
HANDBOOK OF ELLIPSOMETRY

Edited by

Harland G. Tompkins
Thin Films Materials Science Consultant

Chandler, Arizona

and

Eugene A. Irene
Department of Chemistry, University of North Carolina

Chapel Hill, North Carolina

FM.qxd  1/1/04  3:57 AM  Page iii



Copyright © 2005 by William Andrew, Inc. 
No part of this book may be reproduced or utilized in any form or by any means,
electronic or mechanical, including photocopying, recording or by any information
storage and retrieval system, without permission in writing from the Publisher.

Cover art © 2005 by Brent Beckley / William Andrew, Inc.

ISBN: 0-8155-1499-9 (William Andrew, Inc.)
ISBN: 3-540-22293-6 (Springer-Verlag GmbH & Co. KG)

Library or Congress Catalog Card Number: 
Library of Congress Cataloging-in-Publication Data

Handbook of ellipsometry / Harland G. Tompkins and Eugene A. Irene (eds.).
p. cm.

Includes bibliographical references and index.
ISBN 0-8155-1499-9
1. Ellipsometry. I. Tompkins, Harland G. II. Irene, Eugene A. 

QC443.H26 2005
535.5�2—dc22

2004014676

Printed in the United States of America
This book is printed on acid-free paper.

10 9 8 7 6 5 4 3 2 1 

Co-published by:

William Andrew Publishing Springer-Verlag GmbH & Co. KG
13 Eaton Avenue Tiergartenstrasse 17
Norwich, NY 13815 D-69129 Heidelberg
1-800-932-7045 Germany
www.williamandrew.com www.springeronline.com
www.knovel.com (Orders from all locations outside North
(Orders from all locations in North and and South America)
South America)

NOTICE

To the best of our knowledge the information in this publication is accurate; however the
Publisher does not assume any responsibility or liability for the accuracy or completeness
of, or consequences arising from, such information. This book is intended for informa-
tional purposes only. Mention of trade names or commercial products does not constitute
endorsement or recommendation for their use by the Publisher. Final determination of the
suitability of any information or product for any use, and the manner of that use, is the sole
responsibility of the user. Anyone intending to rely upon any recommendation of materi-
als or procedures mentioned in this publication should be independently satisfied as to
such suitability, and must meet all applicable safety and health standards.

William Andrew, Inc., 13 Eaton Avenue, Norwich, NY 13815 Tel: 607/337/5080 Fax:
607/337/5090

FM.qxd  1/1/04  3:57 AM  Page iv



Contributors

Ilsin An
Department of Physics and Materials Research Institute
The Pennsylvania State University
University Park, PA 16802 USA

Hans Arwin
Laboratory of Applied Optics
Department of Physics and Measurement Technology
Linköping University
SE-58183 Linköping, Sweden

Chi Chen
Department of Physics and Materials Research Institute
The Pennsylvania State University
University Park, PA 16802 USA

Robert W. Collins
Professor and NEG Endowed Chair of Silicate and Materials Science
The University of Toledo
Department of Physics and Astronomy
Mail Stop 111
Toledo, OH 43606-3390, USA

Andre S. Ferlauto
Materials Research Laboratory
The Pennsylvania State University
University Park, PA 16802, USA

James N. Hilfiker 
J. A. Woollam Co., Inc.
645 M Street, Suite 102
Lincoln, NE 68508, USA

Josef Humlíček
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Preface

Light has been used for thickness measurements for a long time.
Scientists in the 1700 time frame such as Boyle, Hooke, and Newton,
looking at thin transparent layers, observed colors that were the result of
interference. Brewster1 notes that these observations “are of extensive use
and may be regarded as presenting us with a micrometer for measuring
minute thicknesses of transparent bodies by their colors, when all other
methods would be inapplicable.” This phenomenon uses the intensity
of the light and is the basis for a current metrology technique called
“reflectometry,” which excels when measuring reproducible films that
have thicknesses that are a few thousand angstroms thick. In the early
1800s, the concept of polarized light was developed. In the late 1800s,
Drude used the phase shift induced between mutually perpendicular com-
ponents of polarized light to measure film thicknesses down to a few tens
and ones of angstroms. When the mutually perpendicular components of
polarized light are out of phase, the light is said to be “elliptically polarized”;
and hence the technique that evolved from Drude’s early measurements
came to be called “ellipsometry.” With further development of this technique,
the lower limit of thickness has been reduced such that submonolayer cov-
erage can be measured.

For random scientific measurements to evolve into an “analytical
technique,” there must be a “killer application.” This came in the 1960s
with the transition from making single transistors out of large “chunks” of
silicon or germanium to integrated circuits that used planerization methods
with silicon wafers and thin oxide and nitride films. A silicon dioxide film
on a polished silicon wafer is the ideal sample for ellipsometry because of
the large contrast in the index of refraction of the two materials. This
application area is the subject for Chapter 8. A second important develop-
ment that led directly to the elevation of ellipsometry to an important
modern surface and thin film technique is the availability of digital com-
puters, also in the same era of the 1960s. In fact, a modern personal com-
puter is adequate for virtually all the typical ellipsometry calculations and
simulations.

For the first three quarters of the 1900s, most ellipsometry was done
with only a single wavelength. During the last quarter of the 1900s, spec-
troscopic ellipsometry has evolved significantly, and single-wavelength
ellipsometry has now been relegated to tasks such as routine metrology
and fast real-time studies on well-understood samples. 

Several international conferences have been held on the subject of
ellipsometry, and the technical literature on the topic is voluminous. In
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1977, R. M. A. Azzam and N. M. Bashara authored a book2 titled
Ellipsometry and Polarized Light, and this work has been the key source
to be cited in most technical writing on the subject. Ellipsometry and
Polarized Light is a scholarly book and not particularly suited to begin-
ners. Editor H. G. Tompkins published books in 1993 and 1999 that were
intended for users who were specialists in other fields (e.g., process engi-
neering) but who needed to use ellipsometry. 

Considerable progress has been made in the field since Ellipsometry
and Polarized Light was published, and it appears that a more current
scholarly book is needed. Accordingly, a group of authors from the inter-
national scientific community were asked to make contributions to the
Handbook of Ellipsometry. This book is divided into four sections.
Chapters 1, 2, and 3 explain the theory of ellipsometry. Chapters 4 through
7 discuss instrumentation. Chapters 8 and 9 are critical reviews of some
applications in the field. The last three chapters 10, 11, and 12, deal with
emerging areas in ellipsometry.

Finally, the editors would like to acknowledge the enormous effort of
the authors in writing the various chapters; of their students and co-workers
for contributions, reviews, and other assistance; and of the employers and
funding agencies that supported these efforts. The encouragement of the
ellipsometry scientific community is also appreciated.

1. D. Brewster, Treatise on Optics, Longman, Rees, Orme, Brown, Green, and
Taylor, London, (1831) p. 108.

2. R. M. A. Azzam and N. M. Bashara, Ellipsometry and Polarized Light, North-
Holland Publishing Co., Amsterdam (1977).

H. G. Tompkins and E. A. Irene, November 2004
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1 Polarized Light and Ellipsometry
Josef Humlíček

Institute of Condensed Matter Physics, Faculty of Science 
Masaryk University Brno, Czech Republic

Polarization is a fundamental property of light. It has been treated
comprehensively in many texts such as Born and Wolf[1], Brosseau[2],
Chipman[3], and Saleh and Teich[4]. In this chapter, we summarize the
basic theoretical knowledge on the properties of polarized light on two
levels of complexity.

First, we collect in Section 1.1 information needed by “plug-and-
play” users of commercial equipment, who are interested mostly in some
of the applications of ellipsometry. As the precision and accuracy of state-
of-the-art ellipsometers increase, detection of partially polarized light
becomes increasingly important; we have included a short discussion of
its basics in the quick-guide section.

Second, selected topics are treated in more detail in the following sec-
tions. The phenomenological background, ranging from Maxwell equa-
tions to plane electromagnetic waves, is covered in Section 1.2. It also
provides the link of field amplitudes to measurable quantities (intensities
of light waves), which is essential in any ellipsometric setup. The micro-
scopic origin of optical response is discussed by Collins and Ferlauto in
Chapter 2. The properties of general elliptic polarization are described
using several representations in Section 1.3. Each of the representations is
frequently encountered in ellipsometric literature; we discuss their use
and provide mutual links for reference. In addition, we explain principal
ways of measuring the parameters of polarized light in photometric ellip-
someters. Photometric setups are dealt with in more detail by Tompkins,
Jellison, and Roeseler elsewhere in this volume. Section 1.4 is devoted to
a systematic description of the propagation of purely and partially polar-
ized light through optical systems. We aim at selected optical components
and try to explain the ways of predicting the polarization phenomena. A
number of additional items is discussed by Jellison and Modine in
Chapters 3 and 6. The closing section of this chapter, 1.5, deals with the
simplest isotropic surfaces and homogeneous and isotropic film systems.
We provide a detailed mathematical description and several illustrations of
a typical behavior of polarized light at planar interfaces. The more complex
case of anisotropic materials is treated by Schubert in Chapter 9.
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4 THEORY OF ELLIPSOMETRY

1.1 A Quick Guide to Ellipsometry

1.1.1 Light Waves and Photons

Light is a transverse electromagnetic wave with frequencies ranging
from about 3 � 1011 to 3 � 1016 Hz. The corresponding wavelengths in vac-
uum are from about 1 mm to 0.01 µm. In the range of optical frequencies,
as well as below it (microwaves and radio waves), matter behaves as a
continuum. Above the optical range, starting with soft X-rays, the discrete
atomic structure of matter becomes important even for the phenomenol-
ogy of radiation–matter interaction, since it leads to diffraction.

The light wave in a medium is linked to the induced motion of the
electric charges of electrons and atomic nuclei, constituting macroscopic
electric currents. On the other hand, it is mostly safe to neglect the
induced magnetization, since the motion of magnetic moments of elec-
trons and nuclei is too slow to follow the rapid optical oscillations. Thus,
the most important quantity describing the light wave is the vector of its
electric–field intensity, E

→
. The existence of preferential directions of the

action that the electric field in the wave exerts on electric charges in mat-
ter is the reason for the importance of its polarization. Early experiments
with the optical behavior of calcite crystals led to the discovery of the
polarization of light by Malus in 1808, well before the classical electro-
magnetic theory had been established. The spatial and temporal depend-
ence of the electric field E

→
(r→,t) in a uniform, isotropic medium of the

complex permittivity e, is described by the wave equation[1,5]

3∇2
� 4 E→(r→, t) � 0, (1.1)

where w is the angular frequency of the light wave, and c is the light
velocity in vacuum. A useful solution of the wave equation is the mono-
chromatic plane wave propagating along the z–axis of an orthogonal coor-
dinate system,

E
→

(z,t) � Re53 4ei(kzz�wt)6. (1.2)

Here Ex and Ey are the complex amplitudes of E
→

along the x– and y–axes;
they can be arranged conveniently in the 2 � 1 column vector. The sym-
bols Re{f} and Im{f} mean real and imaginary parts of a complex quan-
tity f, respectively; for example, the x component of the field intensity is
Ex(z,t) � Re{Ex}cos(kzz � wt)� Im{Ex}sin(kzz � wt). We use the com-
plex form of most of the equations, since they are simple and transparent.

Ex
�
Ey

∂2

�∂t2
e(w)
�

c2
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 5

However, care should be taken in adopting a number of different possible
conventions[6].

In order to satisfy the wave equation, Eq. (1.1), the nonvanishing
component of the propagation vector of the plane wave of Eq. (1.2)
assumes the values given by the dispersion equation

kz � �e� � N, (1.3)

where N � n � ik � �e� is the complex refractive index of the medium.
By choosing the plane–wave solution, Eq. (1.2), with the time dependence of
exp(�iwt), we are adopting the standard physics convention, where the
imaginary parts of e and N are positive. Another convention, in which the
two imaginary parts are negative (usually preferred in optics) is easily
recognizable, since all expressions containing e and N become complex
conjugate.

The intensity of a light wave is its energy crossing a unit area perpen-
dicular to the direction of propagation per unit time. It is given by the mag-
nitude of the time average of the Poynting vector, E

→
(t) � H

→
(t), where H

→

is the intensity of the magnetic field. In SI units, the intensity of the plane
wave of Eq. (1.2) in free space is

I � �〈E
→

(t) � H
→

(t)〉�� (�Ex�
2 � �Ey�

2), (1.4)

where e0 is the permittivity of vacuum. The signals measured by detectors
in ellipsometric setups are proportional to the intensity, i.e., to the squared
modulus of the complex amplitude of the electric intensity. Since ce0 ≈
2.654 � 10�3 A�V, a wave with the electric field amplitude of 1 V/m has
the intensity of about 1.3 mW/m2. At low light intensities used in ellipso-
metric measurements, the response of materials to the light wave is linear.

The understanding of the light–matter interaction requires, as a rule,
quantum mechanical description. A monochromatic wave of the angular
frequency w carries energy in the quanta of h–w, where h– � 1.05457266 �
10�34 Js is the Planck constant. To convert the wavelength l to the photon
energy h–w in the practical units of electron–volts, we use the following
relation,

h–w[eV] � . (1.5)

The photon energy ranges from about 1 meV in the far–infrared to about
100 eV in the vacuum ultraviolet. For example, the green light of a mercury
discharge lamp has the vacuum wavelength of 0.5461 µm, corresponding

1.23985
�
l [µm]

ce0�
2

w
�
c

w
�
c
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to the photon energy of 2.270 eV; a collimated light beam with the inten-
sity of 1.3 mW/m2 (mentioned above as having the electric field intensity
of 1 V/m in the classical picture) consists of the flux of 3.6 � 1015 photons
per second per m2. A striking consequence of the quantized nature of the
light wave is the onset of sensitivity of photoconductive or photovoltaic
detectors. For example, silicon–based detectors provide signals only for
photon energies above the bandgap (about 1.1 eV); a light beam of lower
photon energy is not absorbed, irrespective of its intensity.

The second fingerprint of the quantum nature of a light wave (i.e., the
flux of individual photons) is the superposition of possible polarization
states of the photons, described by the quantum–mechanical probability
amplitudes. This is formally identical with coherent superposition of the
complex amplitudes of plane waves in the classical picture. The advan-
tage of the quantum mechanical description becomes obvious especially
in the treatment of unpolarized or partially polarized light.

1.1.2 Polarization of Light

The most general polarization of a monochromatic light wave, Eq. (1.2),
is elliptic. Since the wave is transverse, the endpoint of the electric–field
intensity vector precesses along an elliptic trajectory in any plane per-
pendicular to the direction of propagation. One revolution is achieved in
the very short time interval of 2π�w. The time evolution can be viewed
as a superposition of harmonic vibrations along two perpendicular axes.
If the two vibrations are shifted in phase, the resulting trajectory is ellip-
tic. An example of the polarization ellipse is shown in Fig. 1.1. The
wave is assumed to propagate along the z axis of the right–handed carte-
sian coordinate system x–y–z. The amplitudes of the electric field in the
x and y directions are denoted by X and Y, respectively; both of them are
real, non–negative quantities. The time dependence of the vector E

→
(t) of

Eq. (1.2) in the plane z � 0 can be written down conveniently using the
following complex form,

E
→

(t) � 3 4 � Re53 4eiw(t�to)6. (1.6)

At the initial time t � t0, the y component is at its maximum as indicated
by the dashed arrow in Fig. 1.1; the maximum value of the x component
is reached after the time interval of ∆�w (dotted arrow). Note that the
angle between the dashed and dotted vectors in Fig. 1.1 is related to the
relative phase ∆ of the vibrations along x– and y–directions. For positive val-
ues of ∆, the sense of precession is clockwise, and the polarization is

Xei∆

Y
Ex(t)
Ey(t)

6 THEORY OF ELLIPSOMETRY
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 7

called right–handed. For negative values of ∆, the polarization ellipse is
described counter–clockwise; it is called left–handed polarization. The
values of ∆ are usually limited to the interval from zero to 2π, or from
�π to π. The nomenclature regarding the sense of rotation is also not
unique[6].

Besides the phase shift ∆, the state of elliptic polarization is deter-
mined by the amplitudes X and Y. More precisely, only relative amplitude
X�Y is relevant in ellipsometric measurements; multiplying both X and Y
by a common constant changes merely the light intensity. The relative
amplitude can be expressed with the help of the angle ψ shown in Fig. 1.1;
it is given by tany � X�Y, varying from zero to π�2. Consequently, the
elliptic polarization of Eq. (1.6) can be represented by the Jones vector

3 4 , (1.7)

which is determined by the two real angles y and ∆. An important notion
in dealing with polarization is that of the orthogonality of polarization
states. Two states are called orthogonal, when their Jones vectors are

sinyei∆

cosy

Figure 1.1 Polarization ellipse, described by the ellipsometric angles y and ∆. The
polarized wave propagates in the positive sense of the z axis, which points
towards the reader.
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orthogonal in the usual sense of vector algebra. The polarization ortho-
gonal to that of Eq. (1.7) therefore is

3 4 � 3 4 . (1.8)

Simple special cases of a general elliptic polarization are:

• Linear polarization, for which ∆ � 0 or π. This is equivalent
to the vibrations along x and y either in–phase, or with the
opposite phase. The polarization ellipse collapses into the
linear segment connecting the upper–right and lower–left
corners of the rectangle in Fig. 1.1 for ∆ � 0, or the
upper–left and lower–right corners for ∆ � π. The angle
between this direction and the x axis is called azimuth; it
varies between zero and π and defines uniquely the state of
linear polarization. Two linear polarizations with their
azimuths at the right angle are orthogonal. Linearly polar-
ized light is produced by linear polarizers; these are devices
that reject (either absorb or deflect)[7] the unwanted orthog-
onal linear polarization. The angular setting of the polarizer
determines the azimuth of the resulting light polarization.

• Circular polarization, for which y � π�4, and ∆ � π�2 or
�π�2; the light is called right– or left–circularly polarized,
respectively. The x– and y–components have the same magni-
tude and are ±π�2 off phase. The polarization ellipse becomes
a circle, with the two possibilities of the sense of precession.
Right– and left–circular polarizations are mutually orthogonal.
Circular polarization can easily be produced by a linear
polarizer followed by a retarder. A quarter–wave retarder
shifts the phase of the light polarized linearly along its fast
axis by π�2 with respect to the orthogonal linear polarization
along its slow axis. If a linear polarizer is set to ±π�4 with
respect to the fast axis of a quarter–wave retarder, the two
circularly polarized states result.

In the quantum–mechanical picture, the general state of elliptic polar-
ization of Eqs. (1.6) and (1.7) is a superposition of the state of linear polar-
ization along x with the complex amplitude sinyexpi∆, and the state of
linear polarization along y with the complex amplitude cosy. The squared
moduli of the two amplitudes, sin2y and cos2 y, are the probabilities of the
photon being transmitted through ideal linear polarizers oriented along x
and y, respectively. At the same time, it is a superposition of any other

sin(p�2 � y)ei(∆±p)

cos(p�2 � y)
�cosyei∆

siny

8 THEORY OF ELLIPSOMETRY
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 9

pair of orthogonal polarizations, e.g., the right– and left–circular ones.
Such a state is called pure; the predictions of the behavior of a light beam
composed of identical photons are probabilistic, governed by the laws of
quantum mechanics. The unavoidable fluctuations become observable
whenever the flux is weak enough. An additional level of uncertainty
arises when the polarization state of any photon in a light beam results
from random processes. The best known case is the completely random
polarization of the light emitted from thermal sources; ideally, any possi-
ble pure state of polarization is found with the same probability of one
half. In other words, the intensity of the completely unpolarized light
is halved by any lossless ideal polarizer (linear, circular, or elliptic), irre-
spective of the polarizer settings.

A state of partial polarization is called mixed in quantum mechan-
ics[8]. It results from a probabilistic preference of a certain pure (elliptic,
in general) polarization state. This preference is most naturally quanti-
fied by the probability wc of finding the specified pure state labeled c.
Thus, instead of the pair (y,∆) of two real quantities defining any pure
state, the mixture is given by the three real numbers (y,∆,wc). The
mixed state becomes pure for wc � 1 or wc � 0, i.e., when an observa-
tion of the polarization leads with certainty to the specific pure state or
to the pure state orthogonal to it, respectively. Another convenient meas-
ure of the preference towards a certain pure state is the degree of polar-
ization Pc, related to the probability wc by

Pc � 2wc � 1, wc � . (1.9)

It is usually introduced as the measure of incoherent addition of classical
waves. The intensity of a partially polarized beam is decomposed into the
fraction Pc of the totally polarized light and the fraction 1 � Pc of the
totally unpolarized light[1]. Except for the laser sources, the light entering
an ellipsometer is usually almost totally unpolarized. After passing the
first polarizer, the degree of polarization is typically fairly high, unless
some of the optical elements or the measured sample exercise a depolar-
izing action. The properties of partial polarization states are discussed in
more detail in Section 1.4.

1.1.3 Ellipsometric Configurations

Ellipsometric technique is based on a suitable manipulation of the polar-
ization state by auxiliary polarizing elements and measured sample. The basic
PCSA configuration of an ellipsometer is shown in Fig. 1.2, consisting of a

1 � Pc
�

2
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light source, linear polarizer (P), retarder (called also compensator, C),
sample (S), linear polarizer (called analyzer, A), and detector. The arm with
the source, polarizer and retarder prepares a known polarization state of
light incident on the sample. The arm with the analyzer and detector is used
to detect the change of polarization produced by the sample. An alternative
PSCA scheme results from moving the compensator between the sample
and analyzer.

A planar sample is assumed in Fig. 1.2, with the angle of incidence
denoted by j. The beams incident on, and reflected from, the sample, lie in
the plane of incidence, which contains also the normal to the sample sur-
face. The oblique incidence (j � 0) is typical, since it leads to pro-
nounced changes of the polarization of incident light upon reflection from
the sample. The reason is a pronounced difference in the behavior of the
two basis linear polarizations, parallel to the plane of incidence (p–polar-
ization) and perpendicular to it (s–polarization; from senkrecht, German
for perpendicular). In isotropic materials, currents induced by the light
wave flow in the direction of the electric field. The currents are different
when driven along the sample surface or interfaces within a layered sam-
ple for s–polarization, or partly perpendicular to the surface (p–polariza-
tion). For anisotropic samples, measurable changes of polarization state
can occur even at normal incidence, j � 0, since the induced currents need
not be parallel to the electric field.

In the scheme of Fig. 1.2, the directions of linearly polarized light
transmitted by the polarizer and analyzer are defined by the angles P and
A, respectively. The azimuth of the fast axis of the compensator is C. All of
these angles are measured from the local x–axes lying in the plane of inci-
dence, with the positive values for the clockwise rotations when looking in

10 THEORY OF ELLIPSOMETRY

Figure 1.2 Polarizer–compensator–sample–analyzer (PCSA) configuration of an
ellipsometer.
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 11

the positive z–direction (i.e., using the right–hand rule). The dependence of
the field amplitude seen by the detector on the relevant parameters can be
easily calculated by performing the following steps:

(i) Assume the complex amplitude EP of the linearly polarized
wave transmitted by the polarizer. Note that this amplitude
will be independent of the azimuth P for an unpolarized or
circularly polarized wave incident on the polarizer.

(ii) The wave incident on the compensator is a superposition of
the component aligned along the fast axis, having the com-
plex amplitude EPcos(P � C), and the orthogonal compo-
nent along the slow axis, having the amplitude EPsin(P � C).
The transmitted wave is modified by multiplying the two
components by the complex transmittances tfast and tslow,
respectively. Consequently, the field amplitudes transmitted
by the compensator along its fast and slow axes are

Efast � tfast EPcos(P � C), Eslow � tslowEPsin(P � C). (1.10)

(iii) The wave incident on the sample is a superposition of the
component parallel and perpendicular to the plane of
incidence, i.e., p– and s–polarizations. The correspon-
ding complex amplitudes are EfastcosC � Eslow sinC, and
Efast sinC � EslowcosC; the reflected wave is modified by
multiplying the two components by the complex reflectivi-
ties rp and rs, respectively. Consequently, the amplitudes of
p– and s–polarized components reflected from the sample are

Erp � rP(Efast cos C � Eslow sin C),
Ers � rs(Efast sin C � Eslow cos C). (1.11)

(iv) Finally, the wave transmitted by the analyzer results from
the addition of incident, p– and s–polarized components,
projected onto the direction of the azimuth A.
Substituting the intermediate amplitudes of Eqs. (1.10)
and (1.11), the result is

EA � Erp cosA � Erssin A
� EP{rp cos A[tfast cos(P � C)cosC � tslow sin(P � C)sinC]

� rs sin A[tslow sin(P � C)cosC � tfast cos(P � C)sinC]}.
(1.12)

According to Eq. (1.4), the light intensity measured by the detector is
proportional to |EA|2.
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A simpler ellipsometric scheme is the polarizer–sample–analyzer
(PSA) configuration, resulting by removing the compensator from
PCSA. Note that the compensator is effectively removed from the sys-
tem by aligning either of its axes parallel to the azimuth of the polarizer.
The field amplitude on the detector results from Eq. (1.12) by inserting
tfast � tslow � 1 as

EA � EP(rp cosPcos A � rs sinPsin A)
� EPrs(r cosPcos A � sin Psin A). (1.13)

We have denoted by r the complex reflectance ratio,

r � � tanyei∆, (1.14)

which is usually expressed in terms of the angles y and ∆ defined here.
The field amplitudes are usually calculated using Jones vectors and

matrices in properly chosen coordinate systems. For example, the calcu-
lation for the PSA configuration can be summarized as follows,

EA3 4 � 3 4 3 4 3 4 3 4EP. (1.15)

Here, the column vector on the right–hand side is the normalized Jones
vector of the linearly polarized light transmitted by the polarizer, in the
x–y coordinate system of the source arm. This vector is multiplied from
the left by three matrices. The first of them is the (diagonal) Jones
matrix of the sample, consisting of the amplitude reflectivities for the p–
and s–polarization. The next matrix multiplication rotates the x–y coor-
dinate system of the detection arm by the angle –A. The first coordinate
is then aligned with the transmission axis of the analyzer, allowing us to
use the Jones matrix of the analyzer in its eigenpolarization system. The
relation of the scalar field amplitudes EA and EP resulting from Eq. (1.15)
is, of course, the same as that of Eq. (1.13). The advantages of the matrix
description of the propagation of polarized light become even more
obvious for imperfect (partially polarizing) optical elements. A conven-
ient scheme uses Stokes vectors and matrices.

1.1.4 Null Ellipsometry

The PCSA configuration can be used to determine fairly simply the
two ellipsometric parameters of the sample. The procedure consists of
finding component settings for extinguishing the light at the detector. The
azimuths of the polarizer, Po, and compensator, Co, are adjusted so as the

cos P
sin P

rp 0
0 rs

cos A sin A
�sin A cos A

1 0
0 0

1
0

rp
�
rs
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 13

resulting elliptically polarized light is reflected from the sample as lin-
early polarized. The reflected beam is then extinguished by a suitably
adjusted analyzer azimuth, Ao. Setting EA � 0 in Eq. (1.12), we obtain a
linear equation for the complex reflectance ratio. Its solution reads

r � tan A0. (1.16)

We have denoted by tc the complex transmittance ratio of the compen-
sator,

tc � � tan yce
i∆ c, (1.17)

which can be expressed in terms of the angles yc and ∆c.
A significant simplification results for a quarter–wave (tc � i) com-

pensator set at the azimuth of C � π�4. Namely, the output intensity of
Eq. (1.12) is extinguished for two settings P1, A1 and P2, A2 related by 
P2 � ±P1, A2 � �A1. In addition, these azimuths are straightforwardly
related to the measured ellipsometric angles

y � A1, ∆ � 2P1 � p�2, (1.18)

for A1 � 0. Using this very simple scheme with a laser source, high–quality
polarizing elements and mountings, high–precision and accuracy meas-
urements are achievable even with a manual operation of the instrument.
However, the operation is slow and tedious. The usual way of calibrating
the instrument consists of performing multiple–zone measurements[9],
which determines and corrects the unavoidable errors in the zero positions
of P, C and A and the retardation angle of the compensator. Essential
ingredients of this procedure are measurements performed at the second
setting of the compensator at C � �π�4.

1.1.5 Photometric Ellipsometry and Polarimetry

Photometric ellipsometry is based on measurements of intensity for a
number of suitably chosen settings of the optical components influencing
the polarization state of light. Unlike the nulling variant, it is well suited
for spectroscopic studies in broad spectral intervals, increasing tremen-
dously the amount of information obtainable from the measurements.
Advances in instrumentation transformed ellipsometry from a cumbersome
laboratory tool to a widespread, efficient technique for both basic research

tslow
�
tfast

tc tan(P0 � C0) � tanC0
���
tan(P0 � C0) tan C0 � 1
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and applications [10,11]. Of course, a very important issue in any photomet-
ric system is the sensitivity, linearity, response time, and polarization–
dependence of light detectors.

The PSA configuration provides basic possibilities for photometric
measurements. The light intensities are measured for several properly
chosen azimuths of the polarizer and analyzer. Since the analyzed state
of polarization is independent of absolute intensities, one of them can
be used as a reference for the measurement of relative values.
Consequently, at least three independent intensities are required to
determine the two real ellipsometric parameters of Eq. (1.14). Equation
(1.13) gives, for a fixed azimuth P, the intensity transmitted by the
analyzer as

I(A) � I(P)|rs|
2cos2 P(tan2y cos2 A � tan2Psin2 A

� 2tany cos∆ tan P cosA sinA). (1.19)

Taking the intensity for A � π�2 as the reference, the ellipsometric angle
y is obtained from the relative intensity measured for A � 0 as

tany � �tan P��I(0)�I(�p�2)�. (1.20)

The third intensity can be measured for A � π�4; used in Eq. (1.19), it
provides the following explicit result for the ellipsometric angle ∆,

cos∆ � sgn(P) [2I(p�4) � I(0) � I(p�2)]�[2�I(0)I(p��2)� ]. (1.21)

The obvious limitation here is the impossibility of distinguishing the
sign of ∆, which is confined to an interval of the length of π. The
azimuth P of the polarizer is the disposable quantity in this scheme; it
should be chosen properly to minimize measurement errors. Equation
(1.20) suggests the favorable setting of P ≈ y, for which I(0) ≈ I(π�2).
In any case, the values of P close to either zero or ±π�2 should be
avoided, since they lead to a rapid loss of sensitivity. It should be
emphasized that a possible polarization sensitivity of the detector has
been neglected; if present, it can be measured and accounted for using a
sample with known parameters, or straight–through operation with no
sample.

The number of measured intensities has to be increased when the
measurement should also correct the results for unknown zero positions Po

and Ao of the polarizer and analyzer, respectively. The two values are
defined as the readings Pr and Ar of the angular scales for the polarization
exactly parallel to the plane of incidence, i.e., for the zero actual values P
and A in Pr � P � Po and Ar � A � Ao. Alternatively, Po and Ao represent

14 THEORY OF ELLIPSOMETRY
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minus the actual azimuths for zero readings of the two scales. Note that a
tilt of the sample in Fig. 1.2 along its axis lying in the plane of incidence
changes the zero positions. The three intensities of Eqs. (1.20) and (1.21)
are actually equal to I(�Ao), I(�Ao � π�4) and I(�Ao � π�2). Averaging
of the results obtained for the intensities measured with the readings 
P � Po and �(P � Po) at the polarizer scale provides the correction to the
first order in small Po and Ao. In addition, it specifies the zero positions of
both polarizer and analyzer.

The PSA scheme with the fixed polarizer is usually operated with a
larger number of intensity measurements at different analyzer azimuths.
The most common way is to use equidistantly spaced points covering a
half–rotation (rotating–analyzer-ellipsometer, RAE)[12]. The intensity of
Eq. (1.19) can be rewritten as

I(A) � (1 � a cos 2A � b sin2A), (1.22)

where

a � , b � . (1.23)

The a and b are cosine and sine Fourier coefficients of I(2A), normal-
ized to the constant background. They result from the discrete Fourier
transform of the measured intensities. Once computed, they are used in
the following relations – equivalent, in principle, with Eqs. (1.20) and
(1.21) –

tan y � �tan P���
1
1

�

�

a
a

��, cos ∆ � sgn(P) . (1.24)

The use of a larger set of analyzer positions reduces noise and allows the
detection of spurious effects, such as nonlinearity of detection system.
Note that both Fourier coefficients vanish for P � ±y and ∆ � ±π�2;
these are the conditions for the circularly polarized light in front of the
analyzer.

The photometric data can also be collected for a fixed position of
the analyzer and several azimuths of the polarizer (rotating–polarizer-
ellipsometry, RPE). This scheme suppresses possible polarization sensi-
tivity of the detector. However, the source has to be either unpolarized or
circularly polarized for a simple treatment identical to the RAE case
above; note that the amplitude of Eq. (1.13) is symmetric with respect to

b
��
�1 � a2�

2tan P tany cos∆
��

tan2y � tan2 P

tan2y � tan2P
��
tan2y � tan2P

I(P)|rs|
2 cos2P

��
2(tan2y � tan2P)
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the azimuths P and A for the field EP independent of P. The RPE mode
should be preferred to RAE for a weaker polarization of the source com-
pared with the polarization sensitivity of the detector.

Although the PSA scheme is very efficient in many circumstances,
the inclusion of a compensator in the PCSA or PSCA configurations
offers substantial advantages. First, the polarization dependence of both
source and detector can be suppressed by fixing P and A; the necessary
number of intensity readings can be obtained by changing the azimuth
and/or phase shift of the compensator. Second, the ellipsometric phase
shift ∆ can be measured with improved precision and accuracy, in the
interval from zero to 2π. Third, partial polarization can be detected and
quantified.

Assume a sample illuminated by a linearly polarized light from an
ideal polarizer at the azimuth P in the PSA scheme. With no depolariza-
tion effects, the reflected light is in a pure elliptic polarization state c
showing up in the Fourier coefficients of Eqs. (1.23). A partly polarized
state results when the state c appears in the reflected beam with the prob-
ability wc � 1, and the orthogonal pure state c� with the complementary
probability of 1 � wc. This can occur due to either imperfections of the
sample, such as a spread of its complex reflectance ratio across the illu-
minated surface, or the imperfections of the incoming beam other than its
polarization state, such as a spread of the angles of incidence or wave-
lengths. The total flux behind the analyzer at the azimuth A is composed
of two parts,

Ĩ(A) ∼ wc(1 � acos2A � bsin2A)
� (1 � wc)(1 � a�cos2A � b�sin2A). (1.25)

Here a� and b� are the Fourier coefficients that would be observed if the
reflected light had the polarization χ�, i.e., for wc � 0; it can be easily veri-
fied that a� � �a and b� � �b. Consequently, the measured intensity

Ĩ(A) ∼ 1 � (2wc � 1)a cos2A � (2wc � 1)b�sin2A
� 1 � aa~ cos2A � b

~
sin2A (1.26)

is of the same form as for the pure elliptic polarization in Eq. (1.22).
However, the cosine and sine Fourier coefficients are reduced in magni-
tude by multiplying with the degree of polarization Pc � 2wc � 1, see
Eq. (1.9),

ã � Pc , b̃ � Pc . (1.27)
2 tanP tany cos∆
���

tan2 y � tan2P
tan2y � tan2P
��
tan2y � tan2P
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 17

Both Fourier coefficients vanish for the totally unpolarized light
reflected from the sample, when wc � 1�2, Pc � 0. A rotating ideal linear
polarizer cannot distinguish between unpolarized and circularly polar-
ized light.

The two real Fourier coefficients obtained from the intensities meas-
ured in the PSA configuration do not allow obtaining the three real param-
eters of a partial polarization. Using a compensator in the PCSA or PSCA
configuration can solve the problem. A simple possibility consists of
adding the measurements of the Fourier coefficients with rotating ana-
lyzer for the axis of the compensator parallel or perpendicular to the plane
of incidence. Using the notation of Eqs. (1.14) and (1.17), the intensities
calculated above are modified by simply taking the product

rtc � tany tantc ei(∆�∆c) (1.28)

in place of the complex reflectance ratio r of the sample. Accordingly, the
Fourier coefficients

ãc � Pc , b̃c � Pc

(1.29)

are measured with the properly aligned compensator, in addition to those
of Eqs. (1.27). With given values of the relative attenuation of the com-
pensator, tan yc, and its phase shift, ∆c, Eqs. (1.27) and (1.29) can be
solved for the parameters of the sample, y and ∆, and the degree of polar-
ization, Pc. Techniques used to measure partially polarized light are some-
times called polarimetry.

The desired quantities are very simply extracted for an ideal quarter-
wave retarder (tanyc � 1, ∆c � �π�2). Since Eqs. (1.27) and Eqs. (1.29)
simplify as

ã � ãc � Pc , b̃ � Pc ,

b̃c � Pc ,

(1.30)

we obtain the following explicit results for the sought quantities:

cos∆ � sgn(P) , sin∆ � sgn(P) , tan ∆ � ,

(1.31)

b̃c
�
b̃

b̃c
��
�b̃2 � b̃�c

2�
b̃

��
� b̃2 � b̃�c

2�

2tanP tany sin∆
��

tan2y � tan2P

2tanP tany cos∆
��

tan2 y � tan2 P
tan2y � tan2P
��
tan2y � tan2P

2tan P tany tan2 yc cos(∆ � ∆c)
����

tan2y tan2yc � tan2 P

tan2y tan2 yc � tan2P
���
tan2y tan2 yc � tan2P
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tany � |tan P| , (1.32)

Pc � . (1.33)

Note that Eqs. (1.31) determine the ∆ angle in the zero to 2π range, and
improve the precision for the values close to zero or π. It should be empha-
sized that the degree of polarization depends on both the sample (which
provides the incoherent sum of polarization states upon reflection), and the
polarizer azimuth P. For P � 0 or π�2 the reflected light is pure, linearly
polarized p or s wave, respectively, for any isotropic sample; the sine
Fourier coefficients vanish, b̃ � b̃C � 0; the cosine coefficients are unity,
ã � ãC � 1, resulting in the unit degree of polarization, Pc � 1. Of course,
these two eigendirections are unusable for measuring the sample proper-
ties. At the preferable setting of |P| � y, we have ã � ãC � 0, leading to

Pc � . (1.34)

In this case, we can easily follow the consequences of limiting the meas-
urement to the part without the quarter–wave retarder, and assuming no
depolarization:

• the reported value of y obtained from Eq. (1.24) is correct,
y � |P|, since the cosine Fourier coefficient a is zero;

• the reported value ∆r obtained from Eq. (1.24) is in error,
since the sine Fourier coefficient b is modified by the degree
of polarization in the second of Eqs. (1.30); its relation to the
true value of ∆ is given by

cos∆ r � Pc cos∆; (1.35)

the decrease of Pc from unity to zero is misinterpreted as the
tendency towards circular polarization, ∆ → ±p�2.

A finite spectral resolution and/or an imperfectly collimated beam can
produce depolarization effects for perfect samples, since their response
to the polarization state of the light beam depends on the photon energy
and angle of incidence. On the other hand, a nonuniformity in composi-
tion across the illuminated sample surface is a potential source of depo-
larization effects, since it can lead to the incoherent addition of reflected

b̃2 � b̃c
2

��
�b̃2 � b̃�c

2�

ã 2 � b̃2 � b̃c
2 � ã �ã2 � b�˜ 2 � b̃�c

2�
����

ã�ã 2 � b�˜ 2 � b̃�c
2�

ã ��ã2 � b̃�2 � b̃c
2�

���
�b̃2 � b̃�c

2�
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 19

waves for an incident ideal monochromatic plane wave. Another obvi-
ous source of depolarization is a spread of film thicknesses in layered
samples. As the precision of the ellipsometric technique increases, it
becomes necessary to treat properly the possible partial polarization
(see, e.g., the recent work[13]). We deal with partially polarized light in
more detail in Section 1.4.

1.2 Maxwell and Wave Equations

Phenomenological description of the optical behavior of any material
involves a few characteristics, called response functions. They are intro-
duced conveniently within the framework of Maxwell equations and
material relations; the latter are sometimes called constitutive relations.

The macroscopic electromagnetic field is described by the intensities
E
→

and H
→

of the electric and magnetic components, respectively. In a
non–magnetic medium, they obey Maxwell’s equations (in SI units)

�
→

� H
→

� e0 � j
→

, �
→

� EE
→

� �m0 , (1.36)

�
→

 E
→

� , �
→

 H
→

� 0, (1.37)

satisfied at any position r→ and time t. Here r and j
→

are the macroscopic
charge and current densities; they are usually divided into external and
induced parts, r � rext � rind, j

→
� j

→
ext � j

→
ind. In Eqs. (1.36) and (1.37), e0

is permittivity of vacuum, m0 is permeability of vacuum:

e0 � Fm�1, m0 � 4p10�7 Hm�1, e0m0 � , (1.38)

where c is the velocity of light in vacuum.
The macroscopic picture involves mean values of quantities varying

rather strongly on the atomic scale. For example, we are dealing with the
spatial average of the microscopic electric field intensity, e→, over some
macroscopic volume V:

EE
→

(r→,t) � �
V

e→(r→�,t) dr
→

�. (1.39)

V is centered around r→; it has to be large enough to smooth out the micro-
scopic variations of e→, but small compared to the wavelength of light. For
crystals, the volume for averaging is just one unit cell.

1
�
V

1
�
c2

107

�
4pc2

r
�
e0

∂HH
→

�
∂t

∂E
→

�
∂t
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1.2.1 Linear Local Response

We assume no external charges and currents, i.e., the densities in Eqs.
(1.36) and (1.37) are due to the electromagnetic field itself. Moreover, the
macroscopic average of the charge density rind vanishes in transverse fields.
Consequently, the only relevant material property is that relating the cur-
rent density, j

→
� j

→
ind, to the field intensities. We shall assume a linear

dependence, which is valid for weak fields. This is a direct generalization
of the simplest material equations for quasistationary fields, which are usu-
ally written down separately for conductors and insulators, respectively:

j
→

(r→,t) � ŝ0 E
→

(r→,t), (1.40)

j
→

(r→,t) � (ê0 � 1) e0 . (1.41)

In the case of a conductor containing free charge carriers, ŝ0 in Eq. (1.40)
is the real tensor of static (i.e., “dc”) conductivity. The case of an insula-
tor with no free charges is slightly more complex. The induced current
density of Eq. (1.41) is due to the motion of bound charges, vanishing in
the dc limit. This dielectric displacement is proportional to the rate of tem-
poral change of EE

→
; ê0 in Eq. (1.41) is the real tensor of (dimensionless)

static permittivity. The bound charges in a conductor also contribute to the
induced current; it is impossible to distinguish it from the contribution of
free carriers on the macroscopic level at optical frequencies.

The needed generalization of the material equations (1.40) and (1.41)
retains their linearity. Moreover, for most substances, their local character
can also be preserved. The substantial change, however, consists in replac-
ing the synchronous response by the weaker requirement of causality – the
induced current depends on the electric field only before the time of obser-
vation. The linear and local material equation generalizing Eq. (1.40) is
therefore

j
→

(r→,t) � �t

�∞

f̂ (t � t�) E
→

(r→,t�)dt� � �∞

0
f̂ (t�) E

→
(r→,t � t�)dt�. (1.42)

Consequently, the optical response of a homogeneous material is
described by a real tensor function f̂ (t) with the dimension of conductiv-
ity/time, defined for t 	 0. It represents the current density produced by a
δ–function pulse of the electric field. The usual approximation of optics is
the monochromatic field of circular frequency w,

E
→

w(r→,t) � E
→

w(rr→)exp(�iwt). (1.43)

∂EE
→

(r→,t)
�

∂t
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 21

Inserting it into Eq. (1.42), we obtain the sought generalizations of Eqs.
(1.40) and (1.41) for conductor and insulator, respectively:

j
→

w(r→,t) � s�∞

0
f̂ (t�) exp(iwt�)dt�tE→w (r→,t), (1.44)

j
→

w (r→,t) � s �∞

0
f̂ (t�) exp(iwt�)dt�teo . (1.45)

For the monochromatic field, these material equations are of the same
form as Eqs. (1.40) and (1.41), with the complex, frequency–dependent
conductivity tensor

ŝ (w) � �∞

0
f̂ (t�) exp(iwt�)dt�, (1.46)

and the complex, frequency–dependent tensor of permittivity (usually
called dielectric function, or sometimes also dielectric constant)

ê(w) � 1 � �∞

0
f̂ (t�) exp(iwt�)dt� � 1 � ŝ(w). (1.47)

The dependence of the conductivity and permittivity on frequency is
called dispersion.

The real and imaginary parts of ŝ(w) are the cosine and sine Fourier
transforms of the real tensor function f̂ (t), respectively; the real and imag-
inary parts of ê(w) are very simply related to them. The following sym-
metry property

ê(�w) � ê*(w), ŝ(�w) � ŝ*(w), (1.48)

where the asterisk denotes the complex conjugation, follows directly from
the definitions of Eqs. (1.46) and (1.47). We can use interchangeably each
of s(w) and e(w) to characterize the linear response. They differ, however,
rather substantially in the behavior at low frequencies. For a conductor,
the complex conductivity reaches the real dc value of s0 at w � 0, while
the complex permittivity diverges as is0�(we0) for w → 0. For an
insulator, the complex permittivity reaches the real static limit of ê0 at
w � 0, while the complex conductivity goes to zero as �iwe0(ê0 � 1) for
w → 0. Thus, the static dielectric behavior is described by the slope of the
frequency dependence of s(w).

i
�
weo

i
�
weo

∂EE
→

w (r→,t)
�

∂t
i

�
weo
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1.2.2 Linear Non–Local Response

In a further generalization of the starting material equations (1.40) and
(1.41), the assumption of the induced current density, j

→
(r→), to be propor-

tional to the field strength at the same point r→ is relaxed. This case should
occur when the average path traveled by the charge carriers is not negli-
gible with respect to the spatial variations of the optical field. In addition
to the harmonic time–dependence of Eq. (1.43), we assume also the har-
monic spatial distribution of the electric field intensity:

E
→

wk
→(r→,t) � EE

→
wk

→
,0 exp(�iwt � ik

→
 r→). (1.49)

For a real wavevector k
→

of the magnitude k, the field pattern is repeated at
the distance of the wavelength, l � 2π�k. When the average path of the
charge carriers is not small compared with l, the induced current is influ-
enced by the fields at different locations. In analogy with Eq. (1.42), the
linear response becomes

j
→

(r→,t) � �dt��dr→� f̂(t�, r→�)E
→

(r→ � rr→�, t � t�). (1.50)

The space–time extent of the integration has to warrant both causality and
finite speed of the electromagnetic interaction. When inserting the mate-
rial equation (1.50) into Eq. (1.49) we obtain

j
→

wk
→(rr→,t) � 	�dt��dr→�f̂ (t�, r→�) exp(iwt� � ik

→
 rr→�)
 E

→
wk

→( r→,t). (1.51)

Thus, we arrive at the w– and k
→

–dependent complex tensor of
conductivity

ŝ(w,k
→

) � �dt��d r→�f̂(t�,r→�) exp(iwt� � ik
→

 r→�). (1.52)

By a similar reasoning as in the previous subsection, we obtain also the
w– and k

→
–dependent complex tensor of permittivity, ê(w,k

→
). The

dependence of conductivity and permittivity on the wavevector is
called spatial dispersion. The local response is recovered when the
function f̂ (t�,r→�) in Eq. (1.50) becomes factorized and its spatial
dependence is δ–like, f̂ (t�,r→�) � f̂ (t � t�)  d(r→ � r→�). This is equiva-
lent to taking the k

→
� 0 values of s and e, which is also called

long–wavelength limit. The non–negligible spatial dispersion occurs
rather rarely; the usual way of reporting response function includes
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 23

only their frequency dependence. However, the spectacular phenomenon
of optical activity (i.e., of rotating the direction of polarization of a lin-
early polarized wave traversing the material) can be linked to the
non–local nature of the optical response[17].

1.2.3 Dipole Moment, Susceptibility 
and Inductions

Macroscopic polarization P
→

is the spatial average of the induced dipole
moment per unit volume. The linear response of Eq. (1.42) or (1.50) implies
a linear dependence of P

→
on the macroscopic field strength; with the har-

monic temporal and spatial dependence exp(�iwt � ik
→

 rr→) of P
→

and E
→

, this
relation is

P
→

wk
→ � ĉ (w,k

→
) e0 E

→
wk

→. (1.53)

The dimensionless tensor function ĉ (w,k
→

) is called electric susceptibility.
The electric induction, D

→
, is also a linear function of the intensity E

→
,

D
→

� e0E
→

� P
→

� (1 � ĉ)e0E
→

� êe0 E
→

, (1.54)

where ê � 1 � ĉ is the (relative) permittivity. The polarization and
induced current are proportional in monochromatic fields,

P
→

wk
→ � ij

→
wk

→�w, j
→

wk
→ � �iwP

→
wk

→. (1.55)

Macroscopic magnetization M
→

is the spatial average of the induced mag-
netic moment per unit volume. The assumption of nonmagnetic materials
means vanishing M

→
, and magnetic induction preserves its vacuum value,

B
→

� m0H
→

� M
→

� m0H
→

.
For monochromatic transverse fields in the long–wavelength limit,

Maxwell equations (1.36) and (1.37) and the material equation (1.47)
combine into the following set

�
→

� B
→

w (r→) � �iw E
→

w (r→), ��
→

� E
→

w (r→) � iwB
→

w (r→), (1.56)

�
→

 E
→

w (r→) � 0, �
→

 B
→

w (r→) � 0, (1.57)

providing the spatial dependence of the field quantities in a homogeneous
material of the dielectric function ê.

ê(w)
�

c2
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1.2.4 Relationships Between Optical Constants

It is customary to introduce the complex refractive index N as the square
root of the (scalar) dielectric function, i.e., e � N2. The relationships
between optical constants valid at any frequency w are listed in Table 1-1,
using the most common notation for their real (s1, e1, n) and imaginary
(s2, e2, k) parts. We have added the line with negative inverse of the
dielectric function; its imaginary part is called loss function, since it is
related to the energy loss of a longitudinal wave in the material. It can be
directly measured using the electron energy loss spectroscopy (EELS),
and compared with the data obtained from optical measurements.

Causality of the linear material equations implies the validity of a
number of so called Kramers–Kronig relations. They can be derived
rigorously from the analytic behavior of s(w) and its functions, like e(w),
N(w), and others, in the upper half–plane of the complex values of Ω.
Using Ω � w � ig, g � 0, in Eq. (1.46), the complex conductivity
becomes

s(Ω) � s(w,g) � �∞

0

f(t�) exp(iwt�) exp(�g t�)dt�. (1.58)

This complex–valued function has obviously no poles in the upper
half–plane of Ω for any “physically reasonable” response function f, being

24 THEORY OF ELLIPSOMETRY

Optical Constant
(symbol) Real part Imaginary part

conductivity
(s � s1 � is2) s1 � we0e2 s2 � �we0(e1 � 1)

dielectric function e1 � 1 � s2�(we0) e2 � s1�(we0)
(e � e1 � ie2)

e1 � n2 � k2 e2 � 2nk

refractive index n � �(e1 � ��e2
1 � e��2

2�)�2� k � �(�e1 �� �e2
1 �� e�2

2�)�2�
(N � n � ik)

n � e2�(2k) k � e2�(2n)

negative inverse 
of dielectric function �e1�(e2

1 � e2
2) e2�(e2

1 � e2
2)

(�e�1)

Table 1-1. Relationship between Optical Constants.
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limited and continuous including its derivative. Moreover, s(Ω)�(Ω � w)
decays fast enough for |Ω| → ∞ to ensure the vanishing value of the con-
tour integral over the semicircle at infinity. This is essentially due to the
dominance of inertial effects at high frequencies over the restoring and/or
dissipative forces[15]. Consequently, the use of the Cauchy integral for-
mula for a suitable closed contour in the complex Ω plane[16] leads to the
following integral relations linking the real and imaginary parts of the
complex conductivity:

s1(w) � –�∞

�∞
dΩ � –�∞

0
dΩ, (1.59)

s2(w) � –�∞

�∞
dΩ � –�∞

0
dΩ, (1.60)

Since the integrands diverge for w � Ω, the Cauchy principal value has to
be taken. This is indicated by the integral sign with a line through it.

The equivalent integral relation for the dielectric function is

e1(w) � 1 � –�∞

0
dΩ, e2(w) � � –�∞

0
dΩ.

(1.61)

Here s0 is the dc conductivity, which vanishes for insulators. For the
refractive index, the Kramers–Kronig relations become

n(w) � 1 � –�∞

0
dΩ,  k(w) � –�∞

0
dΩ. (1.62)

Note that there is no pole for metals at the origin w � 0 in the refractive
index. Instead, the low–frequency behavior is described by a square–root
singularity

N(w) ≈ �� � (1 � i)      �� . (1.63)

The Kramers–Kronig relations are linked with a number of sum rules.
Using the first of Eqs. (1.61) for w → ∞ gives the asymptotic behavior

lim
w→∞

e1(w) � 1 � � …, (1.64)
w2

p
�
w2

1
�
�w�

so
�
2eo

iso
�
weo

n(Ω) � 1
��
Ω2 � w2

�2w
�

p
Ωk(Ω)
�
Ω2 � w2

2
�
p

e1(Ω) � 1
�
Ω2 � w2

2w
�
p

s0
�
we0

Ωe2(Ω)
�
Ω2 � w2

2
�
p

s1(Ω)
�
Ω2 � w2

�2w
�

p
s1(Ω)
�
Ω � w

�1
�

p

Ωs2(Ω)
�
Ω2 � w2

2
�
p

s2(Ω)
�
Ω � w

1
�
p
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where

w2
p � �∞

0
Ω e2 (Ω)dΩ � �∞

0
s 1(Ω)dΩ. (1.65)

Here wp denotes the plasma frequency �4pNe2��m�, where N is the total
electron density, e and m are electron charge and mass, respectively (in CGS
units). Equation (1.65) is the well–known f sum rule. A necessary condition
for the integrals in Eqs. (1.65) to exist is that e2 and s1 fall off faster than
w�2 and w�1, respectively. Consequently, the high–frequency limit of the
second of Eqs. (1.61) gives the asymptotic behavior

lim
w→∞

e2(w) � � �∞

0
[e1(Ω) � 1]dΩ � …, (1.66)

where

s0 � �∞

0
[e1(Ω) � 1]dΩ, (1.67)

since the term proportional to w�1 has to vanish. For any insulator (i.e., for
s0 � 0), the deviation of e1 from its vacuum value of 1 averaged over all
frequencies is zero. This is a sum rule concerning dispersive processes,
accompanying the f sum rule of Eq. (1.65) for absorptive processes.
Equation (1.67) can also be taken to be a direct consequence of the
Kramers–Kronig relation for s1, Eq. (1.59), since s0 � s1(0) and
s2(Ω)�Ω � e0[e1(Ω) � 1]. The basic sum rules involving the complex
refractive index are

w2
p � �∞

0
Ωk(Ω)dΩ, �∞

0
[n(Ω) � 1]dΩ � 0, (1.68)

as obtained from the high–frequency expression N(w) � 1 � w2
p�(2w2) � ….

1.2.5 Wave Equation for Monochromatic Fields

For a monochromatic optical field of angular frequency w, the spatial
distribution of the intensities, E

→
and H

→
, can be found from the wave equa-

tion, supplemented by boundary conditions. Maxwell equations (1.56) and
(1.57), valid in the long–wavelength limit, can be transformed into a single
differential equation of the second order in the following way. Applying the

4
�
p

2e0
�
p

2
�
pw

s0
�
we0

2
�
peo

2
�
p
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curl operation to the second of Eqs. (1.56) we find

�
→

� [�
→

� E
→

w(r→)] � ��
→

 [�
→

 E
→

w(r→)] � (�
→

 �
→

)E
→

w(r→) � iw��
→

� B
→

w(r→).
(1.69)

Since the divergence of E
→

w vanishes, and the right–hand side of Eq. (1.69)
is given by the first of Eqs. (1.56), we have the wave equation for the elec-
tric field intensity:

3∆ � ê(w)4E→w(r) � 0. (1.70)

Here ∆ is the Laplace operator, ∆ � �
→

 �
→

� ∂2�∂x2 � ∂2�∂y2 � ∂2�∂z2.
Elementary solutions of the wave equations can be sought in the form

of the plane waves

E
→

w (r→) � E
→

0 exp(ik
→

 r→) � E
→

0 exp[i(kxx � kyy � kzz)], (1.71)

and a general solution as a superposition of these plane waves. The ampli-
tude E

→
0 has cartesian components E0x, E0y, and E0z. The wave equation (1.70)

transforms into a set of three homogeneous linear equations for the three
complex components of the amplitude,

3�k
→

 k
→

� ê(w)4 s t � 0. (1.72)

In terms of the cartesian components of the tensor ê, the wave equation
can be written as

s t s t � 0, (1.73)

where

D � (kx
2 � ky

2 � kz
2). (1.74)

A symmetric tensor ê is assumed; we do not include possible optical
activity of the material, which can be described phenomenologically by
introducing an antisymmetric imaginary part of the matrix ê [17]. The sym-
metry of the dielectric tensor of a crystal with no optical activity results

c2

�
w2

E0x

E0y

E0z

exx � D exy exz

exy eyy � D eyz

exz eyz ezz � D

E0x

E0y

E0z

w2

�
c2

w2

�
c2
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from energy–flow considerations [18]. A non–zero solution of Eqs. (1.73)
exists if the determinant of the matrix of the system vanishes.

Consider, without loss of generality, a wave of Eq. (1.71) propagat-
ing in the z direction, i.e., kx � ky � 0. Since k

→
 E

→
0 � 0, the wave is

polarized in the x–y plane, E0z � 0. The wave equation (1.73) reduces to
the following pair of homogeneous linear equations for the non–zero
amplitudes,

s t	 
 � 0. (1.75)

Non–zero solutions exist for the vanishing determinant of its matrix,
which is a quadratic equation for kz

2 with the roots

k2
z(1,2) � . (1.76)

Thus, two linearly polarized waves can propagate along an arbitrary direc-
tion, with the magnitude of their wavevectors given by the last equation.
This leads to the phenomenon of birefringence in anisotropic materials. The
directions of the linear polarizations can easily be found from Eq. (1.75).

When the two roots of Eq. (1.76) coincide, the wave equation
(1.75) is satisfied by any amplitudes E0x and E0y. Consequently, waves
of any polarization can propagate along the z–direction, which is called
optical axis. The multiple root of (1.76) occurs for exx � eyy, exy � 0 in
our coordinate system. This has a simple geometrical interpretation in
terms of the ellipsoid associated with the tensor ê,

[x y z] s t s t � exxx
2 � eyyy

2 � ezzz
2 � 2exyxy

� 2exzxz � 2eyzyz � 1.
(1.77)

Namely, its cross–section perpendicular to z is circular for exx � eyy, 
exy � 0. A light wave polarized in the x–y plane “sees” the same dielectric
function irrespective of the direction of its vibrations.

In general, either two, one, or any, direction of propagation has the
property of optical axis for a given (symmetric) dielectric tensor ê. This
leads to the following classification of the optical anisotropy:

x
y
z

exx exy exz

exy eyy eyz

exz eyz ezz

exx � eyy ± �(exx ��eyy)
2 �� 4e2

xy�
����

2
w2

�
c2

E0x

E0y

exx � �
w
c2

2�kz
2 exy

exy eyy � �
w
c2

2�kz
2
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• Biaxial
Two optical axes exist for the dielectric tensor with mutually
different values along the principal axes of the ellipsoid of
Eq. (1.77). Occurs for crystals of triclinic, monoclinic, and
orthorhombic structure. The directions of optical axes may
vary with frequency w.

• Uniaxial
A single optical axis exists for the dielectric tensor having
rotational symmetry of its ellipsoid of Eq. (1.77). Occurs for
crystals of rhombohedral, tetragonal, and hexagonal structure.
The optical axis coincides with the high–symmetry axis of the
crystal.

• Isotropic
The ellipsoid of Eq. (1.77) is a sphere. all of the directions of
propagation are equivalent. Occurs for cubic crystals or amor-
phous materials.

1.2.6 Plane Waves in Isotropic Medium

An isotropic material is described by its complex permittivity,
e � e1 � ie2, or the complex refractive index, N � n � ik � �e�, see
Section 1.2.4. The monochromatic plane wave of Eq. (1.71) is charac-
terized by its wavevector k

→
� k

→
1 � ik

→
2; the real and imaginary parts, k

→
1

and k
→

2, need not be parallel. Let us denote the angle between them by q,
and their magnitudes by k1 and k2. A plane wave is called homogeneous
for q � 0; otherwise it is inhomogeneous. Examples are given in Section
1.5.1. The plane wave is a product of a harmonic vibration traveling in
the direction of k

→
1, and an exponential damping in the direction of k

→
2,

E
→

w(r→) � E
→

0 exp(ik
→

1  r→) exp(�k
→

2  r→). (1.78)

The plane wave (1.71) solves the wave equation (1.72) for

k
→

 k
→

� k2
1 � k2

2 � i2k1k2 cosq � (e1 � ie2). (1.79)

Equating the real and imaginary parts, we obtain the magnitudes of the
wavevector as

k1 � ��� , k2 � ��� .

(1.80)

�e1 � �e2
1 �(e�2�cosq�)2�

���
2

w
�
c

e1 � �e2
1 � (e�2�cosq�)2�

���
2

w
�
c

w2

�
c2
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For a homogeneous wave, we obtain the following simple relations of the
magnitudes of the wavevector and the real and imaginary parts of the refrac-
tive index,

k1 � n, k2 � k. (1.81)

In a non–absorbing medium of k � e2 � 0, the plane wave is either
undamped (k2 � 0), or evanescent (θ � π�2, the harmonic spatial depend-
ence along k

→
1 is damped exponentially in a perpendicular direction). The

latter case occurs for total reflection of obliquely incident light, see
Section 1.5.1.

Let us resolve the amplitude E
→

0 of the plane wave of Eq. (1.78) into its
real and imaginary parts, E

→
0 � E

→
01 � iE

→
02. Similarly, the amplitude of the

magnetic intensity is written as H
→

0 � H
→

01 � iH
→

02. The transversality of the
fields, following from Maxwell equations, can be expressed as the condi-
tion of vanishing of the scalar products of the amplitudes and wavevector,

k
→

 E
→

0 � 0, k
→

 H
→

0 � 0, E
→

0  H
→

0 � 0. (1.82)

Written for the real and imaginary parts of the vectors,

k
→

1  E
→

01 � k
→

2  E
→

02 � 0, k
→

2  E
→

01 � k
→

1  E
→

02 � 0,

k
→

1  H
→

01 � k
→

2  H
→

02 � 0, k
→

2  H
→

01 � k
→

1  H
→

02 � 0,

E
→

01  H
→

01 � E
→

02  H
→

02 � 0, H
→

02  E
→

01 � H
→

01  E
→

02 � 0.

(1.83)

Two simple possibilities of alignment of the vectors are the following:

• Transverse electric (TE) mode
The real and imaginary parts of the amplitude E

→
0 are parallel.

From Eqs. (1.83) we find that k
→

1  E
→

01 � k
→

2  E
→

01 � H
→

01 
E
→

01 � H
→

02  E
→

01 � 0, and the same result for E
→

01 replaced by
E
→

02. Consequently, the four vectors k
→

1, k
→

2, H
→

01, and H
→

02 lie
in the plane perpendicular to the electric intensity E

→
01.

• Transverse magnetic (TM) mode
The real and imaginary parts of the amplitude H

→
0 are parallel.

The four vectors k
→

1, k
→

2, E
→

01, and E
→

02 lie in the plane perpen-
dicular to the magnetic intensity H

→
01.

Note that the distinction between TE and TM modes is relevant for inho-
mogeneous waves only. Any plane wave is a superposition of the TE and
TM modes.

w
�
c

w
�
c
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The electric and magnetic intensities of an optical wave are observed
indirectly via the energy flux registered by a detector. The energy density
and energy flux density are

w � (E
→

 D
→

� H
→

 B
→

) and S
→

� E
→

� H
→

, (1.84)

respectively. A light wave loses its energy when traveling through an
absorbing medium. The rate of the energy density loss is

Q � 〈 j
→

 E
→

〉, (1.85)

where j
→

is the induced current density, and the brackets denote the time
average. The real parts of j

→
and E

→
have to be inserted into Eq. (1.85),

which is analogous to the Joule heat production in a conductor. Assume a
monochromatic plane wave with the real magnitude E0 cos wt. The real
part of the induced current density obtained from Eqs. (1.44) through
(1.47) is s1E0 cos(wt) � we0e2E0 cos(wt). Thus, the absorbed energy per
unit time,

Q � s1〈E2
0 cos2(wt)〉 � s1 � weoe2 , (1.86)

is measured by the real part, s1, of the complex conductivity, and the
imaginary part, e2, of the complex dielectric function.

1.3 Representations of Polarization

In this section, we deal with several representations of pure polarization
states. We start with the description using real quantities, and provide
links with the concise expressions using complex numbers.

Assume a monochromatic light wave traveling along the positive
direction of the z axis of a Cartesian, right–handed coordinate system
x–y–z. Its electric vector is perpendicular to z, with the components
along x and y given by

Ex(t) � X cos(�wt � dx), Ey(t) � Y cos(�wt � dy) (1.87)

Here ω is the angular frequency, X and Y are the amplitudes of the x and
y components, dx and dy are their absolute phases at the initial time t � 0.
The endpoint of the intensity vector performs a fast periodic movement

E2
0

�
2

E2
0

�
2

1
�
2
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along an elliptic trajectory limited to the intervals ± |X| and ±|Y | in the
x and y directions, respectively. The equation of the ellipse results from
Eqs. (1.87) by excluding wt. The latter can be rewritten as

Y Ex sindy � X Ey sindx � �XY cos(wt) sin(dx � dy),

Y Ex cosdy � X Ey cosdx � XY sin(wt) sin(dx � dy).
(1.88)

Squaring and adding them gives the equation of the ellipse,

Y2Ex
2 � X2E2

y � 2XYExEy cos(dx � dy) � X2Y2 sin2(dx � dy). (1.89)

1.3.1 Representation by Ellipsometric Angles

The most general planar harmonic vibration at a given point in space
is specified completely by the four real parameters X, Y, dx, dy, linked to
the chosen x–y frame. However, the sum X2 � Y2 is proportional to the
intensity of the wave, which is irrelevant in the description of the state
of polarization. Further, the absolute phases dx, dy are not observable in
ellipsometric studies, due to the very short period of oscillations, 2π�w.
Thus, we are left with only two real parameters characterizing the gen-
eral elliptic polarization of Eqs. (1.87). Since a suitable choice of the
absolute phases guarantees the possibility to choose non–negative
values of X and Y, we can take X � E0sinyxy, Y � E0cosyxy with E0 � 0
and the angle yxy limited to the first quadrant. Note that  tanyxy is the
amplitude of the vibrations along x measured relative to the amplitude
along y. The second real parameter of the elliptically polarized wave is
the relative phase shift of the x–axis vibration with respect to the y–axis
vibration, called ∆xy. In summary, the two angles describing the elliptic
polarization are

tanyxy � X�Y, yxy ∈〈0,p�2〉, ∆xy � dx � dy, ∆xy ∈〈�p,p〉. (1.90)

Using the two angles and the amplitude E0, the ellipse of Eq. (1.89) is

� tan2 yxy � 2tanyxy cos ∆xy � sin2 yxy sin2 ∆xy. (1.91)

The pair of angles (y,∆) is very useful in the treatment of polarized light;
it actually became a symbol of ellipsometry. It should be remembered that
both of these angles depend on the coordinate system chosen in the plane
of polarization. We stress this point by using the subscripts xy in the cor-
responding symbols.

Ey
�
E0

Ex
�
E0

Ey
2

�
E2

0
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2

�
E2

0
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An example of the polarization ellipse is shown in Fig. 1.3. The
sense of the motion along the ellipse, which is present in Eqs. (1.87) and
absent in Eqs. (1.88) and (1.90), can be observed in suitably arranged
ellipsometric measurements. It depends on the sign of the phase shift
∆xy. Namely, the ellipse is traversed clockwise when looking against the
direction of propagation (i.e., against the positive direction of the z axis)
for ∆xy � 0; the polarization is then called right-handed. For ∆xy 
 0
the sense of the motion is counter–clockwise, denoted as left-handed
polarization.

A simpler description of the geometrical form of the polarization
ellipse is obtained in the Cartesian coordinate system oriented along its
axes, see Fig. 1.1. Let a be the coordinate along the major axis of the
length 2A, b along the minor axis of the length 2B, 0 � B � A � E0. The
angle Jxy between the positive directions of the x and a axes is called
azimuth. It defines the orientation of the ellipse and can be confined to the
interval 〈�p�2, p�2〉. In the coordinate system a–b, the components of the
electric intensity vector are

Ea � Ex cosJxy � Ey sinJxy, Eb � �Ex sinJxy � Ey cosJxy, (1.92)

Figure 1.3 The ellipse of polarization and its parameters.
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and the ellipse of Eq. (1.89) is

B2E2
a � A2E2

b � A2B2. (1.93)

The azimuth can be complemented by the ratio B�A, which is independ-
ent of the coordinate system. It can be treated conveniently by introduc-
ing the ellipticity angle g,

tang � ±B�A, g ∈〈�p�4,p�4〉, (1.94)

assuming positive and negative values of g for right–handed and
left–handed polarizations, respectively. The dimensionless value of tanγ is
called ellipticity e; it is confined to the interval 〈�1,1〉. A comparison of
the equations of the polarization ellipse in both coordinate systems leads
to the following relations for its parameters:

X2 � A2 cos2Jxy � B2 sin2Jxy, Y2 � A2 sin2Jxy � B2 cos2 Jxy,

X2 � Y2 � A2 � B2 � E2
0, X2 � Y2 � (A2 � B2) cos 2Jxy, (1.95)

XY |sin ∆xy| � AB, 2XY cos∆xy � (A2 � B2) cos 2Jxy .

The lengths of the major and minor axes are

A � E0���,

B � E0���.

(1.96)

From Eqs. (1.95) and (1.94), trigonometric functions of the azimuth
and ellipticity angles can be expressed concisely in terms of the ellipso-
metric angles in the x–y coordinate system as

tan 2Jxy� �tan2yxy cos ∆xy, sin2g � sin2yxy sin∆xy. (1.97)

Conversely,

cos2yxy � �cos2g cos2Jxy, tan∆xy � . (1.98)

The following explicit expressions are useful in conversions of the ellip-
sometric angles,

tan 2g
�
sin 2Jxy

1 � �1 � sin�2 2yxy�sin2 ∆x�y�
���

2

1 � �1 � sin�2 2yxy�sin2∆x�y�
���

2
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yxy � arctan��, yxy∈〈0,p�2〉,

∆xy � 2arctan , ∆xy ∈〈�p, p〉,

qxy � arctan , qxy∈〈�p�2,p�2〉,

g � arctan , g ∈〈�p�4,p�4〉. (1.99)

The two pairs of angles, (yxy,∆xy) and (Jxy,g), can be used inter-
changeably to describe the polarization ellipse. The benefit of using the
second pair consists primarily of the fact that the ellipticity angle g
describes a polarization state independently of the coordinate system.
Note that in the privileged coordinate system a–b, the ellipsometric angles
defined according to Eqs. (1.90) become

yab � � |g |, yab ∈ � , �, ∆ab � ± .

The first of these equations results from the definition tanyab � A�B �
1��tang �. The positive and negative values of ∆ab correspond to the right–
and left–handed polarizations, respectively.

1.3.2 Special Cases: Linear and Circular Polarization

Two special cases of polarization states of light are linear and circular
polarization. They occur when the parameter independent of the coordi-
nate system, ellipticity e, assumes the values of zero and ±1, respectively.
These states are readily identified in the series of elliptic polarizations
shown in Fig. 1.4.

For linear polarization, the length of the minor axis is B � 0. The
ellipse collapses into a linear segment of the length 2A � 2E0 which has
no handedness. Different linearly polarized states are distinguished by
their azimuth Jxy in a given coordinate system. Except for the align-
ment of the linear segment parallel to x or y, the relative phase shift of
the x and y components has to be either zero or π, i.e., the two compo-
nents vibrate either in–phase or with the opposite phase. The latter case

p
�
2

p
�
2

p
�
4

p
�
2

sin2yxy sin∆xy
���
�1 � sin�22yxy s�in2∆xy�

1
�
2

sin2yxy cos∆xy����
�1 � sin�2 2yxy�sin2∆xy� � cos 2yxy

�1 � co�s22g co�s2 2Jxy� � sin2Jxy cos2g
�����

sin2g

1 � tan2Jxy tan2g
��

tan2Jxy � tan2g
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is usually called “half–wavelength”, or “l�2” shift. For Jxy � 0 or π�2,
the relative phase shift becomes irrelevant, since one of the components
vanishes.

The two circular polarizations have indeterminate azimuth, since the
distinction between the major and minor axes is lost, A � B � E0���2�.
The ellipsometric angles y and ∆ are the same in any coordinate system,

36 THEORY OF ELLIPSOMETRY

Figure 1.4 Different states of polarization characterized by the ellipsometric
angles y and ∆ (0 . . . solid lines; ±45° . . . dashed lines; ±90° . . . dash–dotted
lines; ±135° . . . dash–dot–dotted lines; ±180° . . . dotted lines) in the x–y coordi-
nate system, with the origin marked by full circles. The sense of precession along
the ellipses is clockwise and counter–clockwise for ∆xy positive and negative,
respectively.
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namely, y � π�4 and ∆ � ±π�2. In other words, the circularly polarized
wave results from the superposition of two components of equal strength
aligned along any two orthogonal axes. Further, the two (linearly polar-
ized) components are shifted in phase by either π�2, producing the right–
circular polarization, or by �π�2, resulting in the left–circular polariza-
tion. The magnitude of this phase shift is called “quarter–wavelength”,
or “l�4”.

1.3.3 Orthogonal Polarization States

A state of linear polarization, described completely by its azimuth Jxy, is
orthogonal to the state of linear polarization having the azimuth Jxy ± π�2.
In order to confine the range of azimuths to 0,p�, the plus sign is taken
for Jxy 
 π�2 and the minus sign otherwise. The orthogonality here has
the usual meaning: the two linear segments of the electric field vibrations
form a right angle. It should be noted that this property is independent of
the coordinate system. Any of the linear polarization shown in Fig. 1.4 has
its orthogonal counterpart there.

The concept of orthogonality can be extended to the states of arbitrary
elliptic polarization. We call two states mutually orthogonal when they are
characterized by (i) orthogonal azimuths, and (ii) ellipticity angles of the
same magnitude and opposite sign, i.e., (Jxy,g) and (Jxy ± π�2,�g). The
corresponding ellipses of polarization have their major and minor axes
mutually orthogonal, the minor/major axis ratio is the same, and they are
traversed in the opposite sense. Any of the polarization states shown in
Fig. 1.4 has its orthogonal counterpart there; however, we have to distin-
guish the handedness in finding orthogonal pairs of non-zero ellipticity.
The state orthogonal to (yxy, ∆xy) is (π�2 � yxy, ∆xy � π) for ∆xy � 0, and
(π�2 � yxy, π � ∆xy) for ∆xy 
 0. The only two circularly polarized states
are orthogonal to each other.

1.3.4 Representation by Complex Numbers

Two real parameters needed to represent a general state of elliptic polar-
ization can be joined conveniently in a single complex number. One of the
simplest possibilities uses the ellipsometric angles y and ∆ in the
Cartesian x–y coordinate system to form the complex value of cxy as

cxy � cr � ici � � exp(i∆xy). (1.100)
1

�
tanyxy

Y exp(�idy)��
X exp(�idx)
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With the two angles limited to the ranges of Eqs. (1.90), there is
one–to–one correspondence between the elliptic polarization state and
the value of cxy in the complex plane. Note that the values of real and
imaginary parts, cr and ci, of cxy depend on the choice of the x–y coordi-
nate system; we have omitted the xy subscript here in order to simplify
notation. Expressed in terms of the azimuth and ellipticity angles of
Eqs. (1.97), the complex quantity cxy is

cxy � . (1.101)

This representation provides a convenient overview of all possible states
of elliptic polarization, which is shown in Fig. 1.5:

tanJxy � i tang
��
1 � i tanJxy tang

38 THEORY OF ELLIPSOMETRY

Figure 1.5 States of polarization represented by points (full circles) in the complex
plane cxy � cr � ici. In the whole upper half–plane, the sense of precession is
clockwise; cxy � �i represents the right–handed circular polarization (RC). In the
whole lower half–plane, the sense of precession is counter–clockwise; cxy � �i
represents the left–handed circular polarization (LC). At the origin, cxy � 0, the
linear polarization is aligned along x, at infinity, |cxy| → ∞, the linear polarization is
along y.
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• The origin, cxy � 0, represents the linear polarization parallel to
the x axis, since yxy → π�2 and ∆xy is irrelevant in Eq. (1.100).
Similarly, the point at infinity of the complex plane,
�cxy� � �cr

2 � c�i
2�� ∞, represents the linear polarization along

the y axis, since yxy � 0 and ∆xy is irrelevant in Eq. (1.100).
• All states of linear polarization (vanishing ellipticity, g � 0)

correspond to points on the real axis, with cr � tanJxy �
±1�tanyxy. On the positive and negative parts of the real axis,
the azimuths are from the intervals (0,π�2) and (π�2,π),
respectively.

• The points on the imaginary axis, cr � 0, represent the polar-
izations with the major and minor axes of the ellipse aligned
along x and y directions, with ci � ±1�tanyxy. The major axis
is along the x direction for ci ∈(�1,1); in this case, ci � tang as
obtained from Eq. (1.101) with Jxy � 0. The major axis is along
the y direction for |ci| � 1; in this case, ci � 1�tang as obtained
from Eq. (1.101) with Jxy � π�2.

• The two points cxy � ±i on the imaginary axis represent the
right– and left–handed circular polarizations, respectively.

According to the definition of Eq. (1.100), the states with a constant angle
yxy lie on a circle with the center in the origin, and the diameter of
1�tanyxy. The states with a constant phase shift ∆xy form a straight line
starting at origin and forming the angle of ∆xy with the positive real axis.

The complex representation of the states with a constant azimuth and
ellipticity angles is determined by inverting Eq. (1.101). Since

cr � , ci � , (1.102)

we obtain

tan2Jxy � , sin2g � . (1.103)

The two equations can be rearranged into

(cr � 1�tan2Jxy)
2 � ci

2 � 1�sin22Jxy , cr
2 � (ci � 1�sin2g)2 � 1�tan2 2g.

(1.104)

The first of Eqs. (1.104) describes a circle with the center on the real
axis at �1�tan2Jxy, having the radius of 1�sin2|Jxy|. Any such circle
passes through the points of the complex plane representing the circular

2ci��
1 � cr

2 � ci
2

2cr��
1 � cr

2 � ci
2

tang (1 � tan2 Jxy)��
1 � tan2 Jxy tan2 g

tanJxy(1 � tan2g)
��
1 � tan2Jxy tan2 g
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polarizations, ±i, due to the indeterminate azimuth of these states. The
second of Eqs. (1.104) describes a circle with the center on the imagi-
nary axis at 1�sin2g, having the radius of 1�tan2|g |.

The pairs of orthogonal polarization states are easily recognized in the
complex–number representation. Recalling the definition of the orthogo-
nality (orthogonal azimuths, and ellipticity angles of the same magnitude
and opposite sign), we have the state orthogonal to that of Eqs. (1.100)
and (1.101),

c̃xy � � �tanyxy exp(i∆xy) � � , (1.105)

where the asterisk denotes the complex conjugation. The condition 
c*

xy  c̃xy � �1 is an extremely concise expression of the fact that the two
polarization states, cxy and c̃xy, are orthogonal.

Let us note that there are several equivalent possibilities for choosing
the complex–number representation of the polarization states. For exam-
ple, we can take the complex plane c̃xy of Eq. (1.105) with the obvious
modifications, such as the origin c̃xy � 0 representing the linear polariza-
tion along y instead of x. Another equivalent representation is the complex
number

rxy � tanyxy exp(i∆xy), (1.106)

differing from c̃xy by the opposite sign. This is formally the same as
adding π to the phase shift ∆xy, or, inverting the sense of one of the x or y
axes in Eq. (1.87). Accordingly, the upper half–plane, Im(rxy) � 0, repre-
sents left–handed states, and the lower half–plane right–handed states.

1.3.5 Light Intensity, Detection of Polarization State

Detectors used in ellipsometric setups provide signals proportional
to the incoming energy flux of a light wave, called its intensity I. This is the
time–average S

→
(t)� of the rapidly oscillating Poynting vector S

→
(t), which is

the vector product of the instantaneous intensities of electric and magnetic
fields, S

→
(t) � E

→
(t) � H

→
(t). The SI unit of S

→
is W�m2, resulting from the

units V/m and A/m of E
→

and H
→

, respectively. Since the vectors E
→

and H
→

are mutually perpendicular and their magnitudes are proportional, we can
take the time–averaged square of the magnitude of E

→
as a convenient

quantity proportional to the energy flux.
There is usually no interest in absolute light intensities in ellipso-

metric measurements. This justifies the use of relative intensity I�I0,

1
�
c*

xy

�1 � i tanJxy tang
��

tanJxy � i tang
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 41

taken with respect to a suitable reference value I0. Here we will use the
time average of the square of E0 cos wt,

I0 � E2
0 cos2 wt� � �

0

p�w

E2
0 cos2 wt dt � . (1.107)

This is representative of a monochromatic linearly polarized light wave of
the amplitude E0 and arbitrary azimuth. It can easily be proved that the
general elliptic polarization of Eqs. (1.87), with X � E0 sinyxy and
Y � E0 cosyxy, gives the same value,

I � X2 cos2 (wt � dx) � Y2 cos2 (wt � dy)� � . (1.108)

In other words, the relative intensity of any elliptically polarized light
having the amplitude E0 is unity.

A state of linear polarization can be very easily detected by observing
its intensity after passing a linear polarizer. This is a device transmitting or
rejecting incident linearly polarized light, for the direction of the polarization
parallel or perpendicular to the transmission axis of the polarizer, respec-
tively. An ideal linear polarizer passes freely the light of parallel polarization,
while it stops completely the crossed polarization. The azimuth Jxy is
obtained simply as the angle ±π�2 off the orientation of the transmission
axis when the intensity vanishes; this is used as an essential ingredient of
ellipsometric nulling schemes.

A general elliptic polarization can also be probed by registering the
intensity transmitted through a linear polarizer set to suitable orientations.
Assume the polarized vibrations of Eqs. (1.87), characterized by the ellip-
sometric angles (1.90). Let the transmission axis of an ideal linear polar-
izer form an angle α with the x axis of our coordinate system. Setting the
irrelevant absolute phase dy to zero, the harmonic vibration along the
transmission axis, Ex(t) cosa � Ey(t) sina, becomes

Ea(t) � E0[(sinyxy cos∆xy cosa � cosyxy sina)coswt
� (sinyxy sin∆xy cosa) sinwt].

(1.109)

The time average of its square contains two equal terms, cos2 wt� �
sin2 wt� � 1�2, and one vanishing term, cosw t  sinw t� � 0. A straight-
forward calculation gives the relative intensity of the wave Eα(t) as

� �
1
2

�(1 � cos2yxy cos2a � sin2yxy cos∆xy sin2a). (1.110)
I(a)
�

I0

E2
0�

2

E2
0�

2

w
�
p
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Using Eqs. (1.97) and (1.98), the intensity can be written in terms of the
azimuth and ellipticity angles as follows

� [1 � cos2g cos2(Jxy � a)]. (1.111)

Finally, the representation of the elliptic polarization by the complex num-
ber of Eqs. (1.100) and (1.101) provides the relative intensity as

� 31 � cos2a � sin2a4. (1.112)

The intensity is an even function of the phase shift ∆xy, ellipticity angle g,
and imaginary part of the complex value cxy. This means identical data
observed for polarizations differing solely in the handedness. Since the
orientations of the polarizer differing by half of a full rotation are equiva-
lent, the intensity profiles are periodic functions of 2a.

Figure 1.6 shows the dependence of the relative intensity on the orien-
tation of the linear polarizer for elliptic, linear, and circular polarizations.
The positions of maximum intensity Imax in the first two quadrants are iden-
tified as the azimuths Jxy of the polarization state; they are marked by
dashed arrows. The ratio of minimum to maximum intensity is ellipticity
squared,

� � tan2 g . (1.113)

The harmonic dependence on the angle 2axy is superposed on the constant
contribution of 1�2; the latter is observed for both circular polarizations,
since half of the intensity is rejected by the polarizer at any angular posi-
tion. Two real parameters of the polarization state in Eqs. (1.109) through
(1.111) are encoded in the “cosine” and “sine” Fourier coefficients, axy and
bxy, of the dependence

I(a) � (1 � axy cos2a � bxy sin2a), (1.114)

with

axy � �cos2yxy � cos2g cos2Jxy � (1 � �cxy�2)�(1 � �cxy�2),
(1.115)

bxy � sin2yxy cos∆xy � cos2g sin2Jxy � 2Re(cxy)�(1 � �cxy�2).

I0�
2

1 � cos2g
�

1 � cos2g
Imin�
Imax

2Re(cxy)��
1 � �cxy�2

1 � �cxy�2

�
1 � �cxy�2

1
�
2

I(a)
�

I0

1
�
2

I(a)
�

I0
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 43

In order to determine the pair of real values of axy and bxy, intensity for
at least three positions of the polarizer has to be measured. A larger
number of the intensity readings is usually performed in photometric
ellipsometric systems.

The handedness can be detected using a linear polarizer in combi-
nation with a retarder, which shifts the phases in a controlled manner.
In an ideal linear retarder, the light polarized linearly along its fast axis
moves faster then for the polarization along its slow axis. This results
in a phase retardation of the latter polarization by an angle dr. If the
fast axis of the retarder is oriented along the x axis of the coordinate
system, the value of dr is subtracted from the relative phase ∆xy of
Eq. (1.90). A particularly useful value of the retardation is π�2, called
quarter–wave. Figure 1.7 shows the intensities behind a polarizer 
for the elliptically polarized light. The solid line results for both 
right– and left–handed light of g � ±5° and Jxy � 70° (or, equiva-
lently, yxy � 20.5° and ∆xy � ±15.3°). However, an ideal linear
quarter–wave retarder inserted in front of the polarizer, having its fast
axis parallel to the x axis, changes the state of polarization seen by the

Figure 1.6 Relative intensity detected behind an ideal linear polarizer with the
orientation a with respect to the x axis for an elliptic (g � ±30°, qxy � 120°; solid
line), linear (g � 0, qxy � 60°; dashed line), and circular (g � ±45°; dotted line)
polarization.
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polarizer. Note that the sign of the relative phase ∆xy of the probed
polarization has no influence on the ellipticity angle behind the
retarder, gr. Using the second of Eqs. (1.97) with the retardation of π�2
subtracted from the phase shift, we get

sin2gr � sin2yxy sin(∆xy � p�2) � �sin 2yxy cos ∆xy,

which is an even function of ∆xy. This is the reason for the identical max-
imum and minimum values of intensity for the polarizations of opposite
handedness. On the contrary, the azimuth of the elliptic polarization
behind the retarder depends on the handedness of the analyzed light. This
is seen as the differing positions of the maximum intensity for positive
and negative phase in Fig. 1.7. Thus, a proper use of retarders allows us
to retrieve the polarization state including the sign of its ellipticity.
Another benefit of using a retarder in photometric ellipsometric setups is
the increased accuracy of the parameters, most importantly for the phase
shifts ∆xy close to zero or π.

44 THEORY OF ELLIPSOMETRY

Figure 1.7 Relative intensity detected for an elliptic polarization of g � ±5° and
Jxy � 70° behind an ideal linear polarizer (solid line). An ideal linear quarter–wave
retarder, inserted in front of the polarizer with its fast axis along x, distinguishes
between the right–handed (dashed line) and left–handed (dash–dotted line)
polarizations. 
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1.4 Propagation of Polarized Light

The description of propagation of polarized light through an ellip-
someter becomes cumbersome if not organized properly. A convenient
scheme of dealing with pure elliptic polarization is based on Jones vectors
and linear operations with them, represented by Jones matrices. The
partially polarized light is best described using quantum mechanical for-
malism; for practical purposes, Stokes vectors and Mueller matrices are a
convenient extension of the matrix methods.

1.4.1 Jones Vectors

The state of polarization described in various ways in Section 1.3 can
be encoded into the column vector with complex components,

	 
 � 	 
 . (1.116)

We assume here the monochromatic wave of Eq. (1.87) traveling in the
positive z direction in a right–handed x–y–z coordinate system. The Jones
vector, Eq. (1.116), multiplied by the harmonic time–dependence
exp(�iwt), represents a superposition of the harmonic vibration with real
amplitudes X and Y in the x and y directions, respectively.

As discussed in Section 1.3.5 the light intensity I is proportional to
X2 � Y2, i.e., to the product of the Jones vector (1.116) with its Hermitian
adjoint,

I ~ X2 � Y2 � ExEx
* � EyEy

* � 	 

†

	 
 � [Ex
* Ey

*]	 
. (1.117)

The dagger denotes the Hermitian adjoint of a matrix, defined as the com-
plex conjugate of the transposed matrix. The asterisk is the symbol for
complex conjugation; the transpose of a column vector is a row vector.
Since we are not interested in absolute intensities, the Jones vectors are
usually normalized, ExEx

* � EyEy
* � 1.

Two Jones vectors differing merely by a multiplicative factor
exp(id), d real, describe the same polarization state; in fact, this multipli-
cation changes only the non–observable absolute phases of Ex and Ey by
the same amount. We can therefore use the angles of Eq. (1.90) in the

Ex

Ey

Ex

Ey

Ex

Ey

X exp(idx)
Y exp(idy)

Ex

Ey
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following two equivalent normalized Jones vectors of a general elliptic
polarization,

	 
, 	 
. (1.118)

The pairs of orthogonal polarizations defined in Section 1.3.3 are rep-
resented by the Jones vectors satisfying the usual condition of orthogo-
nality,

	 

†

	 
 � [E*
x E*

y]	 
 � 0. (1.119)

For example, the two orthogonal states of linear polarization along the x
and y directions are

	 
, 	 
. (1.120)

More generally, the orthogonal linear polarizations with the first having
its direction of oscillations inclined to the x axis by the angle a are

	 
, 	 
. (1.121)

Another pair of orthogonal polarizations are the right– and left–handed
circular polarizations,

	 
, 	 
. (1.122)

Finally, the following two normalized Jones vectors,

	 
, 	 
, (1.123)

represent two orthogonal elliptic polarizations for any complex number c.
The first of these vectors represents the linear polarization along x and y
for c � 0 and |c| → ∞, respectively. The state of polarization described by
the second Jones vector of Eq. (1.123) can be represented equivalently by
the following normalized vector,

�1 � 1���c�2�	 
. (1.124)
1

�1�χ*

�c*

1
1

��
�1 � �c��2�

1
c

1
��
�1 � �c��2�

i
1

1
�
�2�

1
i

1
�
�2�

�sin a
cos a

cos a
sin a

0
1

1
0

E�x
E�y

E�x
E�y

Ex

Ey

sinyxy

cosyxy exp(�i∆xy)
sinyxy exp(i∆xy)

cosyxy
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The vector representation of the orthogonal states is evidently equivalent
to that found in Section 1.3.4, see Eq. (1.105).

