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Abstract  The tip deflection control for a rotating flexible link is investigated according to a novel approach. This 
approach considers the variation of the moment of inertia of the flexible link during rotation, thus reducing the tip 
deflection due to the generated inertia force. The link mechanism implemented in this study was made of Perspex 
and it consists of two parts along its length, one is fixed and the other is rotating about an axis normal to the direction 
of the rotation of the link mechanism. An MMA7631 accelerometer + gyro was used to measure the tip deflection, 
while the control process was achieved by using MEGA Arduino board. Tests were carried out for three cases of end 
loads, namely, 0, 27.5, 59.5 gm. Results show that the application of the proposed control system succeeded in 
reducing the tip deflection as given by the desired value, which was chosen to be 50% and 80% for all the cases of 
end loads. 
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1. Introduction 
Flexible link manipulators exhibit one main advantage 

of being light in weight as compared to rigid link 
manipulators. Hence, they can achieve high speed 
operation with lower energy consumption. Due to the 
flexible nature of the system it is difficult to achieve 
accuracy in positioning of the tip. Many industrial flexible 
manipulators face the problem of vibration during high 
speed motion, for which the operation with high precision 
is severely limited. These conflicting requirements 
between high speed and high accuracy have rendered the 
robotic assembly task to be a challenging research. 

Research work on the control of flexible manipulators 
was initiated in the 80’s of the last century. After then 
many researches have been achieved as related to the 
control of the tip deflection.  

Different approaches and strategies were used to 
control the tip deflection of flexible manipulator, such as, 
nested feedback lops [1], sliding – mode and shape- input 
concept [2], integral manifolds and input – output 
decoupling [3], passivity based controller and observer 
based controller [4], linear quadratic regulator (LQR) [5], 
passive velocity feedback and strain feedback approaches 
[6], time domain approach and frequency domain H-
Infinity approaches [7], modified PID (MPID) control [8], 
and nonlinear adaptive controller [9]. 

It is well known that to attain the control goals for a 
system over a period of time, the controller has to cope 
with significant uncertainty for which fixed feedback 
robust controllers or adaptive controllers cannot deal with 
[10]. Hence intelligent control methods were adopted. 
Under these considerations, intelligent controllers were 

used to control the tip deflection of the flexible 
manipulator through different methods, such as fuzzy 
logic [11,12,13,14], Neural network [15,16,17], and genetic 
algorithm [18,19]. Recently, piezoelectric materials in the 
form of layers or self-acting actuators are used to control 
the vibration of flexible structures [20,21,22,23,24]. 

In this work, a special purpose single link flexible 
manipulator is fabricated and facilitated with all the 
required instruments, hence to achieve an active closed 
loop control system for the link tip deflection. The 
implementation of this system was based upon the 
variation of the second moment of area of the flexible link 
in a trial to control the lateral stiffness of the link. As 
compared to other research work, the need for 
complicated electronics and software is minimized to 
attain the target, also an experimental verification has 
been achieved to validate the proposed approach. 

2. Theoretical Evidence  
The dynamic equations are derived using Lagrange’s 

energy equations in term of a set of generalized variables 
α and θ, as follows,  

 1
T T P Q

t θ θθ
∂ ∂ ∂ ∂  − + = ∂ ∂ ∂∂ 

 (1) 

 2
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t α α α
∂ ∂ ∂ ∂  − + = ∂ ∂ ∂ ∂ 

 (2) 

Where, T is the total kinetic energy, P is the total potential 
energy, Qi is the ith generalized force within the ith degree 
of freedom, θ  and α, as shown in Figure 1, are the angles 
of base rotation and tip deflection respectively. 
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Figure 1. Single link flexible manipulator 

The total kinetic energy is,  

 2 21 1 ( )
2 2base lumpT J Jθ θ α= + − 

  (3) 

Where, Jbase is the mass moment of inertia of the base, Jlump 
is the combined mass moment of inertia of the link and the 
attached payload, which is found to be as,  

 2 21
3lump link payloadJ m L m L= +  (4) 

Where m link and m payload are the masses of the link and the 
payload respectively, L is he length of the beam. 

The total potential energy is,  

 21
2 torsP K α=  (5)  

Where K tors is the torsional stiffness of the flexible link 
about the axis of rotation of the base, which is related to 
lateral stiffness as follows, 

 2* .tors latK K L=  (6) 

In turn the lateral stiffness of the flexible link can be 
found to be as, 

 3
3

lat
EIK
L

=  (7) 

Where, E is the modules of elasticity of the flexible beam 
and I is the second moment of area of the cross – section 
of the flexible link. 

