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Abstract. The study of complex networks has emerged over the past several years as a theme
spanning many disciplines, ranging from mathematics and computer science to the social and
biological sciences. A significant amount of recent work in this area has focused on the de-
velopment of random graph models that capture some of the qualitative properties observed in
large-scale network data; such models have the potential to help us reason, at a general level,
about the ways in which real-world networks are organized.

We survey one particular line of network research, concerned with small-world phenomena
and decentralized search algorithms, that illustrates this style of analysis. We begin by describing
a well-known experiment that provided the first empirical basis for the “six degrees of separation”
phenomenon in social networks; we then discuss some probabilistic network models motivated by
this work, illustrating how these models lead to novel algorithmic and graph-theoretic questions,
and how they are supported by recent empirical studies of large social networks.
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1. Introduction

Over the past decade, the study of complex networks has emerged as a theme run-
ning through research in a wide range of areas. The growth of the Internet and the
World Wide Web has led computer scientists to seek ways to manage the complexity of
these networks, and to help users navigate their vast information content. Social scien-
tists have been confronted by social network data on a scale previously unimagined:
datasets on communication within organizations, on collaboration in professional
communities, and on relationships in financial domains. Biologists have delved into
the interactions that define the pathways of a cell’s metabolism, discovering that the
network structure of these interactions can provide insight into fundamental biologi-
cal processes. The drive to understand all these issues has resulted in what some have
called a “new science of networks” — a phenomenological study of networks as they
arise in the physical world, in the virtual world, and in society.

At a mathematical level, much of this work has been rooted in the study of random
graphs [14], an area at the intersection of combinatorics and discrete probability that
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is concerned with the properties of graphs generated by random processes. While
this has been an active topic of study since the work of Erdos and Rényi in the
1950s [26], the appearance of rich, large-scale network data in the 1990s stimulated
a tremendous influx of researchers from many different communities. Much of this
recent cross-disciplinary work has sought to develop random graph models that more
tightly capture the qualitative properties found in large social, technological, and
information networks; in many cases, these models are closely related to earlier work
in the random graphs literature, but the issues arising in the motivating applications
lead to new types of mathematical questions. For surveys covering different aspects
of this general area, and in particular reflecting the various techniques of some of the
different disciplines that have contributed to it, we refer the reader to recent review
papers by Albert and Barabdsi [4], Bollobds [15], Kleinberg and Lawrence [39],
Newman [52], and Strogatz [60], the volume of articles edited by Ben-Naim et al.
[10], and the monographs by Dorogovtsev and Mendes [23] and Durrett [25], as well
as books by Barabadsi [8] and Watts [62] aimed at more general audiences.

What does one hope to achieve from a probabilistic model of a complex network
arising in the natural or social world? A basic strategy pursued in much of this
research is to define a stylized network model, produced by a random mechanism
that reflects the processes shaping the real network, and to show that this stylized
model reproduces properties observed in the real network. Clearly the full range
of factors that contribute to the observed structure will be too intricate to be fully
captured by any simple model. But a finding based on a random graph formulation
can help argue that the observed properties may have a simple underlying basis, even
if their specifics are very complex. While it is crucial to realize the limitations of
this type of activity — and not to read too much into the detailed conclusions drawn
from a simple model — the development of such models has been a valuable means
of proposing concrete, mathematically precise hypotheses about network structure
and evolution that can then serve as starting points for further empirical investigation.
And at its most effective, this process of modeling via random graphs can suggest
novel types of qualitative network features — structures that people had not thought to
define previously, and which become patterns to look for in new network datasets.

In the remainder of the present paper, we survey one line of work, motivated by
the “small-world phenomenon” and some related search problems, that illustrates
this style of analysis. We begin with a striking experiment by the social psychologist
Stanley Milgram that frames the empirical issues very clearly [50], [61]; we describe a
sequence of models based on random graphs that capture aspects of this phenomenon
[64], [36], [37], [38], [63]; and we then discuss recent work that has identified some
of the qualitative aspects of these models in large-scale network data [1], [43], [49].
We conclude with some further extensions to these random graph models, discussing
the results and questions that they lead to.
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2. The small-world phenomenon

The small-world phenomenon — the principle that we are all linked by short chains
of acquaintances, or “six degrees of separation” [29] — has long been the subject of
anecdotal fascination among the general public, and more recently has become the
subject of both experimental and theoretical research. At its most basic level, it is a
statement about networks, and human social networks in particular; it concerns the
graph with one node corresponding to each person in the world, and an edge joining
two people if they know each other on a first-name basis. When we say that this graph
is a “small world,” we mean, informally, that almost every pair of nodes is connected
by a path with an extremely small number of steps.

One could worry about whether this graph is precisely specified — for example,
what exactly it means to know someone on a first-name basis — but however one fixes
a working definition for this, it is clear that the resulting graph encodes an enormous
amount of information about society in general. It is also clear that it would be
essentially impossible to determine its structure precisely. How then could one hope
to test, empirically, the claim that most pairs of nodes in this graph are connected by
short paths?

The social psychologist Stanley Milgram [50], [61] took up this challenge in the
1960s, conducting an experiment to test the small-world property by having people
explicitly construct paths through the social network defined by acquaintanceship. To
this end, he chose a target person in the network, a stockbroker living in a suburb
of Boston, and asked a collection of randomly chosen “starter” individuals each to
forward a letter to the target. He provided the target’s name, address, occupation,
and some personal information, but stipulated that the participants could not mail
the letter directly to the target; rather, each participant could only advance the letter
by forwarding it to a single acquaintance that he or she knew on a first-name basis,
with the goal of reaching the target as rapidly as possible. Each letter thus passed
successively from one acquaintance to another, closing in on the stockbroker outside
Boston.

The letters thus acted as virtual “tracers,” mapping out paths through the social
network. Milgram found that the median length among the completed paths was
six, providing the first concrete evidence for the abundance of short paths connecting
far-flung pairs of individuals in society, as well as supplying the basis for the number
“six” in the resulting pop-cultural mantra. One needs to be careful in interpreting this
finding, of course: many of the chains never reached the target, and the target himself
was a relatively “high-status” individual who may have been easier to reach than an
arbitrary person (see e.g. the recent critique by Kleinfeld [41]). But since Milgram’s
work, the overall conclusion has been accepted at least at a qualitative level: social
networks tend to exhibit very short paths between essentially arbitrary pairs of nodes.
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3. Basic models of small-world networks

Why should social networks exhibit this type of a small-world property? Earlier
we suggested that interesting empirical findings about networks often motivate the
development of new random graph models, but we have to be careful in framing the
issue here: a simple abundance of short paths is in fact something that most basic
models of random graphs already “get right.” As a paradigmatic example of such a
result, consider the following theorem of Bollobds and de 1a Vega [14], [17].

