Journal of Mathematics Research; Vol. 5, No. 4; 2013
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

A NBEM for the Time-Dependent Anisotropic Problem in an
Exterior Elliptic Domain

Qing Chen', Dan Feng', Baoqing Liu?> & Qikui Du'

! Jiangsu Key Laboratory for NSLSCS, School of Mathematical Sciences, Nanjing Normal University, Nanjing,
China

2 School of Applied Mathematics, Nanjing University of Finance and Economics, Nanjing, China

Correspondence: Qikui Du, School of Mathematical Sciences, Nanjing Normal University, Nanjing 210023,
China. E-mail: dugikui@njnu.edu.cn

Received: October 8, 2013 Accepted: November 17,2013  Online Published: November 21, 2013
doi:10.5539/jmr.v5n4p107 URL: http://dx.doi.org/10.5539/jmr.v5n4p107

The research is supported by the National Natural Science Foundation of China, contact/grant number 11371198,
10871100 and 11071109

Abstract

In this paper, the natural boundary element method (NBEM) for an anisotropic hyperbolic problem in an exterior
elliptic domain is investigated. By the theory of the natural boundary reduction (NBR), the natural integral equa-
tion (NIE) and the Poisson integral formula of the problem considered are obtained, and the numerical method of
the NIE is given. Finally, some numerical examples are presented to demonstrate the performance of the method
in the paper.
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1. Introduction

In many fields of scientific and engineering computing, these problems in unbounded spatial domains are encoun-
tered frequently. The research of numerical solutions for these problems is one of hot spot problems at present.
Such problems pose a unique challenge to computation since their domains are unbounded. Although we can
apply classical boundary element methods (BEM) or boundary integral methods (BIM) to solve these problems in
unbounded domains, a great number of singular integrations usually need to be calculated in practice. Therefore it
takes a lot of time to deal with the computation of singular integrations. To overcome some difficulties to solve the
problems in unbounded domains numerically, Kang Feng and Dehao Yu have initiated and developed the natural
boundary element (NBE) method since the end of 1980’s (cf. Feng, 1980, 1983; Yu, 1993, 2002), it is also called as
the Dirichlet to Neumann method (DtN method) or the exact artificial boundary condition method (ABCM) lately.
NBE method has some distinctive advantages comparing with classical boundary element methods. It is easy to
be implemented on the computing, it has good stability of the numerical results, it is fully compatible with finite
element method (FEM), and it can be coupled with FEM naturally and directly. For the exterior elliptic problems,
the theory of the NBE method is being perfected (cf. Yu, 1993, 2002). For the time-dependent problems, the NBE
methods for initial boundary value problems of parabolic and hyperbolic problems are investigated in (cf. Du,
1999, 2001; Hao, 2009). In (Yu, 2003), the coupling of NBE and FEM for the exterior hyperbolic problems is
studied.

In this paper, we concentrate on the investigation of the NBE method for the time-dependent anisotropic hyperbolic
problem in an exterior elliptic domain by using the similar method as in (Hao, 2009). Using the transformation of
variables, we firstly turn the original equation into a Helmholtz equation which is equivalent to the original equa-
tion. Then we obtain the Poisson integral formula and the natural integral equation (NIE) of the original problem
by using the results in (Zhang, 2008). Finally some numerical examples are presented to illustrate feasibility and
efficiency of this method.
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Let Q ¢ R? be a bounded simple connected domain with an ellipse I £ 5Q as its boundary, Q¢ 2 R2 \ Q. For any

fixed positive number 7, setting / 2 (0, T']. We consider the following initial-boundary value problems:

0*u u  0u c
7 (a5 +b55) =0 rpeQxl, M
0 0
Clnx—u+bl’ly_u :g(xsy,t)9 (X,y,t)erXI» (2)
ox ay
u(x’ys 0) = Mo(x’y)’ ut(xsy’ 0) = Vo(x,y), (x’y) € ch (3)

where a and b are all positive constants, g(x, y, ), uo(x,y) and vo(x, y) are all known functions, n = (ny, n,) is the
outer unit normal vector on I to the internal of ). Moreover, we assume that the function u(x,y, ) is bounded
at infinity. By the principle of the natural boundary reduction (cf. Yu, 1993, 2002), we have the Poisson integral
formula

u(x,y,t) = Pup(x,y,t), in

and the natural integral equation

0
& Hup(x,y, 1), onT.
on

For the sake of convenience, without loss of generality, we assume that Q is an ellipse centered at the origin, whose
symmetrical axes are x—axis and y—axis respectively since the expressions of the Poisson integral operator &2 and
the natural integral operator " are related to the geometric properties of domain. Moreover, we assume that the
solution of the problem considered satisfies appropriate smoothness.

2. NBR in an Exterior Elliptic Domain
2.1 Transformation of Variables

Let b > a > 0, Q° be the exterior domain of closed ellipse I' = {(x,y) | ax* + By* = R*}, n = (n.,n)) =
ax By

_( Va2 + py? ’ Ny

). Taking the transformation of variables:

X = \/Eér’ y= ‘/577,

thus the closed ellipse T can be written as T = {(£,7) | aaé? + bBn* = R%}, Q° is changed into Q° = {(£,7) | aaé® +
bBy* > R*}. And let

&= rcos¢, n= rsing,

1 1
vaa B

then the outer unit normal vector at the point (¢£,77) on I is

1
v=- (Vaa cos ¢, \[bBsin ¢).
\/aa cos? ¢ + bfsin® ¢
So, the problems (1)—(3) are actually equivalent to the following initial-boundary value problems:
Fu(é,n,t —
THERD — nuemn =0, Ene @ xL, @
)
uE,n, 1) acos? ¢ + Bsin” ¢ _
210 J sEnn. Ennelxl, )
\/aa cos? ¢ + bBsin® ¢
u(&,mn, 0) = uo(&,m), w(&,n, 0) = vo(&,m), (&.1n) € ﬁz (6)

By the separation of variables, the solution of problems (4)—(6) can be expressed as follows:

u(é,n,t) = Z(&,n)(cos wt + sinwt), w € R,
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then the control equation

FPu,n,1)
T - Au(§7 1, t) =
can be the Helmholtz as follows:
AZ(, ) + W Z(E ) = 0. (7)

Introducing elliptic coordinates (u, ¢), the relationship between Cartesian coordinates (£,7) and the elliptic coor-
dinates (u, ¢) is as follows (cf. Ben-Poart, 1995; Wu, 2000):

& = focoshucose, n= fysinhusing, (8)

bB — ax 3 aa+\/ﬁ3 - B ~
abozﬁ R O—ln \/m ’F/ln —{([1,¢)|/1—[10,¢€[0,27T]},QC—{(M,¢)|/J>/JQ,¢€

[0, 27]}, coshu and sinh g are the hyperbolic cosine and the hyperbolic sine, respectively. When u is given by
different values, (fo,0), (=fo,0) are the co-foci of ellipse families I',,.

‘fy f(b
Ny

where fy =

If let J(u, ¢) = , then J(u, ¢) = f2 cosh” usin® ¢ + f2 sinh? jz cos? ¢. It is not difficult to obtain that

2
baf
Lemma 2.1 (Wu, 2000; Zhu, 2004) Transformation (8) has the following properties:

J(po, ¢) = (bBsin’® ¢ + aa cos’ §). )

(1) The Jacobi determination of the transformation (8)
J(u, ) = f02 cosh? yusin® ¢ + fo2 sinh? prcos® ¢ = foz(cosh2 U — cos> ), (10)

J(u, ¢) = 0 if and only if (£, 1) = (£f0,0);
(ii) For u € C*(R?), the following holds

2 2 P 2
o0“u  o0u u 6u)‘ (11

6_/.12+a¢2_ (/J¢)<a§2 67]2’

(iil) LetT, = {1, @) | = p1, ¢ € [0, 2n]} be the inner boundary Q, 2 {(, @) | 1t > w1, ¢ € [0,2n]}, v be the outer
unit normal vector onT'y,, then

ou 1 ou

— = (12)
W NI, g) O
Under the elliptic coordinates, Equation (7) can be expressed as follows:
1 (8°Z &z
(— +—)+w22=0. (13)
S, p)\op> — 94°