The formalism of Jones vectors shows very directly how a particular
polarization state is formed as a superposition of a chosen pair of orthog-
onal states. For example, the first of the vectors of Eq. (1.123) is the
superposition

	 
 � cx 	 
 � cy 	 
, cx � , cy �

(1.125)

of the pair of linear polarizations of Eq. (1.120). Similarly, the same vec-
tor can be written as

	 
 � 	 
 � 	 
, 

c� � , c� � ,

(1.126)

i.e., as the superposition of the two circular polarizations of Eq. (1.122)
with the weight coefficients c� and c�.

In the above superpositions, there are only two relevant real numbers
describing the polarization state; the two can be chosen as the real and imagi-
nary parts of the complex number c. Equivalently, the pair of (real) ellipsomet-
ric angles (yxy,∆xy) of Eq. (1.118) describes uniquely the state of polarization. As
explained in Section 1.3.1, another convenient pair of real numbers is formed
by the azimuth and ellipticity angles of the polarization ellipse. Let us repeat the
reasons for the reduction of the four real numbers entering the vector (1.116) to
the relevant number of only two real parameters:

• The information on light intensity is skipped by using nor-
malized Jones vectors. The intensity is not related to the state
of polarization.

• The absolute phase of the vibrations is irrelevant; both com-
ponents of the Jones vectors can be multiplied simultaneously
by a complex number of unit modulus, leaving observable
quantities of polarized vibrations unchanged.

The information on the polarization state is therefore contained solely in
the direction of the Jones vector in the abstract space of two ordered com-
plex numbers of Eq. (1.116). A Jones vector multiplied by any non–zero
complex number describes the same polarization state.

c � i
��
�2(1� ��c�2)�

1 � ic
��
�2(1 ���c�2)�

i
�
1

c�
�
�2�

1
�
i

c�
�
�2�

1
c

1
��
�1 � �c��2�

c
��
�1 � �c��2�

1
��
�1 � �c��2�

0
1

1
0

1
c

1
��
�1 � �c��2�
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1.4.2 Jones Matrices

When light passes through, or is reflected from, a polarizing optical
element, its polarization state changes. We assume only linear changes
from initial field amplitudes forming the Jones vector of Eq. (1.116) to the
amplitudes resulting from the action of the element,

E�x � J11Ex � J12Ey , E�h � J21Ex � J22Ey, (1.127)

or, the same transformation written down in the convenient matrix form,

	 
 � Ĵ	 
 � 	 
	 
. (1.128)

The modified field amplitudes are, in general, related to another coordi-
nate system x–h chosen in the plane of vibrations. The 2 � 2 matrix Ĵ of
Eq. (1.128) is called Jones matrix of the element. It should always be
remembered that Jones matrices are related to the particular coordinate
systems used to specify the orientations of the incident and transformed
light beams, and the optical element.

One of basic transformations is just a rotation of the coordinate
system used to describe a given vibration; the two Jones vectors are
related by

	 
 � R̂(a)	 
 � 	 
 	 
,

(1.129)

	 
 � R̂(�a)	 
 � 	 
 	 
.

Here the x–h coordinate system results from a counter–clockwise rotation
of the x and y axes by the angle a about the common z axis. The 2 � 2
matrices in Eqs. (1.129) are inverse one to another; they represent inverse
operations of the rotations by the angle a and �a, respectively.

It is useful to find the transformation of the Jones matrix of Eq. (1.128),
resulting from the rotation of both coordinate systems involved in its defi-
nition. Let x�–h� be rotated in the positive sense by the angle a from the x–h
axes, and x�–y� rotated the same way from x–y. The Jones matrix Ĵ� in
primed coordinates links the corresponding field amplitudes,

	 
 � Ĵ�	 
. (1.130)
Ex�

Ey�

E�x�

E�h�

Ex

Eh

cosa �sina
sina cosa

Ex

Eh

Ex

Ey

Ex

Ey

cosa sina
�sina cosa

Ex

Ey

Ex

Eh

Ex

Ey

J11  J12

J21  J22

Ex

Ey

E�x
E�h
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The Jones vectors written down in the initial and primed coordinates are
related by the rotation matrix of Eq. (1.129)

	 
 � R̂(a)	 
, 	 
 � R̂(a)	 
. (1.131)

Inserting these vectors into Eq. (1.130), multiplying both sides by R̂(�a)
(which is the inverse of R̂(a)), and recalling the definition of Eq. (1.128),
we obtain

Ĵ� � R̂(a)ĴR̂(�a) , Ĵ � R̂(�a)Ĵ�R̂(a). (1.132)

A cascade of m polarizing elements transforms an input Jones vector
into the output vector

	 
 � Ĵm
. . . Ĵ2 Ĵ1	 
. (1.133)

The form of individual Jones matrices in the matrix product describing the
combined action of the cascade depend, of course, on the orientation of the
individual polarizing elements with respect to the coordinate systems used.

1.4.2.1 Linear Polarizer

A linear polarizer is an element that modifies any polarization state to
the state of linear polarization. The transmitted or reflected wave is polar-
ized linearly in the direction of the polarization axis of the polarizer. For the
polarization axis oriented parallel to x, the Jones matrix of Eq. (1.128) is

ĴP0 � tp exp(idP) 	 
, (1.134)

where a transmission–type polarizer is assumed, with coinciding x–h and
x–y coordinate systems. As far as only the polarization states are con-
cerned, the attenuation tP � 1 and phase shift dP of the polarizer are irrel-
evant. A polarizer with no attenuation (tP � 1) and zero phase shift is
called ideal. The linear polarization perpendicular to the transmission axis
is completely absent at the output of the linear polarizer,

	 
 � ĴP0	 
 � tp exp(idP)Ex 	 
, (1.135)

giving E�y  � 0.

1
0

Ex

Ey

E�x
E�y

1 0
0 0

Ex
in

Ey
in

Ex
out

Eh
out

Ex

Ey

Ex�

Ey�

E�x
E�h

E�x�

E�h�
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For the polarization axis rotated counter–clockwise by the angle a
about z axis, the Jones matrix of the ideal polarizer, in the coinciding x–h
and x–y coordinate systems, becomes

ĴPa � R̂(�a ) 	 
 R̂(a) � 	 
. (1.136)

Note that the transmission axis of the polarizer has to be rotated by �a to
be aligned parallel to the x axis; this allows us to use the transformation of
Eq. (1.132) and the simple Jones matrix (1.134) to obtain the last result.

Assume the elliptically polarized wave is represented by the first
vector of Eq. (1.123), i.e., characterized by the complex value of c in the
x–y coordinate system. After passing through the ideal linear polarizer
with the transmission axis inclined by α from the x axis, the transformed
vector is

ĴPa 	 
 � 	 
. (1.137)

This vector need not be normalized, and contains also information on
intensity. According Eq. (1.117), the intensity of the transmitted wave is
proportional to

� .
(1.138)

After a minor rearrangement we arrive quickly at the light intensity

I ~ � cos2a � sin2a. (1.139)

This is the result of Eq. (1.112) that has been obtained from the time–
averaging procedure of the Poynting vector.

1.4.2.2 Elliptic Polarizer

An elliptic polarizer transforms any input polarization state into
a given elliptic polarization. Let us specify the transmitted wave by the
normalized Jones vector

Re(c)
�
(1 � �c�2)

1 � �c�2

��
2(1 � �c�2)

1
�
2

cos2a � 2Re(c) cosa sina ��c�2 sin2a
�����

1 � �c�2

�cos2 a � c cosa sina�2 � �cosa sina � csin2a�2

������
1 � �c�2

cos2 a � ccosa sina
cosa sina � csin2a

1
��
�1 � �c��2�

1
c

1
��
�1 � �c��2�

cos2 a cosa sina
cosa sina sin2 a

1 0
0 0
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. (1.140)

Here we assume that the polarization state emerging from the polarizer is
represented by the complex value cEP in a selected coordinate system x–y.
An ideal elliptic polarizer passes the transmitted wave with no attenua-
tion, and extinguishes completely the orthogonal polarization,

	 
. (1.141)

This action is accomplished with the Jones matrix

ĴEP � 	 
, (1.142)

defined in the same x–y coordinate system as cEP. As expected this
Hermitian matrix simplifies to

	 
 or 	 
 (1.143)

for cEP � 0 or �cEP�→ ∞, respectively. In fact, the two matrices describe the
ideal linear polarizers with the transmission axis parallel to x or y.

Real linear polarizers may actually be slightly elliptic. It is therefore
useful to express the Jones matrix of Eq. (1.142) in terms of the azimuth,
J, and ellipticity, g, angles of the transmitted polarization cEP. Using
Eq. (1.101), the sought matrix is

ĴEP � 	 
.
(1.144)

Note that the azimuth J is the angle between the coordinate axis x and the
major axis of the transmitted ellipse. For a small ellipticity tanγ and the
magnitude of the azimuth |J| not too close to π�2, this result can be
expressed as

ĴEP ≈ 	 
 for tang ≈ g 

 1. (1.145)cos2J cosJ(sinJ � ig)
cosJ(sinJ � ig) sin2J

1 �
1
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(1 � tan2 J)(1 � tan2g)
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1.4.2.3 Linear Retarder

The most important action of a linear retarder is a different phase shift
of the linearly polarized waves with the orientations along its fast and
slow axes. An ideal retarder does not attenuate any of these linear polar-
izations; its Jones matrix is

ĴR � s t (1.146)

for the fast axis parallel to x, and the phase of the fast–axis wave advanc-
ing the slow–axis wave by dR. For the fast axis rotated by the angle a
about z axis, the Jones matrix transforms as

ĴRa � R̂(�a)	 
R̂(a)

� exp��
�

2
idR�� 	 
.

(1.147)

An ideal quarter–wave retarder has the phase shift dR � π�2. Its Jones
matrix results from Eq. (1.147) as

ĴQa � 3 4 , (1.148)

where a is the azimuth of its fast axis. For the azimuths of �π�4 and
�π�4, the Jones matrices are

ĴQ� � 3 4 , ĴQ� � 	 
, (1.149)

respectively. One or both of these two symmetric positions of a quarter–wave
retarder are often used in ellipsometric setups.

Note that an ideal circular polarizer can be achieved as an ideal linear
polarizer followed by an ideal quarter–wave retarder with its fast axis
inclined by �π�4 (right–handed) or by �π�4 (left–handed) with respect
to the transmission axis of the polarizer.

1 �i
�i 1

1 � i
�

2
1 i
i 1

1 � i
�

2

1 � icos2a isin2a
isin2a 1 � icos2a

1 � i
�

2

cosQ�d
2
R
�R� isinQ�d

2
R
�R cos2a isinQ�d

2
R
�R sin2a

isinQ�d
2
R
�Rsin2a cosQ�d

2
R
�R�isinQ�d

2
R
�Rcos2a

1 0
0 exp(�idR)

1 0
0 exp(�idR)
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1.4.2.4 Isotropic Reflecting Surface

The polarization state of a light wave is modified by the reflection on a
planar surface. The coordinate systems in the plane of polarization of the
incident and reflected waves must be different for oblique incidence. Even in
the case of normal incidence (i.e., for the wavevectors of the incident and
reflected waves perpendicular to the surface), caution is required in the
choice of the coordinate systems. The mirror reflection changes the handed-
ness (parity) of the polarization state. For an idealized normal reflection on a
perfect conductor, the electric and magnetic intensities vanish on the surface
due to the infinite conductivity. Consequently, the amplitudes of incident and
reflected waves are of the same magnitude but opposite direction, irrespec-
tive of the direction of polarization in the surface (x–y) plane. We can choose
the x and y axes for the reflected beam parallel to those for the incident beam;
however, one of them must be of opposite sense to provide the right–handed
x–y–z system with the positive sense of the z axis in the direction of propa-
gation. Thus, the Jones matrix of the reflection on a perfect conductor is

ĴPS � 	 
 � �	 
. (1.150)

Since the absolute phase is irrelevant, both ĴPS and �ĴPS describe the same
change of the polarization upon reflection. Either of these matrices can be
called a reflection matrix.

Assume x and x directions in the polarization planes of the incident and
reflected wave parallel to the plane of incidence, with y and h directions per-
pendicular to it. Then, the Jones matrix of an isotropic surface is given by

ĴS � 	 
 � ry exp(idy)	 
,

(1.151)

where rx and ry are the magnitudes of amplitude reflectivities, dx and dy are
the corresponding phase shifts.

1.4.3 Quantum Mechanical Description, 
Partial Polarization

The properties of polarized light are best described using the lan-
guage of quantum theory. In fact, polarization of photons is often used
as the illustration of quantum mechanical concepts, see, e.g., ref. 14 and

��
r
r

x

y

� exp[i(dx � dy)] 0

0 1
�rx exp(idx) 0

0 ry exp(idy)

1 0
0 �1

�1 0
0 1
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ref. 8. The discussion of Sections 1.4.1 and 1.4.2 can be reformulated
straightforwardly in terms of the state vectors, their superposition, and
linear operations on them.

Let us introduce the symbols of ket vectors describing quantum
mechanical states and their representation in the x–y coordinate system.
Some of the examples given in Section 1.4.1 are

ket vector x–y representation description

�x� 	 
 linear polarization along x

�y� 	 
 linear polarization along y

�R� (1��2�)	 
 right-handed circular polarization

�L� (1��2�)	 
 left-handed circular polarization

�c� (1��1 � �c��2�)	 
 elliptic polarization represented by χ.

(1.152)

The ket vectors are identified with the normalized Jones vectors. We use
a suitable symbol inside the delimiters of the ket symbol, �...�, to point to
different polarization states. The corresponding bra vectors are repre-
sented by the Hermitian adjoints of the column vectors. For example, the
last polarization state of Eq. (1.152), and the orthogonal elliptic polariza-
tion, are described by

bra vector x–y representation description

c� (1��1 � �c��2�) [1 c*] elliptic polarization represented by c
�1�c*� �1 � 1���c�2� [1 �1�c] orthogonal to the above,

(1.153)

as seen from Eqs. (1.123) and (1.124).
Any ket vector is a linear combination of two basis kets. The Hilbert

spaces of ket and bra vectors are linked by scalar (inner) products c�c�
formed, in a particular representation, following the usual rules of
matrix multiplications. A very convenient way of handling the ket and
bra vectors is provided by introducing the outer product of two state
vectors, �c1�c2�. This is a linear operator projecting any ket vector on
�c1� and any bra vector on c2�. In particular, the outer product �c�c� is

1
c

i
1

1
i

0
1

1
0
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a Hermitian operator describing the action of an ideal polarizer with the
output state �c�.

A mixed state of polarization, or statistical mixture, is not represented
by a state vector. Instead, its representation is the density operator

D̂c,wc
� wc�c�c� � �1 � wc)��1�c*��1�c*�, (1.154)

where wc ∈0,1� is the probability of finding the pure state �c�. The den-
sity operator is normalized to the unit trace,

Tr(D̂c,wc
) � c�D̂c,wc

�c� � �1�c*�D̂c,wc
��1�c*� � 1. (1.155)

A limiting case is the totally unpolarized state obtained for wc � 1�2,

D̂unpol � (�c�c����1�c*��1�c*�)� Î, (1.156)

where Î is unit operator. It results from the incoherent addition of any two
orthogonal states with the equal weight of 1�2.

In the context of ellipsometry, an important issue is the completeness
of characterization of individual photons taking part in the measurements.
First, they are usually not of the exact same energy; in other words, the
beam is not strictly monochromatic. Further, they do not interact in
exactly the same way with the optical elements and the sample in an ellip-
someter; roughly speaking, individual photons could be distinguished
according to the direction of propagation, and also a fraction of the sam-
ple surface involved in the reflection process. Thus, the complete descrip-
tion requires a more general density matrix

D̂c,wc;x,wx
� �

x

wx�x�D̂c,wc
x�, (1.157)

where x denotes the set of values characterizing the state except for the
polarization, and wx are the probabilities of their occurrence. If the quan-
tities x are not measured, a measurement of the polarization state reports
the reduced density matrix

D̂c,wc
� �

x

wxx�D̂c,wc;x,wx
�x�. (1.158)

The measured (reduced) state of partial polarization is completely charac-
terized by three real numbers, two of them giving the complex value of c.
The third is the probability wc. However, the remaining degrees of freedom
were involved in the formation of the reduced density matrix and have to
be taken into account in predicting the results of measurements.

1
�
2

1
�
2
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1.4.4 Stokes Vectors

As shown in the previous section, all possible states of polarization,
including partial polarization, can be represented by a set of three real
numbers. They can be conveniently complemented by the light intensity,
giving the total of four real, experimentally accessible quantities, called
Stokes parameters.

The Stokes parameters are defined using a fixed x–y coordinate sys-
tem in the plane of polarization. Each of the parameters has the dimension
of intensity, and a fairly simple interpretation in ellipsometric measure-
ments. Let us denote by I0 the total intensity of an analyzed beam. Further,
let Ix, Iy, Iπ�4, and I�π�4 denote the intensities passed through an ideal linear
polarizer aligned at the angles of 0, π�2, π�4, and �π�4, respectively.
Finally, let IR and IL be the intensities transmitted by ideal right– and
left–circular polarizers, respectively. The four Stokes parameters, grouped
in the column vector S, can be defined as

S � s t � s t . (1.159)

Note that I0 � Ix � Iy � Ip�4 � I�p�4 � IR � IL.
The Stokes vectors can be written as rows (i.e., transposed columns)

in order to save space. For unpolarized light all three differences of inten-
sities in Eq. (1.159) vanish, and the row Stokes vector is ST

unpol � [S0 0 0 0].
On the other hand, a totally elliptically polarized beam, characterized by
the ellipsometric angles (y,∆), or the azimuth and ellipticity angles (J,g),
or the complex number c � cr�ici, has the Stokes vector

Sc � S0 s t� S0 s t� S0 s t .
(1.160)

This result is obtained by substitutions of the intensities for corre-
sponding azimuths into the definition (1.159) of the Stokes vector. For

1

�
1

1

�

�

c
c

r

r

2

2

�

�

c
c

i

i

2

2�

�
1 �

2

c
c
r
2

r

� ci
2�

�
1 � c

2c
r
2

i

� ci
2�

1
cos2g cos2J
cos2g sin 2J

sin2g

1
�cos2y

sin2y cos∆
�sin2y sin∆

I0

Ix � Iy

Ip�4 � I�p�4

IR � IL

S0

S1

S2

S3
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 57

the elliptic polarization orthogonal to that of Eq. (1.160), the Stokes
vector

S�1�c* � S0s t (1.161)

changes sign of the S1, S2 and S3 components; this is easily seen from the
orthogonality of the azimuths, and the change of the sign of the ellipticity
angle (see Section 1.3.3). Note that the Stokes vectors of the orthogonal
polarization states are orthogonal in the usual sense, i.e., their scalar
(inner) product vanishes,

Sc
TS�1�c* � S2

0[1�cos22g (cos2 2J � sin22J)�sin22g] � 0. (1.162)

The Stokes vectors of linear and circular polarizations are

Slin � S0s t , Scirc � S0s t , (1.163)

where J is the azimuth of the linear polarization, and the plus and minus
signs in Scirc represent the right– and left–circular polarizations, respec-
tively.

Only two real parameters describing the state of polarization are
involved in any of the three forms of the Stokes vector (1.160), due to the
independence of the intensity S0. For the totally polarized light,

S2
0 � S2

1 � S2
2 � S2

3 or (S3�S0)
2 � 1 � (S1�S0)

2 � (S2�S0)
2 (1.164)

results from Eq. (1.160), demonstrating the interdependence of the three
relative intensities. Obviously, we have some redundance in the six inten-
sities used to define the Stokes vector; measuring three suitably chosen
intensities must be sufficient to retrieve the polarization state. Another
way of treating the case of complete elliptic polarization is the following:
we have to find two ideal elliptic polarizers, one that passes and another
that stops completely the analyzed beam. They are perpendicular to each
other, and either that of maximum (total), or minimum (zero), registered
intensity specifies the sought polarization state. Note that the scheme of
intensity measurements provides the necessary information.

1
0
0

±1

1
cos2J
sin2J

0

1
�cos2g cos2J
�cos2g sin2J

�sin2g
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The general case of a partially polarized beam is more complex. We
assume each of the incoming photons to be in the same mixed state; we
only have the probability wc of being passed through the corresponding
aligned elliptic polarizer, or the probability 1�wc of being stopped by it.
The latter occurs whenever the incoming photon happens to be in the
orthogonal polarization state �1�χ*. Thus, the measured signals are com-
posed of two contributions, Sχ and S�1�χ*, weighted by the probabilities, wχ
and 1�wc. Using Eqs. (1.160) and (1.161), the resulting Stokes vector can
be put in the form

Sc,part � wcSc � (1 � wc)S�1�c*

� S0(2wc � 1)s t� S02(1 � wc)s t for wc ∈�1�2, 1�.

(1.165)

We have limited the range of probabilities in order to obtain the simple
form of the result. The probabilities wc from zero to 1�2 are actually
included in Eq. (1.165) when used for the orthogonal polarization, �1�c*.
The statistical mixture of the two orthogonal polarization states behaves
as the incoherent addition of the fully polarized and unpolarized waves.
Inserting wc � 1�2 into Eq. (1.165), we obtain the Stokes vector of
unpolarized light; it should be noted that this result is independent of the
basis used to define the unique mixed state of maximum entropy.
Observable results are the same for equal mixtures of any pair of orthog-
onal polarizations.

The state of partial polarization described by the Stokes vector of
Eq. (1.165) is defined by three real numbers. The real quantity to be added
to the two real characteristics of the limiting elliptic polarization can be
the degree of polarization. It is defined as the ratio of the intensity of the
polarized part to the total intensity,

Pc � � 2wc � 1. (1.166)

The degree of polarization varies from zero for wc � 1�2 to unity for the
totally polarized light of wc � 1. In place of Eq. (1.164) the Stokes para-
meters satisfy in general the following inequality,

S2
0 � S2

1 � S2
2 � S2

3, (1.167)

�S
2
1 � S�2

2 � S
2
3�

��
S0

1
0
0
0

1
cos2g cos2J
cos2g sin2J

sin2g
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POLARIZED LIGHT AND ELLIPSOMETRY, HUMLÍČEK 59

where the equality holds for the totally polarized light, Pc � 1. Using the
degree of polarization, the Stokes vector of Eq. (1.165) can be written as

Sc,part � S0 [PcS
~

c � (1 � Pc)S
~

unpol]. (1.168)

Here S0 is the total intensity and the vectors

S
~

c � s t , S
~

unpol � s t (1.169)

represent the directions of the elliptically polarized and unpolarized light,
in the four–dimensional space of Stokes vectors.

1.4.5 Mueller Matrices

The Mueller matrix scheme can handle propagation of partially polar-
ized light through optical systems, including possible depolarizing ele-
ments. It transforms Stokes vectors by successive multiplications with 
4 � 4 matrices belonging to individual optical elements. In general, the
Mueller matrix

s t � M̂ s t � s t s t (1.170)

transforms the input Stokes vector to the (primed) output vector. This
matrix must preserve the limitation imposed by Eq. (1.167) for the output
vector, and for passive devices (not emitting light) also the condition S�0 ≤ S0.
The scheme is similar to the Jones matrix formalism of Section 1.4.2. In
particular, a cascade of polarizing elements transforms an input Stokes
vector into the output vector

Sout � M̂m
... M̂2M̂1Sinp. (1.171)

The Stokes matrices are built from the corresponding Jones matrices
acting on specified pure polarization states, complemented by the proba-
bilities contained in the density matrix of mixed polarization states.

Since the Stokes vectors are defined with respect to a definite coordi-
nate system within the plane of polarization, special Mueller matrices are

S0

S1

S2

S3

M00 M01 M02 M03

M10 M11 M12 M13

M20 M21 M22 M23

M30 M31 M32 M33

S0

S1

S2

S3

S�0
S�1
S�2
S�3

1
0
0
0

1
cos2g cos2J
cos2g sin2J

sin2J
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needed to change the coordinate systems. A rotation by the angle α
described for the Jones vectors by Eqs. (1.129) has its Mueller matrix
counterpart given by

R̂(a) � s t. (1.172)

The Mueller matrices in original and rotated (primed) coordinates are

M̂� � R̂(a) M̂R̂(�α), M̂ � R̂(�a) M̂�R̂(a). (1.173)

Mueller matrices of given optical elements result from the Jones
matrices describing the action on pairs of orthogonal polarizations, and
from the probabilities of obtaining a pure polarization in a mixed polar-
ization state.

1.4.5.1 Ideal Polarizers

The Mueller matrix describing an ideal elliptic polarizer can be easily
found from the following considerations. The matrix should convert any
polarization state into the total elliptic polarization of Eq. (1.160), and this
state should be passed untouched through the polarizer. This is achieved
with the halved outer product, (1�2)S

~

cS
~

c
T, of the vectors of Eq. (1.169).

This is a 4 � 4 symmetric matrix M̂c with the elements

(M̂c)kl � (1�2)SkcSlc , k,l � 0,…,3, where
S0c � 1, S1c � cos2g cos2J, S2c � cos2g sin2J, S3c � sin2g.

(1.174)
The factor of 1�2 results from the fact that the squared length of the vec-
tor Sc is two, Sc

TSc � 2, and we require M̂2
c� M̂c . The action of an ideal

elliptic polarizer can be summarized as follows,

M̂cSc � Sc, M̂cS�1�c* � 0, M̂cSunpol � (S0�2)Sc. (1.175)

As expected, it passes without attenuation its eigenpolarization, stops
completely the orthogonal elliptic polarization, and rejects half of the
incoming photons in totally unpolarized beam.

The Mueller matrices of an ideal linear polarizer with its transmission
axis parallel to x, parallel to y, and rotated by a from x are

1 0 0 0
0 cos2a sin2a 0
0 �sin2a cos2a 0
0 0 0 1
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M̂LPx � s t, M̂LPy � s t, and

(1.176)

M̂LPa � s t,
respectively. The Mueller matrices of an ideal right– and left–circular
polarizer are

M̂RC � s t and M̂LC � s t . (1.177)

1.4.5.2 Partial Polarizers

Let us define a partial polarizer as the device transforming any input
beam into a fixed state of partial polarization at its output. The desired out-
going partial polarization will be given by the parameters of an elliptic polar-
ization state, c, and the polarization degree, Pc . Thus, the product of the cor-
responding Mueller matrix M̂c, part with any input vector must be proportional
to the Stokes vector of Eq. (1.168). This is achieved with the outer product,

[1�11 � P2
c2][PcS̃c � (1 � Pc)S̃unpol]

T [PcS̃c � (1 � Pc)S̃unpol]

of the vectors of Eq. (1.169). We obtain a symmetric matrix M̂c,part with
the elements

(M̂c,part)kl � 31�11 � P2
c24SkcSlc , k,l � 0,…,3, where

S0c � 1,   S1c � Pc cos2g cos 2J,   S2c � Pc cos2g sin 2J, S3c � Pc sin2g.

(1.178)

Written explicitly, the Mueller matrix is

M̂c, part � 31�11 � P2
c 24 


s t.
(1.179)

1 Pc cos2g cos2J Pc cos2g sin2J Pc sin2g
Pc cos2g cos2J P2

c cos22g cos22J P2
c cos22g sin2J cos2J P2

c sin2g cos2g cos2J
Pc cos2g sin2J P2

c cos22g sin2J cos2J P2
c cos22g sin22J P2

c sin2g cos2g sin2J
Pc sin2g P2

c sin2g cos2g cos2J P2
c sin2g cos2g sin2J P2

c sin22g

1 0 0 �1
0 0 0 0
0 0 0 0

�1 0 0 1

1
�
2

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

1
�
2

1 cos2a sin2a 0
cos2a cos22a sin2a cos2a 0
sin2a sin2a cos2a sin22a 0

0 0 0 0

1
�
2

1 �1 0 0
�1 1 0 0
0 0 0 0
0 0 0 0

1
�
2

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

1
�
2
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The expected action of the partial polarizer is confirmed by examin-
ing the following simple cases. The result of a partial elliptic polarization
of a totally unpolarized input beam is

M̂c,parts t� s t
� s t� s t . (1.180)

We obtain the desired statistical mixture of the fraction Pc�(1 � P2
c) of the

total intensity elliptically polarized; the rest is unpolarized. The degree of
polarization is, of course, Pχ. The output intensity, S0�(1 � P2

c), increases
from S0�2 for an ideal polarizer (Pc � 1; half of the incoming photons is
rejected) to the total intensity of the incoming beam, S0, for Pc � 0. The
latter limiting case does not depend on the ellipticity and azimuth angles
of the polarizer; this idealized device should be called ideal depolarizer.
Its Mueller matrix is

M̂depol � s t . (1.181)

Another instructive simple case is the action of the partial polarizer on the
beam polarized linearly along the x axis,

M̂c,parts t � (1 � Pc cos2g cos2J) s t. (1.182)

As expected, the resulting state of partial polarization differs from that of
Eq. (1.180) in the total intensity only. When rotating the partial polarizer,
i.e., changing its azimuth J, the intensity oscillates between

Imin � S0 and Imax � S0 , (1.183)

unless the two values are the same for a circular polarizer (g � ±π�4). The
transmitted intensity depends on both polarization degree Pc and ellip-
ticity angle g of the polarizer.

1 � Pc�cos 2g �
��1 � P2

c

1 � Pc�cos 2g �
��1 � P2

c

1
Pc cos2g cos2J
Pc cos2g sin2J

Pc sin2g

S0�
1 � P2

c

S0

S0

0
0

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1
0
0
0

S0(1 � Pc)��
1 � P2

c

1
cos2g cos2J
cos2g sin2J

sin 2g

S0Pc�
1 � P2

c

1
Pc cos2g cos2J
Pc cos2g sin2J

Pc sin2g

S0�
1 � P2

c

S0

0
0
0
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The Mueller matrices of a partial linear polarizer with its transmission
axis parallel to x and rotated by ϑ from x are

M̂LPx,part � s t,
(1.184)

M̂LPa,part � s t.
The right– and left–circular partial polarizers have the following Mueller
matrices,

M̂RC,part � s t , M̂LC,part � s t.
(1.185)

The definition of the partial polarizer may be completed by specify-
ing a real value of its attenuation, 0 � T � 1, which is the scalar factor
multiplying the output Stokes vector Ŝout � M̂c,partŜinp. It should be noted
that the definition of partial polarizer, Eqs. (1.178) or (1.179), differs from
that used in Ref. 9. The latter assumes different attenuations along princi-
pal axes of the polarizer, but no depolarizing action.

1.4.5.3 Linear Retarder

An ideal linear retarder with the phase retardation d and its fast axis
along x, and rotated by a from x, has the Mueller matrices

M̂Rx � s t and

M̂Ra � (1.186)

s t.1 0 0 0
0 cos22a � cos d sin2 2a sin2a cos2a(cosd�1) sind sin2a
0 sin2a cos 2a(cos d�1) sin22a � cosd cos2 2a sind cos2a
0 �sind sin2a �sind cos2a cosd

1 0 0 0
0 1 0 0
0 0 cosd sind
0 0 �sind cosd

1 0 0 �P
0 0 0 0
0 0 0 0

�P 0 0 P2

1
�
1 � P2

1 0 0 P
0 0 0 0
0 0 0 0
P 0 0 P2

1
�
1 � P2

1 P cos2J P sin2J 0
P cos2J P2 cos2 2J P2 sin2J cos2J 0
P sin2J P2 sin2J cos2J P2 sin22J 0

0 0 0 0

1
�
1 � P2

1 P 0 0
P P2 0 0
0 0 0 0
0 0 0 0

1
�
1 � P2
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1.4.5.4 Isotropic Reflecting Surface

An ideal isotropic reflecting surface with the ellipsometric angles y
and ∆ defined in the x–y coordinate system of the Stokes vectors has the
following Mueller matrix, resulting from the Jones matrix of Eq. (1.151):

M̂S � s t.
(1.187)

Here |rx|
2 and |ry|

2 are the power (intensity) reflectivities for the p– and
s–polarized light, respectively; Ru � (|rx|

2 � |ry|
2)�2 is the power reflec-

tivity for either unpolarized, circularly polarized, or linearly polarized
light with the azimuth of π�4. Since |rx|

2�|ry|
2 � tan2 y, the matrix (1.187)

can be written as

M̂S � s t � s t ,
(1.188)

where N � cos2y, C � sin2ycos∆, S � sin2ysin∆. The reflecting sur-
face of Eq. (1.187) acts as an ideal polarizer aligned along y and x for 
y � 0 and π�2, respectively.

A possible depolarizing action results from the presence of different
values of y and ∆, related, e.g., to a spread of the optical constants
and/or film thicknesses over the illuminated region, or to a spread of the
angles of incidence. Let us assume an instructive case of only two pairs
(y1,∆1) and (y2,∆2) involved in the reflection. In addition, we simplify
the situation further by assuming equal intensity reflectivities of the lin-
ear polarizations along x and y, |rx|

2 � |ry|
2 � Ru. The latter condition

implies the equality y1 � y2 � y. Let us denote by w1 the probability
that the reflected photon encountered the surface characterized by
(y1,∆1). Consequently, the second possibility, (y2,∆2), occurs with the
probability w2 � 1 � w1. The polarization state of the reflected light is
given by the Stokes vector of the incident light and the average Mueller
matrix  M̂�S � w1M̂S

(1) � w2M̂S
(2); this corresponds to the averaging in the

density matrix of Eq. (1.158). The two Mueller matrices M̂S
(1) and M̂S

(2)

1 �N 0 0
�N 1 0 0
0 0 C S
0 0 �S C

�ry�
2

�
2 sin2y

1 �N 0 0
�N 1 0 0

0 0 C S
0 0 �S C

�rx�
2

�
2 cos2 y

1 �cos2y 0 0
�cos2y 1 0 0

0 0 sin2y cos∆ sin2y sin∆
0 0 �sin2y sin∆ sin2y cos∆

�rx�2 � �ry�2

��
2
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share the value of N � cos2y and differ in the remaining two parame-
ters, C and S, due to the difference in the phase shifts ∆. The average
Mueller matrix is

M̂�S � Rus t , (1.189)

where

C� � sin 2y[w1 cos ∆1 � (1 � w1) cos ∆2],

S� � sin 2y[w1 sin ∆1 � (1 � w1) sin ∆2].
(1.190)

The light reflected from a surface described by Eq. (1.189) remains
totally linearly polarized for the incoming light polarized linearly along
x or y. However, for the incoming light beam of unit intensity and linear
polarization with the azimuth J � π�4, the Stokes vector of reflected
light is

M̂�Ss t � Ru s t . (1.191)

Accordingly, its degree of polarization

Pp�4 � �N2 � C��2 � S��2�

� �cos22y�� sin2�2y [1 �� 2w1(1�� w1)(�cos(∆2�� ∆1)��1)]�
(1.192)

equals one only in the trivial cases of ∆1 � ∆2, or w1 either vanishing or
being equal to one. In other words, the fraction 1�Pπ�4 of the incoming
intensity becomes unpolarized upon reflection. The depolarization is total
for w1 � 1�2 and ∆2 � ∆1 � π, which is the expected result: the reflected
light is a mixture of equal contributions of any pair of pure orthogonal
polarization states.

The above considerations can easily be generalized to the case of a
continuous mixture of contributions of different pairs y(x),∆(x), and the
power reflectivities Ru(x), occurring with the probabilities f(x)dx. Here x
denotes a set of parameters influencing the amplitude reflectivities of
the surface; it can cover a multidimensional domain of varying optical
constants, film thicknesses, wavelengths, and/or angles of incidence. The

1
�N
C�

�S�

1
0
1
0

1 �N 0 0
�N 1 0 0

0 0 C� S�
0 0 �S� C�
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function f(x) is the probability density of the occurrence of a particular
value of x. The Mueller matrix can be written as

M̂�S � 8Ru9 s t , (1.193)

where

8Ru9� �Ru(x)f(x)dx,

8N9� ,

8C9� ,
(1.194)

8S9� .

Since any contribution to the resulting Mueller matrix preserves the linear
polarizations along x and y, the reflection does not depolarize them. On
the other hand, the linearly polarized light with the azimuth J � ±π�4, or
a circularly polarized light, becomes partially elliptically polarized with
the degree of polarization

P±p�4,C � �N�2 �� C�2 �� S�2�. (1.195)

Obviously, the degree of polarization cannot exceed unity; the averaging
procedure of Eqs. (1.194) guarantees the fulfillment of this condition for
any incident polarization state.

For completely unpolarized incident light, the degree of polarization
of the reflected beam is �N��. It reaches unity for a single contributing
value of y � 0 or π�2 and an arbitrary value of ∆; in this case, the
reflected light becomes linearly polarized along x or y.

The action of the ideal linear retarder with its fast and slow axes along
x and y, described by Eq. (1.186), is formally the same as that of Eq.
(1.187) with y � π�4 and ∆ � d. Consequently, a possible depolarization
by a retarder can be treated along the same lines as that of a reflecting sur-
face. It should be emphasized that (in general) neither the retarder nor the
reflecting surface produce a definite pure or partial polarization state inde-
pendent of the incoming beam.

�Ru(x) sin2y(x) sin∆(x)f(x)dx
����8Ru9

�Ru(x) sin2y(x) cos∆(x)f(x)dx
����8Ru9

�Ru(x) cos2y(x)f(x)dx
���8Ru9

1 �8N9 0 0
�8N9 1 0 0

0 0 8C9 8S9
0 0 �8S9 8C9
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1.5 Reflection and Transmission of Polarized
Light at Planar Interfaces

1.5.1 Matching Plane Waves at a Planar Interface

Let us consider the oblique incidence of a monochromatic optical
plane wave on the planar interface between two semi–infinite media as
shown schematically in Fig. 1.8. The right–handed coordinate system
x�y�z has the y axis pointing to the reader. The scalar complex refractive
index changes abruptly from N1 for z 
 0 to N2 for z � 0 at the interface,
z � 0. The light field in both media is assumed to consist of plane waves
of the form

E
→

(r→,t) � E
→

w exp[i(kxx � kzz � wt)], (1.196)

i.e., their wavevectors lie in the x–z plane, which is called plane of inci-
dence. This choice is forced by the symmetry with respect to translations
in the y direction, with the consequence ky � 0. The plane waves of
Eq. (1.196) solve the wave equation for

kx
2 � kz

2 � e(w) � N2(w), (1.197)
w2

�
c2

w2

�
c2

Figure 1.8 Reflection and transmission of a plane wave at the planar interface.
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with the complex permitivity e � e1 � ie2 � N2 � (n � ik)2. The total
light field in medium 1 is the superposition of the incident and reflected
plane waves

E
→

i(r
→,t) � E

→
wi exp[i(kxix � kziz � wt)],

E
→

r(r
→,t) � E

→
wr exp[i(kxrx � kzrz � wt)], z 
 0.

(1.198)

The transmitted wave in medium 2 is

E
→

t(r
→,t) � E

→
wt exp[i(kxtx � kztz � wt)], z � 0. (1.199)

We define the angle of incidence j1 by expressing the x– and z–compo-
nents of the wavevector as

kxi � N1 sinj1, kzi � N1 cosj1. (1.200)

Here, sinj1 and cosj1 can be complex, although satisfying the condi-
tion sin2 j1 � cos2 j1 � 1 which is required by Eq. (1.197). We can still
declare j1 � arctan(kxi�kzi) and use the complex trigonometric func-
tions of complex argument. The latter are defined, for x � x1 � ix2, x1

and x2 real, as

sin x � [exp(ix) � exp(�ix)]�2i ,  cos x � [exp(ix) � exp(�ix)]�2. (1.201)

Since the tangential components of the plane waves (1.198) and
(1.199) match in any point x of the interface z � 0, the x–components of
the three wavevectors have to coincide,

kxi � kxr � kxt . (1.202)

The first of these equations, together with Eq. (1.197), implies k2
zr � k2

zi.
Consequently, we choose kzr � �kzi; the reflected wave moves away from
the interface, and its wavevector is given by the refractive index and angle
of incidence,

kxr � N1 sinj1, kzr � � N1 cosj1. (1.203)

In other words, the angle of reflection equals the angle of incidence.

w
�
c

w
�
c

w
�
c

w
�
c
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The second of Eqs. (1.202), together with Eq. (1.197), leads to the
following relation for the remaining unspecified component of the
wavevectors,

k2
zt � N 2

2 11 � sin2j12 . (1.204)

It is convenient to write down the wavevector of the transmitted wave in
the same form as that of the incident wave, Eq. (1.200),

kxt � N2 sinj2, kzt � N2 cosj2, (1.205)

where j2 � arctan(kxt�kzt) is the angle of refraction. Since kxi � kxt, we
obtain Snell’s law

N1 sinj1 � N2 sinj2. (1.206)

For both media transparent, refractive indices are real, denoted as n1

and n2. Further, j1 and sinj1 are also real. The angle of refraction, j2, is
real for n1 sinj1 	 n2. This condition is not satisfied for

n1 � n2 , j1 	 jc � arcsin . (1.207)

For fixed values of n2 
 n1 the angle of refraction behaves as follows:
with the angle of incidence increasing from zero to the critical angle jc of
Eq. (1.207), it increases from zero to π�2. With the further increase of the
angle of incidence, the real part of j2 stays at π�2 and a non–zero imagi-
nary part appears. Using the Snell’s law (1.206) with the real–valued sine
function of Eq. (1.201) for x1 � π�2, we obtain the following result for
the angle of refraction,

j2 � � i ln , j1 	 jc. (1.208)

From Eq. (1.204), the z–component of the transmitted wavevector is
imaginary,

kzt � i �(n1 sin�j1)
2 �� n2

2�, j1 	 jc. (1.209)
w
�
c

n1 sinj1 � �(n1 sin�j1)
2 �� n2

2�
����

n2

p
�
2

n2�
n1

w
�
c

w
�
c

N2
1�

N2
2

w2

�
c2
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The resulting field pattern is an inhomogeneous plane wave with no oscil-
lations in the z direction; it is called an evanescent wave. The planes of
constant phase in medium 2 are perpendicular to the x axis and move
rightwards with the velocity of c�(n1sinj1). The modulus of the field
strength decreases exponentially with z, as obtained from Eqs. (1.199) and
(1.209),

�E
→

t(r
→, t)� � �E

→
wt� exp1�z �(n1 sin�j1)

2�n�2
2�2, j1 � jc. (1.210)

A convenient measure for this decrease is the depth ze, where the field
strength is reduced by the factor of e � 2.71,

ze � , j1 	 jc. (1.211)

Here l � 2πc�w is the wavelength in vacuum. As expected, the penetra-
tion depth becomes infinite for j1 → jc. It decreases with increasing angle
of incidence; the lowest value, obtained for n2 �� n1 and j1 → π�2, is

ze min � , (1.212)

which is the wavelength in medium 1 reduced by the factor of 2π. Since
the field vanishes for z → ∞, and medium 2 is non–absorbing, there is no
transfer of energy across the interface.

An exponential damping of the field strength of a plane wave occurs
in any absorbing medium. For a real refractive index N1 � n1 and a com-
plex refractive index N2, the obliquely refracted wave has the following z
dependence of the modulus of its amplitude,

�E
→

t(r
→,t)� � �E

→
wt� exp1�z Im�(n2 � i�k2)

2��(n1 sin�j1)
2�2. (1.213)

At the distance de below the interface, the field strength is reduced by the
factor of e,

de � .

. (1.214)

	2�
������[	(n2

2 � k�2
2 ��n2

1 sin2�j1)
2 �� 4n2

2k2
2� � (n2

2 � k2
2 � n2

1 sin2j1)]12
l

�
2p

w
�
c

l
�
2pn1

l
���
2p�(n1 sin�j1)

2 �� n2
2�

w
�
c
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This penetration depth reduces to

de � (1.215)

in the case of normal incidence, j1 � 0.
The significance of the real and imaginary parts of a complex angle

of refraction j2 � j2r � ij2i can be found by examining the angle j2ph

between the normals to the interface and to the planes of constant phase.
Namely, the real valued angles are related by

tanj2ph �

� tanj2r � � sinh(2j2i).

(1.216)

In the usual case of n2 larger than n1, the real and imaginary parts of j2

vary fairly strongly with the extinction coefficient k2. However, the direc-
tion j2ph of the equiphase planes does not deviate dramatically from the
value of arcsin(n1sinj1�n2), observed in a non–absorbing medium of the
same phase velocity c�n2.

All results of this paragraph concern only wavevectors. Consequently,
they are independent of polarization state of the plane waves. To proceed
further, it is necessary to apply the continuity conditions for the tangential
(i.e., x � y) components of E

→
and H

→
at the interface. For the plane waves with

the wavevector k
→

the field intensities are related by H
→

� �(k
→

� E
→

)�(wm0),
E
→

� (k
→

� H
→

)�wee0. The cartesian components are

Hx � , Hy � , Hz � , (1.217)

Ex � , Ey � , Ez � , (1.218)

since ky � 0. For the waves linearly polarized perpendicular to the plane of
incidence (i.e., Ex � Ez � 0), there are only three nonvanishing field com-
ponents, Ey, Hx, and Hz. This case is called s–polarization, from the German
word senkrecht, meaning perpendicular. When the plane waves are polar-
ized parallel to the plane of incidence (i.e., Ey � 0), the only nonvanishing
field components are Ex, Ez, and Hy. This case is called p–polarization. A
general case can be treated as a superposition of the s– and p–polarizations.

kxHy�
wee0

kzHx � kxHz��
wee0

�kzHy�
wee0

�kxEy�
wm0

kxEz � kzEx��
wm0

kzEy�
wm0

n2
2 � k2

2�
2n2k2

n2
2 � k2

2��
n2

2 � k2
2 tan2 j2r

n1 sinj1����
n2 cosj2r coshj2i � k2 sinj2r sinhj2i

l
�
2pk2
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1.5.2 Fresnel Coefficients

1.5.2.1 s–Polarization

Let us denote by Eis, Ers, and Ets the amplitudes of the incident,
reflected, and transmitted waves, respectively. They represent the y com-
ponents of the vectors E

→
wi, E

→
wr, and E

→
wt of Eqs. (1.198) and (1.199). Using

Eqs. (1.202), the condition of matching the tangential (y) components at
the interface z � 0 becomes

Eis � Ers � Ets. (1.219)

From Eqs. (1.217), the tangential (x) component of the magnetic intensity
vector of the incident wave has the amplitude kziEis�(wm0). Similarly, the
amplitudes of the x components of the reflected and transmitted waves are
kzrErs�(wm0) and kztEit�(wm0), respectively. With the help of Eqs. (1.203)
and (1.205), the condition of matching the tangential components of mag-
netic field strength at the interface z � 0 can be expressed in terms of the
electric field strengths as

N1 cosj1(Eis � Ers) � N2 cosj2Ets. (1.220)

Combined with Eq. (1.219) it leads to the resulting Fresnel reflec-
tion and transmission coefficients, which are the ratios of the field
amplitudes,

rs � � , (1.221)

ts � � . (1.222)

Snell’s law, Eq. (1.206), can be used to obtain the following equiva-
lent expressions for the coefficients,

rs � � � tan ys exp(i∆s),

(1.223)

ts � . (1.224)
2 sinj2 cosj1��
sin(j2 � j1)

N1 cosj1 � �N2
2 � N�2

1 sin2j�1�����
N1 cosj1 � �N2

2 � N�2
1 sin2j�1�

sin(j2 � j1)��
sin(j2 � j1)

2N1 cosj1���
N1 cosj1 � N2 cosj2

Ets�
Eis

N1 cosj1 � N2 cosj2���
N1 cosj1 � N2 cosj2

Ers�
Eis
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The reflection coefficient of Eq. (1.223) is expressed with the help of two
angles, ys and ∆s. This is a convenient way of handling separately the ratio
of magnitudes of the reflected and incident field amplitudes, tanys, and
their relative phase, ∆s.

For s polarization the intensity of magnetic field has both tangential
and normal components. From Eqs. (1.217) and (1.202) we confirm the
continuity of the normal components,

Hzi � Hzr � Hzt. (1.225)

This is, of course, the general boundary condition for the normal compo-
nents of magnetic inductance for materials with B

→
w � m0H

→
w .

1.5.2.2 p–Polarization

The Fresnel coefficients are derived similarly to the s case. We denote
by Hip, Hrp, and Htp the amplitudes of the magnetic intensity of the inci-
dent, reflected, and transmitted waves, respectively. Using Eqs. (1.202),
matching the tangential (y) components of H

→
at the interface z � 0

requires

Hip � Hrp � Htp. (1.226)

From Eqs. (1.218), the tangential (x) component of the electric intensity
vector of the incident wave has the amplitude Exi � �kziHip�(weeo).
Similarly, the amplitudes of the x components of the reflected and trans-
mitted waves are Exr � �kzrHrp�(weeo) and Ext � �kztHtp�(weeo), respec-
tively. Using Eqs. (1.203) and (1.205), matching the tangential compo-
nents of the electric field at the interface z � 0 can be expressed in terms
of the magnetic field strengths as

N2 cosj1 (Hip � Hrp) � N1 cosj2Htp. (1.227)

Fresnel reflection and transmission coefficients are ratios of the
amplitudes of the electric field strengths, Eip, Erp, and Etp, of the incident,
reflected, and transmitted waves, respectively. These are, however, simply
related to the amplitudes of the magnetic field strengths; using Eqs.
(1.218) we arrive at

rp � � � � � � , tp � � . (1.228)
Htp�
Hip

N1�
N2

Etp�
Eip

Hrp�
Hip

Ezr�
Ezi

Exr�
Exi

Erp�
Eip
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The relative amplitudes of the magnetic field intensities are readily
obtained from Eqs. (1.226) and (1.227) leading to the reflection and trans-
mission coefficients

rp � � , (1.229)

tp � � . (1.230)

Equivalent expressions for the Fresnel coefficients are obtained from
Snell’s law,

rp � �

� tanyp exp(i∆p),
(1.231)

tp � . (1.232)

The reflection coefficient of Eq. (1.231) is again expressed with the help
of two angles, yp and ∆p, in order to quantify separately the magnitude of
the reflected amplitude and its relative phase.

For p polarization the intensity of the electric field has both tangential
and normal components. From Eqs. (1.218) and (1.202) we confirm the
continuity of the normal components of eE

→
,

e1(Ezi � Ezr) � e2Ezt. (1.233)

Here, e1 and e2 are the complex dielectric functions of the first and second
medium, not to be confused with their real and imaginary part. Equation
(1.233) represents the general boundary condition for the normal com-
ponents of electric inductance, D

→
w � ee0E

→
w.

1.5.3 Special Values of the Angle of Incidence

Fresnel amplitudes derived in the previous paragraph simplify for
several special values of the angle of incidence:

• Normal incidence
At normal incidence, j1 � 0, the amplitude reflectivities and trans-
mittances of Eqs. (1.221), (1.222), (1.229), and (1.230) reduce to

2 sinj2 cosj1���
sin(j2 � j1) cos(j2 � j1)

N1�cosj1 � N2��1 � (N�1�N2)
2�sin2 j1�

����
N1�cosj1 � N2��1 � (N�1�N2)

2�sin2j1�
tan(j2 � j1)��
tan(j2 � j1)

2N1�cosj1���
N1�cosj1 � N2�cosj2

2N1 cosj2���
N1 cosj2 � N2 cosj1

N1�cosj1 � N2�cosj2���
N1�cosj1 � N2�cosj2

N1 cosj2 � N2 cosj1���
N1 cosj2 � N2 cosj1
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r � rs � rp � , t � ts � tp � . (1.234)

The two orthogonal polarizations become indistinguishable. For an
interface between air (N1 � 1) and a highly polarizable medium
(�N2� �� 1), the transmitted field vanishes (t � 0). Accordingly, the
reflected wave immediately above the interface has the same magni-
tude as the incident wave, but the opposite sign (r � �1). The power
reflectivity is the ratio of reflected and incident intensities, i.e.,

R � �r�2 � . (1.235)

• Critical angle
The modulus of the amplitude reflectivity of Eq. (1.223), rewritten
in the form

rs � , w � , (1.236)

is unity if w is real. This case is called total reflection, since the
power reflectivity Rs � rs

*rs � �rs�
2 is unity. When medium 1 is

non–absorbing, N1 � n1, this condition can be satisfied only for a
real negative value of the argument of the square root in Eq.
(1.236), which coincides with Eq. (1.207). The same holds for the
p–polarized reflectivity of Eq. (1.231), as seen from the form

rp � , w � . (1.237)

Note that the existence of evanescent waves in medium 2 means no
energy transfer across the interface for both polarizations. However,
the phase shifts differ and depend on the angle of incidence.

• Brewster angle
For both media transparent (N1 � n1, N2 � n2), the p–polarized
reflectivity vanishes for the angle of incidence equal to the
Brewster angle

jB � arctan(n2�n1). (1.238)

At this angle the incident p–polarized wave is totally refracted into the
second medium. Consequently, a wave with an arbitrary elliptic polar-
ization, except for the linear p–polarization, is reflected as linearly

N2 cosj1���
iN1�N2

2 � N�2
1 sin2 j�1�

1 � iw
�
1 � iw

�N2
2 � N�2

1 sin2 j�1���
iN1 cosj1

1 � iw
�
1 � iw

(n2 � n1)
2 � (k2 � k1)

2

���
(n2 � n1)

2 � (k2 � k1)
2

2N1�
N1 � N2

N1 � N2�
N1 � N2
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s–polarized. The same is true for unpolarized or partially polarized
light. This is the reason for calling the Brewster angle the polarizing
angle. Note that the phase shift ∆p defined in Eq. (1.231) jumps from
the value of �π for j1 
 jB to zero above the Brewster angle, since
rp changes sign from negative to positive values. Vanishing of the
reflectivity can, of course, be described as vanishing of the angle yp.

The angle yp does not reach zero at the Brewster angle when
medium 2 is not transparent, i.e., has a nonvanishing extinction coef-
ficient k2. However, it exhibits a minimum at pseudo–Brewster angle.

• Principal angle
The principal angle jP is defined as the angle of incidence at which
the difference ∆p � ∆s is π�2. A linearly polarized wave, different
from s or p wave, is reflected as elliptically polarized with the
major and minor axes parallel or perpendicular to the plane of inci-
dence when the angle of incidence is jP. The difference between
principal and pseudo–Brewster angles is small for low values of k2

and tends to zero for vanishing absorption in medium 2.

1.5.4 Ratio of Amplitude Reflectivities

Reflection ellipsometry determines the state of polarization of a
reflected wave with suitably prepared polarization state of an incident
wave. A general elliptic polarization of the incident and reflected waves
can be resolved into the two basic linear polarizations, parallel and per-
pendicular to the plane of incidence.

Let us find the link of the observed polarization states to the amplitude
reflectivities derived in Section 1.5.2. The simplest approach is to assume
the incident linearly polarized wave composed of in–phase s– and p–polarized
vibrations of equal amplitudes. A convenient representation of this polar-
ization state requires a suitable choice of the coordinate system in the plane
perpendicular to the wavevector. Using Fig. 1.8, the xi axis will be in the
plane of incidence, oriented along the vector E

→
ip; the yi axis will be perpen-

dicular to the plane of incidence, pointing to the reader. In the notation of
paragraph 1.3.1, the ellipsometric angles of the incident wave are yxiyi

�
π�4, ∆xiyi

� 0. The plane of polarization is inclined by 45° from the plane of
incidence in the positive sense (counterclockwise) when looking into the
incident beam. The reflected wave undergoes different changes of its p– and
s–polarized components, with the relative amplitudes given by Eqs. (1.229)
and (1.221). We have to specify the polarization state of the reflected wave
in a suitably chosen coordinate system in the plane perpendicular to its
wavevector. One of the high–symmetry choices is the xr axis in the plane of
incidence, oriented along the vector E

→
rp in Fig. 1.8. The yr axis is perpendi-

cular to the plane of incidence, pointing to the reader; it coincides with yi.
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Since the electric vector of the s–polarized component is parallel to
both axes yi and yr, the amplitude of the reflected wave in the xr–yr coordi-
nate system is rs times the amplitude of the incident wave. The correspon-
ding ratio of the p–polarized amplitudes in the two coordinate systems,
however, is �rp. This can be seen from the first of Eqs. (1.228) and the
inverted sense of the projections of xi and xr on the x axis of Fig. 1.8.
Consequently, the state of polarization of the reflected wave, represented
by the ellipsometric angles in the xr–yr coordinate system, is

tanyxryr
exp i∆xryr

� � � � exp i(∆p � ∆s). (1.239)

The inverted sign of rp above is the consequence of the particular choice of
the coordinate systems. If the xr–yr axes were rotated by 180° in their plane,
the resulting ellipsometric angles of Eq. (1.239) would be the same; how-
ever, the minus sign would appear in the ratio of the s–polarized ampli-
tudes, because of the antiparallel yi and yr axes. The minus sign of the ratio
appears due to the mirror reflection which interchanges the left– and
right–handed rotations. Our choice here can be described as adopting the
Fresnel convention for the p–polarized amplitude reflectance, which differs
by the sign from the Verdet convention[6].

The ratio of the amplitude reflectivities is the basis for the interpreta-
tion of reflection ellipsometry measurements. The fundamental ellipso-
metric equation (1.239) is usually written in the form

tany exp i∆ � , (1.240)

with a tacitly assumed reference to a proper coordinate system for the defi-
nition of the ellipsometric angles, and a modified definition of the rp Fresnel
coefficient, r̃p � �rp, while retaining r̃s � rs. This definition has the draw-
back of giving opposite amplitude reflectivities of the p– and s–polarized
wave at normal incidence, where both waves are physically equivalent and
cannot be distinguished one from another. On the other hand, the two
schemes are very easily identified, since the only difference is the opposite
sign of the reflectance ratio, or, equivalently, the shift of relative phase ∆ by
180°.

We use in this chapter the Fresnel amplitudes of Eqs. (1.221) and
(1.229) and form their ratio,

r � � exp i(∆p � ∆s) � tany exp i∆. (1.241)
tanyp�
tanys

rp�
rs

r̃p�
r̃s

tanyp�
tanys

rp�
rs
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A typical dependence of this complex quantity is shown in Fig. 1.9 for an
interface between two non–absorbing media. Note the different behavior of
the magnitudes of the p– and s–components, with vanishing yp at the
Brewster angle of Eq. (1.238). The electric field of the incident and reflected
s–waves is always opposite (i.e., phase–shifted by 180°). The same is true
for the p–waves below the Brewster angle. When the angle of incidence
crosses jB, the phase jumps by 180°. When illuminated with a p–polarized
convergent light beam at the Brewster angle, the interface produces a sig-
nificant depolarization; it is due to the addition of almost orthogonal polar-
ization states for the angle of incidence below and above jB.

The influence of absorption in a semi–infinite sample on the ellipso-
metric ratio is shown in Fig. 1.10. Note the gradual increase and shift of
the minimum in y with increasing extinction at (pseudo)–Brewster angle.
The position where ∆ crosses 90° defines the principal angle. The situa-
tion when the incident light enters the sample from an optically denser
medium is shown in Fig. 1.11. Since both media are non–absorbing, the
ellipsometric ratio vanishes at Brewster angle. Both p– and s–polariza-
tions are totally reflected for the angle of incidence above the critical
angle. Consequently, y is constant and equal to 45° for j � jc. While the

78 THEORY OF ELLIPSOMETRY

Figure 1.9 The ratios (solid lines) of Fresnel amplitudes for p–polarized (dashed
lines) and s–polarized (dotted lines) waves as functions of the angle of incidence
for the interface between two non–absorbing media ( n1 � n2). The arrows point
to Brewster angle.
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Figure 1.10 The ratios of Fresnel amplitudes as functions of the angle of inci-
dence for the interface between the non–absorbing ambient of n1 � 1 and the
sample of n2 � 3 and different values of k2.

Figure 1.11 The ratios (solid lines) of Fresnel amplitudes for p–polarized (dashed
lines) and s–polarized (dotted lines) waves as functions of the angle of incidence
for the interface between two non–absorbing media ( n1 � n2). The arrows point
to Brewster and critical angles.
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phase of the s–polarization stays at zero up to the critical angle, the
p–component undergoes a jump by 180° at the Brewster angle. Above jc

the phases of both components vary rather steeply. When the ratio n1�n2 is
large, both Brewster and critical angles of Eqs. (1.238) and (1.207) are
low and close to one another. Figure 1.12 shows the ellipsometric ratio for
refractive indices representative of the internal reflection at the silicon/air
interface in infrared. Note that the total phase shift of 90° (i.e., quarter–wave)
can be achieved for the angle of incidence close to 45°. Owing to a very
high transparency of pure silicon in infrared, this phenomenon can be
used as the basis of prism retarders.

1.5.5 Propagation Matrices, Stratified Structures

Propagation of plane waves through multilayer structures with paral-
lel interfaces and homogeneous layers can be described efficiently using
propagation matrices. This approach uses the fact that the field ampli-
tudes at different depths in the stratified structure are (mutually) linearly
dependent, which is a consequence of the linearity of wave equation.
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Figure 1.12 Same as Fig. 1.11, but for different refractive indices (when the ratio
n1/n2 is large).
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Let us start with noting that the Fresnel amplitudes for s–polarization,
Eqs. (1.221) and (1.222), and for p–polarization, Eqs. (1.229) and (1.230),
are essentially of the same form as those for normal incidence,
Eqs. (1.234). Namely, the simple relations for amplitude reflectance and
transmittance

r12 � , t12 � , (1.242)

can be used for both polarizations, when the following effective refractive
indices

Ñj � Nj cosjj for s-polarization,
Ñj � Nj�cosjj for p-polarization, j � 1,2 (1.243)

are inserted into Eqs. (1.242). Further, the reflectance and transmittance
coefficients for the incident wave illuminating the interface from the sec-
ond medium are obtained by interchanging the indices in Eq. (1.242),

r21 � , t21 � . (1.244)

The coefficients of Eqs. (1.242) and (1.244) are related by

r21 � �r12 , t21t12 � r2
12 � 1. (1.245)

Using Eqs. (1.242) and (1.244), we can describe fairly easily the
matching of four distinct plane waves, traveling upwards and downwards
in both media of Fig. 1.8. The simplified framework of normal incidence
allows us to treat all field amplitudes as scalars. Both vectors of electric
and magnetic intensity are perpendicular to the direction of propagation,
which is either z or –z. The former waves will be denoted by the upper
index �, and the latter by the upper index –. The intensities of electric
field in the first medium are

E�
1(z,t) � E�

1 exp[i(kz1z � wt)],
E�

1(z,t) � E�
1 exp[i(�kz1z � wt)], z 
 0, (1.246)

with kz1 � (w�c)Ñ1. Similarly, the intensities in the second medium are

E�
2(z,t) � E�

2 exp[i(kz2z � wt)],
E�

2(z,t) � E�
2 exp[i(�kz2z � wt)], z � 0, (1.247)

2Ñ2�
Ñ1 � Ñ2

Ñ2 � Ñ1�
Ñ1 � Ñ2

2Ñ1�
Ñ1 � Ñ2

Ñ1 � Ñ2�
Ñ1 � Ñ2
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with kz2 � (w�c)Ñ2. Matching the fields at the interface z � 0 results in a
linear dependence of the amplitudes, which can be represented by a 2 � 2
matrix Î12 in the following relation,

	 
� Î12	 
� 	 
	 
. (1.248)

Identification of amplitude ratios with reflectivities and transmittances,

� r12, � t12, � r21, � t21, (1.249)

and the use of Eqs. (1.245), leads readily to the following result,

Î12 � 3 4. (1.250)

This matrix “transfers” the electric field amplitudes, i.e., the incoming and
outgoing fields at z � 0, across the interface from the first to the second
medium. In the reverse order, the corresponding matrix Î21 is the inverse
of Î12,

Î21 � Î�1
12 � 3 4� 3 4. (1.251)

Besides the transfer across interfaces, we have to relate the field
strengths after passing a distance d through a homogeneous layer of
refractive index N. From Eqs. (1.246) or (1.247) it is clear that the ampli-
tudes at z and z�d are described by a diagonal matrix T̂d,

	 
 � T̂d 	 
, T̂d � 	 
,

q � dN cosj � dN cosj.

(1.252)

The phase q depends on the angle j related to the z–component of the
wavevector in the medium, kz � (w�c)Ncosj. Note that we can calculate the
phase q using the effective refractive index Ñ � N cosj of the s–polarization.

The propagation of polarized light through a stratified structure can be
described by a series of matrix multiplications, with the matrices of Eqs.
(1.250) and (1.252). This scheme can be modified to involve a single

2p
�
l

w
�
c

exp(iq) 0
0 exp(�iq)

Ez
�

Ez
�

E�
z�d�

E�
z�d

1 �r12

�r12 1
t12�

1 � r2
12

1 r21

r21 1
1

�
t21

1 r12

r12 1
1

�
t12

E�
1�

E�
2

E�
2�

E�
2

E�
2�

E�
1

E�
1�

E�
1

E�
2

E�
2

I11 I12

I21 I22

E�
2

E�
2

E�
1

E�
1
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matrix for the propagation through a homogeneous film. The modification
is best introduced by noting that the sum of the amplitudes in Eqs. (1.246)
and (1.247) coincides,

E12 � E�
1 � E�

1 � E�
2 � E�

2 . (1.253)

The same is true for their difference, multiplied by the refractive index,

H12 � Ñ1(E
�
1 � E�

1 ) � Ñ2(E
�
2 � E�

2 ); (1.254)

namely, this is the continuity condition of the tangential components of
the total magnetic field of Eqs. (1.217). The quantity H12 differs from the
magnetic field intensity merely by the constant factor of cm0. The two
amplitudes of the total field can be used as components of the following
column vector,

	 
 � 	 
	 
 � 	 
	 
, (1.255)

which remains constant upon crossing the interface. It is worth noting that
a simple inversion of one of the matrices of Eqs. (1.255) provides the
Fresnel amplitudes occurring in Eq. (1.250),

	 
 � 	 

�1

	 
	 

� 	 
	 
	 
 (1.256)

� 	 
	 
 .

This is expected since the meaning of Eqs. (1.255) is just the continuity of
the tangential components of the total electric and magnetic fields.

The total field contains two waves moving in opposite directions. We
have to apply Eqs. (1.252) in order to find its change after passing a
homogeneous slab of material. For the j–th layer in a stack, having refrac-
tive index Nj and thickness dj, the waves reach the interface with the next
layer with the amplitudes

3 4 � R̂j 3 4 � 3 4 3 4, (1.257)Ej

Hj

cosqj sinqj�N
~

j

N
~

j sinqj cosqj

Ej

Hj

Ej�1

Hj�1

E�
2

E�
2

(Ñ1 � Ñ2)�(2Ñ1) (Ñ1 � Ñ2)�(2Ñ1)
(Ñ1 � Ñ2)�(2Ñ1) (Ñ1 � Ñ2)�(2Ñ1)

E�
2

E�
2

1 1  
Ñ2 �Ñ2

1 1�Ñ1

1 �1�N1

1
�
2

E�
2

E�
2

1 1
Ñ2 �Ñ2

1 1
Ñ1 �Ñ1

E�
1

E�
1

E�
2

E�
2

1 1
Ñ2 �Ñ2

E�
1

E�
1

1 1
Ñ1 �Ñ1

E12

H12
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cosqj � , sinqj � ,

qj � djNj cosjj.
(1.258)

Consider a layered structure shown schematically in Fig. 1.13. It con-
sists of m homogeneous layers placed between two semi–infinite media,
the ambient (of real refractive index na) and the substrate (of refractive
index N0). The optical field in the structure is best computed starting at the
first interface, where only the wave propagating into the substrate is pres-
ent. We are interested in relative amplitudes of the incident, reflected, and
refracted waves, Ei, Er, and Et, respectively. We can therefore choose Et � 1
in the initial column vector

	 
 � 	 
 � 	 
. (1.259)

The total field at the interface with ambient (i.e., at the surface of the
structure) is

	 
 � R̂m R̂m�1 . . . R̂1 	 
. (1.260)

The final step is to compute the electric field amplitudes at the surface.
We can use the inverted matrix of Eq. (1.255) with the effective refractive
index of the ambient to obtain

1
�N0

Em�1

Hm�1

1
�N0

Et

�N0Et

E1

H1

2p
�
l

exp(iqj) � exp(�iqj)���
2

exp(iqj) � exp(�iqj)���
2
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Figure 1.13 Reflection and transmission of a plane wave by a multilayer structure
consisting of m films. Transparent ambient with the real refractive index na is
assumed; j is the angle of incidence.
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 � 	 
	 
 � R̂a	 
, (1.261)

ña � na cosj for s-polarization,
ña � na�cosj for p-polarization. (1.262)

These amplitudes yield the sought reflectance and transmittance coeffi-
cients as

r � , t � . (1.263)

The coefficients differ for s– and p–polarization because of the different
effective refractive indices in the propagation matrices R̂. Equations
(1.204) and (1.205) yield the following convenient expressions containing
the real values of j and na,

Ñj � Nj�1 � (n�a sinj��Nj)
2� for s-polarization,

Ñj � Nj ��1 � (n�a sinj��Nj)
2� for p-polarization.

(1.264)

It should be remembered that there is no ambiguity in choosing the sign
of the square root in Eqs. (1.264). In fact, both nj and kj entering the imag-
inary part of its argument,

,

are non–negative. This ensures that both real and imaginary parts of the
square root itself are non–negative. The opposite square root, having both
real and imaginary parts negative, is unphysical.

1.5.6 Substrate–Film–Ambient System

The procedures from Section 1.5.5 are well suited for finding explicit
expressions for the reflection and transmission coefficients for a single
film (thickness d1, refractive index N1) placed on the substrate (refractive
index N0). Two matrices of Eq. (1.250) are to be built from the Fresnel
coefficients for the 0–1 (substrate–film) and 1–2 (film–ambient) inter-
faces. The transfer across the film is described by the matrix of Eq. (1.252),

2n2
anjkj sin2j

��
(nj

2 � kj
2)2 � 4nj

2kj
2

1
�
Ei

Er�
Ei

Em�1

Hm�1

Em�1

Hm�1

1 1�ña

1 �1�ña

1
�
2

Er

Ei
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yielding finally the reflection and transmission coefficients of the filmed
structure as

r � , t � , (1.265)

q � d1N1 cosj1 � d1N1�1 � (n�a sinj��N1)
2�. (1.266)

Here na is the real refractive index of the ambient. The results of matrix
multiplications of Eqs. (1.260) and (1.261) inserted into Eq. (1.263) yield
the following equivalent form of the reflectivity coefficient,

r � . (1.267)

It is worth noting that for real refractive index of the film, N1 � n1,
obeying n1 � na sinj, both p– and s–polarized reflectivities are periodic
functions of the real angle q. The period is π as seen from Eqs. (1.265) or
(1.267). In other words, the reflectivity at a given angle of incidence is the
same for the film thicknesses differing by

D1 � . (1.268)

The period varies between l�(2n1) for normal incidence, and l�(2�n2
1 � n�2

a�)
for grazing incidence.

Two major simplifications of the result for the reflectivity follow from
Eq. (1.267) for

• q � 0, which occurs for zero thickness, or multiples of the
period D1. The reflectivity coefficient is equal to that of the
bare substrate,

rsubs � . (1.269)

• q � π�2, which occurs for thicknesses equal to D1�2 plus
multiples of the period D1. The reflectivity is

rD�2 � . (1.270)
n̂a N̂0 � n̂1

2

��
n̂a N̂0 � n̂1

2

n̂a �N̂0�
n̂a�N̂0

l
��
2�n2

1 � (n�a sinj)�2�

N̂1(n̂a � N̂0) � i(n̂aN̂0 � N̂1
2)tanq

����
N̂1(n̂a � N̂0) � i(n̂aN̂0 � N̂1

2)tanq

2p
�
l

2p
�
l

t21t10 exp(iq)
��
1 � r21r10 exp(i2q)

r21 � r10 exp(i2q)
��
1 � r21r10 exp(i2q)
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Figure 1.14 The ratios (solid lines) of reflectivity amplitudes for p–polarized
(dashed lines) and s–polarized (dotted lines) waves as functions of the film thick-
ness for SiO2�Si structure. The optical constants for the wavelength of 633 nm
are: n1 � 1.46, N0 � 3.87 � 0.02i.
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For a non–absorbing substrate with the real refractive index n0, the
reflectivity vanishes for

n̂1
(0) � �n̂a n̂0�. (1.271)

Note that we are using the effective refractive indices, dependent
on the angle of incidence, and different for p– and s–polarization.

The periodic behavior of both reflectivity coefficients and their ratio
is shown in Fig. 1.14 for the non–absorbing SiO2 film on Si substrate. The
angle of incidence of 70° is slightly below the pseudo Brewster angle of
the substrate for the wavelength of 633 nm. Note the low values of the
modulus for s polarization at about the half of the period; in this case, the
condition of Eq. (1.271) is nearly satisfied. Since the p–polarized reflec-
tivity is fairly high for these thicknesses, the ellipsometric angle y almost
reaches 90°. The phase shift ∆ exhibits steep changes at well defined
thicknesses; either thickness variations or finite resolution would lead to
pronounced depolarization around these values for certain incident polar-
ization states.
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An overview of the ratio tan y exp i∆ � rp�rs of the reflectivity
amplitudes for the SiO2�Si system at 633 nm is shown in Fig. 1.15. The
pairs (y,∆) are repeated with the periods of about 254.6 nm and
293.6 nm for the angles of incidence of 50° and 80°, respectively. This
makes multiple–angle–of–incidence measurements suitable also for
films thicker than the period of Eq. (1.268). A similar representation of
the ellipsometric angles is shown in Fig. 1.16 for an absorbing film. The
two contours were calculated for constant angles of incidence and vary-
ing film thickness. The points labeled d � 0 are the ellipsometric angles
for bare silicon at 496 nm. The spirals traveled in the y–∆ plane with
increasing film thickness are governed by (i) the tendency to the perio-
dicity of Eq. (1.268) which would appear for negligible absorption in the
film, and (ii) the gradual loss of the wave reflected at the film–substrate
interface, due to the finite penetration depth of Eq. (1.214) in the absorb-
ing film. The spirals converge to points resulting for a semi–infinite
sample of the film material. Only a moderate tendency to depolarization

88 THEORY OF ELLIPSOMETRY

Figure 1.15 The ratios of reflectivity amplitudes for p– and s–polarized waves for
different film thickness in the SiO2�Si structure. The lines are computed for the
angle of incidence varying from zero to 90°, with several values marked by the sym-
bols. The film thickness has been increased from zero in steps of 20 nm. The opti-
cal constants for the wavelength of 633 nm are: n1 � 1.46, N0 � 3.87 � 0.02i.
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Figure 1.16 The ratios of reflectivity amplitudes for p– and s–polarized waves for
different film thickness in the SiGe�Si structure. The lines are computed for two
angles of incidence, 70° (upper spiral) and 75° (lower spiral). The film thickness d
increases along the lines, with successive steps of 10 nm marked by open circles.
The optical constants for the wavelength of 496 nm are: N1 � 4.32 � 0.073i,
N0 � 5.26 � 0.68i.
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due to the angular spread or variable film thickness is expected in this
situation.

The final example in Fig. 1.17 shows the magnitudes of s– and
p–polarized reflectivities for films on highly polarizable substrates. The
parameters chosen are representative of infrared response of a dielectric
film in the range of strong longitudinal optic vibrations, placed on a
metallic substrate. Since the real part of the refractive index of the film
material is less than that of the ambient, both s– and p–polarized waves
would be totally reflected (ys � yp � 45°) above the critical angle of inci-
dence, Eq. (1.207), if the film was non–absorbing and infinitely thick.
Due to the large magnitude of its refractive index (N � 12 � 50i repre-
sents silver at the vacuum wavelength of about 15 µm), the bare substrate
has the moduli of both reflectivity coefficients fairly close to unity, i.e.,
ys ≈ yp ≈ 45°, for any angle of incidence. However, the magnitude of
reflectance is quite different for both polarizations in the filmed structure.
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Since its high polarizability almost extinguishes the field inside the sub-
strate, the difference is related to the different amplitudes of the field in
the film.
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Figure 1.17 Amplitude reflectivity of p– and s–polarized light shown as the ellip-
sometric angle y; tany is the modulus of the coefficient.
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2.1 Introduction

Several different instrument designs for automatic ellipsometry
were developed in the late 1960’s,[1,2] including those based on self-
compensating,[3] rotating analyzer,[4] and phase modulation[5] principles.
With the modern versions of such instruments, it is possible to perform
ellipsometry experiments on reflecting samples in various multiple-
measurement modes with relative ease. Among the experimental vari-
ables utilized in these measurement modes include (i) the incident beam
wavelength l (or photon energy E);[6] (ii) the angle of incidence qi;

[7]

(iii) the time t during sample processing (or layer thickness d in the case
of thin film growth);[8] (iv) the incident beam polarization ellipse,
defined by its tilt and ellipticity angles (Qi, cj);

[9] and (v) the real part of
the dielectric function e1a for the ambient medium,[10] as described in the
selected reference articles. These different multiple-measurement modes
are designed to enhance the capabilities of ellipsometric data analysis.
For example, one can deduce additional sample parameters (e.g., those
related to surfaces and interfaces) that provide a better understanding of
the overall sample structure, or one can deduce sample parameters with
greater confidence.

Among the experimental variables listed above, the wavelength is
perhaps the most efficient single one for extracting additional sample
information. Hence, the technique of spectroscopic ellipsometry has
evolved over the last 25 years into a powerful tool for the analysis of spec-
ularly reflecting bulk material and thin film samples.[11,12] In a conventional
spectroscopic ellipsometry experiment, one measures the ellipsometric
angles (y, ∆) at 50 to 300 spectral points from near-infrared to ultraviolet
wavelengths. The spectral resolution is chosen to be sufficiently high in

Ch_02.qxd  1/1/04  2:06 AM  Page 93

Previous Page



94 THEORY OF ELLIPSOMETRY

order to resolve the sharpest structures in the (y, ∆) spectra of the sample
without distortion by instrument broadening.

From single-wavelength ellipsometric measurements of specularly
reflecting bulk material or thin film samples, it may be possible to extract
overlayer/film thicknesses and component material optical properties, i.e.,
complex dielectric functions, at the one wavelength under certain circum-
stances (using, e.g., the multiple-angle-of-incidence measurement mode).[1]

From the optical properties at the one wavelength, however, it is not often
possible to extract further information on the bulk or thin film material with
confidence. In contrast, from spectroscopic ellipsometry measurements, one
can readily extract not only layer thicknesses, but also the full wavelength
dependence of the complex dielectric function for one or more component
materials of the sample structure.[6] The resulting complex dielectric func-
tion spectra represent an intrinsic characteristic of the material (at least
when considered on a linear scale such that the effects of extrinsic defects
can be neglected). As a result, the real and imaginary parts of the dielectric
function spectra are often known as “optical constants” and have been tab-
ulated extensively for different bulk and thin film materials.[13,14]

The intrinsic nature of the complex dielectric function implies that it
provides a fingerprint of the material from which one can extract useful
information on alloy composition, void density, crystalline content, and
even material temperature, with a very high degree of confidence. These
capabilities are particularly useful and have been applied quite exten-
sively for semiconductor analysis. (For a selection of early studies see
Refs. 15–18 and for an excellent review see Ref. 19.) In addition, the complex
dielectric function spectra provide fundamental information about the
nature of electronic states in the material,[20] and on its band structure—in
the case of crystalline materials (see, e.g., articles by Cardona and
coworkers, Refs. 21 and 22). As a result, one of the first steps in research
on the optical properties of a new material involves a determination of its
complex dielectric function spectra. Finally, from the complex dielectric
function, one can predict the performance of the material in a variety of
optical and optoelectronic applications. For example, the spectroscopic
reflection, absorption, and transmission properties of a bulk material, cal-
culated from the complex dielectric function spectra and thickness, influ-
ence the external quantum efficiency of active solid state devices such as
photodetectors and photovoltaic cells.[23]

Here, the several approaches for extracting the complex dielectric
function spectra of bulk material and thin film samples from spectroscopic
ellipsometry data (y, ∆) are reviewed. In this way, a motivation is pro-
vided for developing a fundamental understanding of the optical proper-
ties in terms of the behavior of electrons and the electronic joint density
of states of the material.
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Surface cleaning. One approach that has been successful in the analy-
sis of opaque bulk materials requires performing surface chemical and
chemo-mechanical treatments on the sample in order to remove overlay-
ers including native oxides and surface roughness.[24] Once these overlay-
ers are fully removed such that the real surface approximates as closely as
possible a mathematically abrupt termination of the bulk (as is assumed in
the derivations of the Fresnel equations), then the complex dielectric func-
tion spectra of the material can be deduced directly from the (y, ∆) spectra
using an inverted form of the Fresnel equations. In fact, ellipsometry at a
single wavelength and at variable times during the surface processing
steps can be performed in order to determine the extent to which oxide
and roughness removal has been successful. This overall approach can be
applied only to oriented single-crystalline bulk materials, since the chemo-
mechanical surface treatment methods usually lead to different etching
rates for different crystal faces, hence, roughening in the case of poly-
crystalline bulk materials or thin films, in general.

Exact numerical inversion. A second general approach that can be
applied to determine the complex dielectric function spectra of bulk mate-
rial and thin film samples is exact numerical inversion of spectroscopic
ellipsometry data (y, ∆) using, for example, a Newton-Raphson algo-
rithm[25] or more modern advanced versions.[26] For such algorithms to
be applied, the optical properties of all material components of the sam-
ple structure except one must be known; in addition, all thicknesses must
be known. The approach begins by assigning first guess values for the real
and imaginary parts of the one unknown complex dielectric function
(e1, e2) at the first wavelength point (often the highest value of l in the
spectrum). Then (y, ∆) at this wavelength point are computed and com-
pared to the experimental results. In the simplest case of the Newton-
Raphson method, the algorithm is then used to determine corrections to
the first guess (e1, e2) values, based on linear extrapolations, that are
required to bring the calculated and experimental values into closer agree-
ment. The procedure is iterated and successive corrections are made until
the calculated and experimental (e1, e2) agree to within limits smaller than
the precision of the experiment, e.g., within 1 � 10�4. This process is
repeated for each spectral point in turn, applying the inverted (e1, e2) result
from the previous spectral point as a first guess for the next spectral point.
The success of this overall approach depends sensitively on the sample
structure and the unknown complex dielectric function. The iterative
process may diverge if the first guess for (e1, e2) is not sufficiently close to
the correct result or if the assumptions about the sample structure are
incorrect; furthermore, multiple solutions may also occur. The validity of
the resulting complex dielectric function spectra can be verified first by
ensuring that they contain no artifacts (see next paragraph) and second by
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96 THEORY OF ELLIPSOMETRY

comparing them to Kramers-Kronig consistent forms predicted on the
basis of the physical mechanisms described later in this chapter.

Artifact minimization. In exact numerical inversion, all experimental
errors—including incorrect assumptions about the sample structure, e.g.,
incorrect thicknesses—are transferred directly to the dielectric function
and can lead to unphysical artifacts. A third approach turns this problem
to an advantage, allowing one to deduce not only the one unknown com-
plex dielectric function, as described in the previous paragraph, but also
one or more unknown thicknesses. These thickness values are chosen by
trial-and-error to ensure that no artifacts appear in the complex dielectric
function deduced by exact numerical inversion. Such artifacts may arise
due to interference fringes that disappear from the real and imaginary
parts of the dielectric function spectra only when the film thicknesses in
the structure are fixed at their correct values.[27] Artifacts may also arise
due to features in the known complex dielectric functions of the compo-
nents of the sample structure (e.g., the substrate complex dielectric func-
tion when the unknown component is an overlying thin film).[28] Again
these artifacts can only be eliminated if the one or more film thicknesses
are chosen correctly.

Semiconductor or dielectric criterion. A fourth approach to extract the
complex dielectric function is similar to artifact minimization to the extent
that one can deduce one unknown complex dielectric function, and one or
more unknown thicknesses in the sample structure. This approach is only
relevant when the unknown dielectric function is associated with a semi-
conductor or dielectric component material, for which it is known that
e2 � 0 over some spectral range.[6] In this case, the thickness values are
chosen by trial and error so as to ensure that e2, again obtained along with
e1 by exact numerical inversion, vanishes over the required spectral range.

Least-squares regression. One of the most popular approaches for
extracting the complex dielectric function of a bulk or thin film material
is based on the least-squares regression method as exemplified in Refs. 15
through 19. (See also the excellent reviews by Jellison[29,30] in Refs. 11 and
12.) In this method, the unknown complex dielectric function spectra are
expressed in terms of a number of wavelength-independent parameters
that are determined along with the thicknesses by least-squares regression.
In this analysis procedure, first guesses are made for all the wavelength-
independent parameters, including the thicknesses and the optical prop-
erty parameters. Next, the (y, ∆) spectra corresponding to these initial
guesses are computed for comparison with the experimental results. The
least-squares regression algorithm is then used to compute corrections to
the first-guess parameter values that are required in order to bring the cal-
culated and experimental values into closer agreement (as in the exact
inversion routine). The iteration is complete when a mean-square error
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function between the calculated and experimental ellipsometric spectra is
minimized. It should be noted that this quantity cannot be reduced to zero
since the number of free parameters in the analysis is generally much less
than the number of experimental data values.

The earliest approaches in least-squares regression analysis used an
unweighted mean square deviation for the error function.[15] More recently,
the advantages of the weighted deviations have been demonstrated,
whereby the squares of the deviation between the calculated and experi-
mental data are divided by the experimental errors for each wavelength,
before taking the average versus wavelength.[31] With this error function,
the structural model for the sample and the optical model for the dielectric
function spectra can be considered as valid if the weighted version of the
error function is near unity. Thus, in least-squares regression analysis, the
optical properties of a given component material can be forced to follow a
physically correct form—a distinct advantage over the exact inversion
methods. The disadvantage occurs when the complex dielectric function is
too complicated to be expressed in terms of several free parameters. In this
latter case, the least-squares regression analysis will fail (e.g., the weighted
version of the error function will exceed unity), and the exact inversion
approach is then advantageous. Additional discussion of the disadvantage
of least squares regression analysis will appear later in this section.

The goal of this chapter is to provide a discussion of the physical prin-
ciples of the optical properties of solid state materials that will be useful
to the ellipsometry experimentalist. As the general theme of the chapter,
mathematical expressions for the complex dielectric function will be
developed in terms of wavelength-independent parameters that describe
the nature of the electronic transitions in the solid, the joint densities of
electronic states, and the interactions of the electrons with the network of
atoms. Although expressions based on simple classical mechanical princi-
ples can be derived, the most useful expressions are based on rigorous
quantum mechanical principles.[20] Such expressions can be employed in
comparisons with the complex dielectric functions obtained experimen-
tally as described above, either by the chemical cleaning methods or by
exact inversion of spectroscopic ellipsometry data. The comparisons can
provide qualitative information on the nature of the material, whereas rig-
orous fitting procedures can provide values of specific material parame-
ters such as the energy of the fundamental bandgap, the energies of the
critical points in the joint density of states, the electron relaxation times,
and the relative oscillator strengths and free electron densities.
Alternatively, for crystalline solids, the complex dielectric function
obtained experimentally can be twice differentiated with respect to pho-
ton energy and then fitted to specific theoretical lineshape functions that
provide insights into the band structure of the material.[21,22,32] This procedure
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98 THEORY OF ELLIPSOMETRY

is called “critical point analysis” and provides the energies at which the
van Hove singularities occur in the joint density of electronic states.
Finally, expressions for the complex dielectric function that are derived
from physical principles and include only wavelength-independent
parameters can be applied directly in least-squares regression analysis of
spectroscopic ellipsometry data. In this sense, the development of physi-
cally correct descriptions of the optical properties of solids and the analy-
sis of spectroscopic ellipsometry data are inextricably connected.[29,30]

Another important feature of theoretical expressions for the complex
dielectric functions of solids is the ability to express the wavelength-
independent parameters in these expressions as continuous (or possibly
step-wise continuous) functions of one or more of the material properties,
such as the alloy composition, doping level, crystalline grain size, or tem-
perature. As a result, once these parameter-property functions are estab-
lished, the complex dielectric function can be predicted theoretically, based
on the specification of one or more of the material properties. In order to
establish such a capability, e.g., for a series of semiconductor alloys, one
or more parameterized expressions for the complex dielectric function
must be developed that are valid for the entire series of alloys. Then, a
database having broad utility can be obtained in one of two ways. First, the
complex dielectric functions for materials of several different alloy
compositions—deduced from spectroscopic ellipsometry data either by
surface cleaning methods or by exact inversion—can be fit to the parame-
terized expressions in order to extract the optical property parameters that
can be plotted versus alloy composition. Alternatively, the optical property
parameters in such plots can be deduced directly from spectroscopic
ellipsometry data for the series of alloys using least-squares regression
analysis. In either case, the resulting optical property parameters can then
be fit to polynomial functions of alloy composition. Once this database of
p(n � 1) polynomial coefficients is established (where p is the number of
optical property parameters and n is the order of the polynomial), it can be
incorporated into the least-squares regression analysis algorithm. With this
enhancement, the algorithm can be used to extract directly the alloy com-
position of one or more layers in the sample structure along with the layer
thicknesses. In the more general situation, one or more material properties
including composition, doping level, crystalline grain size, and tempera-
ture may be extracted. As a result, such databases when combined with the
least-squares regression algorithm can provide an extremely powerful tool
for routine material analysis by spectroscopic ellipsometry. Structures of
the III-V ternary alloy system gallium-aluminum arsenide (Ga1–xAlxAs)
were the first to be studied in detail in this manner.[17,33–35]

Considering the widespread popularity of the least-squares regression
algorithm for determination of a variety of materials characteristics—not
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only the optical functions, but also band structure parameters, material
composition, temperature, etc.—it is important to emphasize potential pit-
falls of the overall approach. For most crystalline materials, the mathe-
matical expressions required to describe adequately their complex dielectric
functions include a very large number of wavelength-independent free
parameters (typically �20). As a result, the best fit parameters deduced in
the least-squares regression algorithm can exhibit very large cross-
correlation coefficients and consequently large confidence limits. Such
parameter uncertainties can generate two problems in the subsequent
analyses. First, if one proceeds to plot these optical property parameters
versus a material parameter, such as composition or temperature, and fits
the resulting plots to polynomial expressions, then large uncertainties in
the resulting polynomial coefficients may be generated. This in turn can
give rise to erroneous optical functions if the polynomials are used to
interpolate or extrapolate to compositions and temperatures for which
samples or measurements are unavailable. Second, if one proceeds to
interpret the optical property parameters further and deduces band struc-
ture information, then the associated confidence limits must be taken into
consideration. Otherwise erroneous interpretations concerning the elec-
tronic structure and physical processes may result. Further comments
on these pitfalls will be given when specific models and examples are
presented.

In the following four paragraphs, the overall framework of this chap-
ter will be previewed.[36] In many sections of the chapter, the treatment fol-
lows widely available textbook material where more detailed discussions
can be found. In these instances, representative texts are provided as ref-
erences throughout the sections and their titles are also collected at the end
of the chapter in the Bibliography.

In Section 2.2, the electromagnetic theory that forms the basis for the
propagation of light in bulk materials is presented.[20,37�39] First, the
approximate linear relationships are established that express the complex
dielectric function, a macroscopic quantity, as a function of the micro-
scopic electric charges/currents induced by electromagnetic fields in a
solid.[20] With these relationships, the exact microscopic form of
Maxwell’s equations can be converted to an approximate macroscopic
form. Then plane wave solutions to the macroscopic form of Maxwell’s
equations in the solid reveal the effects of the complex dielectric function
on the propagation of monochromatic electromagnetic waves in the opti-
cal frequency domain. Alternative expressions for the optical constants
are also defined in Section 2.2. These include the complex index of refrac-
tion, the absorption coefficient, and the complex optical conductivity. In
fact, outside the condensed matter and applied physics communities, the
complex index of refraction is used more commonly than the complex
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100 THEORY OF ELLIPSOMETRY

dielectric function to express the optical properties. The complex optical
conductivity is sometimes used in theoretical descriptions of the optical
properties of bulk metals. Because most solids are not optically isotropic,
a part of Section 2.2 is devoted to electromagnetic wave propagation in
these materials, and the concepts of the complex dielectric tensor, the
complex index tensor, the optical activity tensor, and the tensor of circu-
lar dichroism are introduced.[38,40,41] Characteristics of the complex dielec-
tric function and tensor dictated by causality are treated at the conclusion
of Section 2.2.

