ON PERTURBATIONS OF QUASIPERIODIC SCHRODINGER
OPERATORS

HELGE KRUGER

ABSTRACT. Using relative oscillation theory and the reducibility result of Elias-
son, we study perturbations of quasiperiodic Schrodinger operators. In par-
ticular, we derive relative oscillation criteria and eigenvalue asymptotics for
critical potentials.

1. INTRODUCTION

We will be interested in generalizing classical perturbation result of eigenvalues
to quasiperiodic operators. We first overview the classical results of interest. Most
(if not all) of our results will be parallel to these. For this introduction let H be a
self-adjoint realization of

2

(1.1) H = —%—i—q(w)

on L?(1,00) with g(z) — 0 as * — oo and ¢ bounded. A classical result of Weyl
now tells us, that the essential spectrum of H, is equal to the one of —%, hence
Oess(H) = [0,00). We give the generalization of this to quasiperiodic operators in
Theorem [B.11

Kneser answered in [9], the question when 0 is an accumulation point of eigen-
values below 0. One has if
(1.2) lim sup ¢(z)z? < 1

Tr— 00 4

then 0 is an accumulation point of eigenvalues, and if

(1.3) liminf g(z)z* > 1
T—00 4
then 0 is not an accumulation point of eigenvalues. The periodic case was answered
by Rofe-Beketov (see here his recent monograph [§]). The generalization to the
quasiperiodic case is given in Theorem [3.2]
Once it is known that 0 is an accumulation point of eigenvalues, it is natural
to ask how fast do the eigenvalues converge to 0. This question was answered by
Kirsch-Simon in [7]. To state their result let N(\) be the number of eigenvalues of

G 45 below A, then

T dx?

1 1
(14) N = —, /= — 11+ 0(1), ATO, frerss = —~.
47T Merit 4
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Forfd—2+$‘—‘w,0<’y<2,wehave

dx?
(15) N =- / (A — q(a)2d(1 + o(1)), AT0
T J{z,q(x)<A}
ori 1 (2—7)/2
:V/‘QHM %’ T 1 o1)), ATO

see Theorem XII1.82 in [I4]. E| This result goes back to results in the sixties, see
the notes in [I4]. The periodic case was answered by Schmidt [15] for v = 2. We
will answer this question in Theorem [3.7]

Periodic operators have a spectrum made out of the union of finitely or infinitely
many bands. That is

2

d
(16) aess(—@—kqo(a:)) = [Eo,El]U[EQ,Eg] U..., Ej < Ej+1,

for qo(z + p) = qo(x), p > 0. Since, we now have several boundary points of
the spectrum, one can also ask what happens at all, finitely many, ...boundary
points of o.s5(Hg). Rofe-Beketov gave the following answer to this question: Only
finitely many gaps can contain infinitely many eigenvalues for critical perturbations
(q(x) = p/x?) (see (6.145) in [8]). We will treat this question in Theorem

The organization of this paper is as follows. In Section [2| we will state the
needed results about quasiperiodic Schrodinger operators. In Section [3] we will
state our main results. Most proofs are easy enough to be directly stated. Only the
eigenvalue asymptotics requires more work and is stated in the following section. In
Section |5, we give an outline of Eliasson’s proof and derive some further estimates.
In Appendix[A] we will review relative oscillation theory, followed by another short
appendix on needed methods from the theory of differential equations.

2. QUASIPERIODIC OPERATORS

We will now recall the basic notations about quasiperiodic Schrédinger operators.
Let T be the d-dimensional torus, where T = R/(27Z). Let Q : TY — R be a real
analytic function. We will consider the Schrodinger operator on L%(1,00) given by

d2
da?
where w € T? is fixed. We will assume that w is a Diophantine number, that is
there is some 7 > d — 1, k > 0, such that

(2.1) Hy = +qo(z), qo(z) = Q(wx)

(2.2) DC(k,7):  |{w,n)| > ﬁ n € Z1\{0},
holds.
Recall the rotation number p(E) from [4]. Denote by ¥(z, E) the Priifer angle

of a solution u of Hyu = Fu. That is a continuous function of z such that

(2.3) u(z) =r(z)sind(x, E), '(z)=r(x)cosd(z,E), 0<I(1,FE)<m,

for some continuous function 7. The rotation number p(E) is now introduced by
Hx, E

(2.4) () = tim 2B

T—00 €T

e obtain a factor % different from [7] in the case v = 2, since we are considering half line
operators. This factor does not arise for 0 < v < 2, since the domain of integration also shrinks.
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We remark that the integrated density of states k(FE) satisfies
1
(2.5) HE) = ~p(E).