By the separation of variables, we know that the solution of the problem (13) can be expressed as Z(u,¢) =
F(u)G(¢), and F(u), G(¢) satisty

G"(¢) + (p — 2qg cos2¢)G(¢) = 0, (14)
F"(u) + (p —2q cosh2p)F(u) = 0, (15)
where p = k — —, q="7, a® = w? f0 , k is a parameter. From Wang and Guo (1979), we know that Equations (14)

and (15) are the Mathleu and the modified Mathieu equation, respectively. Their solutions are the angular Mathieu
functions (AMF) and the radial Mathieu functions (RMF), 0 < ¢ < 2x, 0 < u < oo.

2.2 Angular Mathieu Functions and Radial Mathieu Functions

Angular Mathieu equation is a second-order linear differential equation, it has two linearly independent solutions,
which are called as the even Mathieu functions and the odd Mathieu functions

Cem(¢;Q), mzo, 1,2"” >
sem(¢;Q), m=]32333“'7
109
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here m is the order of Mathieu equation. The period of ®@,,(¢; q) is 7 when m is even, the period of ®,,(¢; q) is 27
when m is odd number. The number p in Equations (14) and (15) denotes eigenvalues of even and odd angular
Mathieu functions, respectively. For the computation of the even Mathieu function ce,,(¢, ¢) and the odd Mathieu
function se,,(¢; g) can refer to (Hao, 2009).

When ¢ is positive, the solutions of Equation (15) are called as the even radial Mathieu functions of the first kind
and the odd radial Mathieu functions of the second kind

Jen(u; q), Jon(u; q) (the first kind),

Rm(ﬂ; C]) = {NEm(/l; Q), NOm(ll; q) (the second kll‘ld), (17)

here m is the order of the modified Mathieu function.

For the modified Mathieu functions, we can define (Hao, 2009)

A2n
Me3) (s g) = Z( Do 7o 2 i) Z (), (18)
A2n+l . X
M), ki) = Z< ey )2 )+ a2 ) (19)
oo an+l .
Ms3) () = ) (=1 ( Bijt; [Tz ) = T @) Z ), (20)
=0
oo B21’l+2 .
Ms3) (i) = Z(_l)Hn (323:;; I [J () Z) () - ]5+2(”1)Z§fj)(”2)]’ @D
=0

where j = 1,2,3,4, Z"(x) = Je(), Z2(x) = Yo, 200 = HP ), ZP0) = HP (0, uy = gexp(—p),
uy = +Jgexp(u). M c(’)(y; q) and M sf,{)(y; q) are the even and odd the modified Mathieu functions of the j-th kind.
The expansion coefficients and eigenvalues of the modified Mathieu functions are same as the ones of the Mathieu
functions.

2.3 The Poisson Integral Formula and the Natural Integral Equation

For the exterior problem, the solutions of Equation (15) can expressed by the even modified Mathieu functions of
the first kind and the second kind

Hou (s q) = Jou (s q) + iNow (s @), He(u; @) = Je, (s q) + iNeyy(u; q).

Hence, under the elliptic coordinates the solutions of Equations (4)—(6) can be expressed as

ue,, = He,(t)cen (9, ¢)[ cos(wr) + sin(wt)], uo, = Hop(u)sen(d, g)| cos(wr) + sin(wt)].

For the even functions ue,,, we have m > 0, while the odd function uo,,, we have m > 1. Let Hog = seg = 0, so

[eS]

u(,,1) = Z w(OHe()cen(®, 9) + Du(DHOp()sen(9, @](cos(@n) + sin(n), p>po,  (22)

m=0

where C,, and D,, are some constants. From (22), we have
o0, 6,1) = Y [Cn(O)Hen(tto)cen(d, g) + Dt Hom (o) sem(@, @) cos(r) + sin(wn).
m=0