In Section 2.3, simple classical mechanical models are presented to
describe the interaction of a monochromatic electromagnetic wave with a
collection of identical atoms that comprise a hypothetical solid. These
models are based on the early work of Drude and Lorentz.[20,42,43] This clas-
sical approach yields the induced microscopic atomic charge redistribution,
and the macroscopic polarization (and hence the dielectric function), from
the Newtonian forces of the optical electric field on the electrons of each
atom. The model provides a simple qualitative understanding of the origin
of absorption and dispersion, or the wavelength-dependence of the com-
plex dielectric function. It can also account for the differences in optical
properties among insulators, semiconductors, and metals, in simple terms
based on the strength of the restoring forces exerted on the electrons by
the atomic cores. Although the complex dielectric function spectra of all
solid state materials exhibit the general features of these models, there are
few such spectra that can be closely fit and, thus, quantified in detail using
the models.

In general, one must incorporate the quantum mechanical features
associated with electronic states in the solid in order to closely fit complex
dielectric function spectra of real materials.[20,23,32,44,45] Such features are
necessary to account for the differences in the complex dielectric func-
tions observed among different materials within a given group (e.g.,
among metallic aluminum, silver, and gold, or among semiconducting sil-
icon, germanium, and gallium-arsenide). Such a quantum mechanical
description is provided in Section 2.4. In a quantum mechanical model of
the optical properties of a solid state material, the one-electron approxi-
mation is typically used. With this approximation, the effect of the optical
electromagnetic field on the many-electron wavefunction is obtained by
determining the response of each separate electron wavefunction within a
self-consistent potential. Then, one can consider the optical electric field
(in a crystalline solid, for example) as inducing transitions of single elec-
trons from their ground Bloch states to higher-lying excited states within
the framework of time-dependent perturbation theory. The complex
dielectric function is calculated from the expectation value of the conduc-
tion current density averaged over a volume that is large compared to
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atomic dimensions. Three situations will be discussed in detail: (i) direct
interband transitions in metals, semiconductors, and insulators, i.e., elec-
tronic transitions that conserve crystal momentum, from filled bands to
partially filled or empty bands; (ii) intraband transitions in metals, i.e.,
transitions of electrons within partially filled bands; and (iii) indirect,
interband transitions in semiconductors or insulators, i.e., transitions of
electrons from filled bands to empty bands, along with simultaneous
absorption or emission of a quantum of lattice vibrational energy. The
ability of the complex dielectric function to provide direct information on
the joint density of electronic states in an amorphous or crystalline solid
is also discussed.

In Section 2.5, examples are presented that demonstrate the scope of
derivations described in Sections 2.3 and 2.4.[36] In the first part of this
section, typical shapes of the classical Lorentz oscillator and Drude
expressions for the real and imaginary parts of the complex dielectric
functions are presented. The corresponding results are also presented in
terms of the real and imaginary parts of the complex index of refraction,
as well as in terms of the absorption coefficient and reflectance (the latter
assuming a single vacuum/material interface). These results provide a bet-
ter intuitive understanding of the manifestations of the dispersion (or
wavelength-dependence) of the optical properties in general. Next, the
Lorentz oscillator and Drude expressions, in spite of their limitations, are
compared qualitatively and quantitatively (i.e., by fitting) to different
materials, including amorphous silicon (a-Si:H) in thin film form,[46] alu-
minum (Al) and silver (Ag) in particulate form,[47,48] single-crystal gallium
arsenide (GaAs),[49,50] and thin film polycrystalline Ag.[36] In the second
part of this section, more detailed expressions developed on the basis of
quantum mechanical principles are employed specifically to fit a similar
group of materials more precisely, including thin film amorphous silicon-
germanium (a-Si1–xGex:H) and amorphous silicon-carbon (a-Si1–xCx:H)
alloys,[51,52] single-crystal Si and GaAs,[53,54] mercury cadmium telluride
(Hg1–xCdxTe) ternary alloys,[55] and thin film Al.[47]

Before proceeding, it should be noted that several topics related to the
optical physics of solids are treated only briefly or are omitted from this
chapter as they are covered in specialized chapters elsewhere in this
Handbook. In fact, the underlying theme of this chapter from a micro-
scopic viewpoint is the intrinsic optical processes involving valence and
conduction electrons. This limitation means that the discussion of the
complex dielectric function itself will be confined to the range of wave-
lengths where electronic transitions occur between (or among) valence
and conduction band states (i.e., states lying within ~±5 eV of the Fermi
level). This range is spanned by conventional spectroscopic ellipsometers
operating from near-infrared to ultraviolet wavelengths. Measurements of
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102 THEORY OF ELLIPSOMETRY

the complex dielectric function in the infrared range yield information on
atomic/molecular vibrations in semiconductors and insulators and on free
electron transitions in metals. Only the latter optical processes will be
treated here; atomic and molecular vibrations will be treated in Chapter 11:
Infrared Ellipsometry. The dielectric function from the deep ultraviolet to
the x-ray range provides information on the electronic core levels in the
solid and will also not be discussed in this chapter. The optical responses
of materials at shorter wavelengths than those covered here (l � 200 nm)
will be treated in Chapter 10: Ultraviolet Ellipsometry. Finally, with
regard to this introduction as well as to the applications presented in
Section 2.5, the emphasis rests squarely on isotropic materials. In general,
anisotropic materials pose special problems in measurement and data
analysis (see Chapter 3: Analysis of Ellipsometric Data; Chapter 9:
Anisotropic Materials). Once the complex dielectric tensor has been
obtained in diagonal form, however, each of the principal components of
this tensor can be modeled using the same physical principles as described
in Sections 2.2 through 2.4. Models of the complex optical activity tensor
are beyond the scope of this Handbook.

2.2 Propagation of Light in Solids

2.2.1 Optically Isotropic Solids and the Complex
Dielectric Function

In describing the propagation of light waves in solid media, an appro-
priate starting point is the macroscopic version of Maxwell’s Equations.
These equations can be found in a number of textbooks on electrodynam-
ics and optics,[37–39] and are given by:
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In Eqs. (2.1a) and (2.1d), e0 and m0 are real constants, the permittivity and per-
meability of free space, respectively, given by e0 � 8.8542 � 10�12 C2�Nm2

and m0 � (4π) � 10�7 Ns2�C2. These constants are related to the speed of
light in vacuum c by m0e0 � c�2. In addition, E

→
, B

→
, rtot, and J

→
tot in

Eqs. (2.1) are the macroscopic electric field and magnetic induction
associated with the wave and the macroscopic total charge and current
densities in the solid, respectively. In this chapter, System International
(SI) units are employed throughout; for useful conversion tables see
Ref. 39.

The macroscopic fields and charge or current densities are obtained
by averaging the corresponding microscopic quantities over a volume
∆V having linear dimensions of ~10 nm. Such dimensions are small
compared to the wavelength range of interest for the light waves, ~200
to 1000 nm, but large compared to atomic dimensions, 0.2 nm. For
example, the macroscopic electric field and total charge density are
obtained by:

E
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∆
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 �0
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→� r→�)d 3r→�, (2.2a)
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where E
→

loc and rmicro are the microscopic electric field and charge density
that vary on the atomic scale. Similar equations also relate B

→
loc to B

→
and

J
→
micro to J

→
tot. In a classical model, rmicro and J

→
micro are calculated by summing

contributions from the individual electrons and atomic nuclei. In a quan-
tum mechanical model, the electron contribution must be calculated from
the electronic wavefunction y(r→) of the system, i.e., rmicro(electrons) �
�ey* (r→)y(r→), where �e is the charge of the electron (see, e.g., Refs. 56
and 57).

Equations (2.1) ultimately need to be reformulated by introducing
the macroscopic optical properties of the solid.[20] As the first step in this
procedure, the macroscopic total charge and current densities can be
separated into different components, depending on their origin. The
charge density can be separated into polarizable charges (rpol), i.e., the
balanced charges due to the electrons and the background of atomic
nuclei, and external charges (rext) introduced into the electrically neutral
solid. The current density can be separated into bound currents (J

→
bound),

due to the localized motion of electrons bound to nuclei, and free cur-
rents (J

→
free) due to the extended motion of electrons through the solid.
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The first equalities from the left in the following two equations describe
these separate components:

rtot � rpol � rext � (��
→

	 P
→

) � rext, (2.3a)

J
→
tot � J

→
bound � J

→
free � 


∂
∂
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t

 � (�

→
� M

→
) � (J

→
cond � J

→
ext). (2.3b)

The second equality of Eq. (2.3a) describes the macroscopic polarizable
charge density rpol in terms of a spatially nonuniform electric dipole
moment per unit volume, or polarization P

→
. Such polarization can be visu-

alized as a displacement of the electronic clouds with respect to the nuclei.
The second equality in Eq. (2.3b) describes the macroscopic bound cur-
rent density J

→
bound in terms of contributions from a time-dependent polar-

ization P
→

and from a spatially nonuniform magnetic dipole moment per
unit volume, or magnetization M

→
. In nonmagnetic solids, weak magneti-

zation can result from the interaction of the local B
→

-field with the electron
spins and/or the orbital motion of electrons (e.g., Landau diamagnetism in
the case of the orbital motion of free electrons). Such effects on the opti-
cal properties of the solid are small and can be neglected under most
circumstances. The effect of the much stronger M

→
-field in a saturated fer-

romagnetic solid on its optical properties can be significant; however,
nonmagnetic solids are assumed in this article. The free current density
J
→
free in Eq. (2.3b) includes the currents due to conduction electrons (J

→
cond)

in metals and semiconductors as well as external currents (J
→

ext). Note that
the conduction electrons do not generate a net macroscopic negative
charge in Eq. (2.3a) due to the balance of the positive charge background
of the nuclei.

By defining two new vector fields, the displacement, D
→

, and the mag-
netic field intensity, H

→
, given by:
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the macroscopic version of Maxwell’s Equations can be rewritten as:
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Next, the macroscopic optical properties of the solid can be intro-
duced through the constitutive relationships:

P
→

� e0ce,r E
→

, (2.6a)

M
→

� cm,rH
→

, (2.6b)

J
→

cond � 4pe0srE
→

. (2.6c)

Here ce,r, cm,r and sr are, respectively, the real (r) electric (e) and magnetic
(m) susceptibilities and the real optical conductivity (the latter in units of s�1),
which all depend on the frequency of the light wave. In fact, the pref-
actor of E

→
in Eq. (2.6c), 4pe0sr is the conductivity expressed in SI units

[(Ω m)�1]. In Eqs. (2.6), it is assumed that the response to the fields is lin-
ear and the solid is optically isotropic. A discussion of wave propagation
in optically anisotropic solids is provided in Section 2.2.2 . Two frequency-
dependent parameters alternative to the susceptibilities can also be used to
describe the medium. These are defined by:

D
→

� e0erE
→

, (2.7a)

B
→

� m0mrH
→

, (2.7b)

where er is the real dielectric function and mr is the real magnetic perme-
ability. These dimensionless parameters are related to the real susceptibil-
ities by: er � 1 � ce,r and mr � 1 � cm,r. The focus of this article will be
on nonmagnetic solids for which cm,r � 0 and mr � 1. In ferromagnetic
solids one can still set mr ≈ 1 for the high frequency field associated with
the light wave; however, one must include the effect of the permanent
magnetization on the optical properties.

By using Eqs. (2.6c) and (2.7a–b) to eliminate D
→

, H
→

, and J
→

cond in
Eqs. (2.5), one arrives at a re-expression of the macroscopic Maxwell’s
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Equations that explicitly includes the macroscopic properties of the mate-
rial (i.e., sr, er, mr).

[20,37–39] However, the new equations are no longer exact
since Eqs. (2.6–2.7) describe only an approximate response of the solid to
the fields. Assuming no external charges or currents, and an isotropic,
homogeneous (i.e., no spatial variations in sr, er, and mr), and nonmag-
netic (i.e., M

→
� 0, mr � 1) material, then these new expressions are given

by:

�
→

	 E
→

� 0, (2.8a)

�
→

� E
→

� �

∂
∂
B
→

t

, (2.8b)

�
→

	 B
→

� 0, (2.8c)

�
→

� B
→

� 

c

e
2
r

 


∂
∂
E
→

t

 � 


4p
c2

sr

 E

→
. (2.8d)

Applying Eq. (2.8d) to eliminate B
→

from Eq. (2.8b), the following
wave equation is obtained for the E

→
-field:

�
→

2E
→

� 

c

e
2
r

 


∂
∂

2

t

E
→

2
 � 

4p

c2

sr

 


∂
∂
E
→

t

. (2.9)

From Eqs. (2.8a) and (2.9), one finds that the solutions for E
→

are trans-
verse plane waves that describe the propagation of the light through the
solid in terms of the (real) optical property parameters er and sr. These
solutions can be expressed in the following complex harmonic form:

E
→

(r→,t) � E
→

0 exp[i(q→ 	 r→ � wt)]. (2.10a)

Here, a single frequency component w appears, based on the assumption
that the light wave in the medium is monochromatic. In addition, the
complex wavevector q→ is perpendicular to the field amplitude vector E

→
0

and obeys:

q2 � �

w
c

�

2

�er � i�
4p
w
sr

�� � �


w
c

�

2

N2. (2.10b)

A complex wavevector is required to account for dissipation of energy via
the optical conductivity term at the far right in Eqs. (2.8d) and (2.9). In
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Eq. (2.10b), er and sr denote the real dielectric function and real optical
conductivity at the light wave frequency w. N is the complex index of
refraction at the frequency w, given by:

N � n � ik � �er � i	�
4p
w
sr

�	. (2.10c)

In the first equality, n is the (real) index of refraction, and k is the extinc-
tion coefficient.

With this new description of the optical properties of the solid, the E
→

-field
solution of Eqs. (2.10) can now be written

E
→

(r→,t) � E
→

0 exp ��

w

c

kz

� exp
i�
wc

nz

 � wt��, (2.11)

where it is assumed that the wavevector q→, defining the direction of prop-
agation, is parallel to the z-axis. Thus, the electric field vector of Eq. (2.11),
confined to the x-y plane, can be expressed as a wave propagating within
the medium having a phase velocity vp � c�n, a wavelength lm � 2pc�wn,
and an exponentially decaying amplitude with decay length (at 1�e) of
wk�c. The irradiance I, or the time average of the energy crossing a unit
area normal to q→ per unit time for an isotropic solid, is given by

I(z) � 

e0e

2
rvp
E2

0 exp ��

2w

c

kz

�.

The absorption coefficient a describes the decay of the irradiance due to
energy dissipation. Thus,

I(z) � I0 exp (�az), (2.12a)

a � 

2w

c

k

 � 


4p
l

k

, (2.12b)

I0 � 

e0e

2
rvp
E2

0, (2.12c)

where I0 � I(z � 0). In Eq. (2.12b), l � 2pc�w � nlm is the wavelength
for a light wave of the same frequency sustained in vacuum. Equations (2.12)
do not apply when n � 0 and k � 0, e.g., for a perfect metal. In this spe-
cial case, I(z) � 0, and since no net energy can be transmitted into the
material from vacuum, no energy is dissipated.
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108 THEORY OF ELLIPSOMETRY

In addition to the complex index of refraction, the complex dielectric
function e is commonly used to define the macroscopic optical properties
of solids, where

e � N2 � er � i �
4p
w
sr

�. (2.13a)

The real and imaginary parts of e, written as e1 and e2 with e � e1 � ie2,
are given by:

e1 � er � n2 � k2, (2.13b)

e2 � 

4p

w
sr

 � 2nk. (2.13c)

Inverting these equations yields:

n � �
�e2
1 �	2

e2
2 � e	1

	, (2.13d)

k � �	. (2.13e)

The complex dielectric function can enter directly into the wave equa-
tion solution by starting with Maxwell’s Equations [Eqs. (2.5)] and
redefining a displacement field D

→
that is explicitly complex. The complex

D
→

incorporates both the real displacement field of Eq. (2.7a), now denoted
D
→

r, and the real current density of Eq. (2.6c) due to conduction electrons,
now denoted J

→
cond,r:

D
→

� e0eE
→

� D
→

r � 

w
i

 J

→
cond,r, (2.14)

as described in Ref. 20. This also leads to an explicitly complex polariza-
tion vector and complex electric susceptibility ce in accordance with
Eq. (2.6a):

P
→

� e0ceE
→

� e0(e � 1)E
→

, (2.15)

where ce � e � 1 � (er � 1) � i(4psr�w).
A third definition of the optical properties often used in the study

of metals is the complex optical conductivity s, given in terms of the

�e2
1 � e2

2 � e1


2
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complex dielectric function e and the complex electric susceptibility
ce by:

s � 

4

iw
p

(1 � e) � �


4

iw
p

ce. (2.16a)

The real and imaginary parts of s, written as s1 and s2 with s � s1 � is2,
are given by:

s1 � � sr, (2.16b)

s2 � � 

w(1

4
�

p
er)
 � � . (2.16c)

The complex optical conductivity develops naturally in the solution to
the wave equation by defining a new conduction electron current in
Maxwell’s Equations [Eqs. (2.5)] that is explicitly complex and incorpo-
rates the real polarization of Eq. (2.6a), now denoted P

→
r, along with the

real conduction electron current of Eqs. (2.6c) and (2.14):

J
→

cond � 4pe0sE
→

� J
→

cond,r � iwP
→

r. (2.17)

In theory, experiments can be devised to measure N for bulk solids
based on Eqs. (2.11) and (2.12). For example, one can conceive of illumi-
nating a disc of material having two optically polished plane-parallel sur-
faces with a monochromatic plane light wave of known frequency w or
vacuum wavelength l � 2pc�w. The optical properties n and k can then
be obtained by measuring the phase shift (relative to a reference wave; for n)
and the irradiance change (for k) that occur when the wave traverses the
disc. As a practical matter, however, the measurements must be made
external to the solid; thus, one must account for the effects of the inter-
faces between the solid and ambient in the measurements.[58,59] With this
method, the maximum measurable value of a is 102 cm�1 for polished
bulk materials with d ~ 0.1 cm, owing to the near opacity of the sample
for higher a values. As a result, a reflection measurement such as ellip-
sometry, rather than a transmission measurement, must be used to obtain
the much larger a values (�103 cm�1) associated with intraband and
direct interband transitions (see Sections 2.4 and 2.5). In addition, meas-
urements of the large phase shifts relative to vacuum that occur in such a
sample geometry are impractical for solids with typical values of n � 1.4 to
4.0. In this case, refraction or reflection measurements are preferred for
determining n, depending on whether the material is transmitting or is

wce,r



4p
w(1 � e1)




4p

we2


4p
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110 THEORY OF ELLIPSOMETRY

opaque, respectively. Further information regarding the physics of reflec-
tion, the ellipsometry measurement, and the analysis for determination of
(n, k) [or (e1, e2)] is provided in other chapters of the Handbook, as well
as in Section 2.1 of this chapter.

2.2.2 Optically Anisotropic Solids and the 
Dielectric Tensor

For the discussion of Section 2.2.1, the medium was assumed to be
optically homogeneous and isotropic. In other words, its dielectric func-
tion was assumed to be independent of position in the solid (on a macro-
scopic scale) and also independent of the orientation of the light wave’s
orthogonal vectors (D

→
, H

→
, q→). The assumption of optical isotropy is only

strictly valid for crystalline solids that are cubic and for amorphous and
nanocrystalline materials that are microstructurally isotropic. Otherwise
the solids are optically anisotropic, in general, and may exhibit optical
phenomena including linear and circular birefringence and dichroism. For
linear birefringence, two light waves traveling with the same propagation
vector q→ in the solid, but with orthogonal linear polarization modes (i.e.,
polarization states that travel unchanged within the solid), denoted by the
displacement vectors D

→
1 and D

→
2, experience different indices of refraction

n1 and n2. As a result, the two waves travel at different phase speeds vp1

and vp2 in the solid. Anisotropic solids possessing a helical arrangement of
atoms or a helical nanostructure may exhibit circular birefringence. For
this case, left- and right-elliptical polarization states are the orthogonal
modes, in general, and these experience different indices of refraction and
travel at different phase speeds. Linear and circular dichroism may
accompany linear and circular birefringence, respectively, in absorbing
solids and are characterized by different extinction coefficients for the two
orthogonal polarization modes. The indices of refraction and extinction
coefficients that describe wave propagation in linearly or circularly bire-
fringent and dichroic materials can be combined to form a complex
dielectric tensor of second rank, as described below.

In this subsection, the physics of wave propagation in anisotropic
solids will be described. First, such a description is informative to the
ellipsometry user for the physical insights it provides into the optical phe-
nomena exhibited by anisotropic samples. More detailed information
regarding the physics of reflection from a multilayer sample that includes
one or more anisotropic media, the ellipsometric measurement of such
samples, and the analysis of data for determination of the thicknesses and
dielectric tensors is provided in other chapters of the Handbook. Most
often the latter analysis involves a matrix method of computation in a

Ch_02.qxd  10/16/04  2:25 PM  Page 110



“cookbook” style that provides no physical insights into the associated
optical phenomena. Second, a description of wave propagation in non-
absorbing anisotropic solids is informative because it provides insights
into the operation of the basic components of the ellipsometer, including
polarizers, compensators, and phase modulators. For the modulators, opti-
cal anisotropy and its effects such as linear and circular birefringence and
dichroism can be induced by external perturbations such as electric fields
(for Pockels cell modulators), magnetic fields (for Faraday cell modula-
tors), or mechanical stress (for piezo-optic modulators).

2.2.2.1 Non-Absorbing Solids that are not Optically Active

The scalar dielectric function for an optically isotropic solid, defined
by Eq. (2.7a), becomes a second-rank tensor in an anisotropic solid.[38,40,41]

For a homogeneous solid that is non-absorbing, nonmagnetic, and not
optically active, one can write:

Dx � e0(er11Ex � er12Ey � er13Ez), (2.18a)

Dy � e0(er21Ex � er22Ey � er23Ez), (2.18b)

Dz � e0(er31Ex � er32Ey � er33Ez), (2.18c)

or for simplicity in the different tensor notations:

Di � e0erij Ej, (2.19a)

D
→

� e0[er]E
→

. (2.19b)

In Eqs. (2.18) and (2.19), the orthogonal (x, y, z) axes chosen for the ref-
erence frame [also designated by indices i � (1,2,3) or j � (1,2,3), respec-
tively] are fixed in the medium. In Eq. (2.19a), the Einstein convention of
summing over repeated indices is employed. In Eq. (2.19b), the brackets
enclosing the single variable er denote a tensor, in this case, of second rank
defined by the elements of a 3 � 3 matrix.

In restricting the discussion of this part to non-absorbing solids, the
tensor elements erij are assumed to be real, as indicated by the subscript ‘r’
in Eqs. (2.18) and (2.19). As a result, this discussion is most useful for
understanding the optical characteristics of ellipsometer components such
as polarizers, compensators, and phase modulators. For non-absorbing
solids, energy conservation requires that erij � erji, i.e., that [er] is sym-
metric. As a result, it is always possible to select a specific (x, y, z)
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112 THEORY OF ELLIPSOMETRY

coordinate system such that [er] is diagonal. The (x, y, z) directions for this
selection define the principal dielectric axes. For single crystals having
orthorhombic and higher symmetries, the principal dielectric axes lie
along the symmetry axes of the crystal, and hence their orientation is com-
pletely specified in advance, as long as the orientation of the crystal is
known. In this case, at most three independent quantities, the principal
dielectric functions, erjj (j � 1,2,3), must be specified in order to define the
dielectric tensor and principal axes. In contrast, the absence of symmetry
for the triclinic crystal system means that the directions of all three
orthogonal principal axes are unspecified even when the crystal orienta-
tion is known in advance (assuming that the relation between the crystal
axes and the principal dielectric axes had not been previously determined
for the crystal). Thus, six independent quantities [{erjj, (j � 1,2,3)}; plus
the coordinate system orientation] must be specified. Table 2-1 provides
the number of independent elements needed to define the diagonalized
dielectric tensor and the orientation of the principal axes for different
crystal systems.[40,41]

In non-absorbing, nonmagnetic solids [with H
→

� B
→

], Maxwell’s
Equations exhibit linearly polarized, plane-wave solutions requiring that
the vectors (D

→
, H

→
, q

→
) [or (D

→
, B

→
, q

→
)] form a right-handed coordinate sys-

tem. As a result, D
→

and H
→

always lie in the plane perpendicular to q
→

. In
optically isotropic solids, Eq. (2.7a) shows that D

→
and E

→
are parallel; so

in this case E
→

also lies in the same plane perpendicular to q
→

. In optically
anisotropic solids, however, Eq. (2.18) shows that D

→
and E

→
are not nec-

essarily parallel. Because Maxwell’s Equations also require that the vec-
tor E

→
remains perpendicular to H

→
[or B

→
], this implies that E

→
, D

→
, and q

→
are

all coplanar (lying in the plane perpendicular to H
→

). Hence E
→

cannot
remain perpendicular to q

→
, in general, and so the direction of wave prop-

agation defined by the propagation vector q
→
, called the wave normal, is

not necessarily parallel to the direction of energy propagation defined by
the Poynting vector S

→
� E

→
� H

→
, called the ray direction. In fact, the angle

x between q
→

and S
→

, i.e., between the wave normal and the ray direction,
is the same as that between D

→
and E

→
, and so is given by

cos x � 



E
E

→

→


	

D
→
D
→



.

Since the ray and wavefront exhibit the same frequency and must remain
in phase during propagation through the crystal, the speed of the ray, vu,
must exceed that of the wavefront, vp, by the factor (1�cosx). Thus,
vu � vp�cosx, meaning that the phase speed is the projection of the ray
speed on the direction of the wave normal. The wavefront or phase speed
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Crystal
systems and
point groups

Triclinic
(1, 1


)

Monoclinic
(b axis
unique)
(2, m, 2/m)

Orthorhombic
(2mm, 222,
mmm)

Trigonal (3,
3

, 3m, 32,

3

m)

Tetragonal
(4, 4


, 4/m,

4mm, 4

2m,

422, 4/mmm)

Hexagonal
(6, 6


, 6/m,

6

m2, 622,

6mm,
6/mmm)

Cubic (23,
m3, 4


3m,

432, m3m)

No. of 
parameters

6

4

3

2

2

2

1

Nature and
orientation of
index 
ellipsoid

Ellipsoid,
principal axes
in unspecified
directions

Ellipsoid, one
principal axis
‘ to b, other
two ⊥ to b but
in unspecified
directions

Ellipsoid, all
three principal
axes along a,
b, and c

Spheroid, with
unique axis ‘
to c

Spheroid, with
unique axis ‘
to c

Spheroid, with
unique axis ‘
to c

Sphere

Optical
behavior

Biaxial, optic
axes in
unspecified
directions

Biaxial, optic
axial plane
either ‘ or ⊥
to b

Biaxial, optic
axial plane ‘
to ab, bc, or
ca; acute
bisectrix ‘ to
one crystal
axis

Uniaxial, optic
axis ‘ to c

Uniaxial, optic
axis ‘ to c

Uniaxial,
optic axis ‘
to c

Isotropic

Variation
with l, tem-
perature, or
hydrostatic
pressure

Unspecified

Orientation of
one principal
axis always
along b

No change in
orientation,
but only
change in
length of prin-
cipal axes, i.e.,
nx, ny, and nz

Optic axis
always along
c, but no and
ne will vary

Optic axis
always along
c, but no and
ne will vary

Optic axis
always along
c, but no and
ne will vary

Always
isotropic, but
n will change

Point groups
exhibiting
optical
activity

1

2, m

2mm, 222

3, 32

4, 422, 4

,

4

2m

6, 622

23, 432

Table 2-1. Optical behavior of transparent solids of different crystal sys-
tems.  In this table, (a, b, c ) designate the principal crystallographic axes
which are aligned with the principal dielectric axes (x, y, z) for crystals of
orthorhombic and higher symmetry.  The semiaxes of the index ellipsoid
(see Fig. 2.1) define the principal indices of refraction (nx, ny, nz).  For biax-
ial crystals, (x, y, z) are labelled such that nx � ny � nz.  For uniaxial crys-
tals, the z-axis of the index ellipsoid is the optic axis and is parallel to the
c crystallographic axis. For these crystals, no � nx � ny is the ordinary
index of refraction, and ne � nz is the extraordinary index of refraction.
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114 THEORY OF ELLIPSOMETRY

is defined as in optically isotropic solids by vp � c�n, where n for
anisotropic solids is the index of refraction corresponding to the specific
orientations of D

→
and q→. In anisotropic solids,

vp � 

c�e

D
0
→
E
→



	 D
→


,

an expression derived starting from the equality D
→

 � e0n
2E

→
cos x. In the

next paragraphs, further consequences of such wave propagation behavior
will be discussed.

The electrical energy density associated with an electromagnetic
wave propagating within an optically anisotropic crystal is a constant for
a non-absorbing solid.[38,40] This constant is given by:

uE � 

D
→

2

	 E
→


 � 

D
→

	

2

[

e
a

0

r]D
→




� ,

(2.20a)

where [ar] is the real index (or impermeability) tensor given by E
→

� 

e
1

0


[ar]D
→

(see, e.g., Ref. 40). Thus, [ar] is obtained by taking the inverse of the
matrix that represents the dielectric tensor, i.e., [ar] � [er]

�1. In the (x, y,
z) coordinate system of the principal dielectric axes, both [ar] and [er] are
diagonal with arjj � 1�erjj. In this coordinate system,

uE � 

2

1

e0


 �

e
D

r1

x
2

1


 � 

e
D

r2

y
2

2


 � 

e
D

r3

z
2

3


�. (2.20b)

Finally, applying the unitless scaling

R
→

→ 

�2

D
→

e0uE

,

yields the so-called index ellipsoid (or optical indicatrix):

1 � 

X

nx
2

2


 � 

Y

ny
2

2


 � 

Z

nz
2

2


. (2.20c)

ar11Dx
2 � ar22Dy

2 � ar33Dz
2 � 2ar12DxDy � 2ar13DxDz � 2ar23DyDz









2e0
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Thus, the index ellipsoid is the surface consisting of the locus of D
→

vector
endpoints, corresponding to an energy density of (1�2e0), and has semi-
axes given by the principal indices of refraction, defined by

nx � �er11 � 

�

1
ar11

,

ny � �er22 � 

�

1

ar22

,

and

nz � �er33 � 

�

1

ar33

.

It should be kept in mind that any coordinate transformations of this ellip-
soid are performed via the index tensor [ar] � [er]

�1, as in Eq. (2.20a),
rather than via the dielectric tensor [er].

[40]

In fact, the geometric construction of Eq. (2.20c) can be applied to
determine the indices of refraction (n1, n2) and directions of the displace-
ment vector (D

→
1, D

→
2) associated with the two independent, linearly polar-

ized modes that can propagate along a given wavevector direction q→ (see
Fig. 2.1). First, the plane passing through the origin, normal to q→ is
defined. This plane intersects the index ellipsoid to form an ellipse, or
central section, that provides the index of refraction n(D

→
) for all possible

directions of D
→

normal to q→. The minor and major axes of this ellipse

Figure 2.1 Index ellipsoid (left) and its central section (right) for an anisotropic
solid demonstrating the procedure used to determine the two possible values of
the index of refraction (n1 and n2), as well as the directions of the associated
orthogonal linear polarization modes (D

→
1 and D

→
2), given the direction of the

wavevector, q
→

.
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define the maximum and minimum phase speeds vp1 � c�n1 and vp2 � c�n2,
respectively, corresponding to the two specific orthogonal directions of
D
→

1 and D
→

2 (or linear polarization directions). Thus, for any direction of D
→

normal to q→, the displacement can be resolved along these two directions,
yielding two orthogonal linearly polarized waves having different phase
speeds. When a wave in an optically isotropic medium crosses an inter-
face into an anisotropic medium, the two polarization components will be
refracted through different angles, and this is the physical explanation of
the unique visual effect of birefringence. This effect is exploited, for
example, in MgF2 Rochon prism polarizers that spatially separate the
orthogonal linearly polarized waves.

An approach alternative to that of Eq. (2.20c) and Fig. 2.1 for under-
standing wave propagation in optically anisotropic crystals provides a
direct connection between the direction of q→ and the indices of refraction
for the two orthogonally polarized waves.[38,40] Considering the linearly
polarized plane-wave solutions to Maxwell’s Equations in an anisotropic,
non-absorbing solid that is not optically active, the index of refraction n
(defining the phase speed, c�n) and the wave propagation direction q→�q
are related by Fresnel’s equation:

� Σ
3

j�1
� �

2

. (2.21)

As usual, the principal-axes coordinate system must be used, and the sum-
mation j is over the (x, y, z) components of q→�q, designated in Eq. (2.21)
as qj�q (j � 1,2,3), and over the principal indices of refraction (nx, ny, nz),
designated as njj (j � 1,2,3). This equation has two positive solutions for
the index of refraction, n, corresponding to the two orthogonal linearly-
polarized waves of different phase speeds having wave normals in the
direction of q→�q � (qx�q, qy�q, qz�q). Each of the two solutions for n(q→)
can be visualized as a surface in propagation-vector space such that the
vector from the origin to a point on the surface in the direction of q→�q has
length n. These surfaces, along with the corresponding surfaces given by
vp(q

→) � c�n(q→), are collectively referred to as normal surfaces. Given the
direction of the Poynting vector S

→
, similar surfaces called ray surfaces can

be constructed. These surfaces can be obtained from Eq. (2.21) by making
the replacements (n, njj, qj, q) → (nu

�1, njj
�1, Sj, S), and they provide two

possible solutions for the ray or energy index, nu(S
→

), and the ray speed,
related by vu(S

→
) � c�nu(S

→
). For a given wave defined by q→ and S

→
, the nor-

mal and ray surface solutions for the index are related by nu � ncosx.
For crystal systems of orthorhombic and lower symmetry having

three unequal principal indices of refraction, the normal surfaces given by

1


n2 � n2

jj

qj


q

1


n2
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Eq. (2.21) intersect at four coplanar points.[38,40] In this case, two optic
axes can be defined, each passing through the origin and one pair of inter-
secting points. For propagation vectors along these two axes, the two
orthogonal linearly polarized waves experience the same index of refrac-
tion and therefore exhibit the same phase speed. Thus, the crystals exhibit-
ing this behavior are called “optically biaxial,” as shown in Table 2-1. In
an optically biaxial crystal, the principal coordinate axes are labeled such
that the principal indices of refraction obey nx � ny � nz. With this label-
ing convention, the optic axes lie in the x-z plane. A cross-section of the
intersecting normal surfaces, defined in terms of n(q→) whereby q→ lies
within the x-z plane, is shown in Fig. 2.2(a) for a biaxial crystal. One cross
section is circular, given by n � ny, corresponding to linearly polarized
waves with D

→
parallel to the y-axis. The other is elliptical, given by:

� � , (2.22a)

corresponding to linearly polarized waves with D
→

perpendicular to the
y-axis.[41] In Eq. (2.22a), f is the angle between the z-axis and the propa-
gation vector direction in the x-z plane. It should be noted that the cross
sections of the normal surfaces in the x-y and y-z planes do not intersect,
meaning that there are two unequal n values for the orthogonal linearly
polarized modes when the propagation vector q→ lies in these two planes.

For the higher symmetry optically anisotropic crystals (see Table 2-1)
there are two distinct principal indices of refraction, the ordinary index,
no � nx � ny, and the extraordinary index, ne � nz. In this case, one normal
surface is a sphere that defines the directionally independent ordinary
index of refraction, given by n � no. The other is a spheroid having an axis
of symmetry along the z-direction, given by:

� � , (2.22b)

where f is the angle of the propagation vector in the x-z plane defined rel-
ative to the z-axis.[40,41] Such crystals are called “optically uniaxial”,
because the normal surfaces now intersect at only two points at f � 0° in
the x-z plane. The line passing through the origin and joining the two
intersecting points defines the optic axis, i.e., the z-axis in this case. If
no � ne, then the crystal is said to be positive uniaxial, an example being
a-quartz (with no � 1.5443 and ne � 1.5534 at l � 589.3 nm), often used
to fabricate Rochon polarizers and Babinet-Soleil compensators. If no � ne,
it is said to be negative uniaxial, an example being calcite (CaCO3) (with

cos2 f



n2
o

sin2 f



ne
2

1


n2

sin2 f



nz
2

cos2 f



nx
2

1


n2
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118 THEORY OF ELLIPSOMETRY

Figure 2.2 Intersections of the two normal surfaces of Eq. (2.21) with the x-z plane
for (a) a biaxial crystal (nx � ny � nz); (b) a positive uniaxial crystal (no � nx � ny �
ne � nz); and (c) a negative uniaxial crystal (ne � no). The optic axes, defined by
the intersection points of the normal surfaces, are also indicated in each case (by
OA). For the biaxial crystal in (a), the principal indices of refraction are indicated
for q

→
� q

→
0 along x

→
.
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no � 1.6584 and ne � 1.4864 at l � 589.3 nm), used to fabricate Glan-
Thompson or Glan-Foucault polarizers. The intersections of the x-z plane
with the normal surfaces of positive and negative uniaxial crystals are
shown in Figs. 2.2(b) and 2.2(c), respectively.

Finally, the phenomenon of plane wave refraction at an interface
between an isotropic ambient (assumed to be air with na � 1) and an opti-
cally uniaxial anisotropic solid will be considered briefly. The boundary
conditions specify two angles of refraction, qt1 and qt2, given by sinqt1 �
sinqi�nj (j � 1, 2), where qi is the angle of incidence and nj are the two
indices of refraction associated with the orthogonal linearly polarized
components D

→
j in the solid. In addition, the boundary conditions specify

that the propagation vectors of the two transmitted waves lie within the
plane of incidence. For the linearly polarized component associated with
the ordinary wave, with D

→
1 perpendicular to the optic axis in the solid, the

phase speed is independent of the propagation direction (i.e., the normal
surface is spherical). Thus, the behavior for qt1 as a function of qi is in
accordance with Snell’s Law for an optically isotropic solid with n1 � no. For
the orthogonal linearly polarized component D

→
2 associated with the

extraordinary wave, the phase speed depends on the propagation direction
(i.e., the normal surface is elliptical). Thus, the behavior for qt2 as a func-
tion of qi is in accordance with a much more complicated expression for
sinqt2 that must include n(f) from Eq. (2.22b).

2.2.2.2 Absorbing Solids that are not Optically Active

In optically isotropic solids, energy dissipation due to conduction
electron currents can be accounted for by introducing a complex dielec-
tric function (see Section 2.2.1). Following the procedure used in the
development of Eq. (2.13a), Eq. (2.19b) for non-absorbing anisotropic
solids that are not optically active can also be extended to the case of
absorbing solids by introducing a complex dielectric tensor [e] with com-
ponents given by:

eij � erij � ihrij, (2.23)

where the real tensors [er] and [hr] ≡ (4p�w)[sr] are both symmetric in the
absence of optical activity.[40] Thus, both tensors can be diagonalized, but
the principal axes only coincide when required by the symmetry of the
crystal (i.e., for orthorhombic and higher symmetries).

As noted in Section 2.2.2.1, the index ellipsoid given by Eq. (2.20c)
for non-absorbing solids relates the polarization mode direction and the
phase speed of the wave, and its semiaxes can be defined in terms of the
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120 THEORY OF ELLIPSOMETRY

components of the diagonalized (real) index tensor [ar]. The index tensor
is complex in absorbing solids, however, and is written as [a] � [ar] �
i[br] � [e]�1 with components given by aij � arij � ibrij, where [br] denotes
the absorption tensor. The ellipsoids representing [ar] and [br] are called
the index (as in the case of non-absorbing solids) and the absorption ellip-
soids, respectively. Again, the principal axes of these two ellipsoids only
coincide when required by the symmetry of the crystal.

In general, the nature of the waves propagating along any direction q→

of the crystal depend on the central sections of the index and absorption
ellipsoids, normal to q→. The directions of the major and minor axes of the
central sections are called the principal directions of linear birefringence
(for the index ellipsoid) and linear dichroism (for the absorption ellip-
soid). In many cases, absorption is weak and the tensor elements [hr] are
small compared to unity and to the corresponding elements of [er]. In
these cases, [ar] ≈ [er]

�1 and [br] ≈ [er]
�1[hr][er]

�1 so that the principal
axes of [er] and [ar] coincide, whereas those of [hr] and [br] do not, in gen-
eral. As a result, the wave propagation behavior in most directions (i.e.,
sufficiently far from the optic axes in a biaxial crystal) is similar to that
for non-absorbing crystals. In particular, the polarization modes that travel
unchanged through the crystal are linear and orthogonal, and their direc-
tions, phase speeds, and the associated indices of refraction are all deter-
mined from the index ellipsoid as in Fig. 2.1. Furthermore, the extinction
coefficient that describes the decay of the field vectors is determined from
the expression k � brn

3�2, where br
�1�2 and n define the magnitudes of the

real (unitless) radius vectors for the absorption and index ellipsoids in the
direction of the corresponding polarization mode. In the general case of
arbitrary absorption magnitude and propagation direction, the situation is
far more complex. In this case, non-diagonal index and absorption tensors
are used to compute the two polarization modes that travel unchanged
through the crystal for a given propagation direction, as well as the indices
of refraction and extinction coefficients for these two polarizations. For
the general case, the two polarization states are elliptical with their major
axes crossed, but of the same handedness. Thus, the modes are not orthog-
onal in contrast to the situation for a non-absorbing crystal.

2.2.2.3 Non-Absorbing, Optically Active Solids

Optical activity, or optical rotatory power, describes the phenomenon
in which the polarization direction of a linearly polarized light wave
rotates as the wave travels within the medium[42,60] Typical magnitudes of
this effect range from 20° to 2000° per cm of path length in optically
active solids, and the effect can occur in both isotropic media and crystalline
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solids. The last column of Table 2-1 lists the crystal point groups that
exhibit optical activity. Depending on the crystal symmetry, solids from
any of the crystal systems can be optically active, including cubic (e.g.,
NaClO3, Bi12GeO20), optically uniaxial (e.g., Se, Te, α-quartz, HgS), and
optically biaxial (e.g., cane sugar and Rochelle salt) crystals. For the
anisotropic crystals, the simple polarization rotation effect is observed
along the unique optic-axial directions.

Optical activity is generally treated as arising from circular birefrin-
gence, i.e., a difference between the indices of refraction nL and nR for left
and right circularly polarized light waves, respectively, with a typical
magnitude of nL � nR ~ 10�5. Optical activity arises from an intrinsic
helical arrangement of the atoms in the crystal. For a medium having the
property of a screw axis, the displacement vector D

→
at a given location

must depend not only on the electric field vector E
→

but also on its spatial
derivatives. Hence, for plane-wave propagation in an optically active
medium, Eq. (2.19b) is replaced by:

D
→

� e0{[er]E
→

� iG
→

or � E
→

} (2.24a)

� e0{[er] � i[Gor]}E
→

. (2.24b)

In Eq. (2.24a), [er] is the real dielectric tensor that would exist in the
absence of the optical activity and G

→
or is the real (r) gyration vector.[40,41]

Equation (2.24b) follows since the vector product G
→

or � E
→

can always be
represented as the product of a real antisymmetric tensor [Gor] and the
electric field E

→
. The following relationships must hold between the tensor

elements of [Gor] and the vector components of G
→

or: Gor23 � �Gor32 � �Gorx;
Gor31 � �Gor13 � �Gory; Gor12 � �Gor21 � �Gorz; and Gorjj � 0 (j � 1,2,3).
Equation (2.24b) leads to a new complex dielectric tensor for non-absorbing,
optically active (OA) solids, given by [eOA] � [er] � i[Gor] and represented
by a Hermitian matrix, i.e., eij

OA � (eji
OA)*, where the asterisk denotes the

complex conjugate operation. From this result, it can be shown that the
divergence of the Poynting vector, �

→
	 S

→
� �

→
	 (E

→
� H

→
), vanishes so that

there is no energy dissipation. The gyration vector G
→

or can be expressed
further in terms of the wave propagation vector according to G

→
or � [gor]q

→,
where [gor] is a second rank gyration tensor described in general by a real
3 � 3 matrix.

Equations analogous to Eqs. (2.24), but employing the index tensor,
can be written as:

E
→

� e0
�1{[ar]D

→
� iΓ

→
or � D

→
} (2.25a)

� e0
�1{[ar] � i[Γor]}D

→
. (2.25b)
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122 THEORY OF ELLIPSOMETRY

In Eq. (2.25a), [ar] is the real index tensor that would exist in the absence
of the optical activity and Γ

→
or is the real optical activity vector.[40] Equation

(2.25b) derives from the following relationships between the tensor ele-
ments of [�or] and the vector components of Γ

→
or: �or23 � ��or32 � ��orx;

�or31 � ��or13 � ��ory; �or12 � ��or21 � ��orz; and �orjj � 0 ( j � 1,2,3).
Equation (2.25b) leads to a new complex index tensor for non-absorbing,
optically active solids, given by [aOA] � [ar] � i[Γor], again represented
by a Hermitian matrix. Like the gyration vector, Γ

→
or is a function of the

wave propagation vector, thus yielding the relation Γ
→

or � [gor]q
→, where

[gor] is a second-rank optical activity tensor also described by a 3 � 3
matrix.

Because [�or]ij�[ar]ij �� 1, the normal surfaces of an optically active
solid are nearly identical to those without optical activity having Γ

→
or � 0.

However, the interpretation of the resulting wave propagation must be
modified from the behavior for solids that are not optically active. As an
example, consider the case of a uniaxial crystal such as a-quartz. For q→

along the optic axis (i.e., the z-axis), the relevant diagonal index tensor
elements are ar11 � ar22 � ar, and the polarization modes that travel
unchanged within the solid are no longer linear and orthogonal, but rather
left- and right-circular. In addition, the two normal surfaces no longer
make contact, and the resulting indices of refraction for the two modes are
given by (1�n2) � ar ± �orz. The rotatory power due to the difference in
the two indices of refraction is given by:

ror � 

p(nL

l
� nR)

 � 


pn3

l
Γorz
, (2.26)

where n is the average index of refraction, i.e., n � (nL � nR)�2. As a
result, for a linearly polarized wave propagating along the optic axis, the
direction of polarization rotates by ror [in units of radians per meter in Eq.
(2.26)] in the medium. The sign convention most often employed for ror

in this application has been adopted from the chemical literature and is
opposite that typically chosen by physicists. In this convention, optical
rotation is clockwise-positive (looking toward the source) for a dextro-
rotatory crystal with nL � nR, and counterclockwise-negative for a levo-
rotatory crystal with nR � nL. The α-quartz crystal exists in both levo- and
dextro-rotatory forms with a specific rotatory power of 188°/cm for light
with l � 632.8 nm, which corresponds to n3�orz � nL � nR � 6.6 � 10�5.
Thus, one can determine values of the circular birefringence with very
high sensitivity by measuring the rotation that the polarization direction of
an incident linearly polarized, monochromatic light wave undergoes when
it travels through a known thickness of the solid.
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For an optically active biaxial crystal, index splitting similar to that
described by Eq. (2.26) is observed for wave propagation along the two
optic axes, and again the corresponding polarization modes are left-
circular and right-circular. In cubic crystals the same behavior is
observed, irrespective of the direction of wave propagation. Wave prop-
agation in optically active, non-absorbing, anisotropic solids in direc-
tions other than the optic axes is complicated by the presence of both lin-
ear birefringence and optical activity. Under these circumstances the
polarization modes that travel unchanged through the solid are left and
right elliptical having major axis directions that are parallel to the lin-
early polarized modes predicted from the index ellipsoid in the absence
of optical activity. The ellipticities of the two modes and the associated
indices of refraction can be evaluated utilizing coupled-mode theory in
which the optical activity is treated as a small perturbation of the dielec-
tric tensor given by [∆ei] � i[Gor], so that [eOA] � [er] � [∆ei]

[41] An alter-
native approach is to solve the problem geometrically by the method of
superposition using the Poincare sphere.[40]

2.2.2.4 Absorbing, Optically Active Solids

If both absorption and optical activity are present in an anisotropic
solid, then the relationships between D

→
and E

→
take the same forms as

Eqs. (2.24) and (2.25), but the real second-rank tensors [er], [Gor], [gor], [ar],
[�or], and [gor] defined there, as well as the real vectors G

→
or and Γ

→
or,

become complex. It is convenient to express the wave propagation char-
acteristics of the solid by the four real tensors [ar], [br], [gor], and [bor], that
describe the complex index tensor [a] and the complex optical activity
tensor [go], according to [a] � [ar] � i[br] and [go] � [gor] � i[bor]. As
in the case of absorbing solids that are not optically active, [ar] and [br]
are the index and absorption tensors that characterize the index and
absorption ellipsoids. In addition, [gor] is the optical activity tensor, as in
Section 2.2.2.3, and [bor] is called the tensor of circular dichroism. For a
given wave propagation vector, these latter tensors define the complex
optical activity vector Γ

→
o according to:

Γ
→

o � Γ
→

or � iB
→

or � ([gor] � i[bor])q
→, (2.27a)

where the real part is the (real) optical activity vector, Γ
→

or � [gor]q
→ [as in

Eq. (2.25a)], and the imaginary part is the circular dichroism vector,
B
→

or � [bor]q
→.[40]

Linear birefringence and dichroism can be neglected for absorbing,
optically active crystals of orthorhombic and higher symmetries in which
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124 THEORY OF ELLIPSOMETRY

wave propagation occurs along the optic axes. Thus, only circular bire-
fringence and dichroism need to be considered in this case, and the polar-
ization modes continue to be left- and right-circular. As an example, when
propagation occurs along the optic axis (or z-axis) in a uniaxial crystal,
a11 � a22 � a (with all other elements zero), and one finds complex indices
of refraction for the orthogonal circular polarizations given by
(1�N2) � a ± Γoz. In the case of extinction coefficients that are small com-
pared with the index of refraction, one arrives at the complex expression:

ro � � , (2.27b)

analogous to the real expression of Eq. (2.26). The decomposition of this
equation into real and imaginary parts demonstrates clearly the effects of
circular birefringence and dichroism, respectively, and their direct rela-
tionship to the tensors [gor] and [bor].

2.2.3 Dispersion Relationships

The real and imaginary parts of the optical properties of solids, com-
bined to form any of the complex quantities such as ce, N, e, or s, are
not independent, but are interrelated through dispersion relationships.
These relationships can be derived considering the fact that the complex
electric susceptibility ce, as one example, is a response function that
describes the polarization existing at position r→ and time t in terms of
the electric field acting at all other positions and times.[20] In solids that
are not optically active, spatial dispersion can be neglected for the pur-
poses of this discussion because the wavelength is long compared to the
atomic scale of the optical processes. As a result, for a given time t one
can write:

P
→

(t) � e0 �
∞

�∞
ce(t � t�)E

→
(t�)dt�, (2.28)

which holds for optically isotropic solids. Analogous expressions involv-
ing the susceptibility tensor components hold for anisotropic solids that
are not optically active. (Optically active solids, in which spatial disper-
sion is important, have been described briefly in Section 2.2.2.)

Causality requires that there can be no response P
→

(t) to the field E
→

(t�)
before it is applied (i.e., for t � t�); as a result, ce(t � t�) � 0 in Eq. (2.28)
for t � t�. When Eq. (2.28) is Fourier transformed to complex angular fre-
quency space, yielding P

→
(w) � e0ce(w)E

→
(w), then the condition of causality

pn3Γoz

l

p(NL � NR)




l
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leads to the dispersion relationships. Reverting now to the complex
dielectric function, these relationships can be expressed by:

e1(w) � 1 � P�∞
0

dw�, (2.29a)

e2(w) � � P�∞
0



e
w
1(

�

w
2

�

�

) �

w2

1

dw�, (2.29b)

where w and w� denote real angular frequencies and P denotes the princi-
pal value of the integral. In deriving these relationships, it has been
assumed that one is interested in response functions that yield real out-
puts. Equations (2.29), called the Kramers-Kronig relations, have impor-
tant applications for modeling the optical properties of solids, as described
in Section 2.5.

2.3 Classical Theories of the Optical
Properties of Solids

Next, simple classical theories will be introduced that predict the pho-
ton energy dependence of the complex dielectric function e(w) of metals,
semiconductors, and insulators from the standpoint of classical mechanics
and electrodynamics. In addition, such theories provide insights into the
optical manifestations of the fundamental microscopic behavior of elec-
trons in these solids. The classical theories originate from the work of
Lorentz and Drude and serve as useful starting points from which one can
model the observed ellipsometric spectra of solids. As will be seen in
Section 2.4, the classical models have quantum mechanical analogs that
in fact lead to the same mathematical expressions for the dielectric func-
tions, but with a reinterpretation of the parameters. The Lorentz oscillator
model is applicable to semiconductors and insulators; the Drude model is
applicable to free-electron metals. The quantum mechanical analogs of
these two models describe the direct interband transitions of Section 2.4.2
and the intraband transitions of Section 2.4.5, respectively.

2.3.1 Semiconductors and Insulators: the Lorentz
Oscillator Model

In deriving the optical properties of an optically isotropic (nonmag-
netic) semiconductor or insulator, the Lorentz model starts with the equation

2w


p

w�e2(w�)


w�2 � w2

2


p
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126 THEORY OF ELLIPSOMETRY

of motion for a spherical charge distribution, having a single electron of
charge �e and mass m, bound to a nucleus of charge �e fixed in position
in the solid. This system constitutes one “atom”. According to Newton’s
Second Law:

m

d

d

2

t

r→

2
 � �e〈E
→

loc〉 � mw2
0r
→ � mg 


d

d

r→

t

, (2.30)

where r→ is the displacement of the center of charge of the electron cloud
from the nucleus located at r→ � 0. [20] The first term on the right is a driv-
ing force generated by the microscopic electric field, spatially averaged over
the electron cloud: 〈E

→
loc〉 � 〈E

→
0,loc〉exp (�iwt). Thus, 〈E

→
0,loc〉 is the spatial

average of the field at t � 0. The second term is a Hooke’s law restoring
force with a force constant of mw0

2, where w0 is the resonance frequency
for the atomic oscillator. The third term represents viscous damping of the
electron cloud’s motion with a frictional constant g. This provides an
energy dissipation pathway that occurs in solids through interactions with
neighboring atoms. In this classical model, two assumptions are made.
First, the mass of the nucleus is assumed to be infinite since it forms a
rigid lattice with neighboring nuclei. Second, the force F

→
M due to the mag-

netic induction B
→

loc, F
→

M � �e〈v→ � B
→

loc〉 is assumed to be negligible since
the electron speed � is small compared with the speed of light.

Upon solving Eq. (2.30), one arrives at a complex charge displace-
ment r→, and assuming Na identical atoms per unit volume, one obtains a
complex macroscopic polarization P

→
:

P
→

� Nap
→ � �Naer→(t) � Naaa(w)〈E

→
loc〉 (2.31a)

� . (2.31b)

Here, p→ is the complex induced dipole moment for a single atom, and aa

is the complex microscopic atomic polarizability. Through this model, the
frequency dependence of the optical properties can be understood intu-
itively. The physical mechanism underlying the dissipation via the con-
duction electrons in Eqs. (2.13a), (2.14), and (2.15) and the frictional term
in Eq. (2.31b) must be the same, since they both lead to a complex ce(w).
Considering w � w0 for the moment, if g �� [(w0

2 � w2)�w], then the
interaction with neighboring atoms is very weak and the electrons remain
“bound”. However, if g is of the order of [(w0

2 � w2)�w], the electrons in
the Lorentz model need to be considered as “conduction electrons” that
interact strongly with the neighboring atoms. This viewpoint identifies a

Nae
2〈E

→
loc〉





m[(w2

0 � w2) � igw]
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problem in the separation of Eqs. (2.3b) and (2.5d): the same electrons
that are bound at one frequency become conduction electrons at another
frequency. For this reason, the use of a single complex quantity, N, e, or
s, through the application of Eqs. (2.14) or (2.17) is preferred to account
for this behavior when describing the frequency-dependent optical
properties.

It should be pointed out that, in general, the macroscopic electric field
in the solid is not equivalent to the spatial average of the local electric
field over the electron cloud, i.e., 〈E

→
loc〉 � E

→
. As a result, Naaa(w) �

e0ce(w), in general. The reason is that the averaging to determine 〈E
→

loc〉
does not include the contribution from the atom at the site of interest
(which is “removed” to perform the averaging), nor does it include
regions between sites. For conduction electrons, the equality 〈E

→
loc〉 � E

→
is

expected to be reasonably correct. (In fact, in this case the term “local
field” is a misnomer.) At the opposite extreme where the electrons are
strongly localized at the atomic sites so as to be considered point dipoles,
then Lorentz calculated a field of E

→
loc(site) � 〈E

→
loc〉 � E

→
� (P

→
�3e0). It is

anticipated that the correct local field lies between these two extremes,
closer to E

→
than to E

→
� (P

→
�3e0).

[20]

The choice 〈E
→

loc〉 � E
→

[so that Naaa(w) � e0ce(w)] in Eqs. (2.31) gives
rise to the complex frequency-dependent dielectric function given by:

e(w) � e0s � ∑
0

n



(w 2

n �

N

w
e
2
b

)
,n

� ignw

, (2.32a)

with the real and imaginary parts given by:

e1(w) � e0s � ∑
0

n

, (2.32b)

e2(w) � ∑
n

. (2.32c)

These equations have been generalized beyond Eqs. (2.31) in two
respects. First, Eqs. (2.32) include the possibility of more than one elec-
tron per atom. Neb,n is the concentration of electrons (‘eb’ denoting elec-
trons bound to their atomic cores) having resonance frequency wn and
frictional constant gn. Thus,

Neb � ZNa � ∑
n

Neb,n

Neb,ngnw




(w 2

n � w2)2 � g 2
nw 2

e2



e0m

Neb,n(w2
n � w2)





(w2

n � w2)2 � g 2
nw2

e2



e0m

e2



e0m
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128 THEORY OF ELLIPSOMETRY

is the total bound electron concentration and Z is the number of electrons
per atom. Second, the value of e0s at the right in Eqs. (2.32a) and (2.32b)
represents the contributions to e1 from electronic resonances with wn much
greater than the measurable frequency range. In the absence of such con-
tributions e0s � 1 as would be predicted from Eqs. (2.31) upon applying
the relation e(w) � 1 � ce(w).

The alternative choice for the average local field, 〈E
→

loc〉 � E
→

� (P
→

�3e0),
leads to a dielectric function given by[61]

� e0l � ∑
n

. (2.33)

In this case, e0l � 0 in the absence of resonances at frequencies much
greater than the measurable frequency range. The simpler expressions of
Eqs. (2.32), however, have been used most widely to fit the measured
optical properties of insulators and semiconductors.

The expressions of Eqs. (2.32) can also be applied in modeling opti-
cal properties of materials in which the dissipation or optical absorption is
negligible, i.e., when

gn �� 

(w2

n �

w
w2)


 ,

for all n. This can occur under two circumstances: (i) when all electron
resonances lie well above the accessible optical frequency range, as in the
measurement of insulating (or very wide band gap semiconducting mate-
rials), and (ii) when low optical frequencies are used, corresponding to
photon energies below the band gap, in the measurement of any non-
metallic material (wn � 0 for all n). In these circumstances, setting gn � 0
in Eq. (2.32a), for example, yields:

e1(w) � e0s � ∑
n

, (2.34)

with e2(w) � 0. This relationship, called the Sellmeier expression, is used
widely in the analysis of ellipsometric spectra in order to model the opti-
cal properties of non-absorbing materials.

Finally, it should be noted that the Sellmeier expression of Eq. (2.34)
and the Lorentz oscillator expression of Eqs. (2.32) can also be extended
to anisotropic solids in order to model the frequency-dependence of lin-
ear birefringence and dichroism. For example, if the direction of linear

Neb,n



(w2

n � w2)
e2



e0m

Neb,n



(w2

n � w2) � ignw
e2



3e0m

e(w) � 1


e(w) � 2
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polarization (defined by the direction of D
→

) is parallel to the x, y, or z prin-
cipal crystallographic axes of an orthorhombic crystal that is not optically
active, then the approach outlined above applies and leads to one of the
three principal complex dielectric functions. The resonance frequencies,
frictional constants, and resonance electron concentrations associated
with the three different polarization directions will be different, in general.
The mechanical analog in this case is in terms of directionally dependent
(or anisotropic) force constants and frictional constants for the electron
oscillator. This may arise due to different strengths of the interactions with
neighboring atoms in the different directions. In fact, a mechanical analog
of an optically active crystal can also be developed. In this case the spa-
tial dispersion is simulated by describing the interaction of the electro-
magnetic wave with two coupled harmonic oscillators that lie in separate
planes of the crystal.[61]

The Lorentz oscillator describes other physical situations as well. For
example, the optical properties of thin films consisting of nanometer-sized
metallic particles, as well as composite bulk materials consisting of metal
particles embedded within an insulator matrix exhibit Lorentz oscillator
behavior as discussed in Section 2.3.2. Furthermore, the vibration of ions
in ionic crystals and the orientation of permanent dipoles generate optical
property characteristics similar to those of Eqs. (2.32) in the infrared and
microwave ranges of the electromagnetic spectrum.

2.3.2 Metals: The Drude Free Electron Model

The Drude model for optically isotropic, nonmagnetic metals can be
derived directly from the Lorentz oscillator model. This is accomplished
by setting the electron restoring forces to zero, i.e., wn � 0 for all n, mean-
ing that all electrons are free to move throughout the collection of
atoms.[20] In addition, because the free electrons are uniformly distributed,
then 〈E

→
loc〉 ≈ E

→
. By setting wn � 0 in Eqs. (2.32) and then assuming all

electrons are subject to the same frictional force constant gf � gn one obtains:

e1(w) � 1 � , (2.35a)

e2(w) � , (2.35b)

where the plasma frequency wp now describes the free electron concen-
tration and is given by wp � (Nefe

2�e0m)1�2. The constant term e0s in

w2
pgf




w(w2 � g f

2)

w2
p



(w2 � g f

2)
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130 THEORY OF ELLIPSOMETRY

Eqs. (2.32a) and (2.32b) is now unity since all electrons in the solid are
assumed to be free, and thus are included in the model. With the approach
of Eqs. (2.35), however, the physical origin of the damping term in
Eq. (2.30) is unclear.

In fact, in the Drude theory, these results are derived from a somewhat
different perspective, by considering the metal as a free electron gas, elec-
trically compensated by a background of positively charged nuclei.[44,45] In
this theory, one assumes that the electrons move according to Newton’s
Laws between instantaneous scattering events that occur with a probabil-
ity per unit time of (1�t) and randomize the velocity direction. The scat-
tering events were attributed by Drude to the same phenomenon giving
rise to Joule heating when current passes through the metal. Although
Drude ascribed the scattering to charged particle collisions (i.e., electrons
with the positively charged nuclei), they are in fact due to deviations from
perfect periodicity in the solid, e.g., lattice vibrations at room temperature.
With such a model, the equation of motion for the average velocity v→ of
an electron is



d

d

v→

t

 � �


v→

t

 � 


e

m

E
→


, (2.36)

assuming no distinction between local and macroscopic electric fields.
However, for this equation to be valid, the macroscopic field E

→
must not

vary significantly over the mean free path L of the electron, i.e., L �
vt �� l and L �� 2�a where l is the wavelength and 2�a is the
exponential decay length of the field. Assuming E

→
� E

→
0 exp(�iwt), then

a steady state solution of the form v→ � v→0 exp(�iwt) yields the com-
plex conduction current J

→
cond � �Nef ev→ � 4pe0sE

→
, where the complex

optical conductivity s is given by:

s � s1 � is2 � � . (2.37a)

The real and imaginary parts of the complex optical conductivity are:

s1 � , (2.37b)

s2 � , (2.37c)

where s0 � 4pe0s(w � 0) � (Nef e
2t�m) denotes the dc electrical conduc-

tivity in SI units [(Ω m)�1]. Equations (2.37) can be seen to be equivalent

(s0wt�4pe0)



1 � w2t 2

(s0�4pe0)


1 � w2t 2

(s0�4pe0)


1 � iwt

(Nef e
2t�4pe0m)




1 � iwt
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to Eqs. (2.35) with gf � 1�t, using the relationship between the optical
conductivity and dielectric function in Eqs. (2.16).

As will be discussed in greater detail in section 2.5, most metals
exhibit the optical characteristics of bound and free electrons within the
same frequency range. Furthermore, very heavily doped (i.e., degenerate)
semiconductors may also exhibit a combination of the bound and free
electron behaviors. In these cases, one can separate the two types of opti-
cal characteristics using the following expressions

e1(w) � e0s � � ∑
n

, (2.38a)

e2(w) � � ∑
n

. (2.38b)

In fact, these represent the most general form of the dispersion equations
presented so far, as they can be applied to metallic, semiconducting, and
insulating materials.

The optical properties of a thin film consisting of an array of isolated
nanometer-sized metallic particles (i.e., particles small compared to the
wavelength) are of interest because the electrons that would normally be
free in the bulk metal now exhibit a non-zero resonance frequency in the
particulate metal. The resonance in this case is understood in terms of the
collective oscillation of free electrons within each metal particle. These
oscillations are driven by the optical field, and the restoring force is pro-
vided by the rigid array of positive nuclei. Thus, true oscillations in charge
density that build up and collapse periodically at the particle surfaces can
in fact be excited by transverse electromagnetic waves in particulate met-
als. This situation is in contrast to that in the conventional optical meas-
urement of bulk metals (see Section 2.3.3).

For a single spherical particle, the equation of motion for the dis-
placement r→ of the free electron distribution relative to the fixed, posi-
tively charged distribution of nuclei can be written as:

m

d

d

2

t

r→

2
 � �e�E
→

� 

3

P
→

e0


� � 

m

t

 


d
d
r→

t

 � �eE

→
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m

t

 


d
d
r→

t

 � 


Ne

3
f

e
e

0

2r→

. (2.39)

Here, m and �e are the electron mass and charge, Nef is the concentration
of free electrons within the particle, and E

→
� (P

→
�3e0) is the field within

Neb,ngnw
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132 THEORY OF ELLIPSOMETRY

the particle, the latter including the applied optical field and the (complex)
depolarization field. Because this equation has the same form as Eq.
(2.30), solving for the dielectric function yields a Lorentz oscillator
expression with a resonance frequency of

wpp � �

N

3e
ef

0

e

m

2


	 � 

�
wp

3

,

which can be interpreted as the plasma frequency for the particle. Such
free electron, or plasma oscillations will be discussed further in Sec-
tion 2.3.3.

2.3.3 Plasmons

To supplement this section, it is of interest to continue the discussion
on the characteristics of free electron oscillations in metallic solids in
somewhat greater detail. Generally, the collective oscillations of free elec-
trons are called plasmons, and these can be excited in bulk metals, at
metal surfaces, and in particulate metal films (as described in Sec-
tion 2.3.2). Only the surface and particle plasmons can be excited by light
waves in an ellipsometry experiment. Surface plasmon excitation can be
observed either by illumination of rough surfaces or in specialized sample
geometries, whereas the particle plasmon excitation is observed directly
through the dielectric function of the sample, without specialized meas-
urement conditions. A complete understanding of such oscillations
requires a detailed quantum mechanical treatment of the free electrons in
the metal. Here, a brief overview of the phenomena of volume and surface
plasmons will be provided, but an in-depth quantum mechanical approach
will be avoided.

Because the volume and surface plasmons are self-sustaining and are
free to propagate throughout the bulk and surface of the solid, respec-
tively, one can associate propagation vectors with these excitations. These
vectors are denoted here as q→p for the volume plasmon and q→s for the sur-
face plasmon, where lp � 2p�qp and ls � 2p�qs are the wavelengths of
the associated oscillations in the charge density fluctuations. The expres-
sions connecting the plasmon frequency (or plasmon energy, denoted �wqp

and �wqs) and the magnitude of the propagation vector are called disper-
sion relationships, and these provide insights into the ability of light
waves to excite the plasmons. (In the following paragraphs, when ‘q’ is
inserted into the subscript for wp or ws, the intrinsic propagation vector
dependence of the plasmon frequency is being emphasized. Without the
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subscript, wp and ws refer to the bulk and surface plasma frequencies in the
limit of short qp and long qs, respectively; see Figs. 2.3.)

Volume plasmons are collective oscillations of the electrons in a bulk
solid, i.e., oscillations of charge density fluctuations that are self-sustaining,
longitudinal, and quantized with energy �wp.

[20,44,45,62] Because volume
plasmons can be present in the absence of an external field, the oscilla-
tions can occur when the real and imaginary parts of the dielectric func-
tion in the longitudinal direction (i.e., the plasmon propagation direction)
satisfy e1 � 0 and e2 �� 1. This occurs in Eqs. (2.35) when w � wp and
gf �� wp. Because volume plasmons are longitudinal, they cannot be
excited by light waves in an ellipsometry experiment, (not even near wp).
The simplest way to excite volume plasmons is to generate fluctuations in
charge density, e.g., by passing monoenergetic electrons through the sam-
ple. Peaks in the electron energy loss spectrum of the transmitted electrons
occur at energies corresponding to integral multiples of �wp. In fact, plas-
mons generated by electrons exhibit a range of propagation vector mag-
nitudes from qp � 0 to qp � qpc, a characteristic cutoff value, which for a
free electron gas is given by qpc ≈ wp�vF, where vF is the maximum veloc-
ity of electrons in the distribution (i.e., the Fermi velocity). With typical
values of wp and vF for metals, qp approaches qpc ~ 1 nm�1 from below,
implying that near the cutoff, the wavelength lp of the plasmon is
approaching atomic dimensions from above. As a result, single electron
excitations occur for qp above qpc, and these screen out the long range
Coulomb interactions required to sustain the plasmon. Weak dispersion
(or propagation vector dependence) in the plasmon frequency denoted by
wqp occurs due to the thermal motions of electrons. In optically isotropic
materials in which the longitudinal and transverse dielectric functions are
equal, the plasmon energy wp identified from the optical properties, e.g.,
in an ellipsometric measurement, identifies wqp in the limit qp → 0 (even
though plasmons are not excited in this measurement). The dispersion
characteristics of volume plasmons and single electron excitations in a
free electron gas are summarized in Fig. 2.3(a).

Surface plasmons are collective oscillations of electrons in the plane
of a solid surface, that are self-sustaining, quantized with energy �ws, and
can be localized within an atomic distance of the surface (within ~0.1
nm).[63–65] Assuming self-sustaining fields at the surface, Maxwell’s
Equations yield a dispersion relationship of

qsx � 

w
c
qs

 �


ea

e
�
ae

e

	.

Here, qsx and wqs are the wavevector magnitude and frequency of the sur-
face plasmon, assumed to be propagating along the x-direction at the
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134 THEORY OF ELLIPSOMETRY

Figure 2.3 (a) Dispersion relationships associated with volume excitations of a
free-electron gas. The electron energy E and wavevector qp are normalized to the
Fermi energy EF and Fermi wavevector kF, respectively. The region between the
lines designated by �wqp(max) and �wqp(min) represents the possible one-elec-
tron excitations. Below a critical electron wavevector designated qpc, a collective
electron excitation or volume plasmon mode is observed. In this plot, the plasma
energy �wp (which is the electron energy in the limit qp → 0) is chosen to be twice
the Fermi energy (after Ref. 20). (b) Schematic dispersion relationship for surface
plasmons (SP) propagating in the x-direction in a free-electron gas. The photon
line (l l ) is also shown. The horizontal arrow denotes the excitation of surface plas-
mons by light of frequency w0 using a grating coupler [see Eq. (2.40a)]. Here e is
the dielectric function of the grating (real; e � �1), q0 is the angle of incidence of
the light on the grating plane, and ag is the grating constant.
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surface of a medium. In addition, e � e1 � ie2 is the dielectric function of
the metallic medium, and ea is the dielectric function of the ambient
(assumed to be real). For a propagating wave at the metal surface with real
qsx, e1 � �ea and e2 �� 1 which can occur in a metal for

w � ,

as long as gf �� w [see Eq. (2.35)]. For small qsx, which is the situation
when e1 �� �ea ,

wqs � 

�
qsx

e
c

a

,

and the dispersion relation approaches that of the light wave. At large qsx,
which is the situation when e1 → �ea, the frequency asymptotes accord-
ing to

wqs → 

�1

w
�
p

ea

 ,

for a free electron metal of volume plasma frequency wp.
Figure 2.3(b) shows a schematic of the resulting dispersion relation-

ship for surface plasmons, along with the straight line associated with
light in vacuum having the same wavevector and frequency w � wqs �
cqsx. From this plot, one can conclude that under usual circumstances light
cannot simultaneously satisfy the momentum and energy conservation
requirements to excite surface plasmons. However, one can design vari-
ous geometrical configurations in which photons can be coupled to sur-
face plasmons. Here two approaches are described. In both approaches,
for a given optical wave frequency, the propagation vector component of
the light wave qx � w0�c must be increased by a value of ∆qx such that
qx � ∆qx � qsx.

In a grating coupler, light with frequency w0 strikes a metallic grating
with grating constant, ag, and dielectric function e1 (e2 �� 1) at an angle
of incidence q0. With the grating in air (ea � 1), coupling can be achieved
under the following conditions:



w0 s

c
in q0
 ± 


2
a
p

g

v

 � 


w
c

0
 �

e1

e
�

1

1

	 � qsx, (2.40a)

wp


�1 � ea
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136 THEORY OF ELLIPSOMETRY

where n is an integer. The coupling is shown in Fig. 2.3(b) by the hori-
zontal arrow (assuming n � 1). From analogous reasoning, it is clear that
surface plasmons can also be excited on rough surfaces. In fact, weak
bands due to surface plasmon absorption are sometimes detected in the
reflectance or ellipsometric spectra of rough metal films.[20]

In an attenuated total reflection (ATR) coupler, an insulating medium
(e.g., fused silica) with e � ei � 1 (real) is formed into the shape of a
semi-cylinder with a metal film deposited on the flat surface. A light wave
is directed radially inward, normal to the cylinder axis so as to reflect
internally from the metal surface. Under these conditions, the resonance con-
dition is met at the outer surface of the metal film (in air), and is given by



w0 s

c
inq0
 �ei � �


e1

e
�

1

1

	 � qsx , (2.40b)

where q0 is the angle of incidence of the wave at the insulator/metal inter-
face measured from the normal to the interface. In this situation, the
evanescent wave in the metal is used to excite the surface plasmon. To
ensure proper excitation, the thickness of the metal film must be opti-
mized; typical values are on the order of 50 nm. Reflectance and ellipso-
metric measurements can be performed in this configuration, with the
internally reflected beam leaving the semi-cylinder along its radius. The
wavelength at which the surface plasmon resonance feature occurs in the
reflectance or ellipsometric spectra is extremely sensitive to the presence of
thin films on the surface of the metal. Thus, this method can be applied as
a probe of thin film adsorption and other phenomena at the metal surface.

2.3.4 Optical Sum Rules

Sum rules are based on the observation that for an electromagnetic
wave of sufficiently high frequency such that w �� wn, w �� gn, and w ��
gf , all electrons in a solid respond to the wave as free electrons with
e1(w) � 1 � (wp

2�w2) and e2(w) � 0[66] In the context of any type of solid
(insulator, metal, semiconductor) as described by Eqs. (2.38), wp is now
given by wp � (Nee

2�e0m)1�2, where Ne is the total concentration of elec-
trons, given from Eqs. (2.38) by Ne � Nes � Nef � Σ

n

Neb,n. Here Nes represents 

the contribution from electrons that generate the e0s term in Eq. (2.38a); if
e0s � 1, then Nes � 0. This contribution can be computed as

Nes �

e0mw0s

2

e
(e

2
0s � 1)

,

w0

c
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where it is assumed that e0s arises from a collection of electrons having a
single resonance frequency w0s. Applying these considerations to the
Kramers-Kronig relations, one can relate the optical properties of an opti-
cally isotropic solid to the concentration of all the electrons that interact
with the electric field of a (transverse) electromagnetic wave:

�∞
0

we2(w)dw � 

p
2


w2
p � . (2.41)

It is more practical to employ a finite frequency range, and this leads to:

�wc

0

we2(w)dw � Zeff(wc), (2.42)

where m is the free electron mass, Na is the concentrations of atoms, and
Zeff(wc) is the number of electrons per atom contributing to the optical prop-
erties up to frequency wc. Similar sum rule approaches have been calculated
in which Im[�1�e(w)] replaces e2(w) in Eqs. (2.41) and (2.42). These latter
rules are most useful when the electronic excitation occurs by the field of a
longitudinal electron wave.[20] For optically isotropic materials in the long
wavelength limit, appropriate for plasmons (see Section 2.3.3), as well as for
the optical range of electromagnetic waves in Eq. (2.42), the two approaches
are interchangeable. Other sum rules, derived from quantum mechanical
principles and applicable to the oscillator strengths of transitions in atomic
and solid state systems, will be mentioned briefly in Section 2.4.

2.4 Quantum Mechanical Theories of the
Optical Properties of Solids

In this section, quantum mechanical descriptions of the dielectric func-
tions of solids will be presented. Although the focus will be on optically
isotropic solids, the extensions to anisotropic solids are straightforward;
additional comments on anisotropy are provided in the following paragraph.
First, in Section 2.4.1, the quantum mechanical analog of the classical
Lorentz oscillator expression is derived. In this part, the influence of the opti-
cal electric field on the localized electronic wavefunction associated with
each atom of the solid is determined using first-order time-dependent pertur-
bation theory. Then, the dielectric function is calculated from the wavefunc-
tion characteristics using quantum mechanical expressions for the complex
polarization or the complex conduction current. In Section 2.4.2, the expres-
sion for the dielectric function derived in Section 2.4.1 is extended to

pNae
2



2e0m

pNee
2



2e0m
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138 THEORY OF ELLIPSOMETRY

describe the more useful situation of delocalized one-electron wavefunc-
tions, or Bloch wavefunctions, associated with electrons in a crystalline
solid. The dielectric function in this case provides information on the density
of electronic states in the crystal as a function of electron energy, as described
in Section 2.4.3. In Sections 2.4.2 and 2.4.3, only direct transitions are con-
sidered (i.e., transitions that conserve the crystal momentum of the electron,
neglecting the momentum of the adsorbed photon which is exceedingly
small in comparison). In Section 2.4.4, indirect transitions are described in
which the excitation of electrons by photons is accompanied by the emission
or absorption of phonons (leading to a considerable change in the electron
wavevector). These latter, second-order processes can be observed in indirect
semiconductors in the absence of direct transitions, i.e., in the range of pho-
ton energy above the indirect gap but below the lowest direct gap. To con-
clude this treatment in Section 2.4.5, the quantum mechanical analog of the
Drude free electron expression is derived. The quantum mechanical process
is described in terms of intraband transitions involving electrons in the par-
tially filled bands in metals and degenerate semiconductors. This section pro-
vides only a concise review of the quantum mechanical processes. For back-
ground information and further details, one can consult texts on quantum
mechanical principles,[56,57] the quantum theory of solids,[44,45] and the mod-
ern theories of the optical properties of solids.[20,32]

As in the discussion of the Lorentz oscillator model of Section 2.3.1, the
treatment of this section can be readily generalized to anisotropic crystals of
orthorhombic and higher symmetries that are not optically active. In this
case, the results must be expressed in the coordinate system of the principal
crystallographic axes that simultaneously diagonalizes both real and imagi-
nary parts of the complex dielectric tensor. In addition, the direction of lin-
ear polarization (i.e., the direction of D

→
) must lie along one of the principal

axes. Then, the expression for the principal complex dielectric function is of
the same form as that presented below, but the relevant quantum mechanical
matrix element and the joint density of states will depend on the direction of
D
→

. As an example of the approach that must be taken, anisotropy is included
explicitly in the expression for the intraband dielectric function, valid for
monovalent metals and degenerate semiconductors (see Section 2.4.5).

2.4.1 Quantum Theory of Absorption and
Dispersion

2.4.1.1 Atomic Systems

In performing the quantum mechanical derivation of the dielectric
function of a collection of weakly interacting atoms that comprise an
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optically isotropic solid, one can begin by considering a single unper-
turbed atom with eigenstates fn given by:

H0fn � Enfn, (2.43)

where H0 is the time-independent Hamiltonian (or quantum mechanical
energy operator), En is the energy of the nth eigenstate, and n � 0 denotes
the ground state.[20] (From this point onward, the letter “E” is used both for
the electric field and for the energy of an electron or photon; the intended
meaning of “E” should be clear from the context.) Application of the
perturbation H�(t) associated with the optical electric field yields the time-
dependent Hamiltonian H(t) � H0 � H�(t), and the resulting wavefunc-
tion � for the atom is determined using the time-dependent Schrödinger
equation:

i� � [H0 � H�(t)]Ψ. (2.44)

The solution can be written as:

Ψ(r→, t) � Σ
n

an(t) fn(r
→)exp1�


iE
�

nt
2, (2.45)

where an(t) is the time-dependent probability amplitude for the atom to be
found in eigenstate n having energy En, and the summaton is over all
eigenstates.

Equation (2.44) needs to be solved when the perturbation, treated
classically, consists of an optical electric field described by E

→
loc with mag-

nitude E0,loc. Although several different forms for this perturbation are pos-
sible, here it is assumed to be a real quantity, directed along the x axis, and
positive maximum at t � 0. In addition, the spatial variation of the opti-
cal electric field over the atomic volume is neglected, meaning that only
electric dipole transitions are to be considered here.[57] Under these condi-
tions, the perturbation can be written as:

H�(t) � eE
→

loc 	 r→ � exp(gPt){exp(iwt) � exp(�iwt)}, (2.46)

which describes the energy operator of the atomic dipole in the electric
field E

→
loc. In Eq. (2.46), r→ and x are quantum mechanical position opera-

tors for the electron. This perturbation is allowed to build up gradually
on the time scale of the optical frequency through the positive rate

eE0,locx

2

∂Ψ


∂t
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parameter gP. Solving Eqs. (2.44) and (2.45) for this form of the pertur-
bation yields:

an(t) � �

e〈E0

2
,l

�
oc〉xn0
 exp(gPt) 5
ex

w
p

n

[

0

i
�

(wn

w
0 �

�

w
ig

)

P

t]

�


ex
w
p

n

[

0

i
�

(wn

w
0 �

�

w
ig

)

P

t]

6, (2.47)

where it is assumed that the atom is in its ground state n � 0 for t → ��,
and that first-order perturbation theory is applicable, namely that
an(t)H�(t)fn(r

→) is negligible for n � 0.[57] The exp(gPt) factor controls the
rate at which the amplitude associated with state n builds up, and pro-
vides a phenomenological approach for introducing a finite lifetime asso-
ciated with the electron transition. With this approach if gP is reduced,
then the lifetime increases. In addition, in Eq. (2.47), wn0 � wn � w0,
where wn � En��, w0 � E0��, and E0 and En are the ground eigenstate
and nth excited eigenstate energies. Finally, xn0 is the dipole matrix ele-
ment given by:

xn0 � �0

∆VA

f*
n(r

→)xf0(r
→)d3r→, (2.48)

where the integral in this expression is taken over the atomic volume ∆VA.
If the integral of Eq. (2.48) vanishes, then the transition is dipole for-

bidden; under such circumstances, it may then be necessary to consider
the spatial variation of E

→
loc over the atomic volume. Introduction of first

order terms in exp[±i(q→ 	 r→)] [see Eq. (2.10a)] in the perturbation theory
leads to the much weaker magnetic dipole and electric quadrupole tran-
sitions.[57] Finally, it should be noted that the buildup of the perturbation,
described by gP in Eqs. (2.46) and (2.47), is intended to simulate the
intrinsic limiting (i.e., longest possible) lifetime. Normally “extrinsic”
mechanisms control the lifetime, e.g., interatomic interactions, as
described for the classical model of Eqs. (2.32). These latter broadening
mechanisms are difficult to incorporate from a first-principles basis, how-
ever, and generally require a more cumbersome mathematical approach (see
Section 2.5.4).

The complex polarization induced by the optical electric field is:

P
→

� e0(e � 1)E
→

(2.49a)

� Nap
→ � �Nae �0

∆VA

Ψ*(r→, t)x→Ψ(r→, t)d3r→, (2.49b)
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where Na � Ne�Z is the concentration of atoms.[20] By applying Eqs. (2.45)
and (2.47) to Eqs. (2.49), setting E

→
� 〈E

→
loc〉, and taking the limit gPt → 0, one

can arrive at the following expression for the complex dielectric function:

e � 1 � Σ
n
1 � 2, (2.50a)

where fn0 is the oscillator strength defined by:

fn0 � 

2m

�

wn0
xn0
2. (2.50b)

Equation (2.50a) has the same form as Eq. (2.32a) for the Lorentz oscil-
lator as can be seen by neglecting terms in gP

2 in the former, and making
the following parameter associations:

Eq. (2.32a) → Eqs. (2.50)

Neb,n → Na fn0, (2.51a)

wn → wn0, (2.51b)

gn → 2gP. (2.51c)

Thus, the concentration of bound electrons with resonance frequency
wn in Eq. (2.32a) is associated with the product of the atomic concen-
tration and the oscillator strength, the resonance frequency wn in Eqs.
(2.32a) simulates the frequency wn0 � (En � E0)�� connecting the
ground and excited states, and the frictional constant gn is inversely pro-
portional to the lifetime of the transition, the latter defined according to
Eq. (2.46).

A second description of the dielectric function can be obtained in
terms of the momentum matrix element by writing the perturbation to first
order in the local vector potential A

→
loc (of amplitude A0,loc and optical fre-

quency w) as follows:

H�(t) � eE
→

loc 	 r→ � A
→

loc 	 p→ � A
→

loc 	 �
→

. (2.52a)

Here p→ � �i��
→

is the momentum operator for the electron (not to be con-
fused with the atomic dipole moment of Section 2.3), and the so-called
transverse or Coulomb gauge (�

→
	 A

→
� 0) is assumed. Then the derivation

i�e


m

�e



m

1



wn0 � w � igP

1



wn0 � w � igP

fn0

wn0

Nae
2



2e0m
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of e is carried out using the following relationships:

J
→

cond � Na j
→
cond � iwe0(1 � e)E

→
(2.52b)

� �

N
2m

ae
  �0

∆VA

[Ψ*(r→, t)p→Ψ(r→, t) � Ψ(r→, t)p→Ψ*(r→, t)]d3r→

�

Na

m
e2A

→


 �0

∆VA

Ψ*(r→, t)Ψ(r→, t)d3r→ , (2.52c)

where j
→
cond is the conduction current contribution of a single atom.[32,57]

The first and second terms in Eq. (2.52c) are called the paramagnetic and
diamagnetic currents, respectively. In this derivation of the linear response
for a collection of atoms that interact only weakly, the diamagnetic cur-
rent can be ignored; this is not the case for solids, in general. The approach
described by Eq. (2.52c) is very useful for determining the dielectric func-
tion associated with interband and intraband transitions in solids (see
Sections 2.4.2 and 2.4.5).

Alternatively, in order to obtain the second description of the dielec-
tric function, commutation relations, e.g., [px, x] � �i�, can be applied
directly to yield:

px,n0
2 � (mwn0)

2xn0
2, (2.53a)

and an equivalent expression for the oscillator strength of Eq. (2.50b):

fn0 � , (2.53b)

where the polarization direction is again assumed to be along x→.[20] In Eqs.
(2.53a) and (2.53b), px,n0 is the momentum matrix element given by the
x-component of the vector:

p→n0 � �i� �0

∆VA

f*
n(r

→)�
→

f0(r→)d3r→. (2.53c)

For atoms with Z electrons, the general f-sum rule is obeyed, given by

Σ
n

fnm � Z,

where fnm represents the oscillator strength for electronic transitions from
state m to state n.

2px,n0
2



m�wn0
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Another very useful quantum mechanical approach for describing the
optical absorption is derived from an expression for the absorption coef-
ficient associated with electronic transitions from state m to n, given by:

anm � � . (2.54)

Here �wnm � En � Em is the energy difference for the transition from state
m to n, and Wnm is the transition rate per excitation volume Ω, given[20] by

Wnm � 

Ω
1

 


da

d
n

t
m2


.

In addition, n and E0 in the denominator at the right of Eq. (2.54) are the
real index of refraction and the amplitude of the optical electric field,
respectively. Thus, the numerator of Eq. (2.54) is the rate of energy
absorption per volume, and the denominator is the irradiance in the beam
denoted I. The quantity anm in the transition rate represents the probability
amplitude for finding an electron in state fn, after having made a transi-
tion from state fm; thus, anm2 is the corresponding probability. In fact, anm

is a generalization of an0 � an in Eqs. (2.45) and (2.47), the latter being the
probability amplitude for finding an electron in state fn, after having made
a transition from the ground state f0.

2.4.1.2 Solid State Systems

In order to extend the above approaches beyond a collection of
weakly interacting atoms to a real solid, the one-electron model with the
random phase approximation is usually employed. In this approximation,
the influence of the external optical electric field or vector potential on the
many-electron wavefunction is obtained by determining the response of a
single electron in a self-consistent scalar potential. Local field corrections
are needed when the self-consistent potential depends on the external
field; such corrections are neglected here. The fact that the one-electron
energy states in solids are spread out over bands implies that there will
always be a continuum of initial and final states. Thus, such a continuum
in turn implies that the valence electrons participating in the optical tran-
sitions are usually delocalized throughout the crystal (an exception being
the electrons in amorphous solids at energies within the mobility gap). As
a result, one must reformulate the model used to determine the funda-
mental dielectric response of Eqs. (2.50) in which it was assumed that
each of the Ne � ZNa electrons may be excited from a single well-defined
ground state to any one of a number of higher energy excited states.

�wnmWnm


(ne0cE2

0�2)
�wnmWnm


I
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In Section 2.4.2, covalent crystalline solids will be considered in
which the one-electron wavefunctions are delocalized Bloch functions
specified by the electron wavevector k

→
and defined such that the normal-

ization or probability integral is unity when taken over the entire crystal.
The Bloch functions can be written as:

fu(r
→, k

→
u) � , (2.55)

where the index u distinguishes states in different bands and Ω is the vol-
ume of the crystal.[44,45] Here, uk

→
u is the part of the Bloch functions having

the periodicity of the lattice, i.e., uk
→

u (r→) � uk
→

u(r
→ � R

→
l), where R

→
l is a lattice

vector. In this case, one must distinguish between direct interband transi-
tions between Bloch wavefunctions in which k

→
is virtually unchanged in

the transitions and indirect interband transitions in which k
→

changes sig-
nificantly due to an interaction of the electron wave with vibrations of the
crystalline lattice. Ionic crystalline solids exhibit behavior that could be
considered intermediate between the covalent solids with delocalized elec-
tronic wavefunctions and weakly interacting atoms with atomic wavefunc-
tions. If the one-electron wavefunctions are localized as in a highly ionic
solid, however, the wavefunctions must be considered as a sum of Bloch
functions with a wide range of k

→
values. As a result, the transitions in

these materials have been called non-direct, i.e., there is no apparent
dependence on k

→
in the optical absorption process.[20]

Similar such non-direct behavior occurs in amorphous semiconduc-
tors, in which the lack of atomic periodicity in the network implies that the
electron crystal momentum �k

→
is no longer a valid quantum number for

describing the one-electron wavefunction. This case will be considered in
detail first in order to demonstrate how the continuum of states enters into
the calculation of the optical properties, but without the complexity of
delocalized Bloch functions.[67] For an amorphous semiconductor, one can
write an expression for the absorption coefficient as a function of the energy
E � �w of each of the photons associated with the quasi-monochromatic
electromagnetic wave:

a(�w) � 2Ω2�0

0

rv(Em)[∫a(En, Em, �w)rc(En)dEn]dEm, (2.56)

where a(En, Em, �w) � anm is defined through Eq. (2.54). In Eq. (2.56),
En � �wn and Em � �wm are the energies associated with the excited and
initial electronic states, respectively, so that En � Em � �wnm. In addition,
rv(Em)dEm and rc(En)dEn are the number of single-spin valence and con-
duction band states per unit volume, respectively, having energies
between Em and Em � dEm and between En and En � dEn. The factor of two

uk
→

u(r
→)exp(ik

→
u 	 r→)




�Ω
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accounts for the enhancement in absorption due to the fact that there are
two spin sub-bands, in general.