Johnson and Moser showed

Theorem 2.1. [[]] The spectrum o(Hy) is given by
1
(2.6) o(Ho) = {E, p(E) = 5 {w,n), n €L}

Furthermore p is a continuous function, and constant outside the spectrum.

Now we come to Eliasson’s result. Recall that we can rewrite the Schrodinger
equation

—u"(z) + Q(wr)u(z) = Eu(x),

as the first order system

(2.7) U'(2) = ( Q(wg . é) Ul)

where U(z) = (;‘,&%)

Theorem 2.2. [[3]] There is an Eo, such that for E = 1(w,m) > Ey a boundary
point of the spectrum of Hy, there is a function Y : T¢ — SL(2,R) and A € sl(2,R)
with A? = 0 such that

W o\ Ar 1 1 1
2.8 X(x) =YY (= Y = ——
28) @=nvGoe, Yi=—=(_\x Jp)
is the fundamental solution of . Furthermore we have that for |m| > 2

(2.9) |A] < cml?7

1
(2.10) V] < Cloglml, [det(¥Y) — 1] < 5,

for constants ¢, C independent of m, and the spectrum of Hy is purely absolutely
continuous above Ey.

We will give an outline of Eliasson’s proof in Section o} and derive the additional
estimates there. In fact Eliasson proved that (2.8) holds, when p(E) satisfies the
next Diophantine condition

(n,w) R

2.11 _ > 5
(2.11) lp 5 ‘_\nl"’

nezZN\{0}, &>0,0>0.

Eliasson also showed that the spectrum of Hjy will be a Cantor set for generic
functions @ : T? — R in the |.|; topology given by the norm

(2.12) Qs = sup [Q(2)].

[Im(z)|<s

Furthermore, we could replace Q(wz) by Q(wz + 6) for any § € T obtaining the
same statement.
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3. MAIN RESULTS

We are interested in decaying perturbations of the quasiperiodic operator Hy.
That is for some function Aq consider the operator

2
—op ta@), @)= (@) + Agz),
for go(z) = Q(wz) as described in Section 2] We then have the next basic stability
result of the essential spectrum.

Theorem 3.1. If Aq — 0, then
(32) Oess (Hl) = Oess HO R\ U Gn’

(3.1) H =

for open sets G,,. If Aq is integrable, we have that the spectrum of Hy is purely
absolutely continuous above Ey.

Proof. The first part follows by Weyl’s Theorem and Theorem [2.1] For the second
part, note that by Theorem [2.2] Hy has purely absolutely contlnuous spectrum
above Ey, and by Theorem 1.6. of [6] it is invariant under L! perturbations. [

It is conjectured in [6], that there is still absolutely continuous spectrum for
Aq € L?, but it may not be pure. This was shown for the free case in [I] and for
the periodic one in [5]. See also the recent review in [2]. If we write G,, = (E;,, E;)
for the intervals of the last theorem, and call them gaps. We call E; (resp. E;) a
lower (resp. upper) boundary point of the spectrum. The next relative oscillation
criterion follows.

Theorem 3.2. Assume that Aq — 0, and let E be a boundary point above Fy of
the essential spectrum of Hy. Then there exists a constant K = K(E) such that E
is an accumulation point of eigenvalues of Hy if
1
(3.3) limsup K Aq(z)z? < —=
r—00 4
and E is not an accumulation point of eigenvalues if
1
(3.4) liminf K Ag(z)z? > —-.

Furthermore K > 0 (resp. K <0) if E is a upper (resp. lower) boundary point.

Proof. Everything follows from Theorem [A.6] except for the existence of K. We
have from (2.8) that uo(t) = U(%t) for a function U : T — R. We will show

= 11m1nf lim sup g/

T— 00

= limsup lim inf — / ug(t)?dt = / U(z)?dz.
¢/, Td

l—o00 xr—00

Now note, that 1) implies that the system (T9, T}, 1), where T} = gt and p is the
normalized Lebesgue measure is uniquely ergodic. By Birkhoff’s ergodic theorem,

we ha,Ve thal
[[ = 1/ z
l—o0 g/ /d ( ) dz

By unique ergodicity, we know that the limit is uniform in x. Hence, the result
follows. (]
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We even have a whole scale of relative oscillation criteria. To state this, we recall
the iterated logarithm log,, (x) which is defined recursively via

logy(z) ==,  log,(z) = log(log,,_(z)).