Using these above, we can obtain

1

Cnl0) = THen(11o)(cos(wr) + sin(wi)) ”('“" ¢ 0cen(d’,q) d¢, m=0,1,---,

1

Du(®) = nHo,, (1) (cos(wt) + sin(wt)) u(,uo, Dsen(@' ) dgf, m=0,1,--.
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Substituting C,, and D,, to (22), the function u(u, ¢, f) can be expressed as follows:

1 < (2 Hep(u) ,
M(],t, ¢’ t) = 7__[ Z f [Hem(ﬂ()) Cem(¢’ Q)Cem((p ’ 6])

(23)
Hom(u)

" Houuo)

(23) is the Poisson integral formula. Taking the derivatives of function u(u, ¢, t) with respect to u, and taking the
limitation as u approaches to 1, we have

Sem(¢ q)sem(¢ ('I)]u()(;u() ¢ t)d¢ = 9”0(”07 t)7 M > Ho-

Ou = > Hem(I'lO)
v ﬂ«/J(uT Z ey (@ Deent®’ @ »
Ho!
4 e zo;sem@ q)sen(d’, Q)]uo(,uo & 0dd’ L K ug(uo, &', 1), 1= o

Here He,, (1) and Ho,,(uo) are the derivatives of functions He,(u) and Ho,(u) at u = uo. (24) is the natural
integral equation of the problems (4)—(6), and . is called as the natural integral operator (NBO). If (24) is solved,
the solution of the problems (4)—(6) can be obtained, and we can obtain the solution of the problems (1)—(3).

2.4 Direct Investigation of the NBO

Mathieu functions ce,, (¢, g) and se,, (¢, g) satisfy the following orthogonal relations

n.

2 27 m=n,
f cem(¢, Q)Cen(¢, Q)d¢ = sem(¢ q)sen(¢ C])d¢ {0
0 , m#*

Similar to the expansion of Fourier series, for any v € H ‘Y(F), it can be expressed as
2

© 21
"= }TZ( fo cen(@. q)vdd)cen(d.q) + fo sen($, Qvdg)sen(d, q).
m=0

21

21
From (ce,,(¢, q), V) = f cen(d, q)vds = f cen(d, Qv+ J (o, p)dp, we have
0 0

cen($ ), _ f u y
v, mh— ) cen($, qIvde.

Thus, v can be rewritten as

V= Z <V Cem(¢ 61) m(¢ Q)
4 m=0 V‘](/JO’ VJ(.UO’ ¢)

To cope with the numerical analysis we recall an equivalent definition of the norm of Sobolev space H $(T) for any
real number s:

>r cen($,q) + (v, ———=)rsem($.q).

cen($,q) sen (b, q)
I ||2~—— A+ m2|(v, = + (v, ey
vl Z )| N ol +] s ol

Theorem 2.2 An operator % : H 5 (F) — H: (F) is linear continuous, that is, there exists a positive constant C
such that L
I s p < Clfll s ¥ f € H2 (D).

Proof. Ttis easy to know that natural integral operator % is a linear operator. For any f(¢) € H : @), itis expressed
by the following series

(9, q) sen(d,q)
(f, LDy o, q) + (8D s e (6, ).
,,Za VTG0 d) " VI )"
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Since
m(®, q) sen(9,q)
1P = = > (4 m?)R[[(f, ey Py |, SRy )
s, Z | W | | \/J(.UT F| ]
B 1 (2" Hel, (1) o Hoj, (1) / / /
H @)= WZO [He Gy com @ Deen@’sa) + o0 S sen(d @send ) o ¢’ D)4
Hem(ﬂ()) Cem(¢ f]) _ 01111(#0) seln(¢’ f]) -
. _J — Z ey o reen(d.9) = oEt S~ w0’¢)>rsem(¢,q>].
So
_ipp Hep(uo) , . cen(d,q) | 2 Ho,, (o) , . sem(d,q)
HFWI, == 1 : R :
IO = o7 2 Z( 1 e g ot T g
A computation shows that
He,, (uo,q) _ 21 Hop(uo.q) N o, 1
el d ~ a(l +m?)?, Hor o d) ~a(l +m?)?, ae( 2, 2).
Therefore
¥ 2 _ 1 cem(¢ q) sen($, q)
SOy < ooos J(ﬂ 5 mZ()( m) o+ ¢ WH ]
2
= T, ¢)||fllsr
Noting that
_ 2 2
J(uo, @) = —(bsm ¢>+acos ¢) = R (a;-b + a2b0052¢), % < J(uo, @) < R—,
thus 1% <7 (ﬂl 5 < — . This proves that ||.# f(¢)||2 ;/Eu f||§f. O