Theorem 3.1 ([17]). Fix a constant k > 3. If we choose uniformly at random from
the set of all n-node graphs in which each node has degree exactly k, then with high
probability every pair of nodes will be joined by a path of length O (logn).

(Following standard notation and terminology, we say that the degree of a node
is the number of edges incident to it. We say that a function is O (f (n)) if there is a
constant ¢ so that for all sufficiently large n, the function is bounded by cf (n).) In
fact, [17] states a much more detailed result concerning the dependence on n, but this
will not be crucial for our purposes here.

Path Iengths that are logarithmic in n — or more generally polylogarithmic, bounded
by a polynomial function of logn — will be our “gold standard” in most of this
discussion. We will keep the term “small world” itself informal; but we will consider
a graph to be a small world, roughly, when all (or most) pairs of nodes are connected
by paths of length polylogarithmic in 7, since in such a case the path lengths are
exponentially smaller than the number of nodes.

Watts and Strogatz [64] argued that there is something crucial missing from the
picture provided by Theorem 3.1. A standard random graph (for example, as in
Theorem 3.1) is locally very sparse; with reasonably high probability, none of the
neighbors of a given node v are themselves neighbors of one another. But this is
far from true in most naturally occurring networks: in real network data, many of a
node’s neighbors are joined to each other by edges. (For example, in a social network,
many of our friends know each other.) Indeed, at an implicit level, this is a large part
of what makes the small-world phenomenon surprising to many people when they
first hear it: the social network appears from the local perspective of any one node to
be highly “clustered,” rather than the kind of branching tree-like structure that would
more obviously reach many nodes along very short paths.

Thus, Watts and Strogatz proposed thinking about small-world networks as a kind
of superposition: a structured, high-diameter network with a relatively small number
of “random” links added in. As a model for social networks, the structured underlying
network represents the “typical” social links that we form with the people who live
near us, or who work with us; the additional random links are the chance, long-range
connections that play a large role in creating short paths through the network as a
whole.

This kind of hybrid random graph model had been studied earlier by Bollobas and
Chung [16]; they showed that a small density of random links can indeed produce
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short paths very effectively. In particular they proved the following, among other
results.

Theorem 3.2 ([16]). Consider a graph G formed by adding a random matching to
an n-node cycle. (In other words, we assume n is even, pair up the nodes on the cycle
uniformly at random, and add edges between each of these node pairs.) With high
probability, every pair of nodes will be joined by a path of length O (logn).

Here too, Bollobas and Chung in fact proved a much more detailed bound on the
path lengths; see [16] for further details.

This is quite close to the setting of the Watts-Strogatz work, who also considered
cycles with random matchings as a model system for analysis. For our purposes
here, we will begin with the following grid-based model, which is qualitatively very
similar. We start with a two-dimensional n x n grid graph, and then for each node v,
we add one extra directed edge to some other node w chosen uniformly at random.
(We will refer to w as the long-range contact of v; to distinguish this, we will refer
to the other neighbors of v, defined by the edges of the grid, as its local contacts.)
Following the Watts-Strogatz framework, one can interpret this model as a metaphor
for a social network embedded in an underlying physical space — people tend to know
their geographic neighbors, as well as having friendships that span long distances.
It is also closely related to long-range percolation models, though the questions we
consider are fairly different; we discuss these connections in Section 7. For the
present discussion, though, the essential feature of this model is its superposition of
structured and random links, and it is important to note that the results to follow carry
over directly to a wide range of variations on the model. Indeed, a significant part of
what follows will be focused on a search for the most general framework in which to
formulate these results.

4. Decentralized search in small-world networks

Thus far we have been discussing purely structural issues; but if one thinks about it,
the original Milgram experiment contains a striking algorithmic discovery as well:
not only did short paths exist in the social network, but people, using knowledge only
of their own acquaintances, were able to collectively construct paths to the target.
This was a necessary consequence of the way Milgram formulated the task for his
participants; if one really wanted the shortest path from a starting person to the target,
one should have instructed the starter to forward a letter to all of his or her friends,
who in turn should have forwarded the letter to all of their friends, and so forth. This
“flooding” of the network would have reached the target as rapidly as possible; but for
obvious reasons, such an experiment was not a feasible option. As a result, Milgram
was forced to embark on the much more interesting experiment of constructing paths
by “tunneling” through the network, with the letter advancing just one person at a
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time — a process that could well have failed to reach the target, even if a short path
existed.

This algorithmic aspect of the small-world phenomenon raises fundamental ques-
tions — why should the social network have been structured so as to make this type
of decentralized routing so effective? Clearly the network contained some type of
“gradient” that helped participants guide messages toward the target, and this is some-
thing that we can try to model; the goal would be to see whether decentralized routing
can be proved to work in a simple random-graph model, and if so, to try extracting
from this model some qualitative properties that distinguish networks in which this
type of routing can succeed. It is worth noting that these issues reach far beyond
the Milgram experiment or even social networks; routing with limited information is
something that takes place in communication networks, in browsing behavior on the
World Wide Web, in neurological networks, and in a number of other settings — so an
understanding of the structural underpinnings of efficient decentralized routing is a
question that spans all these domains.

To begin with, we need to be precise about what we mean by a decentralized
algorithm. In the context of the grid-based model in the previous section, we will
consider algorithms that seek to pass a message from a starting node s to a target
node ¢, by advancing the message along edges. In each step of this process, the
current message-holder v has knowledge of the underlying grid structure, the location
of the target ¢ on the grid, and its own long-range contact. The crucial point is that it
does not know the long-range contacts of any other nodes. (Optionally, we can choose
to have v know the path taken by the message thus far, but this will not be crucial
in any of the results to follow.) Using this information, v must choose one of its
network neighbors w to pass the message to; the process then continues from w. We
will evaluate decentralized algorithms according to their delivery time — the expected
number of steps required to reach the target, over a randomly generated set of long-
range contacts, and randomly chosen starting and target nodes. Our goal will be to
find algorithms with delivery times that are polylogarithmic in n.

It is interesting that while Watts and Strogatz proposed their model without the
algorithmic aspect in mind, it is remarkably effective as a simple system in which to
study the effectiveness of decentralized routing. Indeed, to be able to pose the question
in a non-trivial way, one wants a network that is partially known to the algorithm and
partially unknown — clearly in the Milgram experiment, as well as in other settings,
individual nodes use knowledge not just of their own local connections, but also of
certain global “reference frames” (comparable to the grid structure in our setting) in
which the network is embedded. Furthermore, for the problem to be interesting, the
“known” part of the network should be likely to contain no short path from the source
to the target, but there should be a short path in the full network. The Watts-Strogatz
model combines all these features in a minimal way, and thus allows us to consider
how nodes can use what they know about the network structure to construct short
paths.