Next, Fermi’s golden rule for the transition rate per volume in the
amorphous semiconductor can be exploited:

Wnm � 

Ω
1

 


da

d
n

t
m2


 � 

�

2
Ω
p

Vnm2d(En � Em � �w)

� 

2
p
�

e
Ω

2


E2
0xnm2 d(En � Em � �w). (2.57)

Vnm is the matrix element of the perturbation, which includes factors of E0,
the electric field amplitude, and xnm, the dipole matrix element for the tran-
sition from state m to state n, the latter given by Eq. (2.48) with ‘0’ replaced
by ‘m’.[57] The delta function d(En � Em � �w) implies that the transition
rate from state m to state n vanishes unless the photon energy E � �w (un-
subscripted) equals the energy difference between the two electronic states.
By substituting Eq. (2.57) into Eq. (2.56), one arrives at the following use-
ful result for the photon energy-dependent absorption coefficient:



a(�w

�

)
w
n(�w)

 � 


2
e
p

0

e
c

2

�

Ω

  �E0y

E0c��w
xnm2rv(Em)rc(Em � �w)dEm , (2.58)

where n(�w) is the photon energy-dependent index of refraction. In
Eq. (2.58), E0v and E0c denote the electronic energies of the highest (occu-
pied) state of the valence band and the lowest (unoccupied) state of the
conduction band, respectively. Thus, Eg � E0c � E0v is the band gap of the
amorphous semiconductor, which in elemental tetrahedrally bonded
solids arises from the energy separation between s bonding and s* anti-
bonding energy levels.

If one assumes over a limited energy range of Em that:

(i) the densities of states rv and rc increase parabolically into
the bands, separated by the gap Eg,

(ii) the dipole matrix element xnm is independent of the energy
of the initial and final states,

and

(iii) absorption involving the band tail and defect states near
and below the bandgap of the amorphous semiconductor
can be neglected, then one arrives at the simple expression:

�	 � C(E � Eg); E � Eg, (2.59)
a(E)n(E)



E
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where the un-subscripted E denotes the photon energy (E � �w), C is a
constant, and a(E) � 0 for E � Eg.

[67] One can derive an alternative
expression to Eq. (2.59) by assuming instead that the momentum matrix
element px,nm given by Eq. (2.53c) is independent of the initial and final
states. The result in this case is:

�a(E)n(E)E � C�(E � Eg); E � Eg, (2.60)

along with a(E) � 0 for E � Eg. The expression of Eq. (2.60), called the
Tauc Law, has been used widely to determine the optical band gap for
tetrahedrally bonded amorphous semiconductor thin films such as hydro-
genated amorphous silicon (a-Si:H) and germanium (a-Ge:H) from
reflectance and transmittance measurements over a relatively narrow
range of E.[68] However, when higher photon energy data (for example,
from spectroscopic ellipsometry) are employed in the case of a-Si:H, it
has been found that the relationship of Eq. (2.59) provides a better over-
all fit.[46,67]

2.4.2 Direct Interband Transitions in Solids

The approach associated with Eq. (2.52c) in Section 2.4.1, can be
applied assuming transitions between delocalized one-electron states
described by Bloch wavefunctions. As a result, one can derive the fol-
lowing expression for the dielectric function of an optically isotropic crys-
talline solid as a function of the photon energy:

e(E) � 1 � Σ
0

k
→
,c,v


�e→

[E
	

c

p→

v(
c

k
→
v(
)
k
→

]2

)�2

 �

1
Ecv(k
→

) �

1
E � iΓ

�


Ecv(k
→

) �

1
E � iΓ

2. (2.61)

In this equation, the electronic transitions occur from valence band (v) to
conduction band (c) states each characterized by the same electron
wavevector k

→
, which is unchanged (i.e., conserved) in the transition as

demonstrated further below.[69] In addition, E � �w is the photon energy,
� � �gP is the broadening energy, and Ecv(k

→
) � Ec(k

→
) � Ev(k

→
) is the

energy difference between the pair of conduction and valence band states.
Finally, p→cv(k

→
) is the momentum matrix element for the transitions

between valence and conduction band states, and e→ is the polarization

e2�2



e0m

2
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direction of the optical electric field. In fact, the second term in Eq. (2.61)
is non-resonant and describes the low energy behavior of the dielectric
function. Although the step-by-step details of the derivation of Eq. (2.61)
are beyond the scope of this chapter, a more extensive explanation of its
interpretation is required.

Basic similarities are evident between the form of Eqs. (2.50) for a
collection of weakly interacting atoms with the electrons localized at
atomic sites and the form of Eq. (2.61) for a collection of strongly inter-
acting (i.e., covalently-bonded) atoms with the electrons delocalized
throughout the crystal. One similarity between Eqs. (2.50) and (2.61) that
may not be justified, however, in the extension from the weakly interact-
ing to strongly interacting collections of atoms is the assumption of so-
called Lorentzian broadening in Eq. (2.61), e.g., the broadening simulated
in Eq. (2.50) by the exponential buildup of the optical electric field
through the rate parameter gP. Non-Lorentzian broadening mechanisms
are sure to dominate in solids, however, such as electron-phonon scatter-
ing and electron-impurity scattering, or statistical variations in the local
environments of the electrons. Such mechanisms are usually better simu-
lated by Gaussian broadening. Due to the nontransparent mathematical
formulas that result from incorporating Gaussian broadening, however,
the approach of Section 2.4.1.1 will be continued here and throughout
Section 2.4. The phenomenological approach for incorporating Gaussian
broadening mechanisms will be delayed until Section 2.5, where the mod-
eling of optical functions is discussed in detail.

In considering next the differences between Eqs. (2.50) and Eq. (2.61),
two details are immediately obvious. First, the oscillator strength is now
expressed in terms of the momentum matrix element p→cv(k

→
), and second,

the polarization vector e→ of the electric field is now included explicitly.
However, one aspect that makes Eq. (2.61) fundamentally different from
its atomic analog is the interpretation of the summation. In deriving
Eqs. (2.50) for an atomic system, one assumes that the transitions occur
from a single ground state, identical for each atom. In Eq. (2.61), in con-
trast, one views the transitions as occurring from a set of one-electron
Bloch states in completely occupied valence bands (v). (Partially filled
bands leading to intraband transitions will be considered in Section
2.4.5.) Thus, in deriving Eq. (2.61), one uses an expression analogous to
Eq. (2.52c) in which (i) the atomic wavefunction is replaced by a Bloch
function, and (ii) the factor of Na is replaced by a summation over sepa-
rate terms, each one connecting an occupied Bloch state with another
state. In fact, for transitions between any pair of occupied states (desig-
nated v1 and v2), the (v1,v2) term will cancel the (v2,v1) term, so that one
need not be concerned with the exclusion principle. Thus for simplicity,
the sum in Eq. (2.61) can be interpreted as being over pairs of occupied
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valence band (v) and empty conduction (c) band electronic states. Finally,
it should be noted that Eq. (2.61) arises solely from the paramagnetic con-
duction current, which is the first term in the expression analogous to
Eq. (2.52c); the diamagnetic current vanishes in summing all possible
transitions from completely filled bands (see Section 2.4.5).

A second aspect that makes Eq. (2.61) fundamentally different is the
interpretation of the momentum matrix element p→cv(k

→
), which provides

the selection rules for the transition. The matrix element p
→

cv(k
→

) is defined
by Eq. (2.53c), but with wavefunctions fu(r

→,k
→

u) given by the Bloch func-
tions of Eq. (2.55) with u � (v,c). Here v represents an occupied valence
band state and c represents an unoccupied conduction band state.[20] The
resulting expressions are as follows:

p→cv � �

i
Ω
�

�0

Ω
[uk

→∗
c(r

→)exp(�ik
→

c 	 r→)]�
→

[uk
→

v(r
→)exp(ik

→
v 	 r→)]d3r→ (2.62a)

� � {Σ
L

exp[i(k
→

v � k
→

c) 	 R
→

L]} �
0

cell
uk

→∗
c�

→
uk

→
vd

3r→. (2.62b)

The integrals in Eqs. (2.62a) and (2.62b) are over the excited volume Ω
of the crystal, and a single unit cell of the crystal, respectively. Here k

→
v

and k
→

c are the electron wavevectors for the occupied valence and unoc-
cupied conduction band states and uk

→
v and uk

→
c are the parts of the Bloch

functions having the periodicity of the lattice. The summation in
Eq. (2.62b) over the unit cells of the crystal, identified by the index L and the
position vector R

→
L, vanishes unless k

→
v � k

→
c � K

→
, where K

→
is a reciprocal

lattice vector, defined by (K
→

	 R
→

L)�2p � integer. When k
→

v � k
→

c � K
→

, the
summation equals the number of unit cells in the crystal. In the reduced
zone scheme, K

→
� 0 and k

→
v � k

→
c, so that the transition can be described

by a single value of k
→

� k
→

v � k
→

c in the first Brillouin zone of reciprocal
space. Such transitions in which k

→
v � k

→
c are called direct interband tran-

sitions. If the integral in Eq. (2.62b) vanishes, then the direct transitions
are forbidden; otherwise they are allowed. For forbidden transitions, it is
no longer valid to neglect the spatial dependence [exp(±iq→ 	 r→)] of the
vector potential, as has been done in the derivations of e up to this point,
and under these circumstances transitions analogous to the magnetic
dipole and electric quadrupole transitions in atomic systems may become
important.

Since k
→

is conserved in the allowed transitions, then one can convert
the summation in Eq. (2.61) to an integral over the kx, ky, and kz values in
the first Brillouin zone of reciprocal space. These integration variables can
be converted in turn to the energy E� and two wavevector variables k1 and
k2 that sweep out the points on a constant energy surface, S defined by

i�


Ω
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E� � Ecv(k
→
), in the first zone. (The prime is added to distinguish the inte-

gration variable E� from the photon energy E.) With this transformation
one obtains the expression:

e(E) � 1 � 

4p

e
3

2

e
�

0

2

m2
Σ
c,v

�0

0
dE��0

S

dk1dk2
[Ecv(
�e→

k
→

)
	

]2

p→

�
c

�
→v
(

k
→

k
→

E
)

c

�2

v(k
→

)�

 �

1
Ecv(k
→

) �

1
E � iΓ

�


Ecv(k
→

) �

1
E � iΓ

2,

(2.63)

where the summation over pairs of valence (v) and conduction (c) bands
remains.[69] In Eq. (2.63), �

→
k
→Ecv(k

→
)�1 is introduced in the integrand as the

Jacobian of the transformation. If Γ �� Ecv(k
→

), then the first term in
parentheses under the integrand acts as a delta function centered at
E � Ecv(k

→
). Under these conditions, the contribution to the integral is

dominated by the energy difference E� � Ecv(k
→

) ≈ E (so the distinction
between E and E� now disappears), and the following expression for e2(E)
can be derived:

e2(E) � 

4p2

e
e

2

0

�

m

2

2E2
Σ
c,v

�0
S

dk1dk2

�e→

��
→
	

k
→

p→

E
c

c

v

v

(
(
k
k

→

→
)
)
�
�

2


. (2.64)

Here the integration is now over the surface with an energy difference
E� � Ecv(k

→
) given by the specific value of the photon energy E.

Equation (2.64) is useful in calculating absorption spectra.[20] For
example, in the case of a semiconductor with both valence and conduction
bands that are parabolic and isotropic in k

→
-space, one has:

Ecv(k
→

) � Eg � , (2.65a)

where

� � . (2.65b)

Here mcv, me, and mh are the reduced effective mass and the electron and
hole effective masses, respectively. If one assumes that the momentum
matrix element is nearly constant over the range of k

→
of interest, and

1


mh

1


me

1


mcv

�2k2



2mcv
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defines a mean-square value of 〈p2
cv〉 � (1�3)e→ 	 p→cv(k

→
)�2, then the

absorption spectrum versus photon energy E is given by:

a(E)n(E)E �

3(2

2
m
p
cv

e
)

0

3

�

�2

2

e
m

2〈
2

p
c

2
cv〉
 (E � Eg)

1�2; E � Eg, (2.66)

along with a(E) � 0 for E � Eg. If the oscillator strength [from
Eq. (2.53c)] is set at unity, the reduced effective mass at m/2, and the index
of refraction n at 4, then an estimate of a � 2 � 104 cm�1 is obtained for
E � Eg � 0.01 eV. This is in reasonable agreement with experimental
results for Ge, for example. Although Eq. (2.66) is designed to be used in
such applications near the absorption onset for the lowest energy direct
transitions in semiconductors, the one-electron model breaks down under
these circumstances. In fact, the inclusion of the effects of many-body
interactions are required here for a complete understanding of the shape
of the experimental absorption spectra. Specifically, a Coulomb interac-
tion binds the excited electron and the hole left behind in the valence
band, forming an exciton. The optical behavior of excitons will be
referred to briefly in Section 2.4.3; a more extensive review is given by
Cardona.[32]

2.4.3 Band Structure and Critical Points in Solids

One can relate the dielectric function more closely to the band struc-
ture by noting that the joint density of states, Jcv(E�), defined as the number
of single-spin (i.e., not including the factor of two for spin) elec-
tronic states per volume per energy interval, separated by an energy E�
is given by:

Jcv(E�) � �0

S



��
→
d

k
→

k
E

1d

cv

k
(k

→
2

)�

. (2.67a)

Here the integration is performed over the constant energy surface S in k
→

-
space with Ecv(k

→
) � E�.[20] If the dependence of the momentum matrix ele-

ment on k1 and k2 can be neglected, then Eq. (2.63) can be rewritten as:

e(E) � 1 � 

2
e
e

0m

2�
2

2


Σ
c,v

�0

Jcv(E�)

�e→ 	 p→

E
c

�
v(
2

E�)�2

 �

1
E� � E
1

� iΓ

 � 


E� � E
1

� iΓ

2 dE�. (2.67b)

1


8p3
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Again if Γ �� Ecv(k
→

), then the first term in parentheses under the inte-
grand acts as a delta function centered at E� � Ecv(k

→
) � E and the contri-

bution to the integral is dominated by the energy difference E� ≈ E. As a
result, an expression for e2(E) corresponding to Eq. (2.64) can be derived:

e2(E) � 

e
2

0

p
m
e

2

2

E
�2

2
Σ
c,v

e→ 	 p→cv(E)2Jcv(E). (2.67c)

This expression shows clearly the close relationship between the imagi-
nary part of the dielectric function and the joint density of electronic
states.

The joint density of states in Eq. (2.67a), and hence the dielectric
functions of Eqs. (2.67b) and (2.67c) exhibit relatively sharp structure
when �

→
k
→Ecv(k

→
) � 0, and points in k

→
-space where this condition is met

are called critical points or van Hove singularities. At the photon energy
E corresponding to a critical point, the primary contribution to the dielec-
tric function in Eq. (2.63) arises from the region of k

→
-space centered on

the critical point, and this leads to the structure in the dielectric function.
In the vicinity of a semiconductor critical point, one can replace the nor-
mally complicated variation Ecv(k

→
) in Eq. (2.63) with a local parabolic

expansion:

Ecv(k
→

) � Eg � 

�

2

2


 1 � � 2 , (2.68)

where k
→

is expressed in a coordinate system with the origin at the critical
point, oriented so as to diagonalize the inverse of the reduced effective
mass tensor, [m]�1.

By substituting Eq. (2.68) into the integral of Eq. (2.63), neglecting
the non-resonant term, and assuming that the matrix element is only a
weak function of k

→
(and can be brought outside the integral), one finds:

e(E) � i nc�1UxKcyKcz(E � Eg � iΓ)�1�2; 1D, (2.69a)

e(E) � inc�2UxUyKcz ln(E � Eg � iΓ); 2D, (2.69b)

e(E) � inc�1 UxUyUz(E � Eg � iΓ)1�2; 3D. (2.69c)
2pQ



E2

Q


E2

Q


E2

kz
2



mzz

ky
2



myy

kx
2



mxx
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Here, expressions are given for one-, two-, and three-dimensional critical
points for which a pair, one, or none of the effective masses mjj is very
large, respectively.[69] In addition in Eqs. (2.69), Q � (e2�2�4p2e0m

2)e→ 	
p→cv(k

→
)2; Uj � (2mjj��2)1�2, (j � x, y, z); and nc is the critical point type,

designated by the number of effective masses that are negative. For a
three-dimensional critical point, the following assignments can be made:
(nc � 0 ⇒ minimum; nc � 1 ⇒ saddle point; nc � 2 ⇒ saddle point; nc �
3 ⇒ maximum). These are called the M0, M1, M2, and M3 critical point
types, respectively. For a two-dimensional critical point, the following
assignments are made: (nc � 0 ⇒ minimum; nc � 1 ⇒ saddle point; nc �
2 ⇒ maximum). Finally, for a one-dimensional critical point: (nc � 0 ⇒
minimum; nc � 1 ⇒ maximum). Kcj (j � y, z) are the cutoff lengths in the
Brillouin zone that are imposed to restrict the limits of integration in Eq. (2.63)
along the z-direction for a two-dimensional critical point (in which case
mzz → �) and along the y- and z-directions for a one-dimensional critical
point (in which case myy → � and mzz → �). In fact, Eqs. (2.69) are clearly
not consistent with the Kramers-Kronig relationships [Eqs. (2.29)] and are
only valid for calculating difference or derivative spectra (i.e., in so-called
critical point analyses) in which the weaker, smoothly varying back-
ground in e from other regions of k

→
-space completely disappears.

A general form of the dielectric function associated with a critical
point can be written as:

e(E) � AΓpexp(ij) (E � Eg � iΓ)�p, (2.70)

where A is an amplitude factor, j is the phase projection factor, and �p is
the exponent. The exponent �p takes on the values of �1�2, 0 (logarithmic),
and 1�2 for 1D, 2D, and 3D critical points, respectively. With Eq. (2.70)
one can also describe the critical point lineshape for discrete excitons, by
setting p � 1. In this case, the phase factor is interpreted as a coupling
parameter between the exciton and the overlapping interband continuum.
Again it must be emphasized that the functional form of Eq. (2.70) is not
Kramers-Kronig consistent and is valid only in critical point analyses.
Finally, Eqs. (2.69) and (2.70) are based on the assumption of Lorentzian
broadening with an energy width �; Gaussian broadening, which is per-
haps more realistic, will be treated in Section 2.5.

Table 2-2 includes the functional form of Jcv(E) in the neighborhood
of one-, two-, and three-dimensional critical points of different types hav-
ing allowed transitions as calculated from Eq. (2.67a); Fig. 2.4 depicts
schematics of the shapes of these critical points.[32] For transitions that are
forbidden at the critical point, but allowed in moving away from the point,
the momentum matrix element in Eqs. (2.67b) and (2.67c) is replaced by
a factor of E � Eg. This factor arises from a first-order expansion of the
matrix element about the critical point.
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2.4.4 Indirect Interband Transitions in Solids

The interactions of an electron with the periodic array of atoms in a
crystalline solid are described, within the one-electron model, by intro-
ducing concepts such as the electron crystal momentum �k

→
, the effective

mass, and the one-electron band structure of allowed energy states vs. k
→
.

Then the interaction of a classical electromagnetic wave with an electron
in a perfect lattice leads to direct transitions between electron states in
which k

→
is conserved [see Eqs. (2.61) and (2.62)]. If one considers possi-

ble interactions of the electron with imperfections of the lattice, then k
→
-

conservation in the electron transitions is relaxed, and this gives rise to
indirect transitions.[23] Quantized lattice vibrations, or phonons, constitute
an important source of imperfections and are unavoidable at finite tem-
perature even in a perfect crystal. Furthermore, even in the limit of 0 K,
zero-point motion occurs; in addition, the electron undergoing a transition
can interact with the lattice to generate a phonon. Specifically, transitions

OPTICAL PHYSICS OF MATERIALS, COLLINS, FERLAUTO 153

Table 2-2. The form of the joint density of electronic states Jcv versus pho-
ton energy E [see Eqs. (2.67) and Fig. 2.4] for allowed transitions in the
neighborhood of band structure critical points of different types. The
dimensionality of the critical point is determined by the number of princi-
pal components of the reduced effective mass tensor mjj (j � x, y, z) that
are infinite. The type of the critical point is determined by the number of
components of the diagonalized effective mass tensor that are negative.
Weakly varying background contributions to the joint density of states are
assumed in each case. In the expressions for Jcv(E), cmn and cmn� (m �
0,1,2,3; n � 1,2,3) are constants independent of photon energy.

Dim. Type mxx myy mzz Jcv(E)

E � Eg E � Eg

3D M0 minimum � � � c03 c03 � c03�(E � Eg)
1�2

3D M1 saddle � � � c13 � c13�(Eg � E)1�2 c13

3D M2 saddle � � � c23 c23 � c23�(E � Eg)
1�2

3D M3 maximum � � � c33 � c33�(Eg � E)1�2 c33

2D M0 minimum � � � c02 c02� � c02

2D M1 saddle � � � c12 � c12� ln(Eg � E) c12 � c12� ln(E � Eg)
2D M2 maximum � � � c22 c22� � c22

1D — minimum � � � c01 c01 � c01�(E � Eg)
�1�2

1D — maximum � � � c11 � c11�(Eg � E)�1�2 c11
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Figure 2.4 Behavior of the joint density of states, as well as the imaginary part of
the dielectric function in the absence of broadening [see Eq. (2.67c)], versus opti-
cal frequency in the neighborhood of one-, two-, and three-dimensional critical
points of different types. The critical point is placed at wg � Eg ��, and the func-
tional dependences are given in Table 2-2. (After Ref. 32.)

of an electron from an initial state fv(r
→, k

→
v) to a final state fc(r

→, k
→

c) with
k
→

v � k
→

c can occur if a phonon of wavevector k
→

p � ±(k
→

c � k
→

v) � K
→

is emit-
ted (�) or absorbed (�). Here K

→
is a reciprocal lattice vector. In addition

to conservation of crystal momentum, as embodied in this expression,
overall conservation of energy also applies, given by �w � Ecv � (±�wpk

→),
where �w is the energy of the photon and �wpk

→ is the energy of the emit-
ted (�) or absorbed (�) phonon.

Because such indirect processes are second-order, involving perturba-
tions described by the electron-photon and electron-phonon coupling
Hamiltonians, the resulting transitions will be observed experimentally only
when no direct (first-order) processes occur at the same photon energy.
Thus, the practical situation of interest is one that occurs in an indirect semi-
conductor when the photon energy �w is below the minimum direct gap (so
that no direct transitions can occur), but above the minimum indirect gap.
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Figure 2.5 Semiconductor band diagram showing two possible pathways for the
indirect excitation of an electron from the valence band (VB) maximum v to the
conduction band (CB) minimum c. In one case, the electron is excited in a virtual
direct transition to a followed by phonon-assisted scattering to c. In the other case,
an electron is excited in a direct transition from b to c, and the hole left behind is
scattered to v. The matrix elements describing the electron-photon and electron-
phonon coupling for the transitions are included from Eq. (2.71).

To describe the situation mathematically, one must resort to second-
order perturbation theory. It is sufficient here to consider only (i) transitions
from a single valence band maximum at k

→
� 0 to a single conduction

band minimum away from the Brillouin zone center, and (ii) single
phonon absorption or emission. In addition, all other valence and conduc-
tion bands are assumed to be distant in energy so that only two intermedi-
ate states designated ‘a’ and ‘b’ need to be considered as shown in Fig. 2.5.
Under these circumstances the transition rate per unit volume is given by:

Wcv � 

2
p
Ω
e
m

2A
2

2

�
0

2
 � � �
� {d(Ecv � �wpk

→ � �w) � d(Ecv � �wpk
→ � �w)}. (2.71)

In this expression, A0 is the amplitude of the vector potential, and the two
terms incorporating the matrix elements represent the two possible path-
ways via the intermediate conduction band state ‘a’ and the intermediate
valence band state ‘b’.[20] In these terms, �Vca

phon�2 and �Vbv
phon�2 are the matrix

elements of the electron-phonon coupling Hamiltonian which, unlike
electron-photon coupling, must include spatial dispersion. If the initial
state of the electron is characterized by k

→
v � 0, then both these matrix

�Vbv
phon�2 �e→ 	 p→cb�2


(E � Ecb)

2

�Vca
phon�2 �e→	 p→av�2


(Eav � E)2
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elements vanish unless crystal momentum is conserved in accordance
with k

→
p � ±k

→
c � K

→
. The delta-function terms in Eq. (2.71) describe energy

conservation corresponding to absorption (��wpk
→) and emission (��wpk

→)
of phonons, where Ecv � Eg is the indirect gap. Normally, one of the two
matrix element terms will dominate due to the squared-energy-difference
factors in the denominators. These factors reflect the fact that the transi-
tion rates for the two pathways increase as the square of the lifetimes in
the intermediate states. According to the uncertainty principle, these life-
times are given by ta ~ ��(Eav � E) and tb ~ ��(Ecb � E), for states ‘a’
and ‘b’. Here, Eav � Ea � Ev, and Ecb � Ec � Eb, where Ea and Eb are the
electron energies for the two intermediate states.

In practice, transitions according to Eq. (2.71) occur between two dis-
tributions of states near the valence band maximum and the conduction
band minimum with a joint density of states Jcv(E�) � rv(E�)rc(E� �
�w ± �wpk

→), where rv and rc are typically parabolic functions. Then by
integrating over all possible transitions in an approach similar to that of
Eq. (2.56) one can arrive at the following practical formulas that incorpo-
rate the absorption coefficient [assuming the first matrix element term in
Eq. (2.71) dominates]:

a(E)n(E)E(Eav � E)2 � 

exp(b

C

k
→) � 1

 (E � �wpk

→ � Eg)
2;

E � Ecv � �wpk
→, (2.72a)

a(E)n(E)E(Eav � E)2 � 

e
C
xp

�e
(b
x

k
→

p
)
(b
�

k
→)

1

 (E � �wpk

→ � Eg)
2;

E � Ecv � �wpk
→. (2.72b)

In these expressions, E � �w is the photon energy, C and C� are constants,
and bk

→ � �wpk
→�kBT, where kB is Boltzmann’s constant.[32] For photon ener-

gies below the specified ranges, a(E) � 0. Equation (2.72a) is appropri-
ate for phonon absorption and the temperature (T) dependent term arises
from the phonon concentration Np which has been extracted from the
electron-phonon matrix element. Similarly, Eq. (2.72b) is appropriate for
phonon emission with probability proportional to Np � 1. Over a suffi-
ciently narrow range one can neglect all photon-energy dependent terms
on the left except for a in applying these formulas to identify indirect tran-
sitions.

Finally, some qualifications are required before accepting Eqs. (2.72)
as a valid description of the indirect absorption onset. First, in deriving
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Eqs. (2.72), one assumes that the momentum matrix element connecting
the valence and conduction band states near k

→
� 0 is independent of

energy. This is invalid when the dominant direct transition here is forbid-
den.[20] A derivation in this case leads to analogous equations to those of
Eqs. (2.72) but with the quadratic dependence (E ± �wpk

→ � Eg)
2 replaced

by the cubic dependence (E ± �wpk
→ � Eg)

3. Second, when excitons are
formed, the results for a near the absorption onset of the indirect gap given
by Eqs. (2.72) are modified, as in the case of the direct transitions.[32]

2.4.5 Intraband Transitions in Metals

In the final part of this section, intraband transitions will be briefly
considered from the standpoint of the quantum theory of solids. For the
purposes of this discussion, it is assumed that the interband contribution
is non-dispersive over the photon energy range of interest, so that this
energy range must lie below the minimum interband transition energy.
This situation holds over certain ranges for monovalent metals and degen-
erate semiconductors.

Starting from Eq. (2.52c) as a foundation, the following result can be
derived for the more general case of an optically anisotropic crystal:

ejj � (e0s)jj � 

w[w

e2

�

�4
i
p
(2

3e
Γ

0

m

�

j

2

��)]

 �0

0



∂2

∂
E
k
(

j

k
2

→
)


d 3k
→

, (2.73a)

where j � (x, y, z) describes the coordinate system that diagonalizes the
real and imaginary parts of the complex dielectric tensor.[32] Thus, a crys-
tal of orthorhombic or higher symmetry is assumed. The first term on
the right in Eq. (2.73a), (e0s)jj, originates from the interband term of
Eq. (2.61) when E � �w �� Ecv(k

→
), for all k

→
. The energy-dependent sec-

ond term originates from the diamagnetic current [see Eq. (2.52c)] and is
non-zero for metals and degenerate semiconductors having partially filled
conduction bands. The integral in the second term of Eq. (2.73a) is per-
formed over all occupied states in k

→
-space, and because it vanishes for

completely filled bands, this second term does not appear in Eq. (2.61). In
the prefactor of the second term, �mj � �(gPm)j has been introduced to
ensure a finite lifetime for the transition (even in the absence of scattering
by phonons and defects, the typical lifetime limiting mechanism for electrons
in metals). Here (gPm)j describes the exponentially increasing magnitude of
the jth component of the vector potential as defined in Eq. (2.46). Finally, the
wavevector k

→
under the integral in Eq. (2.73a) is measured using the same

coordinate system that diagonalizes the complex dielectric tensor.
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Two important steps are required to derive the second term in
Eq. (2.73a) from the diamagnetic current. First, the zero-order (or unper-
turbed) wavefunctions are incorporated to obtain a first-order result in the
perturbation expansion. Second, the effective mass theorem, also called
the k

→
	 p→ sum rule, is applied given by:



�

1
2
 


∂2

∂
E
k
c(

j
2

k
→

)

 � 


m
1


 � 

m
2

2
∑
u≠c



[
E
p→c

c

u

(
(
k
→
k
→

)
)
�

]j[p
→

E
uc

u

(
(
k
→

k
→
)
)
]j
 . (2.73b)

Here, ‘c’ designates an occupied state in the partially filled conduction band
and u designates a state in another band.[32] The quantity [p→cu(k

→
)]j is the jth

vector component of the momentum matrix element taken between the states
(c, k

→
) and (u, k

→
) defined as in Eq. (2.62a), and Ec(k

→
) and Eu(k

→
) are the elec-

tron energies of these states. In fact, the quantity on the left-hand side is the
jth diagonal element of the inverse effective mass tensor. The effective mass
theorem can be derived from a comparison of the second-order terms in a
Taylor series expansion of the electron energy about a point in k

→
-space with

the corresponding second-order terms in a perturbation theory analysis.[45]

It is of interest to evaluate Equation (2.73a) for the practical situation
of a cubic crystal in which there is a single set of equivalent, parabolic
conduction band minima, so that in the vicinity of each:

E(k
→

) � 

�

2

2


� � � �. (2.74)

With a cubic crystal, the coordinate system for k
→

has now been fixed in
turn at each of the conduction band minima so as to coincide with the
principal directions of the inverse effective mass tensor. Thus, (me, jj)

�1;
j � (x, y, z), denote the principal components of the inverse effective mass
tensor. Substituting Eq. (2.74) into Eq. (2.73a), yields:

e(w) � e0s �

w[w

N
�
ece

2

i
�
(2
e
Γ
0m

m�
o

�)]

, (2.75a)

where Nec is the electron concentration in the partially filled conduction
band and mo is often called the optical effective mass, given by



m
1

o


 � 

1
3


 �

m

1

e,xx


 � 

m

1

e,yy


 � 

m

1

e,zz


�.

Equation (2.75a) is similar in form to the first two terms of Eqs. (2.38),
derived classically. In these classical formulas, if one were to make the

kz
2



me,zz

ky
2



me,yy

kx
2



me,xx
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following associations:

Eqs. (2.38) → Eq. (2.75a),

Nef → Nec, (2.75b)

m → mo, (2.75c)

gf → 2Γm��, (2.75d)

then the quantum mechanically derived expression of Eq. (2.75a) results.

2.5 Modeling the Optical Properties of Solids

In this section, examples will be presented that illustrate the theoreti-
cal derivations and concepts of Sections 2.3 and 2.4. In the first part, rep-
resentative results are given for the classical Lorentz oscillator and Drude
expressions in terms of the real and imaginary parts of the complex dielec-
tric functions (e1, e2), the real and imaginary parts of the complex index of
refraction (n, k), as well as the absorption coefficient and normal-
incidence reflectance (a, R). The results for (a, R) provide an intuitive
understanding of the physical manifestations of the optical functions. The
theoretical results from the Lorentz oscillator and Drude expressions for
the dielectric functions are compared qualitatively and quantitatively to
experimental results for a selection of different materials, including amor-
phous silicon (a-Si:H) in thin film form,[46] aluminum (Al) and silver (Ag)
in particulate film form,[47,48] bulk single-crystal gallium arsenide
(GaAs),[49,50] and thin film polycrystalline Ag.[36] In the second part of this
section, more detailed expressions developed on the basis of quantum
mechanical principles are employed specifically to fit a similar group of
materials, including amorphous silicon-germanium (a-Si1–xGex:H) and
amorphous silicon-carbon (a-Si1–xCx:H) alloy thin films,[51,52] bulk single-
crystal Si and GaAs,[53,54] epitaxial mercury cadmium telluride (Hg1–xCdxTe)
alloy layers,[55] and thin film Al.[47]

2.5.1 Classical Lorentz Oscillator Models

2.5.1.1 Optical Characteristics: Semiconductors, Insulators,
and Confined Electron Systems

Figure 2.6 shows the photon energy (E � �w) dependence of the com-
plex dielectric function e � e1 � ie2 for the Lorentz oscillator model,
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Figure 2.6 Photon energy dependence of the real (e1) and imaginary (e2) parts of
the complex dielectric function (e) for a single Lorentz oscillator with resonance
energy, �w0 � 3.85 eV; broadening, �g � 2.00 eV; and amplitude, A2 � e2�2Ne�e0m �
(15.1 eV)2. Normal dispersion in e1 is observed in photon energy regimes I and
III�IV, below and above the resonance energy, respectively. In regime II, anom-
alous dispersion is observed. The boundary between regimes III and IV is placed
at the plasma energy, �wp, defined where e1 � 0.

calculated from Eqs. (2.32) with a single term in each summation. Thus
single-electron “two-level atoms” (Ne � Na) are assumed for simplicity.
Each electron is assumed to be bound to its atom with a resonant fre-
quency of w0 in the near-ultraviolet range; as a result, there is no free-
electron or Drude component to the dielectric function. The behavior in
Fig. 2.6 exhibits some of the optical characteristics of a semiconductor, in
particular an amorphous semiconductor as will be seen shortly, owing to
the large value of g (or the short transition lifetime) selected for the par-
ticular example of Fig. 2.6. In fact, the values for the parameters of the
Lorentz oscillator are chosen for qualitative consistency with the meas-
ured dielectric function of amorphous silicon (a-Si:H), namely, a reso-
nance energy of E0 � �w0 � 3.85 eV, a broadening energy of Γ � �g �
2.00 eV, and a transition strength of A2 � (e2�2Ne�e0m) � (15.1 eV)2.

In the limit of low optical wave frequencies in Fig. 2.6, i.e., for w ��
w0 (or E �� E0), and when g � w0 (or Γ � E0), e1 approaches a constant
given by e1 � 1 � (e2Ne�e0mw0

2) � 1 � (A�E0)
2. The value of this
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constant is 16.4 for the selected parameters in Fig. 2.6. When w �� w0 and
g � w0, the real part of the dielectric function increases with increasing w
according to

e1(w) ≈ 1 � 

e
e

2

0

N
m

e
 

w2

0 �

1
w2
 � 1 � 


E2
0

A
�

2

E2
 .

This is the regime of so-called “normal dispersion” in e1 that extends to

w� � w0[1 � (g�w0)]
1�2 {or E� � �w� � E0[1 � (Γ�E0)]

1�2 � 2.67 eV}.

Above w�, e1 decreases with w, first crossing unity at w � w0 (or E � E0 �
3.85 eV) and then crossing zero from above at

w ≈ w0[1�(e0m�e2Ne)g2]�1�2 {or E ≈ E0[1�(Γ�A)2]�1�2 � 4.13 eV}.

[The latter approximation is valid when (e0m�e2Ne)g2 � (Γ�A)2 �� 1.] The
regime in which e1 decreases with w is the regime of so-called “anom-
alous dispersion” in e1 that extends to

w� � w0[1 � (g�w0)]
1�2 {or E� � �w+ � E0[1 � (Γ�E0)]

1�2 � 4.75 eV}.

When w0 �� g, the regime of anomalous dispersion in e1 exhibits a width
of w+ � w� ≈ g. In spite of the fact that w0 and g are of similar order for
the chosen parameters in Fig. 2.6, �(w+ � w�) yields a value of 2.08 eV,
not far from the approximate value Γ � 2.00 eV. Above w�, e1 resumes
normal dispersion, crossing zero from below at the plasma frequency of
wp � [w0

2 � (e2Ne�e0m)]1�2 {or at the plasma energy of Ep � �wp �
(E0

2 � A2)1�2 � 15.6 eV}. For w �� w0 �� g, e1 approaches unity asymp-
totically as

e1(w) ~ 1 � (e2Ne�e0mw2) � 1 � (A�E)2.

In the limit of decreasing frequency in Fig. 2.6, i.e., for w �� w0 (or
E �� E0), e2 approaches zero asymptotically as e2(w) ~ e2Negw�e0mw0

4 �
A2ΓE�E0

4. In this aspect, the Lorentz oscillator function differs from typ-
ical semiconductor characteristics in which e2(E) approaches zero rapidly
as E approaches the bandgap Eg from above. Furthermore, in Fig. 2.6, e2

increases with increasing w, reaching its maximum value of e2 ≈
e2Ne�e0mgw0 � A2�ΓE0 (�29.6) at w � w0. For w �� w0, e2 approaches
zero asymptotically as e2(w) ~ Nee

2g�e0mw3 � A2Γ�E3. Finally, when
w0 �� g, the full width at half-maximum ∆w of the resonance band in
e2(w) is also given by ∆w � g (or ∆E � Γ).
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162 THEORY OF ELLIPSOMETRY

Figure 2.7 Photon energy dependence of the real (n) and imaginary (k) parts of
the complex index of refraction (N) for the Lorentz oscillator of Fig. 2.6. The four
regimes are delineated as described in Fig. 2.6.

In Fig. 2.7, the corresponding frequency dependence of the complex
index of refraction N � n � ik is plotted for the same single Lorentz oscil-
lator. The index of refraction n and extinction coefficient k exhibit fea-
tures similar to those of e1 and e2 in Fig. 2.6 with the exception that n
remains positive and the regime of anomalous dispersion in n is extended
to higher w. Figure 2.8 includes both the absorption coefficient and normal-
incidence reflectance. The former is calculated from the extinction coeffi-
cient and wavelength according to Eq. (2.12b). The latter is calculated
from the index of refraction and extinction coefficient, using the expres-
sion R � [(n � 1)2 � k2]�[(n � 1)2 � k2], assuming that the index of
refraction of the ambient medium is unity.

In Figs. 2.6 through 2.8, four regimes are delineated as described by
Wooten and classical interpretations are suggested as follows.[20] In regime
I corresponding to w � w�(or E � E�), i.e., the first regime of normal dis-
persion in e1, the electrons respond as if they were strongly bound, and the
solid exhibits relatively weak, but increasing absorption and reflectance.
The reflectance in this regime is lower for solids with a lower electron
density Ne and higher electronic “spring constant” mw0

2. Regime II is the
regime of anomalous dispersion in e1 with w0 � (g�2) � w � w0 � (g�2)
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Figure 2.8 Photon energy dependence of the absorption coefficient (a, top) and
the normal incidence reflectance (bottom) for a hypothetical material whose
dielectric function is given by the Lorentz oscillator of Fig. 2.6. In the calculation of
the reflectance, a single interface between the ambient (with index of refraction
na � 1) and the material is considered. The four regimes are delineated as
described in Fig. 2.6. (After Ref. 36)

[or E0�(Γ�2) � E � E0 � (Γ�2)]. This regime is characterized by a
response consistent with weakly bound conduction electrons in that a
sharply increasing absorption and reflectance is observed as a function of
frequency. In regime III, w � w+ and the electrons respond as if they were
free electrons in a metal [see Eqs. (2.35) in Section 2.3]. As a result, the
solid has a metallic-like reflectance in this regime, but gradually decreas-
ing absorption (as well as reflectance) with increasing w. The onset of
regime IV occurs when e1 � 0, which defines the plasma frequency wp (or
plasma energy Ep). In regime IV, both the reflectance and absorption are
relatively low and decrease gradually to zero.
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164 THEORY OF ELLIPSOMETRY

Figure 2.9 Real and imaginary parts of the dielectric function (e1, e2) of hydro-
genated amorphous silicon measured at room temperature by combining spectro-
scopic ellipsometry, transmittance and reflectance spectroscopy, and dual beam
photoconductive spectroscopy on a thin film prepared on glass by plasma-
enhanced chemical vapor deposition. (Data from Ref. 46.)

2.5.1.2 Examples: Semiconductors, Insulators, and Confined
Electron Systems

Figures 2.9 and 2.10 show the dielectric functions obtained by ex situ
and real time spectroscopic ellipsometry (SE), respectively, for three thin
film materials, hydrogenated amorphous silicon (a-Si:H)[46] and discontin-
uous elemental aluminum (Al) and silver (Ag),[47,48] for which single broad
resonances are apparent, similar to that in Fig. 2.6.

Although the dielectric function of the a-Si:H is qualitatively similar
to that of the single oscillator in Fig. 2.6, a precise fit cannot be obtained
for at least two reasons associated with the oversimplified classical
Lorentz model. First of all, solids in general are more realistically
described in terms of a large collection of oscillators enumerated by n, as
in Eqs. (2.32), with closely spaced resonance frequencies wn spread over
bands, and each of the individual resonances has a width gn and electron
concentration Neb,n associated with it. In the specific case of a-Si:H, there
is a single broad band of resonances typical of an amorphous solid, that
can be understood from the standpoint of quantum mechanics in terms of
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Figure 2.10 Real and imaginary parts of the dielectric functions (e1, e2) of thin films
consisting of isolated aluminum (left) and silver (right) particles on oxide-covered
Si substrates, measured by spectroscopic ellipsometry (SE) in real time during
preparation at room temperature. The film thicknesses at the measurement times
were 5.0 nm and 7.8 nm for the Al and Ag films, respectively. The real time SE
acquisition times for the full spectra are provided. (Unpublished data from H.V.
Nguyen and R.W. Collins.)

the excitation of valence electrons (four per Si atom) from a band of occu-
pied σ bonding energy states across an energy gap (~1.65 eV) to a band
of unoccupied s* antibonding states.[70] Second, even in amorphous
solids, an energy gap Eg develops between valence and conduction band
states. This gap is manifested by a decrease in e2(E) with decreasing E
toward Eg at a rate much faster than the corresponding linear decrease to
E � 0 in the Lorentz oscillator model. In fact, amorphous solids exhibit
absorption tails, so-called “Urbach tails”, whereby a(E) decreases expo-
nentially with decreasing E below Eg. Although the Urbach tails fall off
much more rapidly than the Lorentz oscillator tail, such tails in amor-
phous solids are far more extensive, in fact, than those observed in crys-
talline solids. A comprehensive optical model to describe amorphous
semiconductors will be presented in Section 2.5.3.

The dielectric functions in Fig. 2.10 were obtained by real time SE
from thin films of aluminum and silver in the initial stages of growth on
thermal oxide-covered silicon wafer substrates when the films consist of
an array of discontinuous particles (5.0 nm and 7.8 nm thick, respec-
tively).[47,48] Such results are of interest here because they demonstrate that
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166 THEORY OF ELLIPSOMETRY

electronic processes other than band-to-band transitions can also give rise
to Lorentz oscillator characteristics. In Fig. 2.10, the resonances can be
understood physically in terms of the forced collective oscillation of con-
duction electrons confined within each metal particle, whereby the restoring
force is provided by the rigid array of positive nuclei (see Section 2.3.2).

A mathematical expression can be derived for the effective dielectric
function of the discontinuous metal film, starting from the generalized
Maxwell-Garnett effective medium theory, given by

e � 1 � , (2.76a)

where ep is the dielectric function associated with the bulk metal from
which the particles are formed, Q is the volume fraction associated with
the particles, and F is an interparticle screening factor.[71–73] In this expres-
sion, the host in which the particles are embedded is the ambient medium
with eh � 1. If the Drude free electron expressions of Eqs. (2.35) are sub-
stituted into Eq. (2.76a) for ep, then a Lorentz oscillator expression results:

e (E) � 1 �

(E2

0 � E
A

2

2

) � iΓE

 , (2.76b)

with amplitude factor A � �Q�wp, resonance energy E0 � �F�wp, and
broadening Γ � �gf. In these expressions wp and gf are the plasma fre-
quency and damping parameter of the bulk metal from Eqs. (2.35).
Equation (2.76b) is more general than the oscillator result from Eq. (2.39)
in that no specific particle shape is assumed; in addition, Eq. (2.76b) is
valid for a collection of interacting particles. In fact, Eqs. (2.39) and
(2.76b) yield the same result when the isotropic (spherical particle) for-
mula for F is used,[71] namely F � (1 � Q)�3, in the limit Q �� 1. Figure 2.11
shows an example fit to experimental data in e acquired by real time SE
during Ag film nucleation on a crystalline Si substrate in a sputter-
deposition process.[48] Also shown is the e2 spectrum for a much thicker,
fully coalesced silver film that emphasizes the absence of the resonance
feature in this case. Deviations of the data from the fit in Fig. 2.11 can be
attributed to a particle size distribution that generates a distribution in the
screening parameter F.

As an application of the Lorentz oscillator analysis in real time SE,
Fig. 2.12 shows the evolution of the resonance energy E0 and the broaden-
ing parameter Γ in Eq. (2.76b) as functions of particle film thickness
during Ag growth.[48] At the lowest thickness of 1.5 nm, E0 � 2.8 eV and

Q(ep � 1)



1 � F(ep � 1)
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Figure 2.11 Real and imaginary parts of the dielectric function (e1, e2) of a thin film
consisting of isolated silver particles on an oxide-covered silicon wafer substrate
at room temperature. The results were measured by SE in real time during a mag-
netron sputtering process. The film thickness at the measurement time was
6.6 nm as determined in a three-parameter fitting procedure that includes the
reflectance spectrum along with the SE data. The solid line is a best fit to the
Lorentz oscillator equation [see Eqs. (2.76)] using parameters depicted in
Fig. 2.12. Also shown for comparison is the imaginary part of the dielectric func-
tion for bulk Ag (triangles). (After Ref. 48.)

Γ � 0.96 eV. As d increases above 5 nm, E0 decreases throughout the vis-
ible range to E0 � 1.6 eV at 13 nm. These best fit values for E0 in Fig. 2.12,
along with the free electron plasma energy of Ep � 8.8 eV for bulk Ag, lead
to screening parameter values F � (E0�Ep)

2 that range from 0.1 at 1.5 nm
thickness to 0.04 at 13 nm. This range of values is lower than would be
expected based on the isotropic version of the Maxwell-Garnett effective
medium theory with F � (1 � Q)�3. As a result, the particle film may in
fact be optically anisotropic with different principal dielectric functions e‘
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168 THEORY OF ELLIPSOMETRY

Figure 2.12 Resonance energy E0 and broadening parameter � in the Lorentz
oscillator equation [Eq. (2.76b)] versus film thickness for the Ag particle film of
Fig. 2.11, as deduced from the evolution of the dielectric function during growth.
The dielectric function was extracted in an analysis of spectra in the ellipsometric
angles (y, ∆) and polarized reflectance, collected in real time during Ag film
growth. (After Ref. 48.)

and e› characterized by different values of F‘ and F›, for electric field
directions parallel and perpendicular to the plane of the film, respectively.
However, for these films, the SE spectra are dominated by the characteris-
tics of e ‘, and are not significantly influenced by e›.[74,75] Also in Fig. 2.12,
a near constant broadening parameter of Γ ~ 1 eV is observed, independ-
ent of thickness (and thus particle size), suggesting a very short relaxation
time of t � gf

�1 � 1.4 � 10�15 s compared with the bulk value for silver
of 4 � 10�14 s. This result could be attributed to a nearly constant electron
mean free path of L ~ 1 nm independent of particle size. One can thereby
conclude that defects within the particles, not at particle surfaces, limit the
free electron relaxation time for the particulate films.[47,48]

In contrast to the results for a-Si:H and metal particle films, the dielec-
tric function of bulk crystalline gallium arsenide (GaAs) in Fig. 2.13
exhibits characteristics that can be associated with a collection of reso-
nances.[49] In GaAs, the bands of resonances are narrower, however, and
tend to be confined to discrete frequency regions typical of a crystalline
solid. For this material, an excellent simulation of the data above the lowest
direct gap of ~1.5 eV can be obtained with seven Lorentz oscillators (bro-
ken line in Fig. 2.13).[33–35] Without a quantum mechanical description of the
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Figure 2.13 Real and imaginary parts of the dielectric function (e1, e2) of single
crystal GaAs at room temperature as measured by spectroscopic ellipsometry
(solid line). The broken line, nearly coinciding with the data on this scale, is a fit
using seven Lorentz oscillators. The table at the right shows the best-fit resonance
energies in eV, as well as the critical point energies obtained by fitting the second
derivative of the dielectric function (see Fig. 2.33). Lorentz oscillator energies that
do not correspond to critical points serve to simulate the broad background in e in
regions between critical points. (Data from Ref. 49.)

electronic states in the solid, however, the positions of these resonances can-
not be understood. In fact, the resonances correspond to collections of inter-
band transitions, i.e., the excitation of electrons from states in the filled
valence band across an energy gap �wn to states in the empty conduction
band. As discussed in detail in Section 2.4, the magnitude of the photon
momentum �q is very small compared to the range of electron momenta in
the crystal, 0 � �k � (2p�ac)� (ac: unit cell length), and because only an
electron is excited by the photon in a direct transition, the transition does not
lead to a significant change in the electron wavevector k

→
. Such transitions

are direct or vertical and are strongest in regions of k
→

-space where the
energy surfaces Ev(k

→
) and Ec(k

→
) defining the valence and conduction bands

are parallel over an appreciable range of k
→

. Indirect transitions can also
occur between bands, involving the emission or absorption of quanta of lat-
tice vibrational energy in conjunction with the excitation of electrons by
photons, but their probability is much lower (refer to Section 2.4).
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170 THEORY OF ELLIPSOMETRY

Figure 2.14 provides an example of the application of the multiple
oscillator simulation of crystalline semiconductors as applied in a real
time SE study of GaAs sputter-etching by Ar ions.[50] In the real time
SE analysis, the overlayer thickness and composition, and the near-
surface GaAs temperature are all extracted as a function of time, as the
potential that accelerates the Ar ions in the beam is stepped from 50 to
500 V. At low accelerating potentials (� 200 V), prior to the complete
removal of the native oxide, the overlayer is modeled as a mixture of
oxide and amorphous GaAs; at high potentials (� 200 V), the overlayer
is modeled as a mixture of a-GaAs and voids. The GaAs temperature
can be incorporated as a free parameter in least-squares regression
analysis by constructing a database as follows. First, the dielectric
functions of GaAs measured at different temperatures are each fit to a
sum of No Lorentz oscillators (No � 7 in Fig. 2.13). Then, the 3No � 1
oscillator parameters (3 parameters per oscillator plus the constant
contribution to e1) obtained from such fits are described as pth-order
polynomial functions of temperature. As a result, if the temperature is
specified, the oscillator parameters corresponding to that temperature
can be determined from the (p � 1)(3No � 1) polynomial coefficients,
and then the dielectric function can be determined from the oscillator
parameters. For the least-squares regression analysis of Fig. 2.14, a
table of 44 polynomial coefficients (with p � 1 and No � 7) is suffi-
cient for this purpose.

As noted in Section 2.1, when the dielectric function is fitted with
such a large number of free parameters (22 for the analysis of Figs. 2.13
and 2.14), care must be taken to ensure that the oscillator model is
justified from a statistical standpoint. As a result, confidence limits on
the oscillator parameters should be determined and also included in the
evaluation of the polynomial coefficients. Obviously, the confidence
limits on the polynomial coefficients improve when the dielectric
function database includes a large number of spectra (versus tempera-
ture in this case), and this becomes possible when the database is
established by the techniques of real time SE. With narrower confi-
dence limits on the polynomial coefficients, any interpolations and
extrapolations employing the database are more likely to be valid (see
Section 2.1).

Finally, it should be noted that the Lorentz oscillator describes physi-
cal situations other than classical electronic vibrations. For example, the
vibrations of ions in ionic crystals and the orientations of permanent
dipoles generate optical property characteristics similar to those of Figs. 2.6
through 2.8 in the infrared and microwave ranges of the electromagnetic
spectrum.
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Figure 2.14 (a) Thickness of the surface damage layer (or pure oxide layer for t � 2 min), (b) composition of the damage layer,
expressed as the volume fraction of amorphous GaAs in oxide (or in void for t � 23 min), and (c) near-surface temperature, all
obtained from a least-squares regression analysis of real time spectroscopic ellipsometry data collected during ion beam etching
of a GaAs substrate surface. At t � 2 min the ion beam was ignited, and at each of the vertical lines the accelerating voltage of the
ion beam was increased as indicated. The horizontal broken lines indicate fixed values in the analysis, either a constant value for
the damage layer when t � 48 min or linearly increasing values for the temperature when 2 � t � 20 min. The temperature was
fixed over this range to avoid correlations when the composition of the damage layer changes rapidly. (After Ref. 50.)
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172 THEORY OF ELLIPSOMETRY

Figure 2.15 Photon energy dependence of the real and imaginary parts of the dielec-
tric functions (e1, e2) for hypothetical free electron metals, according to the Drude
model. In this case, the plasma energy is fixed at �wp � 12.5 eV, and two values of
the free electron relaxation time t are assumed, t � 10.6 � 10�15 s (solid line) and
t � 0.47 � 10�15 s (broken line). Interband transitions are assumed to be absent.

2.5.2 Classical Drude Models

2.5.2.1 Optical Characteristics: Metals and 
Free Electron Systems

Figures 2.15 through 2.17 show the complex dielectric function and
index of refraction, the absorption coefficient, and the normal-incidence
reflectance calculated for two different hypothetical metallic materials using
Eqs. (2.12b), (2.13d), (2.13e), and (2.35). For both materials, the same
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Figure 2.16 Photon energy dependence of the real (n) and imaginary (k) parts of
the complex index of refraction (N ), deduced from the two dielectric functions for
the free electron metals given in Fig. 2.15.

plasma energy of Ep � 12.5 eV is incorporated into the formulas, but two
different values of gf are assumed. The Ep value and the longer value of
gf

�1 � t � tB � 10.6 � 10�15 s is characteristic of the free electron compo-
nent of fully coalesced (B: bulk) aluminum films. The much shorter value of
t � 0.47 � 10�15 s is extracted from the formula t�1 � tB

�1 � (vF�L) using
L � 1 nm as the mean free path that the electron travels before scattering, as
has been deduced for aluminum particle films.[47]. In the formula for t, vF is
set to 2.0 � 108 cm/s, the velocity of electrons at the Fermi level in aluminum.

The frequency dependences associated with the Drude model for the
optical characteristics with w � 0 in Figs. 2.15 through 2.17, are similar
to those of the single Lorentz oscillator model for the optical characteristics
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174 THEORY OF ELLIPSOMETRY

Figure 2.17 Photon energy dependence of the absorption coefficient (a, top) and
normal incidence reflectance (bottom), for the free electron metals whose dielec-
tric functions are given in Fig. 2.15.

for w � w0 in Figs. 2.6 through 2.8. This similarity arises because the
Drude formulas for the optical characteristics can be obtained directly
from the single Lorentz oscillator formulas by setting E0 � �w0 � 0. Here,
the emphasis is on the marked changes in the optical characteristics in
Figs. 2.16 and 2.17 at the plasma energy Ep � �wp given by e1(Ep) � 0,
where Ep

2 � Nef e2�2�e0m when wt �� 1. For the larger value of t, the real
part of the index of refraction increases abruptly from near zero toward
unity, the extinction and absorption coefficients drop abruptly to near zero
values, and the reflectance decreases abruptly from near unity toward zero
as E passes through Ep. At the smaller t value, these marked changes
occur more gradually, and the reflectance below the plasma frequency is
lower due to the higher dissipation rate.
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At the plasma frequency, the wavelength associated with the electric
field in the metal tends to infinity, meaning that the entire electron popu-
lation oscillates in concert, driven by the electric field. Such oscillations
do not result in charge density fluctuations in the bulk of the material, and
so are not to be confused with plasmons (see Section 2.3.3).[20] Although
plasmons cannot be excited by incident transverse electromagnetic fields
with �

→
� E

→
� 0, they can be excited by the longitudinal fields associated

with incident charged particles. In optically isotropic materials in which
the longitudinal and transverse dielectric functions are equal, plasmons
can be excited at the plasma frequency given by, wp

2 � Nee
2�e0m (assum-

ing wt �� 1), as measured by the transverse optical probe, and they persist
even after the longitudinal field is removed. A more detailed discussion of
plasmons was presented in Section 2.3.3.

2.5.2.2 Examples: Metals and Free Electron Systems

Experimental results for the dielectric function and reflectance of
fully coalesced silver films are shown in Figs. 2.18 and 2.19, respec-
tively, and provide an instructive example of the complexity inherent in
the optical properties of real metals.[20,36] The feature of greatest interest
in Fig. 2.19 is the rapid decrease in the reflectance with increasing pho-
ton energy just below 4 eV where e1 in Fig. 2.18 vanishes. This feature
identifies the plasma energy (�wp) as 3.9 eV. However, this value is
much smaller than 9.2 eV, which is calculated on the basis of the free
electron model. The abrupt increase in reflectance above 3.9 eV, along
with the features in e1 and e2 in this region, reveal contributions to the
optical properties of silver, not only from the free (i.e., intraband) elec-
tron transitions, but also from a collection of bound (i.e., interband)
electron transitions. This can be seen clearly by the broken lines in
Fig. 2.18 that represent a decomposition of the dielectric function into
contributions from non-interacting free ( f ) and bound (b) electrons,
according to e � ef � eb.

In the dielectric function decomposition of Fig. 2.18, Eqs. (2.35) are
used for the free electron contribution ef with parameters obtained by fit-
ting the data for e in Fig. 2.18 below 3.75 eV.[36] In the fit, however, a static
dielectric constant e0s is included in the expression for e1f [see Eq. (2.35a)],
rather than unity. As noted in Section 2.3.1, this accounts for the higher
energy bound electron transitions that occur above the fitted spectral
range. The best fit value of e0s � 1 is then included as part of e1b in the
decomposition of Fig. 2.18. Resorting to a quantum mechanical interpre-
tation now, the bound electron resonances near 4 eV and above arise from
direct interband transitions in which electrons are excited from filled
d-bands to empty states in the partially filled conduction band (see inset,
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176 THEORY OF ELLIPSOMETRY

Figure 2.18 Real and imaginary parts of the dielectric function of silver (solid line).
The short- and long-dashed lines represent the approximate intraband and inter-
band components of the dielectric function, respectively. The appropriate intra-
band parameters are obtained in a best fit of e for �w 	 3.75 eV, assuming it
follows the Drude relationship of Eqs. (2.35), but with a photon energy-independ-
ent interband contribution (e0s � 1) added to the right-hand side in Eq. (2.35a).
When plotting the two components, however, this contribution is included in the
interband component. The inset shows the direct interband transitions on a sim-
plified electron band structure diagram. (Data from Ref. 13.) 

Fig. 2.18). In contrast, the free electron contribution can be attributed to
the intraband transitions in which electrons are excited from below the
Fermi level to above, within the same, partially filled conduction band.
On the basis of the decomposition in Fig. 2.18, it is clear that the contri-
bution to e1 from the bound electrons leads to a shift in the energy at
which e1 � 0 (i.e., the plasma energy) to much lower values. This can be

Ch_02_IInd.qxd  10/16/04  4:20 PM  Page 176



Figure 2.19 Normal incidence reflectance of silver plotted versus photon energy,
including handbook data (broken line; from Ref. 13) and results deduced from SE
measurements on a sample with a higher quality surface (solid line; from H.V.
Nguyen and R.W. Collins, unpublished data). Both results reveal a sharp minimum
at the (screened) plasma frequency (�wp � 3.9 eV) as well as the onset of interband
reflection associated with (d-band)-to-(Fermi level) transitions (see inset of Fig. 2.18).

understood physically by a screening of the free electrons by the bound
electrons in the d-band.[20]

A similar explanation may also apply to the optical behavior for the alu-
minum and silver particle films of Fig. 2.10. For these films, the observed
resonance energies in the dielectric function, E0 � �w0 � 2.9 and 2.4 eV, are
well below the values of �wpp � �wp��3� � 7.2 and 5.3 eV, calculated for
widely separated (Q 		 1) spherical (F � 1�3) particles [see Eq. (2.39) in
Section 2.3.2 and Eq. (2.76a) in Section 2.5.1.2]. In fact, these lower reso-
nance energies may result from screening of the fields within the particles by
the response of neighboring particles (which exist at high density on the sub-
strate surface). This interpretation is supported by the observation that E0 �
�w0 decreases with increasing volume fraction Q in the discontinuous film
(see Fig. 2.12). In Fig. 2.10 (right) for the aluminum particulate film, the
bound electrons associated with the interband transitions near 1.5 eV and
above (see Section 2.5.4.2) also play a role by providing a pathway for energy
dissipation from the free electron oscillations in the particles. This decreases
t in Eq. (2.39) [and also increases 
 in Eq. (2.76b)] and, as a result, increases
the width of the resonance compared to that of the Ag particulate films.
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178 THEORY OF ELLIPSOMETRY

2.5.3 Generalized Quantum Mechanical Models

As is evident from the discussion of the previous section, it is not pos-
sible to understand the optical properties of solids solely on the basis of
classical concepts. In each specific example above, quantum mechanical
concepts were invoked in order to account for the detailed characteristics.
In many cases, such concepts can be introduced in general terms without
evaluation of the specific band structures of the solids and the matrix ele-
ments of the associated electronic transitions. Most often the purpose of
such generalized models is to simulate the measured dielectric functions in
terms of a number of physically meaningful, wavelength-independent
parameters.[29,30] The simulations are then used to model the dielectric func-
tions obtained for a system of bulk solids or thin films having different
material characteristics, for example different compositions, temperatures,
doping levels, polycrystalline grain sizes, etc. Then the best fit wavelength-
independent parameters are extracted versus one or more material charac-
teristics, thus providing a database for future analysis of such materials by
SE. An example of this modeling approach was given earlier (see Fig. 2.14),
in which case the near-surface temperature of GaAs was determined from
real time SE measurements performed during ion etching.

2.5.3.1 Optical Characteristics: Amorphous and
Nano/Microcrystalline Materials

As has been described in Sections 2.3 and 2.4, the imaginary part of
the dielectric function e2(E) of a material can be divided into two compo-
nents, one generated by excitation of intraband electronic transitions that
occur in metals and degenerate semiconductors [designated e2f(E)] and the
other generated by excitation of interband electronic transitions [desig-
nated e2b(E)], such that e2(E) � e2f(E) � e2b(E). In fact, e2f(E) can be
expressed analytically by applying the formula of Eq. (2.75a), and e2b(E)
can often be written as a sum of generalized resonance features.[76] In addi-
tion, if a suitable expression for e2(E) is available spanning the full energy
range, then e1(E) can be written as a Kramers-Kronig transformation of
e2(E) given by Eqs. (2.29). These considerations lead to two generalized
expressions of the form:

e2(E) � � G(E) Σ
No

j�1
Lj(E), (2.77a)

e1(E) � e0s � � �
p
2

� Σ
No

j�1
P�∞

0

�
E�G

E
(
�

E
2 �

�)L
E
j(

2

E�)
�dE�. (2.77b)

E2
p�

E2 � Γf
2

E2
pΓf��

E(E2 � Γf
2)
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In these expressions, (Ep, 
f) are the plasma and broadening energies that
describe the intraband electron excitations, given from Eq. (2.75a) by
Ep � (e2�2Nec�e0mo)

1�2 and 
f � 2
m. In addition in Eqs. (2.77), Lj(E) is a
lineshape function corresponding to the jth interband transition, and G(E)
modifies the shape of the imaginary part of the dielectric function near the
absorption onset and below it as well. This function is defined such that
G(E) → 1 for E �� Eg and G(E)  e2(E) for E ≈ Eg, where Eg designates
the lowest optical band gap. In fact, G(E) is incorporated to simulate
quantum mechanical effects due to the electronic joint densities of states
and the matrix element of the transitions. Finally, e0s � 1 is the constant
contribution to the real part of the dielectric function that incorporates
transitions above the upper energy limit of measurement and not included
in the sum of Eq. (2.77a).

Next, the application of specific forms in Eqs. (2.77) relevant to amor-
phous and nano/microcrystalline thin film materials will be described. For
these materials, the Lorentz oscillator lineshape function provides a suit-
able description of the optical features in e2 above the bandgap owing to
the extensive broadening that occurs in these materials. This function can
be expressed in terms of photon energy as:

Lj(E) � , (2.78)

where (A0j, E0j, 
j) describe the oscillator strength, resonance energy, and
broadening energy for the jth transition. In this equation, in order to be con-
sistent with an analogous development in the literature, A0j is defined accord-
ing to A0j � (Aj

2�E0j), where Aj
2 � (e2�2Nej�e0m) for a classical atomic

oscillator.[51] For amorphous semiconductors, a single oscillator function
modified by G(E) is suitable in Eq. (2.77a) so that No � 1. For nano/micro-
crystalline semiconductors, multiple oscillators are required to simulate the
broadened critical point features as necessary.[52,76] For semiconductors in
the absence of degenerate doping, the free electron terms in Eqs. (2.77) can
be neglected.

In order to develop appropriate functional forms for G(E), it is of
interest to determine possible shapes of e2(E) [or a(E)] in the photon
energy region near the energy gap where the Lorentz oscillator function
inevitably fails to provide an adequate fit. Just above the gap in the band-
to-band absorption region, Eqs. (2.59) and (2.60) provide two possible
forms for e2(E) based on the assumptions of parabolic densities of valence
and conduction band states and either constant dipole or constant momen-
tum matrix elements versus photon energy, respectively.[67] As an exam-
ple, Fig. 2.20 shows plots that compare the two different expressions for
the absorption onset of a-Si:H using as data the dielectric function given

A0jE0jΓjE��
(E2

0j � E2)2 � Γj
2E2
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180 THEORY OF ELLIPSOMETRY

Figure 2.20 Optical spectra for hydrogenated amorphous silicon from Fig. 2.9,
plotted as (an/�w)1�2 vs. photon energy (left) and as (an�w)1�2 vs. photon energy
E � �w (right). For parabolic band densities of states and constant dipole (left) or
momentum (right) matrix elements, the plot should be linear and extrapolate to the
band gap at a � 0. (Data from Ref. 46.)

previously in Fig. 2.9.[46] These data were obtained ex situ at room tem-
perature by supplementing SE measurements at high photon energies with
transmittance and reflectance spectroscopy at intermediate energies and
with photoconductive spectroscopy at low energies. It is clear that the
expression of Eq. (2.59), equivalent to e2(E)  (E � Eg)

2 and derived
assuming a constant dipole matrix element, provides the widest range of
linearity in the experimental data (see Fig. 2.20, left panel). In contrast,
the Tauc expression of Eq. (2.60), equivalent to e2(E)  (E � Eg)

2�E2 and
derived assuming a constant momentum matrix element, exhibits contin-
uous curvature with only narrow ranges of linearity (see Fig. 2.20, right
panel). As a result, Eq. (2.60) does not provide a unique value of the gap;
this so-called Tauc gap depends on the energy range of the data used for
extrapolation. Weak absorption is present below the energy gaps in Fig. 2.20
irrespective of the plotting method and can be described unambigu-
ously in terms of an Urbach tail given by a(E) � a0exp[(E � Et)�Eu] for
E 	 Et, where Eu is the Urbach absorption tail slope and Et � Eg is the
transition energy below which the Urbach behavior is observed. Both
band-to-band and Urbach tail characteristics can be combined into a sim-
ple piece-wise expression as described next.

In spite of the poor linearity of the Tauc gap plot in Fig. 2.20 (right),
the associated band edge result G(E) � (E � Eg)

2�E2 (for E � Eg) has
been applied previously in deriving the so-called Tauc-Lorentz expression
for e(E) of an amorphous semiconductor.[51] In fact, this form for G(E) is
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very convenient since it obeys the requirement that G(E) → 1 for E �� Eg,
without further manipulation. Incorporation of an Urbach tail then leads
to the piecewise expression

G(E) � GT(E) � � (2.79)

where E1 is defined such that e2(E) for the two functions is continuous at
the transition energy E � Et. To obtain the conventional Tauc-Lorentz
expression without the Urbach tail, one can set Et � Eg and E1 � 0 (or
Eu → 0) so that G(E) � 0 for E � Eg.

[51]

An alternative approach to Eqs. (2.79) is based on the constant dipole
matrix element result, which requires further manipulation to obtain G(E),
in particular, the addition of another free parameter EP to ensure that
G(E) → 1 for E �� Eg:

G(E) � GC(E) � � (2.80)

Here EP (not to be confused with the plasma energy) defines a second
transition energy (in addition to Et) given by EP � Eg. This transition
energy separates the absorption onset behavior [E 	 (EP � Eg)] from the
Lorentz oscillator behavior [E � (EP � Eg)].

[52,76] Specifically, if E ≈ Eg

[so that (E � Eg) 		 EP], then G(E) → [(E � Eg)�EP]2, whereas if E ��
(EP � Eg) [so that (E � Eg) �� EP] then G(E) → 1, as required for the
Kramers-Kronig integration to extract e1(E). In fact, different functional
forms for G(E) can be applied to modify the oscillator function L(E),
depending on the desired shape of the absorption onset.

2.5.3.2 Examples: Amorphous and Nano/Microcrystalline
Semiconductors

For the amorphous and nano/microcrystalline silicon-based semicon-
ductors to be considered here, the expressions for e(E) in Eqs. (2.77) do not
require the free-electron terms.[76] This leads to the following form for e2(E):

e2(E) � � (2.81)

G(E), E 	 Et ; (a)

G(E) Σ
No

j�1
Lj (E); E � Et . (b)

(E1�E)exp[(E � Et)�Eu], E 	 Et ; (a)

(E � Eg)
2�[E2

P � (E � Eg)
2], E � Et . (b)

(E1�E)exp[(E � Et)�Eu], E 	 Et ; (a)

[(E � Eg)�E]2, E � Et ; (b)
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182 THEORY OF ELLIPSOMETRY

With this expression given as two parts, the variation of the Lorentz
oscillator sum over the energy range of the Urbach tail (0 � E 	 Et) is
now neglected—not only in e2(E) as indicated in Eq. (2.81a), but also
in the Kramers-Kronig integral for e1(E) [see Eq. (2.82b) below].
Considering for the moment only one term in this sum (No � 1), the
Kramers-Kronig integration of Eq. (2.77b) for e1(E) can be split
into three terms, e0s, IU(E), and IL(E), for the constant, the Urbach tail
(sub-gap), and the modified oscillator (above-gap) contributions,
respectively:

e1(E) � e0s � IU(E) � IL(E) (2.82a)

� e0s � �
2
p
E1�P�Et

0

�
exp[(

E
E
�

�
2

�

�

E
E

t
2

)�Eu]� dE� � �
p
2

� P�∞
Et

�
E�G

E�

(
2

E
�

�)L
E
(E

2

�)
�dE�.

(2.82b)

In Eq. (2.82b), E1 is defined so that e2(E) is continuous at Et; thus

E1 � EtG(Et)L(Et). (2.82c)

For the amorphous silicon-based semiconductors, only one oscillator
is required, and so Eqs. (2.81) with No � 1 followed by Eq. (2.82) are
directly applicable. In addition, for these materials, Eq. (2.80b) can be
employed for G(E�) (for E� � Et) in IL. In contrast for nano/microcrys-
talline silicon films, two oscillators are required, one to fit the strongly
broadened E0�-E1 critical point complex near 3.4 eV and the other to fit the
E2 critical point near 4.2 eV. Multiple oscillators can be incorporated eas-
ily by generalizing the approach of Eqs. (2.82). Thus, two integrals IL1(E)
and IL2(E) are used in Eqs. (2.82), each having the same gap function
G(E�), but different Lorentz oscillator functions L1(E�) and L2(E�) with
parameters (A0j, E0j, 
j; j � 1,2). In this case the gap function is given for
simplicity by Eq. (2.79b). Such a form is possible, not only for so-called
“non-direct gap” amorphous semiconductors when the momentum matrix
element is constant [see Eq. (2.60)], but also for an indirect gap semicon-
ductor when (Eav � E)2 is approximately constant [see Eqs. (2.72)].
However, it should be emphasized that absorption below the direct gap in
an indirect gap semiconductor such as Si is too weak to be detected accu-
rately by SE except in the case of Si nanocrystals for which k

→
-conserva-

tion is relaxed.[77]

Starting with the case of nano/microcrystalline silicon, substituting
Eq. (2.79b) into the third term of Eq. (2.82b), and setting ITL � IL [where
‘T’ designates the indirect gap expression for G of Eqs. (2.72) which is
approximately equivalent, in fact, to the Tauc gap expression of
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Eq. (2.60)] yields the following expressions:

ITL(aiT; i � 0,1,2,3;c0T,d0T) �

�
2A0

p
E0Γ� [a3T{z2I1T � ln[LD(Et)]

1�4} � a2T(I0AT � I0BT) � a1TI1T

� a0T�
I0AT

E
�

2
0

I0BT� � c0Tln�E � Et� � d0Tln(E � Et)], (2.83a)

where

I1T � �p � 2arctan	2�
Et

2

c
�

Γ
z2

�
�, (2.83b)

I0AT � �
2
1
Γ
��p � arctan	�2Et

Γ
� c
�
 � arctan	��2E

Γ
t � c
�
�, (2.83c)

I0BT � ln�
E
E

t
2

t
2

�

�

E
E

2
0
2
0

�

�

c
c

E
E

t

t

�, (2.83d)

and

z � �E2
0 � (�Γ2�2)�, (2.83e)

c � �4E2
0 ��Γ2�, (2.83f)

c0T � , (2.83g)

d0T � �
�

2
(
E
E

L
�

D(E
E

)
g)

2

�, (2.83h)

a3T � �(c0T � d0T), (2.83i)

a2T � �E(c0T � d0T), (2.83j)

a1T � �(E2 � 2z2)(c0T � d0T), (2.83k)

a0T � 1 � E(E2 � 2z2)(c0T � d0T), (2.83l)

GT(E) � �
(E �

E2

Eg)
2

�, (2.83m)

LD(E) � (E2 � E2
0)

2 � Γ2E2. (2.83n)

EGT(E)
�
2LD(E)

1
�
4c

1
�
2cΓ
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184 THEORY OF ELLIPSOMETRY

The subscript j � 1 on the oscillator parameters (A01, E01, 
1) is suppressed
in Eqs. (2.83), since only one oscillator is being considered at a time. In
addition, in Eqs. (2.83) the fully expanded form of the expression for e1(E)
is presented, rather than the simplified version given by Jellison and
Modine.[51] With this expanded form, it is easier to adapt the expressions
when G(E) is modified. For this reason, a functional description of ITL is
provided in terms of the energy dependent coefficients, written as ITL(aiT;
i � 0, 1, 2, 3; c0T, d0T) in Eq. (2.83a). Finally, it is important to emphasize
that Eqs. (2.83) can be applied for the cases in which an Urbach tail is
either absent [using Et � Eg and E1 � 0, so IU(E) � 0] or present [using
IU(E) from Eq. (2.85) below and Et � Eg].

[76]

Proceeding with the case of amorphous silicon-based materials, substi-
tuting Eq. (2.80b) into the third term of Eq. (2.82b) and setting ICL � IL yields,

ICL(aiC; i � 0,1,2,3;b0C,b1C,c0C,d0C) � ITL(aiC; i � 0,1,2,3;c0C,d0C)

� �
2A0

p
E0Γ�[b1C{EgI0C � ln[(Et � Eg)

2 � E2
P]1�2} � b0CI0C], (2.84a)

where

I0C � ��
p
2

� � arctan�
Et

E
�

P

Eg��, (2.84b)

and

c0C � , (2.84c)

d0C � , (2.84d)

b0C � , (2.84e)

b1C � , (2.84f)

a3C � �(b1C � c0C � d0C), (2.84g)

a2C � �[b0C � 2Egb1C � E(c0C � d0C)], (2.84h)

a1C � �[2Egb0C � (K2 � F2)b1C � (E2 � 2z2)(c0C � d0C)], (2.84i)

a0C � 1 � (K2 � F2)b0C � 2EgK
2b1C � E(E2 � 2z2)(c0C � d0C), (2.84j)

2EgK
2b0C � LD(E)(c0C � d0C)

���
Y4

Y4F2{LD(E)[E�1(c0C � d0C) � 2EgK
2Y�4(c0C � d0C)] � 1}

������
(K2 � F2)F2Y4 � E4

0Y
4 � 4E2

gF
2K4

�E(E � Eg)
2

���
2LD(E)[(E � Eg)

2 � E2
P]

EGC(E)
�
2LD(E)

1
�
EP
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F2 � E2
P � E2

g, (2.84k)

K2 � 2F2 � 2z2 � 4E2
g, (2.84l)

Y4 � E4
0 � F2(K2 � F2) � 4E2

gK
2, (2.84m)

GC(E) � . (2.84n)

Again, these expressions can be applied for the cases in which an Urbach
tail is either absent [using Et � Eg and E1 � 0, so IU(E) � 0] or present
[using IU(E) from Eq. (2.85) below and Et � Eg].

[76]

In fact, when an Urbach tail is incorporated, the following expression
can be derived for IU(E) in Eq. (2.82b):

IU(E) � �
p
E
E
1��exp	�E �

Eu

Et�
�Ei	�Et

E
�

u

E
�
 � Ei	�

�

E
E

u

�

�exp	 
 �Ei	�Et

E
�

u

E
�
 � Ei	 
� , (2.85)

where Ei(x) designates the exponential integral defined by

Ei(x) � �x
�∞

�
exp

t
(t)
�dt.

Algorithms for evaluation of this integral can be found elsewhere.[78] The
addition of the Urbach tail to the formulations of Eqs. (2.82) through
(2.84) introduces difficulties in the evaluation of the two Kramers-Kronig
integrals of Eq. (2.82b). Ei(x) diverges when x → 0 leading to apparent
divergences when E → 0 or Et. These divergences in the different terms
cancel for the most part, and any residual features due to the discontinu-
ity of the higher derivatives of e2 with respect to energy are so weak as to
be inconsequential in fitting experimental data.

In summary, Eqs. (2.80) and (2.81) can be combined with No � 1 to
obtain e2(E) for a-Si:H and its alloys, and Eqs. (2.80), (2.82), (2.83a-f),
(2.83n), (2.84), and (2.85) can be combined to obtain e1(E) from e2(E). The
latter steps are quite tedious; however, once they are programmed in a
least-squares regression analysis of SE data, fitting of SE data becomes
quite routine. The model for the optical properties of a-Si:H and its alloys
to be described in the following paragraphs involves determining eight free
parameters in the most general case, two associated with the Urbach tail

E
�
Eu

�(E � Et)��
Eu

(E � Eg)
2

��
[E2

P � (E � Eg)
2]
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(Eu, Et), two associated with the absorption onset function (Eg, EP), three
associated with the single oscillator (A0, E0, 
), and e0s. In such fitting,
however, e0s can be fixed at unity, thereby reducing the number of free
parameters to seven. In cases in which the Urbach tail is neglected or not
included, the number of free parameters is then reduced to five. In addition,
Eqs. (2.79) and (2.81) can be combined with No � 2 to obtain e2(E) for
nano/microcrystalline silicon, and Eqs. (2.79), (2.82), (2.83), and (2.85)
can be combined to obtain e1(E) from e2(E). Such a model for nano/micro-
crystalline silicon requires at most ten free parameters, two associated with
the Urbach tail (Eu, Et), one associated with the absorption onset (Eg), six
associated with the two Lorentz oscillators (A0j, E0j, 
j; j � 1,2), along with
e0s. Omission of the Urbach tail, as is done in fitting SE data for
nano/microcrystalline silicon, reduces the number of parameters to eight.

As examples of the modeling of a-Si:H-based films, Figs. 2.21 (a-c)
show the optical properties of 500 to 1000 nm thick samples of a-Si:H,
a-Si1–xGex:H, and a-Si1–xCx:H expressed as (e1, e2) and (n, loga) versus pho-
ton energy (points).[76] These results were obtained ex situ at room temper-
ature by combining (i) SE measurements at high photon energies with (ii)
transmittance and reflectance spectroscopy (R) at intermediate energies and
finally (iii) dual-beam photoconductive spectroscopy (DBPC) at low ener-
gies. The DBPC technique provides only a relative measurement of a; as a
result the normalization constant must be determined either by ensuring an
energy overlap with the T&R data or by using the extrapolation method
described below. The thin films were prepared on glass substrates using H2-
dilution to optimize material performance as the intrinsic layer in p-i-n (or
n-i-p) solar cell devices. For the a-Si:H sample, a full data set is available
over the range of photon energy from 1.5 to 4.8 eV, and a seven-parameter
fit to the data is obtained; (e0s is fixed at unity). For the other two samples,
the experimental data sets are incomplete. First, the a-Si1�xGex:H sample is
thinner than the others; as a result, it was not possible to obtain a region of
photon energy overlap between the DBPC and T&R measurements. To
solve this problem, the DBPC normalization constant is found by compar-
ing the DBPC spectra to an extrapolated result. In the extrapolation, Eu is
determined directly from the slope of the DBPC data, and Et is obtained
from the expression Et � Eg � 2Eu (see discussion below). All other param-
eters in the extrapolation are determined in the best fit to the T&R and SE
measurements alone. For the a-Si1�xCx:H, index of refraction measurements
by T&R were unavailable. The fits to the incomplete data sets in both cases
(solid lines) suggest that, because the optical model is consistent with the
Kramers-Kronig relationships, such interpolations and extrapolations of the
model will be valid in regimes where data are unavailable.

Generally, in order to classify the optical properties of a-Si:H-based
alloys relevant for the design of a wide variety of devices, one quotes a
nominal value of the optical gap that is easily accessible from transmission
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Figure 2.21 Optical properties of 0.5 to 1.0 µm thick samples of (a) a-Si:H, (b)
a-Si1–xGex:H, and (c) a-Si1–xCx:H expressed as (e1, e2) (left) and (n, loga) (right)
versus photon energy (points). These results were obtained ex situ at room tem-
perature by combining dual beam photoconductivity, transmittance and
reflectance (T&R) spectroscopy, and spectroscopic ellipsometry measurements.
The samples are identified according to their band gaps Eg(T&R) as deduced
from T&R measurements according to the procedure of Fig. 2.20 (left). The solid
lines are fits to the data using a seven parameter optical model, including Urbach
sub-gap, parabolic-band near-gap, and Lorentz above-gap modeling compo-
nents. These results also demonstrate the ability to apply the model for the pur-
poses of extrapolation or interpolation into photon energy regions where data are
unavailable. (After Ref. 76.)
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and reflection (T&R) measurements. In Fig. 2.22, the seven parameters
{(A0, E0, 
), (Eg, EP), (Eu, Et)} extracted in the best fits to data such as those
of Fig. 2.21 are plotted as functions of the optical gap Eg(T&R) obtained
according to the method assuming parabolic bands and a constant dipole
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188 THEORY OF ELLIPSOMETRY

Figure 2.22 The seven free parameters {(A, E0, 
), (Eg, EP), (Eu, Et)} [(a–g), respec-
tively], in the analytical expression for the dielectric function, obtained in the best fits
to data such as those of Fig. 2.21, plotted versus the optical gap Eg(T&R), obtained
from transmittance and reflectance spectra according to the method of Fig. 2.20
(left). Results from several photovoltaic-quality a-Si:H, a-Si1–xGex:H, and a-Si1–xCx:H
films are correlated, suggesting the piecewise linear functions shown. Such func-
tions provide the room temperature optical properties of photovoltaic-quality materi-
als based on a specification of the optical gap as obtained by T&R. (After Ref. 76.)

matrix element method [see Fig. 2.20 (left)].[76] In general, well-defined
variations occur in Fig. 2.22 between the best fit parameters and Eg(T&R).
Several of these variations provide physical insights into the nature of the
materials. For example, the variations of Eu and 
 show that the highest
ordering of the amorphous network is obtained for a-Si:H (minimum Eu

Ch_02_IInd.qxd  10/16/04  4:21 PM  Page 188



Figure 2.23 Room temperature optical properties including (a) (e1, e2) and (b) (n,
loga) for hypothetical a-Si:H alloys computed on the basis of a single specification
of the optical band gap Eg(T&R) as determined from a conventional transmittance
and reflectance measurement. These results were deduced from the relationships
in Fig. 2.22 and from the analytical expression for the dielectric function in
Eqs. (2.82)–(2.85). (After Ref. 76.)

and 
); the ordering is reduced as Ge or C is added to make narrower or
wider gap alloys. As expected, the best single-branch linear variations are
obtained for Eg and Et. First, it is expected that the gap values Eg obtained
from the complete fits as in Fig. 2.21 should be in approximate agreement
with the values Eg(T&R) obtained as in Fig. 2.20 (left). Second, one would
expect that Et ≈ Eg � 2Eu in order to maintain approximate continuity of
the first derivative of (e1, e2) at Et, as is shown from a mathematical analy-
sis of Eqs. (2.79) and (2.80).

Figure 2.22 is important because the expressions for the linear fits
listed there can provide the optical properties (n, loga) for a device-
quality amorphous semiconductor alloy of any arbitrary optical gap as
determined from T&R data. The procedure is to (i) specify Eg(T&R),
(ii) substitute this value into the appropriate linear relationship to deduce
each of the seven parameters {(A0, E0, 
), (Eg, EP), (Eu, Et)}, and (iii) substi-
tute the seven parameters into the analytical formulas for the dielectric
function, obtained by combining Eqs. (2.81) through (2.85). Figure 2.23
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190 THEORY OF ELLIPSOMETRY

shows some examples of the final results of this three-step process for the
determination of (n, loga) given Eg(T&R).[76]

Figures 2.24 through 2.26 are presented as examples of the neces-
sary ingredients for modeling real time SE data collected during plasma-
enhanced chemical vapor deposition (PECVD) of microcrystalline Si,
denoted µc-Si:H.[79] Under a wide range of PECVD conditions, such
films evolve from an a-Si:H structure through a mixed-phase amorphous
� microcrystalline (a � µc) structure, and finally stabilize in a single

Figure 2.24 Results from real time spectroscopic ellipsometry depicting the
dependence of the surface roughness layer thickness on the accumulated bulk
ayer thickness for a silicon film prepared on oxide-covered crystalline silicon by
plasma-enhanced chemical vapor deposition. This film evolves during growth from
the amorphous phase to a microcrystalline phase with increasing thickness. The inset
shows a simplified schematic of the film structure and the arrows denote the
amorphous-to-(mixed-phase microcrystalline) nucleation transition and the
(mixed-phase)-to-(single-phase) microcrystalline coalescence transition.
Measurements of the surface roughness thickness are required in order to extract
the dielectric functions at any stage of the growth process, as can be inferred from
results in Figs. 2.25 and 2.26. (After Ref. 79.)
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phase µc-Si:H structure (see inset of Fig. 2.24). This structural evolution
is seen most clearly in the surface roughness layer thickness plotted as
a function of the bulk layer thickness in Fig. 2.24, in which the surface
roughness layer is modeled using the Bruggeman effective medium the-
ory as a 0.5/0.5 vol. fraction mixture of the subsurface layer material and
void. After a critical bulk layer thickness of about 30 nm, microcrystals
nucleate from the a-Si:H, and grow preferentially, leading to the an
increase in surface roughness thickness. After a second critical bulk
layer thickness of 220 nm, the crystalline inclusions make contact and
coalesce, leading to surface smoothening and single-phase µc-Si:H.

To analyze the real time SE data for such a complicated film struc-
ture, the deposition is divided into three regimes.[79] These regimes
include: (i) single-phase a-Si:H growth applying a thickness-independ-
ent dielectric function, (ii) mixed-phase (a � µc)-Si:H growth applying
a dielectric function determined from the dielectric functions and vol-
ume fractions of separate a-Si:H and µc-Si:H phases using the
Bruggeman effective medium approximation, and (iii) single-phase
µc-Si:H growth returning again to a thickness-independent dielectric
function. In the first regime, the time dependences of the surface rough-
ness and bulk layer thicknesses are determined along with the a-Si:H
dielectric function. These results are obtained by applying a two-layer
least-squares regression analysis, coupled with numerical inversion at a
bulk layer thickness of 20 nm. A similar approach is applied in the third
regime to extract the surface roughness thickness and the dielectric
function of the growing �c-Si:H film; however, here the complicated
substrate information is buried within a pseudo-substrate approxima-
tion. A full virtual interface analysis is applied in the intervening mixed-
phase regime in which the evolution of the surface roughness thickness
and µc-Si:H volume fraction is determined while the deposition rate is
fixed at a value obtained using a simplified two-layer roughness/bulk
model throughout the growth.

Figure 2.25 shows the volume fraction of the crystalline material plot-
ted versus the projected bulk layer thickness, along with the behavior pre-
dicted from a cone growth model (see the inset in Fig. 2.24). Figure 2.26
compares the dielectric functions of the resulting a-Si:H and µc-Si:H
obtained in the first and third analysis regimes. The solid lines are fits to
the dielectric functions performed using the five-parameter, one-oscillator
model for a-Si:H with G(E) � GC(E) as in Eq. (2.80b) and using an eight-
parameter, two-oscillator model for µc-Si:H with G(E) � GT(E) as in
Eq. (2.79b) and with e0s variable. In the fits to both dielectric functions,
the Urbach tail contribution is omitted since only the SE data are avail-
able. Such data do not provide sufficient sensitivity to low values of e2 to
detect the Urbach tail.
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In a final application of such formulas, Fig. 2.27 shows the tem-
perature dependence of the eight parameters that define the dielectric
function of a 30 nm thick p-type µc-Si:H film prepared on an a-Si:H
surface held at 200° C. The sample structure is typical of that used in
a-Si:H-based solar cells.[76] The results of Fig. 2.27 were obtained by
extracting the dielectric functions from successive numerical inver-
sions of real time SE data collected after deposition and upon cooling
the µc-Si:H film from the substrate temperature of 200° C. In the
numerical inversions, the microstructural parameters extracted from the
analysis of real time SE data collected at the very end of film growth

Figure 2.25 Results from real time spectroscopic ellipsometry for the evolution
of the microcrystalline silicon volume fraction in the bulk layer during plasma-
enhanced chemical vapor deposition for the film of Fig. 2.24 that evolves from an
amorphous structure to a microcrystalline structure. These results were obtained
using a two-layer virtual interface approximation. The solid line shows the result
that would be predicted from a simple geometrical model of inverted cones as in
the inset of Fig. 2.24. (After Ref. 79.)
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Figure 2.26 Real and imaginary parts of the dielectric functions (e1, e2) in the
amorphous (top) and microcrystalline (bottom) phases for the silicon film of Figs. 2.24
and 2.25 obtained by real time SE during film growth. The dielectric functions of
near surface material were obtained for the amorphous phase just before the onset
of microcrystalline silicon nucleation and for the microcrystalline phase just after
microcrystallite coalescence. The solid lines represent fits using Eqs. (2.80)–(2.82)
with a single Lorentz oscillator for the a-Si:H dielectric function and using
Eqs. (2.79), (2.81), and (2.82) with two Lorentz oscillators for the µc-Si:H dielec-
tric function. (After Ref. 79.)