3. Numerical Solutions of the NIE

Let 7 be the time-step interval, and #; = kt, Vv (u, ¢) = v(u, ¢, 1), k = 1,2,...,No, No = [T/7]. Then the semi-
discrete formulation of (23) and (24), respectively, as follows

Z 7 Hem(m Ho,, (1)

i, ) = (o) Con®- )cen(@ @)+ S sen(@. Psen(d Do, )¢, > po,  (25)

m 0

g (o, 9) = -

Vabap S f“[ He}, (ko)

cem(d, q)cen(d’, q)
Rm - \/a/ cos? ¢ + Bsin’ ¢ m=0 "0 Hep(uo) o6

H ’
HZ:&E; sem(¢, @)sen(d’, q)]u{;(po, #)de 2 b (o, ¢).

For (26), we have the following variational problem:

Find (i, ¢) € H? (D), such that b(ul, V") = (g5 V%), Vv e H2 (D), Q27)
where
b(ub V) = (R uf VY = j:(,%’kuﬁ(uo,@) ds, (g5 Ky = ﬁgkvkds.
r r

Theorem 3.1 The bilinear form b(-,-), which is defined by the natural integral operator &, is symmetric and
1 = 1 =
continuous on Hz(I') X H2('), and V-elliptic.
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Proof. From the definition of the bilinear form b(-, -), we have

2” m(ﬂO)

bl = f . \/Wm 0 [ s cen(d. een@’. )
sz(l(#lo; sen(d, q)sem(d’, 4)]14(;10, &, (o, ¢, H)dd'ds
=z f 72,,00 Z’((ff’;cemw, Deend’q)|
Ho:((zz; sen(9. )sen(@ @) |u(uo. o' DV(p0. 6. 1)d'd.

Hence, b(u, v) = b(v, u), this proves b(-, -) is symmetric on H > (f) x H? (f).
Using Theorem 2.2, for any u,v € H %(f), we have

bt v) = (H v < IUH uly gl 5 < Cllully £V 5

this proves b(:, -) is continuous on H %(I:) x H* (f). Forany u e H 3 (F), we have

21 27r°o He'
b(u,u) = { ¥ u,u)y = —— ff HZ 80;0%((15’ qQcen(d’,q)

Hoj, (o)
Hopy(1o)
_Z He, (.Uo) cen(d, q)> . cem(¢’, q)>
Henio) " YTt T )"
HOm(/lo) sem(, q) ) w, sem(@, q) > ]

- Hom(;uO) \/J(,uo, VJ(H(),

00

1 Z[ Hem(,uo)| cen(d, ) |2_ Hom(llo)|< sem($, q) . | ]
r

(s @)sen(@, @) |uluo, @', Duuo, ¢, )de'dp

S n &l Hew(wo) ™ \JT(uo, 9) = Howwo)™ " \[I(uo, ¢)
1 < cem(¢ q) sen (¢, q)

1+ m —) — )
ﬂ,;) 0.6 | K " VTG 9) ]

RN 7 A ) se(9, q) 5
(1 +m?) — )+ [, —==)| | = llull = O
“w ,nZ:‘) W ] VI (o, $) i =0

3.1 Discretization and Computation of Stiffness Matrices
To solve the variational problem (27), we now d1v1de the interval [0, 27] into N sub-intervals, Setting & = 27/N,
and let S h(F) is the finite element subspace of H 2 : (F) Then the problem of (27) can be written as

Find uf, (u, ¢) € S"(I), such that b(uk,, V%) = (g5, V%), ¥V F e SMD). (28)

N
Let ¢i(¢), k = 1,2,..., N be base functions of S”(f), then u’(‘)h(,uo, ¢) can be expressed as u’(jh(,uo, Z u, ]goj(q&)

j=1
Substituting it into (28), we easily obtain the system of linear algebraic equations of (28) as follows:

QU = b*, (29)

where
k

T
0 = (9if) nxew» Ut = (“](()1’”02’ . "u](;N) ’

\/a/cos2 ¢ + Bsin® ¢
Vep

de,

21
b = bk, Bk, .. BN, b_’;=f0 (o, ) ¢(9)
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21 21 He;n(/«lo)

R cen(d, Q)cen(d’, q)
ij Rr oo Y0 Jo Hem(;uO) " eem 1

(30)
H ’
HZ'"% sen(® @)sen(d’, @) i $)p(@)dg dg.
The Equation (29) has a unique solution. After finding u’éj( j=1,2,...,N), we can obtain
W ¢) = + i ug.[ i fzﬂ( Henl) o o e &)

d J=1 ! m=0 0 Hey(uo) an
Ho,,(u) ) o

+ Ho‘)m(l(f‘o)sem(cp, Dsen@0)ei )8 |, 1> o

As an example, we shall give the formulae of ¢;; by using piecewise linear interpolation below. we take piecewise
linear interpolation under the uniform subdivision

Zﬁ@ —¢i1), ¢ € i, i,
P

(=1 N
Li(¢) = 2—(¢i+1 - ¢), ¢ €li,pir1l, 2
n

0, otherwise,

where i = 1,2,...,N, ¢; = £2x, then L(¢;) = 6/, i, j = 1,2,...,N,

N
D" Li¢) = 1, and span{Li@)}, < H* (D).

It is not difficult to get the following

Vab - He,, (o) Heé), . (uo)
Rr n;) [Hezm(ﬂo)Pi(Zm)Pj(Zm) + mP,(Zm + l)Pj(Zm +1)

Ho! Ho!
A0 o) si2m + 1)s;j2m + 1) + Hohryltt0)
Hoyps1 (o) Hoypia (o)

and the approximate solution is

qij = —
(33)

Si2m+2)S j(2m +2)],

00

u](;]{ Z Z A(Zm) (21¢) 2m(/1)) J(Zm)]

k

u, =
h

1 =0 He Zm(:u

M=

1
b

~.
I

[ iA(2m+l)cos((21+ 1)¢)) ZTI(%))P<(2m+ 1)]

Hoppi1 (1)
Hoo11 (o) sj(am+ l)]

Ma

+

Il
(=]

m

(34)

+

I( i By Vsin((21 + 1)¢))
1=0

10

(DB sin(2! +2))) 2”’+2$)) em+2)],
0 =0 2m+2

+

3
I

where
2w 2N 2 4jlr
@m) = ACm T Z am 02 (27 cos (17
p;j2m) =A; N + 2 A5 7r(21)2 sin (N )cos( N ),

IN . ,Ql+1) 200+ 1))
e (e ()

Pi2m+1) = Z AGmD

ON . 2<(21+ 1)n)sin<2(21+ 1)j7r),

(2m+1)
si2m+1) = ZB oI I I
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Si2m+2) = Z B
=0

IN L QLedmy . 201+2))
e ()i (50)

From (33), we know
qij=¢qji, Lj=12,---,N. (35)
(35) shows that the matrix Q is symmetric.

3.2 Error Estimates

Theorem 3.2 Let uf‘) and ué‘)h be solutions of the variational problems (27), (28) respectively, and S h(F) be the space

of piecewise polynomials which are of degree j (j > 1), u’(; € H/*\(T), then there exists a constant C independent
of h, the following inequality holds '
Nl = wll o < CR utgl g -

Theorem 3.3 Let u* and uz be solutions obtained by (25), (31) respectively, then there exists a constant C(u, ¢)
independent of h, the following inequality holds

k_ ok k_ ok
|u” — “h| < Clu, ¢)””o - uoh”LZ(F)-
4. Numerical Examples

To demonstrate the performance of this method, we consider the numerical solutions of the following initial-
boundary value problem:

u Fu  u .