Despite all this, the first result here is negative.
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Theorem 4.1 ([36], [37]). The delivery time of any decentralized algorithm in the
grid-based model is Q2 (n23).

(We say that a function is (f(n)) if there is a constant ¢ so that for infinitely
many 7, the function is at least cf (n).)

This shows that there are simple models in which there can be an exponential
separation between the lengths of paths and the delivery times of decentralized algo-
rithms to find these paths. However, it is clearly not the end of the story; rather, it says
that the random links in the Watts-Strogatz model are somehow too “unstructured” to
support the kind of decentralized routing that one found in the Milgram experiment.
It also raises the question of finding a simple extension of the model in which efficient
decentralized routing becomes possible.

To extend the model, we introduce one additional parameter @ > 0 that controls the
extent to which the long-range links are correlated with the geometry of the underlying
grid. First, for two nodes v and w, we define their grid distance p(v, w) to be the
number of edges in a shortest path between them on the grid. The idea behind the
extended model is to have the long-range contacts favor nodes at smaller grid distance,
where the bias is determined by «. Specifically, we define the grid-based model with
exponent « as follows. We start with a two-dimensional n x n grid graph, and then
for each node v, we add one extra directed edge to some other long-range contact; we
choose w as the long-range contact for v with probability proportional to p (v, w) ~%.
Note that @ = 0 corresponds to the original Watts-Strogatz model, while large values
of o produce networks in which essentially no edges span long distances on the grid.

We now have a continuum of models that can be studied, parameterized by «.
When « is very small, the long-range links are “too random,” and can’t be used
effectively by adecentralized algorithm; when « is large, the long-range links appear to
be “not random enough,” since they simply don’t provide enough of the long-distance
jumps that are needed to create a small world. Is there an optimal operating point
for the network, where the distribution of long-range links is sufficiently balanced
between these extremes to be of use to a decentralized routing algorithm?

In fact there is; as the following theorem shows, there is a unique value of « in the
grid-based model for which a polylogarithmic delivery time is achievable.

Theorem 4.2 ([36], [37]). (a) For 0 < a < 2, the delivery time of any decentralized
algorithm in the grid-based model is Q2 (n?=*/3).
(b) For o = 2, there is a decentralized algorithm with delivery time O(log2 n).

(c) For a > 2, the delivery time of any decentralized algorithm in the grid-based
model is Q(n©@=2/@=Dy,

(We note that the lower bounds in (a) and (c) hold even if each node has an arbitrary
constant number of long-range contacts, rather than just one.)

The decentralized algorithm achieving the bound in (b) is very simple: each node
simply forwards the message to a neighbor — long-range or local — whose grid distance
to the target is as small as possible. (In other words, each node uses its long-range
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contact if this gets the message closer to the target on the grid; otherwise, it uses a
local contact in the direction of the target.) The analysis of this algorithm proceeds
by showing that, for a constant & > 0, there is a probability of at least ¢/logn in
every step that the grid distance to the target will be halved. It is also worth noting
that the proof can be directly adapted to a grid in any constant number of dimensions;
an analogous trichotomy arises, with polylogarithmic delivery time achievable only
when « is equal to the dimension.

At a more general level, the proof of Theorem 4.2(b) shows that the crucial prop-
erty of exponent @ = 2 is the following: rather than producing long-range contacts
that are uniformly distributed over the grid (as one gets from exponent @ = 0), it
produces long-range contacts that are approximately uniformly distributed over “dis-
tance scales”: the probability that the long-range contact of v is at a grid distance
between 2/~ and 2/ away from v is approximately the same for all values of j
from 1 to logn.

From this property, one sees that there is a reasonable chance of halving the
message’s grid distance to the target, independent of how far away it currently is.
The property also has an intuitively natural meaning in the context of the original
Milgram experiment; subject to all the other simplifications made in the grid model,
it says very roughly that decentralized routing can be effective when people have
approximately the same density of acquaintances at many different levels of distance
resolution. And finally, this approximate uniformity over distance scales is the type
of qualitative property that we mentioned as a goal at the outset. It is something that
we can search for in other models and in real network data — tasks that we undertake
in the next two sections.

5. Decentralized search in other models

Hierarchical models. A natural variation on the model of the previous section is
to suppose that the network is embedded in a hierarchy rather than a grid — in other
words, that the nodes reside at the leaves of a complete b-ary tree, and the underlying
“distance” between two nodes is based on the height of their lowest common ancestor
in this tree.

There are a number of settings where such a model suggests itself. To begin
with, follow-up work on the Milgram experiment found that most decisions made by
participants on how to forward the letter were based on one of two kinds of cues:
geographical and occupational [35]. And if a two-dimensional grid is natural as a
simple abstraction for the role of geography, then a hierarchy is a reasonable, also
simple, approximation of the way in which people categorize occupations. Another
domain in which hierarchies arise naturally is in the relationships among Web pages:
for example, a Web page about sequence analysis of the yeast genome could be
classified as being about genetics, more generally about biology, and more generally
still about science, while a Web page reviewing performances of Verdi’s Aida could
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be classified as being about opera, more generally about music, and more generally
still about the arts.

A natural assumption is that the density of links is lower for node pairs that are
more widely separated in the underlying hierarchy, and this forms the basis for the
following hierarchical model with exponent B. We begin with a complete b-ary tree
having n leaves (and hence of height 4 = log, n). For two leaves v and w, let us
define their tree distance h(v, w) to be the height of their lowest common ancestor
in the underlying tree. We now define the following random directed graph G on
the set V of leaves: for a value k and for each node v in V, we construct k edges
out of v, choosing w as the endpoint of the i edge independently with probability
proportional to b~ #"®%)  (We will refer to k as the out-degree of the model.)

Thus, B works much like o did in the grid-based model; when 8 = 0, we get
uniform random selection, while larger values of 8 bias the selection more toward
“nearby” nodes. Now, in this case, a decentralized search algorithm is given the
locations of a starting node s and a target node ¢ in the hierarchy, and it must construct
apath from s to ¢, knowing only the edges out of nodes that it explicitly visits. Note that
in defining the performance metric for a decentralized search algorithm in this model,
we face a problem that we didn’t encounter in the grid-based model: the graph G
may not contain a path from s to ¢. Thus, we say that a decentralized algorithm here
has delivery time f (n) if, on a randomly generated n-node network, and with s and ¢
chosen uniformly at random, the algorithm produces a path of length O (f(n)) with
probability at least 1 — e(n), where ¢(-) is a function going to 0 as n increases.