Here we use the convention log(z) = log |z| for negative values of . Then log,, (z)
will be continuous for x > e,_1 and positive for z > e,, where e_; = —o0 and
e, = e*»—1. Abbreviate further

R (NPT

10gn+1
From Theorem 2.10. of [12].

Theorem 3.3. Assume the assumptions of the last theorem, and that for some

neN
. _ ~ 1
(3.5) Jim L ()7 (Ag(2) = Qna (@) = =5
Then E is an accumulation point of eigenvalues of Hy if
~ 1
(3.6) limsup K L, (2)*(Aq(z) — Qn(x)) < —~
rT—00 4
and E is not an accumulation point of eigenvalues if
~ 1
(3.7 liminf KL, (2)*(Aq(z) — Qn(z)) > T

with the same K as in the last theorem.
The next lemma gives us an estimate on K.

Lemma 3.4. The constant K of Theorem[3.3, satisfies

C 3
3.8 KE)|<—— 0<i<?>
(3.9 Ko< ’

where m € Z% is such that E € p~*(1(w,m)).

T

Proof. From Theorem [2.2] we know the existence. We note that det(Y;) = 1. By
(D we have that |A| < ¢|m|~37, where the m is the one such that p(E) = L (w,m).
Hence, we obtain that |3] < ¢/m|=27. Now

z)d
|K| < fT <
“mFVE
The claim now follows by (2.10). O

Remark 3.5. One can hope that the estimate on K(E) can be improved. It
was shown in [3] that the matriz A and then 8 would satisfy the bound || < C|E4+ —
E_| for some constant C. Then it was shown in [I3], that |E, — E_| < ce™ "™l for
some constants ¢ and . Hence one should expect K(FE) to decrease exponentially
in m. Unfortunately, the estimate of [13] depends on further arithmetic properties
of m. Hence, it is not clear if it holds at all band edges.
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For simplicity, we will now restrict our attention to perturbations of the form

(3.9) Aqa) =L p#0, y>0.

We will denote the operator Hy + £ by H}. Now, we come to the question how
many gaps above Ej can contain infinitely many eigenvalues. This question is a bit
odder than the one for periodic operators, since there are bounded intervals that
contain infinitely many gaps.

Introduce pcri¢ by

1

3.10 it(F) = ———.
( ) prerit(E) 4K (E)
Then E > Ej is an accumulation point of eigenvalues of Hﬁ if and only if p/pierit >
1. For HZ, 0 < 7 < 2, this requirement is p/eri¢ > 0. Now, we come to

Theorem 3.6. Ify > 2, then no boundary point of o(Hy) above Ey is an accumu-
lation point of eigenvalues of H) = Ho+ ;5. If v <2, then if p <0 (resp. 1> 0),
then all upper (resp. lower) boundary points above Fy are accumulation points of
eigenvalues of H.

If v = 2, we can add infinitely many eigenvalues to each gap by choosing 1 large
enough. However, for every value of u only finitely many gaps contain infinitely
many eigenvalues of H.

Proof. The first claim follows from Theorem The second claim follows from
the last lemma and Theorem O

Now, we come to the eigenvalue asymptotics. Let E be again a boundary point
of the spectrum of Hy. Introduce, if the set (E,E) N o(Hy) = 0, by N(\) the
number

(3.11) N\ =tr(Pg(H), E<A<E
with the obvious modification for (E, E) N o (Hy) = 0.

Theorem 3.7. Let E be a boundary point of the spectrum of Hy, which is an
accumulation point of eigenvalues of H}). Then if v =2

_ L m
471— Herit

(3.12) N\

—1-|log|E — A|| - (1 + o(1)),

and if 0 <y <2

(2=m)/2v
(3.13) N = %Ziw,/ugit (|E|‘_‘|A|) (11 o(1)).

where N (X) is the number of eigenvalues near E.

