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Abstract In this paper the Fourier vector integral transforms method with discontinuous coefficients developed by
authors is used for elasticity theory problems solving. The analytical solving dynamic problems for theory of
elasticity in piecewise homogeneous half-space is found. The explicit construction of direct and inverse Fourier
vector transforms with discontinuous coefficients is presented. Unknown tension in the boundary conditions and in
the internal conjugation conditions don’t commit splitting in a considered dynamic problem, so the application of the
scalar Fourier integral transforms with piece-wise constant coefficients does not lead to success. Conformable
theoretical bases of a method are presented in this paper. The technique of applying Fourier vector transforms for
solving problems of the dynamic problems the elasticity theory.
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1. Introduction

The purpose of the mathematical theory of elasticity is
to define the tension and deformations on border and
inside the elastic body any form under all load conditions.
In dynamic problems of the theory of elasticity required
values are functions of coordinates and time. The
problems about oscillations of constructions and buildings
are dynamic problems. Forms of oscillations and their
possible changes, amplitudes of oscillations and their
increase or decrease in the course of time, resonance
modes, dynamic tension, methods of excitation and
extinguish of oscillation and others, and also problems
about distribution of elastic waves; seismic waves, and
their influence on constructions and buildings, waves
arising at explosions and blows, thermoelastic waves etc.
are defined in the given problems. Different
representations of the equilibrium equation solutions
through functions of tension are used when solving
problems by the variable separating method. The required
problem is taken for solutions of differential equations of
a more simple structure with the help of such
representations. Each functions of tension in these
equations ”’is not fastened” with others, but it enters into
boundary conditions together with the others. A.F.Ulitko
[7] has offered rather effective method to research the
mathematical physics problems - a method Eigen
vectorvalued functions. This method is the wvector
analogue of Fourier integral transforms method. This
method is an analytical method for elasticity theory
problems solution. In this article we consider and develop

the Eigen vector valued method. We come to the most
simple problem in space of images with the help of the
integral transforms (Fourier, Laplace, Hankel, etc.). The
finding of direct transforms formula is the main difficulty
in solving problems of this approach. Extensive enough
bibliography of works on use of this method is resulted in
J.S.Ufljand’s monography [2]. Elasticity theory problems
for heterogeneous bodies are of great practical interest.
Lame coefficients are not constant in these problems.
They are the functions of coordinates defining the field of
elastic properties of bodies. Application of analytical
methods is connected with considerable mathematical
difficulties because there is no corresponding
mathematical apparatus, when the tension-strain state of
bodies of the complex configuration is researched. Fourier
vector integral transforms method is equivalent the
method Eigen vector-valued functions, however, it can be
successfully applied to solve elasticity theory problems in
a piece-wise homogeneous medium. The theory of Fourier
integral transforms with piece-wise constant coefficients
in a scalar case was studied by Ufljand J.S. [16,17], Najda
L.S. [11], Protsenko V. S [12,13], Lenjuk M. P [8,9,10].
The vector method is developed by the author in [2,19]. is
adapted for the solution of problems in piece-wise
homogeneous medium. Unknown tension in the boundary
conditions and in the internal conjugation conditions don’t
commit splitting in a considered dynamic problem, so the
application of the scalar Fourier integral transforms with
piece-wise constant coefficients does not lead to success.
In this paper the Fourier vector integral transforms method
with discontinuous coefficients developed by authors is
used for elasticity theory problems solving. Conformable
theoretical bases of a method are presented in item 4. The
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necessary proofs are developed in [2] and [19]. The closed
form of the dynamic problem solution is found in the use
of this method in item 4.