Substituting the total kinetic energy and the total 
potential energy in Lagrange’s equations to obtain the 
dynamic equations for the system, which can be presented 
in a state space form as follows,  
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(8) 
Where τ is the torque applied to the rotational base.  

It is clear, from eq.(8) that one of the dominating 
factors affecting the dynamic performance is the torsional 
stiffness of the flexible link, which in turn is dependent on 
the second moment of area of the link cross-section. 
Referring to eq. (6) and (7), the torsional stiffness 
increases as the second moment of area increases. The 
mechanism adopted in this work, hence to increase the 
second moment of area, is clarified in Figure 2, 

 
Figure 2. Cross-section of flexible link 

The second moment of area of the link about the X-X 
axis is, 

 
3

' 2 ' 212 cos sin
12x x y

b hI I Iϕ ϕ= + +  (9) 

where, 
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From the above, it is clear that as the angle ϕ increases 
the second moment of area increases, reaching its 
maximum value at ϕ = 90˚. Also, as the ratio b2/(2d1+b2) 
increases, the variation of Ix with ϕ will be increased, thus 
obtaining higher stiffness in the lateral direction. 

3. Experimentation 
The flexible link manipulator applied in this work is 

presented pictorially in Figure 3 and schematically as 
shown in Figure 4. 

 
Figure 3. Single link flexible manipulator 

 
Figure 4. Schematic of the flexible link manipulator 

It consists of the flexible link mechanism, MMA7361 
accelerometer and Arduino Mega 2560 board. The flexible 
link, of mass 76 gm, is fixed on a Teflon hub which 
rotates about the B-B axis by the base servo motor, the 
moment of inertia of this hub is 0.229 kg-m2. The link 
rotation about the A-A axis, normal to the hub rotation, is 
controlled by the link servo motor which is fixed inside 
the Teflon hub as shown in Figure 4. An detailed view for the 



 American Journal of Mechanical Engineering 165 

 

fixed part and rotating part of the flexible beam, as fixed 
to the shaft of the link servomotor, is depicted in Figure 5. 

 
Figure 5. Fixed and rotating parts of the flexible beam 

The cross-sectional view of the flexible beam, shown in 
Figure 2 has the following dimensions 

 1 2mm mm,h=10 , 20 4 , 2mm mm.b b t= = =  

The specification of the base servo motor and the link 
servo motor are presented in Table 1 and Table 2 
respectively.  

Table 1. specification of base servomotor 
Dimension 40.7mm x 20.5mm x39.5mm 
Torque 15.5kg-cm at 5 V, 17kg-cm at 6V 
Bearing Dual bearing with metal gear 
Weight 60 gm 
Operating voltage 4.8 – 6 V 
Temperature range 0-55 oC 
Time for 0 degree Rotation 0.6 ms 
Time for 180 degree Rotation 2.2 ms 

Table 2. specification of link servomotor 

Dimension 40.6mm x 19.8mm x 37.8mm 
Torque 15 kg-cm at 6 V, 13kg-cm at 4.8V 
Bearing Dual ball bearing, 3 pole ferrite 
Weight 62gms 
Operating voltage 4.8V~7.2V 
Temperature range -20 degree to 60°C 
Operating Speed 0.13sec/60degree (6.0V) 
Operating Speed 0.17sec/60degree (4.8V) 

A pay load is attached to the free end of the link, at 
which the deflection is measured by means of the 
accelerometer. A desired speed of 8 rad/s and desired 
angle of rotation of 90o is fed to the Arduino, hence to 
drive the base servomotor. An allowable tip deflection is 
fed to the control system. This deflection is considered as 
a percentage of the maximum deflection occurred at the 
tip for a specified tip load in case where the control 
system is not activated. In this investigation, two 
allowable percentages were considered, namely, 50% and 
80%. The induced tip deflection measured by the 
accelerometer is fed back and compared to the allowable 
deflection through the Arduino board, which in turn 
activates the angle of rotation of the link servomotor, thus 
rotating the inner part of the link to increase the second 
moment of area, hence increasing the lateral link stiffness 
and decreasing the tip deflection. The angle of rotation of 
the link servomotor is limited by the difference between 
the measured tip deflection and the allowable tip 
deflection. A block diagram of the control system is 
shown in Figure 6. 