We will give a proof in Section In difference to the proof of [I5], our proof only
uses the decay of the potential and the behavior of the solution at the boundary
point of the spectrum. In fact everything carries over to general elliptic situations.
That is, where one has two solutions ug, uy such that ug(x) and uy(z) — xug(x) are
bounded functions.

Remark 3.8. It was already shown in Corollary 6.6 in [8] that perit(E) has to
diverge as E — oo. We also remark that [§] develops a different approach to
relative oscillation criteria than was used in [12].
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4. PROOF OF THEOREM
We will now give explicit bounds on the spectral projections.
Lemma 4.1. Let ¥ be a solution of

(4.1) Y (x) = —Aq(x) (uo(x) cosh(x) — vo(z) cosh(x))?.
Then we have that

(12) 00 = (5[5 = 14 o)) gl

if Aq(z) = p/a?. If Aqz) = p/z7, 0 <y <2,

(4.3) P(z) = (\/i;’r + 0(1)) /2,

Proof. Use in (A.5) a = z, to obtain if v = 2 the next equation

1 1
o' = E(SiHQ © + cos psin @ + pud cos® @) + O(?)7

whose asymptotics can be evaluated with Lemma and Lemma
In the case 0 < 7y < 2, we choose o = 1/1/|Aq|K, then also the sin ¢ cos ¢ term
becomes of lower order, hence we obtain by averaging

A /

q
¢'(z) = VEKAq(z) + O(Ag + Tq)
which implies the claim for Ag of the particular form. (I

Then, we have that

Lemma 4.2. Let the Wronskian W (u1(E),uo(E)) have n zeros on
{z, vy >, [Aql < |E - A}
Then we have that
(4.4) N(A) <n—+3.
Proof. Observe that by the comparison theorem for Wronskians, we have that

W (u1 (M), up(A)) can have at most one zero left of x,,.
Hence, we obtain

dim Ran P(_ oo x)(H1) < #(1,2,) (u1(A), uo(N)) + 1

Now, by the triangle inequality for Wronskians, we obtain # 1 ,,)(u1(A), uo(A)) <
#(1,0,)(u1(A),uo(E)) + 1. It, now suffices to note that # ;) (u1(A), uo(E)) is
bounded by # 1 ) (u1(E), uo(E)) + 1 by using the comparison theorem for Wron-
skians. ]

Note, that the last two lemmas imply the next bound on the eigenvalues if v = 2

1 M
. < — —1- — .
(4.5) N(A)_M — 1-[log|E = \||- (14 o(1)),

and if 0 <y <2

l 1 i |,LL| (2=7)/2v .
(4.6) N < T2—=7V Herit (|E_>\|) (L+0(L)

The next lemma shows that we have equality. Hence with it Theorem is proven.
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Lemma 4.3. Let 0 <d <1 and 0 <~y <2, then if v =2,

1 7]
. > —5 =1 — .
@n N2 9 1 log |- - (14 0(1),
and if 0 <y <2,
(2=v)/2v
11 1 ( I )
4.8 NA) > ——— 1-9 -(1+0(1)).
@8 N0z g - (FEy (1+0(1))

Proof. Let Xp,q, be given by

N il "7
xmam()\)—5<|E_/\ .

Let wx(z) be a Priifer angle of W (ug(E),u1(A)). By the triangle inequality for
Wronskians, it is clear that ¢y is close to the Priifer angle of W (ug(\),u1(N)).
Now, for z < Zymaz(A), we have that

P\ (x) > p1=9)

(ug cos px () — v sin @y (x))?.

This is the same equation for all A\. As z — oo, the solution has the claimed

asymptotics by using Lemma Hence, the claim follows. O
5. OUTLINE OF ELIASSON’S PROOF

We now give an outline of Eliasson’s proof of reducibility in [3]. The next lemma
is an easy computation.

Lemma 5.1. The equation

(5.1) X'(z) = ( Q(wg . é) X ()

can be transformed by

(5.2) Xi(2) = V7 X (2), Yi— <_\1/E \/1E>

to

(5.3) Xi(@) = (A + Fi(we, VE)) X1 (@),

where

(5.4) A =VEJ, J= <_01 é) Fi(z,VE) = f\(/%) (—11 _11>.

