ALMOST HOLOMORPHIC EXTENSIONS
OF ULTRADIFFERENTIABLE FUNCTIONS

By

MATS ANDERSSON AND BO BERNDTSSON

Abstract. For a smooth function f on R™, we construct an extension F to
C* with 8F vanishing to a high order on R™ and give precise estimates of how the
degree of smothness is reflected in the degree of vanishing. This analysis is used
to define the 8 operator on (n,n — 1) forms with singularities on R™.

1 Introduction

Let f be a function on the real line or the unit circle. One can analyze its
regularity properties in terms of the existence of extensions F of f to the complex
plane such that OF tends to zero with a certain speed as we approach the line (or
the circle). We shall refer to F as an almost holomorphic extension of f. A simple
and useful result of this type is that f is of class C* on R if and only if there exists
an extension F such that |0F(z + iy)| < Cn|y|" for any N > 0. This idea is of
importance in connection with problems of quasianalyticity, approximation theory
and operator calculus; we refer the reader to {7] and [8], where as far as we know
the method was first discussed systematically, as well as to the survey [9], where
many results and applications are described. Even earlier results for C*°-functions
were also used in [10], [13] and [12].

The purpose of this article is to study similar constructions in several variables.
In the basic cases, i.e., in the case of rotationally symmetric growth conditions, this
has already been done (see, e.g., [6], [5] and [11]), but here we shall pay particular
attention to growth conditions that may be different in different directions. This
complication is already present in one variable. If we measure the regularity of a
function in terms of the decay of its Fourier transform

1
2mi

f(t) = / f(z)e"tdz,
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it is not hard to see that decay of f on the positive and negative half axes corresponds
to existence of almost holomorphic extensions to the lower and upper half planes,
respectively. The problem, however, becomes much more delicate in several
variables. This is perhaps most clearly seen in connection with the edge of the
wedge theorem. This theorem says that if f has a holomorphic extension for
y = Im z belonging to certain cones with vertices at the origin in ¢R", then f also
has an (in general different) extension to the convex hull of the union of these cones.
Similar phenomena occur even if we consider only almost holomorphic extensions,
and one can therefore expect to get a one-to-one correspondence between rates of
decay of f and the size of F only if the growth scales satisfy certain convexity
conditions. Assuming such convexity conditions, in Section 4 we obtain quite
precise results in that direction. The main work behind these results is done in
Section 3, where we introduce a Legendre type transform that relates the decay
of f and F. We also use the corresponding results in one dimension, which we
review and formulate as precisely as we have been able to in Section 2.

A related, and more difficult, question is to find the optimal almost holomorphic
extensions — if they exist. By this, we mean that, given an extension of f that
satisfies

|OF (z + iy)| < e™9W)

for a certain function g, find the largest function § > g for which there exists an
extension whose 3 is controlled by e~9. The edge of the wedge theorem treats the
case when g equals infinity in certain cones, and § is then the function that equals
infinity in the convex hull of these cones. In general, we have not been able to
determine §, and we do not even know if an optimal choice exists; but we give a
partial result in Theorem 4.3.

Almost holomorphic extensions are also related to Beurling’s generalized theory
of distributions, the so-called ultradistributions, cf. [3] and [4]. Beurling’s idea was
to construct more general distributions by using a smaller class of test functions. He
showed that one obtains such ultradistributions as limits of holomorphic functions
in the upper or lower halfplanes and determined the optimal growth conditions on
the holomorphic functions which ensure that the limits exist in the ultradistribution
sense. Although the original discussion is phrased differently, one can define the
limit ultradistribution of a holomorphic function h defined in the complement of R
by

R*f= —/5FAhdz

if f is a compactly supported test function and ¥ an almost holomorphic extension.
Alternately, we can think of the ultradistribution h* as 8(hdz). The difference
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between these two viewpoints of an ultradistribution — boundary value of a holo-
morphic function versus 8 of an (n,n — 1)-form — is more decisive in several
variables. A secondary purpose of this paper is to generalize two key results of
Beurling [4] to the second interpretation. In particular, we determine which growth

conditions
/|w|e~g(y) < 00

on an (n,n — 1)-form outside of R® allow a definition of dw across R® which is
both local and continuous with respect to this weighted L'-norm (cf. Theorems

4.8 and 4.9).
We thank the referee for many helpful comments on the manuscript.

2 Functions of one variable

In this section, we review the one-variable theory; the results here are due
principally to Dynkin, [7] and [8], and Beurling [3]. We consider functions f
defined on the entire real line and ask for conditions in terms of the regularity of
f which imply that f has an extension F to C with 8F (z + iy) tending rapidly to
zero as y tends to zero. For an integrable function f on R, we define its Fourier

transform as o

=5 [ e

The regularity of f will be measured in terms of the decay of its Fourier
transform. Let A € C(R) be nonnegative, concave and increasing on R*, and
concave and decreasing on R~. We also assume that lim;4 o, h{t) = co. We let H
denote the class of such weight functions. We are concerned with functions f on
R such that f is majorized in some way by e~*. Let

An={f € C(R) : /|f|eh<oo}.

From the concavity of h, it follows that h is subadditive, and this in turn implies
that A, is closed under multiplication, since

[(Faerar< [ 1t - lacepietOaeas
= [ [1olaelereoaas < [ 170 [ jaieroas.

Along with A;, we also consider the class of functions whose Fourier transforms
are uniformly bounded by e~*,

Ap = {f €CR) : sup |fle* < oo}.
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The size of OF, where F is an extension of f to C, is measured with another class
of weight functions. Let g be a nonnegatfve function on R \ {0} which is convex,
decreasing on R*, increasing on R, and satisfies limy+¢ g(y) = oo. Let G denote
the class of such functions. Define

B, ={f € C(R) : 3F € C(C) such that F = f on R
and sup|8F (z + iy)|e9 ¥ < oo}.

The two classes of weight functions H and G are related via a variant of the
Legendre transform introduced by Beurling [3].

Definition 1. Let & be nonnegative and increasing on R and decreasing on
R~. Then

W(y) = sup (h(t) —ty).
{t: yt>0}

Let g be nonnegative and decreasing on Rt and increasing on R~. Then

b .
g(t)= {y:‘,‘,‘,ﬂo}(g(y) + ty).