We now have the following analogue of Theorem 4.2, establishing that there is
a unique value of 8 for which polylogarithmic delivery time can be achieved when
the network has polylogarithmic out-degree. This is achieved at 8 = 1, when the
probability that v links to a node at tree distance & is almost uniform over choices
of h. Also by analogy with the grid-based model, it suffices to use the simple “greedy”
algorithm that always seeks to reduce the tree distance to the target by as much as
possible.

Theorem 5.1 ([38]). (a) Inthe hierarchical model with exponent B = 1 and out-degree
k = clog®n, for a sufficiently large constant c, there is a decentralized algorithm
with polylogarithmic delivery time.

(b) For every B # 1 and every polylogarithmic function k(n), there is no decen-
tralized algorithm in the hierarchical model with exponent B and out-degree k(n) that
achieves polylogarithmic delivery time.

Watts, Dodds, and Newman [63] independently proposed a model in which each
node resides in several distinct hierarchies, reflecting the notion that participants in
the small-world experiment were simultaneously taking into account several different
notions of “proximity” to the target. Concretely, their model constructs a random
graph G as follows. We begin with ¢ distinct complete b-ary trees, for a constant ¢,
and in each of these trees, we independently choose a random one-to-one mapping
of the nodes onto the leaves. We then apply a version of the hierarchical model
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above, separately in each of the trees; the result is that each node of G acquires edges
independently through its participationin each tree. (There are a few minor differences
between their procedure within each hierarchy and the hierarchical model described
above; in particular, they map multiple nodes to the same leaf in each hierarchy, and
they generate each edge by choosing the tail uniformly at random, and then the head
according to the hierarchical model. The result is that nodes will not in general all
have the same out-degree.)

Precisely characterizing the power of decentralized search in this model, at an
analytical level, is an open question, but Watts et al. describe a number of interesting
findings obtained through simulation [63]. They study what is perhaps the most
natural search algorithm, in which the current message-holder forwards the message
to its neighbor who is closest (in the sense of tree distance) to the target in any of the
hierarchies. Using an empirical definition of efficiency on networks of several hundred
thousand nodes, they examined the set of (8, ¢) pairs for which the search algorithm
was efficient; they found that this “searchable region” was centered around values of
B > 1 (but relatively close to 1), and on small constant values of g. (Setting g equal
to 2 or 3 yielded the widest range of 8 for which efficient search was possible.) The
resulting claim, at a qualitative level, is that efficient search is facilitated by having a
small number of different ways to measure proximity of nodes, and by having a small
bias toward nearby nodes in the construction of random edges.

Models based on set systems. One can imagine many other ways to construct net-
works in this general style — for example, placing nodes on both a hierarchy and a
lattice simultaneously — and so it becomes natural to consider more general frame-
works in which a range of these bounds on searchability might follow simultaneously
from a single result. One such approach is based on constructing a random graph from
an underlying set system, following the intuition that individuals in a social network
often form connections because they are both members of the same small group [38].
In other words, two people might be more likely to form a link because they live in
the same town, work in the same profession, have the same religious affiliation, or
follow the work of the same obscure novelist.

Concretely, we start with a set of nodes V, and a collection of subsets § =
{S1, S2, ..., Sn} of V, which we will call the set of groups. It is hard to say much of
interest for arbitrary set systems, but we would like our framework to include at least
the collection of balls or subsquares in a grid, and the collection of rooted sub-trees
in a hierarchy. Thus we consider set systems that satisfy some simple combinatorial
properties shared by these two types of collections. Specifically, for constants A < 1
and k¥ > 1, we impose the following three properties.

(i) The full set V is one of the groups.

(ii) If S; is a group of size g > 2 containing a node v, then there is a group S; C §;
containing v that is strictly smaller than S;, but has size at least min(Ag, g — 1).
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(iii) If S;;, Siy, Siy, ... are groups that all have size at most g and all contain a
common node v, then their union has size at most k g.

The most interesting property here is (iii), which can viewed as a type of “bounded
growth” requirement; one can easily verify that it (along with (i) and (ii)) holds for
the set of balls in a grid and the set of rooted sub-trees in a hierarchy.

Given a collection of groups, we construct a random graph as follows. For nodes v
and w, we define g (v, w) to be the size of the smallest group containing both of them —
this will serve as a notion of “distance” between v and w. For a fixed exponent y and
out-degree value k, we construct k edges out of each node v, choosing w as the endpoint
of the i edge from v independently with probability proportional to g(v, w) ™. We
will refer to this as the group-based model with set system 4, exponent y, and out-
degree k. A decentralized search algorithm in such arandom graph is given knowledge
of the full set system, and the identity of a target node; but it only learns the links out
of a node v when it reaches v. We now have the following theorem.

Theorem 5.2 ([38]). (a) Given an arbitrary set system & satisfying properties (i), (ii),
and (iil), there is a decentralized algorithm with polylogarithmic delivery time in the
group-based model with set system &, exponent y = 1, and out-degree k = ¢ log2 n,
for a sufficiently large constant c.

(b) For every set system 8 satisfying properties (i), (ii), and (iii), every y < 1, and
every polylogarithmic function k(n), there is no decentralized algorithm achieving
polylogarithmic delivery time in the group-based model with set system §, exponent y
and out-degree k(n).

In other words, efficient decentralized search is possible when nodes link to each
other with probability inversely proportional to the size of the smallest group con-
taining both of them. As a simple concrete example, if the groups are the balls in a
two-dimensional grid, then the size of the smallest group containing two nodes at dis-
tance p is proportional to pZ, and so the link probability indicated by Theorem 5.2 (a)
is proportional to p~2; this yields an analogue of Theorem 4.2 (b), the inverse-square
result for grids. (The present setting is not exactly the same as the one there; here,
we do not automatically include the edges of the original grid when constructing the
graph, but we construct a larger number of edges out of each node.)

Simple examples show that one cannot directly formulate a general negative result
in this model for the case of exponents y > 1 [38]. At a higher level, the group-based
model is clearly not the only way to generalize the results thus far; in the next section
we will discuss one other recent approach, and the development of other general
models is a natural direction for further research.

6. Design principles and network data

In addition to their formulation as basic questions about search algorithms in graphs,
the models we have been discussing thus far have been used as design principles in
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file-sharing systems; and they have been found to capture some of the large-scale
structure of human social networks as reflected in on-line data.

Peer-to-peer systems and focused web crawling. A recurring theme in recent work
on complex networks is the way in which simple probabilistic models can rapidly
become design principles for new types of networked systems. In the case of small-
world networks, one observes this phenomenon in the development of protocols for
peer-to-peer file sharing. The design of such protocols has become an active topic of
research in the area of computer systems, motivated in part by the explosion of popular
interest in peer-to-peer applications following the emergence of Napster and music
file-sharing in 1999. The goal of such applications was to allow a large collection
of users to share the content residing on their personal computers, and in their initial
conception, the systems supporting these applications were based on a centralized
index that simply stored, in a single place, the files that all users possessed. This
way, queries for a particular piece of content could be checked against this index, and
routed to the computer containing the appropriate file.