 
Figure 6. Block diagram of the control system 

The equation governing the rotation of the base 
servomotor is, 

 
( )( )2

tb

b b b b b tb bb

K
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θ
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+ + +
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where, 
Vb: voltage of the base servomotor 
Rb: resistance of the base servomotor 
Lb: inductance of the base servomotor 
Db: damping coefficient of the base servomotor 
Ktb: torque constant of the base servomotor 
Kbb: back emf constant of the base servomotor 
Jb: moment of inertia of the mass connected to the shaft of 
the base servomotor, Jb = Jbase + Jlump 

The link servomotor is governed by, 
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ϕ
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where, 
Vl: voltage of the link servomotor 
Rl: resistance of the link servomotor 
Ll: inductance of the link servomotor 
Dl: damping coefficient of the link servomotor 
Ktl: torque constant of the link servomotor 
Kbl: back emf constant of the link servomotor 
Jl: moment of inertia of the mass connected to the shaft of 
the link servomotor, which is the inertia of the rotating 
part of the link about axis A-A. 

Solving eq. (8) for the relation between θ  and α, thus 
yielding, 

 
2
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Substituting for the known terms in eqs. (6), (7), (9) and 
(10), to obtain, 

 2 21.344 1.344cos 33.604sin .torsK ϕ ϕ= + +  (14) 

Knowing that the tip deflection is, 

 * .Lδ α=  (15) 
Hence, for any given value of θ , the tip deflection δ 

can be controlled by varying ϕ. 

4. Results and Discussion 
The results obtained from this investigation are 

presented in Figure 7 - Figure 12, showing the variation of 
tip deflection with time for the three cases of tip load, 
namely, no load, 27.4 gm and 59.5 gm. Two allowable tip 
deflection reductions were considered while activating the 
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proposed control system, namely 50 % and 80 %. It can be 
observed that as the control system is activated, the 
frequency of oscillation of the beam is increased and the 

time required to reach the steady state condition is 
decreased. 

 
Figure 7. Tip deflection versus time, m payload = 0.0 gm, allowable tip deflection = 50% 

 

Figure 8. Tip deflection versus time, m payload = 0.0 gm, allowable tip deflection = 80% 

 
Figure 9. Tip deflection versus time, m payload = 27.4 gm, allowable tip deflection = 50% 
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Figure 10. Tip deflection versus time, m payload = 27.4 gm, allowable tip deflection = 80% 

 
Figure 11. Tip deflection versus time, m payload = 59.5 gm, allowable tip deflection = 50% 

 
Figure 12. Tip deflection versus time, m payload = 59.5 gm, allowable tip deflection = 80% 

The results of the frequency of oscillation and the time 
required to reach the steady state condition, are 

summarized and tabulated in Table 3 for all the cases 
studied. 
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Table 3. frequency and settling time for the cases studied 
ts (sec.) f (Hz) 

Case 
WC* WOC* WC* WOC* 

8.925 9.975 2.133 1.136 m payload= 0.0 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 = 50% 

6.675 9.975 3.556 1.136 m payload = 0.0 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 = 80% 

9.15 10.34 1.600 1.000 m payload = 27.4 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 = 50% 

7.035 10.34 3.333 1.000 m payload = 27.4 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 =80% 

9.7 10.85 1.524 0.907 m payload = 59.5 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 = 50% 

7.29 10.85 3.020 0.907 m payload = 59.5 gm 
% 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 = 80% 
* WOC: Without control, WC: With Control, f: Frequency of oscillation 
of The beam, ts: Settling Time, m payload: Tip load, 𝜹𝜹𝒂𝒂𝒂𝒂𝒂𝒂 : Percentage 
allowable reduction in tip deflection. 

From the results obtained, it can be seen that as the 
percentage allowable reduction in tip deflection increases, 
the frequency of oscillation increases and the settling time 
decreases, this is obviously true due to the increase in the 
beam lateral stiffness. 

5. Conclusions 
In this work the control of tip deflection of a flexible 

link moving in a horizontal plane is addressed. The main 
targets of this investigation were to decrease the tip 
deflection together with decreasing the settling time, 
hence the steady state condition can be reached faster and 
the final position of the beam is achieved with minimal 
vibration. The adopted control procedure based on 
increasing the lateral stiffness proved its activity through 
the tests achieved in this study. The future work is aimed 
to extend the use of this method for a flexible beam 
moving in a 3-D space. 
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