Thus the values of h*(y) for y > 0 only depend on the values of k(¢) for ¢ > 0.
Note also that h*(y) > h(1/y) — 1, so that lim,_, 4.0 h¥(y) = 00 if limy—, 4 o0 A(t) = oo.
Similarly, one can verify that lim,_, 1+, ¢°(t) = o0 if lim, 10 g(y) = cc. Note also
that k! is always convex on each semi-axis, and ¢° is always concave on each
semi-axis.

If y is fixed and g = h¥, the function ¢ — g(y) + ty is the smallest affine function
with slope y that majorizes h. Taking the infimum over all y, we therefore get
the smallest concave majorant of h. We have therefore proved half of the next
proposition; the remaining part can be obtained in a similar way.

Proposition 2.1. On each semi-axis h* is the smallest concave majorant of
h, and g"* is the largest convex minorant of g. In particular, if h € H, then h = h¥
and if g € G, then g = g™.

The next result on almost holomorphic extensions is a somewhat more precise
version of a theorem of Dynkin [8].

Theorem 2.2. Leth € H and f € C(R). Then f can be extended to a function
F in C(C) such that

oo [ o]
sup / (OF (2 + iy)/07le Wy < / F®)le"dt,
[e o]

z J~00 —



ALMOST HOLOMORPHIC EXTENSIONS 341

and, if h is of class C?,

sup |OF (z + iy)/0z|e?(¥) < 1 sup
c 2 r

where g = h*.

Proof. We construct the extension for Imz < 0, the case of Imz > 0 being
similar. We also assume h to be smooth for ¢ # 0 and strictly concave; the general
case then follows if we approximate h from below by such functions. Then ¢ = A’
is a decreasing map from R* to (a subset of) R*. Let ¢ be the inverse of ¢. Since

g(y) = sup(h(t) - ty)
t>0

for y > 0, and since the supremum is attained at a point where the derivative
vanishes, we have

9(e(t)) = h(t) — to(t).
Fory > 0, let

Q.1 F(z —iy) = / et==W) f(t)dt;
#(t)>y

the integration is thus performed from —oo to the positive number ¥ (y) = ¢~ (y).
Since g > 0, the integrand satisfies, if t > 0,

leu(x—iu)f(t)| = etV hO| f(¢t) |
< et O-RO|f(1)| O = e=9(9)| fleh < |fleh.

The same conclusion clearly holds also for negative values of ¢, so by Lebesgue’s
theorem and the Fourier inversion formula, £ is indeed a continuous extension of
f. Next, since the integrand in (2.1) is holomorphic in z = z — iy, we have

|0F (z — 1y)/0z| < (1/2)|¢'(y)le‘”"”(‘)If(t)le"“)L:m),

and hence A
OF (z — i) /0215 < (1/2)[¥' @IIF (B)le"®)|

(recall that h(t) — ty = g(y) if t = ¥(y)). Since

t=y(y)

)= = L
YW=5m T e

if t = v(y), it follows that

sup |F (z + iy)/8z|e%~¥) < (1/2) sup|fle*/|h"|.
y<0
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For the L!-norms, we get
o0 . 1 ;)0 - x© A
| 10r@-iyesieway <5 [Tifier| @iy s [ Iflet
0 2 Jy t=y(y) 0

This proves the theorem. 0

Theorem 2.2 has a simple partial converse stating that if a function has an
extension with F small near the z-axis, then f must decrease rapidly as ¢ tends to
infinity.

Theorem 2.3. Let f € C*(R) and suppose that there is a C' -extension F to C
such that

|F|dzdy + / |OF (z + iy)|e’ ¥ dzdy < C.
lyf<1 lyl<1
Then
(2.2) Flet < (1+0(1)) <
- 2r

when |t| = oo, where h = gb.
Proof. We prove (2.2) for ¢ > 0. Let x(y) be a cutoff function such that
x(y) = 1for -1/2 <y <0and x(y) = 0 fory < —1. Then
iy — L —ite _L/~ 5 5.\ o—itz
$0 = 55 [ fe et = o [ (0P + Fox)e na

<0

by Stokes’ theorem. Hence

1F@) < 2£e-t/2+ 1 / |5F|es- Ve (s(-01+(-0)1)
Ll —-1<y<0

2

< Ee"/2 + e'h(t)i/ |OF|e3~¥) dzdy.
27 2m J_1<y<o
This proves the theorem, since A(t) = o(|t|). O

Theorem 2.3 is not a complete converse to Theorem 2.2 since we require
integrability of OF in the z-direction as well. However, if F satisfies only

x

sup/ |OF|e9"¥dy < oo,

lyl<1

we may replace f by fia(z) = e~>e’ f(z) for A > 0. Then each f) satisfies the
hypothesis of Theorem 2.3; thus we get pointwise control of f * e5, where

_ 1 —t2/A
€\ = /\\/7_re
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is an approximate identity as A — 0.

Observe also that no condition of convexity of g is needed in Theorem 2.3.
However,

h=g = (" = ("

since ¢” is concave. Therefore, the estimate obtained in Theorem 2.3 is the same
as what would be obtained if g is replaced by its largest convex minorant g**, so
we could just as well have assumed from the start that ¢ was convex (on each
semi-axis).

The situation is different in Theorem 2.2; there the assumption that h be con-
cave is indispensable. In fact, if the statement of Theorem 2.2 holds for some
(nonconcave) h, then we get from Theorem 2.3 that, in general terms,

fle* < implies |f|e*” < C,

which can only hold if k differs from its smallest concave majorant A* by an
additive constant. In other words, if the statement of Theorem 2.2 holds, then h is
uniformly close to a concave function.

In the applications later on, we will have use for an extension F of f with
the desired decay of |0F| which, in addition, has compact support if f has. This
is not automatic from our construction, but it does hold under a small additional
assumption on g. To prove this we first need a technical result.

Proposition 2.4. Assume that g € G satisfies the extra condition that g is C?
outside the origin and that

.3) g'/g—> 0 asy—0.

Let I and J be intervals such that I CC J C R, and suppose that f € C(J) has a
continuous extension F to J x (0, €] such that

|OF|es®) < 1.
If furthermore f = 0 in some neighbourhood of I, then
|F(z+iy)|e*® <C, zel, ye [0, ¢€].
In fact, we even have that |F|e? - 0 wheny — 0.