W_(a@_;_ba—yz):o, (x,y,0) € Q° X1, (36)
0

an, 22 ¢ bny—u =g(x,y, 0, (x,y,0) el X, @37
0x ay

u(x,y,0) = uo(x,y), ux,y,0)=vo(x,y), (x,y) € Q. (38)
¢ _ 2, o2 2 T 2. 22 _ P21 4 _ ax By
Whereb>a>O’Q —{(X,)’)|ax +ﬁy >R },r—{(X,)’)m/x +ﬂy _R }9n_(nx’ny)_ (W’ \/ozzxz—+ﬁ2y2)

Functions g(x, y, 1), up(x, y) and vy(x, y) are given as follows

1 vax_a _ @0 )
FERWE N ( Ee @B ) =~ S Hy (WE(x,5)))
3 2
+ i(%Hﬁl’(wE(x, ») - %HQ@E@, y)))](cos(wt) + sin(wr)),

uo(x,y) = Hy (WE(x, y)(

a +1i 4 )
VaE(x,y) ‘/ZE(x, y)

vo(x,y) = wH{(WE(x, )(

a +1i 4 )
VaE(x,y) ‘/ZE(x, y)

Here Hﬁl)(z) and H;')(z) are the Hankel functions of the first order, E(x,y) = \/%2 + %2. Furthermore, some
conditions at infinity are needed. The exact solution of this problem is

u(x,y,1) = H (E(x,)( )(cos(wr) + sin(wn)).

ol +i Y
VaE(x,y)  \bE(x,y)

(o) (o] M
Ifwetakea=1,b=2,a=1,=2,R =0.9, then fy = 0.77942, up = In V3. >, and ) can be replaced by ),
=0 m=0

m=0

L

and ) respectively. M and L may be not large numbers, such as M = 20, L = 10 when N = 32, while M = 40,
=0

L =20 when N = 64. Tables 4.1-4.4 give some values of numerical solution uy(u, ¢, f), exact solution u(u, ¢, t)

and relative error E, = |u — uy|/|ul.
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Table 4.1. Numerical solution u, exact solution u and relative error £, (N =32, =03, w =1)

Real part of solution

Imaginary part of solution

oo Re(uy) Re(u) Tm(uy) Tm(u) E(r=005)
10 0 624156e-1 6.24155e-1 774424e-2  1.74425e2  1.12234e-6
15 0 7.27816e-1 7.27815e-1 2.54670e-1 -2.54670e-1  1.29504e-6
1.5 /8 7.77075e-1 7.77075e-1 1.42319e-4  -1.42499e-4  1.03780e-6
3.0 n/4 3.57737e-1  3.57737e-1 6.69196e-3  6.69187e-3  1.31773e-6
60 2 7.77940e-2 7.77939e-2  -1.68462e-2 -1.68462e2  1.32230e-6

Table 4.2. Numerical solution uy,, exact solution u and relative error E, (N = 32,1t =0.5,w =1)

Real part of solution

Imaginary part of solution

oo Re(uy) Re(u) Tm(uy) Tm(x) Er(x=0025)
10 0 677123e-1 6.77122e-1 840144e-1 -8.40145e-1  1.12234¢-6
15 0 7.8958le-1 7.89579%-1 2.76282-1 -2.76282e-1  1.29504e-6
1.5 n/8 8.43020e-1 8.43019-1 1.54396e-4  -1.54592e-4  1.03780e-6
3.0 7n/4 3.88096e-1 3.88095e-1 7.25986e-3  7.25976e-3  1.31773e-6
60 2  843958e-2 8439572  -1.82758e-2 -1.82758e-2  1.32230e-6

Table 4.3. Numerical solution u;, exact solution u and relative error E, (N = 64,1 =05, w = 1)

Real part of solution

Imaginary part of solution

Ko Retw) Re(w) Tm(uy) muy (7 =005)
10 0 677123¢1 67712261 -840145e-1 -840145e-1  2.19990¢-7
15 0 7.89580e-1 7.8957%-1  -2.76282e-1 -2.76282e-1  3.13724e-7
15 7/8 843020e-1 843019e-1  -1.54533c-4 -1.54592¢-4  2.59550c-7
30 /4 3.88096e-1 3.88095e-1  7.25979¢-3  7.25976e-3  3.37652¢-7
60 2 8439572 843957e2  -1.82758¢-2 -1.82758e-2  3.37347¢-7