(as in Fig. 2.24) are assumed to remain constant during the cooling
process. In fact, Fig. 2.27 also demonstrates the usefulness of real time
SE in developing optical property databases versus a material charac-
teristic such as temperature. In this example, the linear coefficients
provided below each curve in Fig. 2.27 are obtained with confidence
from fits to ∼50 dielectric function spectra, and thus are well-suited for
the purposes of interpolation and limited extrapolation in order to com-
pute the dielectric functions for specified temperatures. An important
application of this capability is the ability to deduce the dielectric func-
tion of the µc-Si:H appropriate for ex situ measurements at room tem-
perature. Another application includes the possibility of assessing the
effect of temperature on the optical performance of solar cells that
incorporate such layers.
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194 THEORY OF ELLIPSOMETRY

Figure 2.27 Best fit parameters in an analytical expression for the dielectric
function of a microcrystalline silicon film plotted versus measurement temperature.
The analytical expression employs eight free parameters, including two Lorentz
oscillators, a Tauc absorption onset with a bandgap Eg, and an energy-independent
contribution to e1, e0s. These results were obtained in situ by real time spectro-
scopic ellipsometry continuously during sample cooling from the deposition tem-
perature of 200° C to 40° C. (After Ref. 76.)

2.5.3.3 Optical Characteristics: Poly- and Single-Crystalline
Semiconductors

In Section 2.5.1, applications of the multiple Lorentz oscillator model
were described for fitting the dielectric functions of crystalline semicon-
ductors, and results for GaAs were presented in Figs. 2.13 and 2.14 as an
example. Such an approach has several drawbacks as described next.
First, the critical point features in the dielectric functions of crystalline
solids arise from a superposition of electronic transitions between pairs of
bands often covering appreciable regions of the Brillouin zone in k

→
-space. As

a result, more complicated functional forms than that of the classical
damped harmonic oscillator are required to characterize these features, as
has been derived in detail in Section 2.4. In fact, if the Lorentz oscillator
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expression is used to simulate such a critical point feature in the dielectric
function, the best fit broadening parameter is inevitably larger than the
true width of the feature due to the presence of the additional electronic
transitions occurring over a range of photon energies. Because of this lat-
ter problem, broad Lorentz oscillator features are sometimes required in
simulations to fit the dielectric function over regions of photon energy
where no critical points are present. Second, the use of several Lorentz
oscillators in such simulations, generally leads to appreciable e2 values
below the lowest direct gap due to the accumulated tails of the oscillators.
In contrast, the actual e2 values measured on crystalline semiconductors
below the lowest direct gap are negligible by comparison. Third, the
Lorentz oscillator expression lacks a key feature of the more realistic
expressions for e in Eqs. (2.61) and (2.63), namely the [Ecv(k

→
)]�2 factor

that arises because the Bloch functions are eigenfunctions of the crystal
momentum operator. Fourth, as noted in Section 2.4, the broadening of elec-
tronic transitions in solids is often more closely fit using a Gaussian lineshape
function (or even a superposition of Gaussian and Lorentzian lineshape
functions), rather than the pure Lorentzian lineshape that was introduced in
Section 2.4 by assuming an exponential onset of the optical field.

(a) The Generalized Oscillator Model
Leng and coworkers started with the following Lorentz oscillator equa-

tion for modeling the dielectric functions of crystalline semiconductors:

e(E) � e0s � Σ
j

	 � 
. (2.86)

This expression is most closely related to the atomic oscillator result of
Eq. (2.50), where as usual Aj is an amplitude, E0j is the resonance energy,
and 
j is the broadening parameter associated with the jth oscillator (all in
units of energy).[53] Leng et al. proceeded to address the above limitations of
the classical oscillator model through three key modifications of Eq. (2.86).

The first modification of Eq. (2.86) involves generalizing the two
lineshape functions so that they can simulate the effects of the k

→
-space

integration:

e(E) � e0s � Σ
j

C0j{[(E0j � E � iΓj)
�p

j exp(ijj)]

� [(E0j � E � iΓj)
�p

j exp(�ijj)]}. (2.87)

In this expression, different exponents �pj are possible, simulating differ-
ent critical point dimensionalities. In addition, different phases jj are
possible, representing different critical point types, i.e., minima, maxima,

1
��
E0j � E � iΓj

1
��
E0j � E � iΓj

Aj
2

�
E0j

1
�
2
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and saddle points [see Eqs. (2.69) and Fig. 2.4]. Although Eq. (2.87) is
Kramers-Kronig consistent as long as pj � 0, it does not obey the plasma
sum rule given by Eq. (2.41). In other words, it no longer follows the high
energy asymptotic behavior e1(E) ~ 1�(A�E)2 and e2(E) ~ A2
�E3, where
A � (e2�2Ne�e0m)1�2, as described in Section 2.5.1.

Even with the modified expression of Eq. (2.87), the second difficulty
inherent in the Lorentz oscillator model remains, namely the excess opti-
cal absorption at energies below the lowest direct gap. In the case of
nano/microcrystalline semiconductors, this difficulty is addressed by pre-
multiplying all lineshape functions Lj(E) by a common absorption onset
function G(E) in Eqs. (2.77), (2.81), and (2.82). However, this leads to
very tedious Kramers-Kronig integrals whose evaluation was presented in
Eqs. (2.83) and (2.84). To address this difficulty in another way, Eq. (2.87)
is expanded in a power series in E that converges for all photon energies
lower than the lowest resonance energy, i.e., below the lowest direct band
gap (assuming 
j 		 E0j for all j):

e(E) � e0s � Σ
j
Σ
∞

n�0
	 
C0j{[(�1)n(E0j � iΓj)

�pj� n exp(ijj)]

� [(E0j � iΓj)
�pj�n exp(�ijj)]}En. (2.88)

Here, the first factor in parentheses after the two summations represents
the general binomial coefficient. The factor (�1)n in the first term of the
summation ensures that the even contributions n � 0, 2, 4 ... are purely
real, and that the odd contributions are purely imaginary.

By subtracting the n � 0 and 1 contributions of the power series from
the sum in Eq. (2.87), the low energy asymptotic behavior of Eq. (2.87)
now follows e1(E) ~ e0s � C�02E

2 and e2(E) ~ C�03E
3, where the C�0n values

are constants.[53] With this modified low energy behavior, the third limita-
tion can now be corrected by introducing the E�2 factor for consistency
with the quantum mechanical expressions of Eqs. (2.61) and (2.63), for
example. As a result, Kramers-Kronig consistency is now recovered (as
long as pj � 0) without losing the suppression of absorption below the
band gap. The final result can be written as follows:

e(E) � e0s �

Σ
j

C0j{[(E0j � E � iΓj)
�pj exp(ijj)]

� [(E0j � E � iΓj)
�pj exp(�ijj)] � 2Re[(E0j � iΓj)

�pj exp(ijj)]

� 2ipj E Im[(E0j � iΓj)
�pj�1 exp(ijj)]}. (2.89)

1
�
E2

�pj 

n
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An application of this formula will be demonstrated later in which the
dielectric function of crystalline silicon is simulated using a total of four
oscillators with 21 free parameters:{e0s, (C0j, E0j, 
j, jj, pj); j � 1, ..., 4}.

(b) The Generalized Critical Point Model
A second even more general approach for modeling the dielectric

function of crystalline semiconductors has been developed by Johs et al.[55]

The analytical model includes m energy-bounded, Gaussian-broadened
polynomials and P unbounded Gaussian-broadened single resonances due
to discrete electronic transitions outside the measured range of energy.
The starting expression is given by:

e(E) � 1 � i∑
m

j�1
�Emax

Emin

Wj(E�)Φj(E, E�, sj)dE�

� i ∑
j�m�P

j�m�1
Aj�

∞

0

d(E� � Ej)Φj (E, E�, sj)dE�. (2.90a)

The following three paragraphs describe the different features of Eq.
(2.90a).

First, the function �j(E, E�, sj) under the two integrals describes the
broadening of the jth polynomial or resonance. In general, this function is
given by:

Φj(E, E�, gj) � �∞
0

ds exp{i[E � E� � igj (s)]s}

� �∞
0

ds exp{i[E � E� � igj (s)]s}, (2.90b)

where s is an integration variable with units of inverse energy, gj � 
j for
Lorentzian broadening mechanisms (adopted so far in this chapter for
mathematical transparency), and gj � 2sj

2s for Gaussian broadening
mechanisms.[54] In the case of Gaussian broadening, one can transform to
the unitless variables

x1j � �
E
2�

�

2�
E
s
�

j

� and x2j � �
E
2�

�

2�
E
s
�

j

� ,

where the subscript j indicates that the transformation depends in general
on the polynomial through the broadening parameter sj. Solving Eq. (2.90b)
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via Laplace transforms for the case of Gaussian broadening one arrives at
the following expressions:

Φj(E, E�, sj) � ��{exp( � x2
1j)erfc(�ix1j)

� exp(�x2
2j)erfc(�ix2j)} (2.90c)

� ��{Ψ(x1j) � Ψ(x2j)}. (2.90d)

Here erfc designates the complementary error function given by erfc(z) �
1 � erf(z), where

erf(z) � �z
0

exp(�t2)dt and Ψ(z) ≡ exp(�z2)erfc(�iz).

Returning to the description of Eq. (2.90a), (Emin, Emax) are the mini-
mum and maximum photon energies that bound the full set of polynomi-
als and Wj(E�) is the jth polynomial segment of order Nj, given by:

Wj(E�) � Σ
Nj

k�0
pjkE�k Θ(E� � ELj) Θ (EUj � E�) (2.90e)

� Σ
Nj

k�0
q1jkxk

1j Θ	 � x1j
 Θ	x1j � 
 (2.90f)

� Σ
Nj

k�0
q2jkxk

2j Θ	x2j � �
E
2�

�

2�
E
s

L

j

j�
 Θ	 � x2j
. (2.90g)

In Eq. (2.90e), pjk is the kth order coefficient for polynomial j, and Θ(t) is
the unit step function centered at t � 0 such that Θ(t) � 0 for t 	 0 and
Θ(t) � 1 for t � 0. ELj and EUj are the lower and upper photon energy lim-
its for the jth polynomial, such that EL1 � Emin and EUm � Emax. Corresponding
polynomial sums are given in Eqs. (2.90f) and (2.90g) in which the integra-
tion variable E� has been transformed to the unitless variables

x1j � �
E
2�

�

2�
E
s
�

j

� and x2j � .

Finally, the second integration in Eq. (2.90a) represents a collection of
P discrete electronic transitions, represented by broadened delta functions

E � E�
�
2�2�sj

E � EUj�
2�2�sj

E � EUj�
2�2�sj

E � ELj�
2�2�sj

2
�
�p�

p
�
8sj

2

p
�
8sj

2
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having amplitudes, transition energies, and broadening parameters of {(Aj,
Ej, sj); j � m � 1, ..., m � P} with Ej either below Emin or above Emax. This
term generates energy-dependent contributions to e1(E) and tails in e2(E)
that extend into the spectral range spanned by the polynomials.

Combining all these results together using the unitless variables leads
to the following expression:

e(E) � 1 � i�p� ∑
m

j�1 
∑
Nj

k�0
�q1jk�Ξk 	 
 � Ξk	 
�

� q2jk�Ξk	�E2�
�

2�
E
s

U

j

j�
�Ξk	 
�
� i    ∑

m�P

j�m�1
��

p
8
A
s

2

2
j

j

���Ψ	�2
E
�
�

2�
E
s

j

j

�
 � Ψ	 
� , (2.91a)

where q1jk and q2jk are the coefficients of the polynomials of Eqs. (2.90f)
and (2.90g). The final summation incorporates the amplitudes Aj of the
resonances outside the energy range. In addition, the function Ξk for the
kth polynomial is defined generally by:

Ξk(z) � �z
0 

tkΨ(t)dt, (2.91b)

where t is an integration variable and the function �(z) is given by �(z) �
exp(�z2) erfc(�iz).

The significant differences in form between Eq. (2.91a) and the theo-
retical expressions derived earlier [see, e.g., Eq. (2.67b)]—and the conse-
quent loss of mathematical transparency—arise from the fact that Gaussian
rather than Lorentzian broadening is used. Johs et al. find that, although
closed-form integration is not possible under the Gaussian broadening
scheme, more rapid computation is possible owing to the ability to exploit
the normalized energy variables that yield simple one-dimensional look-up
tables for the complicated functions Ξk.

[55] In order to make connection
with the previous derivations, it is of interest to explore the forms of Eqs.
(2.90a) and (2.91a) when Lorentzian broadening is assumed. As noted
above, for Lorentzian broadening gj (s) � 
j in Eq. (2.90b), and the appli-
cation of a Laplace transform leads to the following result:

Φj(E, E�, Γj) � �i	 
 � 	 
. (2.92a)
1

��
E� � E � iΓj

1
��
E� � E � iΓj

E � Ej�
2�2�sj

E � ELj�
2�2�sj

E � ELj�
2�2�sj

E � EUj�
2�2�sj
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Ultimately, this provides an expression for the dielectric function analo-
gous to Eq. (2.91a) given by:

e(E) � 1 � ∑
m

j�1
∑
Nj

k�0
pjk �

EUj

ELj

E�k	 � 
dE�

�  ∑
m�P

j�m�1
. (2.92b)

The first term of this equation is similar in form to Eq. (2.67b) with the
exception that

∑
c,v

Jcv(E�) �
�e→ � p→

E
cv

�

(
2

E�)�2
�

is replaced by the piecewise polynomial function

∑
j

Wj(E�)

[see Eq. (2.90e)]. The second summation in Eq. (2.92b) includes a super-
position of P Lorentz oscillators of amplitude 2AjEj, resonance energy Ej,
and broadening parameter 2
j. In the denominator of each summand, a 
j

2

term is neglected.
Finally, further details related to the implementation of the approach

of Eq. (2.91a) or (2.92b) will be reviewed.[55] First, the m polynomial seg-
ments are collected in groups of four, each group centered at a critical
point. As a result, if there are Nc critical points, then there will be m � 4Nc

polynomial segments. The last and first polynomial segments of two
neighboring ensembles overlap in order to account for the electronic tran-
sitions that occur between critical points. This approach has the advantage
of avoiding the arbitrary addition of resonance features for this purpose,
as is necessary when using a superposition of Lorentz oscillators to simu-
late the dielectric functions of single crystal semiconductors. Figure 2.28
shows a typical such ensemble of four polynomials used in a simulation
of the dielectric function in the region around a single critical point. The
two extremum energies Emin and Emax, along with the critical point energy
Ec and center amplitude A are specified absolutely, and the other ampli-
tudes and energies are specified relative to these. As a result, in fitting
dielectric function spectra for slightly different material characteristics
(e.g., composition or temperature) the critical point ensemble can be

2AjEj��
Ej

2 � E2 � 2iΓjE

1
��
E� � E � iΓj

1
��
E� � E � iΓj
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shifted in energy or changed in amplitude without affecting its overall
shape. The polynomials and their first and second derivatives are assumed
to be continuous at the control points. At the critical point energy, how-
ever, a discontinuity is allowed in order to provide the capability of sim-
ulating the step-like absorption at two-dimensional critical points.
Typically, the outer polynomials of the ensemble are chosen to be of second-
order (i.e., Nj � 2; j � 1,4 ) whereas the inner polynomials are chosen to
be of fourth order (i.e., Nj � 4, j � 2,3).

2.5.3.4 Examples: Crystalline Semiconductors

(a) Generalized Oscillator Model
In the first application of Eq. (2.89), Leng and coworkers have sim-

ulated the room temperature dielectric function of single crystal sili-
con.[53] Among the simulations investigated, that selected as providing
the overall best fit includes a sum of four generalized oscillators in
Eq. (2.89), corresponding to the E0�, E1, E2, and E1� critical points in the
silicon band structure. As noted earlier, each generalized oscillator
requires five free parameters in the fit, namely the amplitude C0j, phase jj,
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Figure 2.28 A generalized critical point structure in the absence of broadening.
This structure consists of four polynomials, two on each side of the critical point
energy Ec. In typical fits, the two outermost polynomials are of second order
whereas the two innermost polynomials are of fourth order. At the control points,
the inner and outer polynomials are continuous as are their first and second deriv-
atives. A discontinuity is possible at the critical point that can simulate the super-
position of critical points of different dimensionality. (After Ref. 55.)
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Figure 2.29 Dielectric function for crystalline silicon determined experimentally
using SE in conjunction with an in situ cleaning procedure (solid lines). Also shown
is the best fitting dielectric function using the generalized oscillator model of
Eq. (2.89) (i.e., fully modified) incorporating four oscillators (points). The best fit
parameters are given in Table 2-3 and the difference between the two spectra are
given in Fig. 2.30d. (After Ref. 53.)

resonance energy Ej, broadening parameter 
j, and exponent pj (j � 1, ..., 4).
Figure 2.29 shows a comparison of the experimental data for the dielec-
tric function of silicon (solid line) and this 21-parameter best fit (points).
The 20 parameters associated with the four oscillators are given in Table 2-3,
and the best fit value of the final parameter e0s in Eq. (2.89) is �0.047
(a non-physical result). With this parameter set, the data and fit are indis-
tinguishable on the scale of Fig. 2.29. Also given in Table 2-3 are the
resonance energies and broadening parameters as deduced by
Lautenschlager et al. from a fit to the second derivative of the dielectric
function, applying Eq. (2.70).[22] These results demonstrate the corre-
spondence between each generalized oscillator and a band structure
critical point.
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In Fig. 2.30, spectra describing the differences between the best fit e1

and e2 and the corresponding experimental data are plotted, comparing
analytical models of the silicon dielectric function having different levels
of complexity.[53] (Note that the scale in the original figure is erroneous; the
upper plot limit of 6 eV should be replaced by 5 eV and the scale adjusted
accordingly.) The curves designated (a) in Fig. 2.30 result from a reduced-
range fit (1.5–5.1 eV) using an 11-parameter model of two generalized
oscillators without the low energy subtraction and without the E�2 factor.
The two oscillators in this model simulate the dominant features, the
E0�–E1 critical point complex near 3.4 eV and the E2 critical point near
4.2 eV. Clearly the best-fit e2 spectrum for this model overestimates the
experimental spectrum at low photon energies, a pervasive problem when
employing multiple oscillators in fits of semiconductor dielectric functions
below the lowest direct band gap. The curves (b) in Fig. 2.30 result from a
similar fit (1.5–5.1 eV) using the 11-parameter model of two generalized
oscillators; however, the first-order term of the power series in e vs. photon
energy E is subtracted from the two oscillator sum. This model is similar
to that of Eq. (2.89) except that the zero-order term in e1 is not subtracted
and the E�2 factor is not included. As a result, e2 is suppressed to third order
in E at low energies, and this accounts for the improvement in the fit to e2.
Curves (c) result from a reduced-range fit (1.5–5.1 eV) with two general-
ized oscillators and with the full modifications in accordance with

Table 2-3. Best-fit values of the oscillator parameters {C0j, jj, pj, E0j, 
j; j �
1, …4} used by Leng et al. in a simulation of the dielectric function of crys-
talline silicon applying the generalized four-oscillator model of Eq. (2.89)
(results indicated below as GO). The associated simulations in this case
are given in Figs. 2.29 and 2.30d. Also shown are the results of the criti-
cal point analysis of dielectric function data by Lautenschlager et al.[22]

applying Eq. (2.70) (results indicated as CP). In the latter analysis, all crit-
ical points are fit to a 2D lineshape (ln function) except E1 which is fit to an
excitonic lineshape (pj � 1).

Oscillator Amplitude Phase Exponent Energy Broadening
C0j (eV2�p) jj (rad) �pj E0j (eV) 
j (eV)

j CP GO GO CP GO CP GO CP GO CP

1 E0� 56.32 �0.4589 0.20 �0.8241 ln 3.3800 3.320 0.1150 0.070
2 E1 240.90 �0.4110 0.05 �0.3965 �1 3.6266 3.396 0.3079 0.098
3 E2(X) 125.46 0.3307 2.10 �0.9504 ln 4.2906 4.270 0.2030 0.087
4 E1� 16.66 0.2816 1.45 �0.9761 ln 5.3825 5.317 0.2410 0.132
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Figure 2.30 Difference between the simulated and experimental dielectric function
spectra for crystalline silicon using the following different models for the dielectric
function: (a) the generalized oscillator model of Eq. (2.87) (i.e., without any modi-
fications) incorporating two oscillators; (b) generalized oscillator model, modified
to suppress e2 at low energy, incorporating two oscillators; (c) generalized oscilla-
tor model of Eq. (2.89) (i.e., fully modified) incorporating two oscillators; (d) as in
(c) but incorporating four oscillators. Also shown in (e) is the difference between
the simulated and experimental dielectric function spectra for the microcrystalline
silicon film of Fig. 2.26. In this case, the model applies Eqs. (2.79), (2.81), and
(2.82) and incorporates two Lorentz oscillators. (After Ref. 53).
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Eq. (2.89). Curves (d) represent the difference in Fig. 2.29 between the
21-parameter, full-range fit (1.5–6.0 eV) and the experimental data. A com-
parison of the curves in (d) with those in (a) through (c) demonstrates that
two oscillators are required centered near 3.4 and 3.6 eV to obtain an
adequate fit over the energy range of the E0�–E1 complex. For the best fit
model of Fig. 2.30 and Table 2-3, however, further statistical analysis is
required in order to assess whether the added complexity of the generalized
oscillators is required for all four critical point structures.

Based on the results of Figs. 2.29 and 2.30, the generalized oscillator
model should also provide suitable simulations of the dielectric functions of
polycrystalline silicon materials having grain sizes Lg � 100 nm, in which
case the dielectric function features remain sharp.[80] For much smaller grain
sizes, particularly those in the nano/microcrystalline regime with Lg � 10
nm, however, two effects generally occur.[52,76] First, the critical point struc-
tures are broadened due to the relaxation of k

→
-conservation. Such an effect is

a manifestation of electron scattering at grain boundaries that also reduces
the excited state lifetime. This mechanism has been proposed to lead to an
increase in the critical point broadening parameters with grain size Lg in
accordance with 
(Lg) � 
0 � (Cg�Lg), where 
0 is the broadening parame-
ter in the single crystal and Cg is a constant of the form Cg ~ �v, with v being
the excited state electron velocity.[81] Second, the weak absorption observed
for single crystal Si in Fig. 2.29 over the range from 1.5 to 3.0 eV is enhanced
in nano/microcrystalline Si also due to the relaxation of k

→
-conservation (pro-

viding the crystals are not so small as to lead to quantum size effects).
As a result of these considerations, the full complexity of four gen-

eralized oscillators is not required for nano/microcrystalline silicon as
demonstrated in section 2.5.3.1. Furthermore, the modification of the
oscillator model by the elimination of the first-order power series term
in e2(E) is not necessary either, due to the increase in absorption at low
energies in the nano/microcrystalline materials. For these materials, the
absorption onset function G(E) in Section 2.5.3.1 provides the required
flexibility to model this gradually increasing absorption. In Fig. 2.30(e),
the differences between the analytical model and the experimental data
are shown for the microcrystalline silicon film of Fig. 2.26. In this
model, two Lorentz oscillators are used with absorption suppressed
according to the Tauc gap expression for G(E).[79] In this case the reverse
of Fig. 2.30(a) is observed, namely that the experimental e2(E) values at
low energy are in fact larger than those in the model. In the region of the
critical points, however, the eight-parameter, two-oscillator fit to the
data for the microcrystalline silicon film is as good as the 21-parameter,
four-oscillator fit to the data of single crystal silicon. Further efforts are
needed to develop a single comprehensive analytical model suitable for
simulating the dielectric functions for the entire range of silicon materials.
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Figure 2.31 Spectra in the imaginary part of the dielectric function e2 for Hg1�xCdxTe
ternary alloys of selected composition x prepared by molecular beam epitaxy and
measured in situ at selected temperatures T by spectroscopic ellipsometry
[(x, T) � (0, 22° C); (0, 180° C); (0.20, 22° C); (0.22, 180° C)] (points). The solid
lines represent results from a global fit of these spectra using the generalized crit-
ical point model of Eqs. (2.91). In addition to the dielectric function spectra for the
four (x, T) conditions depicted here, three other pairs of spectra [(x, T) � (0.17,
180° C); (0.27, 180° C); (0.32, 180° C)] were included in a global fitting procedure.
(After Ref. 55.)

(b) Generalized Critical Point Model
Real time SE studies of epitaxial layers of mercury-cadmium telluride

(Hg1–xCdxTe) by Johs et al. provide an important application example of
the generalized critical point model for the dielectric functions of crystalline
semiconductor materials.[55] Figure 2.31 (points) provide selected e2 spec-
tra of Hg1–xCdxTe measured in situ under different conditions of composi-
tion x and temperature. The solid lines are the fits obtained using the
generalized critical point model of Eqs. (2.90) and (2.91). Similar such
high-quality fits to both parts of the dielectric functions were obtained for
five alloy compositions (x � 0, 0.17, 0.22, 0.27, and 0.32) measured at the
growth temperature of T � 180° C and for two alloy compositions (x � 0
and 0.20) measured at room temperature (T � 22° C). These data sets were
fit simultaneously using a global parametric analysis in which the dielec-
tric function parameters (energies, amplitudes, and broadening parameters
of the critical points within the measurement energy range and those of the
oscillators outside the energy range) were modeled as quadratic functions
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of composition and linear functions of temperature. Using the best fit
coefficients that describe these dielectric function parameters vs. compo-
sition and temperature allows one to predict the dielectric function for
any composition and temperature over the ranges spanned by the
measurement. Examples of such predictions are given in Figs. 2.32(a) and
2.32(b). With such a predictive capability, both composition and temper-
ature can be used in least squares regression analysis of Hg1�xCdxTe epi-
taxial growth.

Finally, an assessment will be made regarding the multitude of param-
eters associated with each critical point.[55] Considering a critical point
structure composed of four polynomials (see Fig. 2.28), two of fourth
order and two of second order, there will be 16 coefficients pjk and
4 broadening parameters sj. However, six coefficients will be eliminated
by the constraints that the polynomials, as well as their first and second
derivatives, be continuous at the two control points. Thus, the two critical
point structures apparent in Figs. 2.31 and 2.32 will have at most
28 parameters associated with them. Additional parameter triplets are
added for every oscillator that is required outside the energy range of
measurement. As will be shown in the next section, a large number of free
parameters is characteristic of any model that uses polynomial segments
in the dielectric function to portray accurately the physical processes of
the electronic transitions. In the generalized critical point model, the poly-
nomials are centered around each critical point whereas for the specific
study of the dielectric function of GaAs to be described in the next sec-
tion, the polynomials span the regions between the critical points.[54]

It should be pointed out that the large number of free parameters is
sure to lead to parameter correlations and large confidence limits. This
problem, compounded by the use of a limited number of dielectric func-
tion data sets (versus temperature and composition for the example of
Fig. 2.32) in the fitting, may lead to erroneous results in interpolation.
Additional efforts are needed in the future to assess this problem for the
generalized oscillator and critical point models in which case the number
of free parameters routinely exceeds 20.

2.5.4 Specialized Quantum Mechanical Models

The development of specialized quantum mechanical models for the
dielectric functions of crystalline solids requires a basic understanding of their
electronic band structures, i.e., the energy of the electronic states as a function
of electron wavevector k

→
for all the valence and conduction bands that can

serve as initial and final states for the electronic transitions. Such an under-
standing can come from theoretical calculations supplemented by optical
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Figure 2.32 Dielectric functions (e1, e2) for Hg1–xCdxTe ternary alloys calculated
from the generalized critical point model of Eqs. (2.91) assuming (a) different alloy
compositions x at a fixed measurement temperature of T � 190° C and (b) differ-
ent measurement temperatures T at a fixed alloy composition of x � 0.2. The
database used to establish the model was developed from the global fits of the
dielectric functions in Fig. 2.31. (After Ref. 55.)
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Figure 2.33 Second derivative spectra versus photon energy E in the real (bot-
tom) and imaginary (top) parts of the complex dielectric function (e1, e2) for single
crystal GaAs, measured at room temperature by spectroscopic ellipsometry
(points). Also shown are fits to the experimental results (solid lines) using
Eq. (2.70). The best fit critical point energies obtained from these fits are included
in Fig. 2.13. (Data from Ref. 49).

measurements. In particular, the analysis of SE data applying Eq. (2.69) pro-
vides information on the energy position of the critical points and the charac-
teristics of the bands in the vicinity of the critical points. In this section, band
structure-based models of the dielectric functions will be presented for a well-
studied semiconductor and metal, gallium arsenide and aluminum.

2.5.4.1 Case Study: Gallium Arsenide

As an example of the identification of band structure critical points,
Fig. 2.33 highlights the second derivative of the experimentally determined
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Figure 2.34 Band diagram of electron energy versus wavevector for GaAs, depict-
ing the band designations used to identify the transitions listed in Table 2-4. (Band
structure after Ref. 82; band designations after Ref. 54.)

real and imaginary parts of the dielectric function of GaAs at room tem-
perature (points),[49] along with a fit using Eq. (2.70) at each of the critical
points (lines). Four prominent critical points are evident in the data. Kim
et al.[54] have identified the associated transitions on the band structure
diagram[82] of Fig. 2.34 in the following way (i) E1 at 2.92 eV occurring
from v1 to c2 near Λ; (ii) E1 � ∆1 at 3.15 eV occurring from v2 to c2 near
Λ; (iii) E0� at 4.46 eV occurring from v1 to c1 near ∆; and (iv) E2 at
4.97 eV occurring from v1 to c2 near �. The band designations and
k
→

-space regions (Λ, ∆, �) for these critical points can be located in
Fig. 2.34; however, some of the assignment details are controversial.[21]

Figure 2.13 includes the best fit energies of these four dominant critical
points for comparison with the best-fit resonance energies in the multiple
Lorentz oscillator model. From this comparison, one can determine which
oscillators are actually fitting critical point features and which are simu-
lating the broad background in the dielectric function. Because three of
the oscillators do not correspond to critical points, one finds that the Lorentz
oscillator model simply provides a good parameterization of the optical
properties; however, it lacks a strong physical basis. This can be clarified
by performing successive derivatives on the spectra from the experiment
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and from the 7-oscillator model and observing the increasing discrepan-
cies between the two results.[54]

A proposal for the electronic transitions in terms of the band structure
has been developed in order to fit the dielectric function of GaAs and
related III–V semiconductors, applying an improved model based on
Eq. (2.67b).[54] Because this model accounts for the band structure of
GaAs, it is physically realistic and, unlike the oscillator model, can simul-
taneously fit e and its first, second, and third derivatives. The model
begins with the following expression for the dielectric function:

e(E) � 1 � i�
2
e
e

0m

2�
2

2

�Σ
m

j�1
�Emax

E0

�
w

E
j(E

�2

�)
� Φj(E, E�, sj)dE�, (2.93)

where wj(E�) is defined as a continuous function over the jth energy range
between two successive critical points Ej�1 � E� 	 Ej and is zero else-
where [see, e.g., Fig. 2.35(e)]. Here, it is assumed that there are m critical
points at energies: E0 (fundamental band gap), … Em�1, and that Em �
Emax, the maximum energy of the measurement. Thus, Eq. (2.93) is also
closely related to the first term of Eq. (2.90a) where Wj(E�) �
[2e2�2wj(E�)]�[e0m

2E�2]. The difference arises from the fact that the wj(E�)
functions in Eq. (2.93) span the regions between successive critical points,
whereas the Wj(E�) polynomials in Eq. (2.90a) are placed on both sides of
a single critical point. In fact, Eq. (2.93) derives from Eq. (2.67b), and a
rearrangement and comparison shows that

Σ
j

wj(E�) � Σ
c,v

�e→ � p→c,v(E�)�2Jcv(E�).

In Eq. (2.93), however, Eq. (2.92a) has been employed to replace the
Lorentzian broadening function with the more general function �j(E, E�,
sj) of Eq. (2.90b). With this general function, either Lorentzian broaden-
ing [Eq. (2.92a)] or Gaussian broadening [Eq. (2.90d)] can be simulated.

The key to evaluating Eq. (2.93) for GaAs is to determine the func-
tions {wj(E�); j � 1, …m} for a specific model of the band structure as
depicted in Figs. 2.34 and 2.35 and outlined in Table 2-4.[54] It is proposed
that {wj(E�); j � 1, …m} derive from a sum of the following four discon-
tinuous functions with a total of eight critical points (one of which is sup-
pressed because it is too weak to be observed experimentally). In the
energy regions between the critical points where Jcv(E�) is smoothly vary-
ing, the wj(E�) functions are described either by constants, specifically
those in Table 2-2, or by linear or quadratic polynomial functions. In other
words, the constants employed in Table 2-2 to describe Jcv(E�) on both
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Figure 2.35 Schematic joint density of states functions wj (E�) in Eq. (2.93) for
crystalline GaAs using the scheme for electronic transitions given in Table 2-4.
This plot depicts the functions associated with the transitions between the (initial,
final) bands (a) (v1, c2); (b) (v2, c2); (c) (v3, c2); and (d) (v1, c1), where the band
designations are provided in Fig. 2.34. In part (e), the summation of the five func-
tions {wj(E�); j � 1, … 5} is shown. This summation is divided into six continuous
regions denoted (I � I’, II, III, IV, V, VI), and the mathematical forms of the func-
tions in these six regions are given in Eqs. (2.94a)–(2.94e). (After Ref. 54.)

sides of the critical points may be replaced by linear or quadratic functions
of E�.

(i) The first set of contributions to wj(E�) is shown in Fig.
2.35(a) and describes the electronic transitions from v1 to
c2 in Fig. 2.34. This set includes the largest number of
critical points over the measured energy range (E0 � 1.4
eV 	 E 	 Emax � 6 eV) since this pair of valence and
conduction bands has the minimum energy separation for
a given k

→
. The critical points include the fundamental

bandgap E0(
) at 1.41 eV which is of the 3D M0 type
(minimum) with Jcv(E)  Θ(E � E0) (E � E0)

1�2 (see
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Table 2-2 and Fig. 2.4); the E1(Λ) and E2(X) at 2.93 and
4.81 eV, respectively, each of which is described as a
superposition of a 2D M0 transition with an upward step
in Jcv(E), i.e., Jcv(E)  const � Θ(E � Ej), and a 3D M1

transition with Jcv(E)  const � Θ(Ej � E) (Ej � E)1�2;
and finally the E2(�) at 5.00 eV which is described as a
superposition of a 2D M2 transition with a downward step
in Jcv(E), i.e., Jcv(E)  const � Θ(E � Ej), and a 3D M2

transition with Jcv(E)  const � Θ(E � Ej)(E � Ej)
1�2.

The energy values quoted here were obtained in simulta-
neous fits to e2 and its first three derivatives, applying the
model developed in this part; thus, they differ somewhat
from those obtained in Fig. 2.33 and enumerated in Fig.
2.13. In addition, in the proportionalities for Jcv, Θ(t) is
the unit step function such that Θ(t) � 0 for t 	 0 and Θ(t)
� 1 for t � 0. The superposition of 2D and 3D critical
points is based on the concept that if two bands are
exactly parallel along a symmetry direction yielding a 2D
critical point (as occurs, e.g., for bands v1 and c2 near Λ),
then there must also exist a 3D critical point of the same
energy occurring in k

→
-space at the point along the same

direction where the bands diverge from one another (e.g.,
the maximum in energy in the band c2 between Λ and 
).

(ii) The second set of contributions is shown in Fig. 2.35(b)
and describes the transitions from v2 to c2, where v2 is the
valence band split off from v1 due to the electron spin-
orbit magnetic interaction. In this case, only one addi-
tional critical point needs to be included, the E1(Λ) � ∆1(Λ)
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Table 2-4. Band structure transitions associated with the critical points
observed below 6 eV in the dielectric function of GaAs.  Also included are
the critical point designation, type, and best-fit photon energy (data from
Kim et al.[54]).

Band pair Critical point Type Photon energy (eV)

v1 → c2 E0(Γ) 3D-M0 1.411
v1 → c2 E1(Λ) 2D-M0 � 3D-M1 2.930
v1 → c2 E2(X) 2D-M0 � 3D-M1 4.811
v1 → c2 E2(∑) 2D-M2 � 3D-M2 5.003
v2 → c2 E0(Γ) 3D-M0 1.411
v2 → c2 E1(Λ) � ∆1(Λ) 2D-M0 � 3D-M1 3.171
v3 → c2 E0(Γ) � ∆0(Γ) 3D-M0 1.748
v1 → c1 E�0(∆) 2D-M0 � 3D-M1 4.478
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at 3.17 eV which is described as a superposition of a 2D
M0 transition and a 3D M1 transition.

(iii) The third set is shown in Fig. 2.35(c) and describes the
transitions from v3 to c2. Here another single weak criti-
cal point E0(
) � ∆0(
) is present at 1.75 eV which is of
the 3D M0-type. Because these two bands are not parallel
for any direction of k

→
-space, the joint density of states is the

lowest of any of the four functions, and as a result no other
critical points need to be included.

(iv) The fourth set of contributions is shown in Fig. 2.35(d)
and describes the transitions from v1 to c1. This set is
expected to exhibit two critical points, E0�(
) and E0�(Λ);
however, only the latter is observed experimentally—at
4.48 eV. Thus, the E0�(
) critical point is omitted, and the
E0�(Λ) critical point is described as a superposition of a
2D M0 transition and a 3D M1 transition.

It should be emphasized that some details of these assignments
remain controversial; however, the model leads to a physically realistic
description of the dielectric function.[54] Using this model, along with the
critical point functional dependences in Table 2-2 (with the constants
replaced by polynomial functions in general), the individual dependences
of wj(E�) are obtained by summing the four contributions described above.
This sum is shown in Fig. 2.35(e) and the functional forms are as follows:

Regime n � I:

wI(E�) � (E� � E0)
1�2 [pI(E�) � qI(E�) (EI � E�)1�2]; E0 � E� 	 EI,

(2.94a)

Regime n � I�:

wI�(E�) � [E� � (E0 � ∆0)]
1�2 pI�(E�); E0 � ∆0 � E� 	 EI,

(2.94b)
Regime n � II, III, IV:

wn(E�) � pn(E�) � qn(E�) (En � E�)1�2; En�I � E� 	 En, (2.94c)

Regime n � V:

wV(E�) � pV(E�); EIV � E� 	 EV, (2.94d)

Regime n � VI:

wVI(E�) � pVI(E�) � qVI(E�) (E� � EV)1�2; EV � E� 	 EVI. (2.94e)
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In these expressions, wn(E) vanishes outside the designated ranges and
pn(E�) and qn(E�) are either constants, linear functions, or quadratic functions
of E�. In Eqs. (2.94), the notation wj(E) has been converted to wn(E) in
order to be consistent with Fig. 2.35(e) in the original work of Kim
et al.[54] The Roman numeral index n identifies the regimes I, I�, II, … VI
in Fig. 2.35(e), and ( En�I, En) are the (lower, upper) energy bounds for the
segment wn(E) (unless noted otherwise). From Fig. 2.35, the following
assignments for the upper energy bounds are made:

EI � E1(Λ), (2.94f)

EII � E1(Λ) � ∆1(Λ), (2.94g)

EIII � E0�(∆), (2.94h)

EIV � E2(X), (2.94i)

EV � E2(�), (2.94j)

EVI � Emax. (2.94k)

Upon substitution of Eqs. (2.94a–e) into Eq. (2.93), one obtains:

e(E) � 1 � i�
2
e
e

0m

2�
2

2

� Σ
2

n�0
[(pInHIn � qInFIn) � (pI�nHI�n)

� (pIInGIIn � qIInKIIn) � (pIIInGIIIn � qIIInKIIIn)

� (pIVnGIVn � qIVnKIVn) � (pVnGVn) � (pVInGVIn � qVInHVIn)]

� Σ
n

BnE
n, (2.95)

where the final summation gives the contribution to e1(E) due to critical
points above Emax.

[54] In this equation, pnn and qnn denote the nth polyno-
mial coefficient (n � 0, 1, 2) of pn and qn and Fnn, Gnn, Hnn, and Knn are the
following integrals:

FIn(E) � �EI

E0

E�n�2 �(E� ��E0)(EI�� E�)� ΦI[E, E�, sI(E�)]dE�; (2.96a)

Gnn(E) � �Ev

Ev�1

E�n�2Φn [E, E�, sn (E�)]dE�; n � II, III, IV, V, VI;

(2.96b)
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HIn(E) � �EI

E0

E�n�2 �(E� ��E0)� ΦI[E, E�, sI(E�)]dE�; (2.96c)

HI�n(E) � �EI

E0�∆0

E�n�2 �E� � (�E0 � ∆�0)�� ΦI[E, E�, sI(E�)]dE�; (2.96d)

HVIn(E) � �EVI

EV

E�n�2 �(E� ��EV)� ΦVI[E, E�, sVI(E�)]dE�; (2.96e)

Knn(E) � �Ev

Ev�1

E�n�2 �(En ��E�)� Φn [E, E�, sn(E�)]dE�; n � II, III, IV.

(2.96f)

These integrals can be solved analytically in the case where Φn[E, E�, sn(E)]
is a Lorentzian broadening function as described in the next paragraph.

Because the segments in Fig. 2.35(e) span the ranges between succes-
sive critical points, the Lorentzian broadening parameter sn(E�) � Γ�n(E�) for
the segment wn(E�) is assumed to be a linear function of energy E� with
the value 
n�I for the lower critical point at En�I and 
n for the upper crit-
ical point at En. Thus,

Γ�n(E�) � �
E
Γn

n

�

�

Γ
E

n

n

�

�

I

I

� E� ��
EnΓ

E
n�

n

I

�

�

E
E

n�

n�

I

IΓn� . (2.97a)

In fact, it has been proposed that a mixture of Gaussian and Lorentzian
broadening can be simulated by replacing 
n in Eq. (2.97a) with

Γn(L-G) � Γnexp��an , (2.97b)

and 
n�I by the corresponding expression with the subscript n replaced by
n � I. In Eq. (2.97b), an is a Lorentzian-Gaussian mixing parameter for the
upper critical point of the segment wn(E�). Purely Lorentzian broadening
holds for an � 0, and Gaussian broadening is simulated using an � 0.2.

Equations (2.94) through (2.97) completely specify the dielectric
function of GaAs in terms of energy-independent free parameters. The
maximum number of such parameters required to specify e2(E) is 57. Such
a model for e2(E) includes 36 polynomial coefficients if all 12 polynomi-
als (pn, qn) are of second order, and 21 critical point parameters if all seven
critical points require (En, 
n, an), i.e., a critical point energy, a broadening

(E� � En)
2

��
Γ2

n
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Figure 2.36 Simultaneous fits (lines) to the experimentally determined imaginary
part of the dielectric function e2 for GaAs and to the first three derivatives of e2

(points). The simulation used in the fit applies a specific band structure model [see
Table 2-4, Figs. 2.34–2.35, and Eqs. (2.94)–(2.97)] that incorporates 37 energy
independent free parameters. These parameters describe the energy positions of
the seven critical points in the model (arrrows), their broadening parameters, and
the associated polynomial functions. (After Ref. 54.)

OPTICAL PHYSICS OF MATERIALS, COLLINS, FERLAUTO 217

parameter, and a mixing parameter. Additional parameters associated with
the last term in Eq. (2.95) are required to specify e1(E). In the best-fit
analysis of e2 and its first three derivatives shown in Fig. 2.36, however,
only 37 of the possible 57 free parameters are used owing to the follow-
ing simplifications.[54] First, all polynomials qn are assumed to be con-
stants except for qI which is assumed to be quadratic (yielding an overall
reduction by 8 parameters). Second, constants are assumed for pn in
regions IV, V, and VI; linear functions are assumed for pn in regions I�, II,
and III; and a quadratic function is retained for pI (yielding an overall
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Figure 2.38 The joint density of states function of Eq. (2.93), (2e2�2�e0m
2)[�jwj(E�)],

obtained from the best fit to the imaginary part of the dielectric function e2 of GaAs
depicted in Fig. 2.36. (After Ref. 54.)

Figure 2.37 Best fit contributions to the imaginary part of the dielectric function e2

for GaAs (lines) enumerated according to the scheme of Fig. 2.35 and plotted
along with the experimental e2 spectrum. The best fit contributions were obtained
from a decomposition of the simulation of Fig. 2.36. (After Ref. 54.)
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Figure 2.39 Simultaneous fits (lines) to the experimentally determined real part
of the dielectric function e1 for GaAs and to the first three derivatives of e1 (points).
The simulation used in the fit applies the same fixed values for the 37 parameters
as were determined in the fit of Fig. 2.36. The only free parameters in the fit arise
from the last term in Eq. (2.95), which is assumed to be a quadratic function. (After
Ref. 54.)

reduction by 9 parameters). Finally, only the lower four critical points are
assumed to be a mixture of Gaussian and Lorentzian lineshapes (yielding
an overall reduction by 3 parameters). Figure 2.37 depicts the six separate
contributions to e2 that describe the 37-parameter best fit, and Fig. 2.38
depicts the resulting spectrum in the sum (2e2�2�e0m

2)Σ
0

n
wn(E).[54] Finally 

in Fig. 2.39, the spectra in e1(E) and its first three derivatives are shown
along with the best fits, obtained using Eqs. (2.94) through (2.97) and the
same set of 37 free parameters as in the best fit of e2(E) in Fig. 2.36. In
addition, the last term in Eq. (2.95) is assumed to be a quadratic polyno-
mial. As a result, 40 free parameters are used to fit both e1 and e2.
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An interesting aspect about Fig. 2.38 is that downward steps occur at
the EI � E1(Λ), EII � E1(Λ) � ∆1(Λ), EIII � E0�(∆) critical point transi-
tions. From the analytical properties of Jcv, these steps should be upward
since they arise from 2D M0-type critical points. This discrepancy sug-
gested to the authors that although the dielectric function model has been
designed in an attempt to include all the essential physical processes,
some ingredient(s) may be missing.[54] It was pointed out that the direction
of the steps can be modified by incorporating an adjustable phase projec-
tion factor as in Eq. (2.70), rather than the fixed phases of Eqs. (2.69). An
adjustable phase has been incorporated in previous critical point analyses
of optical spectra, and best fit values different from theoretically predicted
ones have been attributed to excitonic effects as described earlier.[21,22]

Other effects such as built-in electric fields at the surface or modifications
of the electronic wavefunctions due to the presence of the surface have
been proposed as well.[54] Before new physical processes (and possibly
additional free parameters) are incorporated, however, it is important as
always to consider the confidence limits in the 37 parameters of the best
fit. In view of this large number of parameters, it seems plausible that a
physically correct result could be obtained while remaining within the
confidence limits of the free parameters.

In spite of these uncertainties in the statistical analysis of the best fit
(and possibly in the underlying physical processes), the dielectric function
model described here provides several advantages over all previous models.
First, the model is applicable over the full photon energy range, both above
and below the lowest direct gap. Second, the theoretically predicted struc-
ture of Jcv(E�) can be incorporated at each of the critical points (notwith-
standing possible limitations of existing theory), in contrast to the general-
ized critical point model described previously. As a result, the model allows
one to fit not only e(E) but also its derivatives. Third, the model exactly sat-
isfies the Kramers-Kronig relationships, and also allows one to incorporate
Gaussian broadening mechanisms that provide a better description of data
for elemental and compound semiconductors at room temperature.

2.5.4.2 Case Study: Aluminum

As described in the previous case study of GaAs, a physics-based
approach for modeling dielectric functions of materials can be under-
taken when sufficient band structure information is available. The
dielectric function of aluminum will be discussed briefly as a second
example. Because the final analytical expressions for the real and imag-
inary parts of the dielectric function of aluminum are quite lengthy, they
will not be reproduced here. Instead, references will be made to the
appropriate equations in the article by Ashcroft and Sturm where the
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Figure 2.40 Calculated dielectric function (e1, e2) for Al at room temperature
(solid lines), including a decomposition into intraband (dotted lines) and interband
(dashed lines) components. For the intraband component, the Drude expression
was used with an amplitude and relaxation time deduced from best fits to experi-
mental data (as in Fig. 2.41). For the interband component two parallel-band tran-
sitions associated with the (200) and (111) reciprocal space planes were used with
energy gaps and broadening parameters also deduced from best fits to data. The
interband component is described by a nearly free electron model and is domi-
nated by transitions between parallel bands. For example for the (200) compo-
nent, the bands are parallel in planes perpendicular to the 
X line [and thus par-
allel to the square (200) Brillouin zone face (see inset)]. (After Ref. 76.)

OPTICAL PHYSICS OF MATERIALS, COLLINS, FERLAUTO 221

derivations appear.[83] In spite of the cumbersome expressions, several
different groups have successfully applied them in fits to the optical
spectra of aluminum.[47,83–85]

In the near-infrared and visible photon energy range, the imaginary
part of the dielectric function of aluminum is dominated by the transitions

Ch_02_IInd.qxd  10/16/04  4:21 PM  Page 221



222 THEORY OF ELLIPSOMETRY

between nearly parallel bands that occur in k
→

-space planes parallel to the
(200) and (111) faces of the Brillouin zone.[45] The (200) transitions (see
inset of Fig. 2.40) are especially important in describing the optical
properties of Al as they give rise to a maximum in e2(E) and a minimum
in the reflectance spectrum of R~0.86 at ~1.5 eV due to the associated
absorbance. The (111) transitions are less important as they give rise to
a weaker feature near ~0.5 eV, below the photon energy range of con-
ventional SE instruments. Assuming that all other interband transitions
are negligible, one can deduce a theoretical expression for the interband
dielectric function using a nearly free electron model in which the first-
order perturbation due to the periodic potential accounts for the splitting
between the two bands.[83] Each of the two so-called “parallel-band”
transitions exhibits the following form for the imaginary part of the
dielectric function:

e2,PB(E, K
→

) �

(2.98)

In this equation, (i) DK
→ is the degeneracy of the reciprocal space planes,

either six-fold for (200) or eight-fold for (111); (ii) K is the length of the
reciprocal lattice vectors, either K

→
� (2p�a)(2, 0, 0) or (2π�a)(1,1,1), that

define the normals to the reciprocal space planes containing the parallel
bands (a � 0.405 nm); (iii) 2UK

→ is the spacing between the parallel bands,
and (iv) 2ΓmK

→ ≡ ��tK
→ where tK

→ is the relaxation time responsible for the
transition broadening. The associated expressions for JK

→(E) and for the
real part e1,PB(K

→
, E) are given by Ashcroft and Sturm as Eqs. (19) and (22)

in Ref. 83.
The analytical expression for the complete dielectric function is written

as follows

e(E) � e0s � [eD(E) � 1] � Σ
0

K
→

[ePB(E, K
→

) � 1]. (2.99)

In this expression, eD(E) represents the Drude or intraband contribu-
tion to the dielectric function, and ePB(E, K

→
) represents the two

interband or parallel-band transitions identified by the reciprocal lat-
tice vector. Because the three contributions can be considered as
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independent responses, the unity contributions to e1 from each are
subtracted and combined together in a single term given by e0s, which
includes possible interband contributions above the upper spectral
limit. The same approach has been applied in Section 2.5.2.2 in an
analysis of the intraband and interband transitions in silver (see
Fig. 2.18).[36]

As a result, seven free parameters are required in the final analytical
expression for the dielectric function of Al. These include

(i) the amplitude of the free-electron component, A2
D �

(e2�2Nec�e0mo), where AD can be considered a phenome-
nological plasma energy [see Eq. (2.75a)];

(ii) the relaxation time of the free electrons tD � ��2Γm [see
also Eq. (2.75a)];

(iii) the parallel-band transition energy gap and relaxation
time for each of the two components, (2|U200|, t200) and
(2|U111|, t111); and

(iv) the constant contribution to the dielectric function, e0s.

Figure 2.40 shows the calculated dielectric function for Al at room tem-
perature (solid lines), using the analytical model of Eq. (2.98) along
with the expressions from Ashcroft and Sturm.[83] Also included here is
the decomposition of (e1, e2) into intraband (dotted lines) and interband
(dashed lines) components. For the intraband component, the following
free parameters were employed: AD � 12.50 eV and tD � 10.6 � 10�15 s,
determined in best fits to experimental data. For the interband com-
ponent, the following parameters were employed 2|U200| � 1.47 eV,
2|U111| � 0.49 eV, and t200 � t111 � 4.1 � 10�15 s, also deduced from
best fits to data.[47]

Figure 2.41 shows experimental results obtained by real time SE during
the growth of an Al film by thermal evaporation from Nguyen et al.
(points),[47] along with data on a static Al film reported by Shiles et al.
(lines).[86] The advantage of the real time SE measurements is that they
avoid distortion of the optical properties by oxide overlayers that form rap-
idly on static surfaces, especially upon removing the sample from the vac-
uum chamber. The agreement between the data sets is quite good in spite of
the differences in measurement procedure. The sharply increasing e2 spec-
trum with decreasing E reflects the (200) parallel-band contribution cen-
tered near 1.5 eV, as in Fig. 2.40. The sharply decreasing e1 spectrum with
decreasing E reflects the intraband contribution, with the superposition of
the (200) parallel-band contribution leading to the weaker feature. Small
differences between the data sets in Fig. 2.41 appear to be due to a sharper
(200) parallel-band transition, i.e., a longer electron scattering time t200, for
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Figure 2.41 Room temperature dielectric functions of thin film Al as reported in
Ref. 86 (solid lines) and as obtained by real time spectroscopic ellipsometry dur-
ing evaporation on a silicon wafer substrate (points). (After Ref. 47.)

the data of Nguyen et al.[47] possibly due to a larger grain size in the Al
film.

Similar such differences appear more clearly when characterizing
films by real time SE as a function of accumulated film thickness.
Figure 2.42 shows the measured e2 spectra for aluminum films with
thicknesses of 10.6 nm and 75.0 nm, along with fits to a theoretical
expression that includes, not only the (200) parallel-band contribution of
Eq. (2.98), but also the much weaker intraband contribution (see Fig.
2.40).[47] Good agreement is obtained with the interband transition ener-
gies, EPB � 2|U200|, and broadening parameters, GPB � Gm200 � ��(2t200),
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Figure 2.42 Imaginary parts of the dielectric function for aluminum films 10.6 nm
(left) and 75.0 nm (right) thick along with the best fit to an analytical formula includ-
ing both interband and intraband contributions. Free parameters in the fit include
the interband (or parallel-band) relaxation time 
PB � �/2tPB and the interband
energy gap EPB � |2U200|, where U200 is the Fourier component of the crystal
potential for the (200) reciprocal space direction. (Data from Ref. 47).

OPTICAL PHYSICS OF MATERIALS, COLLINS, FERLAUTO 225

provided in the figure. The 70% larger broadening parameter for the
thinner film in Fig. 2.42 is attributed a smaller grain size. This leads to
a reduction in the free carrier relaxation time due to scattering at grain
boundaries.

In fact, when grain boundary scattering dominates, the relaxation time
for direct interband transitions in metallic films can provide information
on the mean free path LK

→ of excited electrons through a relationship of the
form: tK

→�1 � tbK
→�1 � (vK

→�LK
→).[47,87] Here tK

→ is the relaxation time as modi-
fied by scattering, tbK

→ is the relaxation time in the limit of large grain size,
and vK

→ is the excited electron velocity. Figure 2.43 (solid symbols) shows
the thickness dependence of tPB � t200 deduced in fits of e from real time
SE measurements.[47] In these fits, the analytical expression for e outlined
above has been applied, not only in the coalesced film regime, but also in
the nucleation regime (i.e., for thicknesses d 	 5 nm). In the latter regime,
a generalized Maxwell-Garnett effective medium theory is applied as well.
The mean free path is also shown in Fig. 2.43 (open symbols) as calcu-
lated from tPB assuming v200 � vF � 2.02 � 108 cm/s, the Fermi velocity
of Al. The solid line is a fit to the thickness dependence of the electron
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Figure 2.43 Electron mean free path (open points; left scale) and (200) parallel-
band relaxation time (filled symbols; right scale) as a function of film thickness d
deduced from real time spectroscopic ellipsometry measurements during the
growth of aluminum films at low and high rates (circles: 4.3 nm/min; triangles:
28.0 nm/min). The triangles for d � 5.0 nm were determined by fitting ellipsomet-
ric spectra with a continuous film model. All other results were determined by
fitting dielectric functions using a particle film model and the generalized Maxwell-
Garnett effective medium theory. The solid line is a fit to L for d � 6.0 nm using a
grain growth model. For a grain radius of d�2, the solid line corresponds to a grain
boundary reflection coefficient of 0.15. Error bars are the 90% confidence limits.
(After Ref. 47.)
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mean free path using a scattering model in which (i) boundaries between
spherical grains of radius Rg � d�2 limit the mean free path and (ii) these
boundaries exhibit a reflection coefficient of 0.15.[88] The former choice is
based on the approximate equality between grain size and thickness due
to the coarsening of microstructure during growth; the latter result is bor-
rowed from a description of free electrons. The good agreement between
the data and theory for the mean free path supports the grain boundary
scattering model for thicknesses d � 5 nm. For thinner films, isolated par-
ticles are present and in this regime scattering appears to be controlled by
defects within the Al particles. The thin film coalescence process is clearly
evident by the abrupt increase in tPB and LPB.

2.6 Overview and Concluding Remarks

Sections 2.2 through 2.4 of this chapter have provided a broad
overview of the physical principles underlying the optical properties of
solid-state materials. In general, such principles were established more
than 30 years ago, and so the development in these sections has paralleled
the classic text of Wooten.[20] The approach used here differs in significant
ways, however, as the emphasis has been placed on derivations that simul-
taneously provide both the real and imaginary parts of the dielectric func-
tion, owing to the interest in applying the outcome in modeling both real
and imaginary parts of ellipsometric spectra. In Wooten’s text, in contrast,
the emphasis was placed on derivations of the imaginary part of the dielectric
function, e.g., via Fermi’s golden rule for the transition rate, owing to the
interest in applying the outcome in modeling reflectance and photoemis-
sion spectra. Thus, the central theme throughout this chapter has been the
complex dielectric response that fully characterizes the macroscopic, linear
response of a solid to a monochromatic light wave, and in particular, the
inherent wavelength dependence of this response (i.e., both the absorption and
dispersion) for solids over the wavelength range from the near-infrared to
the ultraviolet. Over this wavelength range, the interaction of the light
wave with the valence and conduction electrons is primarily responsible
for the observed wavelength-dependent characteristics.

In Section 2.2, the theoretical foundations began with a detailed pres-
entation of the propagation of light in solids. This presentation pro-
gressed in a series of steps, starting with the complex dielectric function
that describes wave propagation in an optically isotropic solid, and end-
ing with the complex dielectric and gyration tensors that describe wave
propagation in an optically anisotropic, optically active crystal. In
Sections 2.3 and 2.4, the presentation also progressed in steps, starting
with a simple classical mechanical model for the absorption and dispersion

OPTICAL PHYSICS OF MATERIALS, COLLINS, FERLAUTO 227

Ch_02_IInd.qxd  10/16/04  4:21 PM  Page 227



228 THEORY OF ELLIPSOMETRY

of weakly interacting atoms, and ending with more sophisticated quan-
tum mechanical models based on the electronic band structure of solids.
The former model provides a rudimentary understanding of the differ-
ences in the dielectric functions among metals, semiconductors, and
insulators; the latter models provide an in-depth understanding of the dif-
ferences among different materials within the same group. With the more
sophisticated models, the wavelength dependence of the dielectric func-
tion yields insights into the underlying electronic transitions and the
electronic joint density of states in the solid. In fact, comparisons of
experimental data for the dielectric function with results calculated from
theoretically derived band structures apply the theoretical background
presented here and remain a subject of current interest for newly devel-
oped material systems.

In Section 2.5 these basic principles have been applied in the devel-
opment and demonstration of so-called “parameterizations” of the exper-
imentally determined dielectric functions of solids. In a dielectric function
parameterization, the experimental results are fit to an analytical expres-
sion for the dielectric function yielding best-fit wavelength-independent
parameters in the expression that provide information on the electronic
processes. Furthermore, the best fit parameters for a series of systemati-
cally prepared materials can be expressed as polynomial functions of the
material characteristics such as alloy composition, temperature, crys-
talline content, grain size, doping level, etc. Such polynomial functions
can then be used in analyses of raw ellipsometric spectra directly in terms
of material characteristics. When analytical expressions are derived from
oversimplified physical principles, however, the deduced free parameters
tend to carry less meaning or even may be misleading (e.g., an oscillator
simulating a smooth background in the dielectric function centered in a
region where no critical points exist). As long as such fits reproduce the
data within experimental error, such expressions can still be very useful in
a materials characterization mode of analysis. Although analytical expres-
sions derived from rigorous physical principles are more likely to provide
useful information, in some cases they may uncover deficiencies in exist-
ing theories (e.g., incorrect critical point attributions). Finally, throughout
Section 2.5, the need for a proper statistical assessment of the deduced
best-fit parameters has been emphasized. Correlation coefficients and
confidence limits should be calculated to ensure that the significance of
the parameter values is not overestimated.

First, in Section 2.5, the Lorentz oscillator and Drude free electron
expressions for the optical properties of solids have been applied to model
dielectric functions of materials. Such models are found to be most suc-
cessful in characterizing amorphous, nanocrystalline, and microcrys-
talline materials, including discontinuous particulate films, owing to the
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very broad optical features observed in such materials. However, for an
amorphous or nano/microcrystalline semiconductor, the Lorentz oscillator
model does not provide a sufficiently fast fall-off in e2 with decreasing
photon energy in the neighborhood of the band gap and below. Such a
problem has been solved using the so called Tauc-Lorentz model and sim-
ilarly modified Lorentz oscillator models. The first development of such
a model by Jellison and Modine,[51] which is Kramers-Kronig consistent
by its nature, has been viewed as one of the most important developments
over the last decade in modeling the optical responses of disordered
solids. A similar problem, i.e., an overestimation of e2 below the band gap,
must also occur when the Lorentz oscillator model is used to simulate the
dielectric function of a single-crystal semiconductor. Furthermore, the
Lorentz oscillator model fails to adequately fit the sharp features in the
dielectric function due to critical points in the band structure, and it
becomes necessary to add unphysical oscillators in the regions of the
spectra between these features in order to simulate the broad background
in the dielectric response. The overall situation for crystalline materials
can be improved by various modifications and quantum mechanical gen-
eralizations of the Lorentz oscillator model, e.g., by using generalized
oscillators with variable phases and exponents, and/or with suppressed e2

at low photon energies. The best solution, however, is to apply the physi-
cally correct functional dependences for the joint density of states (JDOS)
at the critical points, along with polynomial approximations of the
(JDOS)�(matrix-element) product between the critical points. This
approach has been applied first by Kim and coworkers[54] and can lead to
analytical expressions that can provide fits not only to the experimental
dielectric functions, but also to their first, second, and third derivatives. In
fact, this accomplishment should be viewed as one of the most important
developments over the last decade in modeling the optical properties of
crystalline solids.

In addition to the fundamental physical information that the dielec-
tric function can provide on electronic states in solids, it provides indis-
pensible information in technological applications, as well. In general,
the dielectric functions allow one to predict the performance of solids in
a wide range of technologically important optical components and
devices. These include passive components such as mirrors, lenses, win-
dows, retarders, and associated thin film coatings, as well as active com-
ponents such as photodetectors, photovoltaic cells, solid state light-emitting
diodes and lasers, liquid crystal displays, electrochromic materials, etc.
Spectroscopic ellipsometry (SE) is the most powerful single technique
for measuring the dielectric functions of strongly absorbing solids such
as metals and semiconductors, as well as all kinds of thin films. The key
to this technique is its ability to obtain both amplitude and phase
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information, i.e., the real and imaginary parts of the optical response. As
a result, SE avoids the need to perform Kramers-Kronig analysis as in the
case of conventional reflectance data, which must be collected well into
the vacuum ultraviolet and extrapolated beyond the boundaries of the
measurement. In fact, because of the ability of SE to provide better data
than was possible with earlier techniques, renewed interest has been
stimulated in the optical properties of solids over the last decade.[11,12]

New applications have included, for example, the determination of the
electronic structure of novel materials such as high temperature super-
conductors through ex situ spectroscopic ellipsometry studies, and the
correlation of microstructural nucleation and coalescence in thin films
with their electronic performance through real time spectroscopic ellip-
sometry studies. More advanced experimental techniques and applica-
tions along these lines are expected to be the driving force for future
progress on the optical properties of solids.
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3 Data Analysis for Spectroscopic
Ellipsometry

Gerald E. Jellison, Jr.

Solid State Division, Oak Ridge National Laboratory

3.1 Introduction

Spectroscopic ellipsometry (SE) is a very powerful tool for character-
ization of thin film systems. Under appropriate circumstances, SE deter-
mines film thicknesses more accurately than any other known technique.
In addition, SE measurements can provide information concerning the
optical functions, surface roughness, and interface layers of films. SE is
also a very useful tool in measuring optical functions of bulk materials,
and it is often the best available technique for the measurement of bulk
optical functions for photon energies greater than the band edge of a semi-
conductor or insulator. However, the measured data from an SE experi-
ment are usually not very interesting by themselves. The useful information,
such as film thicknesses and optical functions, can only be determined by
modeling the near-surface region of the sample and then fitting the SE
data to the model using the desired parameters as variables in the numer-
ical analysis. Obviously, the way in which the data analysis is performed
is critical, and inappropriate modeling of the SE results can often lead to
worthless results.

One of the first issues that must be addressed in SE data analysis is
the data itself. There are several different kinds of spectroscopic ellip-
someters, and many of these instruments measure quite different quanti-
ties. Moreover, it is often common practice to transform the measured data
into another representation before performing the data analysis, where the
fitted data representation is nonlinearly related to the measured data. Of
course, SE data, like all experimental results, have errors. It is usually
quite easy to deal with the errors associated with random processes, which
can be treated using common error analysis techniques. Ideally, all the
errors in an SE measurement will be random. However, some of the error
associated with SE data is due to alignment errors of the various optical
elements, finite band widths associated with the wavelength discriminat-
ing device, angle of incidence, gains in the amplifiers, etc. These errors
are systematic, and cannot be rigorously treated in the same way as random
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errors. Unfortunately, systematic errors can be the most important errors
in some experiments, and therefore must be estimated and incorporated
into the data analysis in some way. Of course, after the random and sys-
tematic error limits of the data have been estimated, it is necessary to
propagate these errors into the actual data being fit.

The proper way to analyze complicated experimental spectra, such as
results from SE measurements, has been understood for several decades by
workers in many fields of science and engineering. The major element of
the proper statistical analysis is the incorporation of reasonable error lim-
its into the figure of merit function used in the optimization algorithms. In
many cases, ignoring the errors may not result in a serious degradation of
the results, but in other cases, ignoring errors can lead to totally wrong
interpretations of SE data. Since SE measurements do not measure the
quantities of interest, it is extremely important to use every available tool
in the analysis of the data to obtain these quantities. Moreover, proper sta-
tistical analysis can result in “goodness of fit” information, where a statis-
tical figure of merit is obtained that states whether or not a particular model
actually fits the experimental data. If errors are not included in the data
analysis or if improper data analysis is used, one never knows whether or
not the calculated parameters actually fit the data!

In this chapter, the process of the analysis of spectroscopic ellipsome-
try data will be described. Because of the nature of this subject matter,
there will be some overlap with other chapters in this book. However, the
approach taken here will be to present a complete picture of the data analy-
sis, briefly covering all aspects of the process, referring the reader to the
other chapters for more details. This approach also gives a consistency to
the notation that is only possible by covering the entire subject matter in
one chapter, even at the expense of some redundancy. Much of the mate-
rial presented here is well known, and can be found in standard texts, many
of which are listed in the Further Reading section (Section 3.8).

Section 3.2 will cover the different ways in which ellipsometry
parameters are represented and the theoretical differences between the
parameters that are measured and the parameters that are calculated. Much
of this material will also be in Chapter 1, and has been discussed in the
standard texts by Azzam and Bashara and Tompkins. Section 3.3 will
cover the methods used to calculate the complex reflection coefficients for
an arbitrary layer structure. This is well known, and the reader is referred
to standard textbooks on optics such as Born and Wolf. The calculation of
the complex reflection coefficients from anisotropic materials is also dis-
cussed in Section 3.3. This is also the subject of Chapter 9 (Schubert), so
the reader is referred to this chapter for more details. Section 3.4 deals
with some of the ways in which the optical functions of materials are para-
meterized in order to use fitting algorithms on SE data. Not all models or
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parameterizations are included in this section, but rather representative
models are discussed. Again, much of this material will also be discussed
in more detail in Chapter 2. Section 3.5 discusses the actual fitting pro-
cedure, including the selection of a figure of merit function and the
Levenberg-Marquardt algorithm, for situations where the problem is over-
determined. These numerical analysis techniques are several decades old,
but many people in the spectroscopic ellipsometry field have been slow to
adopt these proven mathematical techniques. The interested reader is
referred to several well-known texts such as chapter 15 of Numerical
Recipes for a well-written and sometimes humorous discussion, and Non-
Linear Parameter Estimation by Bard for a more scholarly discussion.
Section 3.6 will discuss data analysis techniques that are commonly used
to determine optical functions from SE data where the problem is not
over-determined. At first appearance, there might be significant overlap
between the subject matter of this section and Section 3.5, but the numer-
ical analysis is fundamentally different. In many spectroscopic ellipsom-
etry experiments, the sample can depolarize the light beam; these effects
will be discussed in Section 3.7. Suggested texts for further reading and
the numbered references are listed in Section 3.8.

3.2 Ellipsometry Parameters

There are several different ways of performing SE measurements, and
several of the techniques measure quite different parameters. For exam-
ple, rotating analyzer or rotating polarizer ellipsometers measure quite
different parameters than do ellipsometers based on photoelastic modula-
tors. Standard nulling ellipsometers measure yet another set of parame-
ters. All of these measured quantities are related to one another and to
standard data representations through nonlinear relationships.

Ellipsometric calculations are usually based on models of ideal (that
is, non-depolarizing) surfaces with planar interfaces using Maxwell’s
equations. In general, light reflecting from a sample surface will result in
a loss of intensity and will undergo a phase change. Therefore, the normal
parameters calculated for reflection ellipsometry are complex reflection
coefficients r � �r�eid, where d is the phase shift upon reflection. Since
most materials examined in an ellipsometric experiment are nonmagnetic,
it is common practice to suppress the magnetic field component of the
electromagnetic wave, focusing on the electric field vector.

It is important to recognize, at least on a theoretical basis, that the
parameters that result from ellipsometry measurements are different from
the parameters that are calculated. Ellipsometry measurements are per-
formed on real samples, which can depolarize the incident light beam,
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while most ellipsometry calculations assume that the sample does not
depolarize the incident light beam. If sample depolarization is significant,
then it is not possible to relate the measured and calculated quantities in a
rigorous way. Fortunately, most ellipsometry samples do not significantly
depolarize the incident light beam. However, there are many real situa-
tions where sample depolarization is an issue and this depolarization must
be taken into account, even if only approximately.

3.2.1 Calculated Parameters: Jones Matrices

Figure 3.1 shows a schematic diagram of the reflection of light from
an ideal sample surface. The incident light beam is at an angle f with
respect to the normal of the sample surface. The plane of incidence is then
defined as the plane that contains the incident light beam and is normal to
the sample surface. Most ellipsometry experiments are carried out with
the specular reflected beam, which comes off the sample surface at the
same angle f with respect to the sample surface.

The incident light beam at a point in space is conveniently represented
by the electric field vector given by

Ei(t) � Ei
pexp[i(wt � jp

i)] p � Ei
sexp[i(wt � js

i)] s � exp(iwt)[Êi
pp � Êi

ss].
(3.1)

It is assumed that the light beam is monochromatic, and the p and s direc-
tions are defined to be parallel and perpendicular to the plane of incidence,
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Figure 3.1 Schematic diagram of an ellipsometry experiment. The light beam
passes through the polarization state generator (PSG) before being reflected from
the sample surface. After reflection, the light beam is repolarized by the polarization
state detector (PSD) before being detected. Light polarized in the plane of inci-
dence is p-polarized light, while light polarized perpendicular to the plane of inci-
dence is s-polarized light (out of the page). The angle f is the angle of incidence.
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respectively. The frequency of the light beam is w/2π. Similarly, the
reflected beam is described by the complex quantities Êo

p and Êo
s.

In general, four complex reflection coefficients are required to
describe reflection from an ideal surface. This is easily expressed by the
Jones matrix

J � � � � � � (3.2)

� rss � � � � � � � �.
The elements of the normalized Jones matrix will be called the r-
representation.

Not all eight parameters of J are of interest in an ellipsometric meas-
urement. The absolute phase is usually not measurable, so only three of
the phases are independent. Most ellipsometry measurements do not
measure the actual intensity of the light beam, so it is reasonable to ratio
the calculations, where rss is normally chosen as the denominator.
Therefore, six parameters are required to define the ellipsometric response
from a sample. The sample reflectivity can be a seventh parameter and it
is given by

R � (rppr
*
pp � rpsr

*
ps � rspr

*
sp � rssr

*
ss)�2 (3.3)

The expressions in Eqs. (3.2) and (3.3) include the cross-polarization
reflection coefficients rps and rsp. As can be seen from Eq. (3.2), they
correspond to s S p and to p S s transformations. These parameters are
normally equal to zero for isotropic samples, but can be significantly
different from zero for anisotropic samples.

3.2.2 Measured Parameters: Mueller Matrices

As mentioned above, real samples can depolarize the incident light
beam, so a more general way is needed to treat ellipsometry measure-
ments. The traditional way is to use the Mueller-Stokes formalism, which
includes light depolarization. From Fig. 3.1, the source light first passes
through a polarization state generator (PSG), which sets the polarization
state for the light beam incident upon the sample. In reflecting off the
sample, the polarization state of the light beam is changed. The reflected
light is then re-polarized and detected by the polarization state detector
(PSD).

tan(y)ei∆ tan(yps)e
i∆ps

tan(ysp)e
i∆sp 1

gei∆ gpse
i∆ps

gspe
i∆sp 1

r rps

rsp 1

Êo
p�Êi

p Ês
o�Êi

p

Êo
p�Êi

s Ês
o�Êi

s

rpp rps

rsp rss

Ch_03.qxd  1/1/04  2:31 AM  Page 241



The polarization state for any light beam in the Mueller-Stokes for-
malism is given by its Stokes vector

S � � � � � �, (3.4a)

where Io is the intensity of the light beam, and I0, I45, I90, and I�45 are the
light intensities for linearly polarized light at 0°, 45°, 90°, and –45°
respectively with respect to the plane of incidence. Irc and Ilc are the inten-
sities of right- and left-circularly polarized light, respectively. All ele-
ments of the Stokes vector are intensities and therefore are real. The total
light intensity

I0 � �Q2 � U�2 � V2�, (3.4b)

where the equality holds only if the light beam is totally polarized.
The intensity of the light beam incident upon the detector in any ellip-

sometry experiment is given by

I � SPSD
T M SPSG, (3.5)

where SPSG is the column Stokes vector representing the polarization state
of the incident light beam and SPSD

T is the transposed Stokes vector rep-
resenting the effects of the optics in the polarization state detector. The
4 � 4 matrix M (called the sample Mueller matrix) describes the polariza-
tion effects of light reflecting off the sample surface. Of course, not all
of the elements of M are independent since the sample cannot “overpolarize”
the light beam, nor can the light energy of the reflected beam be more than
the energy of the incident beam. These conditions lead to several restrictions
on the individual elements of M, which are described in detail in
Brousseau’s book Polarized Light. The sample Mueller matrix can be nor-
malized with respect to the m11 component resulting in

M � � �. (3.6)

3.2.3 Mueller-Jones Matrices

In order to correlate reflection coefficients with ellipsometry meas-
urements, it is usually assumed that the sample does not depolarize the

1 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

Io

I0 � I90

I45 � I�45

Irc � Ilc

Io

Q
U
V
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incident light beam. If this is the case, then one can define a Mueller-Jones
matrix

M � A (J � J*)A�1, (3.7a)

where the matrix A is given by

A � � �. (3.7b)

The symbol � indicates the Kroneker product of the sample Jones matrix
J and its complex conjugate J*. Since the normalized Jones matrix has six
independent parameters, then the normalized sample Mueller-Jones
matrix must also have only six independent parameters; this leads to nine
bilinear relationships between the various elements of the sample Mueller[1]

matrix:

m12 � m21m22 � m31m32 � m41m42 � 0 (3.8a)

m13 � m21m23 � m31m33 � m41m43 � 0 (3.8b)

m14 � m21m24 � m31m34 � m41m44 � 0 (3.8c)

m12m13 � m22m23 � m32m33 � m42m43 � 0 (3.8d)

m12m14 � m22m24 � m32m34 � m42m44 � 0 (3.8e)

m13m14 � m23m24 � m33m34 � m43m44 � 0 (3.8f)

1 � m12
2

� m22
2

� m32
2

� m42
2

� m21
2
� m31

2
� m41

2 � 0 (3.8g)

1 � m13
2

� m23
2

� m33
2

� m43
2

� m21
2

� m31
2

� m41
2 � 0 (3.8h)

1 � m14
2

� m24
2

� m34
2

� m44
2

� m21
2
� m31

2
� m41

2 � 0 (3.8i)

If the sample does depolarize the incident light beam, then there is no rig-
orous connection between the elements of the sample Jones matrix J
determined from calculations and the experimentally determined sample
Mueller matrix M.

If the sample is isotropic, then its Mueller matrix is particularly sim-
ple, and is given by

M � � �, (3.9a)

1 �N 0 0
�N 1 0 0

0 0 C S
0 0 �S C

1 0 0 1
1 0 0 �1
0 1 1 0
0 i �i 0
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where the quantities N, S, and C are given by

N � cos2y, (3.9b)

S � sin2y sin ∆, (3.9c)

C � sin2y cos ∆. (3.9d)

N, S, and C are not independent and are constrained by the relation

N2 � S2 � C2 � 1. (3.9e)

The diagonal element of the Jones matrix is then given by

r � � � tan(y)ei∆, (3.10)

and the cross-polarization ratios rps and rsp are 0.
If the sample is anisotropic, then the sample Mueller matrix in the

NSC representation[2] is given by

M � � �, (3.11)

where

N � (1 � g2 � gsp
2 � gps

2 )�D (3.12a)

D � (1 � g2 � gsp
2 � gps

2) � 2�(1 � N) (3.12b)

S � 2 g sin(∆)�D C � 2 g cos(∆)�D (3.12c, d)

Ssp � 2 gsp sin(∆sp)�D Csp � 2 gsp cos(∆sp)�D (3.12e, f)

Sps � 2 gps sin(∆ps)�D Cps � 2 gps cos(∆ps)�D (3.12g, h)

asp � 2 gsp
2�D aps � 2 gps

2�D (3.12i, j)

b1 � (D�2)(Csp Cps � Ssp Sps) b2 � �(D�2)(Csp Sps � Ssp Cps) (3.12k, l)

z1 � (D�2)(C Cps � S Sps) z2 � �(D�2)(C Sps � S Cps) (3.12m, n)

x1 � (D�2)(C Csp � S Ssp) x2 � (D�2)(C Ssp � S Csp). (3.12o, p)

1 �N � aps Csp � z1 Ssp � z2

�N � asp 1 � asp � aps �Csp � z1 �Ssp � z2

Cps � x1 �Cps � x1 C � b1 S � b2

�Sps � x2 Sps � x2 �S � b2 C � b1

C � iS
�
1 � N

rp�
rs
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The equivalent cross-polarization coefficients in the r representation are
given by

rps � � tan(yps)e
i∆ps, rsp � � tan(ysp)e

i∆. (3.13a,b)

Three representations of the ellipsometry data have been presented.
The traditional representation is the y∆ representation, which uses the
ellipsometric angles y and ∆. Only two angles are required for isotropic
samples, but the extension to anisotropic samples is straightforward. The
r representation for isotropic samples is defined in Eq. (3.10) with the
anisotropic extensions given above, and is closely related to the y∆ rep-
resentation [see Eq. (3.2)]. One complex number is sufficient for isotropic
samples, but two additional complex numbers are required to completely
describe light reflection from an anisotropic sample. The r representation
uses complex numbers instead of angles, so there is no artificial disconti-
nuity in the spectra when ∆ goes through 0° or 180°. However, disconti-
nuities in the r representation of the data can occur if y approaches 90°.
As already discussed, the NSC representation for isotropic samples
requires three parameters, constrained by Eq. (3.9e). The NSC represen-
tation for anisotropic samples requires seven parameters, constrained by
the relation:

N2 � S2 � C2 � S2
ps � C2

ps � S2
sp � C2

sp � 1. (3.14)

All parameters in the NSC representation are bounded ±1. One advantage
of the NSC representation is that it can represent simple depolarization,
where the � sign in Eqs. (3.9e) and (3.14) is replaced by a < sign. This will
be discussed in Section 3.7.

For the purposes of this chapter, the r representation will be used
unless otherwise stated. It will be assumed that experimental error limits
have been determined (both random and systematic), and have been prop-
agated into the r representation. Obviously, other representations can be
used in any fitting procedure, provided error limits are properly propa-
gated into the new representation.

Often data taken with rotating polarizer or rotating analyzer ellip-
someters express the data in terms of tany and cos ∆. These parameters
are actually derived from the actual experimental quantities, which are
Fourier coefficients. Clearly, this representation can also be transformed
to the y∆, r or the NSC representations. The propagation of errors is par-
ticularly important in this case, since cos ∆ is very insensitive to ∆ when
∆ is close to 0° or 180°.

Csp � iSsp�
1�N

Cps� iSps�
1�N
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3.3 Calculation of Complex Reflection 
Coefficients

3.3.1 Isotropic, Homogeneous Systems

The complex reflection coefficients shown in Eq. (3.2) can be calcu-
lated for many very complicated layer structures. The simplest case is that
for a single interface where both media are isotropic. The coefficients are
the Fresnel reflection coefficients and are given by

rpp � , rss � . (3.15a, b)

The quantities ñ0 and ñ1 are the complex refractive indices for the upper
region and the substrate respectively. The complex refractive index is
defined as ñ = n – ik. The angles f0 and f1 are the angles of the light prop-
agation within the specific medium as defined by Snell’s law:

x � ñ0sinf0 � ñ1sinf1. (3.16)

If the sample consists of a single film, then the complex reflection
coefficients are given by the Airy formula:

rpp,ss � , (3.17a)

b � ñf cos(ff) (3.17b)

where df is the film thickness, l is the wavelength of light, ñf is the com-
plex refractive index of the film and ff is the angle of light propagation
within the film as determined by Snell’s law. The quantities r1 and r2 are
the Fresnel reflection coefficients for interfaces 1 and 2, respectively. As
indicated, Eqs. (3.17a) and (b) are valid for both the pp and ss reflection
coefficients.

For multiple isotropic layers, the calculation of the complex
reflection coefficients is more complicated. Most of these calculations
are performed using a matrix representation, where each layer is rep-
resented by two 2 � 2 complex matrices, one for the pp polarization
and the other for the ss polarization. The Abelés method[3] is used
extensively in the analysis of ellipsometry data, where the jth layer is

2pdf�
l

r1,pp,ss � r2,pp,ssexp(�2ib)
���
1 � r1,pp,ssr2,pp,ssexp(�2ib)

ñ0cos(f0) � ñ1cos(f1)���
ñ0cos(f0) � ñ1cos(f1)

ñ1cos(f0) � ñ0cos(f1)���
ñ1cos(f0) � ñ0cos(f1)
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represented by two transfer matrices

Pj,pp � � �, (3.18a)

Pj,ss � � �, (3.18b)

where bj is the phase factor for the jth layer given in Eq. (3.17b), and fj is
the complex angle in the jth layer as given by Snell’s law [Eq. (3.16)]. If a
film is extremely thin (where bj 		 1),  then its Abelés matrices simplify to

Pj,pp � � �, (3.18c)

Pj,ss � � �. (3.18d)

The characteristic matrix for the layer stack consisting of N films is deter-
mined by matrix multiplication:

Mpp � c0,pp(�
N

j�1
Pj,pp)csub,pp and Mss � c0,ss(�

N

j�1
Pj,ss)csub,ss. (3.19a, b)

The χ0 and χsub matrices are the characteristic matrices for the ambient and
the substrate, respectively, and are given by

c0,pp � � �, c0,ss � � � (3.20a, b)

csub,pp � � � csub,ss � � � (3.20c, d)
�
ñsubco

1
s(fsub)
� 0

1 0

�
co

ñ
s(

s

f
ub

sub)� 0

1 0
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The complex reflection coefficients are then calculated from the elements
of the characteristic matrices using the following relations:

rpp � and rss � (3.21a, b)

If the film stack consists of two very thin films [see Eqs. (3.18c) and
(d)], then their representative Abelés matrices commute to first order in
the parameter bj. Practically, it is not possible to use optical techniques to
distinguish between stacks of very thin films, where film combination AB
looks just like film combination BA. Even though SE is very sensitive to
the thicknesses of very thin films, it is extremely difficult for ellipsome-
try (even spectroscopic ellipsometry) to measure thicknesses and optical
functions of films in the limit of small thicknesses. To increase the sensi-
tivity, one must use shorter wavelengths so that the b parameter is not
small and second order effects become important.

3.3.2 Anisotropic Systems

If one or more of the media in the film stack is anisotropic, then the
analysis given above in Section 3.3.1 is not sufficiently general. For
isotropic systems, the s- and p-polarizations are eigenmodes of the reflec-
tion. For systems that contain anisotropic media, they are not. A similar
matrix-based approach discussed above can still be used, but the 2 � 2
complex layer matrices Pj,pp and Pj,ss must now be combined into a single
4 � 4 complex matrix for each layer. Since the s- and p-polarization states
are no longer eigenmodes, then the cross-polarization reflection coeffi-
cients rsp and rps will no longer be zero.

Chapter 9 (Schubert) will deal with this subject in detail, but here an
outline of the calculations involved in determining the complex reflection
coefficients for anisotropic systems will be given. It is based on the paper
by Berreman[4] and the modifications of Lin-Chung and Teitler.[5] Other
formalisms (such as that due to Yeh in Optical Waves in Layered Media)
can also be used.

The Berreman equation is just a re-formulation of Maxwell’s equa-
tions and is given by

� �i∆Ψ (3.22)

where ΨT � (Ex, Hy, Ey, −Hx), E and H being the magnitudes of the elec-
tric and magnetic fields, respectively and the z-direction is perpendicular

dΨ
�
dz

M21,ss�
M11,ss

M21,pp�
M11,pp
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to the sample surface. The 4 � 4 complex Berreman matrix ∆ (not to be
confused with the ellipsometric angle ∆) contains all the information
about the anisotropic dielectric functions of the medium, including the
wavelength-dependent dielectric functions along the principal directions
and the orientation angles of the principal axis system with respect to the
plane of incidence. For a uniaxial material, the Berreman matrix ∆[6] has
only seven independent elements and is given by

∆ � � �, (3.23)

where

∆e � ee � eo h �1�(eo�∆e cos2q) (3.24a, b)

∆11 ��h∆e sinq cosq cosj x ∆12 � 1 � xh (3.24c, d)

∆13 ��h∆e sinq cosq sinj x ∆21 � eo h(ee�∆e sin2q sin2j) (3.24e, f)

∆23 � h ∆e eo sin2q sinj cosj ∆43 � heo (ee �∆e sin2q cos2j) � x2

(3.24g,h)

The dielectric functions of the uniaxial medium are eo and ee for light
polarized perpendicular and parallel to the plane of incidence, respec-
tively. The angles of the optic axis are given by q and j, where q is the
angle of the optic axis with respect to the normal to the sample surface
(q � 0° when the optic axis is perpendicular to the surface, and q � 90°
when the optic axis is parallel to the surface) and j is the angle of the
optic axis with respect to the plane of incidence (j � 0° when the optic
axis is in the plane of incidence). (Note that the angle j � f − 90° for the
angle f used in ref. 6). The quantity x is given by Snell’s law in Eq. (3.16).

The layer transfer matrix is then given by

Pj � χj Kj χj
�1, (3.25)

where the Kj matrix is given by

Kj � � �. (3.26)

e�iq1,jdj 0 0 0
0 e�iq2,jdj 0 0
0 0 e�iq3,jdj 0
0 0 0 e�iq4,jdj

∆11 ∆12 ∆13 0
∆21 ∆11 ∆23 0
0 0 0 1
∆23 ∆13 ∆43 0
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The thickness of the jth layer is given by dj, and the q1,j, q2,j, q3,j, and q4,j are
the eigenvalues of the ∆ matrix. For uniaxial materials, the four eigenval-
ues are reasonably simple[6] and are given by

q1,2 � ±(eo � x2); (3.27a)

q3,4 � �h∆e x sinq cosq cosj

± h(eo ee)
1/2 [(1�h) � (1 � ∆e sin2q sin2j�ee) x2]1/2 (3.27b)

The χ matrix consists of a column-wise set of eigenvectors of the ∆
matrix, where the ith column corresponds to the eigenvalue qi,j. It is
assumed that the ∆ matrix is independent of z in the jth layer.

For layers which are isotropic, or for anisotropic layers with the opti-
cal axes in certain symmetry orientations, then the layer matrix Pj is block
diagonal and can be expressed as

Pj � � �. (3.28)

The matrices Pj,1 and Pj,2 are 2 � 2 submatrices. If the material is iso-
tropic, then Pj,1 � Pj,pp and Pj,2 � Pj,ss. If the medium is uniaxial, then the
layer matrix Pj is block diagonal if the optical axis is either in or perpen-
dicular to the plane of incidence.