The proof of Proposition 2.4 is based on the following maximum principle for
almost holomorphic functions.



344 M. ANDERSSON AND B. BERNDTSSON

Proposition 2.5. Let F be a C' -function in a smoothly bounded domain ) in
C, and let p € C(Q) be subharmonic in Q). Then

24) sup |Fle? < c(sup |F|e? + sup |0F|e¥),
Q o9 Q

where ¢ depends only on the domain ). Moreover, if K is a compact subset of 9}
such that F vanishes on a neighbourhood of K in 99, then |F(z)|e?*) tends to 0
when z tends to K.

Proof. The proof (cf. [2]) is based on a calculation of A|F|?e?%. Let

9 =e 2 262«’

0z

be the negative of the formal adjoint of 2 in L2(e2¢), so that

/ —ve2"’ = —/ udve??
Q

if u or v vanishes on 9. A calculation, shows that

oF
0z

> 2Re (02—) Fe®?,

_ 2
A|F[?€* = 2Re (9 )Fez“’ + |%§[ €2 + [9F[2€® + 2(Ap)|F|2e?

since ¢ is subharmonic. Let G < 0 be the Green function for 2 with pole at a € {2,
and let Pg denote the Poisson integral of a function g on Q2. Then

|[F(a)?e*(® = P[|F|%**](a) + /GA|F|262V’
SsuplFlzeQ“’+2Re/Gz9 6—{?)13’62“’
80
aG OF
— F 2.2 _ 2 / 2¢
S;g’l e Re 0z azF G‘ )
< sup|F|*e** + 2sup |Fle¥ / - e
< sip|Fle™ + 2sup|Fle Qlaz S};p‘az’e

+2sgp’%—§|2e2‘p/a—G.

Since [, G and [, [0G/dz| are uniformly bounded for a € Q, we may take the
supremum over all a € 2. Letting

B =sup|Fle* and C =sup |6—€1|e“’,
0 Q az
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we then get
B? <sup|F|%e** + BC + C?,
aQ
from which we conclude that
B? < sup |F|%e*? + C?.
a0
This concludes the proof of (2.4). To see the last statement, we use the inequality
0 .y G oF
2 _2p(a) < 2, 2¢ @ -~ i___ 4
|F(a)|e < P[|F)e ](a)+2sgp|F|e /Qlaz \sgp 57 Ie
F2 .
+ 2sup(-6—_—l ez“"/ ~G.
o |02 Q
Since we now know that | F|?e% and |0F|%e?¥ are uniformly bounded, we get
|F(a)]2e*#(® < P|F|*e*](a) + A / ]%g\ +1G.
Q

Since [, G and [, |0G/0z| tend to 0 as a approaches the boundary of §2, the theorem
follows. O

With the aid of Proposition 2.5, we can now give the

Proof of Proposition 2.4. Let y be a cutoff function, 0 < x € C(R), such
that y = 1 on I and with support in the neighbourhood of I where f vanishes. We
may also assume that y is convex where x < 1/2. Let ¢(z + iy) = x(z)g(y). Since
Ay = x"g + xg", it follows from the assumption (2.3) that ¢ is subharmonic for
0 < y < e if € is sufficiently small. Let now R be a rectangle

R=((I-8)U(I+6) x (0,6,

where § > 0 is chosen so that f = 0 on (/ -d)U (I +4), and x = 0 on
R\ (( -8)u(I+4)), and let 2 be a smoothly bounded domain obtained by rounding
off the corners slightly. We apply Proposition 2.5 with ¢ = ¢y = ¥(- + iA) for
small A. Since ¢, < ¥ < g, it follows that

[8F e <1

in . Moreover,
sup|fle¥* < C,
80

where C is a constant depending on ¢ and on supyq |F|. By Proposition 2.5,
|Fle¥* < C; and letting A — 0, we get that |Fle? < C in I x (0, ¢). O
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It follows easily that we can control the support of the function F that
extends f.

Theorem 2.6. Assume that g € G satisfies the extra condition that g is C?
outside the origin and that (2.3) holds. Let U and V be open sets, U CCV C R
Suppose that f has compact support in U and that f has an extension F to C such
that

|OF|e? < 1.
Then there is an extension F of f with support in V x (—¢, €) such that
|6F|es < C.
Clearly the condition (2.3) is fulfilled in all reasonable cases.

Proof. Let FF = xF, where x = x(z) is a cutoff function with compact support
in V which equals 1 on U. Then

dF = Fdx + xdF,
so by Proposition 2.4 we have that |5F|e? < C as claimed. O

Beurling’s idea was to use the functions with rapidly decreasing Fourier trans-
forms as test functions for a generalized theory of distributions. It then becomes
necessary to determine which growth conditions can be satisfied by functions with
compact support. The answer is contained in the following theorem, which is
essentially taken from [3]; a proof is given in [1].

Theorem 2.7. Let h € H. There exists a nontrivial function with compact
support satisfying |fle? < C if and only if

< h(t)dt
2.5) /_ool+t2<oo

Ifthis condition is satisfied, then there are nonnegative compactly supported func-
tions xn With |Xnle® < Cn such that x, = 8¢ in the sense of distributions.

One can also express the integrability condition (2.5) in terms of g = h¥; see
[3] for a proof.

Proposition 2.8. Let h € H and put g = h*. Then

/°° h(t)dt <
o 1+4£2 >

if and only if

1
2.6) / log g(y)dy < oc.
-1
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Beurling expressed the generalized distributions, ultradistributions, dual to the
class A as differences of boundary values of functions holomorphic in the upper
and lower half planes. Equivalently, one may define the ultradistributions as 8 of
holomorphic forms defined outside the real line. This point of view fits better with
the generalization to higher dimensions that we have in mind.

Let Q be a domain in C which intersects R, and let w be a holomorphic (1, 0)-
form in Q2 \ R satisfying an estimate of the form

2.7 / |wle™¥ < oo.
Q

We want to define dw as an ultradistribution on Q N R. This definition should have
the property that dw = 0 if and only if w extends holomorphically to Q; moreover,
we require the § operator to be continuous in the sense that if

wpe ¥ -0

in L} (), then dwy,.f — 0 for each test function in the class.

