222, 238,
242, 318, 335, 338–339, 343

Wiedemann–Franz–Lorenz law 272
Wiener–Khintchine theorem 38
wire-wound (pickup) coils 19, 188, 192–195,

198–199, 224, 226, 236, 294
wire-wound (tank circuit) coils 16, 157, 162,

226, 229, 237
working principle of dc SQUID 7–8, 43
working principle of rf SQUID 12–13, 70–71

x
X-ray (detectors) 23

y
YBaxCu3O7–x (YBCO) 6, 36, 107–119, 200,

202–208, 229–230, 234, 360–361, 363
yield strength 270
Young’s modulus 270–271

z
zeolite 256
zero-bias conductance peaks (ZBCP) 36
zero-energy states 36
zero-field cooled (ZFC) SQUID 298–300
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