As with the Abelés matrices for the isotropic case, the final character-
istic matrix for a layer stack and substrate containing at least one
anisotropic material is given by

M � χ0 (Π Pj) χsub. (3.29)

If it can be assumed that the ambient is isotropic, then the χ0 matrix is block-
diagonal of the form shown in Eq. (3.28), where P0,1 � χ0,pp and P0,2 � χ0,ss

[see Eqs, (3.20a) and (b)] and χsub is the column-wise set of eigenvectors
for the ∆ matrix associated with the substrate. The ordering of the eigen-
vectors in χsub is important, and the 1st and 3rd columns must contain the
eigenvectors that correspond to the solutions that are propagating back
to the layer stack. If the substrate is isotropic, then it reduces to a block-
diagonal matrix of the form of Eq. (3.28), where Psub,1 � χsub,pp and Psub,2 �
χsub,ss as shown in Eqs. (3.20c) and (d). The complex reflection coeffi-
cients are then determined from the elements of the characteristic matrix:

rpp � , rps � , (3.30a, b)
M43M31 � M41M33��
M31M31 � M11M33

M23M31 � M21M33��
M31M31 � M11M33

Pj,1 0
0 Pj,2
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rsp � , rss � . (3.30c, d)

3.3.3 Inhomogeneous Layers

All of the layers considered to this point are assumed to be homo-
geneous in the sense that the optical functions of the materials making
up the individual layers do not vary with the z-position. In many cases,
this is not an appropriate assumption since the optical functions of many
films will also be a function of the depth from the sample surface. The
standard way of treating this type of film structure is to divide the inho-
mogeneous layer into several thinner lamellae, where it is assumed that
the optical functions of each lamella are constant. This process always
works if the number of lamellae is large enough, but often this results in
many layers and therefore a very long calculation. Furthermore, there is
no way to determine if a sufficient number of layers have been chosen
with a single calculation, so at least two calculations must be performed
to determine the accuracy of the approximation.

For some cases, the lamella approximation is the only realistic way of
performing the calculations. However, several situations lend themselves
to other approximations that can simplify the calculations significantly. If
it can be assumed that the dielectric function profile varies smoothly with
z, then the methods of Jacobsson[7] can be used. For example, if the dielec-
tric function of the jth inhomogeneous layer varies linearly with depth

ej�1 � ej � az; 0 � z � dj, (3.31)

then the Abelés matrices for the jth layer become

Pj,pp � � �, (3.32a)

Pj,ss � � �. (3.32b)

In Eqs. (3.32), nj � 2pdj�l, hj � ej � x (not to be confused with the h
used for anisotropic materials), and x is defined from Snell’s law [(see
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Eq. (3.16)]. This calculation is performed to second order in nj and the
first order in adj, so the thickness of the layer must be thin enough that
nj

3 and (adj)
2 are very small.

Even more complicated variations in the dielectric functions for a layer
can be approximated using the linear approximation given in Eq. (3.31).
The variation is broken into several piece-wise linear regions, where Eqs.
(3.32) are applied for each region. The convergence criteria also indicate
the maximum thickness that can be used for each layer in that the layer
thickness dj can be chosen such that both nj

3 and (adj)
2 are small.

If the change in the complex dielectric function with thickness is small,
then the light will be minimally reflected from the dielectric function gradi-
ent. This type of profile can be treated with an analog of the WKB approx-
imation[7], where the dielectric function of the entire layer is taken to be the
dielectric function of the surface. In order for the WKB approximation to be
valid, two conditions must be valid:

		 1, 		 1, (3.33a, b)

where

b � cos(f)/ñ(0) (p-polarization or TM), (3.33c)

b � ñ(0) cos(f) (s-polarization or TE), (3.33d)

q(d) � �
d

0

ñ(x)cos(f(x))dx. (3.33e)

where ñ(0) is the complex refractive index at the surface, and f is the
angle of incidence. In Eqs. (3.33), the integration is performed over the
film thickness d. Obviously, these criteria are satisfied when the dielectric
function gradient is small with respect to the wavelength of light. If it is
assumed that the dielectric function varies linearly with thickness near the
surface of the layer, then the conditions stated in Eqs. (3.33) reduce to

� � �
2

		 1. (3.34)

3.4 Models for Dielectric Functions

In order to perform the calculations of the complex reflection ratios
described in Section 3.3, it is necessary to use realistic values of the
dielectric functions as a function of wavelength. For insulators and

l
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semiconductors, the variation of the optical functions for wavelengths
greater than the band gap, the extinction coefficient k is very close to zero,
and the refractive index n varies very slowly with wavelength. Above the
band gap, critical point phenomena for crystalline materials create struc-
ture in the dielectric functions. Amorphous materials have less structure,
but they do have band gaps and dielectric functions that vary significantly
with wavelength. Metals can also have critical point features in their
dielectric functions, but they have no band gap, so they have no region
where k is very close to 0; in fact, k tends to diverge at large wavelengths
due to free carrier effects. Free carrier effects also play a part in the opti-
cal functions of very heavily doped semiconductors. See Chapter 2 for a
complete discussion of the optical functions of materials.

3.4.1 Tabulated Data Sets

Certainly one approach for incorporating dielectric function data into
ellipsometry calculations is to use tabulated data for the materials in each
layer that is given in several standard references. Most of the optical data
in these references has been obtained from measurements on bulk materi-
als, so the use of this data for substrates is often a very good approach. The
reader is referred to Chapter 2 for a discussion of the ellipsometric meas-
urements of standard optical function spectra.

There are, however, several cautions that must be taken when using
tabulated data sets:

1) Thin film materials usually do not have the same dielec-
tric functions as the same material in bulk form. For
example, fused silica has a lower refractive index in its
bulk state than in its thin-film state, and the refractive
index of thin-film SiO2 is can be somewhat higher for very
thin films than for thicker films.

2) Many thin films are polycrystalline or amorphous.
Experience has shown that the optical functions of these
types of materials are often dependent upon the fabrica-
tion procedure, so it is inappropriate to use a single data
set for a material such as polycrystalline or amorphous
silicon.

3) Films grown on different substrates will have different
interfaces and therefore different amounts of stress in
the films. The stress in the films can have an effect on
the optical properties of the film, which will depend on the
wavelength-dependent stress-optic coefficients of the
material.
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4) Most of the tabulated data sets for semiconductors above
the band edge are taken from spectroscopic ellipsometry
measurements. As will be seen in Section 3.6, the accuracy
of these data sets depends significantly on the corrections
applied for surface roughness and/or surface oxides.
Moreover, optical functions of nominally cubic crystalline
materials (such as silicon) will depend upon which face
[(001) versus (111)] is being measured with ellipsometry.
This effect can be as large as 1 to 2% in some regions of the
spectrum, and is due in part to differences in surface recon-
struction and oxidation characteristics. Moreover, very few
of the tabulated data sets include error limits, so it is not
possible to accurately compare the different data sets.

3.4.2 Lorentz Oscillator Model

One of the oldest models for the dielectric functions of materials is
due to Lorentz. The classical calculation of the complex dielectric func-
tion assumes that the solid is a collection of non-interacting oscillators. If
the calculation is performed using quantum mechanics, a similar result is
obtained, but the meaning of the individual parameters is quite different
(see Chapter 2). This model is only valid for photon energies considerably
less than the band gap of a material. The Lorentz model equation for the
complex dielectric function is given by

e(l) � ñ(l)2 � 1 � Σ
j

(3.35a)

for the dielectric function expressed as a function of the wavelength of
light or

e(E) � ñ(E)2 � 1 � Σ
j

(3.35b)

for the dielectric function expressed in terms of the photon energy.
Several other models used in spectroscopic ellipsometry calculations

are based on the Lorentz oscillator model. The most common is the
Sellmeier approximation, where it is assumed that the extinction coeffi-
cient is 0 (this is equivalent to assuming zj � Gj � 0):

e � n2 � 1 � Σ
j

. (3.36)
Ajl2

�
l2 � l2

o,j

Bj��
E2

o,j � E2 � iΓjE

Ajl2

��
l2 � l2

o,j � izjl
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Another parameterization based loosely on the Lorentz oscillator model is
the Cauchy expansion:

n � B0 � Σ
j

. (3.37)

The Drude expression, which is used primarily to express the optical func-
tions of metals and the free carrier effects in semiconductors, is given by
setting Eo,j � 0 in Eq. (3.35b):

e(E) � 1 � Σ
j

� �. (3.38)

Note that the dielectric functions expressed in Eqs. (3.35) through
(3.38) include a summation over an index j. Most of the time, a single
term is sufficient to give the accuracy required for spectroscopic ellip-
sometry measurements. If one is interested in parameterizing refractive
index data from minimum deviation experiments (where the accuracy in
n can be in the 6th or 7th place) additional terms may be needed. However,
for the purposes of spectroscopic ellipsometry data analysis, n need only
be determined to three or four places, so a single term is usually all that
is required. Similarly, more complicated formulae which are often
encountered in the parameterization of the refractive index of glasses are
usually an unnecessary complication for spectroscopic ellipsometry data
analysis.

3.4.3 Optical Functions of Amorphous Materials

Many thin film samples encountered in spectroscopic ellipsometry are
amorphous or nearly amorphous. It is well known that optical transitions
in amorphous materials lack k-vector conservation, so one expects that
the optical functions of amorphous materials will not have very sharp fea-
tures that are characteristic of the optical function spectra of crystalline
materials. Moreover, the optical functions of amorphous materials can
vary considerably with growth conditions. In a very real sense, all amor-
phous materials, and particularly thin film amorphous materials, are dif-
ferent. Therefore, it is extremely important in interpreting spectroscopic
ellipsometry data taken on amorphous materials to have models that are
capable of dealing with this diversity of optical properties.

There have been several attempts to parameterize the optical functions
of amorphous materials. One such parameterization is due to Forouhi and

1
�
E � iΓj

Bj�
E

Bj�
l2j
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Bloomer,[8] where the extinction coefficient is given by

k(E) � � . (3.39)

The parameters A, Eg, B, and C (or A, Eg, Eo, and Γ) in Eq. (3.39) are
treated as fitting parameters. The refractive index is obtained by perform-
ing a Kramers-Kronig like integration, which introduced a fifth fitting
parameter n(∞). The last expression in Eq. (3.39) is obtained by substitut-
ing B � 2Eo and C � Eo

2 � Γ2, and useful when the denominator of the
second expression is close to zero.

Although this parameterization has received much attention, there are
at least two fundamental problems with the physics of Eq. (3.39).

1) Equation (3.39) was derived assuming that only interband
transitions contributed to optical absorption. Yet, k(E) � 0
for E � Eg. This is clearly unphysical. A glass that is trans-
parent in the visible part of the spectrum has k 	 10−5,
while the Forouhi and Bloomer approximation can give
k � 0.003 in the same region. Optical fiber materials have
k 	 10−10 near 1 µm, nearly seven orders of magnitude
less than that predicted by Eq. (3.39)!

2) Equation (3.39) predicts that k(E) approaches a constant
as E gets large. This also is unphysical, since it is known
that k(E) approaches 0 at least as fast as 1/E3 for all mate-
rials. This problem is particularly important in performing
the Kramers-Kronig integration, since a proper Kramers-
Kronig integration of Eq. (3.39) diverges. This has the
consequence that some rules commonly applied in optical
analysis cannot be satisfied.

Another parameterization of the optical functions of amorphous mate-
rials[9] has been developed that also has only five parameters and corrects
the objections given above. This empirical parameterization is based on the
Tauc expression for the imaginary part of the dielectric function near the
band edge,[10] and the Lorentz oscillator model, given in Eqs. (3.35). If only
a single transition is considered, then

e2(E) � 2n(E)k(E) � , (3.40)

where Θ(E) is the Heaviside function [Θ(E) � 1 for E � 0 and Θ(E) � 0
for E � 0]. The real part of the dielectric function is obtained by Kramers-
Kronig integration

Θ(E � Eg)


E

A(E � Eg)2




(E2 � E2

o)
2 � Γ2

A(E � Eg)2




(E � E0)

2 � Γ2

A(E � Eg)2




E2 � BE � C
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e1(E) � e1(∞) � P�∞
Rg

dx. (3.41)

This integral can be performed analytically and is given by

e1(E) � e1(∞) � 3 45 ln� �� ln� �
� 3p � atan� � � atan� �4
� 2EgIn 3 4� 2Eg 3p � 2atan�2 �46

(3.42a)

where

aln � E2(E2
g � E2

o) � E2
gΓ2 � E2

o(E
2
o � 3E2

g) (3.42b)

aatan � (E2
o � E2

g)(E
2 � E2

o) � E2
gΓ2 (3.42c)

z4 � (E2 � g2)2 � (3.42d)

a � �4E2
o ��Γ2� (3.42e)

g � �E2
0 � Γ�2�2�. (3.42f)

Other models for the optical functions of amorphous materials can also
be found in the literature. Adachi[11] also has proposed a four-parameter
model based on the Tauc formulation of the imaginary part of the dielec-
tric function near the band edge, given by

e2(E) � (E � Eg)
2Θ(E � Eg)Θ(E � Ec). (3.43)

Kramers-Kronig integration [Eq. (3.43)] is used to obtain the real part of
the dielectric function, which can be obtained in closed form. Although
this model approximately fits the optical functions of several amorphous
materials, the abrupt cutoff of the Heaviside functions causes the fits to be
less accurate than the Tauc-Lorentz formulation.

Similarly, Yamaguchi, et. al.[12] have proposed an empirical dielectric
function based on the Lorentz oscillator model, which is given by

e(E) � e(∞) � � dEo (3.44)
f(Eo)��

E2
o � E2 � iEΓ

D
�
E2

a2Γ2

�
4

g2 � E2
g�

aΓ
E2 � g 2

�
aΓ

�E � Eg�(E � Eg)���
�(E2

o � E�2
g)

2 � E�2
gΓ2�

a � 2Eg�
Γ

a � 2Eg�
Γ

aatan�
E2

oΓ

�E � Eg��
E � Eg

E2 � E2
g�

E
E2

o � E2
g � aEg��

E2
o � E2

g � aEg

aln�
2aE2

o

A
�
pz4

xe2(x)
�
x2 � E2

2
�
p
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The function [f(Eo)]
1/2 consists of a hyperbola and an exponential function,

smoothly connected, and is completely defined using seven parameters.
Again, this function approximately fits the optical functions of several
materials, but because the Tauc energy gap is not correctly modeled, the
fits are generally less accurate than fits from the Tauc-Lorentz model.

3.4.4 Models for Crystalline Materials

The optical functions of crystalline materials are much more compli-
cated than the optical functions of amorphous materials. This is because
the long-range order of crystalline materials leads to critical points in the
band structure, which in turn leads to sharp features in the optical func-
tions. However, many applications of spectroscopic ellipsometry involve
the characterization of epitaxial thin films of crystalline materials, which
may be alloys. The optical functions of epitaxial alloy films, for example,
will have well-defined critical points, but the energy, shape, and width
will all be different from equivalent bulk crystalline materials due to strain
and alloy composition. Therefore, there is a real need for parameteriza-
tions for crystalline materials similar to those that have proven to be suc-
cessful for amorphous materials.

There have been several attempts at parameterizing the optical func-
tions of crystalline materials. These parameterizations are often very good
for photon energies very near the critical point, but are not as accurate for
photon energies further away. One solution to this problem is to take first
or second derivatives of the dielectric function spectra determined from
the spectroscopic ellipsometry data and match the experimental deriva-
tives to calculated derivatives. In regions where the dielectric function is
slowly varying, the derivatives are very close to zero. Moreover, the sen-
sitivity to thin overlayers is reduced over the entire spectrum. If the critical
point is Lorentz-like, then the second derivative of the dielectric function
has the form[13]:

� . (3.45a)

where Eo is the central energy value of the critical point, Γ is the broaden-
ing parameter, A is the magnitude, which is proportional to the matrix ele-
ment of the transition, and f is the phase factor. The exponent n in Eq.
(3.45a) is dependent on the dimensionality of the critical point, and the
phase is dependent upon the nature of the critical point. For a 3-dimensional
critical point, n � 3/2, where f � 0° for a minimum, f � 90° or 180° for
a saddle point, and f � 270° for a maximum. For a 2-dimensional critical

Aeif

��
(E � Eo � iΓ)n

d2e(E)
�

dE2
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point (one where the effective mass is very large in one dimension), n � 2,
where f � 0° for a minimum, f � 90° for a saddle point, and f � 180° for
a maximum. For a 1-dimensional critical point, n � 5/2, where f � 270°
for a minimum, and f � 0° for a maximum. Discrete excitons are repre-
sented in this model by n � 3, f � 0°. The actual dielectric function has
the same form as Eq. (3.45a), but n � 1/2 for a 3-dimensional critical point,
n � �1/2 for a 1-dimensional critical point, and n � �1 for a discrete
exciton. The dielectric function for a 2-dimensional critical point is
logarithmic, and is given by

e(E) � Aeif log(E � Eo � iΓ) (2-dimensional) (3.45b)

Many other workers[14] have attempted to fit the dielectric functions
for semiconductors to a series of Lorentz oscillators:

e(E) � eo � Σ
j

, (3.45c)

where four parameters are required to for each oscillator included in the
sum. By including enough oscillators, it is possible to fit a given experi-
mental dielectric function to reasonable accuracy where the imaginary
part is reasonably large. This type of parameterization has been very use-
ful for characterizing the optical functions of some semiconductor alloys,
and the fitted parameters can then be in turn fitted to the composition of
the alloy. However, this parameterization is not so useful for a material
such as silicon, which has an indirect band gap. See Chapter 2 for an
extensive discussion of this.

Although Eqs. (3.45a) and (3.45b) have been extended to discrete
excitons, most excitons are not discrete, so these expressions are not valid.
In particular, it is necessary to consider the type of critical point that is
associated with the exciton. For a 3-dimensional, minimum critical point,
the dielectric function, is given by[15]

e(E) � �Σ
j

[gb,j(E � iΓj) � gb,j(iΓj)] � gu(E � iΓ0) � gu(iΓ0)�,
(3.46a)

where the gb,j is the factor for the jth bound orbital of the exciton, and is
given by,

gb,j(x) � 3 4 , (3.46b)
E0 � R�j 2

��
(E0 � R�j2)2 � x 2

8R
�
j3

A�R�
�

2E2

Aje
if j

��
E � Ej � iΓj
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and the gu is the factor for the unbound exciton, and is given by

gu(x) � �ln� �� Σ
j

gb,j(x) � p 3cot� �� cot� �4.
(3.46c)

This model requires at least five parameters. Four of the parameters are the
amplitude A, the direct band-gap energy E0, the excitonic binding energy
R, and the broadening energy of the direct band edge Γ0. Each of the j
levels of the excitonic orbital could conceivably require its own broaden-
ing term, but it is found empirically that

Γj � Γ0 � , (3.46d)

resulting in only one additional term to describe the broadening of the
excitonic structure in the dielectric function. This formulation assumes
that the broadening mechanism is Lorentzian, which gives too much
absorption below direct band edges.

One of the main problems with all the approaches listed above is that
they are designed to model critical points well, but do not model the
spectral region between the critical points well, nor do they model indi-
rect gaps well. One approach is to introduce several additional broad
oscillators [14] to “fill in” the optical absorption. Another approach, due to
Johs et al.,[16] uses a series of piece-wise functions to “fill in” the dielec-
tric function between the critical points, and has been successfully
applied to several semiconductor alloys. In all of these cases, the number
of parameters required to fit the dielectric function can be very large,
which introduces inevitable correlations between the fitted parameters.
(See Chapter 2).

3.4.5 Effective Medium Theories

Often one would like to model the optical functions of thin films using an
average of two or more other sets of optical functions. The issue then is how
best to perform the average. In order to perform this average, one tries to find
a composite or effective medium dielectric function for the whole film based
on the dielectric functions of two or more other materials.

Three common effective medium approximation (EMA) theories can
be jointly expressed[17] by

Γ0 � Γ0
ex

�
j2

p�R�
�
�E0�x�

p�R�
�
�E0�x�

1
�
2

E2
0 � x 2

�
R2
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� Σ
j

fj , (3.47)

where 	e
 is the dielectric function of the effective medium, eh is the
dielectric function of the host, fj is the fraction of the j th constituent, and
g is a factor related to the screening and the shape of the inclusions (for
example, g � 2 for 3-dimensional spheres).

Within the structure of Eq. (3.47) the only difference between the
three EMA models is the choice of the host material.

1) Lorentz-Lorentz: eh � 1, where the host is chosen as air.
This is the earliest EMA theory, and is based on the Clausius-
Mossotti equation. It assumes that the individual con-
stituents are mixed on the atomic scale, and is therefore of
limited usefulness in describing real materials, which tend
to be mixed on a much larger scale.

2) Maxwell-Garnett: eh � e1, where the host material is the
material that has the largest constituent fraction. This is
the most realistic EMA theory when the fraction of inclu-
sions is significantly less than the fraction of host mate-
rial. This EMA is very useful for cermats or for certain
types of nanocrystals embedded in hosts well below the
perculation threshold.

3) Bruggeman: eh � 	e
, where the host material is just the
EMA dielectric function. The Bruggeman EMA makes no
assumption concerning the material that has the highest
constituent fraction, and is therefore self-consistent. It is
most useful when no constituent forms a clear majority of
the material. Surface roughness has been successfully
modeled using the Bruggeman EMA consisting of ~50%
voids and ~50% material underneath. If the surface layer
is very thick, it is sometimes necessary to incorporate sev-
eral layers, each with a different Bruggeman EMA frac-
tion of voids and underlying material.

Each of these EMAs can be calculated for any material, including
those with complex dielectric functions. However, if either of the materi-
als has a complex dielectric function, then care must be taken in the
Bruggeman calculation of Eq. (3.47), since it is easy to use the wrong
branch of a multivalued inverse of a complex function. For two con-
stituents, this can be avoided by using a re-parameterization of Eq. (3.47)
due to Roussel et al.[18] If

ej � eh�
ej � geh

	e
 � eh��
	e
 � geh
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p � 	
, b � 3(3f2 � 1)� � p� � p4, (3.48a, b)

z � b � �b2 � 0�.5�, (3.48c)

then the EMA value of the dielectric function is given by

	e
 � z�e1e2�. (3.48d)

3.5 Fitting Models to Data

Spectroscopic ellipsometry data analysis consists, for the most part, of
fitting experimental data to a model, where certain parameters are allowed
to “float” to obtain the best fit. Clearly, this process is critical to getting
useful results from spectroscopic ellipsometry experiments. Even the
most accurate and reproducible experiments can be rendered useless by
inappropriate modeling.

The fitting process consists of three parts:

1) Select the model. In this step, the number of layers is
fixed, and basic structure concerning the contents of each
layer is set. One must decide if any layer is anisotropic at
this stage, and whether or not interface layers are to be
modeled as a single effective medium approximation, or is
a more complicated graded interface to be used.

2) Assign optical functions to each layer. Here, the decision
must be made to use existing data sets or some kind of
parameterization. For example, if the sample consisted of
thin-film SiO2 grown on silicon, it is very likely that the
optical functions of the substrate layer will be very close
to the reference values of crystalline silicon. The film
might be modeled with three layers and a substrate: sur-
face roughness / amorphous SiO2 / interface layer / crys-
talline silicon. The surface roughness (the top layer) might
be best modeled as a Bruggeman effective medium con-
sisting of 50% air and 50% SiO2, while the middle layer
might be best modeled using a single Lorentz oscillator.
The interface layer might again be modeled using a 
2-medium Bruggeman effective medium, consisting of
50% layer 2 and 50% silicon. The initial values for all
parameters and film thicknesses must be assigned, and the
“floating” parameters selected.

1
�
p

1
�
4

e1�
e2
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3) Fit the data. The last step consists of the fitting process
itself. Here, the metric must be chosen that will decide
between good and bad fits to the data. Moreover, this met-
ric must tell us, at least in a qualitative sense, whether or
not the model actually fits the data, given the error limits
of the data. If the metric that is chosen is inappropriate, it
may be that we accept wrong models, or unnecessarily
complicate a reasonably valid model. Here, the choice of
the numerical analysis optimization algorithm must be
defined.

The mathematics of this data analysis has been understood for a num-
ber of years, and is called nonlinear parameter estimation. Depending
upon how the fitting process is performed, very defined, mathematically
proven, statements can be made concerning the validity of the fitting
results. All fitting procedures are not equal! In the fitting of spectroscopic
ellipsometry data, as in all modeling of data, it is very important to keep
this in mind. As stated in Numerical Recipes, 2nd edition, pg. 650:

The important message we want to deliver is that fitting of
parameters is not the end-all of parameter estimation. To be
genuinely useful, a fitting procedure should provide, (i) param-
eters, (ii) error estimates on the parameters, and (iii) a statisti-
cal measure of goodness of fit. When the third item suggests
that the model is an unlikely match to the data, then items (i)
and (ii) are probably worthless. Unfortunately, many practi-
tioners of parameter estimation never proceed beyond item (i).
They deem a fit acceptable if a graph of the data and model
“looks good.” This approach is known as chi-by-eye. Luckily,
its practitioners get what they deserve.

3.5.1 Figures of Merit

In any numerical fitting procedure, the most critical choice is that of
the figure of merit, for this tells the computer and the user how well the
model, with the present set of parameters, actually fits the data. This has
been a significant controversial issue in the analysis of spectroscopic
ellipsometry data for the last several years, though it need not be: the
mathematics of nonlinear parameter estimation have been well-known for
decades (see Nonlinear Parameter Estimation by Bard, or Numerical
Recipes, Chapter 15 by Press, Flannery, Teukolsky, and Vetterling).

There are two common choices used as a figure of merit for spectro-
scopic ellipsometry data analysis. The oldest, called either the unbiased
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estimator or the mean squared error (MSE), is given by

MSE � Σ
N

j�1
[rexp(lj) � rcalc(lj, z)]2. (3.49)

The other is the reduced χ2, which is given by

c2 � Σ
N

j�1
. (3.50)

In both Eqs. (3.49) and (3.50), N is the total number of data points taken,
rexp(lj) is the experimental data points taken at different values of the
wavelength of light lj, rcalc(lj,z) is the calculated value of that experi-
mental parameter at lj and for a particular set of the variable parameters,
indicated by the vector z. The only difference between the two expres-
sions is the inclusion of the point-wise experimental error s(lj) in the
denominator of Eq. (3.50). Yet, from a mathematical point of view, this is
a big difference and has far-reaching consequences concerning the con-
clusions that can be drawn from spectroscopic ellipsometry data fits.

When Eq. (3.49) is used as a figure of merit function, it is assumed that
all the experimental errors are unmeasureable and that they are the same
for each data point. The MSE is in the square of the units of the measured
quantities, therefore the value of the MSE is dependent upon the represen-
tation of the data; change the data representation, and you change the value
of the MSE. This presents a significant problem with the analysis of spec-
troscopic ellipsometry results, because often the experimental data is trans-
formed into a different representation before fitting the data.

One can easily get quite different fit results from the MSE figure of
merit, depending upon which representation is chosen for the data analy-
sis. For example, if one were using data from a standard rotating analyzer
ellipsometer, there are several choices of data sets that can be fit to a
model, where common choices of fitted “experimental” data are (y, ∆),
(tan(y), cos(∆)), or the actual experimental data (a1, a2). Given that the
standard rotating analyzer ellipsometer measures ∆ very inaccurately
when ∆ is close to 0° or 180°, it is highly inappropriate to weight data
points where ∆ is close to 0° or 180° as much as data points where ∆ is
measured more accurately. From this point of view, it is much better to use
the actual data (the Fourier coefficients a1 and a2) as suggested by
Chindaum and Vedam.[19]

Although Eq. (3.49) is routinely used to analyze spectroscopic ellip-
sometry data, and error limits on the fitted parameters quoted, the error
limits so obtained ASSUME that the selected model is the right model.
This is often the very thing that we wish to determine from spectroscopic

[rexp(lj) � rcalc(lj, z)]2

���
s(lj)

2

1
��
N � m � 1

1
��
N � m � 1
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ellipsometry experiments! Moreover, the actual value of the MSE has the
dimensions of the chosen parameterization of the experimental data, and
is therefore meaningless; one never knows when a good fit is actually
obtained! The only mathematically justifiable reason for using the MSE as
a figure of merit is if there is no possible way of obtaining an estimate of
the errors in the experimental data. As will be discussed below, it is quite
possible to obtain reasonable error limits of spectroscopic ellipsometry
experiments.

These objections are removed if the reduced c2 is chosen as the figure
of merit (there are other figure of merit functions which would also be
valid in special circumstances). The reduced c2 is unitless, and is in fact a
measure of the “goodness of fit:” if c2 ≈ 1, then the model fits the data,
but if c2 		 1, then the model does not fit the data. Furthermore, the results
of the fitting procedure are independent of the representation of the data,
IF the errors are propagated into the data representation used in the fitting
procedure. For example, if the errors in (a1, a2) from a rotating analyzer
ellipsometry experiment were propagated into (y, ∆), then the errors in ∆
near 0° and 180° would naturally be very large, and would therefore not
be heavily weighted in the fitting procedure.

Another very important issue in fitting experimental data is the deter-
mination of proper error limits from the results of the fit. If the MSE is
used as the figure of merit, then any error limits obtained are only relative
and again assume that the model selected is the correct model. However,
error limits obtained from a fitting procedure using c2 as the figure of
merit can be statistically related (if only approximately) to the actual error
limits of the fitted parameters, and therefore have considerably more
validity.

3.5.2 Errors in Spectroscopic Ellipsometry

Since error limits are such an important characteristic of any spectro-
scopic ellipsometry data set, they must be discussed first. As in any exper-
iment, errors come in two different forms: random and systematic.

Random errors are those errors resulting from random or statistical
processes. In spectroscopic ellipsometry experiments, the two major
sources of random errors are due to photon counting or shot noise, and the
normal thermally generated noise in electronic circuits. This noise is
reduced by signal averaging, and can be measured by performing several
identical experiments and calculating the mean and the standard devia-
tion. Once the error is determined, it can be propagated from the actual
experimental data into other representations of the data using standard
data analysis techniques.
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In any ideal experiment, systematic errors would be totally elimi-
nated by alignment, calibrations, and by performing multiple experi-
ments. However, spectroscopic ellipsometry measurements are sufficiently
accurate that systematic errors can be as large as random errors in some cir-
cumstances. These errors come from such diverse sources as misalign-
ment of optical elements, calibration drifts, and depolarization effects.
Because systematic errors do not include a random component, signal
averaging cannot be used to reduce the error. Random errors can be rig-
orously propagated into different representations of spectroscopic ellipsom-
etry data, but systematic errors cannot be rigorously propagated into other
representations.

Some sources of systematic errors are given below:

1) Azimuthal alignment of optical elements: The azimuthal
alignment errors of the polarizers, compensators, photoe-
lastic modulators, etc. with respect to the plane of inci-
dence in ellipsometry experiments contribute an error to
the measured components of the elements of the sample
Mueller matrix. This error is 2�q�σθ, where σθ is the error
in alignment of a particular optical element and is meas-
ured in radians and q is a factor containing Mueller matrix
elements and sines and cosines of optical element
azimuthal angles, where 0 � �q� � 1. For example, if each
optical element is aligned with an error of 0.02°, then the
error in the measured quantities will be 	 0.0007 for each
optical element. Since there are several optical elements in
an SE experiment, each of which has approximately this
error limit, this source of error can result in a significant
systematic error in the experiment.

2) Wavelength errors: Spectroscopic ellipsometers use a
monochromator either before the light goes through the
polarization state generator or after the polarization state
detector. In either case, only quasi-monochromatic light is
produced or detected, due to the finite spread in wave-
lengths that passes through the monochromator. For ellip-
someters that use spectrographs and photodiode arrays,
this error can be quite large since a wide wavelength
spread is usually integrated into a single pixel. In addition,
the calibration of the wavelength may be off or may drift
between calibrations. These two sources of error are actu-
ally quite different and lead to quite different effects on
the experimental spectra. The finite spread in wavelengths
leads to a quasi-depolarization of the light beam, while the
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error in wavelength calibration leads to shifts in the
energy or wavelength scale of the ellipsometry spectrum.
The latter error is particularly important in regions of the
spectrum where the measured quantities vary rapidly with
wavelength or photon energy.

3) Angle of Incidence: The angle of incidence is a particu-
larly difficult parameter to measure, and its error is hard to
quantify. Generally, it is very hard to measure this quan-
tity to better than ~0.02°. In addition, all ellipsometers use
light sources that are not perfectly collimated, so the sam-
ple is actually illuminated with a light beam with a distri-
bution of angles of incidence.

4) Calibrations: There are many calibrations that must be
performed on spectroscopic ellipsometers, some of which
may drift during the running of actual experiments. For
example, ellipsometers which contain photoelastic modu-
lators (PEMs) or Faraday rotators must be calibrated for
the amplitude of modulation and the static strain of the
modulator as a function of wavelength. Spectroscopic
ellipsometers that use fixed compensators must calibrate
the amount of phase shift as a function of wavelengths. Of
course, all ellipsometers use detectors and amplifier cir-
cuits that are not perfectly linear.

5) Assumed data sets: If the analysis of a spectroscopic ellip-
sometry measurement requires a standard data set of opti-
cal functions for a material, then errors in these optical
functions also factor into the error in the fitting procedure.
For example, there has been considerable work on the
optical functions of silicon over the last few years,
expressly for the purpose of improving spectroscopic
ellipsometry analysis techniques of thin films grown on
silicon. Above the direct band edge of silicon (~3.4 eV),
there are small but statistically significant variances
between the different data sets. Some of this variance
comes about because the different data sets are taken on
different faces of silicon (100), (110), and (111), while
some of the variance arises because of differences in the
way in which the surface roughness/oxide is taken into
account. Even for this well-studied material, the errors in
the optical functions of silicon above the band edge are in
the 1 to 2% range. This will have a small but noticeable
effect on the error limits of any fitting procedure using a
standard silicon data set.
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One way of dealing with systematic errors is to assume that they are ran-
dom, propagating the error limits into the fitted data representation. This
approach requires that an estimate of the random errors be made based on the
knowledge of a particular ellipsometer. The total error of the ellipsometer is
then a propagation of both random and systematic errors into the data repre-
sentation. The resulting error estimates are not mathematically rigorous, but
they do represent approximately the actual errors of the spectroscopic ellip-
someter, which is far better than ignoring the systematic errors altogether.

Another way of dealing with systematic errors is to treat the particular
parameters as a fittable parameter (see below). For example, if there is a
significant uncertainty in the angle of incidence, it may be appropriate to
treat the angle of incidence as a fittable parameter, thereby determining the
angle of incidence in addition to the other parameters determined using the
fitting procedure. If this approach is used, the same care must be taken to
determine all errors and correlation parameters as one would use for the
other fittable parameters in the problem. This will be discussed below.

3.5.3 Convergence Routines

Once the figure of merit is selected and the errors specified, the data
can be fit to a selected model. This problem of fitting spectroscopic ellip-
sometry data to reflection calculations is mathematically nonlinear and
many of the contributions to the errors are systematic rather than random.
Therefore, many of the statements that can be made exactly for linear
regression analysis with random errors can now only be made approxi-
mately. The standard numerical analysis routine used for non-linear curve
fitting is the Levenberg-Marquardt algorithm. This algorithm is actually a
combination of two different numerical analysis procedures: the inverse
Hessian method and the steepest descent method.

Assume that the spectroscopic ellipsometry data is given by rexp(li)
and we want to fit this data to a model rcalc(li, z), where the quantities li

are the wavelengths for each spectrum for i � 1 to N and the vector z con-
tains the parameters in the model that are to be varied in order to reduce
c2 to a minimum. It has been assumed that there is a single independent
variable l, but there could be additional independent variables, such as the
angle of incidence.

The object of the nonlinear fitting procedure is to minimize the figure
of merit function, given in Eq. (3.50). Rewriting Eq. (3.50) to show the
dependence on the parameter vector z:

c2(z) � Σ
N

j�1 
. (3.51)

[rexp(lj) � rcalc(lj, z)]2

���
s(lj)

2
1

��
N � m � 1
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At the minimum of c2(z) with respect to the parameters z, the gradient will
be zero. In the neighborhood of the minimum, the gradient is given by

bk � � �Σ
N

j�1
. (3.52a)

Taking another partial derivative and ignoring the 2nd derivative term
gives:

akl � � Σ
N

j�1
. (3.52b)

The α matrix is usually called the curvature matrix, and is equal to 1/2 the
equivalent Hessian matrix of least squares fitting procedures.

The Levenberg-Marquardt nonlinear fitting procedure requires that an
additional parameter ℘ be defined (most textbooks refer to this as l) such
that a new matrix a� is defined:

ajj� � ajj (1 � ℘), ajk� � ajk (j  k). (3.52c)

The Levenberg-Marquardt procedure follows the following recipe:

1) Make a reasonable estimation of the parameter vector z.
(This will be discussed below).

2) Compute c2(z).
3) Choose a reasonable initial value of ℘ (usually ~10−3).
4) Calculate the a, b, and the a� matrices.
5) Calculate dz � [a�]−1b and evaluate c2(z � dz).
6) Check for stopping the iteration if c2(z � dz) 	 c2(z) and

if ℘ was not increased for the last iteration.
7) If c2 (z � dz) � c2(z), increase ℘ by a large factor 

(√10 or 10), and go back to 5).
8) If c2(z � dz) 	 c2(z), decrease ℘ by a large factor (√10

or 10), update the solution for the z-vector z � δz S z,
and go back to 4)

Step 1) involves the initial guess for the parameter estimation. Given
the nonlinearity of the data analysis problem, this is a critical step because
it is very easy to have the routine converge to a local minimum and not
the global minimum. For many problems, this is not an issue, since the
user knows the approximate position in parameter space where the solu-
tion lies. However, if the film structure is very complicated, or the mate-
rials involved are unknown or complicated composites, one must first use

∂rcalc(lj, z)
��

∂zl

∂rcalc(lj, z)
��

∂zk

1
�
s(lj)

2

∂2c2

�
∂zk∂zl

1
�
2

∂rcalc(lj, z)
��

∂zk

[rexp(lj, z) � rcalc(lj)]���
s(lj)

2
∂c2

�
∂zk

1
�
2
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other numerical techniques to find the initial estimate. One way to find the
initial estimate is to search over all possible parameter space using a grid
search or a monte carlo search. Another way is to manually change the
individual elements of the parameter vector z until the fit looks realistic.
In both cases, it is important to use both the figure of merit function and
the user’s intuition as a guide to determining when a close solution is
obtained.

Step 6) indicates that one must have one or more criteria for stopping
the iteration. Generally, it is not a good idea to stop the iteration when ℘
has been increased. Nor is it a good idea to continue the iteration process
if each iteration is not decreasing c2(z) very much (usually ~0.001).

Once the solution vector z has been found, the covariance matrix
a−1 can be calculated, as can approximate errors in the solution vector z
(see the discussion below). For the 95% confidence interval, the
approximate correlated errors in the elements of the parameter vector
are given by 2√(ajj

−1), while the uncorrelated errors are given by
2�√(ajj). The cross-correlation coefficients are given approximately by
the elements of the symmetric matrix a−1.

It must be emphasized that the relationships given above for the cor-
related and uncorrelated errors and for the cross correlation coefficients
are only approximate. If the problem were a linear regression problem,
with random errors, then the expressions for these quantities have a pre-
cise mathematical meaning. However, the nonlinearity and the systematic
errors inherent in ellipsometry make the relations only approximate.

One way of looking at this problem from a statistical point of view is
shown schematically in Fig. 3.2. Assume that one performs several spectro-
scopic ellipsometry experiments on the same sample of SiO2 grown on sil-
icon that is assumed to be stable over long periods of time. Furthermore,
assume that when each of these experiments is performed, all the alignment
procedures are performed from the beginning: one takes apart the ellip-
someter and re-assembles it for each measurement (this is to randomize the
systematic errors). Finally, assume that the refractive index of the SiO2 film
can be modeled by the Sellmeier approximation, Eq. (3.36), where l1o � 93.
This model has only two parameters, the film thickness d and the Sellmeier
parameter A. The results of each experiment will then be represented in
Fig. 3.2 by a data point. If enough experiments are performed and their data
points plotted, then an elliptical-like area will begin to be formed. That is,
one could draw an ellipse around the set of data points that would enclose
95% of the points (for the 2σ confidence interval).

In this picture, the height and the width of the drawn ellipse would
represent the correlated error for the values of the Sellmeier A and the
film thickness d respectively. The uncorrelated error is not usually of
much interest, but it is given by the height of the ellipse at d � df and at
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A1 � Af respectively. If the nonlinearity of the problem near the solution
point were severe, then the contour drawn for the 95% confidence limits
would not be an ellipse at all, but might look like a banana! Two totally
uncorrelated parameters would result in an ellipse that was symmetric
about both the d and the A axes, while two very highly correlated param-
eters would result in an ellipse that was long and narrow, where the major
axis followed the relation d � t A, where t is a constant.

The example presented above has been simplified to two dimensions
for ease in presentation. However, many fits to spectroscopic ellipsome-
try data use many more parameters, where the two-dimensional ellipse of
Fig. 3.2 would become a multi-dimensional ellipsoid-like shape.

3.5.4 An Example: (a-SixNy:H)

Amorphous silicon nitride is an extremely interesting material from
the point of view of its optical properties. The material is grown as a thin
film by many different techniques, and can be grown either as a silicon-
rich or as a nitrogen-rich film, where the silicon-to-nitrogen ratio has a
dramatic effect on its optical properties. The films are usually quite smooth,
and are generally uniform throughout the thickness of the film. Being
amorphous and nearly unstrained, the film is very nearly isotropic.

Figure 3.2 A Schematic of parameter space for a two-dimensional fit of spectro-
scopic ellipsometry data. Each point represents an independent experiment and
fitting procedure, where all the errors are randomized. The drawn ellipse defines
the 95% confidence limits for the parameters Af and df, while the uncorrelated
errors are given by sA and sd.
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Figure 3.3 shows a typical set of data (presented as the real and imag-
inary parts of the complex reflection ratio, see Eq. (3.2), from a spectro-
scopic ellipsometry experiment for a silicon nitride film grown using
PE-CVD. As can be seen, the data contains two resonance features in both
Re(r) and Im(r) due to interference effects. Beyond this rather general
statement, it is not possible to say much more about the film by a simple
visual examination of the data.

To obtain more information about the film, such as the film thick-
ness, surface roughness, and film optical properties, we must model the
spectroscopic ellipsometry data. For this rather simple system, we will
consider three possible models for the optical functions of the thin-film
a-SixNy:H:

1) a Lorentz oscillator with three parameters, B, Eo, and Γ, see
Eq. (3.35b),

272 THEORY OF ELLIPSOMETRY

Figure 3.3 A Spectroscopic ellipsometry spectrum for amorphous silicon nitride
grown on silicon. Three fits to the data are shown, based on the Lorentz oscilla-
tor model, the Forouhi and Bloomer amorphous model, and the Tauc-Lorentz
model.
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2) the Forouhi and Bloomer amorphous model with five
parameters, see Eq. (3.39), and

3) the Tauc-Lorentz amorphous model with five parameters,
see Eqs. (3.40) to (3.42).

Within each model, we can examine the effect of including a surface
roughness layer and an interface layer. The surface roughness layer is
modeled using a Bruggeman effective medium approximation with 50%
voids and 50% film, while the interface layer is modeled using 50% film
and 50% silicon. The optical functions of crystalline silicon are taken
from ref. 20. Therefore, the Lorentz model will have a maximum of seven
fitted parameters, and the Forouhi and Bloomer model will have a maxi-
mum of eight parameters, as will the Tauc-Lorentz model.

The details of the fitting results are shown in Table 3-1 for the
Lorentz oscillator model, for the Forouhi and Bloomer model, and for the
Tauc-Lorentz model. The first thing to note from these results is that
there is a large discrepancy in the final, best values of the reduced c2. The
Tauc-Lorentz model gives a very believable c2 value of 0.92, while the
Lorentz model gives a higher value of 3.64 and the Forouhi and Bloomer
model gives a value of 47.5. From this result alone, we can state that the
Tauc-Lorentz model fits the data while the other two models do not fit
the data.

Table 3-1 also lists the correlated error limits for the fitted parameters.
Not shown, but just as important, are the cross-correlation coefficients,
which indicate which parameters are inter-correlated. Several other things
can be stated from the fit results presented in Table 3-1:

1) Film thickness. From the values and the correlated errors,
we can see that all three models give the same values of
film thickness, although the correlated error of the film
thickness from the Tauc-Lorentz model is smaller. This
emphasizes that a film thickness determination from spec-
troscopic ellipsometry measurements is often quite robust
to differences in modeling. Even wrong models can give
quite reasonable values of film thicknesses.

2) Roughness thickness. All three models predict a small but
significant surface roughness. Since the surface roughness
is so thin, it is not possible to be very precise concerning
the optical functions of this layer.

3) Band Gap. Both the Tauc-Lorentz and the Forouhi and
Bloomer models incorporate a band gap, but the uncorre-
lated error given for the Tauc-Lorentz band gap is small, as
is the final value of the c2, making the band gap a reasonably
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determined parameter from the fit of the spectroscopic
ellipsometry data. On the other hand, the band gap deter-
mined from the Forouhi and Bloomer model is not believ-
able since the final value of c2 is so high.

4) Interface thickness. All three models predict a very small,
if negligible interface thickness. This result, coupled with
the small c2 of the Tauc-Lorentz fit, indicates that the film
is very uniform in its optical properties throughout its
thickness.

274 THEORY OF ELLIPSOMETRY

Lorentz Forouhi and Bloomer Tauc-Lorentz

Roughness 2.1 ± 0.3 4.9 ± 0.7 1.9 ± 0.3
thickness (nm)

Film 197.8 ± 0.7 195.6 ± 1.1 198.2 ± 0.4
thickness (nm)

Interface 0.6 ± 0.3 �0.6 ± 0.6 �0.1 ± 0.2
thickness (nm)

Α 201.9 ± 4.6 4.56 ± 1.9 78.4 ± 12.7
Εo (eV) 9.26 ± 0.05 74.4 ± 30.5 8.93 ± 0.47
Γ (eV) 0.01 ± 0.02 0.74 ± 23.5 1.82 ± 0.81
Εg (eV) — 2.85 ± 0.48 4.35 ± 0.09
ε(∞) 1.00 ± 0.02 0.93 ± 0.51 1.38 ± 0.26
c2 3.64 47.5 0.92

Roughness 2.4 ± 0.3 4.7 ± 0.6 1.8 ± 0.2
thickness (nm)

Film 198.6 ± 0.4 195.3 ± 0.9 198.1 ± 0.3
thickness (nm)

Α 202.5 ± 1.4 5.03 ± 0.35 97.7 ± 3.2
Εo (eV) 9.26 ± 0.02 70.7 ± 2.2 9.61 ± 0.03
Γ (eV) 0.01 ± 0.01 40.1 ± 10.8 3.07 ± 0.33
Eg (eV) — 2.97 ± 0.27 4.44 ± 0.04
c 2 3.75 48.0 0.96

n(300 nm) 1.986 � i0.000 2.003 � i0.001 1.989 � i0.000
n(600 nm) 1.866 � i0.000 1.839 � i0.001 1.874 � i0.000

Table 3-1. The results of fitting the data shown in Fig. 3.3 to three different
models for the optical functions of amorphous materials. The first part of the
table shows the fitting results for a 7- or 8-parameter fit, while the second
part shows the fitting results for a 5- or 6-parameter fit. The last part of the
table shows representative values of the complex refractive index.
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5) e(∞). All three models predict a value of e(∞) very close
to one. If there are no major transitions at higher values of
energy, then this parameter should be one.

6) Correlated parameters. If any parameter has a relatively
large value of correlated error, then that parameter can be
very strongly correlated with at least one other parameter.
The identity of the other parameter can be determined by
an examination of the cross-correlation coefficients. For
example, the fit to the Tauc-Lorentz model results in
quite large correlated errors in the A, Eo, Γ, and e(∞)
parameters. An examination of the cross-correlation coef-
ficients shows that all of these parameters are strongly
inter-correlated.

Given that all fits give a value of e(∞) close to one and a value of the
interface thickness close to zero, it is reasonable to perform the fits again,
this time eliminating the interface layer and setting e(∞) � 1. The results

Figure 3.4 Difference spectra for the fits and data shown in Fig. 3.3. The dots indi-
cate the error limits of the data.
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to these fits are shown in the second part of Table 3-1. As can be seen,
reducing the number of fitted parameters by two does not increase the
reduced c2 significantly in any of the fits. However, it does have a pro-
found effect on the correlated errors in all cases. Whereas the correlated
errors for the A, Eo, and Γ parameters were quite large in the Tauc-
Lorentz fit when the fit included eight parameters, the error limits in all
the parameters were reduced significantly when the fit was restricted to
six parameters.

In view of the large value of the reduced c2 for the Lorentz and
Forouhi and Bloomer fits, it must be emphasized that the models do not
fit the data and therefore discussions of fitted values and error limits are
not appropriate from a rigorous point of view. In the third part of Table 3-1,
the complex refractive index is shown at 300 nm and at 600 nm. The non-
zero imaginary part of the Forouhi and Bloomer refractive index at 600
nm (below the band gap) is due to the (E � Eg)

2 factor in Eq. (3.51).
Although the refractive indices quoted for all three models are not far
from each other, the difference is significant in view of the χ2 test.

There are situations where one might accept models with a χ2 greater
than one, particularly if the systematic errors in spectroscopic ellipsome-
try data are significant. Since systematic errors do not obey the same sta-
tistical laws that random errors do, it is quite possible for these errors to
add together in such a way that the reduced χ2 would be greater than one
and the model would still fit the data. However, if another model does
give a χ2 of one when a favorite model does not to the same data set, one
would be advised to reject the favorite model in favor of the model that
does give χ2 ~ 1. One might also accept a model with a higher χ2 if one
were interested only in the film thickness, but this is can be quite risky.

In all this analysis, it must be remembered that spectroscopic ellip-
sometry, being model-dependent, can never state whether a model is the
correct model. The only statement than can be made is whether a particu-
lar model fits the data or not.

3.6 Determination of Optical Functions from
Spectroscopic Ellipsometry Data

A second major use of spectroscopic ellipsometry data is to obtain the
optical functions of bulk and thin-film materials. For photon energies less
than the band gap of the material, spectroscopic ellipsometry can be used
to determine the real part of the dielectric function (or the refractive
index), but the older technique of minimum angle deviation is more accu-
rate. Typically, spectroscopic ellipsometry can measure a refractive index
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to ±0.001 to 0.010, while minimum angle deviation methods can measure
the refractive index to 10−4 to 10−7. However, for some samples, spectro-
scopic ellipsometry is the preferred method, even with its decreased accu-
racy, since SE requires only one polished surface, while minimum devia-
tion measurements require that a prism be made from the material.

For photon energies above the band edge, spectroscopic ellipsometry
is far more accurate than any other competing technique. For decades,
the standard technique for the determination of the complex refractive
index has been normal-incidence reflectivity. However, the spectroscopic
reflectivity spectrum is very difficult to determine with very high accu-
racy, due primarily to the loss of non-specular reflected light and the lack
of well-characterized standards. In addition, the reflectivity measurement
results in only a single number, the reflected light intensity. In order to get
the complex refractive index, Kramers-Kronig integration is required, and
this mathematical procedure requires an extrapolation of the measured
spectrum to zero energy and to infinite energy. Of course, any surface
overlayer or roughness will affect the reflectivity (particularly in the ultra-
violet), which must be taken into account or it will increase the error of
the measured value of the reflectivity.

Spectroscopic ellipsometry, on the other hand, measures at least two
parameters (six parameters for generalized ellipsometry), thereby elimi-
nating the need for the Kramers-Kronig integration. Because spectro-
scopic ellipsometry is normally performed at a large angle of incidence,
the measurements are generally even more sensitive to surface overlayer
or roughness effects, so it is essential to take surface effects into account
when determining dielectric functions from the data. However, once this
is done, the resulting dielectric functions are considerably more accurate
than from reflectivity measurements. It is usually possible to determine
the refractive index and extinction coefficient to better than 1% using
spectroscopic ellipsometry measurements.

The data reduction techniques used to reduce spectroscopic ellipsom-
etry data to complex refractive indices are fundamentally different from
the data reduction discussed in Section 3.5. In Section 3.5, the data reduc-
tion was essentially over-determined; that is, there are many more data
points then there are parameters that we wish to determine. In many cases
where we are interested in determining optical functions, we measure at
least two data points [such as Re(r) and Im(r)] at each wavelength point,
from which we wish to determine two values of the optical functions
[e1 and e2, or n and k]. For uniaxial materials, the problem is again slightly
over-determined, in that we measure six parameters [Re(r), Im(r),
Re(rps), Im(rps), Re(rsp), and Im(rsp)] and we want to determine four
parameters [no, ko, ne, and ke].
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3.6.1 Optical Functions from Parameterization

In some cases, one is able to fit the spectroscopic ellipsometry data
using a multilayer model, where the optical functions of the interesting
layer can be parameterized. This often occurs when the material is either
an insulator and/or an amorphous semiconductor where the dielectric
functions can be modeled such as discussed in Section 3.4. In this case,
the parameterization equations can be used directly to obtain the complex
dielectric functions.

In the fitting process described in Section 3.5, film thicknesses, model
parameters, and their associated error limits are approximated. Moreover,
the curvature matrix a [see Eq. (3.52b)] is also obtained. Obviously, it is
easy to obtain the spectroscopic dielectric function for a parameterized
film of substrate by simply using the formula of the dielectric function.
However, one also would like to have estimates of the error limits of the
dielectric functions. Since the parameters obtained from the fitting proce-
dure are correlated, one must use the error matrix a�1 to calculate the
error. As an example, if it is assumed that there are three parameters used
in the fitting procedure to describe the optical functions of a material, then
the squared error for e (both real and imaginary parts) is given by

se
2 � 4��
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∂
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∂
∂
b
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� �

∂
∂
c
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��� � � � (3.53)

The elements of the a�1 matrix are the elements of the submatrix deter-
mined from the whole curvature matrix a by selecting the rows and
columns associated with the three fitted parameters a, b, and c. The factor
of 4 in Eq. (3.53) is included to determine the 90% confidence limits. If a
different number of parameters is used in the model for the dielectric func-
tion, then the dimensions of the vectors and the error matrix in Eq. (3.53)
will be the number of these parameters.

Although the error limit shown in Eq. (3.53) is rigorously valid only
for linear problems with random errors, its calculation for optical function
determination from spectroscopic ellipsometry data is an important part in
the calculation in that it gives some estimate of the accuracy. Of course, if
the value of the c2 from the fitting procedure described in Section 3.5 is
significantly larger than 1, then any of these results are suspect, and the
error limits obtained from Eq. (3.53) are not meaningful. If this procedure
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IS used when c2 is much greater than 1, then one should at least multiply
Eq. (3.53) by a penalty function (such as the final value of c2), which will
at least increase the error limits of the estimates of the dielectric functions.

Figure 3.5 shows a plot of the refractive index n and extinction coeffi-
cient k obtained for the amorphous SiN film grown on silicon from the
spectroscopic ellipsometry data shown in Fig. 3.3. Recall that only the
Tauc-Lorentz model fit the experimental data, so the n and k obtained from
the other fits are suspect. The error limits in both n and k for the Tauc-
Lorentz fit were ~0.002, while the error limits for the other two models
were significantly higher if one uses the penalty function described above.

Part of the reason as to why the Lorentz and the Forouhi and
Bloomer functions did not work so well can be seen from the k plot shown

Figure 3.5 The real and imaginary parts of the complex refractive index for SiN
obtained from the three parameterizations used to fit the data in Fig. 3.3 and
tabulated in Table 3-1.

Ch_03.qxd  1/1/04  2:31 AM  Page 279



in Fig. 3.5. The Tauc-Lorentz function is constrained to have the value of
e2 � 2nk � 0 for energies below the band gap, while the other two func-
tions are not. For very thick films, even a small value of k can contribute
a significant amount of optical absorption for light traversing the film
twice. There is also very little difference between the Tauc-Lorentz
model and the Lorentz model in the dispersion of n, but there are sig-
nificant differences between these two and the n obtained from the
Forouhi and Bloomer model.

3.6.2 Newton-Raphson Algorithm

The reduction of spectroscopic ellipsometry data to optical functions
can be mathematically expressed as finding the roots of the equations:

rr(f, lj d1, d2, …, dN, naj, kaj, n1j, k1j, n2j, k2j, …, nNj, kNj, nsj, ksj) � 0
(3.54a)

ri(f, lj d1, d2, …, dN, naj, kaj, n1j, k1j, n2j, k2j, …, nNj, kNj, nsj, ksj) � 0
(3.54b)

at each wavelength point lj where we have assumed that there are N films
over a substrate. The measured spectra are given by the real and imagi-
nary parts of r [rr, and rI, see Eq. (3.2)] and the angle of incidence is
given by f. Each film is characterized by a film thickness di and a set of
optical functions nij and kij, where the i index spans the number of films
(i � 1 to N) and the j index spans the number of wavelength points in the
spectrum. In this problem, two quantities are measured, so up to two
parameters can be determined, and all the other parameters in Eqs. (3.54)
must be specified.

Since Eqs. (3.54) are inherently nonlinear in all the listed parameters,
there are no good, universally convergent algorithms to solve these equa-
tions. If one can “guess” at values for the parameters to be solved that are
reasonably close to the final solution, then one can use the Newton-
Raphson algorithm to converge to the final solution. However, one must
always be aware that this convergence is never guaranteed. It is possible
that the initial guess is far enough off from the real solution that the algo-
rithm will not converge, or will converge to a false solution. Moreover, it
is possible that there is no solution to Eqs.( 3.54) in the neighborhood of
the initial guess. The reader is referred to the excellent discussion of this
in Numerical Recipes, Chapter 9.6.

Assume that the problem is the much simpler case of a single film
over a substrate, where we wish to determine the optical functions of the
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substrate from the data, given that the ambient is air (na � 1, ka � 0), and
the surface overlayer optical functions are known. In this case, Eqs. (3.54)
simplify to

rr(f, lj d1, n1j, k1j, nsj, ksj) � 0 (3.55a)

ri(f, lj d1, n1j, k1j, nsj, ksj) � 0 (3.55b)

where the only unknowns are nsj and ksj. If these two equations are
solved for nsj and ksj at each wavelength point lj then we will have
determined the optical functions of the substrate. Equations (3.55) can
be vectorized

r(n) � 0 (3.56)

where n � (ns, ks), r � (rr, ri ), and references to the angle of incidence,
wavelength, film thicknesses and refractive indices are assumed to be
known and have been suppressed. Define the Jacobian J

J � � � . (3.57a)

The next iteration of the solution vector is then given by

nnew � nold � dn, (3.57b)

where

dn � −J�1r. (3.57c)

As with the Levenberg-Marquardt algorithm, the Newton-Raphson algo-
rithm also needs a stopping criterion. If the algorithm does converge and
Eq. (3.56) has a solution, then the stopping criterion can be as simple as
stopping the iteration when all elements of the dn vector are smaller than
a chosen error (such as 	10�6). However, the Newton-Raphson algorithm
may not converge, depending upon the model, the data, and the starting
solution. When this occurs, dn may not approach a very small number,
indicating algorithm failure. In some other situations, the Newton-
Raphson algorithm does converge, but a false solution is obtained because
the starting solution was wrong.
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3.6.3 Optical Functions of Bulk Isotropic
Semiconductors and Insulators

One of the most useful applications of spectroscopic ellipsometry has
been the determination of optical functions for a variety of bulk isotropic
materials. Naively, one might just interpret the spectroscopic ellipsometry
data assuming a simple air/material model. Such an approach has an exact
solution, where the dielectric function is given by

e � e1 � ie2 � sin2(f)51 � 3 4
2

tan2(f)6, (3.58)

where the angle of incidence is given by f and the quantity r is defined in
Eq. (3.10).

The major problem with this approach is that it ignores the surface
layer of the material. All materials have this surface overlayer, which
may due to surface roughness, surface oxide, surface reconstruction,
etc. Therefore, any realistic model of the sample is more complicated
than a simple air/material, and Eq. (3.58) is not valid for any model
involving a surface overlayer. However, Eq. 3.58 is quite useful as a
limiting case, and often spectroscopic ellipsometry data are trans-
formed from the r representation into the pseudo-dielectric function
representation using Eq. (3.58). As an example, Figure 3.6 shows the
pseudo- refractive index and pseudo-extinction coefficient for silicon
covered with 0, 0.8, and 2.0 nm of SiO2, respectively.

If a very thin, transparent film covers the substrate, then Drude has
shown that the measured value of ∆ is a function of both the n and k of the
substrate, as well as the thickness of the thin film. Drude’s expression is
given by

∆ � ∆o(ns, ks) � K . (3.59)

The refractive index of the film is given by nf, and the refractive index and
extinction coefficient of the substrate is given by ns and ks. The thickness
of the film is given by d and the wavelength of light by l. For a transparent
substrate, ∆o � 0° or 180°, depending upon whether the angle of incidence
is greater than or less than the pseudo-Brewster angle of the substrate. For
a substrate with a small value of k, then ∆o will be x or 180° � x where x
is a small angle, again depending upon the value of the angle of incidence.
Drude also calculated the effect of y, but this parameter is much less sen-
sitive to very thin films.

nf
2 � 1
�

nf
2

4pd
�

l

1 � r
�
1 � r
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Equation (3.59) suggests a strategy for determining the optical proper-
ties of semiconductors and insulators from spectroscopic ellipsometry
data. The first step is to restrict the analysis range of the spectroscopic
ellipsometry data below the band edge of the material, where it is known
that ks � 0, and therefore ∆o � 0° or 180°. Using some suitable model for
the refractive index of the surface overlayer, calculate the thickness of the
overlayer from the spectroscopic ellipsometry data. Often, the suitable
model is a three-media model consisting of air/overlayer/substrate. The
optical properties of the substrate are parameterized using the Sellmeier
approximation [Eq. (3.36)] and the optical properties of the overlayer are
approximated either as a 50% air/50% substrate Bruggeman effective
medium or as a surface oxide.

Once the parameterized model for the surface overlayer has been
selected and its thickness determined, then the problem simplifies to solv-
ing two equations [Re(r) and Im(r)] for two unknowns (ns and ks) at each
wavelength, where the Newton-Raphson algorithm described above can

Figure 3.6 Three pseudo-optical functions of silicon for three different values of
oxide thickness (in nm). The values of n and k for 0 thickness are the actual opti-
cal functions of silicon (from Ref. 20).
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be used. Moreover, errors in the experimental data r, the angle of inci-
dence, and estimated errors in the overlayer thickness and optical func-
tions can and should be used to estimate the propagated error of ns and ks.

In using this technique, it is extremely important to measure the imag-
inary part of r very accurately when r is near zero, since the second term
in Eq. 3.59 can be quite small and must be measured accurately. In addi-
tion, sample preparation is also important in that samples with small over-
layer thicknesses require less correction and therefore result in smaller
propagated errors in ns and ks.

Figure 3.6 (for 0 overlayer thickness) shows the values of the real and
imaginary parts of the dielectric function of silicon determined from polar-
ization modulation ellipsometry[20] (PME, described in Chapter 6). Since
PME experiments can measure N, S, and C, then ∆ can be measured accu-
rately at all values, and the correction term given in Eq. (3.59) can be meas-
ured very accurately. The model used to determine the optical functions
shown in Fig. 3.6 was air/SiO2/c-Si, where the SiO2 layer was estimated to
be ~7A thick. The error limits are equally important, and are shown in
Fig. 3.7, where random errors, as well as systematic errors in the align-
ment, wavelength, the angle of incidence and surface overlayer thickness
were propagated into the final error estimate. Silicon is an indirect band
gap material, so the value of ks is small below the direct band edge, but it
is not zero. Therefore, the value of ∆o is 0° � x or 180° � x where x is a
small value. The value of ∆0 can be determined from the known values of
the absorption coefficient, determined from transmission measurements.
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Figure 3.7 The error in the optical functions of silicon shown for the 0.0 nm oxide
thickness shown in Fig. 3.6 (from Ref. 20).
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Another approach is used by workers using rotating analyzer ellip-
sometry, where measurements of ∆ near 0° or 180° are often not very accu-
rate. The absorption coefficient of Si near 4.25 eV (the E2 peak) is nearly
2 � 106 /cm, indicating that most of the light is absorbed in the top 5 nm.
If one examines the dependence of the peak in the imaginary part of the
pseudo-dielectric function given in Eq. (3.58), one finds that the value of
	e2
 increases as the thickness of the overlayer decreases. Therefore, one
can select cleaning and etching procedures that minimize this overlayer
simply by maximizing 	e2
. While this procedure does indicate the best
possible surface (that is, the surface that is the cleanest), no metric is given
that indicates the thickness of the remaining surface overlayer.

In spite of the importance of accurate values of the optical functions
of silicon, there still is considerable controversy concerning the best val-
ues. For example, accurate thin film metrology on silicon devices relies
on accurate values of the n and k of silicon. However, the above discus-
sion points to some of the difficulties involved in getting extremely accu-
rate values of the optical functions of silicon. First of all, it is not possible
to get a perfectly clean silicon surface. Either the surface is oxidized or, if
some cleaning procedures are used, the surface is hydrogen terminated.
Moreover, surface oxides, surface roughness, and surface reconstructions
are dependent upon the face of silicon: the (100) face is different from the
(110) face, which is also different from the (111) face. The determination
of very accurate values of the optical functions of any material remains an
extremely difficult problem.

3.6.4 Optical Functions of Anisotropic Materials

The optical functions of anisotropic materials can also be determined
by spectroscopic ellipsometry, but the analysis is considerably more diffi-
cult. Generally, each spectroscopic ellipsometry measurement will result
in the determination of up to six parameters (the real and imaginary parts
of rpp, rsp, and rps) at each wavelength. Additional data can be obtained by
examining different angles of incidence and different orientations of the
sample. For uniaxial crystals, there are four independent parameters to
determine: no, ne, ko, and ke. Therefore, the problem is over-determined,
and a procedure such as described in Section 3.5 must be used.

For a simple air/sample model, certain symmetries to the measured
data apply.

1) If the sample is uniaxial and the optic axis is in the plane
of incidence, then the cross-polarization terms (rsp, and rps)
will be zero.
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2) If the sample is uniaxial and the optic axis is perpendicu-
lar to the plane of incidence, then the cross-polarization
terms will also be zero.

3) If the sample is uniaxial and the optic axis is in the plane
of the sample (q � 90°), then rsp � rps and rsp(j) �
�rsp(�j), rps(j) � �rps(�j), where j is the azimuthal
angle of the optic axis with respect to the plane of
incidence.

Although these symmetries hold for the simple air/sample model, they do
not necessarily hold if there is a surface overlayer over the sample, which
might also be anisotropic.

Spectroscopic ellipsometry studies of anisotropic materials will be
discussed in more detail in Chapter 9 by Schubert.

3.6.5 Optical Functions of Thin Films

It is possible to determine the optical functions of thin film materials
from spectroscopic ellipsometry measurements, even if it is not possible
to find a parametric model that fits the data. The procedure is essentially
the same as for bulk materials, once the correct model for the sample is
obtained. In this case, the optical functions to be solved are nf and kf

instead of the substrate optical functions ns and ks.
The most difficult problem in determining the optical functions of

thin film materials is arriving at a reasonable model for the near-surface
region. In some cases, the surface roughness is so thick that it is not pos-
sible to extract optical functions for the underlying material, whether it is
film or bulk. If the surface roughness is 
25 nm thick and the absorption
coefficient of a material is ~106 cm�1 at some wavelengths, then all of the
light is absorbed in the surface roughness region and very little penetrates
to the actual material, making the determination of the optical functions
of the underlying material nearly impossible.

In some cases, the best solution is to reduce the surface roughness
using a polishing technique. This was done with several samples of thin-
film silicon grown on oxidized silicon by standard chemical vapor depo-
sition.[21] Depending upon growth conditions, the silicon film can be
amorphous, fine-grain polycrystalline, or large-grain polycrystalline.
Post-processing of the film can re-crystallize it, creating a nearly single
crystal film of silicon.

Performing a spectroscopic ellipsometry measurement on such a sam-
ple will result in data such as is shown in Fig. 3.8. At low photon energies
(below ~2.6 eV for the data shown in Fig. 3.8), the thin-film silicon is
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semi-transparent, resulting in several oscillations in the data. At higher
photon energies, the light is absorbed in the surface roughness and thin-
film silicon so no interference fringes are observed.

These observations suggest a strategy to determine the optical func-
tions for thin-film silicon from data such as shown in Fig. 3.8:

1) Restrict the analysis region to the wavelength region of
the oscillations and parameterize the optical functions of
the thin film. For the data shown in Fig. 3.8, one might use
a five-layer model:
a) Air,
b) Surface roughness modeled with a 50% air, 50% film

Bruggeman effective medium approximation,
c) Tauc-Lorentz model for the film,
d) Lorentz model for the amorphous SiO2,
e) Crystalline silicon for the substrate.

Figure 3.8 The real and imaginary part of complex r from a spectroscopic ellip-
sometry experiment on small-grain polycrystalline silicon grown on oxidized silicon.
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Fit the data in the restricted wavelength region to the
above model, keeping only the values of the thicknesses
of the surface roughness, thin-film silicon and the amor-
phous SiO2 layer. Also, keep the fitting parameters for the
Lorentz model for the amorphous SiO2.

2) Using the thicknesses and model parameters obtained in
step 1), re-analyze the spectroscopic ellipsometry data,
solving for nf and kf.

The values of nf and kf for various forms of thin-film silicon are shown
in Fig. 3.9. Note that error limits in nf and kf (not shown) can be also be
determined in a similar manner as for bulk materials.

This whole procedure works because many of the parameters deter-
mined in step 1) are nearly uncorrelated with the other parameters in the
fitting procedure. For example, the surface roughness thickness, using the
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Figure 3.9 The optical functions of several forms of thin film silicon. The values for
crystalline silicon are from measurements on bulk samples and are included for
reference (from Ref. 21).
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50% air, 50% film Bruggeman effective medium approximation, affects
the average value of Im(r). If there is no surface roughness, then the oscil-
lations in Im(r) will be symmetric about 0; any increase in surface rough-
ness will increase the average values Im(r). The silicon film and oxide
film thicknesses will affect the experimental spectrum in a complicated
way, but will be relatively uncorrelated with the other parameters.
However, the parameters used to model the optical functions of the thin-
film silicon in step 1 can be significantly correlated, but this is not an issue
since the values of nf and kf are smoothly varying functions of wavelength
and the error limits (as determined by the procedure described above in
Section 3.6.1 using the error matrix) of nf and kf are not large. Note that
the values of the optical functions of the SiO2 layer must only be reason-
ably valid over the interference region (~1.5 to ~2.8 eV in Fig. 3.8), since
no light penetrates to the thin-film silicon/SiO2 interface at higher ener-
gies. Above the interference region, the only parameter that matters is the
thickness of the surface roughness.

3.7 Depolarization

Up to this point, it has been assumed that the sample does not depo-
larize the light beam, and that Eqs. (3.7) can be used to determine the
sample Mueller matrix from the sample Jones matrix. For many situa-
tions normally encountered in spectroscopic ellipsometry measure-
ments, this is a good assumption. However, there are several situations
where the sample does depolarize the light beam. In these cases, there
is no rigorous connection between the Jones matrix formalism and the
Mueller matrix formalism.

Some classic examples of sample depolarization are:

1) Nonuniform film thickness. If a film on the sample has a
nonuniform thickness over the spot size of the ellipsome-
ter, then the total beam will be quasi-depolarized.[22] That
is, the light from one part of the incident beam will expe-
rience a different film thickness than light from another
part of the beam, and will therefore experience a different
phase shift upon reflection. The integration of the total
light beam performed by the detector will result in a quasi-
depolarization.

2) Transparent substrate. If the substrate is transparent,
then it is possible for some of the light to be reflected
off the back surface of the substrate into the detector.[23]

Since the thickness of the average substrate will be
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~1000 wavelengths of light, and there will most likely
be a very small variation in the thickness of the sub-
strate over the spot size, different positions within the
sampling beam will experience different phase shifts.
Again, the integration of the total light beam at the
detector will result in quasi-depolarization.

3) Rough samples. Very rough surfaces can also depolarize
the light beam[24]. This type of depolarization is not
noticeable if the roughness is much less than the wave-
length of light, where the optical functions can often be
approximated using an effective medium approximation
of the constituents. If the roughness scale is much larger
than the wavelength of light, then a significant fraction
of the light will be scattered out of the collection cone of
the ellipsometer. However, roughness scales on the order
of the wavelength of light become randomly diffractive.
This type of roughness may result in some depolariza-
tion, and some cross polarization.

4) Monochromator/Spectrograph depolarization. Monochro-
mators and spectrographs are not perfectly monochromatic
devices, but rather integrate over a range of wavelengths.
Moreover, stray light and 2nd order effects can add light at
the detector that is significantly different in wavelength
than the test wavelength. Again, light beam integration
results in quasi-depolarization.

Several experimental remedies will minimize or nearly eliminate the
depolarization effects of 1) through 4) above. If the nonuniformity of the
film thickness of a sample is large, then focussing lenses can be used to
sample a much smaller area of the sample. Of course, this can lead to
errors from the integration of the angles of incidence and from uncor-
rected strain of the lenses. The effects of transparent substrates can be
minimized by roughening the back surface, wedging the substrate so that
the back-reflected light is not included in the collection cone of the ellip-
someter, or by using index-matching fluid to couple optically the substrate
with a thicker piece of similar material. Monochromator/ spectrograph
depolarization can be minimized by reducing the slit widths and by mini-
mizing the light intensity from stray light and 2nd order effects using
appropriate filters.

Even if the light beam is partially depolarized from the sample, it still
may be possible to correct for these effects if the amount of depolarization
is measured. If the sample acts as a simple depolarizer, then its Mueller
matrix can be given by (see Brouseau)
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M � bMJ � (1 � b)D � bMJ � (1 � b)� � (3.60a)

where MJ is the Mueller-Jones matrix of the non-depolarizing sample and
b is the fraction of polarized light in the light beam. If the sample is
isotropic, then Eq. (3.60a) becomes

M � � �. (3.60b)

The measured values of Nm, Sm, and Cm are bN, bS, and bC, respectively,
the sum of the squares are

(Nm
2 � Sm

2 � Cm
2) � b2. (3.60c)

Therefore, the measurement of all three quantities Nm, Sm, and Cm is essen-
tial for depolarizing samples, in that it is possible to obtain a measure of
the fraction of polarized light reflected from the sample.

Another type of depolarization occurs when the light beam, because
of its finite size, samples a range of film thicknesses. In this case, the
measured sample Mueller matrix will be

M � � �. (3.61)

Each of the parameters in Eq. (3.61) is given by an integration over the
distribution of film thicknesses over the size of the spot. For example, if
the film thickness varies from D1 to D2 over the spot size, then the para-
meter Nm will be given by:

Nm � �
D2

D11

f(D)N(D)dD, (3.62)

where f(D) is the probability distribution function describing the film thick-
ness variation and N(D) � cos(2y(D)). Similar expressions can be deter-
mined for Sm and Cm. Equation (3.60c) is still valid, and b � 1.

1 �Nm 0 0
�Nm 1 0 0

0 0 Cm Sm

0 0 �Sm Cm

1 �bN 0 0
�bN b 0 0

0 0 bC bS
0 0 �bS bC

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
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An example of the effects of this latter type of depolarization[22] on
spectroscopic ellipsometry data is shown in Fig. 3.10. A thin film of ZnS
was grown on GaAs using pulsed laser ablation. Laser ablation film
growth is well known for producing nonuniform film thicknesses, unless
several precautions are taken. As can be seen from Fig. 3.10, there is a
small dip in b near 1.9 eV, and a much larger dip in b near 2.9 eV. The
depolarization is in fact limited to wavelength regions were the measured
quantities Nm, Sm, and Cm vary rapidly with wavelength.

The data in Fig. 3.10 was fit to a model that included sample depo-
larization from non-uniform film thickness. For this fitting procedure,
the quantities Nm, Sm, and Cm were fit directly and not the transformed r.
In order to incorporate depolarization, a distribution of the ZnS film
thickness was simulated using a “top hat” probability distribution func-
tion. If no depolarization mechanism is included, then the fitted line
shown by the dashed line in Fig. 3.10 was obtained, while the inclusion
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Figure 3.10 The measured ellipsometry parameters N, S, and C for a thin film of ZnS
grown on GaAs. Two fits to the data are shown: one with a distribution of ZnS film
thicknesses, and the other with a constant thickness of the ZnS film (from Ref. 22).
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of depolarization resulted in the solid line in Fig. 3.10. Moreover, the χ2

was 7.24 for the fit without the film thickness distribution compared to
1.07 for the fit with the film thickness distribution. The distribution of
film thicknesses was 227.4 ± 8.9 nm; therefore, a variation of 3.9% in film
thickness was responsible for a ~17% depolarization at 2.9 eV! If the film
thickness is larger, then even smaller variations in film thickness can
result in noticeable decreases in b. In ref. 22, 1.6% variation in film thick-
ness of a 828 nm film resulted in a depolarization as large as 30%!

This type of analysis can also be performed for other types of simple
depolarization, such as listed above. However, it is essential to have a
measure of the depolarization, which requires that three parameters (such
as the N, S, and C parameters) be measured. If only two parameters are
measured, small depolarizations such as discussed above will go unde-
tected, although it is possible to detect large depolarizations with conven-
tional rotating analyzer ellipsometers.[25]
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4 Optical Components and
the Simple PCSA (Polarizer,

Compensator, Sample, Analyzer)
Ellipsometer

Harland G. Tompkins

Chandler, AZ

4.1 General

Ellipsometry was practiced for about 10 years in the 19th century[1]

and for the entire 20th century. The field of optics, itself, is much older
than this, and many of the components which are currently used have been
available for a quite long time. On the other hand, some of the compo-
nents were developed only recently.

We will deal with methods of obtaining polarized light and shall dis-
cuss how the phase difference can be induced to change linearly polarized
light into elliptically polarized light. The ellipsometry variables are often
wavelength-dependent. Spectroscopic ellipsometry (SE) considers the
contribution from many individual wavelengths (or energies) and there
are several methods of sorting out the contributions from each wavelength
(or energy). The angle-of-incidence is always non-normal, and we shall
discuss goniometers briefly.

When polarized light is reflected from a surface at non-normal inci-
dence, a phase shift may be induced, changing the ellipticity of the polar-
ized light. This change is dependent on the material properties of the
surface. It is the essence of ellipsometry to analyze the reflected light in
order to determine what the surface did to the light beam and to hence
draw conclusions about the material.

In order to do this analysis, the polarization state generator often
includes the following:

- light source
- polarizer
- phase inducer which may be one of the following

- none
- quarter-wave plate
- compensator
- phase modulator
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Following the reflection, the polarization state detector often includes the
following

- phase inducer (see above)
- polarizer (called an “analyzer”)
- detector

Since it is essential that the effects of the reflection be analyzed at a single
wavelength (or energy) or at many individual wavelengths (or energies),
a method of separating white light into its individual components is
required. In some cases, this device is incorporated into the light source
itself. In other cases, it is incorporated into the detector.

In Fig. 4.1, we show an early optical instrument shown by Drude[2] in
his book of 1901. This instrument was not called an “ellipsometer” since
this name would not be used until 1945 by Alexandre Rothen,[3] but the
instrument has most of the elements of an ellipsometer. The light source
is not shown, and the detector was the eyeball of the observer. The polarizer,

Figure 4.1 Early optical instrument used for studying changes in polarization upon
reflection. Telescopes F and K, polarizers p and p�, compensator C, and reflecting
surface S. (After Drude[2]).
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analyzer, compensator, and reflecting surface can be seen. In this chapter,
we shall discuss the devices used in order to obtain polarized light, phase
shifters, monochromators, and goniometers.

4.2 The Components

4.2.1 Methods of Obtaining Polarized Light

There are several methods of causing a light beam to be polarized.
Perhaps the simplest method is by reflection. This was discovered by a
French military officer, E. Malus in about 1808[4] and fully explained by
Brewster (circa 1830).[5]

Another method is by dichroism. In one manifestation, organic mate-
rials are imbedded into a plastic sheet and then stretched. This is then dyed
and the dye molecules selectively attach themselves to the aligned mole-
cules. This causes the absorption of light to be high in one plane and low
in another. This is the polarization mechanism of large-area sheet polariz-
ers. In another manifestation, passing light through the crystal tourmaline
was observed to give polarized light.[6]

Yet another method is to fabricate a grid of conductive “wires”, which
are spaced parallel to each other and separated by distances which are
comparable to the wavelength of the light of interest. When the electric
vector is waving in a direction parallel to the conductive “wires”, the elec-
trons can follow the electric field and the electric field is attenuated and/or
reflected. When the electric vector is waving in a direction perpendicular
to the “wires”, the electrons cannot move out of the “wires” and hence the
wave continues through the array. This type of polarizer is used frequently
in infrared spectrometers.

The most common method of obtaining polarized light in the visible
wavelength range is with birefringence, or double refraction. This method
was first observed by Bartholinus, in 1670 and further developed by
Huygens about 20 years later.[7] To put this in historical perspective, this
happened about 50 years after the Pilgrims landed the Mayflower at
Plymouth Rock. Galileo had been dead for about 30 years, and Sir Isaac
Newton was in the most prolific time of his writing career.

It was observed that when a pencil of light was made to fall onto a
calcite crystal, two pencils of light emerged, one slightly offset from the
other. It was discovered that each of these light beams had the special
characteristics that was later described as being “polarized”, with the
polarization directions being mutually perpendicular. Sir Isaac Newton
described the light beam as having two “sides”. Recall that Newton was
not a supporter of the undulatory (wave) theory of light, but supported
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the corpuscular theory. By analogy of the two “poles” of a magnet,
Malus suggested that the two “sides” of the light beam were “polarized”
differently.

Over 100 years after Huygens description, Malus was using a doubly
refracting crystal when he discovered that reflected light was polarized.
He accidentally observed light reflected from the windows of
Luxembourg Palace through a calcite crystal and correctly interpreted his
observation.

4.2.2 Double Refraction[8]

In an amorphous material or a perfectly symmetric crystal, light prop-
agates at the same speed in all directions and the material is described as
being isotropic. For crystals which are not symmetric in all three direc-
tions, the possibility exists that the speed of light is different in different
directions. For a biaxial crystal, the speed of light (and hence the index of
refraction) is different in three mutually perpendicular directions. For a
uniaxial crystal, the speed is the same in two of the three directions (i.e.,
in the plane which contains these two axes), and different in the third
direction. We will focus on uniaxial materials.

If unpolarized light is directed through a uniaxial crystal along the
direction of the unique axis (called the optic axis), the light emerges
unchanged. If the light is directed through the crystal in any other direc-
tion, the light is separated into two beams, the ordinary ray and the
extraordinary ray, as shown in Figure 4.2. This phenomenon is described
as “double refraction” and occurs in many crystals which are not cubic.

Because of the anisotropic nature of the crystal, the index of refrac-
tion is different for light traveling along the unique axis compared to light
traveling perpendicular to the unique axis. Calcite is a common material
which is used in these applications, and the indices of refraction for the
two different situations are shown in Figure 4.3.

For calcite, light traveling along the optic axis has an index of refrac-
tion of no. Light traveling in the plane perpendicular to the optic axis with
one specific polarization will have an index of refraction of ne. Light trav-
eling in any other direction will be separated into two beams. The ordi-
nary ray will have an index of refraction no and the extraordinary ray will
have an effective index of refraction which is intermediate between ne and no.
Accordingly, the index of refraction for the extraordinary ray is a function
of angle or direction. The values shown for ne in Figure 4.3 are then the
extreme values. The ordinary ray behaves according to the common ver-
sion of Snell’s law. The extraordinary ray requires a more general version
of Snell’s law.

302 INSTRUMENTATION
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4.2.3 Calcite Crystals

The primary material used for this purpose is calcite. Historically this
was called “Iceland Spar” and was introduced to Europe from Iceland in
the 17th century. The large deposits on the east coast of Iceland have long
since been exhausted, and most calcite now comes from Mexico, Africa,
and Siberia.

In Figure 4.2, there was no reference to crystal planes. In Figure 4.4
we show a representation of the calcite crystal and the optic axis. The
crystal is a rhombohedron with faces which are parallelograms with

Figure 4.2 Double refraction, illustrated in a generic anisotropic material. Note that
the sides of the material do not represent crystal planes.
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angles of 78.5° and 102°. The chemical form of calcite is calcium car-
bonate (CaCO3).

A line drawn through corner D in such a way that it makes equal
angles with the edges intersecting at D defines the principal crystallo-
graphic axis, or the “optic axis”. We note that the optic axis is a direction

304 INSTRUMENTATION

Figure 4.3 The index of refraction n for calcite in the direction of the optic axis
(shown as the ordinary ray) and in the plane perpendicular to the optic axis (shown
as the extraordinary ray).

Figure 4.4 Calcite crystal form. The corner labeled D and the opposite corner are
the blunt, or obtuse corners. The crystal faces intersect with three angles of
~102° each. At the other six corners the planes intersect at two angles of 78.5°
and one angle of ~102°. The optic axis is shown.
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in the crystal rather than a single line. Any line which is parallel to the line
bisecting the angles is also an “optic axis”. Light which passes through the
crystal in the direction of the optic axis is not separated into two beams,
but continues as a single beam, undeviated. Unpolarized light which
passes through the crystal in the direction perpendicular to the optic axis
is separated into two beams. They travel along the same path and hence
are undeviated, but they travel at different speeds, however. Light passing
through the crystal in any other direction will be separated into two beams
which are traveling in different directions (and different speeds), as
described above in Figure 4.2.

4.2.4 Polarizers and Analyzers

The terms “polarizer” and “analyzer” have been used in optics for a
very long time.[6] The device is often the same kind for both cases, but in
this context, the polarizer is the device which sets the state of polarization
of a light beam and the analyzer is the device which determines the state
of polarization of a beam after it has been altered in some way (e.g., by a
reflection).

Although it was understood from the late 1600s that the calcite crys-
tal separated light into two beams which had unique properties, it was not
until 1828 that William Nicol[9] devised the “Nicol prism” and was able to
remove one of the two beams from the axis of the optical instrument, thus
giving a convenient polarizer. It is reported that he himself did not com-
pletely understand how it worked.[10]

In making the Nicol prism, the calcite crystal was polished to an appro-
priate shape. Note that the prism sides did not correspond to the natural
crystal planes. The plane which contains the optic axis and the normal to
one of the natural crystal planes is called a “principal section” and the light
was made to pass through the prism in one of the principal sections.

In Figure 4.5 we show a principal section of a Nicol prism. After pol-
ishing to the appropriate shape, the crystal is then cut along the plane
which is perpendicular to the principal section and perpendicular to the
ends of the crystal (now at 68° from the bottom). The two surfaces are
ground and polished optically flat and then the two pieces are cemented
together using Canada balsam. This material is a clear transparent sub-
stance with an index of refraction which is about midway between that of
the O and E rays.

At the angles shown, the ordinary ray makes a total internal reflec-
tion at the calcite/Canada balsam interface. This beam is diverted out of
the instrumental axis and is usually absorbed by the surrounding mate-
rial. On the other hand, the extraordinary ray, with a lower index of
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refraction than the Canada balsam, does not suffer total internal reflec-
tion. It passes through the Canada balsam and into the other calcite part
and subsequently out the other end of the Nicol prism. The exiting
beam is polarized with the electric vector parallel to the principal sec-
tion. Note that with a Nicol prism, there is a lateral displacement of the
beam. Another disadvantage of the Nicol prism is a rather narrow field
angle (�20°).

About 50 years after the development of the Nicol prism, another
type prism was developed by P. Glan[11] and subsequently improved by
S. P. Thompson.[12] One configuration of a Glan-Thompson prism is
shown in Figure 4.6. The prism is ground and polished in such a way
that the optical axis is in the plane of the entrance face as well as paral-
lel to the diagonal cut. Although this results in much more calcite
wastage than does a Nicol prism, there are several advantages. Since the
light enters the crystal normal to the surface and to the optic axis, both
the ordinary ray and the extraordinary ray continue to move normal to
the surface, undeviated. The two rays move with different speeds, how-
ever, corresponding to the index of refraction of each respective beam.
The angle for the diagonal cut is chosen such that the ordinary ray is
totally internally reflected and the extraordinary ray is transmitted,
undeviated. For traditional Glan-Thompson prisms, the two halves are
cemented together. For some Glan-type prisms (often called Glan-
Taylor prisms), the two halves are separated by an air gap rather than
being cemented together. Note that the material in the separation
between the two parts of the prism does not have to have an index which
is intermediate to the ordinary and extraordinary ray. What is required is
that the angle is such that one of these two rays makes a total internal
reflection and the other does not.

306 INSTRUMENTATION

Figure 4.5 Schematic drawing of a Nicol prism, showing the principal section.
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4.2.5 Wollaston Prisms

In most ellipsometers, we are content to discard half of the light beam
and use the light having only one polarization. In some cases, notably the
phase modulated ellipsometers, we wish to retain both polarizations, sep-
arated into two beams. This is usually included in the polarization state
detector part of the ellipsometer. For this we often use a polarizing beam
splitting prism, specifically a Wollaston prism, as shown in Figure 4.7

The Wollaston prism consists of two sections which have optic axes
as shown. The light ray enters the prism perpendicular to the crystal
surface (and perpendicular to the optic axis). Both the ordinary and
extraordinary rays continue undeviated, but with different speeds, in much
the same way as in the first part of a Glan-type prism. The cleavage angle
between the two parts is such that neither the ordinary nor extraordinary
ray makes a total internal reflection, but both pass through the interface
into the second part of the prism. The optic axis of the second part is

Figure 4.6 A Glan-Thompson prism. Perspective (A) and Cross-sectional (B) drawing.
The optic axis is shown by the double headed arrows in (A) and by the matrix of
arrow tips in (B).
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perpendicular to the axis of the first part, as shown by the matrix of arrow
tips shown in the upper right hand corner (perpendicular to the page).
Because the axes of the two parts of the prism are perpendicular, at the
interface, the ordinary ray becomes the extraordinary ray and vice versa.
Thus the original O ray (now the E ray) enters a medium of lower refrac-
tive index and is refracted away from the normal to the cut. On the other
hand, the original E ray (now the O ray) enters a medium of higher refrac-
tive index and is refracted toward the normal to the cut. When constructed
properly, the deviation of the two outgoing beams is symmetric about the
incoming beam. As they leave the exit face of the prism, the deviations are
increased due to Snell’s law.

4.2.6 Compensators, Quarter-Wave Plates,
and Retarders

4.2.6.1 The Simple Quarter-Wave Plate

Suppose we consider the incoming linearly polarized light beam to
consist of two mutually perpendicular components which are in phase. It is
sometimes desirable to shift the phase of the beam such that we have ellip-
tically (or circularly) polarized light. We almost always obtain this result

308 INSTRUMENTATION

Figure 4.7 The Wollaston prism. (A) shown in perspective. The double arrows
show the optical axis of each part. (B) shown from the side. The optical axis of the
right part is perpendicular to the page.
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by passing the light through a birefringent crystal (sometimes called a
“wave plate”) in such a way that the index of refraction for one component
is slightly different than the index of refraction for the other component.

Suppose we have a plate where the thickness of the plate is d, and the
thickness is such that an integral number of waves fits in the crystal (the
wave coming out has the same phase as the wave going in). The wave-
length of the light in vacuum is l and the wavelength in the crystal is l�n,
where n is the appropriate index of refraction. Then the total number of

waves in the plate is . If each of the mutually perpendicular components

is controlled by a different index (e.g. ni and nj), then the phase difference
upon emerging would be

d � 2p (4.1)

We obtain this separation in several ways, but they all consist of arrang-
ing for the two mutually perpendicular components to pass through the
wave-plate at different speeds, (i.e., experiencing different values for the
index of refraction).