We shall see that this is possible precisely when the weight g satisfies (2.6).
First we prove that w has no definition satisfying the above requirements if (2.6)
is not fulfilled. This is a consequence of the next theorem, which is given (with a
different proof) in [4]

Theorem 2.9. Suppose that g does not satisfy (2.6) (and that (2.3) holds).
Then for any holomorphic 1-form w in  \ R such that |wle=9 € L}, () and any
K ccC Q, we can find polynomials p,(z) such that

/ |w — prdzle™? — 0.
K

Proof. Fora given compact set K C (2 we have to show that w is in the closure
in L'(K,e™9) of the (restrictions to K of) polynomials. By the Hahn-Banach
theorem, it is therefore enough to prove that if a is a (0, 1)-form on K such that
jale? is bounded and

(2.8) /a/\pdz=0
K

for all polynomials p, then [a Aw = 0. But (2.8) implies that a = JF, where
F is continuous in C and identically zero in the unbounded component of C \ K.
Hence the restriction f of F to the real axis has compact support. Since |0F|e?
is bounded, it follows from Theorem 2.3 that |f|e® is bounded if h = g". So f is
actually a smooth function, which by Proposition 2.8 and Theorem 2.7 belongs to
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a quasianalytic class. Therefore, f must vanish identically. It now follows from
Proposition 2.4 that |F(z + iy)|es¥) — 0 uniformly as y — 0. Hence Stokes’
theorem gives

lim aAw= / Fuw -0,
€0 J1Im 2|>e Im z{=e¢
so faAw=0. 0O

Theorem 2.9 shows that forms satisfying w = 0 are dense in L} _(ef) if g
does not satisfy (2.6), so 6w has no local definition which is continuous in the
L*(e?)-topology in that case. (One can, however, always give a sense to dw as a
hyperfunction; see [11] for this.)

We next assume that g satisfies condition (2.6) and let w be a holomorphic
(1,0)-form in Q2 satisfying (2.7). Let f be a test function with compact support
which has an extension F such that |0F|e? < 1. We then define

5w.f=/w/\5F,

where the extension F is chosen with support in §2, which is possible by Theorem
2.6. Proposition 2.4 implies that the definition is independent of the choice of F,
and it is also clear from the definition that dw is continuous in L} _(e?). The next
proposition is a variant of the “Corollary to Theorems I and II”” in [4].

Proposition 2.10. Assume g satisfies (2.6) (and (2.3)). Letw be a holomorphic
form in Q\ R satisfying (2.7), and assume that 8w is defined as above. Then fw = 0
if and only if w extends holomorphically across R

Proof. We only have to check that if w = 0, then w extends holomorphically.
Let F be a function with compact support in 2, and suppose [3F|e’ < C. Consider

I:l/wAgF’

m zZ—-a

where a € 2\ R. If we decompose F as F = Fy + F,, where F; is supported in a
small neighbourhood of a and F; vanishes near a, we see that

1 S(sz)

I==- | ——=F .

~ | S22 = Flaw(@
We can then fix zo € 2N R and choose F so that F = 1 near z,. Then I depends
holomorphically on a if a is near z,, and we thus see that w extends holomorphically
across zg. 0
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3 Multivariable Legendre type transforms

We are now going to consider multidimensional analogues to the results in
the previous section. Our first task is to find appropriate generalizations of the
transforms A — hY and g — ¢°. As before, h always denotes a nonnegative
function defined in R™ such that h(0) = 0, and g denotes a function in R \ {0} such
that g(y) = oc when y — 0. If k is any function in R* \ {0} and a € S™71, i.e.,
a € R® and |a| = 1, then set

k*(n) = k(na), n>0,

to be the restriction of k to the ray from 0 determined by a. Let k%! and k°* denote
the functions (k°)! and (k°), respectively, i.e.,

k*(n) = sup(k®(s) —sn) and k*(s) = inf (k®(n) +ns),
§>0 n>0

and extend the definition to all of R by setting h%¥(n) = oo for < 0 and
g*(s) = —oo for s < 0.

Remark 1. This just means that g**(s) = —Lg®(—s) if g°(n) is defined as oo
for < 0 and L is the usual Legendre transform; similarly, k% (n) = —Lh%(-n) if
h® = —oo for negative 1. a

Definition 2. If k and g are nonnegative functions in R \ {0}, then

¢(t)= sup g®(a-t) and hP(y)= inf h%¥(a-y).
aESn—1 acsSn-!

One readily verifies that this definition coincides with the previously given one

in the case when n = 1. Note also that g* is always lower semicontinuous and h?

is always upper semicontinuous.

We say that a function & in R \ {0} is convex (concave) on rays if k° is convex
(concave) for all @ € S™~1. We also say that k has convex sub- (super-) level sets
if all sets of the form K4 = {y: g(y) < A} (V4 = {y: g(y) > A}) are convex. We
then have

Proposition 3.1. Suppose that g is nonnegative in R* \ {0} and convex and
decreasing on rays. Then g" is the smallest majorant of g which has convex
superlevel sets. Similarly, if h is increasing and concave on rays, then h¥ is the
largest minorant of h which has convex sublevel sets.
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Proof. We prove the first statement, the proof of the second one being similar.
Since h®!(s) is decreasing, it follows that {s € R; h°#(s) > A} is an interval and
hence {y € R" : h%(a-y) > A} is a halfspace. Therefore,

{yeR : h'(y) > A} = {y € R" : infh*(a-y) 2 A} = [ {y € R* : h*¥(a-y) 2 4}

is convex. Taking h = ¢°, we find that ¢° has convex superlevel sets as claimed.
We next derive a convenient formula for g**, assuming that g is convex on rays.
Let h =g’ Ifa-y >0, then

hot (a-y) =sup (h(f]a) —na- y)
n>0

=sup sup (¢”(nb-a)—na-y) = sup sup(¢*(nb-a)—na-y)

n>0 beSn—1? beSn—1 >0
bb a-y b (G Y
= sup sup (g (n)—n—)= sup g (—)
beSn=1 n>0 b-a/  pesn1 b-a