Furthermore Ay, Fy satisfy Hypothesis[5.3.
Hypothesis H.5.2. Let A; € sl(2,C) and Fy : T — Mat(2,C) satisfy

(5.5) tr(FL(0)) = 0,
(5.6) | A — \/EJ| <2
(5.7) [Pl < e,

for some g1 > 0, small.
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We have now seen that we can reduce our system to one of the form
(5.8) Xi(z) = (A1 + Fi(2)) X1 (@),
where Fi is small. This system although close to a constant coefficient one cannot
be solved explicitly. However, we can reduce it to a system
(5.9) Xo(x) = (Az + Fa(2)) Xa(2)
where Fy is smaller than Fy, as follows. We will construct As, F5, and a solution
Y1 of the system
(510) Yl/(il,') = (A1 +F1)Y1 —Yl(AQ +F2)

Then for X5 a solution to (5.9), we have that Y7 X5 will solve (5.8)). Of course, we
cannot hope that will be explicitly solvable, however we will be able to iterate
the above procedure to obtain better and better approximate solutions.

Since, we will require that F, — 0, and then our final X (7) = e*4. Here
A =limy_, Ag. So the final solution will be

(5.11) I1 Yk(%z)e‘”
k=1

We will not attempt to solve ([5.10) in this paper, and refer to [3] for the details.
However, we will draw further conclusions from Eliasson’s method to control our

quantities.
Fix 0 < €1 < 1 sufficiently small. Fix 0 < ¢ < 1, and let

1 J
(5.12) 1 =617 = e
Furthermore, assume that vy > ro > r3 > ... is a decreasing sequence of positive
numbers, satisfying

1

(513) ﬁ S Ty —Tj41-

r; will play the role of the neighborhood, where we suppose to have analyticity.
Introduce N; by

20
514) Nj = ———log(e; ') =
(.19 Ny= = los(s )

20(1 J .
20040V Ty < 0@+ 20, C >0
7"j — 7“j+1

Furthermore, one also sees that N; > C (1+ o)’ for some other constant C. Hence
N; — 00 as j — oo. Furthermore, we have

o 40 —1 j - —47
if £1 is small enough.

Proposition 5.3. Assume Hypothesis [5.4 with €1 small enough, then there are
functions Y; : 2T? — GL(2,R), A; € sl(2,R), and F; : T* — Mat(2,R), for j > 1.
Furthermore, there are numbers m; that satisfy

(5.16) €] <205 — (w,my)| <267, 0<|my| <Ny,

ormj = 0 if cannot be satisfied. Here «; is the rotation number of Aj.
Furthermore Aj, Fj, and Y; satisfy

(5.17) (Y1 (2), %> = (4j + Fj(2))Yj1(z) = Vi1 (2)(Ajp1 + Fja(2)),
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(5.18) (Va0 —emp (204, ) ) < b

J

(5.19) |<Aj+1 - <1 - <°"22”>> Aj)| <e2?,

J

(520)  tr(F50(0) =0, [Fialrs < i,
T . |
(5.21) [Aj1] < 32|a;41 N, if laga] 2 NG
Proof. This is Lemma 1 and 2 in [3]. O

Remark 5.4. The requirement of €1 being small enough, will in fact determine our
lower bound on allowed energies E. Since for E > Eq

o _c
VE VE

for some constant C. Hence by making Fy large, we can make €1 arbitrarily small.

|Filr, = €1

Lemma 5.5. Assume that Y;, A; and F}; satisfy the conditions given in Proposi-
tion[5.3. If for all j <k, mj =0, then

(5.22) | A — MJ| < 3.

We furthermore obtain, if K is the largest integer less than k such that myg # 0,
that

1
(5.23) |Ag] < C-—= <3, k>K
N¥r

where C' doesn’t depend on K.
Proof. By my, = 0, we have that from ([5.16)
2ar — (w,n)| > €7, 0<|n| < N;.

Form; =0, j=1,...,k, we have by (5.19)) that

Al <242+ 4% <3,

This shows the first part.
For the second claim, let | < k be maximal such that the m; # 0. Then, we
obtain a bound on |4;(\)| by
w,m
| Ak SE?/3+"'+€2/21+|(1— <l>> A
20&[
<27/ 4 2sgf|ﬂ| < 3AN] &7
- 200 T ’

where we used ((5.16)) in the middle and (5.21)) in the last step. (5.23) follows from
(5.15). The last claim is evident. O

Let us now consider p = 37 (my,w) + o, where a = lim;j_,c ;. Further-
more, pj11 = 3 > % (M, w) + aji1, Furthermore, we know that inside the gap
a =0 from [3]. We now obtain
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Lemma 5.6. pj 1 — p uniformly. If p is rational, m; = 0 for j large. Furthemore,

(5.24) Z my =m,

holds.

