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Abstract

In this paper, an effcient combination of the diverse theoretical approaches, such like the Einstein

gravitational waves, the Lifshitz cosmological perturbation theory, the Veltman perturbative quantum gravity, and
the Maxwell electrodynamics, leads to an essentially new discussion of either massless and massive gravitons. The
new force law of gravitation is established. The case of the Planckian particle is considered in the context of the

Markov hypothesis.
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1. Introduction

Existence of gravitational radiation is one of the
proposals due to General Relativity, for the first time
considered through Albert Einstein about one hundred
years ago [1,2]. Let us present the core basis of this idea,
the detailed derivations can be found in handbooks, Cf.
the Refs. [3,4,5].

Gravitational waves are defined through the weak field
condition

O =M +h/4v’gﬂv =" —h*, (1
' =nt*n*h,,, deth, <1,

where n,, = diag (1,1,1,1) is the Minkowski metric in the
relativistic ~ convention. Assuming the coordinate

transformation X, =A},x,, where AY, are the Lorentz
matrices, the Lorentz invariance

v = AZAggaﬂ'nﬂv = AZAﬁnaﬂ' (2)
leads to

Uap = Map +Nap oy = ALABH,, (3)

The change of coordinates
X% =x% +E%(xP), (4)

generates the Lorentz transformation o
X
oxP

which leads to the gauge transformation for Einstein’s
gravitational waves o

NG =——==6F +055%, (5)

Gup =Tap +Nap = 205801 Ep = Nap” (6)
In such an approximation
1
FZV :Eﬂaﬂ (Gﬂh\,ﬂ +6Vhﬁ#—8ﬂhﬂv), (7)

A
Rivap = 21 01alip1 = 0aOphiap + 0p0uNer @
1
Ruv =1 Ry = 0,001% —5(6#6vh +oh,,),  (9)
R:ﬂvaﬂv =6a6‘”hz —I:Ih, (10)

1
G/JV =6a6(vhff) —E(aﬂavh +Dh/4v (11)

+11,0040 sh +17,,,0h),
where h=7*"h,, =h{ and o=7,*"3 0, , and the Einstein
field equations for gravitational waves are

0,0,h+ah,,, +nﬂvaaaﬁh“/’ +17,00 12
—28,0hy = =2«T,,,

where T, is the energy-momentum tensor of Matter fields.
Making use of the tensor

= 1
huv =h,, _E”"Vh’ (13)

and require the Lorenz-like gauge
0“huw =0, (14)
the field equations (12) become the wave equation

DH,,V = —ZKTﬂV, (15)
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whose 00-component and the spherical symmetry
hoo = hoo(r), (16)

for the energy-momentum tensor with

TOO = pC2, (17)
gives the Poisson equation
47G
Ap=""Zp, (18)
c

with the gravitational potential
1 —
¢ = - hoo, (19)

which establishes the Newton law of universal gravitation.
Then, neglecting other components of ﬁﬂv,
h = hoo (20)
one has
h% = h't = h?2 =K% = 24, (21)

and, consequently, the space-time is characterized by the
interval

ds? = —(1+2¢)dx’dxy +(1-2¢)dx'dx;.  (22)

Gravitational waves are one of the most intriguing
questions of modern physics [6,7,8]. In 2011, V.F.
Mukhanov presented the lecture on massive gravity [9]
following  from  Einstein’s  gravitational  waves,
cosmological perturbation theory, and perturbative
quantum gravity. This paper shows that the situation is
really much more sophisticated than Mukhanov indicated.

2. Cosmological Perturbations

In the cosmological perturbation theory [10,11]

2 .
ds” = ~(1+20)(o) " +20;Bax'dx’

o (23)
+[(1-2%) 8 + 25 Jax'dxJ,
where the scalar and the tensor perturbations are
y-_1 hk, (24)
6
~L(hi+2ws (25)
Sij—§< ij + i,-),

while @ is the gravitational potential responsible for the
appropriate law of gravitation, and ¢,B is the vector
perturbation. Then, the weak field is

hOO :_Z(Dthi :aiB,hij :Zsij —Z\Pé]l, (26)
while the condition det h,, <1 gives
1+|6;B
det hy; < 98] @7
2|0

However, this state of affairs differs from General
Relativity, because the cosmological perturbation theory
corresponds with fixation of an inertial reference frame in
the background Minkowski space-time and the scalar-
vector- tensor decomposition of the perturbation metric
components is made according to their transformation
properties under spatial rotations, and is similar to
decomposition of the electromagnetic field into electric
and magnetic fields. The (0,2) spatial tensor can be further
decomposed into a trace and a trace- free part, which
corresponds  with  looking for an irreducible
representations of the rotation group.