However, since g® is assumed to be convex, ¢** = g°. Therefore,

ht(a-y) = su bu;
@ v = sw o(b57)
and hence

B (o) — i juill ) W
g*(y) = inf Sl;py(bb ) a) inf sup 9(&)-

Let us abbreviate the last expression
inf £21:113_0.0(5) = §(y)-
We have thus seen that if g is convex on rays, then ¢** = g; and since for any a we
may choose £ = y, it is clear that for any function v, 4 > 7. Now let v be a function
with convex superlevel sets. Then for a given point y, let A = y(y) and let a be the
normal vector of a supporting hyperplane to {z : v(z) > A} through y. Then
f.igr;a'r(ﬁ) = ()
SO
¥y) = 1)
Altogether we see that if g is convex on rays, v has convex superlevel sets, and
g < v, then
F=§<a=7

so the proof is complete. O
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In our later applications, it will be desirable to deal with functions g for which
g’ is concave on rays. This is not automatically fulfilled, since even though each
function ¢ — g**(a - t) has this property, in general the concavity will be destroyed
when we take the supremum over all @ € S™~1. We shall see, however, that if g has
convex superlevel sets then g° will be concave on rays. To this end, we introduce
yet another transform, g°, which always has this property, and prove that g* = ¢°
if g has convex level sets.

Definition 3. Fora € S"~!and n > 0, let

9a(n) = sup g(y),

y-a=n

and define
¢°(sa) = gi(s), aeS™ ! s>0.

Since any function ¢ is concave, it follows that g°(t) is concave on rays.

Proposition 3.2, Assume g is upper semicontinuous and convex on rays. Then
g° > ¢°, and equality holds if g has convex superlevel sets. In particular, ¢° is
concave on rays if g has convex level sets.

In the proof of Proposition 3.2, we use the following lemma, which is a variant
of von Neumann’s minmax theorem.

Lemma 3.3. Let G(n,£) > 0 be upper semicontinuous on R* x RN. Assume
that n » G(n,€) is convex for each fixed £ and that, for fixed 1 > 0, any set
{& G(n,&) > A} is connected. Assume also that G(n,§) tends to oo when 1) tends
to either 0 or oo; that for each i > 0, sup, G(n,t) > G(n) =: limsupy_,,, G(n,1);
and that G(n) is continuous. Then

inf sup G(n, €) = supinf G(7, §).
n ¢ g "
Proof. Extend the domain of definition of G(n, £) to [0, oo} x RN, where RV

is the one-point compactification of RY, by putting it equal to G(n) when £ is the
point at infinity and to infinity when 7 equals 0 or co. Since for any 7,

supG(n, &) > supir,;fG(n,E),
€ €

it follows that
inf sup G(n, £) > supinf G(n, §).
n € £ n
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To obtain the converse inequality, let

A =infsupG(n,§)
mo¢

and let E = {G > A}. Let
Ef={ne0,00]: &) €E} and E,={¢€RN: (n,¢)€ E}.

Then FE satisfies the hypothesis in the geometric-topological Lemma 3.4 below.
Thus E¢° is the full halfline [0, oo] for some &, € RN, and hence inf, G(n,&) > A,
which proves the lemma provided that &, is not co. However, sup, G(1,t) = A for
some 1y # 0,00, and from the last assumption on G it follows that E,  is compact
in RV, and hence & € RV. a

Lemma 3.4. Suppose that E is a closed set in [0, oo} x RN such that each E,
is connected, compact and nonempty in RN and that Eg=Ey = RN, Moreover,
assume that each E* consists of at most two components. Then there exists t such
that E* is the whole interval [0, 00].

Proof. Consider a fixed E,,. Each point (1, t) in this set belongs either to
the left component or the right component of Et. (If it belongs to both, we are
done of course.) We call such a point a left point or a right point, respectively. We
claim that there is an 5o such that E,, contains both left points and right points. In
fact, if all points of E,, are left points for < n, then E,, contains left points as
well by compactness. Hence if 1 is the supremum of all 7 such that E,, only has
left points, and 7, is the infimum of all  such that E, only has right points, then
1o = 1, since otherwise E,, would be empty for 7o < 17 < ;.

Now consider E,, with left points as well as right points. It is easy to see
that both the set of left points and the set of right points are closed. Since E,, is
connected, they must have a common point. This concludes the proof. O

Proof of Proposition 3.2. We have to prove that g° > g’ and that equality

holds if g has convex level sets. We verify the statement at a fixed point, which
with no loss of generality we may take to be t = (s,0,...,0) with s > 0. Then

o o ¢ o '
ge°t) = inf sup (9(m, &) +1ns) = '1]!)1{) sup (9(m,m€’) +ns).
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On the other hand, letting a = (a;,a’), we have

&) = sup 9% (a18) = sup inf (g(na) + na;s)
a€S™=1; a;>0 a n>0

. W . 1
sup 71’% (9(najar) +7ns) = sup inf (g(n,na’[a1) + ns)

= sup inf ,n€"Y + ns).
oS0 inf (9(n.n€") + ns)
Since inf sup > supinf, it follows that g° > ¢”. Now assume that g has convex level
sets, and let

G(n,&) = g(n,nE") +ns.

The set of ¢’ such that G(n,£’) > A is the intersection of a superlevel set of g with
a hyperplane, and is therefore convex and hence connected. Since g is convex on
rays, 7 — G(7, ¢') is convex. Lemma 3.3 therefore implies that g° = g*. O

It is clear from the proof that g° = g® as soon as g has the property that all the
sets K4 = {g > A} have connected intersections with all hyperplanes outside the
origin.

The definitions of the transforms g — ¢° and g — g° perhaps become clearer if
we consider a more restricted class of functions. Let g be a function in C*®(R"\ {0})
which has the property that the gradient map

y+— Va(y)

is bijective from R" \ {0} to itself. We then define g*(¢) as the critical value of

vy g(y) +y-t,

i.e., as the value of g(y) + y - t at the unique point y where Vg(y) + t = 0. We then
have

Proposition 3.5. Assume that g € C®(R" \ {0}) and that y — Vg(y) is
bijective in R™ \ {0}.

(i) If g is strictly convex on rays, then g* = ¢".

(if) If g has convex level sets, then g* = ¢°.

This proposition has the amusing corollary that g* has convex level sets if g is
strictly convex on rays (since any function h = ¢° has convex level sets) and that
g* is concave on rays if g has convex level sets.