2. Problem Statement

Let's consider a problem about distribution of tension in
an n+1-layer elastic semi-infinite solid

IrTsz{(x,y):xalf{,ye R},

n+l —
where 17 = U (li_g,l;) . The vector of displacement uij
i=1

has components u;,v;,0 in the case of plane strain. If

¢ (x,y,t) and
wi (X, y,t), under the condition [14], functions are defined
by the relations

Ui :%4'%’\4 =%—%, (1)
ox oy oy o

introduced two functions tension

than expressions for the component of pressure become
[14]
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where 4,44 -elastic Lame constants. If to choose

functions of tension ¢ and w; in the form of solutions of
a system of wave equations

h
T

(2

%y,
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t>0,—0o<y<omli_y <x<l
with zero initial conditions

Q(X, yio)zol !//i(X, y,O):O,
04 (xy.0) _, ovi(xy.0) . (4)
ot - ot -

than the movement equations will be satisfied. The
tension p(y,t), changing with time, is applied on the

border of the body. If tangent tension is equal to zero, than
the boundary conditions become

o =—p(Y:t), 715y =0 as x=0. (5)

Let the components of the vector of displacement G
and the components of the tension tensor oy, 7y, be

continuous, we get internal boundary conditions, so-called
conjugation conditions [5]:

Ui =Uis1, Vi =Visd, Oix =Oisaxs  Tixy = Tistxy, (6)

3. Vector Fourier Transform with
Discontinuous Coefficients

Let's develop the method of vector Fourier transform
for the solution this problem. Let's consider Sturm-
Liouville vector theory [1] about a design bounded on the
set of non-trivial solution of separate simultaneous
ordinary differential equations with constant matrix
coefficients

2
2 d 2 2
—+AE+T |Ym =0,
[A“ dx? "‘] " (7
92 =A%E+T2, m=1n+1
on the boundary conditions.
0, ,2:0)\d 0,420
((0511+/1 511)d—+(,311+/1 711)] i =0
X x=lp (8)

Iynaall |X=gO <0

and conditions of the contact in the points of conjugation
of intervals

((a'j‘l +/125'j‘1)%+(ﬂ}‘1 +ﬂ,2)/5-(1)j Yy =

= ((alfz +/125F2)§—X+(ﬂ|j(2 +/7~27’|j(2) Jyk+1v
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where

Yim (X,/l)

Ym (%, 4) = : ’
Yem (X, 4)

Yol = \/¥2n ++ y2n m=Tn+l

Let for some A the considered the boundary problem
has a non-trivial solution

$04) = 200 k)b -x) (.2)+

+0(X=1n) Yns1 (% 2).

The number A is called an Eigen value in this case, and
the corresponding decision y(x,/l) is called Eigen vector-
valued function.

0 0 0 <0 k ok Kk
o11, P o 2 B Vi
kK k ok ko ok
Si1:@j2: B2 7j2, Oja: Aj —
are matrixes of the size rxr . We will required invertible
det My, =0, A€[0,) (10)

for matrixes
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k 2.k k 2 ok

_ Pim + A m  om + 4701
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Pom +A"yom  aom + 409,
m=12; k=1,_n.

Mmk

Matrixes A2 and I'2 , are is m=1n+1 -positive-
defined [6]. We denote

(I)n+1 (X) = eQn+1Xi : \.Pn+1 (X) = e_qn+1Xi ;
2 -2 2 2
On+1 = An+1(l E+T )

Define the induction relations the others n-pairs a
matrix-importance functions (@, ¥y ), k=1n:

(b 26 Lo 227400 -

d
= |:(0!lj(2 +125}(2)&+(ﬂ:'(2 +ﬂz}/lj<2 ):|(q)k+1,qjk+1), (11)

k=Ln, j=12

Let us introduce the following notation

0. ,2.0\0 ]
0 all-i-ﬂ, 511 —_—
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+(ﬂ101+/127101) .
L - =l
0 _(0‘101 + ],25]91)1_
W1(4)= Ol (x4)|
+(,3.L01+/127101) .
L - =g
() v
ka[ ) fj,i:Ln+1
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Theorem 1. The spectrum of the problem (7),(8),(9) is a
continuous and fills all semi axis (0,c0). Sturm-Liouville

theory r time is degenerate. To each Eigen value A
corresponds to exactly r linearly independent vector-
valued functions. As the last it is possible to take r
columns matrix-importance functions.