Proof. The first two parts are Lemma 3 in [3]. The last part follows, since a — 0,
and with i =7, my, one has

1 1,
Ozp—§<w,m) = §<w,m—m>.

Hence m = m by the Diophantine condition. (Il

Proof of (2.9). We will now show how (5.24)) can be used to make the bound from
(5.23) only depend on m. By definition |m| < Ni, we have by (5.14])

K
m < > e <Y Nk < C(20 +2)5F
k,mk#o k=1
Hence K > % — C and by 1D Nk > C'/|m| and then 1) implies the
claim, since it holds for all large k. O

We have that

Lemma 5.7. If m; = 0 for j large, we have that [[Y; converges to some Y
uniformly on compact subsets. Furthermore A; — A and F; — 0. Furthermore
holds.

Proof. Since r; is decreasing and positive, it has a limit 7o > 0. By (5.20]), we have
that |Fj|., — 0. Since m; = 0 for large j, we have that [A;,; — Aj] < 55/3 from
(5-19). Hence, A; — A, since >27° v 6?/3 < 0.

By 1) we have that |Y; — 1| < 5;/2, if m; = 0, which implies [[Y; — Y by
a similar argument. If m; # 0, we have that
<mj’ t> ) Aj

<mjvt> :
) )+ sin( o I,

w
Vi (1) =11 < & + eos(

where the last term < 3. Since, we can bound the number of these terms by
logm, we obtain the claim. By , we have that Y11 — I, if m; = 0, resp.
exp(—(m;,t)A;/a;)Y;4+1—1 are bounded by 5;/2. Hence, we can bound |det(Y;41)—
1] < gj, from which the estimate on the determinant follows. O

APPENDIX A. RELATIVE OSCILLATION THEORY

As introduced in [10], relative oscillation theory is a tool to compute the differ-
ence of spectra of two different Schrédinger operators. Let go,¢1 € L}, and
2

dx?
be self-adjoint Schrédinger operators on L?(1,00). Introduce Ag = ¢; — qo, which
we will assume to be sign-definite. Denote by #(uo,u1) the number of zeros of
the Wronskian W (ug,u1) = wouj — uguq on (1,00), for solutions 7ju; = Aju;.
Let 9;,—(A\) be the solution of 7;¢; _(A) = A, _(A), which obeys the boundary

(Al) sz —|—q]‘, j2071
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condition at 1 (e.g. ¥; _(A\)(1) = 0). Similarly let ¢; 4 (X) be the solution satisfying
¥j +(X) € L*(1,00). Then [10] tells us:

Theorem A.1l. Assume that [Mg, M| N 0ess(Ho) = 0. Then, we have that
trP[A07A1)<H1) — trP(Ao,/\l](H‘J)

(A2) _ (#( W1, +(M1), 0,7 (M) — #(W1,+(Xo), Yo, +(No)), Ag<O0
—(# (W1, (A1), Yo, (M) — #(WP1,£ (M), Yo,5(Mo)), Ag>0

Here trPiy, x,)(H1) denotes the number of eigenvalues of Hy in [Ao, A1).
Since one has the next triangle inequality for Wronskians

(A.3) F#(uo, ur) + #(ur,uz) — 1 < #(ug, u2) < #(uo,ur) + #(ur,u2) + 1,

one can replace 1; + () by any other solution of 7;u = Au, up to a finite error. We
furthermore remark that the next two comparison theorems hold. The first one is
found in [I1].

Theorem A.2 (Sturm’s Comparison theorem). Let go — ¢1 > 0, and Hju; = 0,
j=0,1. Then between any two zeros of ug or W(ug,uy1), there is a zero of u;.

Similarly, between two zeros of uy, which are not at the same time zeros of ug,
there is at least one zero of ug or W(ug,u1).

The next result is found in [1I0].

Theorem A.3 (Comparison theorem for Wronskians). Suppose u; satisfies Tju; =
Ajug, 3 =10,1,2, where Aor —qo < \ir — q1 < Aar — @o.