For the metric (23), one has

1—‘80 :6Oq)’r?0 = 8iq)yr8' =—6i6j8+%6ohij, (28)
i _1ls o i B
FjO 2580 ij,F()O:@ ((D+80 ), (29)
Ty =8hky — 'y,
and
i 1.,
Roioj =000 (©+8OB)—560hij,ROijk =000 Mg 30
Rij = 209 Mg
and
Roo = A(® +0,B)+305'Y, (31)
Roi = 900k (35ik‘{’+%hikj, (32)

Rij :—aiaj (@—3\P+GOB)—%DhiJ— +6k6(|h5() (33)
For this reason
R =60% —2A(®+0,B)+d;9;h", (34)

and, therefore,

GOO :3A\P +%6k8|hkl, (35)
Goi =0y (35#\1/ +%hikj, (36)
Gij =(8jA—0;0; ) (®+8,B)—3(8j0-0;0; ) ¥
1 1 q (37)
2 2

Consequently, the Einstein field equations are
3A‘P+%ak6|hk' = Ty, (38)
D0k (35#\11 +%hik j = xTy;, (39)

(8jA—010; )(®+8,B)—3(80-0;0; ) ¥
(40)

1 k 1 ki
—EDhij +6k6(,hj) —ESijaka :KTij,
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and, amazingly, can be solved. The 00 component and Oi
component give

9oToo = 0'Toi, (41)
while the 0;-component leads to
k k k
hil =655 + 2xc [ [ To oxax, (42)

Contraction of this solution with § and application of
(24) give

¥ = %j [ Toxaalx®, (43)
and, consequently, (42) becomes
hj = —x} [ [ ToxdX%x* + 2« [To;obCax’. (44
Noticing that
0,0,h" = kToy, (45)

Gka(lhll‘) = ZKIa(iTOj)dXO —ijaiﬁjT()k dXOka, (46)

oy = ([0 Tocdx ~Too )

47

+2x ([ 0rTgiax” - [T jdx; ),
ov = %(TOO ~ [°Tgax" ), (48)
0,0, = %”aiajTOkdxodxk, (49)

one can see that the 00-component of the field equations
becomes

AY = %TOO. (50)

Making use of the relation (41), one receives
[8°Tojx; = [ [ 88Toodiclx;, (51)
[ 8°Toax = [ [ 85Toodx  dxy, (52)
[ [ 210 Tor@x%dx* = [ [ ;60 Togdx* dx, (53)
[0Toidx® = [0 Tootx;, (54)

and, consequently, the ij component of the field equations
is

(6;5-0,0; )(®+0,B)
K 2
= kT +E[Too +§”a§Toodx"dxk)5ij (55)
+§”6iajT00dxkdxk — k[ [ 08 Tootxdx; — [0, Tootlx;,
and after contraction with 6 gives
A(q>+aOB)=§(T +Too ) (56)

where T = 5”Tij . Finally, one obtains

hyj = 21 [ Toodxjax; — x5 [ [ Toog X", (57)

¥ :% [ [ Toodax*, (58)

and the condition (27) for non-zero TOO can be rewritten
in the following form

T ) el
det| 5; —ZM 2|0
ij ”Toodxkdxk

In the equation (56), the evolutions of B and @ can not
be separated, but, consistency with the Newton gravitation
suggests the Poisson equation

20 =45 (60)
C

and then
B =£dex°, (61)
2

that is the problem is a choice of suitable T, .