n+1

u(x4)= kZ_‘,llg(X—'k—l)é’('k —X)u (x2),

u”m@=®j0Jy;%ﬂ}%quV;%ﬂ)Q@
That is
U (X, 2)
y" (x,2) = : .
Upm (X, 4)

Dual Sturm-Liouville theory consists in a finding of the
non-trivial solution of separate simultaneous ordinary
differential equations with constant matrix coefficients.

2
[A%d—+/12E+F%Jym =0,
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on the boundary conditions
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and conditions of the contact in the points of conjugation
of intervals
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The solution of the boundary value problem we write in
the form of

n+1

y*(£2)= kZ_le(é—Ik_l)H(lk ~&) vk (&4),

Yn(62)=(Yra (64) - Ve (£:2)),

:\/(yfm)z+...+(y’rkm)2,m:1,n+l

Theorem 2. The spectrum of the problem (7),(8),(9) is a
continuous and fills semi axis (O,oo). Sturm-Liouville

theory r time is degenerate. To each Eigen value A
corresponds to exactly r linearly independent vector-
valued functions. As the last it is possible to take r rows
matrix-importance functions.

Ym

n+1

u”(x,4) = kz_:lg(x_lk—l)g(lk = X)ui (%, 2),

uj (%) =(%1(ﬂ)'@1(ﬂ)]ﬂil(x,ﬂ)[gj A2,
That is

yI(E2)=(ua(64) -~ uj(&4)) i=1r. (16)

The existence of spectral functions u(x,1) and the
conjugate spectral function u®(x, 1) allows to write the a
vector decomposition theorem on the set of I .

Theorem 3. Let the vector-valued function f (x) is defined
on I, continuous, absolutely integrated and has the

bounded total variation. Then for any x e I, true formula
of decomposition

)= Juna

7Z'JO

Tu*(;ﬂ)f(g)d§+

lo
+(7101f1(|0)+5101f1' ('0))+
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The decomposition theorem allows to enter the direct

and inverse matrix integral Fourier transform on the real
semi axis with conjugation points:

Fn+[f](ﬂ)=:fu*(§,/1)f(§)d§+
0

+(7101f1(|o)+5101f1/ lo))+

(
360 i 0w (),
{751 551J[fk+1(|k)J
‘ o 0% | ()
_{71'(1 @klj{fk(lk)J
1o o fil (I)
F;j[f](x):—i_ au(x,2)f(2)da=f(x), (19)

n+1

- kz_‘ie(lk =x)0(x k1) fic ().

Let's apply the obtained integral formulas for the
solution of the problem of elasticity theory (1),(2),(3),(4).
Let's result the basic identity of integral transform of the
differential operator

n+1 2 d 2
B=> ¢ —I A +F
2. 0(x-132)0( ) A4
Theorem 3. If vector-valued function
n+l

_ kz_la(x_uk_l)e(lk -x) fy (%),

is continuously differentiated on set three times, has the
limit values together with its derivatives up to the third
order inclusive

-t 100

m=0123 k=1n+1

Satisfies to the boundary condition on infinity

im [u*(x,/l)dif(x)—diu*(x,ﬂ)f(x)j=0

X—>0 X X

satisfies to homogeneous conditions of conjugation (9),
that basic identity of integral transform of the differential
operator B hold

R [B(1)](4)
=227 (2)-{( At o) + a1 (1))~ 20)
(A 1" (1) + 581 1" (1))

The proof of theorems 1,2,3,4 is spent by a method of
the method of contour integration. Similarly presented to
work of the author [19].