The music-sharing application of these systems, of course, ran into significant legal
difficulties; but independent of the economic and intellectual property issues raised
by this particular application, it is clear that systems allowing large user communities
to share content have a much broader range of potential, less controversial uses,
provided they can be structured in a robust and efficient way. This has stimulated much
subsequent study in the research community, focusing on decentralized approaches
in which one seeks file-sharing solutions that do not rely on a single centralized index
of all the content.

In this decentralized version of the problem, the crux of the challenge is clear:
each user has certain files on his or her own computer, but there is no single place
that contains a global list of all these files; if someone poses a query looking for
a specific piece of content, how can we efficiently determine which user (if any)
possesses a copy of it? Without a central index, we are in a setting very much like that
of the Milgram experiment: users must pose the query to a subset of their immediate
network neighbors, who in turn can forward the query to some of their neighbors,
and so forth. And this is where small-world models have played a role: a number of
approaches to this problem have tried to explicitly set up the network on which the
protocol operates so that its structure makes efficient decentralized search possible.
We refer the reader to the surveys by Aspnes and Shah [6] and Lua et al. [44] for
general reviews of this body of work, and the work of Clarke et al. (as described
in [32]), Zhang et al. [67], Malkhi et al. [45], and Manku et al. [46] for more specific
discussions of the relationship to small-world networks.

A related set of issues comes up in the design of focused Web crawlers. Whereas
standard Web search engines first compile an enormous index of Web pages, and then
answer queries by referring to this index, a focused crawler attempts to locate pages
on a specific topic by following hyperlinks from one page to another, without first
compiling an index. Again, the underlying issue here is the design of decentralized
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search algorithms, in this case for the setting of the Web: when searching for relevant
pages without global knowledge of the network, what are the most effective rules
for deciding which links to follow? Motivated by these issues, Menczer [49] studied
the extent to which the hierarchical model described in the previous section captures
the patterns of linkage in large-scale Web data, using the hierarchical organization of
topics provided by the Open Directory.

Social network data. The previous two applications — peer-to-peer systems and
focused Web crawling — are both concerned with the structure of computer and infor-
mation networks, although in both cases there are obvious social forces underlying
their construction. Recent work has also investigated the extent to which the models
described in the previous sections are actually reflected in data on human social net-
works. In other words, these small-world models make very concrete claims about
the ways in which networks should be organized to support efficient search, but it is
not a priori clear whether or not naturally occurring networks are organized in such
ways. Two recent studies of this flavor have both focused on social networks that
exist in on-line environments — as with the previous applications, we again see an
intertwining of social and technological networks, but in these cases the emphasis
is on the social component, with the on-line aspect mainly providing an opportune
means of performing fine-grained analysis on a large scale.

In one study of this flavor, Adamic and Adar [1] considered the e-mail network
of a corporate research lab: they collected data over a period of time, and defined an
edge between any two people who exchanged at least a certain number of messages
during this period. They overlaid the resulting network on a set system representing
the organizational structure, with a set for each subgroup of the lab’s organizational
hierarchy. Among other findings, they showed that the probability of a link between
individuals v and w scaled approximately proportional to g (v, w) ~3/4, compared with
the value g(v, w)~! for efficient search from Theorem 5.2(a). (As above, g(v, w)
denotes the size of the smallest group containing both v and w.) Thus, interactions
in their data spanned large groups at a slightly higher frequency than the optimum for
decentralized search. Of course, the e-mail network was not explicitly designed to
support decentralized search, although one can speculate about whether there were
implicit factors shaping the network into a structure that was easy to search; in any
case, it is interesting that the behavior of the links with respect to the collection of
groups is approximately aligned with the form predicted by the earlier theorems.

An even closer correlation with the structure predicted for efficient search was
found in a large-scale study by Liben-Nowell et al. [43]. They considered LiveJournal,
ahighly active on-line community with several million participants, in which members
communicate with one another, update personal on-line diaries, and post messages to
community discussions. LiveJournal is a particularly appealing domain for studying
the geographic distribution of links, because members provide explicit links to their
friends in the system, and a large subset (roughly half a million at the time of the
study in [43]) also provide a hometown in the continental U.S. As a result, one has
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the opportunity to investigate, over a very large population, how the density of social
network links decays with distance.

A non-trivial technical challenge that must be overcome in order to relate this
data to the earlier models is that the population density of the U.S. is extremely non-
uniform, and this makes it difficult to interpret predictions based on a model in which
nodes are distributed uniformly over a grid. The generalization to group structures in
the previous section is one way to handle non-uniformity; Liben-Nowell et al. propose
an alternative generalization, rank-based friendships, that they argue may be more
suitable to the geographic data here [43]. In the rank-based friendship model, one has
a set of n people assigned to locations on a two-dimensional grid, where each grid
node may have an arbitrary positive number of people assigned to it. By analogy with
the grid-based model from Section 4, each person v chooses a local contact arbitrarily
in each of the four neighboring grid nodes, and then chooses an additional long-range
contact as follows. First, v ranks all other people in order of their distance to herself
(breaking ties in some canonical way); we let rank, (w) denote the position of w in v’s
ordered list, and say that w is at rank r with respect to v. v then chooses w as her
long-range contact with probability proportional to 1/rank, (w).

Note that this model generalizes the grid-based model of Section 4, in the sense
that the grid-based model with the inverse-square distribution corresponds to rank-
based friendship in which there is one person resident at each grid node. However,
the rank-based friendship construction is well-defined for any population density, and
Liben-Nowell et al. prove that it supports efficient decentralized search in general.
They analyze a decentralized greedy algorithm that always forwards the message to a
grid node as close as possible to the target’s; and they define the delivery time in this
case to be the expected number of steps needed to reach the grid node containing the
target. (So we can imagine that the task here is to route the message to the hometown of
the target, rather than the target himself; this is also consistent with the data available
from LiveJournal, which only localizes people to the level of towns.)

Theorem 6.1 ([43]). For an arbitrary population density on a grid, the expected
delivery time of the decentralized greedy algorithm in the rank-based friendship model
is O(log> n).

On the LiveJournal data, Liben-Nowell et al. examine the fraction of friendships
(v, w) where w is at rank r with respect to v. They find that this fraction is very
close to inverse linear in r, in close alignment with the predictions of the rank-based
friendship model.