Historically, for single-wavelength ellipsometry (SWE), a quarter-
wave plate was used. This optical element would transform linearly polar-
ized light into elliptically or circularly polarized light, depending on the
relative orientation of the quarter-wave plate to the plane of polarization
of the light. Figure 4.8 shows a simple plate retarder.

d(ni � nj)
��

l

d
�
l�n

Figure 4.8 Simple retardation plate, made from a negative uniaxial material. The
optic axis is shown. The crystal retards the ordinary ray O relative to the extra-
ordinary ray E.
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The crystal is cut such that the optical axis lies in the plane parallel to
the face of the retarder plate. The light beam enters normal to the face and
optic axis and hence is not deviated. In this example, the light is polarized
such that the component parallel to the optic axis has the same amplitude
as the component perpendicular to the optic axis. Because the ordinary
and extraordinary rays travel at different speeds, the phase fronts become
separated. The extraordinary ray travels faster than the ordinary ray (for a
negative uniaxial crystal), hence when the light beam emerges from the
crystal, the two rays are not in phase. The phase retardation d is given by

d � 2pN � ± (4.2)

where d is the thickness of the plate and l is the wavelength of the light.
N is the retardation in fractions of a wavelength. If N � 1�4, we have a
simple zero-order quarter-wave plate. If N �1 1�4, 2 1�4, etc., we have
a multi-order quarter-wave plate. If N � 1�2, 1 1�2, 2 1�2, etc., we have a
half-wave plate.

For wave plates, having multi-orders magnifies the effect of wave-
length on the phase retardation, as well as magnifying temperature effects
and other effects. Because of this, it is preferable to have a phase retarda-
tion of only one quarter-wave. For quartz (a common birefringent mate-
rial) for red light, ne � no ≈ 0.009. From the above equation, we calculate
that for quartz, a simple zero-order quarter-wave plate would be only
18 micrometers thick. From a structural strength point of view, a device
this thin would be difficult to fabricate and to handle. Accordingly, a com-
mon practice is to fabricate a “pseudo” zero-order quarter-wave plate
which is considerably thicker but can be readily fabricated and handled.

If we attach two thicker crystals together in such a way that the direc-
tion of propagation is perpendicular to the fast and slow axes of both (as
in the simple quarter-wave plate) but the fast axis of the second crystal is
perpendicular to that of the first, a phase shift is induced by the first crys-
tal which is somewhat counteracted by the second crystal. The thick-
nesses of the crystals can be chosen such that the net effect is to shift the
phase by only one quarter-wave.

With a quarter-wave plate, if the two components of the incoming
beam are in phase, as suggested in Figure 4.8, the emerging wave is π�2
or 90° out of phase. If the two components have equal amplitudes, the
wave emerging from the wave plate will be circularly polarized. If the
amplitudes of the two components are not equal, the resulting wave will
be elliptically polarized. Note that if either of the components were zero
(i.e., the linearly polarized wave were aligned to either the fast or slow
axis) then the emerging wave would remain linearly polarized. With

2pd(ne � no)��
l

310 INSTRUMENTATION

Ch_04.qxd  1/1/04  2:35 AM  Page 310



OPTICAL COMPONENTS AND SIMPLE ELLIPSOMETER (PCSA), TOMPKINS 311

incident plane-polarized light, one can shift the ellipticity from linear to
circularly polarized by simply changing the azimuthal orientation of the
wave plate relative to the orientation of the incident polarized light.

We should note that for this type of wave plate, the retardation is a
function of not only the thickness, but the wavelength, hence a plate
which is a quarter-wave plate for one wavelength will not be a quarter-
wave plate for other wavelengths. This implies that this simple retardation
plate will work well for SWE, but has some difficulties when used for SE.

4.2.6.2 The Babinet-Soleil Compensator

By varying the thickness of the wave plate, one can select the wave-
length for which the retardation is 90°, or conversely, for any given wave-
length, one can vary the thickness in such a way that the device is a
quarter-wave plate. This can be constructed manually by using wedges of
the birefringent material. The Babinet-Soleil compensator is one example
of such a device and is shown in Figure 4.9 The wedge is moved with a
micrometer screw.

In some of the early manual ellipsometers, used prior to the introduc-
tion of laser sources, a variable retarder such as this was used. In princi-
ple, one could use this type with spectroscopic ellipsometry, although in
practice, it is not commonly used.

Figure 4.9 The arrangement of a Babinet-Soleil compensator. The wedge is
moved with a micrometer.
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4.2.6.3 The Multi-Element Retarder

Equation (4.2) gives the phase shift induced by a simple quarter-
wave plate. For a given wavelength l, the thickness d is chosen such that
d � π�2. If one uses this “quarter-wave plate” with radiation with a dif-
ferent wavelength, clearly, the phase shift is not a quarter wave. Note
from Figure 4.3 that although ne and no vary significantly as a function of
wavelength, the difference between them is not a strong function of
wavelength. Hence, we would expect that the phase shift for a given
retarder would vary roughly as 1�l. An example of this is shown in
Figure 4.10.

It is not essential, for ellipsometry, that the retardance be exactly 90°
so long as the calculation software has the correct value for the retardance
for each wavelength of interest. On the other hand, no ellipsometric data
can be obtained if the retardance is zero or a multiple of 360°, and if the
retardance is either 180° or 180° plus a multiple of 360°, the ability to
accurately measure the ellipsometric parameter ∆ is lost.[13]

From Figure 4.10, we see that if the wavelengths used are simply
those in the visible region, this retarder would probably be sufficient. In
the UV region, however, the retardance passes through 180°. Accordingly,
this simple retarder is not useful when the spectral range extends into the
UV region.
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Figure 4.10 The retardance of a simple retarder as a function of wavelength. The
thickness was chosen so that the retardance was a quarter-wave in the middle of
the visible region.
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A two-element compensator can be constructed using two retarders
which are quarter-wave plates for different wavelengths. The fast axes of
the two elements are offset from one another.[14] Figure 4.11 shows the
retardance curve for one such combination. The retardance of this two-
element compensator does not cross 180°, but stays within the 90–135°
range in the UV. The trade-off is that calibration is somewhat more com-
plex since the “effective” fast axis varies strongly with wavelength.[14]

4.2.6.4 The Fresnel Rhomb

Using the Fresnel rhomb is a very old method of obtaining circularly
polarized light.[15] The basic idea is that when light makes a total internal
reflection inside a transparent material, a phase shift occurs, and the amount
of phase shift is different for the p-waves and the s-waves. The relative
phase shift between the p and s waves is angle dependent. Figure 4.12
shows one configuration.

In this particular example, the parallelepiped (or rhomb) is made of
a transparent material which has an index of refraction of 1.51 (e.g.,
crown glass) in the center of the visible region. The dependence of phase
shift is somewhat convoluted,[16] but the net effect is that the dependence
of phase shift on wavelength is not nearly as strong as that shown in

Figure 4.11 Retardance as a function of wavelength for a two-element compen-
sator. Quarter-wave plates for 266 nm and for 633 nm were used. The fast axes
were oriented approximately 45° apart. (data taken from Johs, et al.[14]).
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Figure 4.10. For some materials, the phase shift varies less than 2° over
the range from 400 nm to 700 nm.[17]

One disadvantage of the Fresnel rhomb shown in Figure 4.12 is that
light beam is displaced. If one makes the angle-of-incidence equal to
74.7°, the phase shift is l�16 and four reflections are required for a quarter-
wave shift. Such an arrangement is shown in Figure 4.13. In this case, the
result is no net displacement of the light beam.

4.2.6.5 The Tilting-Plate Compensator

With this type compensator, the retardance is not necessarily 90°. We
will find that for rotating analyzer and rotating polarizer ellipsometers, it
is often desirable to shift the phase somewhat so that the value of ∆ is not
particularly close to 180° or 0°. Although it is not necessary to shift the
phase 90°, it is necessary to know the value of the shift for subsequent
analysis. The Berek compensator is one such tilting-plate compensator,[18]

shown in Figure 4.14.
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Figure 4.12 The Fresnel rhomb. The angles shown are for a material with index
n � 1.51. If the incoming p-waves and s-waves have equal amplitude and are in
phase, the light is elliptically polarized (l�8 phase shift) after the first reflection and
is circularly polarized (l�4 phase shift) after the second reflection.
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Whereas in the traditional quarter-wave plate shown in Figure 4.8,
the optic axis is parallel to the crystal face, in the case of a Berek com-
pensator, the optic axis is perpendicular to the crystal face. If the crystal
is not tilted (as shown in the left side of Figure 4.14), and the light enters
at normal incidence, it propagates with a velocity independent of polar-
ization, according the ordinary index, no and hence no phase shift occurs.
If the crystal is tilted at an angle q, as suggested in the right side of Figure
4.14, the part of the light beam which is polarized perpendicular to the
tilt axis (in this case, in the vertical plane) will become slightly extra-
ordinary, with an effective index of refraction n�e which is given by

� �� ���. (4.3)
sin2q
�

ne
2

cos2q
�

n2
o

1
�
n�e

Figure 4.13 A double Fresnel rhomb quarter-wave retarder. The angles shown are
for a material with index n � 1.51. Each reflection induces a shift of l�16 thus giv-
ing a phase shift of a quarter-wave after the four reflections. The light exiting the
device on the right is on the same axis as the light entering the device on the left.

Figure 4.14 The Berek compensator, an example of a tilting-plate compensator.
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Since the tilt is always a small angle (typically less than 10°), the effec-
tive index of refraction n�e is very close to no. The primary effect of the tilt
is to distinguish the ordinary ray from the slightly extraordinary ray. The
displacement of either ray due to the tilt for a 1 mm thick plate is less than
100 micrometers and the difference in the displacement of the two rays
(the separation) is less than 100 Å. However, due to the slight difference
in velocity, the two beams come out of the crystal out of phase. The phase
difference d (in radians) is given by

d � 2p(n�e � no) (4.4)

where d is the thickness of the plate. For a 2 mm plate of material such as
MgF2, at a wavelength of 500 nm, a tilt of 3° will give a retardance of
slightly less than 50°.

It should be noted that if one tilts the crystal the same angular amount
about the same axis, but in the opposite direction, the phase shift will be
the same (as opposed to being equal to �d). In order to obtain a phase
shift in the opposite direction, one has to tilt the crystal about an axis
perpendicular to the one shown in Figure 4.14.

One of the primary advantages of the tilting-plate compensator is that
it is very easy to obtain the same effect as having no compensator by
simply aligning the beam and the crystal optical axis.

4.2.7 Photoelastic Modulators

In the above described devices, once the device is configured, the
phase shift is constant in time. For the photoelastic modulator, the phase
shift changes sinusoidally as a function of time. Like the compensators
described in the previous section, the phase separation is obtained by hav-
ing the two perpendicular components travel through a “wave plate” at dif-
ferent speeds. Whereas the different speeds in the previous examples were
obtained by using a birefringent crystal at rest, it is obtained in a photoelastic
modulator with a time-varying birefringence induced by a time-varying
stress in a normally isotropic material. An isotropic material such as fused
quartz will become anisotropic when stressed and hence will induce the
same kind of birefringence as an anisotropic crystal such as calcite.

The construction of a typical photoelastic modulator[19] is shown in
Figure 4.15. The piezoelectric transducer, shown on the left, is a block of
crystalline quartz which is cut in a specific orientation (�18°, X cut). A
metal electrode is deposited on each of two sides and the transducer is cut
in such a way that it resonates when a 50 kHz electric field is applied. The
resonance is uniaxial and is directed along the long axis of the crystal. A

d
�
l
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block of fused quartz is cemented to the end of the transducer. The end
dimensions of the two pieces are the same and the length of the fused
quartz is such that it too has a 50 kHz fundamental longitudinal resonance.
When the two are cemented together, resonance of the transducer causes
a periodic strain in the fused quartz.

When the fused quartz is unstrained, it is isotropic. The phase of two
perpendicular components of light will remain unchanged. As illustrated in
Figure 4.16, when the optical element (the fused quartz) is strained in the
longitudinal direction, the index of refraction in that direction changes. The
block is not strained in the vertical direction and hence the index of refrac-
tion in the vertical direction remains unchanged. When the optical element
is in tension (A), the longitudinal component of light travels slightly faster
than the vertical component in such a way that the two components are no
longer in phase. Similarly, when the optical element is compressed (B), the
longitudinal component travels slighter slower than the vertical component.

The light is therefore periodically phase shifted, first in the positive
direction and then in the negative direction, at the resonant frequency. The
frequency of oscillation is determined by the size and shape of the crys-
tals. The amplitude of the oscillations (and hence the maximum ellipticity)
depends on how much voltage is applied at the resonant frequency. The
oscillating birefringence effect is at its maximum at the center of the fused
quartz element.

4.2.8 Monochromators

For SWE, a monochromatic light source such as a laser is typically
used and hence the wavelength is fixed. For SE, we need to obtain the
∆�Ψ information as a function of wavelength (or energy), hence some
manner is needed either to measure the light one wavelength at a time

Figure 4.15 The components of a photoelastic modulator.
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or to simultaneously measure the contributions of the individual spec-
tral components.

In some cases, the monochromator is made part of the light source,
hence only the light with a single wavelength strikes the sample. In other
cases, white light strikes the sample and the light is separated into its spec-
tral components in the detector side of the instrument.

Historically (Newton, circa 1672), light was divided into its spectral
components with a prism. Another method of separating the light into its
spectral components has been available since roughly the beginning of the
20th century, however, and that is the diffraction grating. H. A. Rowland,
in 1882, was able to produce a simple diffraction grating. Lord Rayleigh,
in 1888, developed the concept theoretically, suggesting that it should be
possible to put a large fraction of the light into a single order (this would
later be called a “blazed” grating). By 1910, R. W. Wood had advanced
the art of making them.[20]
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Figure 4.16 As the transducer oscillates, the fused quartz is strained in the longi-
tudinal direction. The induced change in the index of refraction causes the compo-
nent of light in the longitudinal direction to move either slower (A) or faster (B) than
the component in the vertical direction.
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To understand how a diffraction grating separates the light into its spec-
tral components, let us start with a transmission grating, shown in Figure 4.17.
A transmission grating consists of a series of parallel slits which are spaced
at regular intervals, with the spacing d being comparable to the wavelength
of light, l. Light with a given wavelength will have constructive interference
at several selected angles of deviation from the incident direction. The equa-
tion for constructive interference for a given wavelength is

sinq � m (4.5)

where m is an integer with values 0, 1, 2, 3, etc. For m � 0, i.e., the zero
order, the light emerges with no deviation. If various wavelengths are pres-
ent, they all come out together, hence with white incident light, the zero
order beam is white. The various other beams are referred to as the 1st order
beam, the 2nd order beam, etc., and the light is separated into its spectral
components according to the equation above. If the light is not incident in
a normal direction, but at an angle f from the normal, then the equation
becomes

sinf � sinq � m (4.6)

One difficulty arises from the multiple order beams. From the equations
above, we see that light for the first-order beam with wavelength l will
occur at the same angle as light for the second-order beam for wavelength
of l�2. Light at 400 nm (violet) from the first order will coincide with
light at 800 nm (near IR) from the second order. Filters are sometimes
used to separate these two components.

l
�
d

l
�
d

Figure 4.17 Transmission diffraction grating separating white light into its components.
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The effect shown in Figure 4.17 is that of a transmission grating.
Diffraction can also occur with reflection in much the same manner.
If the surface of the grating shown in this figure were made of a
reflective material, one would also observe various order diffraction
from reflection since the part of the grating between the slits has the
same spacing and periodicity as the slits themselves. Reflection
gratings are somewhat easier to fabricate from a structural strength
point-of-view.

It is the task of any dispersion device to exclude all wavelengths
except the desired one. For a grating, one must also exclude all except
one order. Consequently, it is often desirable to enhance one order
beam compared to the other order beams (for example, we might want
to make the 1st order beam very intense compared to the 2nd, 3rd, or
greater orders.) This can be done by tailoring the shape of the reflect-
ing surface. Figure 4.18 shows a cross section of a reflection grating
with controlled groove form. This type grating concentrates most of the
intensity into one order (usually the 1st or 2nd) on one side of the inci-
dent beam. With proper choice of shape, gratings can be produced
which will show a blaze of color at any desired angle, hence they are
described as “blazed gratings”.

For ellipsometry, the grating can be used with slits so that only the
desired wavelength passes through to the detector. This is often done with
a double-monochromator with filters, choppers, etc. They also can be
used with a series of detectors (i.e., a charge coupled detector array) so
that a set of chosen wavelengths can be read simultaneously.
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Figure 4.18 Cross section of a blaze reflection grating.
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4.2.9 Goniometers

The measurement of angles is one of the key issues of ellipsometry.
This involves the angle-of-incidence as well as the azimuthal angle position
of the polarizers, analyzers, and retardation plates. Measurement of angle is
a very old technology. Historically, the measurement of angle was used in
surveying, navigation, and astronomy. The 360-degree division of a circle
originated in the astronomy of the Babylonians. The further subdivision into
minutes and seconds based on a sexagesimal system (e.g., 15° 7� 30�) also
dates to that time.[21] The decimal notation (e.g., 15.125°) could not have
been used prior to the early 1600’s when John Napier developed the con-
cept of the decimal notation as part of his development of logarithms.[22]

It is interesting to note that there exists another division of the circle,
sometimes used by mariners, which divides the compass into 32 points.
This results from bisecting the four cardinal directions, then repeating the
bisecting process two additional times. In international waters, when one
vessel approaches another more than “two points abaft the beam”, it is
considered a “passing” situation rather than a “meeting” situation. The
360-degree system has persisted for all other angular measurements, how-
ever, probably due to the similarity to the number of days in the year.

It was the work of the Hellenistic astronomer Ptolemy (circa 100 �
170 AD) that established the methods of angular measurement (for astron-
omy) for many centuries to come.[23] There is very little written histori-
cally about the manufacture of the instruments for angular measurement
prior to the late 1700s. The art of graduating the circle was carried out in
secrecy, with each artisan having a method of his own until in 1767, the
British Board of Longitude persuaded John Bird to set down his methods
in print for the benefit of the nation.

Many of the early instruments were segments of a circle and the possi-
bility of systematic error was great. The graduation of an entire circle must
close on itself, and hence the possibility of systematic error was reduced.
Kepler notes that Ptolemy could measure only to an accuracy of about one-
sixth of a degree (or to 10 minutes of arc).[24] If one considers the entire
range to be 180°, this represents an uncertainty of about one in 1000, which
doesn’t seem too bad for instruments used almost 2000 years ago.

Tycho Brahe had established an observatory on the island of Hven in
the Danish sound in 1575. His innovations rendered a single minute of arc
a sensible quantity. The best astronomical quadrants were made to have
tolerances down to about 2 seconds of arc by 1775, and by 1820, the cir-
cles were measuring down to fractions of a single second.[23]

Technological improvements included the vernier scale, developed
by Pierre Vernier[26] in 1631, and the micrometer screw and worm gear,
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developed in late 1700s.[27] Thus, by the time of Drude, in the late 1800s,
the technological abilities for angular measurements exceeded the needs
for the ellipsometric technique. It might be noted in passing that an inex-
pensive hand-held global positional system receiver, along with the nec-
essary artificial satellite system, gives a longitudinal angular position on
the earth’s surface to within few meters, which represents an angular
measurement uncertainty of about one part in ten million.

The remaining improvements in the technologies needed for ellip-
sometry then became speed and automation. The development of the step-
per motor in the late 20th century allows current instruments to position
themselves quickly and reproducibly with angular accuracy in excess of
0.01°. The limiting step in most ellipsometry is not angular measurement,
but component non-ideality and readout non-ideality. The other primary
limitation is how well the sample conforms to the model of a uniform
material with plane parallel interfaces.

4.3 Ellipsometer Component Configurations

4.3.1 Early Null Ellipsometer Configurations

For the first three quarters of the 20th century, ellipsometry was prima-
rily done with a single wavelength, and with a nulling technique.[28] In this con-
figuration, the primary measurements which were made were the azimuthal
angles of the polarizer, analyzer, quarter-wave plate, and the angle-of-
incidence. In this configuration, quantitative consideration of the intensity
of the light was minimal; the only concern was to determine when the null
(the intensity minimum, hopefully zero) had been reached.

The rudimentary concept is simple. Polarized light is incident on a
sample. The reflection induces an ellipticity. The quarter-wave plate
can be rotated until the ellipticity is canceled. The final polarizer deter-
mines when this is the case, and it also gives the value of the azimuthal
angle of the linear polarized light after emerging from the quarter-wave
plate. The azimuthal angles of the polarizer, quarter-wave plate, and
analyzer are then used to calculate what the sample did to the probing
light beam. Unfortunately, the equations are somewhat cumbersome for
this configuration.

In actual practice, a slightly different configuration is used, as shown
in Figure 4.19. This simplified the calculation significantly. Rather than
have the polarizer fixed at a chosen angle, the quarter-wave plate Q was
placed before the reflection and it was held fixed at 45°. The polarizer P
and analyzer A were then rotated interactively until null was reached.
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With the development of microprocessors, this same configuration
was used, with the microprocessor driving the optical instruments and
deciding when null had been reached. The microprocessor could also then
do some regression analysis to determine sample parameters such as
thickness and index for simple sample geometries.

4.3.2 Photometric Ellipsometer Configurations

Because the nulling process was somewhat slow, a different configu-
ration was developed.[28] This is shown in Figure 4.20.

In this case, the polarizer is fixed at an azimuth of 45°. The quarter-
wave plate (Q) is held at a fixed angle such that when it is in place, the
emerging light is circularly polarized. The quarter-wave plate can be either
in the beam, or removed from the beam. After the reflection, the light is, in
general, elliptically polarized. The analyzer rotates continuously, hence
this type ellipsometer is called the rotating analyzer ellipsometer (RAE).

Figure 4.19 The configuration of a nulling single-wavelength ellipsometer.

Figure 4.20 The configuration of a photometric single-wavelength ellipsometer.
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RAEs are discussed in detail in a subsequent chapter. We simply introduce
them at this point. The intensity of the light emerging from the analyzer
depends on how the polarizer is oriented with respect to the ellipticity of
the light beam. Continuously rotating the analyzer will result in a sinu-
soidally varying intensity which can be Fourier analyzed to determine the
ellipsometric parameters ∆ and Ψ. Note that in this case, the magnitude of
the light beam is significant, thus this is referred to as a “photometric”
instrument. It has been shown by Aspnes[29] that, with this method, the
uncertainty in the value of ∆ is the greatest when the emerging light is lin-
early polarized (the measured value of ∆ is near zero or 180°). Inserting
or removing the quarter-wave plate will shift the value of ∆ by 90°, thus
assuring that for one of the two situations (in or out) a reliable value of ∆
can be obtained.

4.3.3 Spectroscopic Ellipsometers

For spectroscopic ellipsometry, a white light source along with a
monochromator of some sort is used to obtain ellipsometric measure-
ments at many different wavelengths. In some cases, the monochromator
is positioned prior to the polarizer and in some cases, after the analyzer.
For SWE, the quarter-wave plate is usually a simple crystal which retards
the beam 90° for that particular wavelength. Clearly, this configuration
will not work for SE, which uses many wavelengths.

In the configuration shown above for SWE, half of the measure-
ments are made with the quarter-wave plate in the beam and half are
made with it out of the beam. Psi is determined without the quarter-wave
plate. The quarter-wave plate is required for single-wavelength ellip-
sometry for those instances where ∆ is near zero of 180°[29]. For many
spectroscopic ellipsometers, no compensator (or quarter-wave plate) is
used. We simply toss out the data for those wavelengths where ∆ is near
zero or 180° and do our regression analysis with the remainder of the
data. Two such configurations are shown in Figure 4.21.

For any given wavelength, the white light source is not nearly as intense
as a laser source. Some manufacturers use chopping in the white light part
of the beam to reject room light. In this case, the intensity of the light beam
after the analyzer will have two sinusoidal waves superimposed, one from
the rotating polarizer or analyzer and the other from the chopper. Fiber
optics allows us to position the monochromator at a convenient location,
rather than mounting it on the goniometer arm. The fiber maintains inten-
sity information, but does not maintain phase information.

For these configurations, the position of the fixed element, (the polar-
izer in Fig. 4.21A and the analyzer in Fig. 4.21B) is not held fixed at 45°,
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as was the case for SWE. The uncertainty in the data is reduced significantly
if the azimuthal position of the fixed element has a value near that of Ψ.
Accordingly, based on the previous measurement, the fixed element is
positioned at a value near Ψ prior to making the measurement. This is
referred to as “polarizer (or analyzer) tracking.”

There are some applications where most of the ∆ values will be
near zero or 180°. Examples are the analysis of a dielectric substrate,
or a semiconductor substrate in the transparent region of the spectrum.
A classical example is the analysis of a polymer film on a microscope
slide.[30] In this case, we cannot simply throw out the data where ∆ is
near zero or 180° since this represents almost all of the data. In this
case, some sort of compensator is required to move the measured val-
ues of ∆ to a more favorable part of the ∆�Ψ domain. As shown in
Figure 4.22, the compensator is positioned in the incident beam just
after the polarizer, in a manner similar to the SWE instrument shown

Figure 4.21 (A) Configuration of a rotating analyzer spectroscopic ellipsometer,
and (B) configuration of a rotating polarizer spectroscopic ellipsometer. In both
cases, the light entering the detector has a sinusoidal component due to the
rotation of the polarizer or analyzer.
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previously. This is not a simple crystal, however, since many different
wavelengths are involved. Also, it is not particularly important that the
phase difference induced be 90°. It is simply necessary for the com-
pensator to move the measured ∆ value away from zero or 180° suffi-
ciently far to reduce the uncertainty. It is also necessary that the con-
trolling computer and software know how much phase shift was
induced. When the value of ∆ is in a favorable region, it is important
not to shift it to a less favorable region. Accordingly, the retarder must
be under computer control and be able to induce the proper phase shift to
improve the quality of the data.

Various different kinds of compensators are used for this function in
SE. These include the tilting-compensator, a compound quarter-wave
plate, or a Fresnel rhomb.

4.3.4 Other Configurations

There are a variety of other configurations which can be used in
spectroscopy ellipsometry. These include the rotating compensator
ellipsometer, multi-wavelength ellipsometer, and the phase-modulated
ellipsometer. The components of a rotating compensator ellipsometer
are configured analogously to the rotating analyzer except that the
rotating element is the compensator. The equations for analyzing the
light intensity are also different. The multi-wavelength ellipsometer
uses an array of detectors and captures the data for each wavelength
simultaneously. This type of ellipsometer is described in detail in a sub-
sequent chapter. The phase-modulated ellipsometer is also described in
a chapter later on in the book.
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Figure 4.22 Configuration of a rotating analyzer spectroscopic ellipsometer which
employs a compensator.
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5.1 Introduction

The complete reflection ellipsometry measurement entails five basic
steps: (1) generation of an incident light beam in a polarization state
known accurately in advance through instrument calibration, (2) specu-
lar reflection of the beam from a sample surface leading to an emergent
beam in a new polarization state, (3) accurate analysis of the new polar-
ization state again relying on instrument calibration information, (4) cal-
culation of beam/sample interaction parameters such as the ellipsometric
angles (y, ∆) from the information on the incident and reflected beam
polarization states, and (5) computation of optical and structural infor-
mation on the sample such as complex dielectric functions and/or thick-
nesses from the interaction parameters.[1,2] Steps (1) through (4) depend
sensitively on the details of the instrument design, whereas step (5) depends
only on the mode of data collection and the parameter representation
chosen in the experiment.

In steps (1) and (3), the four components of the Stokes vector describe
the most general polarization states for the incident and reflected beams.[1]

However, if the incident and reflected beams are completely polarized (so
that no depolarization by the sample occurs), and furthermore if one is not
interested in the irradiance in the beams (which determine the reflectance
of the sample), then two quantities are sufficient to describe each of these
states. The two quantities are the azimuth angle Q (�90° � Q � 90°) of
the semimajor axis of the polarization ellipse and the ellipticity angle of the
ellipse c � tan�1e (�45° � c � 45°; �1 � e � 1), where e is the ratio of
the semiminor axis to the semimajor axis of the ellipse. The angle Q is meas-
ured from the plane of incidence in a counterclockwise-positive sense looking
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opposite to the beam direction. Thus, if the incident beam polarization
state is known, then the determination of (Q, c) for the reflected beam pro-
vides two beam/sample interaction parameters, typically the ellipsometric
angles (y, ∆). In fact, (y, ∆) are defined by tany exp(i∆) � rp�rs, where rp

and rs are the complex amplitude reflection coefficients (the reflected to
incident electric field ratios) for the p and s linear polarization directions
(parallel and perpendicular to the plane of incidence, respectively).

The key step in the development of ellipsometry as an important
optical tool for the characterization of specularly reflecting surfaces and
thin films was the automation of measurement methodologies that had
previously required numerous manual steps and several minutes in order
to obtain a single (y, ∆) pair. Progress in the automation of ellipsomet-
ric instrumentation began in the early 1960s and continued through the
1970s, with powerful automatic instruments and software becoming
available commercially soon thereafter. The development of ellipsomet-
ric instrumentation over this period can be appreciated by consulting the
four conference proceedings on this subject.[3–6] The introduction of
inexpensive laboratory computers, assuming the tedious tasks of data
collection and analysis, stimulated the rapid development of ellipsome-
try over this period. This progress was significant in two respects. First,
computer control of ellipsometers allowed extension of ellipsometry
into the spectroscopic domain using a broad-band source and a scanning
monochromator.[7] As a result, one could measure optical functions of
materials continuously with high spectral resolution from the near-
infrared to the ultraviolet. Without automation, manual instruments
could be used to collect only a relatively small number of (y, ∆) pairs
versus wavelength (not the �100 pairs possible with automatic instru-
ments). Second, computer control also allowed extension of ellipsome-
try into the time domain using high speed data acquisition for in situ
studies of thin film growth kinetics and surface modification.[8,9] Without
automation in this case, manual instruments could be used to probe only
static or very slowly changing surfaces (�10 min time variations).

Figure 5.1 shows a generic ellipsometer design that includes spectro-
scopic measurement capabilities.[1,7] Ellipsometers can be classified as
either compensating (also called null) or photometric. In compensating
ellipsometry the generic design of Fig. 5.1 is applicable, and the ellipso-
metric angles (y, ∆) are determined directly from the adjustable angular
settings of the optical components required to achieve a null signal at the
detector. Such settings include the azimuth angles of the transmission axes
of the polarizer P� and analyzer A�, and that of the fast axis of the com-
pensator C�, along with the retardance of the compensator dC. (The
azimuth angles are measured as shown in Fig. 5.1 in a counterclockwise
positive sense looking opposite to the beam direction, in the same way as
the tilt angle Q of the polarization ellipse.) In photometric ellipsometry,
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(y, ∆) are determined from measurements of the time-dependence of the
irradiance at the detector also using the known values of the optical
element settings or modulation phases. Compensating and photometric
ellipsometers can be designed to be either manual or automatic, and either
single wavelength or spectroscopic. In Section 5.2 where different instru-
ments designs will be compared in greater detail, the exclusive focus will
be on automatic instruments with spectroscopic measurement capabilities.

The two most common ellipsometers as judged by commercial avail-
ability are based on rotating polarizer/analyzer and phase modulation prin-
ciples. The sequences of these two ellipsometers are very similar. As in the
generic configuration of Fig. 5.1, the rotating polarizer or analyzer ellip-
someter includes a light source, collimating optics, a polarizer, and an
optional compensator all on the polarization generation arm of the instru-
ment, and a single polarizer, called an analyzer, optional focusing optics,
and irradiance detection system all on the polarization detection arm of the
instrument.[10–12] For the rotating polarizer configuration, the polarization
state of light on the polarization generation arm of the instrument is mod-
ulated by rotating the polarizer continuously during measurement at a con-
stant angular frequency w, typically ranging between 10 and 100 Hz. The
compensator angle and retardance setting (if available) as well as the ana-
lyzer angle are fixed during measurement. For the rotating analyzer con-
figuration, the analyzer on the polarization detection arm of the instrument
is rotated continuously, while the polarizer angle and compensator settings
(if available) are fixed. Finally, for the phase modulation ellipsometer, the
compensator in the generic design of Fig. 5.1, optional for the rotating
polarizer and analyzer instruments, is replaced by the key element, a piezo-
birefringent phase modulator.[13,14] Usually operating at a frequency of
50 kHz, this element modulates the incident beam polarization state while
the polarizer and analyzer angles are fixed during the measurement.

Figure 5.1 A generic ellipsometer design that includes a spectroscopic measure-
ment capability.
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In this article, automatic rotating polarizer and analyzer ellipsometers
will be discussed in detail. As noted above, the discussion will focus pri-
marily on automatic instruments with spectroscopic capability, based on
the recognition that wavelength is the single most powerful variable
parameter to use for multiple determinations of (y, ∆) under different
conditions.[7]

In Section 5.2 of this chapter, a broad overview of the different ellip-
someters is provided including a general comparison of the design features
and their relative advantages and disadvantages for various applications.

Section 5.3 will address the practical details of rotating polarizer and
analyzer instrument designs, including the issues that impact the selec-
tion of either the rotating polarizer or rotating analyzer instruments. This
section will also address the selection of optical components, the spec-
tral range accessible to the different component selections, the alignment
of optical elements and the overall instrument, and, finally, the design
of the instrument control and data acquisition electronics and related
instrumentation.

In Section 5.4, the mathematical descriptions of the polarization gen-
eration and detection arms will be provided for both the rotating polar-
izer and analyzer instruments using Stokes vectors and Mueller matrices.
In addition, the incorporation of a compensator into both instrument
designs will be treated in a general way through the adoption of an arbi-
trary Mueller matrix in the mathematical description. In this section, the
theoretical treatment will be applied to establish data reduction proce-
dures for instruments with and without compensators. Modifications of
the data reduction equations are described that include the effects of
errors without approximation. The appropriate parameters that character-
ize the errors are determined from measurements of standard samples as
described in this section or from calibration procedures as described in
Section 5.6.

In Section 5.5, the factors that control the precision of the rotating
polarizer and analyzer ellipsometers are described. In particular, optimum
approaches for operating the instrument so as to achieve the highest pos-
sible precision and accuracy are discussed.

Calibration of the rotating polarizer and analyzer ellipsometers is dis-
cussed in Section 5.6, and the expansion of such procedures to include the
compensator is treated in this section as well. An important capability of the
calibration procedures involves the determination of a number of correction
parameters, in addition to the polarizer, compensator, and analyzer scale
reading corrections. These correction parameters characterize the effects
of optical activity in the optical elements, apparent dichroic effects in the
compensator, source polarization, polarization sensitivity in the detection
system, and errors in the electronic system.

332 INSTRUMENTATION
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A summary of this chapter and anticipated future directions in rotating-
element ellipsometry will be provided in Section 5.7. The status of various
rotating polarizer and analyzer instruments for use in specialized applica-
tions will be described briefly along with their current limitations. These
applications include variable-angle spectroscopic ellipsometry, infrared
and ultraviolet spectroscopic ellipsometry, different forms of imaging
ellipsometry, and real time spectroscopic ellipsometry. The emphasis here
is on the design commonalities of these instruments and how their limita-
tions can be overcome in future instrumentation research.

5.2 Comparison of Ellipsometers

Two forms of automatic or self-compensating ellipsometers have
been developed. The first is a straightforward extension of the classical
null ellipsometer that involves attaching stepping motors to the adjustable
elements.[15] This instrument has the same form as the generic ellipsome-
ter of Fig. 5.1 and includes a collimated quasi-monochromatic beam orig-
inating from a broad-band source and monochromator, a stepping motor
controlled polarizer and a fixed compensator (not optional in this case),
the reflecting sample, a stepping motor controlled analyzer, and a photo-
multiplier tube (PMT) detection system. The compensator is usually set at
or near the quarter wave point dC � 90° with C� � ±45°. Measurements
are made with this system by adjusting the angle of the polarizer under
computer control such that, upon reflection, the sample exactly reverses
the ellipticity angle imparted to the beam by the polarizer/compensator
combination. Then the reflected light is linearly polarized and can be fully
extinguished (nulled) by adjusting the angle of the analyzer also under
computer control. The resulting angles of the polarizer and analyzer at the
null provide the ellipsometric angles (y, ∆). Although the manual process
of nulling requires several minutes of tedious operation, the automatic
stepping motor system can provide (y, ∆) in 1 s or less.

In this ellipsometer, it is also possible to place the compensator after
the sample, thus using the compensator to exactly reverse the ellipticity
angle imparted by the sample. If one has a choice, however, it is generally
best to place the compensator before the sample. When positioned after
the sample, the compensator may exhibit slightly different polarization
modification characteristics (yC, dC) due to small differences in beam path
generated in turn by small differences in sample alignment. When posi-
tioned before the sample, these polarization modification characteristics
are immune to sample alignment variations, and will only vary due to
source alignment changes, which occur only when lamps are changed.
Here, the compensator transmission characteristics (yC, dC) are defined
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analogously to the sample reflection characteristics by tanyC exp(idC) �
tF�tS. Here tF and tS are the complex amplitude transmission coefficients
(the transmitted to incident electric field ratios) for the F and S linear
polarization directions (parallel to the fast and slow axes of the compen-
sator, respectively). In the following discussions of different ellipsometer
designs, it is assumed that the compensator (if incorporated) is placed
before the sample.

A schematic of the second version of the self-compensating ellipsome-
ter and its associated electronics are shown together in Fig. 5.2. In this
instrument, the null is established by changing the tilt angle Q of the
polarization state at two stages in the beam path (where the polarization
state is linear at the desired null settings): (i) between the initial fixed
polarizer and compensator and (ii) between the sample and the fixed
analyzer. This change in Q is performed for the instrument of Fig. 5.2 by
two Faraday cells mounted after the polarizer and before the analyzer,
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Figure 5.2a Block diagram of the optical components of a self-compensating ellip-
someter based on Faraday cell polarization compensation and modulation. This
instrument is designed for high speed operation at a selectable wavelength. (Key:
A – analyzer; AF – analyzer Faraday cell; C – collimator; CT – controller; DVM1 –
digital voltmeter indicating polarizer rotation; DVM2 – digital voltmeter indicating
analyzer rotation; F – interference filter for wavelength selection; G1 – gal-
vanometer - oscillograph for polarizer rotation; G2 – galvanometer - oscillograph
for analyzer rotation; L – arc lamp; M1 – polarizer modulation power supply; M2 –
analyzer modulation power supply; O – oscillator; P – polarizer; PF – polarizer
Faraday cell; PM – photomultiplier tube; PS1 – polarizer compensation power
supply; PS2 – analyzer compensation power supply; Q – quarterwave plate; S –
sample; T – telescope). [After Ref. 16.]
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although Pockels cells have also been used for this purpose. In a Faraday
cell, a magnetic field H is applied to a transparent core material parallel to
the direction of propagation of the light beam through the core. Upon
transmission through the core, the electric field vector associated with a
linearly polarized beam is rotated by an angle ∆Q that is proportional to
H and to the length of the core. In the ellipsometer of Fig. 5.2, compensa-
tion and modulation currents are supplied to separate coils of the Faraday
cells. The compensation currents rotate the linear polarization state,
whereas the modulation currents generate an error signal at the detector
that drives a control loop and directs the system to the desired null. For
this instrument a single measurement of (y, ∆) can be obtained in 1 ms.
In fact, the instrument is so fast that it has been applied for real time spec-
troscopic ellipsometry incorporating a rotating interference filter for high-
speed spectral scanning.[17]

The phase modulation ellipsometer has the same series of elements as
the stepping motor-controlled self-compensating ellipsometer with the

Figure 5.2b Block diagram of the electronic system of a self-compensating ellip-
someter based on Faraday cell polarization compensation and modulation. This
instrument is designed for high speed operation at a selectable wavelength.
(Key: A1, A2 – amplifiers; AC – analyzer Faraday solenoid for compensation;
AM – analyzer Faraday solenoid for modulation; F – follower; Int 1, Int 2 – inte-
grators; I1, I2 – inverting operational amplifiers; L1, L2 – phase sensitive detec-
tors; LD – level detector; M1, M2 – modulation amplifiers; O – oscillator; PC –
polarizer Faraday solenoid for compensation; PM – polarizer Faraday solenoid for
modulation; PS 1, PS 2 – compensation power supplies; QC – quadrature circuit;
SWG1, SWG2 – square wave generators; TA – tuned amplifier; TD1, TD2 – mul-
tivibrators. [After Ref. 16.]
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exception that the fixed compensator in the latter is replaced by a bire-
fringent phase modulator such as a piezobirefringent plate or a Pockels
cell. For these elements, the retardance varies sinusoidally as a function of
time rather than being fixed as for the compensator of the self-compen-
sating ellipsometers. In the phase modulation ellipsometer, both the polar-
izer and analyzer angles are fixed during the measurement. Two different
electronic system designs are possible for this ellipsometer. The output
signal of the detector, usually a PMT, can be analyzed either by phase sen-
sitive detection[13,14] or by high speed digitization followed by discrete
Fourier analysis.[18] Figure 5.3 shows an example of an ellipsometer and
associated electronics based on the latter design. In either design, the dc
level as well as the w and 2w harmonic constituents of the waveform pro-
vide the ellipsometric angles (y, ∆). For the most common phase modu-
lation instrument based on a silica piezobirefringent plate, the modulation
frequency w � 50 kHz provides a minimum measurement time of 20 µs
when a single cycle is Fourier analyzed. Such high speed data collection
even allows one to perform real time spectroscopic ellipsometry in a serial
fashion by using a photodiode array detection system and high-speed
serial pixel scanning for digitization.[19]

For the rotating polarizer and analyzer ellipsometers, the series of
optical elements is also the same as that of the stepping-motor controlled
self-compensating ellipsometer; however, for the former two instruments
the compensator is optional.[10–12] In fact, the compensator is removed for
the simplest, nearly achromatic version of the instrument. In the original
rotating polarizer or analyzer ellipsometer designs, the polarizer or ana-
lyzer is mounted within the hollow shaft of a dc motor and rotated
continuously at a stabilized frequency value within the range of 10 to
100 Hz.[20] Fourier analysis provides the dc and 2w Fourier coefficients of
the waveform which can provide (y, ∆) with a minimum measurement
time ranging from 5 ms (at 100 Hz) to 50 ms (at 10 Hz). Figure 5.4 shows
a high precision rotating analyzer instrument and its associated electronic
circuitry. Although slower than the highest speed self-compensating and
phase modulation ellipsometers, the rotating element ellipsometers are
well suited for use with integrating photodiode array detectors whereby
several spectra consisting of waveform integrals can be collected per opti-
cal cycle (π�w) of the rotating element.[21] From these several detector
scans, spectra in (y, ∆) can be deduced.

With this brief instrumentation background as illustrated in Figs. 5.2
through 5.4, the advantages and disadvantages of the rotating polarizer and
analyzer instruments relative to the most widely used alternatives will be
discussed. Because the ellipsometers most successful in advanced research
are based on self-compensating, phase modulation, or rotating element prin-
ciples, this is often the most important choice that the prospective ellipsom-
etry user faces in building or purchasing an instrument.
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Figure 5.3 Schematic diagrams of (a) the optical configuration and (b) the signal
processing system for a polarization modulation spectroscopic ellipsometer
designed for real time studies of thin film preparation at a selectable photon
energy. [After Ref. 18.]
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Figure 5.4 Schematic diagrams of (a) optical elements and (b) signal processing
system for a rotating analyzer spectroscopic ellipsometer designed for high preci-
sion measurements of the optical properties of solids. [After Ref. 11.]

The precision of all three automatic systems has been evaluated in
detail, considering the most favorable sample (y, ∆) values for each.[22]

Based on this evaluation, however, it is clear that no one system has a
major advantage over the others. Typical precision values are in the range
2δy ≈ δ∆ ≈ (0.001° to 0.005°. For the self-compensating ellipsometer,
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however, a higher beam irradiance is needed to reach the shot-noise limit;
at low irradiances the precision is reduced due to the detector dark current
and its associated noise. This problem may have a secondary effect in
reducing the spectral range accessible to the instrument. One of the pri-
mary issues in assessing the advantages and disadvantages of the instru-
ments involves the range of so-called “favorable” (y, ∆) values. In this
respect, the self-compensating instrument has a clear advantage in that it
measures (y, ∆) directly through the polarizer and analyzer angular values
at null. Thus, this instrument achieves its maximum precision irrespective
of the values of (y, ∆) for the sample. As a result, it is an effective instru-
ment for the measurement of transparent dielectrics, semiconductors
above and below the fundamental gap, and metals. In contrast, for the
simplest versions of the other two automatic instruments, the maximum
precision is achieved over only specific ranges of (y, ∆). As a result,
instrumentation complexities have been introduced in these cases to elim-
inate the ranges of low precision.

For the phase modulation ellipsometer, two common instrument con-
figurations are employed. These are identified as configurations II and III,
following the original notation of Bermudez and Ritz.[14] In configuration II,
the polarizer, modulator, and analyzer angles are set at the possibilities
(P�, M�, A�) � (±45°, 0°, ±45°) or (±45°, 90°, ±45°). In this configuration,
S � sin2y sin∆ and C � sin2y cos∆ are measured and so the instrument
exhibits poor precision in y when (d�dy)(sin2y) vanishes, or when
y � 45°. Thus, this configuration has poor precision in y for highly
metallic surfaces in which case (y, ∆) ~ (45°, 90°). In configuration III,
(P�, M�, A�) � (0°, ±45°, ±45°) or (90°, ±45°, ±45°), and S and N � cos2y
are measured. In this case, the system exhibits poor precision in ∆ when
(d�d∆)(sin∆) vanishes or when ∆ � ±90°, again a problem for highly
metallic surfaces. Such problems are eliminated for measurements in
both configurations II and III in which case the poor sensitivity ranges
can be avoided completely. However, rather than rotating the polarizer
and modulator from one set of values to another in order to access the
two configurations and (N, C, S), Jellison has adopted a beam splitting
analyzer consisting of a Wollaston prism.[23] By measuring the irradiance
in the orthogonal polarization states at two PMT detectors, N, S, and C
are accessible in one optical configuration, an important enhancement to
the phase modulation instrument.

For the rotating polarizer and rotating analyzer ellipsometers, incor-
porating compensators in each case with C� � 0, the measured quantities
are tany and cos(∆ � dC). In these cases, the precision in measuring ∆ is
poor when ∆ � �dC or ∆ � ±180° � dC [Ref. 24]. In contrast, in the
absence of a compensator (dC � 0°), the precision of the rotating polarizer
and analyzer instruments is poor when ∆ � 0° or ∆ � ±180°. Thus,
weakly absorbing dielectric materials cannot be measured with precision
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for these instruments in the absence of a compensator. When the compen-
sator is included and is set for quarter wave operation, the precision
becomes poor when ∆ � ±90°, preventing precise measurement of metal-
lic materials. For the rotating polarizer and analyzer instruments, per-
formance is significantly enhanced with an automatically adjustable com-
pensator. In this enhancement, an initial measurement of (y, ∆) yields
lower precision results which are then improved by a second measurement
with dC set at dC � (�∆ ± 90°) or dC � (�∆ � 270°).[25]

Based on the previous discussions, enhancements can be made to the
phase modulated ellipsometer and the rotating polarizer/analyzer ellip-
someters to ensure high precision operation irrespective of (y, ∆), as is
possible with the self-compensating instrument. It should also be noted that
in ranges where the precision is poor, accuracy will be poor as well since
experimental errors will increase in these ranges. Thus the enhancements
just described improve overall performance of the instruments, not simply
the precision. Next, the issues of accuracy, speed for real time applications,
and spectral range for specroscopic measurements will be discussed for the
three instruments.

The highest accuracy ellipsometric measurements, typically within
the range 0.01° to 0.05° in (y, ∆), are achieved through four-zone aver-
aging with a compensating or null ellipsometer, since the averaging is
known to eliminate many possible instrument errors.[1] With the trend
toward automation and higher speed necessitated by the desire to perform
real time and spectroscopic ellipsometry, the four-zone average is rarely
used in self-compensating ellipsometry.[17] However, the self-compensat-
ing ellipsometer does maintain several advantages over its photometric
alternatives. First, as noted above, high accuracy can be maintained over
all regions of (y, ∆), in contrast to the unenhanced designs used for the
phase modulation and rotating polarizer/analyzer instruments. Second,
because self-compensating instruments seek a null at the detector, they are
not adversely influenced by detection system nonlinearities as are the pho-
tometric instruments.

The primary optical element errors in all instrument designs arise due
to the compensator[26] or phase modulator.[27] Introducing such an element
is not unlike incorporating a second unknown sample with wavelength
dependent properties and possible non-idealities into the instrument (in
addition to the sample to be measured at the central ellipsometer axis).
Documented non-idealities for compensators include multiple reflections
between the faces of the device, beam displacements and deviations, plate
misalignment particularly for biplate designs, dichroic characteristics,
slight ellipticity of the normal modes due to optical activity for quartz
devices, and the temperature dependence of the retardance. Non-idealities
for vitreous silica phase modulators include multiple reflections, higher
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harmonic generation, static and non-uniform birefringence, nonunifor-
mity or instability of the principal axes of birefringence, and tempera-
ture dependent effects. Although expert developers of ellipsometry
instrumentation have established methods of minimizing or correcting
these problems, it is generally recognized that they collectively repre-
sent the primary source of inaccuracy in these ellipsometers at the level
of 0.05° to 0.5°.

In such cases where accuracy is limited by the compensator, the
rotating polarizer and analyzer ellipsometers without such elements can
provide the highest accuracy design, as long as ∆ for the sample lies
within the range given by 20° � 	∆	 � 160°. To reach such high levels
of accuracy for these instruments, provisions for eliminating the remain-
ing dominant errors must be adopted. These include detection system
nonlinearity, residual source polarization for the rotating polarizer
design, and detector polarization sensitivity for the rotating analyzer
design. These issues will be discussed further in Sections 5.3, 5.4, and
5.6. It is no accident that the first continuously spectroscopic dielectric
function data for absorbing materials, in particular for semiconductors
above the lowest direct gap, were obtained with a rotating analyzer
instrument without a compensator.[28] Although such dielectric function
data are continually being improved over the years, the early results for
many materials have remained a standard to which recent data sets are
being compared.[29,30]

Besides the issues of precision and accuracy, those of time resolution
for real time measurements and spectral range for spectroscopic measure-
ments are important in comparing ellipsometer designs. These issues will
be discussed in the next several paragraphs.

The phase modulation ellipsometer is the clear choice in real time,
single wavelength applications in which high speed is the primary require-
ment. An ellipsometer using a Pockels cell modulator has provided a
measurement time for successive (y, ∆) values of 4 µs,[31] whereas the
conventional piezobirefringent modulator provides a minimum measure-
ment time of 20 µs.[18] In contrast, the self-compensating and rotating
polarizer/analyzer instruments are slower (1-50 ms per measurement).
Applications for high-speed data acquisition in phase modulation ellip-
sometry include electrochemical reactions at surfaces, laser annealing and
ion bombardment modification of surfaces, and the deposition and etch-
ing of thin films at high rates.[32] For such instruments, however, one must
consider the application and in particular the required sensitivity in sur-
face processes since the precision of measurement decreases significantly
for measurement times less than 1 ms.[33] In this range, the submonolayer
precision characteristic of ellipsometry achieved when 2δy ≈ δ∆ � 0.1°
in fact may be lost.
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The moderately high speed of the self-compensating ellipsometer
(1 ms per measurement) has been employed extensively in electro-
chemical studies for real time single wavelength and serially scanning
spectroscopic ellipsometry.[35,36] Because such measurements are sus-
ceptible to random and systematic errors due to ambient light that can
mask the null position, self-compensating ellipsometers have serious
disadvantages for real time analysis of thin films in plasma deposition
processes or in high temperature processes involving thermally emit-
ting samples.

Finally, it should be pointed out that the highest data acquisition speed
for full spectroscopic ellipsometry, ~15 ms per (y, ∆) spectra, has been
attained with an instrument exhibiting the lowest speed for real time sin-
gle wavelength measurements, namely the rotating polarizer ellipsometer.[34]

For this instrument, the readout cycle of a photodiode array detector can
be synchronized to the polarizer rotation cycle so that waveform spectra
can be collected in parallel from a minimum of three readouts, each
requiring 5 ms. Thus, the rotating polarizer/analyzer instruments provide
the greatest promise for high-speed measurements where full spec-
troscopy is desired. In fact, in a 5 ms photodiode readout time, up to 1024
wavelengths can be collected using a commercial photodiode array sys-
tem. Pixel grouping in the software can be used to tailor the spectrum to
the desired wavelength or photon energy resolution.

In assessing the advantages and disadvantages of the three instrument
designs for spectroscopic applications in general, one must consider the
limitations on the spectral range due to the optical elements used in these
designs. Here, it is assumed that a broad spectral range from the near-
infrared to the ultraviolet is desired in order to detect interband transitions
for metals and semiconductors with a wide range of band gaps. Because
polarizers and compensators can be fabricated from MgF2, an optical
material with a very wide range of transmission from ~100 to 1000 nm
and beyond, stepping motor controlled self-compensating ellipsometers
and rotating polarizer/analyzer ellipsometers in principle can cover this
full range, providing suitable sources (e.g., Xe arc, D2 discharge, and W
filament lamps) and detectors (e.g., PMTs and Si and Ge photodiodes) are
incorporated. The problem with the self-compensating ellipsometer is that
noted earlier, namely, its lower precision and accuracy under the low light
levels typically encountered in the extremes of the spectra at short and
long wavelengths.

In designing an instrument with a wide spectral range, compensator
selection can be a limiting factor, as the retardance may cross the half
wave points at the upper and lower reaches of the spectrum.[37] Thus, one
may seek to adjust the compensator retardance as one scans through the
spectrum. The traditional compensator for this purpose has been of the
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Babinet-Soleil design constructed from quartz, a material that restricts the
short wavelength limit of the spectral range compared to MgF2 (and also
exhibits troublesome optical activity). In a recent advance, however, the
need to adjust the compensator to remain near dC � 90° (quarter wave) has
been eliminated in the rotating analyzer configuration by the use of a vit-
reous silica, three-reflection achromatic compensator, while also restricting
the short wavelength limit.[38] More recently still, auto-compensators of the
tilting-plate or Berek design that allow the use of MgF2, and hence the
widest spectral range, have been incorporated in rotating polarizer/analyzer
instruments, not only to maintain operation near quarter wave points, but
also to maintain high precision and accuracy independent of the sample ∆
value as described above.[39]

Because of the use of the vitreous silica piezobirefringent plate, the
most popular phase modulation ellipsometer is not as suitable for exten-
sion of the instrument well into the ultraviolet as are the rotating polarizer
and analyzer ellipsometers. In addition, the self-compensating ellipsome-
ter based on Faraday rotation should be excluded from consideration, if
the goal is to reach short wavelengths. The high Verdet coefficient glasses
required for the Faraday cell cores (e.g., SF6 glass) limit the lowest acces-
sible wavelength to 350 nm.[17] In summary, if the widest possible spectral
range is desired, especially deep into the ultraviolet, the rotating polar-
izer/analyzer ellipsometers are the best choice since they can be designed
solely with MgF2 optical elements and can be operated at low light
levels.[40]

5.3 Instrumentation Issues

5.3.1 Optical Configuration

There are at least four possible variations of the optical configuration
for the rotating element ellipsometers. First, either the polarizer or ana-
lyzer can rotate, and in principle the compensator can be placed either
before or after the sample. The placement of the compensator just before
the sample has been justified in detail earlier. The choice between the
rotating polarizer and rotating analyzer ellipsometer configurations, how-
ever, can be a difficult one, as it depends sensitively on the desired appli-
cation. Here selection criteria are discussed, as well as the basic optical
design of each of the separate instruments. As will be presented in
Sections 5.4.2 and 5.4.3, residual polarization of the source in the rotating
polarizer ellipsometer[41] and polarization sensitivity of the detection sys-
tem in the rotating analyzer ellipsometer[42] are the predominant errors that
must be minimized for high accuracy operation.
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The first rotating element ellipsometer designed for high precision
and accuracy, as well as for a wide spectral range, was based on the rotat-
ing analyzer design as shown in Fig. 5.4.[11] Initially, instruments such as
this one will be considered that do not employ fiber optics in coupling
light from the source to the polarizer and from the analyzer to the detec-
tor. For such instruments, errors due to weak source polarization in front
of a rotating polarizer tend to be greater and more difficult to minimize
than the corresponding errors due to polarization sensitivity of the detection
system behind a rotating analyzer. Errors due to polarization sensitivity of
the detection system in the latter configuration are minimized through
wavelength selection using a monochromator before the fixed polarizer as
in Fig. 5.4 and using a single PMT as a detector behind the rotating ana-
lyzer. This avoids the severe polarization sensitivity of the detection sys-
tem that would result with a spectrometer after the rotating analyzer. In
addition, for the detection system of a rotating analyzer ellipsometer, side-
viewing PMTs are to be avoided due to the dependence of the transmit-
tance and reflectance characteristics of the PMT envelope on the linear
polarization state when the beam impinges non-normally at their inter-
faces. In contrast, for a front-viewing PMT the full light beam crosses the
envelope at normal incidence and the only polarization dependence then
arises from anisotropic optical effects in the detection system.

For ex situ measurements on an optics bench without fiber optics, the
rotating analyzer ellipsometer with a single PMT behind the rotating ana-
lyzer leads to the highest accuracy.[11] In real time measurements of thin
films in light emitting environments, this design is susceptible to serious
errors due to collection of stray light. For stray light sources that are
unchanging with time, corrections are straightforward. When the stray
light levels vary rapidly, however, correction is generally not feasible. In
this case, it is important to select the wavelength on the detection side of
the instrument with a spectrometer after the analyzer. This instrument
redesign along with high f�# optics to couple the collimated beam to the
input slit of the spectrometer significantly reduces stray light. It is then
necessary to fix the analyzer and revert to the rotating polarizer configu-
ration.[12] In the rotating polarizer configuration, the lamp is aligned in its
initial setup to minimize source polarization. If data collection is designed
to provide the amplitudes of the 4w Fourier coefficients in real time dur-
ing lamp alignment, then the minimization of these coefficients can be
used as a criterion to minimize source polarization. The difficulty of the
source polarization problem is that the required corrections may gradually
change as the lamp degrades and abruptly change when the lamp is
replaced. In contrast, detector polarization sensitivity remains essentially
unchanged with long-term use of the instrument. Additional details of
the correction procedures are provided in Sections 5.4 and 5.6. Finally,
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reversion to the rotating polarizer configuration imposes more stringent
requirements on the maximum tolerable periodic beam deviations as the
polarizer rotates. This difficulty can be suppressed with judicious use of
apertures along the beam path.

In general, fiber optics systems on the source and detection sides are
not desirable if the widest possible spectral range is sought. Such systems
lead to enhanced reflection losses in the coupling optics and absorption
losses in the fiber itself, particularly in the ultraviolet range. However, rel-
atively long fibers can act as polarization scramblers in which case one
can add the spectrograph at the end of the output fiber on the detection
side of the rotating analyzer ellipsometer. Other pseudo-depolarizing ele-
ments such as opal glass plates or quartz wedges can also be used after the
rotating analyzer to perform the same functions again, with possible
reductions in spectral range. In this way, one can avoid having to change
the ellipsometer configuration to the rotating polarizer system when stray
light rejection is sought for in situ and real time measurements.

5.3.2 Optical Components and Spectral Range

The selection of optical components depends sensitively on the
desired application just as does the selection of the instrument configura-
tion described in Section 5.3.1. Here, components will be considered that
provide a wide spectral range spanning the near-infrared to ultraviolet.
Ellipsometers that operate in the infrared and vacuum ultraviolet are dis-
cussed in specialized chapters.

Three sources are possible for rotating element spectroscopic ellip-
sometry from the near-infrared to ultraviolet: (i) tungsten-halogen lamps
that span the near-infrared to visible range (400 to �1000 nm); (ii) Xe
lamps that span the near-infrared to near-ultraviolet range (200 to 800 nm);
and D2 lamps that span from the violet deeper into the ultraviolet (�150
to 400 nm). In general these lamps employ vitreous silica envelopes, how-
ever, in order to extend below ~175 nm, a MgF2 window on the D2 lamp
is required. Because of its wide range, the most common single source is
the Xe lamp. The most common Xe lamp used for ellipsometry operates
at 75 W with a short arc. Higher power lamps are operated with larger
electrode gaps, in which case the arc is susceptible to wandering. This
leads to undesirable non-random noise fluctuations. Furthermore,
although the total irradiance output of these lamps increases with increas-
ing power rating, the brightness of the arc does not increase proportion-
ally due to the larger emission volume. Even with the 75 W short arc
lamp, recent studies have suggested that the lamp axis should be oriented
orthogonal to the long direction of the monochromator or spectrometer
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slits in order to minimize noise due to arc instability.[43] In addition to sin-
gle sources, a dual combination of a Xe lamp placed behind a D2 lamp
provides a very wide spectral range and has been used for real time spec-
troscopic ellipsometry in the rotating polarizer configuration, spanning
the range from 190 to 825 nm in a single parallel measurement.[40] By
placing an adjustable aperture between the two lamps, the spectral output
of the system can be flattened, which is a desirable source attribute for real
time spectroscopic measurements.

Mirror optics such as the off-axis paraboloid are ideal for focusing the
light from the lamp directly onto the fiber optic or monochromator input
(for the rotating analyzer configuration) or onto the pinhole of a collima-
tor (for the rotating polarizer configuration). This prevents chromatic
aberrations that can lead to variations in alignment versus wavelength
across the ellipsometric spectra. Alternatively, achromatic lenses are pos-
sible if a co-linear optical bench is desired. In some cases, one can make
effective use of chromatic aberrations in focusing lenses to flatten the
spectral output of the source. For example, if the source is too intense in
the red relative to the blue, one can set the focus to maximize the blue
throughput. In establishing the beam path through the entire instrument,
the light from the monochromator or directly from the source can be
focused on the sample or the detector, or it can be collimated. If a focus-
ing approach is adopted, one must ensure that the beam does not exceed
the specified entrance cones of the optical elements. In addition, the inci-
dent angle dependence of the ellipsometric spectra must be sufficiently
weak to justify such an approach. If chromatic aberrations are present in
the beam, it is helpful to use apertures to define the beam at various stages
[usually at the polarizer, compensator (if used), analyzer, and detector].
Apertures also assist in alignment as described in Section 5.3.3.

In selecting a monochromator or spectrometer for rotating element
ellipsometry, one generally relies on commercial instrumentation with the
key characteristics being spectral range, spectral resolution, and stray light.
Perhaps the most useful instruments for spectroscopic ellipsometry employ
a prism-grating combination, an approach that is no longer widely avail-
able. Now most commercially available monochromators and spectrome-
ters employ single or multiple gratings. In establishing the spectral range
of the grating instruments, the selection criterion is the grating blaze. If one
is using the instrument with a Xe source to span the range from 200 to
800 nm, a 250 or 300 nm blaze should be selected.[40] Otherwise the com-
bined sharp fall-off of the Xe source output with that of the grating effi-
ciency at shorter wavelength will prevent one from extending the spectral
range below 250 nm in the ultraviolet. Such a sharp fall-off in monochro-
mator output in rotating analyzer systems can lead to alignment errors as
the image of the source spot moves from the center of the exit slit to the
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edge with decreasing wavelength. This is one advantage of placing a spec-
trometer after the analyzer in rotating element ellipsometry.

An additional consideration in reaching the lower wavelength limit of
200 nm is stray light in the monochromator/spectrometer. In general, it is
desirable to have two or more grating stages in order to eliminate stray
light. A single grating is only successful over a wide range (200–800 nm)
if dual sources are used and the spectral output is flattened with an aper-
ture between the sources. The reason is that the stray light output is
approximately proportional to total flux entering the input slits, and when
the spectral distribution is flat, the ratio of the true light to stray light at a
given wavelength is maximized.[44] In addition, with a flat spectral distri-
bution, the image shifts that affect alignment as noted above are elimi-
nated. For instruments with more than one grating stage, the achievable
spectral resolution is normally sufficient; however, for single grating
instruments care must be taken to ensure that the width of the sharpest
optical structures is not limited by the monochromator. A discussion of the
optimum slit width as established through a Fourier analysis of semicon-
ductor critical points can be found in the literature.[45]

When using grating monochromators, higher order grating reflections
can be troublesome and if not removed, beam components of wavelength
l�n (n: order integer) can follow the same beam path as the desired wave-
length l and lead to significant errors in the measured spectra. In wave-
length-scanning spectroscopic ellipsometry, a filter wheel with one or
more order sorting filters is needed in front of the monochromator to elim-
inate this problem. It is a challenge to find filters that eliminate higher
orders while retaining a relatively flat spectral output versus wavelength.
For real time spectroscopic ellipsometry the filters must be added within
the spectrograph.[40] Incorporating a prism stage in the monochromator or
spectrograph eliminates the need for order sorting, but such an instrument
design drastically limits the possible commercially available sources.

Most spectroscopic ellipsometers use one of three different polarizer
designs, the Glan-Taylor made from calcite with an air gap between the
two elements, the Rochon made from quartz, and the Rochon made from
MgF2. A detailed description of the operation of the Glan-type polarizers
is given elsewhere in this Handbook.[39] In these polarizers, the optic axes
of the two polarizer elements are parallel; in addition, they are parallel to
the entrance and exit surfaces of the two elements. The linear polarization
state perpendicular to the optical axis (the ordinary ray) is eliminated by
total internal reflection at the initial calcite/air interface due to the higher
index of refraction of calcite for this polarization state. This unwanted
beam can be either directed out of the polarizer through a hole in the side
of its mount, or absorbed by an index matching black coating at the side
of the polarizer. In contrast, in a Rochon polarizer, the optic axis of the
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first polarizer element is parallel to the beam propagation direction,
whereas the optic axis of the second element is perpendicular to the optic
axis of the first, parallel to the interface between the two, and also paral-
lel to the entrance and exit surfaces (see Fig. 5.5).[37] At the interface to the
two elements of a Rochon polarizer, the extraordinary wave, with polar-
ization parallel to the optic axis of the second element, is deviated at the
interface, whereas the ordinary wave is not deviated and constitutes the
polarized output beam. An aperture after the polarizer is used to eliminate
the unwanted beam.

If spectral range is not a consideration, then the Glan-Taylor polariz-
ers provide the best overall performance due to the relatively wide accept-
ance angle and the large exit beam angular separation. Thus, the extinction
ratio of these polarizers are the best ~10�5�10�6. However, if one requires
spectroscopic data below about 250 nm, then quartz or MgF2 Rochons are
required. In fact MgF2 is the best for reaching below 200 nm. The most
serious problem for the quartz Rochon polarizers arises from the optical
activity of quartz.[46] The simplest manifestation of this effect is the rota-
tion of the incident linear polarization state for propagation along the optic
axis, e.g., for propagation within the first element of the Rochon polarizer.
Because of this effect, the orientation of the polarizer must be reversed
when it is used as an analyzer. To understand this, it should be noted that
the first element of the polarizer acts as a partial depolarizer of the inci-
dent beam and the second element of the analyzer acts as a partial depo-
larizer of the exiting beam. The depolarization results from the different
distances that different beam components travel within the first polarizer
and second analyzer elements. Partial depolarization also occurs versus
wavelength due to the optical rotatory dispersion of the quartz. When the
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Figure 5.5 A schematic diagram of a Rochon polarizing prism. Such elements can
be fabricated from quartz or MgF2 and have been used extensively in spectro-
scopic ellipsometers to achieve broad spectral ranges.
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quartz Rochon is used as the rotating polarizer, one interesting effect of
the dispersion is the rotation of the direction of source polarization.[41] In
this case the source polarization errors are oscillatory with wavelength
and quite easy to detect. Then the lamp alignment can be adjusted to elim-
inate these oscillations. When a Glan-Taylor or MgF2 Rochon polarizer is
used, the residual source polarization is more difficult to detect (usually
through the 4w Fourier components as noted earlier). The other critical
manifestation of optical activity is that the two normal modes of the
polarizer, i.e., the polarization states that form the deviated and undevi-
ated beams, are elliptical with opposite handednesses (clockwise and
counterclockwise rotation of the electric field vector).[46] In fact the trans-
mitted handedness of the ellipse differs for the two enantiomorphs of
α-quartz. The ellipticity of the normal modes, i.e., the ratio of the length
of the semiminor to that of the semimajor axis, is quite small for the quartz
Rochon polarizers, ~0.001 times the photon energy. In spite of this, opti-
cal activity corrections are needed in order to deduce (y, ∆) with an accu-
racy better than 0.1°.

Because of the complexity of optical activity corrections for quartz
Rochons and the wider spectral range for MgF2 Rochons, the latter are
preferred. However, the advantages of MgF2 are not gained without some
costs. Rochon polarizers exhibit relatively small normal mode angular
deviations, typically 2 to 3°, and as a result the beam paths between the
polarizer and the compensator and the analyzer and the detector must be
increased to ensure sufficient beam separation. Larger deviations are pos-
sible with larger angles of incidence at the interface between the two ele-
ments thus requiring longer crystals, however, such polarizers are more
difficult to manufacture from MgF2 and, thus, are more costly. Finally
because of the smaller separation between the two beams, the extinction
ratio of the MgF2 polarizers is the poorest of all the crystal polarizers and
the acceptance angle is quite narrow as well. Thus, extra care must be
taken in beam collimation and alignment.

Next, the different compensators used in rotating polarizer/analyzer
ellipsometers will be discussed. The most widely used adjustable compen-
sator in compensating (or null) ellipsometry is the Babinet-Soleil type.[1] In
fact, for the rotating analyzer ellipsometer of Fig. 5.4, the Babinet-Soleil
compensator was also considered as an optional component for the meas-
urement of dielectric materials or semiconductors below the lowest direct
band gap.[46] The Babinet-Soleil compensator is fabricated from two quartz
wedges that slide against one another to generate an adjustable thickness.
The optical axes of both wedges are parallel, lying in the plane of the outer
wedge surfaces, and parallel to the sliding direction. The two wedges are
attached to a fixed thickness plate having an optic axis in the plane of the
plate and orthogonal to the optic axes of the two wedges.
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More recently, owing to the combination of errors that can occur,
Babinet-Soleil compensators have been replaced by other types. First of
all, the three quartz plates of the Babinet-Soleil compensator exhibit opti-
cal activity as in the case of the Rochon polarizers. This leads to very
complicated corrections in calibration and data reduction. Second, if the
optic axes of the wedges and the fixed plate are not precisely orthogonal,
then high frequency oscillatory artifacts versus wavelength are introduced
in the ellipsometric spectra.[26] Thus, the plates must be mounted in a fix-
ture that allows the fixed plate to be rotated with respect to the two
wedges in an alignment step and then clamped at the precise orthogonal
position. This is straightforward for a fixed thickness biplate compensator,
but more complicated for the adjustable thickness Babinet-Soleil com-
pensator. Finally, for effective elimination of such artifacts, the wedges
and the fixed plate of the Babinet-Soleil compensator must be enan-
tiomorphs, i.e., constructed from quartz of opposite handednesses.

For compensators of fixed retardance (often called retarders) three
different designs are used most widely in rotating polarizer/analyzer ellip-
someters. First, a retarder constructed from two fixed MgF2 plates, with
orthogonal optic axes both lying in the plane of the plates, can operate
over a very wide spectral range. This device has the key advantage over
the Babinet-Soleil compensator in that optical activity corrections are not
required, however, it is still necessary to ensure that the optic axes of the
two fixed plates are orthogonal using the alignment fixture just
described.[26] If the plates are not orthogonal, oscillatory artifacts appear
versus wavelength. The two disadvantages of the biplate design include
the inability to adjust the retardance, as well as the strong wavelength
dependence of the retardance. This wavelength dependence is minimized,
however, by selecting the thickness difference to be small such that the
compensator operates in lowest order. A second compensator is of the Berek
design that can be fabricated from a single plate of MgF2 with the optic axis
nearly normal to the plate but tilted at a small angle with respect to its sur-
face. For example, a tilt angle of 9.5° yields a quarter wave wavelength of
630 nm.[39] This has the important advantage over the biplate in that the
internal alignment of the compensator is not necessary. A third compen-
sator used in rotating analyzer ellipsometry is a vitreous silica, three-
reflection rhomb (see Fig. 5.6). Two internal reflections occur at silica/air
interfaces at an angle of incidence of 72.25°, and one reflection occurs
at a silica/MgF2(275 Å)/air structure at an angle of incidence of 54.50°.[38,47]

The three reflections yield a retardance near 90° that is nearly independ-
ent of wavelength. Thus, achromicity is an important advantage of this
retarder over the MgF2 biplate and Berek designs. Its disadvantages
include its difficulty to align, its susceptibility to stress-induced birefrin-
gence that requires careful stress-free mounting, and the fact that the
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transmission coefficient amplitudes 	tF	 and 	tS	 along the fast and slow
axes of the device differ measurably. Because of the latter fact, two spec-
tra are needed to characterize the retarder, namely yC � tan�1 (	tF	�	tS	)
and the retardance dC � dF � dS.

Finally, a compensator with an adjustable retardance for use in rotat-
ing polarizer/analyzer ellipsometry can be designed using a single MgF2

plate and applying the Berek configuration.[39] In this compensator, the
optic axis of the plate is perpendicular to its surface, and the plate is tilted
at an adjustable angle about an axis that is in the plane of the plate and
orthogonal to the beam direction. As a result, a small angle is generated
between the optic axis and the propagation direction. This forces orthog-
onal linear polarizations to travel at different speeds within the material
and a quarterwave phase shift can be generated at an appropriately chosen
angle (typically less than 10° for the desired wavelength). In addition to
the phase shift, the two polarizations are slightly displaced yet emerge
parallel, and the transmitted beam is slightly displaced from the incident
beam, but parallel as well. The effect of these displacements, although
small, can be eliminated by using an aperture after the compensator.
Because of its adjustability, simplicity, and wide spectral range, as well as
the lack of spectral artifacts associated with biplates, the Berek-type com-
pensator is a good choice for rotating polarizer/analyzer scanning spec-
troscopic ellipsometers, i.e., those that collect spectra point by point.

5.3.3 Alignment

In the ellipsometer alignment process, the axes of the polarization
generation and detection arms of the instrument, along which the incident
and reflected beams travel, are oriented such that they intersect at a point,
thus establishing the plane of incidence (see Fig. 5.1). The intersection

Figure 5.6 A schematic diagram of an achromatic, three-reflection compensator.
In this element, two internal reflections occur at silica/air interfaces at an angle of
incidence of 72.25°, and one reflection occurs at a silica/MgF2(275 Å)/air structure
at an angle of incidence of 54.50°. The three reflections yield a retardance near
90° that is nearly independent of wavelength. [After Ref. 47.]
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point must occur at the central ellipsometer axis, and the plane of inci-
dence must be perpendicular to this axis. Sample alignment refers to the
process by which the sample surface is located at this pre-established
intersection point such that the central ellipsometer axis lies in the plane
of the sample surface. Most of the steps required for alignment of rotating-
polarizer/analyzer spectroscopic ellipsometers also apply to other ellip-
someter configurations. Thus, the reader is referred to standard texts for
in-depth discussions.[1,2] Here we provide an overview of alignment pro-
cedures for the most common ellipsometer orientation in which the plane
of incidence is horizontal.[48]

The most powerful spectroscopic ellipsometers for ex situ sample
analysis include a variable angle of incidence capability. In such ellipsome-
ters, the polarization generation and detection arms are mounted onto a
goniometer base that establishes the vertical central ellipsometer axis and
allows the entire polarization detection arm to be rotated relative to the
polarization generation arm about the central axis in a plane parallel to the
plane of incidence. Ideally the goniometer should include both q and 2q
motion so that as the polarization detection arm rotates by 2q from the
straight-through position toward the polarization generation arm, the sam-
ple stage rotates by q in the same direction in order to maintain sample
alignment as the angle of incidence is changed. Testing the integrity of
mechanical alignment for such a configuration is not straightforward;
however, once its integrity is assured then sample-to-sample alignment is
simple by comparison. In addition, one can calibrate the angle of inci-
dence in this configuration once and rely on the calibration for future
measurements at different angles.

In contrast, the most versatile real time spectroscopic ellipsometers
employ completely independent polarization generation and detection arms
that can be mounted onto vacuum flanges in order to operate at a fixed angle
of incidence in measurements of a fixed sample. In this case, the axis of the
polarization generation arm and the plane of the sample surface define the
plane and angle of incidence. Because one need not establish a central ellip-
someter axis, alignment of this instrument to a given sample is not as time
consuming as is testing the mechanical integrity of the ex situ ellipsometer
configuration as noted in the previous paragraph. However, in this case,
sample-to-sample realignments particularly for samples of varying sub-
strate thickness can be very difficult and time consuming, and the angle of
incidence must be determined each time a new sample is mounted.

One can turn this most difficult sample-to-sample alignment situation
in real time ellipsometry into the most straightforward one if the reaction
chamber can be made small enough to drop into the pre-aligned ex situ
ellipsometer configuration.[8,49] In this case, when the chamber is in place,
the angle of incidence is set by the goniometer base to match the angle
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formed by the flanges onto which the windows through the reaction cham-
ber wall are mounted. In addition, the sample is attached to a holder inside
the reaction chamber, and the holder is connected to a precision manipu-
lator such that adjustment access is external to the chamber. Then the
angle of incidence is preserved in measurements from sample to sample,
even when samples of very different substrate thickness are studied. When
a complete system realignment is required, the chamber is removed, and
the ellipsometer arms can be set for straight-through operation with an ex
situ sample mounting stage placed at the axis. Thus, this approach to real
time ellipsometry can achieve the same excellent sample-to-sample align-
ment reproducibility that is possible in ex situ ellipsometry.

First a traditional six-step alignment process will be reviewed and spe-
cial comments added specific to rotating-element ellipsometers, as well as
to real time spectroscopic ellipsometers.[48] In the following, it is assumed
that the polarization generation and detection arms are mounted on a vari-
able angle of incidence goniometer and a sample table is available that can
be rotated through at least 180° about the central ellipsometer axis.

(i) The first step establishes the position of the assumed vertical cen-
tral axis of the ellipsometer. First a very thin (~0.1 mm) glass plate with pre-
cisely plane parallel surfaces is coated on both sides with a reflective film
such as aluminum. This plate is mounted to the sample stage of the ellip-
someter in such a way that both the front and back of the sample are opti-
cally accessible. The goal is to adjust the tilt and translation of the plate so
that its surface is first parallel to and then coincident with the ellipsometer
central axis, i.e., the axis of sample table rotation and goniometer move-
ment. First, a laser is set up to illuminate the front center of the plate from
a direction normal to the central axis, and the location of the reflected spot
is noted on a distant ruled screen. Then the plate is rotated through 180°
using the sample table rotation so that the beam reflects from the back sur-
face of the plate, and the position of this new spot is noted. Parallelism of
the sample surface and the central axis is then obtained through tilt
adjustment of the sample that minimizes the separation of the spots on the
screen. Coincidence of the sample surface and central axis is then
obtained by a translation that overlaps the two spots.

(ii) The second step establishes the optical axes of the polarization
generation and detection arms. In particular, the final plate position in step
(i) is used as a reference surface for alignment of all the elements on the
polarization generation and polarization detection arms using laser beams
directed toward the plate. First, all optical elements except the collimator
pinhole (and its associated optics if they are not co-linear) are removed
from the polarization generation arm. The pinhole is illuminated from the
front or source side using a laser mounted on the polarization generation
arm, and the alignment of its associated optics is ensured. The back side of
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the pinhole is covered by a white screen with a small hole in it to detect the
beam retroreflected from the plate surface, the latter being oriented normal
to the beam and containing the central axis. The vertical tilt of the polar-
ization generation arm is adjusted along with the rotation angle of the sam-
ple table to achieve the autocollimation condition. Then the sample table is
rotated by ~90° so that the reflective plate is parallel to the autocollimated
laser beam, and the horizontal tilt of the polarization generation arm is
adjusted along with the angle of the goniometer to achieve a precise graz-
ing condition. Iteration of the two adjustments of the polarization genera-
tion arm may be required to meet the autocollimating and grazing condi-
tions simultaneously without further adjustment of the arm.

(iii) In the third step, the entire beam path is established using irises
that can be stopped down to 1 mm or less. Once the reference beam posi-
tion along the polarization generation arm is established, along with the
reference sample surface position, the desired angle of incidence can be
set and irises can be placed along the beam path before the position of
each of the key optical components on both polarization generation and
detection arms, i.e., the polarizer, compensator, analyzer, and detector,
such that the iris closes down symmetrically on the beam. The polariza-
tion detection arm itself will need to be tilted and translated in general in
order to fulfill this condition.

(iv) In the fourth step the rotation axes of the optical elements (polar-
izer, compensator analyzer) are established so as to define their optical
axes. In this step, which can be performed before mounting the compo-
nents on the ellipsometer arms, it is important that the key optical elements
along with their tubular mounts can be tilted and translated slightly with
respect to their rotators for further in-position alignment. First, the optical
element must be centered within the mount so that the rotation axis is coin-
cident with the center of the optical element at one end. For the continu-
ously rotating element (polarizer or analyzer), an externally mounted laser
beam is directed onto the surface of its centered end during rotation, and
the reflected beam is viewed on a distant screen. When this spot remains
stationary during rotation, the axis of rotation can be used to define the
optical axis of the element. Tilt adjustments are made at the opposite end
of the tubular optical element mount with respect to the rotator mount to
ensure that this condition is met. Such a procedure can also be applied to
the other rotatable components by using the stepping motors typically
employed for calibration to rotate these elements. Due to the slower speed
of the rotation in this case, it may be necessary to measure the maximum
beam separation through a full rotation, and adjust the tilt to minimize this
separation. For non-rotatable components, such as a compensator based on
the three-reflection rhomb, such rotational alignment is not possible.

(v) In the fifth step the fully mounted optical components are added
to the ellipsometer arms and their optical axes aligned. Two translational
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degrees and one tilt degree of freedom for the fully mounted optical com-
ponents are desired in order to center the components in the beam and
ensure that the reflected laser beam from each element surface superim-
poses on the incident beam. This ensures that the coincident optical and
rotational axes of the element are parallel to the reference beam axis. For
non-rotatable components this is the only alignment step needed. For
rotatable optical elements further considerations are needed. If the optical
elements of this latter type are completely uniform over their surface
areas, then it would not be necessary to ensure that the axis of rotation
coincides with the reference beam axis passing through the ellipsometer
arm. However, if non-uniformity exists then errors are likely to be intro-
duced, and coincidence of the element rotation and beam axes is desired
to minimize these errors. This alignment step is somewhat difficult and
deserves an additional paragraph for discussion.

Errors due to the resulting circular movement of the beam over the
surface of the optical element during its rotation can be observed by com-
paring the shape of the waveform at the detector over successive half-
mechanical rotations (successive optical cycles) of the optical element.
For the continuously rotating element, the waveforms can be superim-
posed on an oscilloscope by triggering the scope every optical cycle. Then
the element rotation is stopped, the mount translated, and the rotation
restarted. The goal is to minimize the difference in waveforms of the two
successive optical cycles, in which case the beam axis is most closely
coincident with the rotation axis. Rather than using an oscilloscope, the
ellipsometric angles (y, ∆) of a reflecting surface measured from succes-
sive single optical cycles can be compared. For the other rotatable optical
elements, i.e., those without continuous rotation, this alignment problem
is more difficult and would require a Fourier analysis of the detector out-
put versus the element azimuthal angle P�, C�, or A� as this angle is var-
ied under stepping motor control over 360° rotation. The magnitudes of
the w Fourier coefficients, which vanish under ideal conditions, provide a
measure of the rotational axis alignment error and must be minimized
similarly.

(vi) In the last step, routine sample alignment is achieved. Thus, the
alignment plate is removed from the sample mount and the desired sample
for measurement is added. Now only the tilt and translation of the sample
as applied in initial step (i) should be needed to ensure an alignment. This
can be done by maximizing the output at the detector when the irises are
stopped down to their minimum sizes. For routine sample alignment it is
also helpful to configure the detection system with a mirror that can drop
into place in order to direct the beam to a subsidiary quadrant detector. The
detector position can be set using the reference beam established in step (ii).
Alternatively the laser setup used in step (i) can be left in position, and a
target is placed on the distant screen denoting the beam location when the
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alignment plate is in the correct position. The laser should hit this target
when the alignment plate is replaced by the new sample.

As described above, the alignment approach for ellipsometers used in
real time measurements depends on how the ellipsometer is configured. If
independent pre-aligned polarization generation and detection arms are
attached to reaction chamber flanges, then it is best to fix both the polar-
ization generation beam path and the sample and then employ a gimbal
mount with sufficient degrees of freedom to align the entire polarization
detection beam path. This alignment must be done on a sample-by-sample
basis and can be expedited by a quadrant detector as described above. The
situation is different if the reaction chamber can be dropped into a pre-
aligned ellipsometer system. In this case, a sample manipulator is used to
orient the sample surface so that the central ellipsometer axis lies in the
surface.

Special considerations are required for the entrance and exit windows
of the reaction chamber. It is important to mount the windows on adjustable
bellows with tilt mechanisms so that the window surfaces can be oriented
normal to the incident and reflected beams. In fact if the beam were to strike
a window at non-normal incidence, a small polarization state change can
occur as well as a beam displacement. In addition, when a pre-aligned
instrument is adapted for real time ellipsometry, it is helpful to connect
irises to the chamber in front of the entrance window and behind the exit
window that are accurately positioned in an initial alignment. In this way,
one can ensure that the chamber alignment is maintained from measurement
to measurement, and as a result that the beams cross the same two spots on
the windows. Thus any necessary window corrections due to stress induced
birefringence will not vary from measurement to measurement. In contrast,
when independent ellipsometer arms are used, one can use an iris on the
entrance window, but the position of the beam through the exit window will
vary depending on the sample substrate thickness. Thus, new exit window
alignment and new window corrections may be needed every time a new
sample is mounted. The best solution to this problem, however, is to employ
windows that are stress-free over a relatively wide window area so that no
corrections at all are needed.[50]

5.3.4 Electronic Design and Components

Rotating polarizers or analyzers can be constructed by mounting the
polarizing element directly within the hollow shaft of a synchronous dc
motor operating at 10 to 100 Hz.[11, 20] Frequency stability can be main-
tained by pulses from a crystal-controlled oscillator. The pulses trigger an
audio oscillator that in turn drives the motor power amplifier. Without
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stabilization, phase drift can lead to errors in the data through a shift in
the apparent polarizer or analyzer phase angle as obtained in calibration.
The choice of the polarizer or analyzer mechanical rotation frequency w
should be made such that w, 2w, and 4w are not close to any periodic
fluctuations such as source ripple, ac line pickup, or mechanical vibra-
tions. Note that the Fourier coefficients of the irradiance waveform at 2w
(along with the dc coefficient) provide information on the sample in the
rotating polarizer or analyzer configuration, whereas the w Fourier coef-
ficients can be used to detect mechanical misalignments, and the 4w
coefficients can be used to detect polarization of the source or polariza-
tion sensitivity of the detector.[41] An optical or magnetic encoding sys-
tem is mounted on the motor shaft and designed with two outputs. The
so-called Z0 output provides one pulse per mechanical rotation of the
motor shaft whereas the clock output provides 2N pulses per rotation,
where N is typically about 50. These outputs are used in timing data
acquisition for waveform analysis of the detector output as will be
described next.

A PMT-based detection system is typically used for rotating polarizer
and analyzer instruments in ex situ spectroscopic ellipsometry from the
near infrared to the ultraviolet range. There are two different approaches
for discrete data collection and detector waveform analysis. Here, these
approaches will be called waveform sampling and waveform integration.
In waveform sampling, the time-dependent PMT photocurrent is con-
verted to a time-dependent voltage using a transimpedance preamplifier,
and this voltage is measured by a sample-and-hold input of an analog-to-
digital (a-to-d) converter.[11] In waveform integration, the PMT current,
described as photon counts from the PMT, charges a capacitor during a
gated time interval.[51] After the time interval the capacitor is discharged
and the number of counts are read out. The waveform integration
approach is also used to read out the pixels of a linear photodiode array
detector used for real time spectroscopic ellipsometry.[21] In both types of
waveform analysis, the overall data collection sequence is enabled by the
Z0 encoder output whereas the subsequent encoder clock pulse triggers
actual a-to-d conversion or count readout. Triggering by the encoder clock
continues for an integral number M of optical cycles (mechanical half-
cycles), whereby NM is the total number of data values collected. For this
list of data values Iq (q � 1, 2,…, NM), where I indicates a value propor-
tional to the irradiance of the waveform at the detector, relevant for the
case of sampling, the M values with q � n � (m � 1)N, m � 1,…, M, are
averaged so that

� In � � Σ
M

m�1
In�(m�1)N; (n � 1,2,3,…,N). (5.1)1



M
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This yields a single set of N data values as an average over M optical cycles.
The averaging is performed to improve the signal-to-noise ratio. For the
case of waveform integration, the same Eq. (5.1) applies, but I is conven-
tionally replaced by the symbol S.

In real time ellipsometry, the value of M is limited by the desired time
resolution when measuring processes in real time. For example, the mini-
mum value of M � 1 provides a maximum possible resolution of 50 ms
when operating a motor at 10 Hz. In ex situ spectroscopic measurements in
which time is not an issue, the maximum value of M is chosen such that ran-
dom source fluctuations limit the precision. These fluctuations cannot be
eliminated with further averaging. The number of data values per optical
cycle N can be as small as 3 or as large as 100. Typical values are N � 4
(every 45° of mechanical rotation) for waveform integration in real time
spectroscopic ellipsometry with a photodiode array detector or N � 36
(every 5°) for waveform sampling in ex situ ellipsometry with a PMT. When
performing waveform sampling, a low-pass electronic filter is typically used
to reduce the noise level on individual samples. The time constant of the pre-
amplifier should be chosen to be ~5x the duration between successive digi-
tized points or ~1.4 ms for N � 36 and w�2π � 50 Hz.[11]

For rotating polarizer and analyzer ellipsometers the data values col-
lected in the experiment are expected to be consistent with the following
generic waveform:[52]

Iexp(t) � a�0 � a�2 cos(2w t) � b�2 sin(2w t), (5.2a)

where the subscript ‘exp’ indicates that this is the waveform determined
experimentally, a�0 is the dc Fourier coefficient to be determined, and a�2
and b�2 are the 2w cosine and sine Fourier coefficients also to be deter-
mined. Here, time zero is defined experimentally by the first sampling
point, or the time at which the first gating interval begins.

In waveform sampling, the digitization occurs at t � 0, π�Nw,
2π�Nw,…(N � 1)π�Nw, so that the data outputs should obey the fol-
lowing equation:

�In� � a�0 � a�2 cos3 4� b�2 sin3 4;
(n � 1,2,3,…,N).

(5.2b)

The Fourier coefficients can be extracted from the {〈In〉; n � 1,2,3,…,N}
averaged points according to

a�0 � N�1 Σ
N

n�1
〈In〉, (5.3a)

2p(n � 1)




N
2p(n � 1)




N
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a�2 � 2N�1Σ
N

n�1
〈In〉cos3 4, (5.3b)

b�2 � 2N�1 Σ
N

n�1
〈In〉sin3 4. (5.3c)

In this case the higher order even Fourier coefficients can be determined;
for example, 2π in Eqs. (5.3b) and (5.3c) is replaced by 4π in order to
calculate a�4 and b�4, the 4w Fourier coefficients for the experimentally
determined waveform.

In waveform integration, gating spans the N equal time intervals
(0, π�Nw), (π�Nw, 2π�Nw),…,[(N � 1)π�Nw, π�w] so that the data out-
puts should obey the following equation:

�Sn� � �
np�Nw

(n�1)p�Nw

{a�0 � a�2 cos (2wt) � b�2 sin (2wt)}dt; (n � 1,2,3,…,N).