Lemma 3.6. Let G(1,§) be a smooth function in R} x R*. Assume that either
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(i) foreachn, the set
My ={£: G(n,¢) = Sl;pG(n,E)}

only consists of one single point, or
(i) n = 1and for eachn, M, is connected.
Then, if the min-max inf, sup; G(n, §) is attained at some point, it is also attained

at some critical point.

Proof. Assume that inf, sup; G(n,£) = G(0,0) and furthermore that (i) holds.
We must prove that (8G/8n)(0,0) = 0. If this is not the case, then (possibly after
a linear change of variables) we may assume that (6G/dm,)(0,£) > 0 forall {ina
compact neighbourhood E of 0. Then G(—¢,0,...,£) < G(0,€) for all sufficiently
small € and £ € E. By assumption, there is £{¢} such that G(—e,0,...,0,&(¢)) >
G(0,0). Since £(¢) lies outside of F, when ¢ — 0, we get a point & # 0 with

G(0,%) > G(0,0) = supG(0, ).
¢

This contradicts our assumption that M, consists of only one point.

Next, assume that (ii) holds, so that M, is connected. Then if (3G/81)(0,€) # 0
for all £ € M), it must be either strictly negative or strictly positive on My. The
proof is then concluded as in the case (i). [

Remark 2. Probably the lemma holds if we assume that any M,, has a neigh-
bourhood basis {U} such that IT; (U) are trivial for & < n — 1. That this assumption
is necessary can be seen from the example

G, &) = f(I¢l) + & - n,

where f(|¢]) = |¢|?e~1¢I". Then inf, sup; G(n,€) is attained when 5 = 0 and |¢| # 0,
but 8G/8n = &, so no such point is critical. In this example, M is a sphere S™~!
and thus 11,,_; (Mp) is not trivial. 0

We can now prove Proposition 3.5. Let t # 0 be a point in R?, which without
loss of generality we can take to be t = (¢;,0,...,0). By definition,

g°(t) = igf sup(g(n,y') + nty).
yl

If g has convex superlevel sets the sup,, is attained in a connected set; so Lemma 3.6
implies that g°(t) is a critical value of g(y) + y - t. Therefore, g° = g*; so we have
proved the second part of Proposition 3.5. The first part is proved in a similar way
from the definition of ¢°.
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4 Almost holomorphic extensions from R”

We are now ready to give the analog of Theorem 2.2 in higher dimensions. For
zeC letz=x+iy.

Theorem 4.1. Let I be a weight function that is concave on rays, and let
g = h¥. Suppose that f is a tempered distribution on R* such that

1 ()|e"Pdt < oo.
RV\

Then f can be extended to a function F satisfying

@.1) sup / |0F (z + iy)|e? ") < 1/2 / |f(8)leOat,
z Jy<1
and, if h is of class C?,
— R gk .
4.2) sup |0F (2)]e? "% < 1/2 supz 1f(t)|eh(t)—§:’|lt%t£'
[139)

Proof. Write
flz)= [ f(t)e*tdt = fo(a - z)dS(a),
(z) / (t)e /lal 1 (a-z)dS(a)

where

fals) = /0~°° f(ra)ei”r”_ldr.

Then f,(r) is f(ra)r™~! forr > 0 and 0 for r < 0.
By Theorem 2.2, we can extend each function f, to a function F,({) in C such
that (with { = £ + in)

sup/' (€ + in) et - "da;<1/2/ | fale”®

If
F(z) = Fy(a-2)dS(a),

then
|6F|</’ (a-z+ia-y 'dS

Since g = inf, ho*, we have for any z € R that
/ |OF(z + iy)|es ¥ dy < / dS(a /
lyl<1 lal=1 lyl<1 3(

/lan 1 /lf“le /lfle"‘t)dt.

This proves (4.1), and (4.2) follows in the same way. O

h(va)
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Just as in one variable, Theorem 4.1 has a partial converse.

Theorem 4.2. Let g be a weight function and let h = g'. Assume that
f € C(R™) can be continuously extended to a function F such that

sup | |y-OF(x +iy)|e?Y + F(z + iy)dz < co.
y Jre
Then
|f@®)e"® < C.

Proof. Again, this is reduced to the one-dimensional case. Let x(y;) be a
cut-off function which equals 1 for —1/2 < y; < 0 and vanishes for y; < —1. Then

f@ =/f(:z;)e'“'”"dz=/ 0%(zl,x’)e‘“"“‘”‘dzdyl
n<

= / X%(m,x')e““'”“y‘dxdyl + / g—;Fe‘“'”"”‘dxdyl.

Hence

1F(t)] < supe=9(-¥Hhn 4 Ce=t/2 < Ce=9 (at)
Hn

ifa = (1,0,...,0). Similarly,
f(t)] < Cemo™ (@b
for any a € S™!; taking supremum over all a, we get

1f(®)] < Ce™™®),

Note that in Theorem 4.2 we need only a good bound on the “normal com-
ponent” y - OF of OF for some extension F in order to get a good decrease of
the Fourier transform. On the other hand, Theorem 4.1 says that if f is rapidly
decreasing, one gets the existence of a (possibly different) extension F where all
of OF is small.

If g is both convex on rays and has convex superlevel sets, then by Proposition
3.1, the weight functions g and s in Theorem 4.2 are dual in the sense that g = hf and
h = g°. Moreover, in this case it follows from Proposition 3.2 that k is concave on
rays, so Theorem 4.1 applies; and then Theorems 4.1 and 4.2 are almost converses
of each other.

Now assume that f has an extension such that |§F| < e~9(~%), It then follows
that f is controlled by e, where h = g*. However, in case we do not assume that
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g has convex superlevel sets, h = g® will not in general be concave on rays, so we
cannot conclude that f has an extension F with |3F| < e=¢"'(-¥), Such a statement
would be an optimal smooth form of the edge of the wedge theorem, but we have
been unable to decide whether it holds. We give a weaker substitute for such an
extension which is sufficient to obtain a smooth form of the edge of the wedge
theorem.

Consider two truncated cones C; and C; in RY, and let ¢ be oo in C; U C; and
0 in the complement. Since g” > g and g" has convex superlevel sets, it follows
that ¢"* = oo in the convex hull C of C; U C;; and the fact that f has an extension
with 6F = 0 in R? x C follows from the edge of the wedge theorem.