If ¢ < d are two zeros of Wy (ug, u1) such that W, (ug,u1) does not vanish identi-
cally, then there is at least one sign flip of W, (ug, us2) in (c,d). Similarly, if ¢ < d
are two zeros of Wy (u1,us) such that W, (uq,us) does not vanish identically, then
there is at least one sign flip of Wy (ug,us) in (¢, d).

We call H; relatively oscillatory with respect to Hy at F if for any solutions of

Hju;(E) = Eu;(E), j =0,1, we have that #(uo(F),u1(F)) is infinite. Otherwise
we call it relatively nonoscillatory. Now, we come to relative oscillation criteria.

Lemma A.4. Let lim, oo Agq(x) = 0. Then oess(Hy) = 0ess(H1) and Hy is
relatively nonoscillatory with respect to Hy at E € R\oess(Hp).-

By Theorem this is equivalent if E is a boundary point of the essential
spectrum of Hy, to E being an accumulation point of eigenvalues of H;. In order
to state a relative oscillation criterion at a boundary point of the spectrum, some
preparations are needed.

Definition A.5. A boundary point E of the essential spectrum of Hy will be called
admissible if there is a minimal solution ug of (o — E)ug = 0 and a second linearly
independent solution vy with W (ug,vo) = 1 such that

() =0 () = () =

for some weight functions o > 0, 8 < 0, where 3 is absolutely continuous such that
/ : ‘
p= % > 0 satisfies p(x) = o(1) and § [, |p(z +t) — p(x)|dt = o(p(z)).
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It is shown in Lemmas 4.2 and 4.3 of [I2], that there exists a Priifer angle ¢ for
W (up,u1) such that it obeys

(A.4) V' () = —Aq(x)(ug(2) cos(¥(x)) — vo(x) sin(y(x)))*.
Through the transformation cot ¢ = acot ¢ + 3, this can then be transformed to
(see Lemma 4.6 of [12])
Oé/ ﬁ/
(A.5) ¢ = —sinpcosp + —sin® ¢ — Aq - aud cos® ¢
@ @
+ O(Aq) + O(Aq/a).
Through an application of the methods of Appendix [B] one comes to the main
result of [12].

Theorem A.6. Suppose E is an admissible boundary point of the essential spec-
trum of 1o, with ug, vo and o, (3 as in Definition [A.5 Furthermore, suppose that
we have

(A.6) Ag= O(aféz)'

Then 11 — E s relatively oscillatory with respect toTg— E if

l+é ﬂ 1

(A.7) ér;(f) llrilj?p E/ uo ()2 Aq(t)dt < ~1
and relatively nonoscillatory with respect to 70— E if

1 x+4 ﬂ(t)2 1

A8 supliminff/ up(t)?Aq(t)dt > —=.

(A4.8) >0 =—b L), [t o(t)"Aq(t) 4

We finish this section with a closing remark.

Remark A.7. The requirement made that Aq is of definite sign is not necessary.
However, a general theory requires a more difficult definition of #(ug,u1). We refer
the interested reader to [10] for details.

APPENDIX B. AVERAGING ORDINARY DIFFERENTIAL EQUATIONS

In this section we collect the required results for these ordinary differential equa-
tions. Proofs and further references can be found in [I2].

Lemma B.1. Suppose p(xz) > 0 (or p(x) < 0) is not integrable near b. Then the
equation

(B1)  ¢'(a) = pla)(Asin® (o) + cos ) sinp(o) + Beos () ) + o(p(o)

has only unbounded solution if 4AB > 1 and only bounded solution if AAB < 1. In
the unbounded case we have

(B.2) o(z) = (Sgn( ) VIAB =T+ 01 )) / "oyt

In addition, we also need to look at averages: Let £ > 0, and denote by

z+4
(B3) o) =7 [

the average of g over an interval of length £.
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Lemma B.2. Let ¢ obey the equation

(B.4) ¢'(z) = p(z) f(z) + o(p(2)),
where f(x) is bounded. If

¢
(B.5) 7 | ot +0) = @)l de = ofp@)
then
(B.6) @' (z) = p(a) f(x) + o(p(x))

Moreover, suppose p(z) = o(1). If f(z) = A(z)g(p(x)), where A(x) is bounded
and g(z) is bounded and Lipschitz continuous, then

(B.7) fz) = A(2)9(®) + o(1).