3. Perturbative Graviton

Gauge field theories offer the perturbative point of view,
wherein graviton is a spin-2 particle [12]. Then, T, of

graviton is derived from a Lagrangian

1
Ly = Ly (nﬂv)+5t”"(hﬂv ~ T ) F o (62)
or, explicitly
T _ 9 0ku (63)
5hyv h/”V=77r”V

The Lagrangian of Matter fields has the form

Ly =S (ary —h i) b — e (64)
M _%T( ,uhv LV )' " Al

where m is a graviton mass. Straightforward calculations
gives

2.6
T S (65)
h°G
and, consequently,

. 2.6 2.6
T=oimy =305 1= -TC (66)

h°G h°G

Implementing the massless limit, one has
¥ =0,h; =0,A(®+03,B) =0, 67)

and, consequently, the metric (23) becomes
2 . . .
ds? = —(1+ 2cD)(dx°) +28;Bdx'dx? +dx'dx!, (68)

while the condition (27) is equivalent to
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2
m» 0. (89)
2|o|

4. Massless Limit
The Laplace equation (67) can be rewritten in the form
A®D = —-Ad,B, (70)

and can be solved by the most general separation of
variables ® = C, 9,B = C,

A® =C,Ad,B =-C, (71)
where C is a separation constant. In such a situation,
®(r)=C, —&+%r2,
‘ (72)
B(r,t) :(c(; —&—Eer(t—to).
r 6
Taking into account the boundary conditions
D(1y) = Do, 3D (1) = 3; Do, (73)

one receives
n) 2r3
®(r) =D, J{l——oj 16,@, +%{r2 -3¢ +—0] (74)
r r

Because the constant in the gravitational potential

R —%roz’

(75)
vanishes when differentiation is performed, it does not
play a role for the force law of gravitation F; = -mg;®, and,
consequently, it can be identically vanishing. This
condition gives

Cc :%(@0 ~130;%p ), (76)
and, for this reason, one obtains finally i 2
00)-2{00-Srii0, [+ 20=BU0 L )
Considering
2 QF 5 ®y—1oDy

S i o 2
—| Dy —=1ry0; Dy |=——217, —2r5.(78)
3[ 0 =5 of% oj 5 3 5 0

where Qp and ®, are two constant angular frequency
parameters, for which

1
73
and the force law of gravitation is 2 3

2 .3
. mQg I,
F = lim | ——2 % r —malr, |,
m—o 2 3

g = =(5a5 + 5 )15, 130, =%(2(o§ + Q)i (79)

(80)

one sees that the force law is non-trivial if and only if

(81)

Ko ko
Q =,.—, =,.—,
o= 0y

where K0 and kO are positive constants.

5. Massive Gravitons

Let m be a positive graviton mass parameter. Then, one
has
1. The Newton law of universal gravitation, if

GM
a)o :O’QO =_3|

fo

(82)

where M > 0 is a mass of a spherically-symmetric body of
radius r0
2. The oscillatory law of gravitation, if

wp #0,Qy =0. (83)
3. The force law of gravitation ~ iz if
r
i 2 5 M@
0i®g = Og,=| Py —~10;Pg |=—=,  (84)
0% %o 0 3[ 0~ oC oj m

where M is as previously, and @, is a certain constant
reference value of the potential @ . Then,

M

i M
Dy =— Dy, 150Dy = —— Dy, (85)
0 m 1:0Yi0 m 1
and, for consistency, one has
M = m = const, (86)

where B is a dimensionless constant, which means that the
mass of a body generating gravitation is multiplication of
the graviton mass.

Therefore,

®(r)= 0,2, (87)

r
where the constant pd;ry can be established from

experimental data.
4. The most general force law of gravitation, which is
non-trivial in the massless limit,

o(r)= Mi®ilp 1 My®,

2
m r mry

where M;®; and M,®, are certain reference constants,

is given by

r?, (88)

5M,®, — My Dy 2My @, — M@
Dy =22 17 pla g, =272 TLTL (g9)
m m
gives
1

M,®, :EMlq)l' (90)

and, consequently,
@, J3MDy 130;g =0. (1)
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Therefore,
2
ory=220f Lo (92)
3 r 3 ro2
If M; =M and @ __M , then
fo
2
@0:—56'\" , (93)
2 mr
and, consequently,
2.3 2 2
o(r)=20 2% 2, M gy
r 2 o

For M = Pm and rp = R, where R i{§ a radius of the
spherical body,

GM

)y :\/EQO!QO Z?. (95)
Then, a graviton mass is
2
m = [&J M, (96)
20

and suggests existence of the various gravitons emitted by
a mass.

6. Electromagnetic Gravity

The resulting force law of gravitation

mé% B medr. 97)
.

can be considered as the analogue of the Lorentz force
F =mg; + meijkvjdk, (98)

where the field dy plays a role analogous to magnetic field,
gravitational acceleration g; plays a role of electric field,
and mass m of a moving particle plays a role of electric
charge.