Table 4.4. Numerical solution uy,, exact solution u and relative error E, (N = 64,1t =0.5, w = 1)

Real part of solution

Imaginary part of solution

Ko " Retw) Re(w) Tm(u;) may  r(=0029
[0 0 6771231 677122e-1  840145e-1 -840145e-1  2.199900-7
15 0 7.89580e-1 7.89579%-1  -2.76282e-1 -2.76282e-1  3.13724e-7
15 7/8 843020e-1 843019-1  -1.54533c-4 -1.54592¢-4  2.59550c-7
30 m/4 3.88096e-1 3.88095e-1 7259793  7.25976e-3  3.37652¢-7
60 2 843957c2 843957¢2  -1.82758¢2 -1.82758e-2  3.37347e-7

The curves of errors are partly depicted as follows.
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real

=

=
Ww.[0.27]

6 8

= a
Ww.[0,27T]

& 8

Figure4.1. u =2, w=1,t=03,7=0.05,T = 1, N = 32, M = 20, L = 10, the step of ¢ is % The curve of the

relative error for all ¢ € [0, 27]. left: Re(

u
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Figure 42. u=2, w=15,t=03,7=0.05,7 = I,N =32, M = 20, L = 10, the step of ¢ is &

h

relative error for all ¢ € [0, 27]. left: Re(“=%), right: Im(”‘T”h)
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Z_The curve of the

< 10~° real x 1077 imag

o 2 a 6 8 o 2 a 6
w.[0,27] w.[0,27]

Figure43. u=2,w=1,t=03,7=0.05,T =1, N = 64, M = 40, L = 20, the step of ¢ is zﬁ”

relative error for all ¢ € [0, 2x]. left: Re(#), right: Im(”‘T“h)
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Figure 4.4. p =2, w=1,r=03,7=0.05T7T =1, N =128, M = 80, L = 40, the step of ¢ is 5/

relative error for all ¢ € [0, 27]. left: Re(“=£), right: Im(#)
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x10°° real x 1077 imag
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Figure 4.5. u=2,w = 1.5, ¢ = 0. Taking 7 = 0.05, N = 32, M = 20, L = 10, T = 1, the curve of the relative error
for all 7 € [0, 1]. left: Re(“=£), right: Im(”‘T”h)
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Figure 4.6. 4 = 2,w = 1.5, ¢ = 0. Taking 7 = 0.025, N = 32, M = 20, L = 10, T = 1, the curve of the relative
error for all ¢ € [0, 1]. left: Re(%), right: Im(%)

%< 107 real x 1077 imag

o 2 a 6 8 10 o 2 a 6 8 10
t.[0,10] t,[0,10]

Figure 4.7. u =2,w =1, ¢ = 0. Taking 7 = 0.05, N = 32, M = 20, L = 10, T = 10, the curve of the absolute error
for all # € [0, 10]. left: Re(u — u"), right: Im(u — u")
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=< 1077 real

o 2 8 10 o 2 8 10

a 6
t,[0,101

Figure 4.8. u =2,w =1, ¢ = 0. Taking 7 = 0.05, N = 64, M = 40, L = 20, T = 10, the curve of the absolute error
for all 7 € [0, 10]. left: Re(u — u"), right: Im(u — u")

5. Conclusions

In this paper, the natural boundary element method for an anisotropic hyperbolic problem in an exterior elliptic
domain is investigated. By introducing the elliptic coordinates and the separation of variables, the original problem
is turned into exterior Helmholtz problem with elliptic boundary which is equivalent to the original problem. We
mainly study the solutions of the Poisson integral formula and the natural integral equation. Since the Poisson
integral formula and the natural integral equation involve the computation of the special functions—the Mathieu
functions and the modified Mathieu functions, to solve them numerically we use the method in Zhang and Du
(2008) and Gutiérrez-Vega and Podriguez-Dagnino (2003). Numerical results demonstrate the feasibility and
efficiency of this method.
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