Theorem 4.3. Assume that f € C(R") has extensions Fy and F; satisfying
[ 18Es o + i)t + Fya + gz < 1,

where each g; is convex on rays and has convex superlevel sets. Then there is a
function g, convex on rays and with convex superlevel sets, such that g > max g;,
and such that f has an extension F with

|5F| < e“%y(—-Zy)‘
Proof. By Theorem 4.2, |f(t)| < e~"® if h; = g}. Hence
17 ()] < e~ (h®Fha(8)/2,

Since h = (hy + h3)/2 is concave on rays, Theorem 4.1 implies that f has an
extension with |9F| < e~*'(=¥). One easily verifies that

R(Y) = 2o2y) 9= (2h) = (g} +gb)"
Finally, it is clear that g > g;’.” = g; and that g has convex superlevel sets. a
Next we turn to the generalization of Proposition 2.4.
Theorem 4.4. Let g(y) be a weight function which is convex on rays and

satisfies the regularity assumption

) &
4.3) lim ) myjyk/lylzg(y) = o0.
2

y—0

Let U be a domain in R® and let F be a C'-function in a neighbourhoodV of U in
C" such that f = 0 in U. Assume that

ly-8F|/ly| < e9W).

Then |F(x + iy)|e? tends to 0 as y tends to O for x in any compact set K CC U.
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Proof. ForzgeUanda € S™1, letv
Fr,0(C) = F(xo + Ca)
for ¢ close to 0 in C. Then F,, ,({) = 0 when ( is real, and
10¢ Fao.a(Q)] < 7971,

By Proposition 2.4, |F;, .(¢)|e?” ™™ <) tends to 0 as Im ¢ tends to O, and the result
follows. a

We now discuss when there are functions with compact support satisfying our
assumption on rapid decay of the Fourier transform. Our first result is essentially
due to Beurling [3]; again it follows by a reduction to the one variable case. For a
proof, see [4].

Theorem 4.5. Let h be a nonnegative subadditive function on R*. Then the
Jollowing conditions are equivalent.
(i) There is a nontrivial function with compact support such that

/ |£ ()" dt < oo.

(i) Forallae S,

/ h®(s)ds < oo
1

82

(iii) There is a nontrivial function with compact support such that
If(®)le"® < C.

(iv) There is a sequence of functions x;, satisfving

/ [%e(8)[e*Pdt < 00
such that xy tends to a Dirac measure at the origin in the sense of distributions.
This theorem applies in particular in our setting because of the following result.

Proposition 4.6. Suppose h is nonnegative, concave on rays and has convex
sublevel sets. Then h is subadditive.

Proof. Since h has convex sublevel sets, we have for0 < A < 1

R(t + 1) = h(At/A + (1 — Nu/(1 — A)) < max(h(t/A), h(u/(1 - X))).
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Since A is concave on rays, it follows that i(st) < sh{t) forany s > 1, so
h{t +u) < max((1/M)A(t),1/(1 — A)h(u)).
Taking A = A(t)/(h(t) + h(u)), we find that
h(t + u) < h(t) + h(w).

The proof is complete. a

Later on, we shall have use for the translation of Theorem 4.5 to conditions in
terms of extensions with small 8.

Theorem 4.7. Let g be a weight function which is convex on rays and has
convex superlevel sets. Then there is a nontrivial function f in C*°(R™) with
compact support which can be extended to a function F in C* satisfying

4.4) |OF (z + iy)| < e79CV)
if and only if
1
4.5) / log g.{(s)ds <
0

for all a € S*~1. In this case, there is also a sequence of functions satisfying
(4.4) whose restrictions to R" tend to a Dirac measure at the origin in the sense of

distributions.

Proof. Suppose that f has compact support and can be extended to a function
F which satisfies (4.4). By Theorem 4.4, we may assume that F' has compact
support. By Theorem 4.2, |f|e* < C, so by Theorem 4.5,

/°° h*(s)ds
0 < o0
1 s

for all @ € S™~!. By Proposition 3.2, h* = g’; the integrability of log g then
follows from Proposition 2.8. By Theorem 4.1, this argument is reversible. a

We henceforth refer to condition (4.5) as the nonquasianalyticity condition. If
it is fulfilled, then just as in Section 2, we can find functions with arbitrarily small
support satisfying condition (4.5); and this class of functions will be dense in D.

Our final objective in this section is the generalization of Theorems 2.9 and
2.10. We consider d-closed forms of bidegree (n,n — 1) defined in Q \ R*, where
Q is a domain in C*. If such a form w has polynomial growth near R", it defines
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a current across R"; and dw is then a distribution on 2 N R*. We shall now see
that dw can be defined in a similar way, provided a more liberal growth condition
|w| < e9(¥), where g satisfies the nonquasianalyticity condition (4.5). First we
state the generalization of Theorem 2.9, which says that a local and continuous
definition of dw is not possible if the growth condition is not nonquasianalytic.

Theorem 4.8. Let 2 C C* be a convex domain intersecting R", and let w be
a 8-closed (n,n — 1)-form in Q\ R". Let g be a weight function which is convex on
rays, has convex superlevel sets, and does not satisfy (4.5). Suppose that

/|w|eg("y) < oo

(and that g satisfies the technical condition (4.3)). Let K CC Q. Then there are
smooth forms v in ) of bidegree (n,n — 2) such that

/ |w — Bugle= 9% 0.
K
Proof. Let a be a (0, 1)-form with support in K such that

4.6) /a Adv=0
for all smooth (n,n — 2)-forms in Q2 and
|a|ey(—y) <C.

We need to prove that [ aAw = 0. However, (4.6) implies that Ha = 0; therefore, we
can solve OF = a with a compactly supported F. Then F is a continuous function,
and Theorem 4.7 implies that F = 0 in R*. By Theorem 4.4, |F| < Ces(~%) on K.
Hence

/a/\w:lim OF Aw = lim FAw=0. O
¢—0 ly|>e e—0 |y'=€

Let us now consider weight functions g which satisfy the non quasianalytic
growth condition (4.5). We shall see that if w is a 8-closed (n,n — 1)-formin Q\ R"
such that

@7 / wle=9 < oo,
Q\R"

then we can define w across R™ in such a way that 8w = 0 if and only if w is exact.
To simplify, we shall no longer pay attention to the exact growth of w, but instead
consider at the same time all forms w that satisfy (4.7) for some g such that (4.5)
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holds. We may then as well suppose that g(y) is radial, since if g satisfies (4.5)
then

g(y) = sup g(£)
11>yl

will also satisfy (4.5). (To see this, notice first that (4.5) holds for all a if it holds
for a set of a whose convex hull contains 0.)
Now introduce the space

By = {f € C°(R") : there exists F € C°(C") with F = f on R"
and |GF|e?"¥) < C}.