Introducing the analogue of the Faraday tensor of
electromagnetic field

0 gi
w = = i < (99)
JareG | —— q
6j Uk
for which the dual tensor is
d:
~ 1 0 !
G = €, G = (100)
A= Cpvka ,—4”606 |:_dj _Eiljf ng
and taking the four-current
Jy =lcp. il (101)
one obtains the analogue of the Maxwell equations
0" Gy = 19y, 0" G v =0, (102)

or, explicitly, the analogue of the Gauss law for electricity

o'y, =— \/@p, (103)
5
the analogue of the Amp’ere law
g 0'dy =\/@i23i —izgi, (104)
€ C c
the analogue of the Gauss law for magnetism
o%d, =0, (105)
and the analogue of the Faraday law
dj =60 gy. (106)

Introducing the analogue of the electromagnetic four-
potential A,

A, = v

#o fareG M

where v, =[c,v;] is the velocity four-vector, one has

G =0,A —0A,,

and, making use of (108), one receives

(107)

(108)

1 g 1 1.
G. —— 200 A -0 A =———"v., (109)

0i ,—472'60(3 c OA |A0 ,_471'606 c 1

1 k
Gij:_ Gijdk:aiAj—ajAﬁ
1
Jimegs i 0M)
or, equivalently,

gi =—Vi.0; = ' (111

Also, the stress-energy tensor is the analogue of the
electromagnetic one

Si
1 1 Y
T, =—| "G, G4 -—-n""C @aﬂj: (112)
w Lo (’7 pa By 477 aff Sj
-+ g
c
where e is the field energy density
2,242
€ :M, (113)
872G
S;is the analogue of the Poynting vector
C «
Si :%Gi gkd| (114)
and oj; is the analogue of the Maxwell stress tensor
1 ) g% +c?d?
O'ij :%[glgj +C dld] —Té‘ij . (115)

Making use of the definitions (111) within the equation
(104), one receives
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i l47G 1
DVJ—aj(aVI)Z ?C—ZJJ, (116)
and, similarly, the equation (103) leadsto
oy, = [A7C 117)
i)
Consequently,
J, =c? /6—0{ GAVR=P) (av)} (118)
47G
Particularly, for a graviton mass m= 0, one has
2
1, =—i(ﬂj A, (119)
Ho \ Tt
or, taking into account (107),
€ mc 2 mcC 2
J,=c% |2 —c(—j ,—E—J vi | (120
47G h h

Comparing the relations (118) and (120), one obtains

. 2 2 H 2
- :_[%J ,va_aj(ﬁlvi):_(%j v, (121)

and, consequently, one receives the analogue of the Proca

equation
mc )
(m(—j ij =0,m=
h

describing the massive graviton.
The analogy with the Maxwell electrodynamics gives
the Lagrangian

iz d'g;, (122)

L= ——G G — (128)

4119

Also, on the quantum level, one obtains the analogue of
the quantum electrodynamics and the Feynman diagrams
are fully analogous. Making use of (119), the Lagrangian
(123) becomes

AHJ”.

2 2
. cC 1 v V.o mc u
L——m{z(aﬂv\,ﬁ Vi—-0,v0'Vv )+ e v,V

2 2
- (a viory! -0}V, olv ) (Ej %
472G h

where we have made use of the four-velocity definition v,
= [c,vi], and the constant Lagrangian has been omitted.
Noticing that the continuity equation

(124)

043, =0, (125)

should be satisfied, the equation (119) gives the Lorentz
gauge

oA, =0, (126)
which gives the divergence-free velocity field
0"y, =d'v; =0, (127)

which implies that 8i\7i=0 and, consequently, the

graviton mass identically vanishes m = 0. However,
because this is an additional relation which can be broken
and which is not needed for consistency of the theory, one
must not take this condition into account. When the
continuity equation is non-valid, then a graviton mass is
existent and fully argued.