4. The Solution of Dynamic Problems of
the Theory of Elasticity

Let's apply on the variable y Fourier transformation

[4], and let's apply on the variable x the vector integral
transforms of Fourier (18). In the images of Fourier series
in the variable y the problem (1), (2), (3), (4) takes the

form of the simultaneous equations

36 2% % zaw.

— ol.——cl.cf 4. —2 "% ~c5 &%, (21)

t>0, Ly <x<|
with initial conditions

4 (xy,0)=0, % (xy,0)=0,

o4 (x,y,0)  0wi(xy,0) 0 (22)
a7 -
where ¢, - images of Fourier series in the variable y

functions of tension

é FI ¢ (xy,t)e” 1V,

i = —— P (%, y,t)e71€Vd
7 ﬂ [~ wi(xy.t)e 1 vdy
with boundary conditions

o4 —
2/118)(—2—1152¢l+

°¢ .. o _
+2u1[ax—"2’1+15 a”i} BE) X

_ o -
= 2if—=——"= =0,x=0, (23

with the internal conditions of conjugation

o4 O
ox —+éy; = o

jéh -

+ J¢Wii

— i&ha- ""X” asx=l;
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Denote ¢ =max {cy;,Cy; } . Let's apply to a problem (21),
I

(22), (23), (24) vector integral Fourier transform with

discontinuous coefficients, defined by formulas (18) - (19).

Let's put in simultaneous equations (7)

N M
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in boundary conditions (8) let's consider
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Let's apply to a problem (21), (22), (23), (24)

transforms of Fourier F,, on the variable x .

Using

identity (20), we get Cauchy problem

d2

A2 (4| 220 2(4],[P(EY)
“HEGHUHIG UG

[{J(é,nlo)ﬂ, i{i](«f,n,o)zo, (26)
Here denote
[i](n,é) ~F, (Q(n),
2 v
¢ n+1 (%]
=>» Ol —x)@(x-1_ .
(] Sot-notnen| X
Let's result the solution of the problem (25)-(26)
; (Ve e (1-0))
I;J(’Lf’t):jo \/C2§2+772 ( 0 sz’.

|

Let's apply the inverse Fourier transform on y and

inverse integral transform of Fourier series Fnjrl on the
variable x . Using (19), we get functions of tension ¢,y;:

i)

i (X y.t)

- LI (x,y—s,t—r)(p(;r)jdsdr,

@27

when

IR Y P,
sin(m(t—f))

The formula (27) takes the form

dndé& |.

o R N
H x,\/(t—r)z—(yc_—;) [p(;’r)jdsdr.

In the case of a homogeneous environment, that is not
the dependence of the 4;, 4 -elastic Lama constants,

H(xz)=

N

o0
= Im
IO 1'77(0!101“725101)*'(51014"7271()1

when Jg is Bessel function [3]. The expressions (27) for
the functions of tension allow to find components of the

) Jo (nz)dn.
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vector of displacements u;,v;,0 and the components of
the tension tensor oy, ojy, 7y, according to the formulae

@, ).

Remark. The dynamic problem of the theory of
elasticity for semi space was considered in the known
monograph [15]. However, this problem was solved
without initial conditions. The authors apply the Fourier
transform of the time wvariable. It leads them to
imprecision in the received formulas for the functions of
tension. In our opinion the solution by the method of
integral transforms of Fourier (18),(19) on a spatial
variable also is more natural.

5. Conclusion

In the work the dynamic problem of elasticity theory
are considered: the problem of oscillations of
constructions and buildings, the problem of the
propagation of elastic waves; thermo elastic waves. The
method of integral transforms developed in solving
problems. Using the integral transformation (Fourier,
Laplace, Hankel) we came to a more simple task in the
pattern space. Problem of elasticity theory for
inhomogeneous bodies studied. These tasks are of great
use in practice. The method of the vector integral
transforms of Fourier with discontinuous coefficients used
for the decision of problems of the theory of elasticity in a
piecewise-homogeneous media. The solution of the
dynamic problem in the analytical form found.
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