This finding is notable for several reasons. First, as with the e-mail network
considered by Adamic and Adar, there is no a priori reason to believe that a large,
apparently amorphous social network should correspond so closely to a distribution
predicted by a simple model for efficient decentralized search. Second, geography
is playing a strong role here despite the fact that LiveJournal is an on-line system in
which there are no explicit limitations on forming links with people arbitrarily far
away; as a result, one might have (incorrectly) conjectured that it would be difficult
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to detect the traces of geographic proximity in such data. And more generally, the
analytical results of this section and the previous ones have been based on highly
stylized models that nonetheless make very specific predictions about the theoretical
“optimum” for search; to see these concrete predictions approximately borne out on
real social network data is striking, and it suggests that there may be deeper phenomena
yet to be discovered here.

7. Further results on small-world networks and decentralized search

Long-range percolation. The grid-based models we have been considering are
closely related to the problem of long-range percolation. In the basic version of
long-range percolation, one takes the infinite d-dimensional integer lattice Z¢, and
for each pair of nodes (v, w) one includes an undirected edge between them inde-
pendently with probability p (v, w)~™%, where p (v, w) is the grid distance between v
and w and ¢ > 0 is a parameter of the model. Note that there are some small dif-
ferences from the grid-based model described in Section 4: the graph is infinite, it is
undirected, its nodes do not all have the same degree, and it does not automatically
include edges between nearest neighbors on the lattice. In addition to these, a broader
difference is in the nature of the questions investigated, with the initial work on long-
range percolation focusing on the range of parameters for which an infinite connected
component is likely to exist [3], [51], [57].

Motivated in part by the interest in small-world networks, work on long-range
percolation began to investigate diameter issues — the maximum D for which every
node is connected by a path of at most D steps. Benjamini and Berger [11] studied this
problem in one dimension, modifying the model so that the graph is finite (restricted to
the integers {1, 2, ..., n}), and so that edges are guaranteed to exist between adjacent
integers. (They also studied the case in which the distance p(-, -) is defined by
assuming that the integers are “wrapped” into a cycle, so that p(i, j) is not |j — i|
but min(|j —i|,n — |j —i]).) Their work was followed by results of Coppersmith et
al. [20] and Biskup [13], who obtained sharper bounds in some cases and considered
higher-dimensional lattices as well, in which the node set is {1, 2, ..., n}d. As a
result of this work, we know that the diameter of the graph changes qualitatively at
the “critical values” @« = d and @ = 2d. In particular, with high probability, the
diameter is constant when o < d (due in essence to a result of [12]), is proportional to
logn/loglogn when o = d [20], is polylogarithmic in » when d < o < 2d (with an
essentially tight bound provided in [13]), and is lower-bounded by a polynomial in n
when o > 2d [11], [20]. The case ¢ = 2d is largely open, and conjectured to have
diameter polynomial in n with high probability [11], [13]. It is also open whether the
diameter for ¢ > 2d is in fact linear in n; this has been proved for the one-dimensional
case [11] and conjectured to hold for higher dimensions as well [11], [13], [20].

This pair of transitions at « = d and ¢« = 2d was observed in a somewhat
different setting by Kempe et al. [34], resolving a conjecture of Demers et al. [21] on
the behavior of gossip algorithms. In this model, there are nodes located on the finite



16 Jon Kleinberg

d-dimensional lattice {1, 2, ..., n}¢, and in each time step each node v picks a single
other node and tells everything it currently knows to w; node w is selected as the
recipient of this information with probability proportional to o (v, w) ™. Information
originating at one node thus spreads to other nodes, relayed in an epidemic fashion
over time. Now, if a single node v initially possesses a new piece of information
at time 0, how long will it take before knowledge of this information has spread
to a given node w? The main result of [34] is that the time required for this is
polylogarithmic in n for « < d, is polylogarithmic in p (v, w) but independent of n
for d < a < 2d, and is polynomial in p(v, w) for « > 2d. Here too the case
o = 2d is not well understood, which is interesting because this transitional value has
particular importance in applications of gossip algorithms to distributed computing
systems [54]. (See [34] for partial results concerning o = 2d.)

For the specific grid-based model described in Section 4, Martel and Nguyen
showed that with high probability the diameter is proportional to logn for ¢ < d, in
the d-dimensional case [48]. They also identified transitions at « = d and o = 2d
analogous to the case of long-range percolation [53]. In particular, their results show
that while decentralized search can construct a path of length O (log? n) when « = d,
there in fact exist paths that are shorter by a logarithmic factor. (Note also the contrast
with the corresponding results for the long-range percolation model when o < d;
in the grid-based model, the out-degree of each node is bounded by a constant, so a
diameter proportional to log n is the smallest one could hope for; in the case of long-
range percolation, on the other hand, the node degrees will be unbounded, allowing
for smaller diameters.)

Decentralized search with additional information. A number of papers have stud-
ied the power of decentralized search algorithms that are provided with small amounts
of additional information [28], [42], [47], [48], [66]. Whereas the model of decentral-
ized algorithms in Section 4 charged unit cost to the algorithm for each node visited,
the models in these subsequent papers make the following distinction: a node may
“consult” a small number of nearby nodes, and then based on what it learns from this
consultation, it chooses a node to forward the messages to. In bounding the number
of steps taken by the algorithm, only the message-forwarding operations are counted,
not the consultation.

In particular, Lebhar and Schabanel [42] consider an algorithm in which the node
currently holding the message consults a set S of up to O (logn) nodes within a small
number of steps of it; after this, it forwards the message along a path to the node w
in S that is closest to the target in grid distance. They show that, in total, the expected
number of nodes consulted by this process is O (log” n) (as in the decentralized al-
gorithm from Section 4), and that the actual path constructed to the target has only
O (log n(loglog n)?) steps.

Manku, Naor, and Wieder [47] consider a simpler algorithm in the long-range
percolation model on the d-dimensional lattice {1, 2, ..., n}d with ¢ = d. Note that
nodes here will have unbounded degrees — proportional to log n in expectation, rather
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than constant as in the grid-based model. Manku et al. analyze a neighbor-of-neighbor
search algorithm in which the current message-holder v consults each of its neighbors
to learn the set S of all of their neighbors; v then forwards the message along the two-
step path to the node in § that lies closest to the target. They show that with high
probability, this algorithm produces a path to the target of at most O (logn/loglogn)
steps, matching the bound of Coppersmith et al. [20] on the diameter of this network.
Moreover, they show that the basic greedy algorithm, which simply forwards the
message to the neighbor closest to the target, requires an expected number of steps
proportional to logn to reach the target. Thus, one step of lookahead provides an
asymptotic improvement in delivery time; and since one step of lookahead yields
path lengths matching the diameter, additional lookahead does not offer any further
asymptotic improvements.

