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3. ax®+br’+cx+d=0 (a #0).
Cubic equation.
1. Incomplete cubic equation.

1°. Cardano’s solution The roots of the incomplete cubic equation
yP+py+q=0 @
are given by
1
y1=A+B, y3= _E(A +B)+t i?(x‘l - B),

where

2 3 2

with A and B being any of the values of the respective cubic roots suchAiiat —p/3.
The number of real roots of the cubic equation (1) depends on the sign of the discrifinant

1= (509)" 5= (5-5)" D=5+ (9, #n

D >0 one real and two complex conjugate roots,
D <0 three real roots,
D =0 one simple real and one twofold real roots
or, if p = ¢ = 0, one threefold real root.
2°. Trigonometric solutionlf the coefficients andq of the incomplete cubic equation (1) are real,

then its roots can also be expressed with trigonometric functions as shown below.
(@) Letp<0andD < 0. Then

D e} p a T
= - — = - —-— -
y1 =24/ 3cos3, Y23 2,/ 3cos(3_3),

where the trigonometric functions are evaluated taking into account the formula
q

2/-/3)%

COSa = —

(b) Letp >0andD = 0. Then

g1 = 2\/§ cotRa), y23= \/g [CO"(ZO‘) £ sir@)]'

where the trigonometric functions are evaluated using the formulas

tana = (tang)l/s, tangs = S(B)s/z, | <
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(c) Letp<0OandD = 0. Then

_ -/ p 1 _ [P 1 ,
e 2\/75 sin@a)’ y2'3'\/7§ [sin(Za)iZ\/éCOt(za)]’

where the trigonometric functions are evaluated using the formulas

tana = (tang)l/s, sing = S(—%)B/Z, lof <

In all three cases, the real value of the cubic root is taken.
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2 CuBIC EQUATION

2. Complete cubic equation.
1°. The roots of the complete cubic equation

az®+br?+cx+d=0 (a #0) 2

are evaluated by the formulas

wk:yk—g%, k=123,

where they;, are roots of the incomplete cubic equation (1) with coefficients

1/b0\2 ¢ 2 /b\3 bc d
- 3((1) 0 27(a) 3a2 a
2°. Vieta’s theorem for the roots of the cubic equation (2):

x1 +x2 + 23 =-b/a,
X1T2 + x1T3 + X223 = ¢/a,
x1x223 = —d/a.
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