For w satisfying (4.7), define the action of w on a function f in B, by
Bu.f = —/5F/\w.

Note that if g; > g and F € C°(C") with |§F| < e~9(~%, we can approximate F
by F. = xi * F, where xi is an approximate of unity in By, (cf. Theorem 4.7).

Then Fy € B,, and
/éFk Aw—>/5F/\w,

o(z) = /5F(- +z)Aw

since

is continuous by Lebesgue’s theorem. Hence dw is uniquely defined by its action
on any By, ; and, by Theorem 4.4, w. f does not depend on the extension F' chosen.

Theorem 4.9. Let S be a convex domain in C* which intersects R™ (n > 1).
Let w be a d-closed (n,n — 1)-form in Q \ R® such that

/|w|e_g('y) < 0o

for some weight function g satisfying the nonquasianalyticity condition (4.5) (and
condition (4.3)). Then the following are equivalent.
(i) Ow = 0across R™.

(ii) Forany Q' CC Q, there is an (n,n — 2)-form u in Q' \ R* such that du = w

and
/Me—y’(—y) < 00

for some weight function g’ that satisfies the nonquasianalyticity condition (4.5).
(iii) Forany Q¥ CC Q, there is an (n,n — 2)-form u in Q' \ R* such that u = w.
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Proof. It is clear that (ii) implies (i), since

if |0F|e~9 is bounded for some weight function g which tends sufficiently rapidly
to infinity.

To prove that (i) implies (i1} we shall use Cauchy-Fantappie kernels. Let
S(¢,2) = (S1,...,Sn) be defined in 2, x ¢ and satisfy

Re (S,( - 2) > d]¢ — 2/,
and let

§ = ZS]d(CJ - Zj).
1

Let K be the Cauchy—Fantappie kernel

1 sA (Oc,.8)" 1
i O Ty L

and let K, be the component of K of bidegree (n,¢) in z and (0,n — 1 — q) in (.
Then K satisfies
SCKQ + 52Kq_1 =0

for z # ¢; and if u is a g-form with compact support in 2, Koppelman’s formula
ue) = [0uQ) AKo2,0 + 8. [ Q) A Kona(2,0)

holds. We shall define S so that S is holomorphic in ¢ for |[Im¢| < |Imz|/2.
In particular, this means that if z is outside of B", all the coefficients of K are
holomorphic functions of ¢ near R” and hence belong to B, for any choice of g.
Assume for the moment that § is chosen in this way, and assume that dw = 0 across
R™. Let F be a function with compact support in §2, such that

lgpieé(—y) <C,

where § > g and satisfies the nonquasianalyticity condition. We claim that, for z
outside of R*,

Fuw(z)= /5FAwAKn_1(z,() +5Z/Fw(C) ANKy, 9(2,()

=:w + du.
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Indeed, this follows from Koppelman’s formula if the support of F does not
intersect R™, since w is closed there. On the other hand, if the support of F does
not contain z, the formula follows since by assumption dw = 0 across R, so

/E(FKn_l) Aw=0.

Our claim then follows in general from a decomposition of F, just as in the proof
of Proposition 2.10.

Now choose F equal to 1 on ' and have compact support in 1. Observe
that the kernel K,,_. vanishes for [Im(| < |Im z|/2, since S is holomorphic with
respect to ¢ there. Taking ¢'(y) equal to g(y/2) plus a term of logarithmic growth to
compensate for the growth of the kernel near R™, we see that u satisfies the desired
estimate

On the other hand, w; is a bounded form if g is chosen properly and satisfies
Ouw) = 0 across R*. Since w; is bounded, this just means that w, is closed in the
sense of currents; and it is then well-known that we can solve dv = w; with v

bounded.
Thus all that remains is the construction of S. For this, let
SO = (C - 2)’
and let
S' = (- 2).

Thenifz =z + iy and ( = £+ in,
Re (8% (-2) = (£-2)* +y* -0 2 8¢ - 2
if |Im z| > 2)Im ¢}, and S? satisfies the same inequality everywhere. Let
S=x8"+(1-x)S,

with x = x(JIm z|/|{Im (|} a suitable cut-off function. This completes the proof that
(i) implies (ii).

Finally, we show that (iii) implies (ii), for which we again use the Cauchy—
Fantappié€ kernel . Choose our cut-off function F'to be equal to 1 in a neighbourhood
of ' and to have compact support in 2. This time we choose the function y in
the definition of S so that S = S if z lies in (', ¢ lies in the support of F
and 7 is small enough. One verifies that this can be done in such a way that
Re (S,{ — z) > 8|z — (|2 . Now suppose that w = Ju in O \ R*. We claim that if z
is outside R", then

Fu(@) = [ Kna(e0) AOFU)Q) +B: [ Knsla,0) A Ful0)
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(The last term should be interpreted as 0 if n = 2.) Indeed, this follows from
Koppelman’s formula applied to F Fu, where F; vanishes near R" and equals 1
for [Im {| > |Im 2|/2, if we observe that K,,_, vanishes where F; is not equal to 1.
Taking 3 of this equation and restricting to §¥', we find that w = du/, where ' is
given by

u'(z) = /K,,_z(z, OABF Au+ / Kn_2(2,0) A Fw.

By construction, the first term involves only the values of u at a fixed distance to
R" and so is bounded for z in '. The second term is handled just as in the previous
proof. O

Corollary 4.10. Let g(y) = g(ly|) and let E be the space of exact forms in
Q\R". Then E is closed in L}, (e~9) if and only if

/log g(t)dt < oo.
0

Proof. From Theorem 4.8, it follows that E is dense, and hence not closed, in
the space of all forms in L},.(e~9) that are closed in 2 \ R" if log ¢ is not integrable.
On the other hand, if log g is integrable, Theorem 4.9 says that w lies in E if and
only if dw = 0 across R"; and this is clearly a closed condition. a
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