Thus, the results of Manku et al. provide a rather sharp characterization of the
power of lookahead in the long-range percolation model at the exponent & = d that
allows for efficient decentralized search; determining a similarly precise delineation
on the power of lookahead in the grid-based model (extending the aforementioned
results of Lebhar and Schabanel) is an interesting open question.

Small-world networks built on arbitrary underlying graphs. The results in Sec-
tion 5 describe various methods for constructing searchable networks based on under-
lying structures other than d-dimensional grids. In several recent papers, a number
of further structures have been proposed as “scaffolds” for small-world networks [9],
[27], [31], [53], [59].

In principle, one can consider adding long-range edges to any underlying graph G;
Fraigniaud [27] asks whether any G can be converted through such a process into a
network that is efficiently searchable by a greedy algorithm. Specifically, suppose we
choose a distribution over long-range contacts for each node of G, and we use this
to generate a random graph G’ by adding a single long-range edge out of each node
of G. We then consider the natural greedy algorithm for forwarding the message to
a target 7: the current message-holder passes the message to a neighbor that has the
shortest path to the target as measured in G (not in G’). Is it the case that for every
graph G, there is a distribution over long-range contacts such that this algorithm has
a delivery time that is polylogarithmic in n?

This question is open in general; note that the challenge in resolving it comes
from the fact that a single choice of distribution per node must work (in expectation)
over any possible destination, and that even if the graph G’ has nicely-structured
short paths, the search algorithm is constrained to behave “greedily” in the original
graph G. Fraigniaud answers the question in the affirmative for graphs of bounded
tree-width as well as graphs in which there is no induced cycle of greater than a fixed
length [27]; he also discusses some respects in which such underlying graphs are
qualitatively consistent with observed properties of social networks. Duchon et al.
answer the question in the affirmative for graphs satisfying a certain “bounded growth
rate” property [24].
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Slivkins [59] considers a different setting, in which nodes are embedded in an
underlying metric space. He shows that if the metric is doubling, in the sense that
every ball can be covered by a constant number of balls of half the radius (see e.g. [7],
[30]), then there is a model such that each node generates a polylogarithmic number
of long-range contacts from specified distributions, and a decentralized algorithm
is then able to achieve a polylogarithmic delivery time. (Some of the logarithmic
dependence here is on the aspect ratio of the metric — the ratio of the largest to the
smallest distance — but it is possible to avoid this dependence in the bound on the
delivery time. See [59] for further details on this issue.)

Finally, other work has studied search algorithms that exploit differences in node
degrees. There are indications that people navigating social structures, in settings
such as small-world experiments, take into account the fact that certain of their ac-
quaintances simply know a large number of people [22]. Similarly, in peer-to-peer
networks, it is also the case that certain nodes have an unusually large number of
neighbors, and may thus be more useful in helping to forward queries. Adamic et
al. [2] formalize these considerations by studying a random graph model in which
high-degree nodes are relatively abundant, and decentralized search algorithms only
have access to information about degrees of neighboring nodes, not to any embed-
ding of the graph (spatial or otherwise). Through simulation, they find that for certain
models, knowledge of degrees provides an improvement in search performance.

Simsek and Jensen [58] consider a model which combines spatial embedding with
variable node degrees. Specifically, they study a variant of the grid-based model from
Section 4 in which nodes have widely varying degrees, and a decentralized algorithm
has access both to the locations of its neighbors and to their degrees. Through sim-
ulation, they find that a heuristic taking both these factors into account can perform
more efficiently than decentralized algorithms using only one of these sources of
information. Finding the optimal way to combine location and degree information
in decentralized search, and understanding the range of networks that are searchable
under such optimal strategies, is an interesting direction for further research.

8. Conclusion

We have followed a particular strand of research running through the topic of complex
networks, concerned with short paths and the ability of decentralized algorithms to
find them. As suggested initially, the sequence of ideas here is characteristic of the
flavor of research in this area: an experiment in the social sciences that highlights
a fundamental and non-obvious property of networks (efficient searchability, in this
case); a sequence of random graph models and accompanying analysis that seeks to
capture this notion in a simple and stylized form; a set of measurements on large-scale
network data that parallels the properties of the models, in some cases to a surprising
extent; and a range of connections to further results and questions in algorithms, graph
theory, and discrete probability.
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To indicate some of the further directions in which research on this topic could
proceed, we conclude with a list of open questions and issues related to small-world
networks and decentralized search. Some of these questions have already come up
implicitly in the discussion thus far, so one goal of this list is to collect a number of
these questions in a single place. Other questions here, however, bring in issues that
reach beyond the context of the earlier sections. And as with any list of open questions,
we must mention a few caveats: the questions here take different forms, since some
are concretely specified while other are more designed to suggest problems in need
of a precise formulation; the questions are not independent, in that the answer to one
might well suggest ways of approaching others; and several of the questions may well
become more interesting if the underlying model or formulation is slightly varied or
tweaked.

1. Variation in node degrees. As we discussed at the end of the previous section,
decentralized search in models that combine wide variation in node degrees with some
kind of spatial embedding is an interesting issue that is not well understood. Simsek
and Jensen’s study [58] of this issue left open the question of proving bounds on
the efficiency of decentralized algorithms. For example, consider the d-dimensional
grid-based model with exponent «, and suppose that rather than constructing a fixed
number of long-range contacts for each node, we draw the number of long-range
contacts for each node v independently from a given probability distribution. To be
concrete, we could consider a distribution in which one selects k long-range contacts
with probability proportional to k% for a constant 8.

We now have a family of grid-based models parameterized by « and 8, and we can
study the performance of decentralized search algorithms that know not only the long-
range contacts out of the current node, but also the degrees of the neighboring nodes.
Decentralized selection of a neighbor for forwarding the message has a stochastic
optimization aspect here, balancing the goal of forwarding to a node close to the
target with the goal of forwarding to a high-degree node. We can now ask the general
question of how the delivery time of decentralized algorithms varies in both & and §.
Note that it is quite possible this question becomes more interesting if we vary the
model so that long-range links are undirected; this way, a node with a large degree is
both easy to find and also very useful once it is found. (In a directed version, a node
with large out-degree may be relatively useless simply because it has low in-degree
and so is unlikely to be found.)

2. The case of « = 2d. In both the grid-based model and the related long-range
percolation models, very little is known about the diameter of the graph when « is
equal to twice the dimension. (It appears that a similar question arises in other versions
of the group-based models from Section 5, when nodes form links with probability
inversely proportional to the square of the size of the smallest group containing both
of them.) Resolving the behavior of the diameter would shed light on this transitional
point, which lies at the juncture between “small worlds” and “large worlds.” This open
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question also manifests itself in the gossip problem discussed in Section 7, where we
noted that the transitional value @ = 2d arises in distributed computing applications
(see the discussion in [34], [54]).