Condition (B.5)) is a strong version of saying that p(z) = p(z)(1 + o(1)) (it is
equivalent to the latter if p is monotone). It will be typically fulfilled if p decreases
(or increases) polynomially (but not exponentially). For example, the condition
holds if sup¢g 1) % — 0.

Furthermore, note that if A(z) has a limit, A(z) = Ag + o(1), then A(x) can be

replaced by the limit Ay and we have the next result

Corollary B.3. Let ¢ obey the equation

(B5) ¢ = p((Asin? (o) + sin(e) costie) + Beos?(i)) + ol

with A, B bounded functions and assume that p = o(1) satisfies . Then the
averaged function P obeys the equation

(B.9) 7 = p(Asin?(@) + sin(E) cos(®) + Beos’(®)) +olp).

Note that in this case ¢ is bounded (above/below) if and only if @ is bounded
(above/below).

Acknowledgments. I thank D.Damanik for bringing [3], [2] to my attention, and
many helpful discussions.

REFERENCES

[1] P. Deift, R. Killip, On the absolutely continuous spectrum of one-dimensional Schrodinger
operators with square summable potentials, Commun. Math. Phys. 203 (1999), 341-347.

[2] S. Denisov, A. Kiselev, Spectral properties of Schrd'inger operators with decaying potentials,
Spectral theory and mathematical physics: a Festschrift in honor of Barry Simon’s 60th
birthday, 565-589, Proc. Sympos. Pure Math., 76, Part 2, Amer. Math. Soc., Providence,
RI, 2007.

[3] L.H. Eliasson, Floguet solutions for the I-dimensional quasi-periodic Schrodinger equation,
Commun. Math. Phys. 146, 447-482 (1992).

[4] R. Johnson, J. Moser, The rotation number for almost periodic potentials, Commun. Math.
Phys. 84, 403-438 (1982).

[5] R. Killip, Perturbations of one-dimensional Schrédinger operators preserving the absolutely
continuous spectrum, Int. Math. Res. Not. 38 (2002) 2029-2061.

[6] A. Kiselev, Y. Last, B. Simon, Stability of singular spectral types under decatying perturba-
tions, J. Funct. Anal. 198, 1 - 27 (2003).

[7] W. Kirsch and B. Simon, Corrections to the classical behavior of the number of bound states
of Schrédinger operators, Ann. Phys. 183, 122-130 (1988).



(8]

(9]
(10]
(11]
(12]
(13]
(14]

(15]

ON PERTURBATIONS OF QUASIPERIODIC SCHRODINGER OPERATORS 15

A .M. Kholkin, F.S. Rofe-Beketov, Spectral Analysis of Differential Operators, World Scien-
tific Monograph Series in Mathematics - Vol. 7, (2005).

A. Kneser, Untersuchungen tber die reellen Nullstellen der Integrale linearer Differential-
gleichungen, Math. Ann. 42, 409-435 (1893).

H. Kriiger, G. Teschl, Relative oscillation theory, zeros of the Wronskians, and the spectral
shift function, Preprint: arXiv:0709.0127.

H. Kriiger, G. Teschl, Relative oscillation theory for Sturm—Liouville Operators Extended,
J. Funct. Anal (to appear).

H. Kriiger, G. Teschl, Effective Priifer angles and relative oscillation criteria, Preprint:
math.SP/0703574.

J. Moser, J. Poschel, An Ezxtension of a result by Dinaburg and Sinai on quasi-peirodic
potentials, Comment. Math. Helvetici 59 (1984), 39-85.

M. Reed, B. Simon, Methods of Modern Mathematical Physics, Analysis of Operators,
Academic Press (1978).

K. M. Schmidt, Critical coupling constants and eigenvalue asymptotics of perturbed periodic
Sturm-Liouville operators, Commun. Math. Phys. 211, 465-485 (2000).

DEPARTMENT OF MATHEMATICS, RICE UNIVERSITY, HOUsTON, TX 77005, USA
E-mail address: helge.krueger@rice.edu
URL: http://www.mat.univie.ac.at/ helge/


mailto:helge.krueger@rice.edu
http://www.mat.univie.ac.at/~helge/

	1. Introduction
	2. Quasiperiodic Operators
	3. Main Results
	4. Proof of Theorem 3.7
	5. Outline of Eliasson's proof
	Appendix A. Relative Oscillation Theory
	Appendix B. Averaging ordinary differential equations
	Acknowledgments

	References