The equations (97) and (98) can be used to find the
explicit form of the fields g; and d;. There are two
identifications

g = Ky 6 vjdy = -l (128)
2 r3
_ 2.3
gi =—a’§ri,€i]kvjdk z_&r%ri (129)
r
For the first one
d'g, =0, (130)

and, consequently, m = 0, and the Lorentz gauge is
consistent. For the second one,

6'gi =—3w§,m=\/§c—2 —a)z,

and for a)g >0 a graviton is a tachyon, whereas for

(131)

a)g :—‘a)g‘ <0, that is an inverted harmonic oscillator,

one has
h
m=+/3 @ (132)
c
what compared with (96), gives

ey’
Q2=-f3 > (133)
C

Therefore, for non-tachyonic massM, one should have

Q5 = _GM _ |QO|2 , that is a repulsive gravitation, and

RE
M221/3

Interestingly, for a sphere of radius equal to the Planck
length R =7, and mass equal to the Planck mass M = Mp,
one obtains

(134)

|| = 3—~1 544-10"YHz, (135)

|| = wp ~1.855-10"YHz, (136)

=33m; ~1.7610-10° Y& (137)
C

where wp is the Planck frequency, while the force law of
gravitation becomes

1/3 43
F = Mpwp[1+32 e Jri

s (138)
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For emission of a graviton through the Planckian
particle, M = MP, a hy- pothetical particle existing in the
Planck scale energetic regime, a graviton mass exceeds
MP, what in the light of the Markov hypothesis [13,14],
that is m < MP, means that this graviton is undetectable.

Moreover, one can see that (111) gives

Gijijdk = VlaiV| —V|6|Vi, (139)
and when the velocity field vi is known, for example as
the solution to the equation (122), both (128) and (129)
are the equations for r;

omze2 1, _
anZ(WJ (vjaivj—vjajvi), (140)

r—izﬁ(v'aiw —vla'vi )

(141)
r3

7. Summary

Joining the various approaches to gravity - the Einstein
gravitational waves following from General Relativity
whose applicability is unclear, the Lifshitz cosmological
perturbation theory which is cureently applicable for
astrophysical scales, the Veltman perturbative quantum
gravity based on the gauge field theories which usually are
applicable for high energy physics, and the Maxwell
electrodynamics which is applicable at any scales - we
have received an essential discussion on either massless
and massive gravitons. The analysis of the Planckian
particle in the context of the Markov hypothesis has been
shown that a massive graviton emitted throughout such a
particle is undetectable. The new force law of gravitation
has been established. This theory, however, needs a

straightforward confrontation with a suitable experimental
data. Its should be emphasized that the discussion of this
model in more advanced detail was presented in the
author’s monograph [15].

References

[1] A Einstein, Sitzungsber. Preuss. Akad. Wiss. 1, 688 (1916).

[2] A Einstein, Sitzungsber. Preuss. Akad. Wiss. 1, 154 (1918).

[3] S. Weinberg, Gravitation and Cosmology. Principles and
Applications of the General Theory of Relativity (John Wiley &
Sons, 1972).

[4] S. Carroll, Space-time and Geometry. An Introduction to General
Rela- tivity (Addison-Wesley, 2004).

[5] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields.
Course of Theoretical Physics, Volume 2 (Butterworth-
Heinemann, 1994).

[6] J.D.E. Craighton and W.G. Anderson, Gravitational-Wave Physics
and Astronomy: An Introduction to Theory, Experiment and Data
Analysis (Wiley-VCH, 2011).

[7] P. Jaranowski and A. Kr'olak, Analysis of Gravitational-Wave
Data (Cambridge University Press, 2009).

[8] M. Maggiore, Gravitational Waves. Volume 1 Theory and
Experiments (Oxford University Press, 2007).

[9] V.F. Mukhanov, Massive Gravity, talkat Quantum Theory and
Gravita- tion, Eidgen“ossische Technische Hochschule, Zurich,”
Switzerland, June 14-24, 2011.

[10] E.M. Lifshitz, J. Phys. (USSR) 10, 116 (1946).

[11] E. Bertschinger, Cosmological Dynamics, in Cosmology and
Large Scale Structure. Les Houches Summer School, Session LX,
ed. by R.Schaeer, J. Silk, M. Spiro, and J. Zinn-Justin, (Elsevier,
1996), pp. 273-347.

[12] M.J.G. Veltman, Quantum Theory of Gravitation, in Methods in
Field Theory. Les Houches, Session XXVIII, ed. by R. Balian and
J. Zinn- Justin (North Holland, 1976), pp. 265-328.

[13] M.A. Markov, Prog. Theor. Phys. Suppl. E65, 85 (1965).

[14] M.A. Markov, Sov. Phys. JETP 24, 584 (1967).

[15] L.A. Glinka, AEthereal Multiverse: A New Unifying Theoretical
Approach to Cosmology, Particle Physics, and Quantum Gravity
(Cambridge In- ternational Science Publishing, 2012).