3. Paths of logarithmic length. It would be interesting to know whether there is
a decentralized algorithm in the d-dimensional grid-based model, at the “searchable
exponent” o = d, that could construct paths of length O(logn) while visiting only
a polylogarithmic number of nodes. This would improve the result of Lebhar and
Schabanel [42] to an asymptotically tight bound on path length.

4. Small-world networks with an arbitrary base graph. It would also be interest-
ing to resolve the open problem of Fraigniaud [27] described in Section 7, formalizing
the question of whether any graph can be turned into an efficiently searchable small
world by appropriately adding long-range links'.

5. Extending the group-based model. Theorem 5.2 on the group-based model
contained a positive result generalizing the ones for grids and hierarchies, and it
contained a general negative result for the case when long-range connection were “too
long-range” (i.e. with exponent y < 1). However, it does not fully generalize the
results for grids and hierarchies, because there are set systems satisfying conditions (i),
(i1), and (iii) of the theorem for which efficient decentralized search is possible even for
exponents y > 1. It would be interesting to find a variation on these three properties
that still generalizes grids and hierarchies in a natural way, and for which y =1 is
the unique exponent at which efficient decentralized search is possible.

6. Multiple hierarchies. Obtaining provable bounds for decentralized search in the
“multiple hierarchies” model of Watts, Dodds, and Newman [63] is also an open ques-
tion. Such results could form an interesting parallel with the findings they discovered
through simulation. With some small modifications to the model of Watts et al., one
can cast it in the group-based model of Section 5, and so it is entirely possible that
progress on this question and the previous could be closely connected.

7. The evolution of searchable networks. The remaining questions have a more
general flavor, where much of the challenge is the formalization of the underlying
issue. To begin with, the current models supporting efficient decentralized search
are essentially szatic, in that they describe how the underlying network is organized
without suggesting how it might have evolved into this state. What kinds of growth
processes or selective pressures might exist to cause networks to become more ef-
ficiently searchable? Interesting network evolution models addressing this question
have been proposed by Clauset and Moore [19] and by Sandberg [56], both based on
feedback mechanisms by which nodes repeatedly perform decentralized searches and

Note added in proof: Fraigniaud, Lebhar, and Lotker have very recently announced a negative resolution of
this question, constructing a family of graphs that cannot be turned into efficiently searchable small worlds by
this process.
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in the process partially “rewire” the network. Obtaining provable guarantees for these
models, or variations on them, is an open question. A number of peer-to-peer file-
sharing systems include similar feedback mechanisms, achieving good performance
in practice. Freenet [18] is a good example of such a system, and the relationship of
its feedback mechanism to the evolution of small-world networks is studied by Zhang
et al. [67].

Game theory may provide another promising set of techniques for studying the
evolution of small-world networks. A growing body of recent work has considered
game-theoretic models of network formation, in which agents controlling nodes and
edges interact strategically to construct a graph — the basic question is to understand
what types of structures emerge when each agent is motivated by self-interest. For
surveys of this area, see [5], [33], [65]. In the present case, it would be interesting
to understand whether there are ways to define incentives such that the collective
outcome of self-interested behavior would be a searchable small-world network.

8. Decentralized search in the presence of incentives. Game-theoretic notions
can provide insight not just into the growth of a network, but also into the processes
that operate on it. A topic of interest in peer-to-peer systems, as well as in the
design of on-line communities, is the way in which the incentives offered to the
members of the system influence the extent to which they are willing to forward
queries and information. In the case of decentralized search, suppose that there
is some utility associated with routing the message from the starting node to the
target, and intermediate nodes behave strategically, demanding compensation for their
participation in the construction of the path. How do results on decentralized path
formation change when such behavior is incorporated into the model?

In [40], this question is made precise in a setting where the underlying network is a
random tree, constructed via a branching process. It would be interesting to consider
analogous issues in richer classes of networks.

9. Reconstruction. The networks we have considered here have all been embedded
in some underlying “reference frame” — grids, hierarchies, or set systems — and most
of our analysis has been predicated on a model in which the network is presented
together with this embedding. This makes sense in many contexts; recall, for example,
the discussion from Section 6 of network data explicitly embedded in Web topic
directories [49], corporate hierarchies [1], or the geography of the U.S. [43]. In
some cases, however, we may be presented with just the network itself, and the
goal is to determine whether it has a natural embedding into a spatial or hierarchical
structure, and to recover this embedding if it exists. For example, we may have
data on communication within an organization, and the goal is to reconstruct the
hierarchical structure under the assumption that the frequency of communication
decreases according to a hierarchical model — or to reconstruct the positions of the
nodes under the assumption that the frequency of communication decreases with
distance according to a grid-based or rank-based model.
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One can formulate many specific questions of this flavor. For example, given a
network known to be generated by the grid-based model with a given exponent o,
can we approximately reconstruct the positions of the nodes on the grid? What if
we are not told the exponent? Can we determine whether a given network was more
likely to have been generated from a grid-based model with exponent « or «’? Or
what if there are multiple long-range contacts per node, and we are only shown the
long-range edges, not the local edges? A parallel set of questions can be asked for
the hierarchical model.

Questions of this type have been considered by Sandberg [55], who reports on
the results of computational experiments but leaves open the problem of obtaining
provable guarantees. Benjamini and Berger [11] pose related questions, including the
problem of reconstructing the dimension d of the underlying lattice when presented
with a graph generated by long-range percolation on a finite piece of Z<.

10. Comparing network datasets. As we saw earlier, the models proposed in
Sections 4 and 5 suggest a general perspective from which to analyze network datasets,
by studying the way in which the density of links decays with increasing distance or
increasing group size (e.g. [1], [43]). One could naturally use this style of analysis to
compare related network datasets — for example taking the patterns of communication
within & different organizations (as Adamic and Adar did for the corporate lab they
studied), and determining exponents y1, 2, ..., Yk for each such that the probability
of alink between individuals v and w in a group of size g scales approximately as g~V
in the i organization. Differences among these exponents would suggest structural
differences between the organizations at a global level — communication in some is
more long-range, while in others it is more clustered at the low levels of the hierarchy.
It would be interesting to understand whether these differences in turn were naturally
reflected in other aspects of the organizations’ behavior and performance.

More generally, large-scale social, technological, and information networks are
sufficiently complex objects that the guiding principles provided by simple models
seem crucial for our understanding of them. The perspective suggested here has of-
fered one such collection of principles, highlighting in particular the ways in which
these networks are intertwined with the spatial and organizational structures that they
inhabit. One can hope that as we gather an increasing range of different perspec-
tives, our understanding of complex networks will continue to deepen into a rich and
informative theory.
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