(5.4)

In the common special case of N � 4, the dc and 2w Fourier coeffi-
cients can be extracted from the {�Sn�; n � 1,…,4} averaged points
according to

a�2 � (1�2)(�S1� � �S2� � �S3� � �S4�), (5.5a)

b�2 � (1�2)(�S1� � �S2� � �S3� � �S4�), (5.5b)

a�0 � (1�p)(�S1� � �S2� � �S3� � �S4�). (5.5c)

In this special case, only one higher order Fourier coefficient can be deter-
mined, the 4w sine coefficient which can be written as:

b�4 � (1�2)(�S1� � �S2� � �S3� � �S4�). (5.5d)

Because waveform integration is widely used in multichannel ellipsome-
try data acquisition, other special cases with N � 5 and N � 8 have also
been worked out and appear elsewhere in the Handbook.[53]

In a scanning or ex situ spectroscopic ellipsometry experiment, the
irradiance level at the detector may change significantly as the spectrum is
traversed. In fact, at the shortest and longest wavelengths of the spectrum
the average irradiance at the detector may be two to three orders lower than
its maximum. If one operates the detection system at constant gain and
employs waveform sampling, then only a fraction of the full range of the
a-to-d converter is being used at the ends of the spectrum. Typical a-to-d

2p(n � 1)




N

2p(n � 1)




N
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converters provide a full-scale 16-bit output signal resolution; however,
when the maximum signal level falls below the 12-bit range, digital noise
may become a measurable source of statistical fluctuations in the data. In
fact, in the early development of the rotating analyzer ellipsometer, a full-
scale 12-bit a-to-d converter was used, and a triangular wave signal super-
imposed onto the preamplifier output signal at the input of the a-to-d was
found to reduce digital noise.[54] Such a procedure, designed to gain an
extra half-bit resolution, is not needed with the higher resolution a-to-d
converters widely available today. Steps must still be taken, however, to
adjust the gain in order to maintain a high a-to-d resolution near 16-bits
throughout the full spectrum.

When the detector is a PMT, then gain regulation is relatively
straightforward. In this case, the PMT cathode is powered by a high
voltage supply with the capability of adjusting the voltage under exter-
nal control. Thus, when the spectrum is stepped from one point to the
next, the average signal output is compared to the desired average that
effectively utilizes the range of the a-to-d converter. Then, the voltage at
the PMT cathode is raised or lowered to attain the desired average. In
addition, a limiting PMT cathode voltage level is specified in order to
protect the electronic system from failure in the event of inadvertent
beam interruption, e.g., due to lamp burnout during voltage regulation.
Analog circuitry has also been described to achieve gain regulation in ex
situ spectroscopic ellipsometry,[54] however, such circuitry should not be
employed without incorporating some failure protection such as Zener
diode limiters.

An important consideration in the detection system electronics of
photometric ellipsometers is nonlinearity. In theory, nonlinearity correc-
tions deduced from higher order Fourier coefficients can be applied to
the 2w Fourier coefficients; however, these corrections would not be
universally applicable and would need to be determined on a measure-
ment-by-measurement basis. Furthermore, the higher order coefficients
may also include contributions from errors other than nonlinearity such
as source polarization and polarization sensitive detection. This would
make it difficult to extract the nonlinearity corrections with the required
accuracy. Thus, eliminating nonlinearity at its source is clearly the best
approach. The first consideration in this effort is to maintain the anode
current at a low enough level to avoid PMT saturation. Although the
operational characteristics depend on the type of PMT, typical anode
currents ia are in the range of 10 to 100 µA. This implies that the pre-
amplifier must be designed for current-to-voltage conversion of
10�6 �10�5 A�V when interfacing to an a-to-d converter with maximum
input voltage of 10 V.
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Circuitry that corrects for any residual nonlinearity at the proper anode
current levels is based on the following equation for the overall gain G of
the PMT:

G � d S[1 � (gS�V) (∆V � ia R�b)], (5.6)

where R�b � Rb{1 � [s(d � 1)]�1} [Ref. 54].
Equation (5.6) is expressed to first order in the variation ∆V of the

PMT cathode voltage V � Va � ∆V about an average value Va. In this
equation, d is the gain of each stage (assumed to be identical for all
stages), s is the number of gain stages, Rb is the value of each of the resis-
tors in the dynode chain (assumed to be identical for all resistors), ia is the
anode current, and g is a constant characteristic of the PMT. By applying
a feedback voltage to the cathode given by ∆V � �iaR�b, the nonlinearity
inherent in PMT detection caused by the non-zero dynode resistances is
eliminated to first order and approximately independent of V. The best test
of the operation of such circuitry is to measure the 4w Fourier coefficients
before and after adjustment of circuit element values, in order to minimize
these higher order coefficients. In this way, linearity to 5 � 10�4 over
three orders of magnitude of incident irradiance has been obtained for a
rotating analyzer ellipsometer with data collection by waveform sam-
pling. Similar approaches for gain regulation and linearity can also be
developed for ellipsometers that use waveform integration.

Another problem associated with the data acquisition circuitry for
waveform sampling involves the suppression of the 2w Fourier compo-
nent and its phase shift due to the filtering at the input to the preamplifier.[11]

In considering this effect, Eq. (5.2a) provides a useful starting point. This
equation can be re-expressed as:

Iexp(t) � I�0{1 � a�cos(2wt) � b�sin(2wt)}, (5.7)

where I�0 � a�0, a� � a�2�a�0, and b� � b�2�a�0, the latter two representing
measured dc normalized coefficients. In fact, the theoretically correct irra-
diance waveform at the detector, as will be derived in Sec. 5.4, exhibits
the form:

Ith(t) � I0{1 � acos[2A�(t)] � bsin[2A�(t)]}, (5.8)

for the rotating analyzer configuration, or

Ith(t) � I0{1 � acos[2P�(t)] � bsin[2P�(t)]}, (5.9)
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for the rotating polarizer configuration. In these equations, unprimed a and
b designate the normalized 2w Fourier coefficients that can be predicted
from a Mueller matrix and Stokes vector analysis of the instrument as will
be described in Section 5.4. In Eqs. (5.8) and (5.9), A� and P� are the true
azimuthal angles of the analyzer and polarizer that increase linearly with
time as the optical elements rotate (assuming counterclockwise rotation,
looking opposite to the beam direction). These angles are measured with
respect to the plane of incidence in a counterclockwise positive sense and can
be written as A�(t) � wt � AS and P�(t) � wt � PS in order to make connec-
tion to the experimental result of Eq. (5.7). In these expressions, t � 0 is the
time at which the first data sample is collected (or the time at which wave-
form integration is initiated) in the experiment and �AS and �PS represent
the analyzer and polarizer azimuthal angles at this time.

Even with a linear relationship between the incident irradiance on the
PMT and the resulting anode current, one still must be concerned with the
effects of signal filtering and preamplification in the current-to-digitized
voltage conversion.[11] These effects can be simulated using the following
expression for the theoretical electronic signal deduced from a modifica-
tion of Eqs. (5.8) and (5.9):

Iel(t) � I0[1 � h�1a cos{2[wt � XS � (f�2)]}
� h�1 b sin{2[wt � XS � (f�2)]}],

(5.10)

where XS represents either AS for a rotating analyzer instrument or PS for
a rotating polarizer instrument. The key modifications of Eqs. (5.8) and
(5.9) include the factor h�1 that describes the suppression of the 2w
Fourier component relative to the dc component and the phase term f that
describes the phase shift of the 2w Fourier component, both as a result of
the signal processing circuitry (i.e., the input filter and preamplifier).
Equating Eq. (5.10) that describes the theoretical waveform, and Eq. (5.7)
that describes the experimental waveform, the theoretical normalized
Fourier coefficients can be expressed in terms of the experimentally deter-
mined ones through the following equations:

a � h [a �cos{2[XS � (f�2)]}� b�sin{2[XS � (f�2)]}], (5.11a)

b � h [�a �sin{2[XS � (f�2)]}� b�cos{2[XS � (f�2)]}]. (5.11b)

One goal of instrument calibration is to determine the three parameters
h, XS, and f as described in Section 5.6. From Eqs. (5.11), however, it is
clear that one cannot separate XS, the phase shift associated with the
polarizer or analyzer angle due to the positioning of the Z0 pulse (and any
electronic delays in sampling) from f, the phase shift due to the filtering
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and preamplification. Thus, in future discussions, these phase shift terms
will continue to be grouped as in Eqs. (5.11) and no attempt will be made
to separate them. Finally, it should be noted that if no filtering is used as
in the case of waveform integration and the circuitry is ideal, then h � 1
and f � 0° in Eqs. (5.11). In this case, one need only determine XS in
instrument calibration.

A final consideration in the electronic circuit performance involves
accounting for ambient light, PMT dark current, and zero offsets in the pre-
amplifier and a-to-d converter. Ideally, one would like to set the electronic
circuitry so that when the light on the detector is blocked, the signal level
vanishes. In spectroscopic applications in which the gain of the system is
changed continuously as the spectrum is traversed, however, the ambient
light and dark current contributions to the dc signal level change, and this
makes it impossible to zero out these contributions through electronic
adjustments. As the extremes of the spectrum are approached where the Xe
source output is very weak and the PMT cathode voltage is very high, the
ambient light or dark current can lead to significant errors. The overall
problem is best eliminated by incorporating a computer controlled shutter
such that digitized or integrated data averaged over a number of optical
cycles of the rotating element are collected with the shutter open, and then
with the shutter closed.[11] The results for �In� or �Sn� (n � 1, …, N)
obtained with the shutter open and closed are subtracted, and these cor-
rected average data values spanning an optical cycle are used to calculate
a� and b� according to Eqs. (5.3). In this way, even if the ambient light is
partially polarized, the correction procedure is still effective. Finally,
without loss of accuracy, the number of optical cycles over which data are
collected with the shutter closed can be smaller by a factor of about ten
than the corresponding number with the shutter open. This leads to an
acquisition time savings for the full data cycle.

The discussion of this section concludes with a description of the
sequence of events that would make up a typical single data cycle in the
collection of ellipsometric spectra with a scanning ellipsometer.

(i) Set monochromator. The motor driving the monochromator
is energized and steps the wavelength to the desired value.
The shutter is already open and the PMT cathode voltage is
held while moving the stepping motor.

(ii) Set optical elements. Any optical element changes are
made including order-sorting filter insertion into the beam
or compensator adjustment based on the selected value of
the wavelength.

(iii) Regulate and hold PMT. The experimental data are sampled
over a number of optical cycles to determine the average

Ch_05.qxd  1/1/04  2:40 AM  Page 363



signal level and an adjustment is made (if needed) to the
PMT cathode voltage to bring the signal level into the
desired range. The PMT voltage is held at this value to
prepare for measurement.

(iv) Collect light cycle data. The data over a specified number
M of optical cycles are obtained by digitization or inte-
gration. These M sets of N data points are averaged to
yield N points over a single optical cycle.

(v) Collect dark cycle data. The shutter is closed and data
over a specified number of optical cycles, typically
~M�10, are obtained by digitization or integration. The
data points are averaged to yield N points over a single
optical cycle.

(vi) Compute and store normalized Fourier coefficients. The
averaged data collected in the dark cycle are subtracted
from those collected in the light cycle, and the normalized
Fourier coefficients a� and b� are determined from the
resulting N data points. If calibration information is avail-
able, then the theoretically significant coefficients a and b
can be determined using Eqs. (5.11). It is useful to save
the experimental coefficients as well in case it is discov-
ered later that the applied calibration values are in error.

After this last step, the measurement sequence is returned to step (i).
Alternatively, if the properties of the sample change rapidly with wave-
length, one may want to repeat the measurement at the same wavelength
with new settings of the optical elements, e.g., compensator or fixed
polarizer/analyzer, to achieve results with higher accuracy and precision.
In the next section, the basic procedures of how to determine sample
information from the theoretical coefficients a and b will be discussed.

5.4 Data Reduction for the Rotating Polarizer 
and Analyzer Ellipsometers

5.4.1 Ideal PXSAr Configuration

Equations (5.11) describe how one determines the theoretical 2w
Fourier coefficients a and b of Eq. (5.8) or (5.9) from the experimental
coefficients of Eq. (5.7). In this part, an outline will be provided describ-
ing how one determines sample information y and ∆ from the theoretical
Fourier coefficients for the rotating analyzer ellipsometer configuration
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designated PXSAr, where the subscript ‘r’ identifies the rotating element,
in this case the analyzer A. This description includes the possibility of
incorporating any polarization modifying optical element (X) between the
polarizer P and the sample S. The approach will be based on the follow-
ing vector equation:

IthsD � �(�A�)MA�(A�)MSM��(�P�)MP�(P�)(ISsS), (5.12)

which describes the normalized Stokes vector sD of the light beam at the
detector as a product of several Mueller matrices times the normalized
Stokes vector sS of the light beam emitted by the source.[1] In this equa-
tion, IS and Ith are the irradiances (scalar quantities) of the light beams exit-
ing the source and entering the detector, respectively, where Ith has been
defined earlier in Eq. (5.8). In Eq. (5.12), MP and MA are the Mueller
matrices for the assumed ideal polarizer and analyzer, given by:

Mj � (1�2)Tjt s t, (5.13a)

where the subscript ‘j’ is either ‘P’ or ‘A’, and Tjt is the transmittance of
the polarizer or analyzer for light polarized along the transmission axis
(subscript ‘t’). MS is the Mueller matrix of the sample given by:

MS � Rus t, (5.13b)

where Ru � �

is the reflectance of the sample for unpolarized light. The ellipsometric
angles are defined as usual by y � tan�1(	rp	�	rs	) and ∆ � dp � ds, where
rp � 	rp	exp(idp) and rs � 	rs	exp(ids) are the complex amplitude
reflection coefficients for linearly polarized light waves with electric
fields along the p and s directions. The matrices of Eq. (5.13) are
expressed in the coordinate system of the elements themselves. The coor-
dinate system for the polarizer and analyzer is right-handed and is
defined by its transmission axis (t, corresponding to x) and extinction axis
(e, corresponding to y), whereas the z direction is along the propagation
vector of the light beam. The coordinate system of the sample includes the

	rp	
2 � 	rs	

2




2

Rp � Rs



2

1 �cos 2y 0 0
�cos 2y 1 0 0

0 0 sin2y cos ∆ sin2y sin∆
0 0 �sin2y sin ∆ sin2y cos∆

1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0
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p direction, defined by the intersection of the surface and the plane of inci-
dence (corresponding to x), and the s direction perpendicular to the
p direction in the plane of the surface (corresponding to y), whereas the
z axis is directed inward into the sample, perpendicular to its surface.

The matrix �(q) appearing four times in Eq. (5.12) is a rotational trans-
formation that converts the Stokes vector S or Mueller matrix M from an
‘unprimed’ to a ‘primed’ coordinate system through a rotation angle q
according to S� � �(q)S and M� � �(�q)M�(q). Thus, q � P� and A�
in Eq. (5.12) designate the angles from the sample p direction to the polar-
izer and analyzer transmission axes, respectively, measured in a counter-
clockwise positive direction looking toward the source. The general form
of the rotation matrix is:

�(q) � s t. (5.14)

Finally M� in Eq. (5.12) is the Mueller matrix of the general optical ele-
ment X. For a compensator in the reference p-s coordinate system, this
can be written as M� � Tu�(−C�)mC�(C�), where Tu � (TF � TS)�2 is the
transmittance of the compensator for unpolarized incident light and C� is
the orientation of the fast axis of the compensator with respect to the
p direction. The matrix mC is the normalized Mueller matrix for the com-
pensator within its own frame of reference, defined by the fast axis F
(corresponding to the x direction) and the slow axis S (corresponding to
the y direction), whereas the z direction is in the direction of beam travel.

In general, a compensator may impose a relative F-to-S amplitude
change in addition to a phase shift on the two linearly polarized orthogo-
nal field components. In this case, mC is given by

mC � s t, (5.15)

in analogy with the Mueller matrix of the sample. In Eq. (5.15), yC �
tan�1 (	tF	�	tS	) and dC � dF � dS where tF � 	tF	 exp(idF) and tS =
	tS	exp(idS) define the complex amplitude transmission coefficients for
linearly polarized light waves with electric fields along the F and S axes.
In fact, for a single plate compensator, dC � 2π(nS � nF)d�l, where nF and
nS are the indices of refraction for electric fields along the fast and slow
axes. Because the phase velocities and indices of refraction are related by

1 �cos 2yC 0 0
�cos 2yC 1 0 0

0 0 sin 2yCcos dC sin 2yCsin dC

0 0 �sin 2yCsin dC sin 2yCcos dC

1 0 0 0
0 cos2q sin2q 0
0 �sin2q cos2q 0
0 0 0 1
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vF � c�nF and vS � c�nS, where c is the speed of light in vacuum, and
because vF � vS, then nS � nF and dC � 0.

To determine (y, ∆) on the basis of Eq. (5.12), the calculation begins
at the detector and progresses backwards through the ellipsometer. The
Stokes vector of the beam reflected from the sample can be written
Sr � I0rsr � I0r [1 s2r s3r s4r]

T in the p-s reference frame, where the
subscript ‘r’ indicates reflection. Here I0r is the irradiance in the beam, and
s2r, s3r, and s4r are the three normalized Stokes vector components. The
superscript ‘T’ indicates a transpose since the Stokes vectors are column
vectors; the row vector notation is used for compactness. With this Stokes
vector incident on the rotating analyzer, the irradiance at the detector fol-
lows the form:

Ith(t) � (1�2)TAt I0r{1 � s2r cos2A� � s3r sin2A�}. (5.16)

A comparison with Eq. (5.8) shows that:

a � s2r, (5.17a)

b � s3r, (5.17b)

I0 � (1�2)TAt I0r. (5.17c)

Thus, by measuring the 2w Fourier coefficients, one is actually establish-
ing partial information on the Stokes vector of the light beam in the p-s
frame just before the beam enters the rotating analyzer. This is a very sim-
ple, but important result that requires further digression.

It is helpful to recall the general expression for the Stokes
vector of a partially polarized light beam, S � I[1 s2 s3 s4]T �
I[1 pcos 2Qcos2c psin2Qcos2c psin2c]T, in terms of the ellipse of
polarization.[1] Here Q (�90° � Q � 90°) is the azimuth angle of the semi-
major axis of the polarization ellipse and c (�45° � c � 45°) is the
ellipticity angle of the ellipse given by c � tan�1e (�1 � e � 1), where
e is the ratio of the semiminor axis to the semimajor axis of the
ellipse. The angle Q is measured from the plane of incidence in a counter-
clockwise-positive sense looking opposite to the beam direction. Finally, I
and p are the irradiance and the degree of polarization in the beam. By
measuring only the middle two Stokes vector components s2 and s3, it is not
possible to extract (Q, c, p) together. If partially polarized light of a cer-
tain nature is assumed, then the data from a rotating analyzer ellipsome-
ter can be analyzed in such terms; however, the rotating analyzer polar-
ization state detector cannot be used to detect partially polarized light.
For example, it is clear that with the rotating analyzer one cannot distin-
guish between natural light with p � 0 and circularly polarized light with
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c � 45°. In addition, because only cos2c can be determined with the
rotating analyzer ellipsometer, one cannot determine the sign of c.
Hence, one cannot determine the handedness of elliptically polarized
light entering the rotating analyzer.

Returning to the problem at hand, the Stokes vector components at the
input of the rotating analyzer can be expressed in terms of the Stokes vec-
tor at the output of unspecified component X. The latter Stokes vector is
written: Si � I0i [1 s2i s3i s4i]

T where the subscript ‘i’ indicates the
beam incident on the sample. The expressions are:

s2r � , (5.18a)

s3r � . (5.18b)

Rearranging these equations in a convenient form for deduction of the
sample parameters yields:

tany � �����, (5.19a)

s3i cos∆ � s4i sin∆ � s3r���
1
1
�

�

s
s

2
2

2
2

r

i���. (5.19b)

In these two equations, it is assumed that the positive roots are taken since
0° � y � 90° and since the sign of the left-hand side of Eq. (5.19b) is car-
ried by s3r or by b, as can be seen by inspection of Eq. (5.18b). In fact, Eq.
(5.19b) can be readily solved as a quadratic in cos∆ with the substitution
sin∆ � ±�1 � co�s2 ∆�, yielding:

cos ∆ � 3s3i ± s4i����4. (5.19c)

The two sign choices here arise from the fact that the sign of ∆ cannot be
determined and, as a result, the sign of sin∆ in Eq. (5.19b) will be
unknown. This sign uncertainty must be resolved based on some knowl-
edge of the sample characteristics; however, if s4i vanishes, implying that
the light incident on the sample is linearly polarized, then this ambiguity
is eliminated.

Finally, to complete the analysis, one first assumes that the light
from the source is unpolarized sS � (1 0 0 0)T. Then one can express the

1 � s2
2r � s2

3r��
s2

3r

s3r��
��(1�s2

2r�)(1�s2
2�i)��

(1 � s2r)(1 � s2i)��
(1 � s2r)(1 � s2i)

sin 2y(s3i cos ∆ � s4i sin ∆)
���

1 � s2i cos 2y

s2i � cos 2y
��
1 � s2i cos 2y
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normalized Stokes vector of the beam incident on the sample as:

sji � ; ( j � 2,3,4). (5.20)

Here m�jk (k � 1,2,3) represents the ( j, k) element of the matrix m� given by
M� � Tum� where M� is defined through Eq. (5.12). The irradiance incident
on the sample is given by I0i � (1�2)ISTPtTuD1, where D1 � 1 � m�12cos 2P�
� m�13sin 2P�. Thus, if one knows the instrument and component character-
istics h, [AS � (f�2)], and P�, as well as the Mueller matrix elements of the
component X in the p-s reference frame, and if one measures the Fourier
coefficients (a�, b�), then one can apply Eqs. (5.11) to extract (a, b), and
then Eqs. (5.17), (5.19), and (5.20) to extract (y, ∆). Thus, the approach
above is amenable to analysis by computer since the determination of the
elements of m� inevitably involves three or more matrix multiplications.
Next a series of cases will be considered for the matrix m�, leading to
expressions that relate the theoretical Fourier coefficients (a, b) to (y, ∆).
These examples serve as illustrations of the wide applicability of the
approach presented here.

First, consider the situation in which no optical element is in loca-
tion X. In this case m�jk � djk, the Kronecker delta. Then Eq. (5.20)
shows that I0i � (1�2)ISTPt, s2i � cos 2P�, s3i � sin 2P�, and s4i � 0. This
leads to two of the most important expressions for the rotating analyzer
ellipsometer in this chapter:

tany � �����tan P��, (5.21a)

cos ∆ � b����. (5.21b)

Here and below, it is assumed that 0° � P� � 90° so that sin 2P� 	 0, and
the sign of cos ∆ is carried by b. Equations (5.21) are important because
they relate the sample parameters to the Fourier coefficients for the sim-
plest instrument design without a compensator.[11]

A second very common case with similarly simple data reduction
equations occurs when an ideal compensator is aligned with its fast axis F
along the p direction so that C� � 0°. Then m� � mC of Eq. (5.15) but with
yC � 45°. As a result, I0i � (1�2)ISTPtTu, s2i � cos2P�, s3i � sin2P�cosdC,
and s4i � �sin2P�sindC. For this situation, the result for y is the same as
that of Eq. (5.21a), but the result for ∆ of Eq. (5.21b) must be replaced by:

cos(∆ � dC) � b����, (5.22)1
�
1 � a2

1
�
1 � a2

1 � a
�
1 � a

m�j1 � m�j2 cos 2P� � m�j3 sin 2P�
����
1 � m�12 cos 2P� � m�13 sin 2P�
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so that ∆ is replaced by ∆ � dC. This simply means that the phase shift of
the ideal compensator and sample add when F is along p [10–12].

A third case can be derived in which C� � 0° and the characteristics
of the compensator (yC, dC) in Eq. (5.15) are arbitrary. Then I0i �
(1�2)ISTPt(	tF	2 cos2 P� � 	tS	

2 sin2P�), s2i � (tan2yC � tan2 P�)�D2i, s3i �
(2 tanP� tanyC cos dC)�D2i, and s4i � �(2 tan P� tanyC sindC)�D2i, where
D2i � tan2 yC � tan2P�. For this situation, the result for ∆ in Eq. (5.22)
continues to hold, but the result for y in Eq. (5.21a) is replaced by:

tany � ��	� . (5.23)

Thus, tany is replaced by (tany tanyC), which simply means that the ampli-
tude ratios of the compensator and sample multiply when F is along p.

The final case of an ideal compensator with yC � 45° at an arbitrary
angle C� is more difficult to handle. In this case, only the Stokes vector of
the beam incident on the sample will be presented. First, the output irra-
diance is given by I0i � (1�2)ISTPtTu and the normalized components are:

s2i � cos2(dC�2) cos2P� � sin2(dC�2) cos[2 (2C� � P�)], (5.24a)

s3i � cos2(dC�2) sin2P� � sin2(dC�2) sin[2 (2C� � P�)], (5.24b)

s4i � sin dC sin[2(C� � P�)]. (5.24c)

These results along with Eqs. (5.17a) and (5.17b) can be substituted into
Eqs. (5.19a) and (5.19c). There are two checks on Eqs. (5.24), namely, that
the sums of the squares of the three components should be unity, and that
the equations must reduce to s2i = cos 2P�, s3i � sin2P� cos dC, and s4i �
�sin2P�sindC when C� � 0°.

So far, the discussion has focused on the application of Eqs. (5.16)
through (5.20) to extract sample information given information on the opti-
cal and electronic component settings and characteristics, including P�, C�,
yC, dC, h, and [AS � (f�2)]. Another application is to use a standard sample
of known (y, ∆) values and apply Eqs. (5.22) and (5.23) to extract com-
pensator information, i.e., the (yC, dC) values, when the compensator is set
at C� � 0°. This can be dangerous owing to the sensitivity of the (y, ∆) val-
ues to environmental conditions such as humidity and temperature, how-
ever, an improved standard sample uses a 2q isoceles prism, where q is the
angle of incidence, fabricated with stress-free vitreous silica and coated on
the unique face with a metal film. For this sample the incident and reflected
light beams enter and exit at normal incidence through the prism and the
internal reflection ensures that the ellipsometric angles are not affected by
ambient conditions.[55]

	tan P�	



tanyC

1 � a


1 � a
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5.4.2 Errors in the PXSAr Configuration

A useful approach for reactor entrance window characterization also
uses a standard sample. In general, one seeks to eliminate window bire-
fringence through proper design. Oftentimes one is left with small errors
that require measurement and correction. The analysis presented here
employs a Mueller matrix for the entrance window based on the retarda-
tion plate model,[56] namely:

m�W1 � s t . (5.25)

In fact, this derivation is based on the equation M� � Tum�W1 �
Tu �(�W1)mW1�(W1), where Tu is the transmittance of the window for
unpolarized light and W1 is the azimuthal angle of the fast axis of the win-
dow, i.e., the principal axis of birefringence along which n is the lower
value, i.e., n � nF. In Eq. (5.25), d1 �� 1 (in radians) is the retardance
associated with the assumed very weak stress-induced birefringence of the
window. Thus, with the window as component X, one finds I0i � (1�2)ISTPtTu,
s2i � cos2P�, s3i � sin2P�, and s4i � d1 sin[2(W1 � P�)]. The results can
be substituted into Eqs. (5.19) in order to determine (y, ∆) as long as the
window parameters (d1, W1) are known. Alternatively, window character-
istics can be determined using a standard sample of known (y, ∆) values.
The following expression can be derived from Eq. (5.19b):

� , (5.26)

where (a, b) are deduced from the measurement of (a�, b�) with the
entrance window in place, and ∆ characterizes the sample surface obtained
without the window. Equation (5.19a) is unchanged with the addition of
the window, implying that the determination of a from (a�, b�) and the
computation of y are unaffected by its presence in the beam path.
Conversely, window characteristics cannot be measured through consid-
eration of Eq. (5.19a). Returning to Eq. (5.26), this expression demon-
strates the expected result that if the window is aligned so that the angle
between the fast (or slow) axis and the polarizer transmission axis van-
ishes, then the entrance window will not generate errors in the (a�, b�)
data. This equation also shows that in order to characterize the window, at
least two measurements at different polarizer or window orientations are
needed. For example if the window is rotated counterclockwise in its

b(1 � a2)�1�2 � cos∆





sin∆
d1 sin[2(W1 � P�)]




sin2P�

1 0 0 0
0 1 0 �d1 sin 2W1

0 0 1 d1 cos 2W1

0 d1 sin 2W1 �d1 cos 2W1 1
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coordinate frame to W10 � 45° then the numerator of the left side of
Eq. (5.26) becomes d1 cos[2(W10 � P�)]. Combining measurements in this
orientation with measurements at W10 can provide (d1, W10).

The derivation leading to Eqs. (5.20) is based on the assumption of a per-
fect polarizer with Mueller matrix given by Eq. (5.13a). Two different types
of errors can occur in polarizers that lead to modified Mueller matrices.[1]

First, the polarizer can partially polarize the light beam, and thus can
exhibit a non-zero extinction ratio eP � TPe�TPt, where TPe and TPt are the
transmittances of the polarizer for linearly polarized light along the
extinction and transmission axes, respectively. This imperfect polarizer
leads to a Mueller matrix of the form:

Mj � TPu s t , (5.27)

where TPu � (TPt � TPe)�2. With this polarizer, the Stokes vector at the
input of the sample becomes

sji � ; (j � 2, 3, 4), (5.28)

where p � (1 � eP)�(1 � eP) is the degree of polarization of the light beam
at the exit of the partial polarizer. The irradiance incident on the sample is
given by I0i � ISTPuTuD1, where D1 � 1 � pm�12 cos2P� � pm�13 sin2P�.

Second, some polarizers generate light with a slight ellipticity from
incident unpolarized light. This is the case for Rochon polarizers fabri-
cated from quartz, and the resulting Mueller matrix, expressed to second
order in the ellipticity parameter gP is given by:

Mj � s t . (5.29)

In fact �gP is the ellipticity that results when unpolarized light enters the
polarizer. Thus with the Mueller matrix of Eq. (5.29), gP � 0 represents a

1 1 � 2g 2
P 0 2gP

1 � 2g 2
P 1 � 4g 2

P 0 2gP

0 0 0 0
2gP 2gP 0 4g 2

P

TPt

2

m�j1 � pm�j2 cos2P� � pm�j3 sin2P�





1 � pm�12 cos2P� � pm�13 sin2P�

1 

1

1

�

�

e
e

P

P


 0 0



1

1

�

�

e
e

P

P


 1 0 0

0 0 

1

2

�

e
e
P�

P


 0

0 0 0 

1

2

�
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right elliptical polarizer, e.g., right-handed crystal quartz for a Rochon
polarizer. For a general elliptical polarizer, the normalized components of
the Stokes vector incident on the sample are:

sji � ; (j � 2, 3, 4),

(5.30)

and the irradiance incident on the sample is given by I0i � ISTPtTuD1,
where D1 � 1 � (1 � 2g 2

P)(m�12 cos 2P� � m�13 sin 2P�) � 2gPm�14.
By incorporating a general Mueller matrix for the element X at the

position of the compensator, it is straightforward to incorporate compen-
sator errors into the analysis. For example, some compensators can act as
elliptic retarders, meaning that the polarization states that pass unchanged
along the F and S axes are slightly elliptical, rather than linear.[1] In this
case, it is these orthogonal elliptical modes that experience a relative
retardance that changes the polarization state of the transmitted light
beam. The Mueller matrix for an elliptic retarder without dichroic effects
can be written in its F-S frame of reference as

mC � s t, (5.31)

to second order in gC, the ellipticity of the elliptical polarization mode asso-
ciated with fast axis propagation. In addition, the following definitions
have been made: xe

2 � 4g 2
C(1 � cosdC) and ge � 2gC(1 � cosdC). In fact,

Eq. (5.31) can be applied specifically to the case of a properly aligned
quartz biplate compensator where gC � 0 represents a right-handed char-
acteristic for the equivalent single plate. Now by taking the matrix product
M� � Tu m� � Tu �(�C�) mC �(C�) one can deduce the following non-
zero matrix elements of m� as:

m�11 � 1, (5.32a)

m�22 � (1 � 2gCge)cos2 2C� � cosdC sin22C�, (5.32b)

m�23 � {[sin2 (dC�2)] � gCge}sin4C� � 2gC sindC, (5.32c)

m�24 � �(1 � 2g 2
C) sindC sin2C� � ge cos2C�, (5.32d)

m�32 � {[sin2 (dC�2)] � gCge}sin4C� � 2gC sindC, (5.32e)

m�33 � (1 � 2gCge)sin2 2C� � cosdC cos2 2C�, (5.32f)

m�34 � (1 � 2g 2
C)sindC cos2C� � ge sin2C�, (5.32g)

1 0 0 0
0 1 � xe

2 2gC sin dC ge

0 �2gC sin dC cos dC (1 � 2g 2
C)sin dC

0 ge �(1 � 2g 2
C) sin dC cos dC � xe

2

m�j1 � (1 � 2g 2
P)(m�j2 cos2P� � m�j3 sin2P�) � 2gPm�j4







1 � (1 � 2g 2
P)(m�12 cos2P� � m�13 sin2P�) � 2gPm�14
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m�42 � (1 � 2g 2
C)sindC sin2C� � ge cos2C�, (5.32h)

m�43 � �(1 � 2g 2
C)sindC cos2C� � ge sin2C�, (5.32i)

m�44 � cosdC � 2gCge, (5.32j)

and with all other matrix elements vanishing. It is straightforward but
tedious to substitute these equations into Eq. (5.20) to find the normalized
Stokes vector of the beam incident on the sample.

Next, errors in the polarization detection arm that lead to different
results from those of Eqs. (5.16) and (5.17) will be discussed, following
the same sequence as for the errors in the polarization generation arm.

Consider first the presence of a reactor chamber exit window imme-
diately in front of the rotating analyzer. As before, the Mueller matrix for
the exit window is based on the retardation plate model:

mW2 � s t, (5.33)

where d2 �� 1 (in radians) is the retardance associated with assumed very
weak stress-induced birefringence of the window.[56] In this analysis, recall
that the Stokes vector of the light beam reflected from the sample is desig-
nated Sr � I0r [1 s2r s3r s4r]

T in the p-s reference frame. With this
Stokes vector incident on the combined exit window and rotating analyzer,
the irradiance at the detector follows the form:

Ith(t) � (1�2)TAtTW2u I0r {1 � (s2r � d2 s4r sin 2W2) cos(2A�) 
� (s3r � d2 s4r cos2W2) sin(2A�)},

(5.34)

where TW2u is the transmittance of the exit window for unpolarized light.
A comparison with Eq. (5.8) shows that:

a � s2r � d2 s4r sin2W2, (5.35a)

b � s3r � d2 s4r cos2W2, (5.35b)

I0 � (1�2)TAt TW2u I0r. (5.35c)

The first two equations can be solved to yield the two reflected beam
Stokes parameters

s2r � a ± d2 (1 � z2)1�2 sin2W2, (5.36a)

s3r � b � [± d2 (1 � z2)1�2] cos2W2, (5.36b)

1 0 0 0
0 1 0 �d2 sin 2W2

0 0 1 d2 cos 2W2

0 d2 sin 2W2 �d2 cos 2W2 1
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where z2 � a2 � b2. Here it is assumed that only the first-order terms in
the window retardance d2 (given in radians) are significant and that the
reflected beam is completely polarized so that s4r � ±(1 � s2r � s3r)

1�2.
As long as one knows the characteristics of the window, then the sam-
ple parameters can be deduced by substitution of Eqs. (5.36) into
Eqs. (5.19). The sign ambiguity is characteristic of the rotating analyzer
polarization state detector. In fact, one can use a standard sample that
generates a known reflected beam Stokes vector to extract the window
characteristics without ambiguity by solving Eqs. (5.36) for d2 and W2.
Finally Eqs. (5.35) demonstrate that when the light beam reflected from
the sample is linearly polarized with s4r � 0, then the presence of the
window has no effect on the measurement at least to first order in the
parameter d2.

The derivation leading of Eqs. (5.16) and (5.17) is based on the
assumption of a perfect rotating analyzer with a Mueller matrix given by
Eq. (5.13a). As noted above for the polarizer, two different types of errors
can occur in the analyzer that lead to modified Fourier coefficients from
those in Eqs. (5.17).[1] First, the analyzer can exhibit a non-zero extinction
ratio eA � TAe�TAt, where TAe and TAt are the transmittances of the analyzer
for linearly polarized light along the extinction and transmission axes,
respectively. This imperfect analyzer leads to a Mueller matrix of identi-
cal form as Eq. (5.27) but with eP replaced by eA. Then the following
waveform can be derived:

Ith(t) � TAuI0r {1 � [(1 � eA)�(1 � eA)] s2r cos(2A�) 
� [(1 � eA)�(1 � eA)] s3r sin(2A�)}, (5.37)

so that the components of the reflected beam Stokes vector can be written
as:

s2r � [(1 � eA)�(1 � eA)] a, (5.38a)

s3r � (b�a) s2r, (5.38b)

I0r � I0�TAu, (5.38c)

where a, b, and I0 are obtained in the experiment. Second, as described
earlier, some polarizers transmit polarized light having slight ellipticity
such that the semimajor axis is oriented along the transmission axis. In
addition, when such a polarizer is used as an analyzer and is illuminated
with a light beam polarized linearly along the e-axis, a weak light beam
polarized linearly along the t-axis is transmitted. This is the case for
Rochon analyzers fabricated from quartz, and the Mueller matrix of the
analyzer is the same as that in Eq. (5.29), but with gP replaced by gA.

Ch_05.qxd  1/1/04  2:40 AM  Page 375



The resulting irradiance at the detector behind a rotating elliptic analyzer
is given by:

Ith(t) � (1�2)TAt I0r(1 � 2gAs4r) 51 � s2r cos2A�

� s3r sin2A�6. (5.39)

In this case, the components of the reflected beam Stokes vector can be
written as:

s2r � [1 ± 2gA�1 � z 2� � 2g 2
A(1 � 2z2)]a, (5.40a)

s3r � (b�a)s2r, (5.40b)

I0r � , (5.40c)

where a, b, and I0 are obtained in the experiment. With the reflected beam
Stokes parameters s2r and s3r determined, at least to within a sign ambigu-
ity, the sample parameters can be determined using Eqs. (5.19) and (5.20).
Finally, Eqs. (5.38) and (5.40) demonstrate that when the light beam
reflected from the sample is circularly polarized with s2r � s3r � 0, then
the use of an analyzer with incomplete extinction or weak elliptical nature
has no significant effect on the measurement.

Finally, the case of the polarization sensitive detection system will be
considered.[42] In this case, the Stokes vector sD and irradiance Ith at the
detector can be written in terms of the following product of Mueller matri-
ces acting on the Stokes vector of the reflected beam:

IthsD � M�D�(�A�)MA�(A�)(I0rsr). (5.41)

Here M�D is the Mueller matrix of the detection system components that
characterizes the polarization sensitive detection system. This Mueller
matrix is given in the p-s frame of reference of the sample. Equation
(5.41) leads to the following waveform:

Ith(t) � (1�2)I0rTAtTDu{1 � (1�2)(m�D12s2r � m�D13s3r)}{1 � a cos2A�(t)
� bsin2A�(t) � a4cos4A�(t) � b4sin4A�(t)}, (5.42)

whereby the observation of non-zero 4w Fourier coefficients is one indi-
cation of detection system polarization sensitivity. In Eq. (5.42) TDu is
the transmittance of the detection system components, and mDij� are its

2I0
��
TAt(1 � 2gAs4r)

1 � 2g 2
A

��
1 � 2gAs4r

1 � 2g 2
A

��
1 � 2gAs4r
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normalized Mueller matrix elements. The following Fourier coefficient
expressions can be derived from Eq. (5.41):

a � , (5.43a)

b � , (5.43b)

a4 � , (5.43c)

b4 � . (5.43d)

Equations (5.43a) and (5.43b) can be inverted to obtain the Stokes vector
components of the reflected beam from which the sample properties are
evaluated. The results are:

s2r � , (5.43e)

s3r � . (5.43f)

In applying these equations to deduce sample properties, one must have
previously characterized the detection system Mueller matrix, or at least
the matrix elements m�D12 and m�D13 . By using a standard sample that gen-
erates known s2r and s3r, then one can extract these elements from either
of Eqs. (5.43a) and (5.43b) or Eqs. (5.43c) and (5.43d). The latter two are
the most useful since the 4w Fourier coefficients are small and the s2r and
s3r values can be approximated as those obtained from the 2w coefficients,
neglecting the polarization sensitivity. The following expressions are
obtained by inversion of Eqs. (5.43c) and (5.43d):

m�D12 � , (5.44a)

m�D13 � . (5.44b)

Other ellipsometer errors in addition to polarization sensitivity in the
detection system can give rise to non-zero 4w Fourier coefficients, an

a4s3r � b4s2r






b4s2rs3r � (1�2){a4(s

2
2r � s2

3r) � (s2
2r � s2

3r)}

�(a4s2r � b4s3r)






b4s2rs3r � (1�2){a4(s

2
2r � s3

2
r) � (s2

2r � s2
3r)}

(b � m�D13) � (1�2)m�D12(m�D13a � m�D12 b)







1 � (12)(m�D12a � m�D13 b)

(a � m�D12) � (1�2)m�D13(m�D12 b � m�D13a)







1 � (1�2)(m�D12a � m�D13b)

(1�2)(m�D13s2r � m�D12s3r)




1 � (1�2)(m�D12s2r � m�D13s3r)

(1�2)(m�D12s2r � m�D13s3r)




1 � (1�2)(m�D12s2r � m�D13s3r)

s3r � m�D13




1 � (1�2)(m�D12s2r � m�D13s3r)

s2r � m�D12




1 � (1�2)(m�D12s2r � m�D13s3r)
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example being detector nonlinerarity.[54] One test to isolate polarization sen-
sitivity is to rotate the detector to different azimuthal angles relative to the
p-s coordinate system. The detector angle dependence of the Mueller matrix
elements is extracted from the transformation m�D � �(�D�) mD�(D�),
that leads to the equations

m�D12 � mD12 cos2D� � mD13sin2D�, (5.45a)
m�D13 � mD12 sin2D� � mD13 cos2D�, (5.45b)

where D� denotes the detector angle relative to the p-s coordinate system.
These equations are valid only for the purpose of computing the irradiance
at the detector, in which case the transformation matrix �(�D�) has no
influence. Upon rotating the detector m�D12 and m�D13 should show oscilla-
tory behavior with D� whereas mD12 and mD13 are given in the frame of
reference of the detector and therefore should not.

5.4.3 PrXSA Configuration

Next, the rotating polarizer ellipsometer configuration will be
described. For this configuration, the only possible variation to be con-
sidered is that in which the general element X, typically representing a
compensator, is placed immediately before the sample, yielding the
PrXSA sequence. This avoids changes in the compensator (or other opti-
cal element) characteristics due to beam deviations caused by sample
alignment irreproducibilities. One might expect to be able to apply the
principle of time-reversal symmetry to the mathematical description of
the error-free rotating analyzer ellipsometer and thereby extract the corre-
sponding description of the error-free rotating polarizer ellipsometer.
However, because the time-reversal analog of the PXSAr configuration is
the PrSXA (with the compensator after the sample), this principle is not
applicable under all circumstances. It is clear that time-reversal symmetry
holds if there is no optical element in position X or if the Mueller matrix
M� representing optical element X commutes with MS representing the
sample. In such symmetric cases, one can select the corresponding equa-
tion for the rotating analyzer instrument, replace time t by �t, such that
the optical fields oscillate according to exp(�iwt) rather than exp(iwt)
(assuming that the optics convention is used throughout). This sign
change reverses the signs of the polarization state ellipticities. In addition,
all variables A� are replaced by P� and vice versa. Upon making these
changes, the equations for the rotating polarizer ellipsometer result.

Thus, the principle of time reversal symmetry can apply to an ellip-
someter configuration incorporating certain errors, as long as the error-free
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ellipsometer configuration is similarly symmetric. For example, in convert-
ing the equations for a symmetric rotating analyzer ellipsometer in which
the polarizer and analyzer are both elliptic in nature to those for the corre-
sponding rotating polarizer ellipsometer, the ellipticity parameters gA and gP

that characterize the analyzer and polarizer are changed to �gP and �gA,
respectively; in addition, the A� ↔ P� reversal is applied as noted in the
previous paragraph. Furthermore, for the symmetric ellipsometer configu-
ration including both reaction chamber windows, the window retardances
and angles (d1, W1) and (d2, W2) in the equations for the rotating analyzer
system are replaced by (d2, W2) and (d1, W1), respectively, to obtain the
equations for the corresponding rotating polarizer configuration. Because
of the possibility of such symmetric interchanges, many of the results of
the previous section may also be applicable for the rotating polarizer ellip-
someter. As a consequence, this section will be far less comprehensive than
the previous one.

In this section, a general solution to data analysis for the ideal rotat-
ing polarizer ellipsometer will be presented without appealing to time
reversal symmetry. In this case, the same Stokes vector equation must be
applied as in Eq. (5.12):

Ith sD � �(�A�) MA �(A�) MS M� �(�P�) MP �(P�) (ISsS), (5.46)

where all the matrices are defined as before, and it is assumed that the
light from the source is unpolarized so that sS � [1 0 0 0]T.[1] In this
case, however, the matrix product is handled all at once in order to obtain
Ith as a Fourier expansion in the time-dependent angle 2P�. The simplest
expression of the detector irradiance from this full matrix product can be
given as in Eq. (5.9):

Ith (t) � I0{1 � a cos2P�(t) � b sin2P�(t)}, (5.47)

with the following expressions

I0 � (1�4) TAt Tu m1TPt IS{�rp�
2 cos2 A� � �rs�

2 sin2 A�}, (5.48a)

a � m2�m1, (5.48b)

b � m3�m1. (5.48c)

In these equations,

mj � Σ
4

i�1
ti m�ij ; (j � 1,2,3,4), (5.49)

Ch_05.qxd  1/1/04  1:29 AM  Page 379



where m�ij are the elements of the normalized Mueller matrix m� given by
m� � M��Tu , so that m�11 � 1, and ti are the components of a vector τ
that satisfies the characteristics of a normalized Stokes vector. The com-
ponents are defined by t1 � 1 and

t2 � , (5.50a)

t3 � , (5.50b)

t4 � . (5.50c)

In fact, if A� were replaced by P� in Eqs. (5.50), then ti would be the nor-
malized Stokes parameters obtained at the entrance of the rotating analyzer
in the PSAr ellipsometer configuration (i.e., without optical element X).
This result is a manifestation of the time reversal symmetry discussed in
previous paragraphs.

From Eqs. (5.50a) and (5.50b), the sample parameters y and ∆ can be
deduced by inversion, yielding the familiar forms:

tan y � �����tan A��, (5.51a)

cos ∆ � t3����. (5.51b)

As before, it is assumed that 0° � A� � 90° so that sin2A� 	 0, and the
sign of cos∆ is carried by t3. These equations exhibit the same form as
Eqs. (5.21) due to the Stokes vector characteristics of Eqs. (5.50). Only
two of the three Eqs. (5.50) are employed since the third equation is not
independent; in fact,

t4 � ±�1 � t2
2� � t2

3�. (5.52a)

An alternative useful expression for t4 derivable from Eqs. (5.50) is
given by:

t4 � ��1 � t2
2��sin∆. (5.52b)

It is important to note that only two parameters are obtained in the experi-
ment (a and b) so only two independent quantities can be determined. As

1
�
1 � t 2

2

1 � t2
�
1 � t2

sin2A� sin2y sin∆
���
1 � cos2A� cos2y

sin2A�sin2y cos∆
���
1 � cos2A�cos2y

cos2A� � cos2y
���
1 � cos2A� cos2y
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a result the rotating polarizer ellipsometer exhibits the same characteristic
of the rotating analyzer ellipsometer in that it cannot be used to detect
depolarization by the sample or any other optical element in the path. In
fact, depolarization would lead to violations of Eqs. (5.52) and then three
parameters must be extracted.

The strategy for data analysis in the PrXSA configuration involves
first noting that Eqs. (5.48b), (5.48c), and (5.49) represent two equations
that provide the measurable quantities a and b in terms of the components
of the hypothetical Stokes vector t and the elements of the Mueller matrix
m�. A more accessible form of these equations is:

a � , (5.53a)

b � , (5.53b)

which are the analogs of Eqs. (5.20) for the rotating analyzer ellipsome-
ter. First t4 is eliminated using t4 � ±
1 � �2

2� � �2
3� and the equations are

inverted in order to express the unknown quantities t2 and t3 in terms of
the known quantities a, b, and m�ij. Then the resulting expressions for t2

and t3 are substituted into Eqs. (5.51) to generate the sample parameters
(y, ∆). Rather than attacking Eqs. (5.53) for the most general case, which
involves considerable algebra, it is useful to deal with the simplest situa-
tions first. In this approach to be applied next, the values of m�ij are sub-
stituted into Eqs. (5.53) first, which is then solved for t2 and t3. Clearly,
the inversion problem for these simple cases will be much easier than the
most general case.

First, consider the situation in which no optical element is in location
X. In this case Tu � 1 and m�ij � dij, the Kronecker delta. Then Eqs. (5.53)
become a � t2 and b � t3 which do not require inversion. Substituting
t2 � a and t3 � b into Eqs. (5.51) yields equations identical to Eqs. (5.21)
of the rotating analyzer ellipsometer, but with P� replaced by A�:

tany � ��	�	tan A�	, (5.54a)

cos∆ � b ��	�. (5.54b)

As before, these equations are important because they relate the sample
parameters to the Fourier coefficients for a simple rotating polarizer ellip-
someter design without a compensator.

1


1 � a2

1 � a


1 � a

m�13 � t2m�23 � t3m�33 � t4m�43






1 � t2m�21 � t3m�31 � t4m�41

m�12 � t2m�22 � t3m�32 � t4m�42






1 � t2m�21 � t3m�31 � t4m�41
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The second very common case assumes an ideal compensator that is
aligned with its fast axis F along the p direction so that C� � 0°. Then
m� � mC of Eq. (5.15) but with yC � 45°. As a result, m�11 � m�22 � 1,
m�33 � m�44 � cos dC, m�34 � �m�43 � sin dC, and all other elements vanish.
With these substitutions, Eqs. (5.53) become:

a � t2, (5.55a)

b � t3 cos dC � t4 sin dC. (5.55b)

In the inversion of Eq. (5.55b), it is convenient to apply Eq. (5.52b) to
eliminate t4. Such a step is not useful under all circumstances, since it
introduces sin∆, which is unknown. In this circumstance, the substitution
followed by inversion leads to

t3 � . (5.56)

From here, it is easy to apply Eqs. (5.55a) and (5.56) in order to elimi-
nate t2 and t3 from Eqs. (5.51). The final result for y is identical to that
of Eq. (5.54a) for the PrSA configuration; however, ∆ in Eq. (5.54b) for
the PrSA is replaced by ∆ � dC when the ideal compensator is added at
C� � 0°:

cos(∆ � dC) � b ��	�. (5.57)

As in the case of the PXSAr configuration, the phase shift of the ideal
compensator and sample add when F is along p. Furthermore, Eqs. (5.54a)
and (5.57) are consistent with Eqs. (5.21a) and (5.22) if one makes the
substitutions P� → A� in the latter, as required by time reversal symmetry,
which is applicable because MS and M� commute in this case.

A third case can be derived in which C� � 0° and the characteristics of
the compensator (yC, dC) are arbitrary. In this case, Tu becomes {	tF	

2 cos2P� �
	tS	

2sin2P�}, and m�11 � m�22 � 1, m�12 � m�21 � �cos 2yC, m�33 � m�44 �
sin 2yC cos dC, m�34 � �m�43 � sin 2yC sin dC, and all other elements vanish.
With these substitutions, Eqs. (5.53) become:

a � , (5.58a)

b � . (5.58b)
sin2yC (t3 cosdC � t4 sindC)






1 � t2 cos2yC

t2 � cos2yC



1 � t2 cos2yC

1


1 � a2

b � 	
1 � a2�	sin dC sin ∆





cos dC
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Eliminating t4 using Eq. (5.52b) and inverting yields:

t2 � , (5.58c)

t3 � . (5.58d)

Finally, substitution of these results into Eqs. (5.51) yields the sample
parameters. In fact, the result for ∆ is identical to that of Eq. (5.57),
whereas the result for y is:

tany � ��	� , (5.59)

so that tany in Eq. (5.54a) is replaced by tany tanyC. Finally, Eq. (5.59)
is consistent with Eq. (5.23) as long as P� → A� in the latter, again as
required by time reversal symmetry.

The case of an ideal compensator with yC � 45° at an arbitrary angle C�
is more difficult to handle. In this case, the Mueller matrix elements for
substitution into Eqs. (5.53) are:

m�11 � 1, (5.60a)

m�22 � cos2 2C� � cosdC sin2 2C�, (5.60b)

m�23 � m�32 � sin2C� cos2C� (1 � cosdC), (5.60c)

m�24 � �m�42 � �sin2C� sindC , (5.60d)

m�33 � sin2 2C� � cos dC cos2 2C�, (5.60e)

m�34 � �m�43 � cos 2C� sin dC, (5.60f)

m�44 � cos dC, (5.60g)

whereas all other elements vanish. These matrix elements are substituted
into Eqs. (5.53). Considering cases such as this one in which (m�i1 � 0;
m�1j � 0; i, j � 2,3,4), then Eqs. (5.54) become

a � t2m�22 � t3m�32 � t4m�42, (5.61a)

b � t2m�23 � t3m�33 � t4m�43. (5.61b)

Eliminating t4 from these equations leads to a linear relationship between
t2 and t3, e.g., t3 � c1t2 � c0, where

	tan A�	




tan yC

1 � a


1 � a

sin2yC (b � 	
1 � a2� 	sindC sin∆)






cosdC (1 � a cos2yC)

a � cos2yC



1 � a cos2yC
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c1 � , (5.62a)

c0 � . (5.62b)

Then by selecting Eq. (5.61a) and applying Eq. (5.52a) along with the
linear relation to eliminate t4 and t3, respectively, one generates the fol-
lowing quadratic equation in t2:

[(c1m�32 � m�22)t2 � (c0m�32 � a)]2 � m�42
2[1 � t 2

2 � (c1t2 � c0)
2], (5.62c)

that is straightforward to solve. Of course there will be a sign ambiguity in this
solution that also propagates through to t3. This ambiguity is characteristic of
the rotating polarizer system and must be resolved in data reduction using
prior knowledge of the sample. Finally, Eqs. (5.53) can be inverted by
applying a similar approach as that leading to Eqs. (5.62) even for the most
general Mueller matrix, m�, for which no matrix elements are assumed to
vanish. In this case the algebraic manipulations are quite extensive leading
to a lengthy analytical expression, and so will not be provided here.

For the rotating polarizer system, the only error to be described in
detail is source polarization.[41] In this case, the Stokes vector for the
source is given in general by sS � IS [1 s2s s3s s4s]

T , where s2s, s3s, and
s4s are the normalized Stokes vector components that describe the source
polarization. Substituting this result into Eq. (5.46) leads to the following
waveform:

Ith (t) � (1�4) TAtTu m1TPt IS {�rp�2 cos2A� � �rs�
2 sin2A�}

� {1 � (1�2) [(m2�m1) s2s � ( m3�m1)s3s]}
� {1 � a cos2P�(t) � b sin2P�(t) (5.63)

� a4 cos4P�(t) � b4 sin4P�(t)}.

Thus, detection of non-zero 4w Fourier coefficients is one indication of
source polarization. In Eq. (5.63) m1, m2, and m3 are defined in Eq. (5.49).
The following Fourier coefficient expressions can be derived from
Eq. (5.42):

a � , (5.64a)

b � , (5.64b)
(m3�m1) � s3s����

1 � (1�2) [(m2�m1)s2s � (m3�m1)s3s]

(m2�m1) � s2s����
1 � (1�2) [(m2�m1)s2s � (m3�m1)s3s]

m�43a � m�42 b
��
m�32m�43 � m�33m�42

m�23m�42 � m�22m�43
��
m�32m�43 � m�33m�42
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a4 � , (5.64c)

b4 � . (5.64d)

It is interesting to note that if (sjr, m�D1j; j � 2,3) in Eqs. (5.43) of the detec-
tor waveform for a PXSAr system are replaced by {(mj�m1), sjs; j�2,3} then
Eqs. (5.64) result. Thus, source polarization in a rotating polarizer system
is the time-reversal analog of polarization sensitivity in the detection sys-
tem of a rotating analyzer system. Equations (5.64a) and (5.64b) can be
inverted to obtain the Stokes vector components of the reflected beam
from which the sample properties are evaluated. The results are:

m2�m1 � � aeff, (5.65a)

m3�m1 � � beff. (5.65b)

In applying these equations, one must have previously characterized the
normalized Stokes vector of the source, or at least the two components s2s

and s3s. Then the center expressions of Eqs. (5.65), defined as the quanti-
ties aeff and beff, are known. In order to extract sample properties, one must
invert the following two equations:

aeff � , (5.66a)

beff � , (5.66b)

obtained by substituting the expressions of Eq. (5.49) for mj ( j � 1, 2, 3)
into Eqs. (5.65). Finally, the resulting t2 and t3 are substituted into Eq.
(5.51) in order to extract y and ∆.

If one uses a standard sample that generates known t2, t3 and t4 val-
ues via Eqs. (5.50), from which (m2�m1) and (m3�m1) can be determined via
Eq. (5.49), then one can extract the two components s2s and s3s from either
of Eqs. (5.64a) and (5.64b) or Eqs. (5.64c) and (5.64d). The latter two are
the most useful since the 4w Fourier coefficients are small and the (m2�m1)
and (m3�m1) values can be approximated as those obtained from the 2w

m�13 � t2m�23 � t3m�33 � t4m�43
����

1 � t2m�21 � t3m�31 � t4m�41

m�12 � t2m�22 � t3m�32 � t4m�42
����

1 � t2m�21 � t3m�31 � t4m�41

(b � s3s) � (1�2)s2s(s3sa � s2sb)
����

1 � (1�2)(s2sa � s3sb)

(a � s2s) � (1�2)s3s(s2sb � s3sa)
����

1 � (1�2)(s2sa � s3sb)

(1�2) [(m2�m1)s3s � (m3�m1)s2s]
����
1 � (1�2)[(m2�m1)s2s � (m3�m1)s3s]

(1�2) [(m2�m1)s2s � (m3�m1)s3s]����
1 � (1�2)[(m2�m1)s2s � (m3�m1)s3s]
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coefficients, neglecting the polarization sensitivity. The following expres-
sions are obtained by inversion of Eqs. (5.64c) and (5.64d):

s2s � ,

(5.67a)

s3s � .

(5.67b)

As was noted earlier when polarization sensitivity of the detection
system was discussed for rotating analyzer ellipsometers, errors in addi-
tion to polarization sensitivity in the detection system can give rise to
non-zero 4w Fourier coefficients. Source polarization can be isolated by
rotating the source to different azimuthal angles relative to the p-s coor-
dinate system. The source angle (S�) dependence of the Mueller matrix
elements is extracted from the transformation sS � �(�S�)sS�, that leads
to the equations

s2s � s�2s cos2S� � s�3s sin2S�, (5.68a)

s3s � s�2s sin2S� � s�3s cos2S�. (5.68b)

Thus, upon rotating the source in this case s2s and s3s should show oscilla-
tory behavior with S� whereas s�2s and s�3s should not, since they are given
in the frame of reference of the source.

5.5 Precision Considerations

Errors in the measurement of the ellipsometric angles (y, ∆) due to
source and/or detector noise establish the detection limits when the data are
analyzed for weak features in the deduced optical properties or for small
changes in the deduced film thickness or other structural parameters.
Generally, the limits on the precision of the classical null ellipsometer are
due to detector noise, owing to very low light levels encountered in the
vicinity of the null.[22] In contrast, the limits on the precision of the rotating
polarizer or analyzer ellipsometer are due to the inherent fluctuations in
light flux, so-called shot noise, owing to the much higher light levels of
operation.[24] Prior to the development of data acquisition routines in spec-
troscopic ellipsometry or in real time ellipsometry at a fixed wavelength, it
is useful to be able to estimate — using the experimental characteristics of

a4(m3�m1) � b4(m2�m1)








b4(m2�m1)(m3�m1) � (1�2){a4[(m2�m1)

2 � (m3�m1)
2] � [(m2�m1)

2 � (m3�m1)
2]}

�[a4(m2�m1) � b4(m3�m1)]








b4(m2�m1)(m3�m1) � (1�2){a4[(m2�m1)

2 � (m3�m1)
2] � [(m2�m1)

2 � (m3�m1)
2]}
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the instrument — the limiting precision in r as well as the precision acces-
sible based on the time available for signal averaging. In ex situ spectro-
scopic ellipsometry, the limiting precision is approachable owing to the long
time available for individual measurements. In real time spectroscopic ellip-
sometry, the accessible precision is established by the time resolution
desired in studying the dynamic processes of interest. A detailed theoretical
analysis of the precision of the PCSAr system based on waveform sampling
was first published almost 30 years ago, and it remains a key source of use-
ful information, including the formalism to assess other system designs.[24]

The analysis of the PrCSA proceeds in an identical fashion, and in fact the
conclusions are identical as well, as long as one replaces P� in the rotat-
ing analyzer treatment by A� for the rotating polarizer treatment. 

For the PCSAr configuration, the uncertainties in y and ∆ due to
uncertainties in the sampled data will depend on the values of y and ∆ and
on the optical settings, P� and dC. For an ideal ellipsometer, no gain in pre-
cision can be achieved though an independent adjustment of C�. Thus, the
choice C� � 0° that decouples P� and dC is made to simplify the treatment.[24]

One can define an effective amplitude reflection ratio from Eqs. (5.21a) and
(5.22) as reff = {�cotP�� exp(idC)}r � tany �cotP�� exp{i(∆ � dC)}, where r
is defined as usual by r � rp�rs � tany exp(i∆). Because reff is a function
of a and b alone, it is clear that for any given surface, optimum precision
in y and ∆ can be achieved through independent adjustment of P� and dC,
a situation only possible with C� � 0°. The following equations can be
derived that relate uncertainties in the Fourier coefficients to uncertainties
in y and ∆:

δ(tany)rms � δarms, (5.69a)

δ∆rms � ��, (5.69b)

where δXrms designates the root-mean-square uncertainty in X due to the
experimental precision limitations. The values a, b, δarms, and δbrms are
related to the directly measurable results a�, b�, δa�rms, and δb�rms through
the standard 2[AS � (f�2)] rotational transformation [Eqs. (5.11)].

Three different situations may arise.[24] (1) If the detector can be con-
sidered ideal such as when the uncertainties in a and b are due to fluctu-
ations in the source output, then δarms and δbrms are independent of a, b,
and I0, the latter defined as the time-averaged irradiance incident on the
detector. (2) If the uncertainties are due to shot noise, then δarms and δbrms

depend on a and b and are proportional to I0i
�1�2. (3) If the uncertainties

(δbrms)
2 � �

a
(

2

1

b2

�

(δa
a

r
2
m

)
s
2

)2

�

���
1 � a2 � b2

tany
�
1 � a2

Ch_05.qxd  1/1/04  1:29 AM  Page 387



are due to detector noise, the proportionality is to I0i
�1. The explicit

expressions for δarms for the three cases are:

(Case 1) δarms � const., (5.70a)

(Case 2) δarms � [(2 � a2)�I0]
1�2 [heff hn�∆ttot]

1�2, (5.70b)

(Case 3) δarms � [(2 � a2)�I0
2]1�2[Inepheff hn�∆ttot]

1�2, (5.70c)

where I0 is given by:

I0 � (1�4) IS TPt Tu TAt {�rp�
2 cos2 P� � �rs�

2 sin2P�}. (5.71)

In these equations, ∆ttot, is the total data acquisition time for all data sam-
ples, i.e., ∆ttot � MN∆t, where M is the number of optical cycles averaged,
N is the number of sampled points per optical cycle, and ∆t is the sampling
interval for a single data point. In addition, Eqs. (5.70b) and (5.70c) are
based on the noise characteristics of a PMT detection system, where heff

is the PMT quantum efficiency, Inep is the PMT noise equivalent power,
and hn is the photon energy. In Eqs. (5.70), the corresponding expressions
for δbrms are obtained by substituting b for a. In the first case of source
fluctuations the two constants are identical since δarms � δbrms.

Equations (5.69) through (5.71) are very important in that they allow
assessment of the optimum operating parameters (P�)opt and (dC)opt.

[24] For
case (1), given by Eq. (5.70a), optimum measurement conditions occur when
a � b � 0, so that circularly polarized light is generated upon reflection. In
order to achieve this condition, Eqs. (5.21a) and (5.22) show that one must
have �tan(P�)opt� � tany and (dC)opt � (±90° � ∆). It should also be noted
that several instrument errors that reduce the accuracy of the measurement
are also eliminated when circularly polarized light is reflected from the sam-
ple. These include detector nonlinearity, signal processing phase shift and
suppression for the 2w Fourier components of the detector waveform (which
are no longer present), and ellipticity and partial polarization analysis asso-
ciated with the analyzer. An especially interesting case occurs for a rotating
analyzer ellipsometer in the absence of a compensator, in which case dC �
0°. The optimum now corresponds simply to a � 0, so that �tan(P�)opt� � tany
and cos ∆ � b. The optimization criteria imply that tracking the polarizer
angle with y as a function of photon energy in spectroscopic measurements
or as a function of time in dynamic measurements is a simple way to main-
tain a higher precision. Tracking can use the same stepping motor mounted
on the polarizer that would normally be for calibration purposes.

As an aside, it should be noted that high precision and accuracy rotat-
ing analyzer ellipsometers in the PSAr configuration have been developed
in the past for both spectroscopic[57] and real time single-wavelength[58]
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ellipsometry applications, using the principal-angle-of-incidence concept.
In these ellipsometers, the true polarizer angle P� and the angle of inci-
dence q of the probe beam at the sample surface (the latter taking the place
of the adjustable compensator retardance dC in the PCSAr configuration)
are both set to achieve the optimum condition of circularly polarized light
upon reflection. Automatic balancing can be performed to yield a� � b� �
0 in a time as short as 0.5 s, allowing real time observations with this type
of system. For measurements of processes in vacuum, however, the
requirement of a variable angle of incidence in general implies that
the optical elements must be mounted within the vacuum chamber. In fact,
the first principal-angle-of-incidence ellipsometer for use in real time
applications adopted this very difficult approach.[58] With the trends in the
1980s and 1990s toward variable angle of incidence spectroscopic ellip-
sometry with auto-compensation[25,59] and real time spectroscopic ellip-
sometry,[21] the principal-angle-of-incidence designs have not attracted
sustained interest.

Continuing with the ideal detector case under the optimum settings of
�(P�)opt� � y and (dC)opt � (±90° � ∆) for the PCSAr configuration and
�(P�)opt� � y for the PSAr configuration, the results for the precision in the
measurement of �δr� under these optimum conditions are given by:[24]

(PCSAr) �δr�rms � (�2� tany)δarms, (5.72a)

(PSAr) �δr�rms � ��(tany)δarms, (5.72b)

where

�δr�rms � �[δ(tan�y)rms]
2� � tan�2y[δ∆�rms]

2�. (5.73)

Thus in both instrument configurations, precision improves with an ideal
detector as tan y is minimized; this occurs when the angle of incidence is
equal to the principal angle. When b � cos∆, Eq. (5.72b) demonstrates
that it is impossible to maintain precision in ∆ for ∆ � 0° or 180° without
the compensator. In addition, with the compensator in place, the same
problem occurs if �cos(∆ � dC)� � 1. [Equation (5.72a) assumes an
adjustable compensator is available, however, and has been set such that
cos(∆ � dC) � 0.] As a result of the above considerations, complete meas-
urements of the complex optical functions e � e1 � ie2 of bulk dielectric
materials are very difficult without a compensator, although tany and the
real part of the dielectric function e1 can still be obtained with accuracy.
Thus, for bulk dielectric materials in which the imaginary part of the
dielectric function e2 is known to vanish, the rotating analyzer ellipsometer

2 � b2

�
1 � b2
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can be used without a compensator, however, the difficult situation arises
when one seeks to determine low e2 values.

The ideal detector case may be relevant when laser sources are used
as in process monitoring applications. However, when continuum sources
(which tend to exhibit a higher stability by an order of magnitude or more)
are used, either shot noise or detector noise determines the uncertainties.
The former tends to be relevant for PMT detectors, and the latter for solid
state detectors, particularly those used in infrared ellipsometry. 

Because I0 is independent of dC, the optimum criteria for dC for the
cases of (2) shot noise and (3) detector noise remain unchanged, namely
cos(∆ � dC) � 0. The expressions corresponding to those of Eqs. (5.72)
for cases (2) and (3) are quite complicated and the optimum y must be
determined numerically. Some of the main conclusions will be summa-
rized here assuming P� � 0° (see Fig. 5.7).[24] For both cases, (P�)opt devi-
ates from y such that (P�)opt �y for y � 45° and (P�)opt � y for y � 45°.

390 INSTRUMENTATION

Figure 5.7 Optimum value of the polarizer angle P� for a rotating analyzer ellip-
someter as a function of y for three different situations: operation assuming an
ideal detector, shot noise limited operation (SNL), and detector noise limited oper-
ation (DNL) assuming (∆ � dC) � 90° (solid lines). Also shown are the correspon-
ding curves calculated for (∆ � dC) � 50° (dotted lines) and (∆ � dC) � 10° (dashed
lines). In fact, the curves are identical when calculated for (∆ � dC) values for which
the values of the function cos2(∆ � dC) are also identical. [After Ref. 24.] 
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The deviation is largest for the detector noise limitation [case (3)]. In con-
trast to case (1) in Eqs. (5.72), for case (2) of shot noise limitation, the
uncertainty, 	δr	rms, does not vanish as y → 0, but gradually approaches a
constant, whereas for case (3) of detector noise limitation, 	δr	rms

increases according to tan�1�2y as y → 0. Such behavior indicates that in
case (2), one need not be at the principal angle for acceptably low uncer-
tainty. In fact, in case (3), it is desirable to avoid the principal angle by
performing measurements at higher angles of incidence. In both cases, the
uncertainty is near its minimum and a very weak function of (∆ � dC) for
(∆ � dC) � 20°, but rises dramatically as (∆ � dC) approaches 0°. This
indicates that a compensator is not a requirement except for samples with
∆ within 20° of 0° and 180°. Finally, in these two cases, the minima in the
uncertainty in 	δr	rms as a function of P� that defines (P�)opt are relatively
broad (as long as P� is within the range of 20°–70°) and deviations from
the optimum by as much as 10° are easily tolerable.

When the reflecting surface is uniform and isotropic with a complex
dielectric function, e, and it forms an atomically smooth interface to the
ambient of dielectric function ea, then

e � ea sin2q1 � � �
2

tan2q�, (5.74)

where q is the angle of incidence.[7] From Eq. (5.74) the uncertainty in the
measured dielectric function can be determined as

	δe	rms � � �	δr	rms. (5.75)

The uncertainty 	δe	rms is minimized as a function of r when r is purely
imaginary, and as a function of q when q is near the pseudo-Brewster
angle where tany is a minimum. As noted earlier, the latter provides a
minimum in 	δr	rms for cases (1) and (2) corresponding to the ideal detec-
tor and shot noise precision limitation, respectively. The uncertainty in e
vs. photon energy has been calculated for Si and Au samples for a theo-
retical PSAr system without any form of tracking for optimization.[24] It
was also assumed that the system was limited by shot noise, with heff �
0.2, ∆ttot � 5 s, and I0 � 100 nW. For Au with P� set in the range of 30°
to 40°, the theoretical precision in e, i.e., 	δe	rms, was determined to be
� 2 � 10�5 from 2 eV to 5 eV, and was essentially the same as that pos-
sible assuming optimization at each photon energy by variation of P� and
dC (with a compensator). For Si with P� � 30°, the precision was found to
be ~5 � 10�5 at 5 eV and ~2 � 10�4 at 2 eV, the former value being the
same as the optimum and the latter more than a factor of 5 higher because

4(e � sin2 q)




1 � r2

r � 1


r � 1
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of the absence of the compensator. Thus, for a material such as Si in
which ∆ varies significantly, from near 0° or 180° to near 90° as the spec-
trum is traversed, automatic adjustment of the compensator for optimum
precision during measurement provides significant advantages. In gen-
eral, for measurements of semiconductors over a spectral range that
spans from below to above the lowest direct gap, or for measurements of
film/substrate structures with strongly modulated interference patterns,
such automatic compensator adjustment is very helpful. In contrast,
polarizer tracking is of lesser importance. For example, for both Au and
Si a fixed polarizer angle of P� � 30° was found to be suitable for spec-
troscopic measurements.

Performance measurements on a single crystal of Ni at 3.1 eV using
an optimized spectroscopic ellipsometer in the PSAr configuration, have
revealed a precision of 2 � 10�5, on the same order as that predicted the-
oretically. With an average flux on the PMT of 60 nW and 1000 optical
cycle signal averaging, the factor limiting the precision was found to be
source fluctuation. This quoted precision translates to remarkable values
of ±0.0005° in y and ±0.001° in ∆, or a sensitivity in terms of film thick-
ness on the order of 0.01 Å. Similarly good performance has been repro-
duced in a second laboratory.[60]

5.6 Calibration Procedures

In the discussion of rotating polarizer and analyzer ellipsometers so
far, the angles describing the true orientation of the polarizer and analyzer
transmission axes P� and A�, and the true orientation of the compensator
fast axis C� relative to the p-direction have been assumed to be accurately
known values. In general, however, only nominal values are available and
these are identified by the unprimed variables P, C, and A. Ellipsometer
calibration involves determining the corrections PS, CS, and AS to the nom-
inal values that yield the true values in accordance with the equations:

P� � P � PS, (5.76a)

A� � A � AS, (5.76b)

C� � C� CS. (5.76c)

For the fixed elements, the nominal values may come from an actual
physical reading on a rotator mount, as in the early null ellipsometers.
More likely, the nominal values are those values stored in the memory of
a control computer that identify the angular position of a stepping motor.
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In either case, it is assumed that PS, CS, and AS are relatively small, ~1° or
less, for the fixed elements so that the nominal values are approximately
equal to the true values. For the rotating element, however, the value of
XS (X � A or P) can lie within the full range of �90° � XS � 90° and is
determined by the analyzer position when the data acquisition begins, as
discussed earlier.

It is important to design the calibration methods for the offset and phase
angles, i.e., for PS, CS, and AS, so that they can be performed just prior to
sample measurement, with the sample in place, using exactly the same con-
figuration and alignment as is used in the measurement. Two different
approaches have been described for the determination of PS, CS, and AS for
rotating polarizer and analyzer ellipsometers. The first approach is a small
angle method that involves determining specific functions of the measured
Fourier coefficients at a given wavelength versus a fixed element angular
reading in the neighborhood of the p and/or s directions [i.e., X ≈ XS and/or
X ≈ XS � (π�2) radians, respectively, with X � C or A for the rotating-
polarizer instrument and X � P or C for the rotating-analyzer instrument].[46,61]

In the small angle method, second-order expansions of sin(X � XS) and
cos(X � XS) are applied. As a result, the functions of the Fourier coefficients
can be fit with linear or quadratic expressions in X to obtain CS and AS or PS

and CS. No other information on the sample or the compensator is required
in the fitting. The alternative approach is a large angle method in which the
measured Fourier coefficients (a�, b�) at a given wavelength are obtained at
numerous closely spaced values of the fixed element angular reading
X � P, C, or A all the way from the p to the s-direction.[62] The results are
complicated functions of the parameters (y, ∆), (yC, dC), PS, CS, and AS, and
these functions can be fitted to deduce all the parameters (or certain func-
tions of the parameters). Thus, in this case, sample and compensator infor-
mation is determined along with the calibration angles.

In both calibration approaches, specific error parameters have also
been extracted in addition to the desired calibration angles. Thus, these cal-
ibrations can serve the dual purposes of fixed element angular offset and
rotating element phase angle determination as well as a detailed error
assessment. For example, in one of the first demonstrations of the small
angle method, the ellipticity parameters gP, gC, and gA of the quartz Rochon
polarizer, compensator, and analyzer were incorporated into the calibration
equations for a wavelength scanning rotating analyzer ellipsometer.[46] In
the first demonstration of the large angle method, no compensator was
used, which simplified overall calibration considerably; however, the
parameters m�D12 and m�D13 that describe the polarization sensitivity of the
detection system were determined. For both instruments, the ac/dc gain
ratio of the detection system electronics h�1 was also determined.[62]
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5.6.1 Ideal Rotating Polarizer and Analyzer
Ellipsometers

In this section, the primary focus will be on small angle methods of
calibration. In certain cases, however, large angle approaches will be
described where their implementation is most useful. Generally, the large
angle approaches can apply the expressions directly from Section 5.4 and
need little further elaboration. In contrast, the small angle methods require
derivation of additional formulas that are second-order expansions in the
small angle. The overall instrument calibration procedure first involves
the calibration of the compensator in straight-through during the initial
setup of the instrument prior to addition of the sample. This is a useful
first step since addition of the sample into the PrCA and PCAr configura-
tions leads to a second wavelength dependent pair of parameters, and it is
often difficult to extract the compensator characteristics (yC, dC) and sam-
ple characteristics (y, ∆) independently. Once possible compensator cali-
brations have been described, then different small angle methods will be
presented for the rotating polarizer and analyzer ellipsometers. These
approaches include the residual/phase function calibration,[46] the zone-
difference-phase/phase function calibration,[63] and the irradiance/phase
function calibration.[64] At the end, a general in situ method of compen-
sator retardance calibration will be described. Throughout this section, the
ellipsometer will be considered ideal to the extent that no optical errors
will be included; however, unavoidable errors due to the electronic cir-
cuitry will be incorporated.

5.6.1.1 PCAr and PrCA Configurations: Initial 
Compensator Calibration

In the initial compensator calibration steps, the ellipsometer is
assumed to be set for straight-through with the sample removed (i.e., in
the PrCA or PCAr configuration). Here, for definiteness, the PCAr or rotat-
ing analyzer configuration is considered. The compensator is set at the
scale reading, C � 0°, which is near the most common setting of C� � 0°
(or C � CS) used in measurements of samples (in which case the com-
pensator fast axis is along the p-direction). Under the aforementioned con-
ditions, the residual function R is given by:

R(P) � 1 � (a�2 � b�2) (5.77a)

� 1 � (a2 � b2) (5.77b)
1


h2
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R(P) � 	1 � 
 � (cot2 yCsin2 dC)(P � PC)2; P ≈ PC � PS � CS.

(5.77c)

In these equations, PC describes the azimuthal angle of the fast axis of the
compensator in the polarizer frame of reference, given in general by PC �
C � (PS � CS).

[46] Thus, P � PC � (P � C) � (CS � PS) is the azimuthal
angle of the transmission axis of the polarizer in the compensator frame of
reference. As long as both PS and CS are small, experimental Fourier coeffi-
cients can be determined at a number of closely spaced polarizer scale read-
ings in the vicinity of P � C � 0°, and a minimum in the experimental
residual function will be observed. This minimum is predicted to occur at
PC � PS � CS. Thus, by fitting the experimental results for R(P) at a fixed
wavelength to a second-order polynomial, e.g., R(P) � c0 � c1P � c2P

2, then
PC is determined as the value of P at which the minimum in the best fit poly-
nomial occurs, e.g., PC � �c1�2c2. In addition, h can be determined from
the minimum value Rmin � R(PC) of the best fit function:

h � . (5.77d)

Finally, Eq. (5.77c) shows that the calibration can be performed most pre-
cisely when the curvature of the parabola in P � PC is maximized. This
occurs at the quarter wave point of the compensator where dC � 90°.

A similar development is needed to determine the phase of the ana-
lyzer. In this case, the phase function is defined by:

Θ(P) � (5.78a)

� (AC � f�2) � (5.78b)

� (AC � f�2) � (cotyCcosdC)(P � PC); P ≈ PC. (5.78c)

In these equations, AC describes the azimuthal angle of the fast axis of the
compensator in the analyzer frame of reference, given in general by
AC � C � (AS � CS). Thus, A � AC � (A � C) � (CS � AS) is the
azimuthal angle of the transmission axis of the analyzer in the compen-
sator frame of reference. The experimental Fourier coefficients, deter-
mined at fixed wavelength and at a number of closely spaced polarizer
scale readings in the vicinity of P � C � 0° as described in the previous
paragraph, are now substituted into Eq. (5.78a). Calibration proceeds by

tan�1 (b�a)
��

2

tan�1 (b��a�)
��

2

1
��
�1 � Rm�in�

4
�h2

1
�h2
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fitting the experimental results to a linear function, i.e., Θ(P) � c0 � c1P;
then (AC � f�2) is determined as the value of Θ(PC), e.g., (AC � f�2) �
c0 � c1PC. It should be noted that the contributions to the analyzer phase
angle from the arbitrary placement of the analyzer in its mounting (which
defines AS and AC) and from the phase shift of the electronic circuitry
(which defines f�2) cannot be separated. Finally, Eq. (5.78c) shows that
the phase angle calibration can be performed most precisely when the
slope of the linear relationship in P � PC is minimized. This optimum
also occurs at the quarter wave point of the compensator where dC � 90°.

Lastly, it should be noted that if the inverse tangent in Eq. (5.78a)
is confined by computation to the range �π�2 
 2Θ(P) � π�2, then
(AC � f�2) similarly must lie within the range �π�4 
 (AC � f�2) �
π�4 for the equations to be valid. If the phase angle lies outside this
range, then quadrant corrections of ±π�2 will be needed on the right-
hand side of Eq. (5.78c).[46] In order to avoid troublesome quadrant
corrections, it is helpful to pre-align the transmission axis of the ana-
lyzer with respect to the motor shaft in the straight-through configura-
tion. In this procedure, A� � f�2 is set to a value near zero at the onset
of data collection (t � 0), thus avoiding any possibly ambiguous quad-
rant corrections.[53]

For the rotating polarizer ellipsometer, a similar approach to that of
the previous three paragraphs is applied with the exceptions that the
Fourier coefficients are determined at a number of closely spaced analyzer
readings in the vicinity of A � C � 0° and the minimum in Eq. (5.77c)
occurs at AC � C � (AS � CS) � AS � CS. Equation (5.78c) then becomes
a linear relationship in A � AC which is evaluated at AC to deduce PC � f�2.
In general, Eqs. (5.77) and (5.78) are valid for the rotating polarizer
ellipsometer as well, but with P replaced everywhere by A and vice versa.

Next, two possible approaches for determining the spectrum in dC are
summarized. The first uses a rotating polarizer or analyzer ellipsometer in
the PrCA or PCAr configuration in which the compensator is treated as the
sample and the second uses the fixed PCA configuration with a large
angle rotation of the compensator. Both approaches are performed in
straight-through with C � 0°, and both rely on the above calibrations to
determine either (PC, AC � f�2) for the rotating analyzer or (PC � f�2,
AC) for the rotating polarizer ellipsometer.

In the first approach, the description is based on the rotating analyzer
ellipsometer configuration.[38] The compensator is fixed at the scale read-
ing C � 0°, and the assumed fixed polarizer is first rotated so that
P � 45° � PC and then fixed, and spectra in (a�, b�) are collected. These
are interpreted using the same equations as for rotating-analyzer ellipsom-
etry in the PSAr reflection geometry, but with (PS, AS) replaced by (PC, AC),
and (y, ∆) replaced by (yC, dC). Thus, the following expressions from
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Eqs. (5.11) and (5.21) are applied:

a � h [a� cos{2[AC � (f�2)]} � b� sin{2[AC � (f�2)]}], (5.79a)

b � h [�a� sin{2[AC � (f�2)]} � b� cos{2[AC � (f�2)]}], (5.79b)

tan yC � ��, (5.80a)

cos dC � ��, (5.80b)

where the positive square roots are to be taken. In this case also, the com-
pensator parameters in the rotating polarizer configuration can be deter-
mined from the same procedure and set of equations, but replacing AC by
PC and vice versa.

In the second approach for compensator retardance calibration, which
is a large angle method,[62] the rotating-analyzer PCAr ellipsometer config-
uration is assumed. In addition, for simplicity, the compensator is assumed
to be ideal so that yC � 45°. Initially, the compensator is removed from the
bench, and the analyzer rotation is stopped at an arbitrary angle and fixed
in position. Then an irradiance function calibration is performed with
P � PA � (P � A) � (AS � PS) � 0° where PA describes the azimuthal angle
of the transmission axis of the analyzer in the polarizer frame of reference,
given by PA � A � (PS � AS). This involves measuring the dc irradiance
level at the detector I�0(P) for several closely spaced polarizer angular set-
tings P such that the transmission axes of the polarizer and analyzer are
nearly parallel. In the absence of errors, I�0(P) exhibits a minimum when
P � PA (via Malus’s Law). The value of PA can be obtained accurately by
fitting I�0(P) to a parabolic function of P. Next, the polarizer is fixed at a
known value relative to the analyzer angle, i.e., a known value of P � PA.
Finally, the rotatable compensator is added while maintaining the straight-
through configuration. In this configuration with an arbitrary starting com-
pensator setting C, the irradiance In at the detector is measured at a number
N of equally spaced settings Cn � C � (nπ�2N) (n � 0, 1 … N � 1)
(in radians) spanning a full 90° range in C. These N irradiance values are
Fourier analyzed according to the approach of Eqs. (5.3). The 2C ac
Fourier coefficients vanish, whereas the 4C coefficients (a�4, b�4) yield the
compensator retardance in accordance with the following expression:[53]

dC � 2cos�1���. (5.81)
1 � �a�2

4 ��b�2
4�

����
1 � �a�2

4 ��b�2
4� cos 2(P � PA)

b2

�
1 � a2

1 � a
�
1 � a
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In the case of a rotating polarizer ellipsometer, the same overall proce-
dure can be applied. In this case, however, in the first steps, the polar-
izer rotation is halted and AP � P � (AS � PS) is determined by stepping
the analyzer. In the final step, P � PA in Eq. (5.81) must be replaced by
A � AP.

5.6.1.2 PSAr and PrSA Configurations: Ellipsometer
Calibration

As described earlier, the rotating polarizer and analyzer ellipsometer
configurations without a compensator in the optical path are important for
the study of material systems in which the ellipsometry angle ∆ is not near
0° or 180°, e.g., strongly absorbing semiconductors (for photon energies
above the lowest direct band gap) and metals. Here, three procedures for the
calibration of the polarizer angular offset and analyzer phase will be
described for the rotating analyzer ellipsometer. The corresponding equa-
tions for the rotating polarizer ellipsometer are obtained as usual by an inter-
change of all angular variables P and A.

Residual-Function/Phase-Function Calibration
The residual function calibration approach for rotating analyzer ellip-

someters in the PSAr configuration is a small angle method relying on the
fact that a light beam reflected from the surface of an isotropic sample will
be linearly polarized if the incident wave is linearly polarized along the
orthogonal p- or s-directions.[46] For any sample in which ∆ � 0° or 180°,
the polarization state of the reflected light beam gradually increases in
ellipticity as the linear polarization state of the incident beam is rotated
away from these two directions. In the absence of errors then, the experi-
mentally determined modulation amplitude function a�2 � b�2 should
reach its maximum value of unity for P� � 0 or π�2 radians, i.e., for P�
along the orthogonal p- and s-directions. The residual function R(P) is
defined as the deviation of the amplitude function from its maximum,
which is minimized in the absence of errors when P� � 0 or π�2, or alter-
natively, when P � PS or PS � (π�2).

The following expressions for the residual function form the basis for the
calibration to determine PS:

R(P) � 1 � (a�2 � b�2) (5.82a)

� 1 � (5.82b)
(a2 � b2)
��

h2
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R(P) � 	1 � 
 � 4 ; P ≈ PS, (5.82c)

� 	1 � 
 � 4 ; P ≈ PS � (p�2).

(5.82d)

Equation (5.82a) provides an expression into which the experimental
Fourier coefficients (a�, b�) can be substituted. Equation (5.82b) is
derived by substituting the inverted form of the transformation of Eqs.
(5.11) into Eq. (5.82a). Equations (5.82c) and (5.82d) can be derived
from Eq. (5.82b) using the methods of Section 5.4.1; these two deriva-
tions are valid to second order in the small quantities (P � PS) and {P �
[PS � (π�2)]}, respectively. The Fourier coefficients (a�, b�) are deter-
mined at fixed wavelength and at a number of closely spaced polarizer
scale readings P in the vicinity of either PS or PS � (π�2), and a mini-
mum in the experimental residual function will be observed in each case.
By fitting these experimental results for R(P) to a second-order polyno-
mial, then PS or PS � (π�2) is determined as the value of P at which the
minimum in the best fit polynomial occurs. In this way, PS can be deter-
mined either from Eq. (5.82c) or from Eq. (5.82d). In addition, h is
determined from the best fit polynomial evaluated either at PS or at PS �
(π�2) according to Eq. (5.77d).

A similar development is needed to determine the rotating analyzer
phase angle, AS.

[46] In this case, the phase function is defined by:

Θ(P) � (5.83a)

� [AS � (f�2)] � (5.83b)

� [AS � (f�2)] � (P � PS)cot y cos ∆; P ≈ PS, (5.83c)

� [AS � (f�2)] � {P � [PS � (p�2)]}tan y cos ∆; P ≈ PS � (p�2).
(5.83d)

Equation (5.83a) provides an expression into which one substitutes the
experimental Fourier coefficients (a�, b�) collected at different polarizer
angles. In addition, Eqs. (5.83c) and (5.83d) are derived from Eq. (5.83b)
using the methods of Section 5.4.1. These two derivations are valid to
second order in the small quantities (P � PS) and {P � [PS � (π�2)]},

tan�1 (b�a)
��

2

tan�1 (b��a�)
��

2

{P � [PS � (p�2)]}2 tan2y sin2∆
����

h2
1

�h2

(P � PS)2 cot2y sin2∆
���

h2

1
�h2
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respectively; in fact, the quadratic terms vanish. Thus, calibration pro-
ceeds from an analysis of the experimental results of Eq. (5.83a) obtained
at a number of closely spaced polarizer scale readings in the vicinity of
either PS or PS � (π�2). These results are fitted to a linear function; then
[AS � (f�2)] is determined in two possible ways as the value of Θ(PS) or
Θ[PS � (π�2)]. Finally, if the analyzer is fixed within its mounting such
that A� � f�2 is near zero at the onset of data collection (t � 0), possi-
ble quadrant ambiguities in Eqs. (5.83) are eliminated as described in
Section 5.6.1.1.

Limitations on the residual-function/phase-function calibration arise
because there are certain ranges in (y, ∆) over which the calibration fails.
Failure of the method occurs when ∆ is near 0° or ±180° because the sec-
ond-order terms in the polynomials of Eqs. (5.82c) and (5.82d) nearly
vanish, and the minima that define PS essentially disappear. Since PS can-
not be determined under these conditions, [AS � (f�2)] cannot be deter-
mined either. Thus, PS is found most accurately via Eqs. (5.82c) and
(5.82d) when the curvature of the parabola is maximized; [AS � (f�2)] is
found most accurately via Eqs. (5.83c) and (5.83d) when the slope of the
linear function is minimized. These optimum conditions occur for Eqs.
(5.82c) and (5.83d) when �∆� ∼ 90° and y ∼ 0°, and for Eqs. (5.82d) and
(5.83c) when �∆�∼90° and y ∼ 90°. Thus, if ∆ is sufficiently far away from
0° or ±180° for the residual-function/phase-function approach to be effec-
tive, i.e., if 30°
�∆�
150°, then Eqs. (5.82c) and (5.83d) are preferable
when y 
 45° and Eqs. (5.82d) and (5.83c) are preferable when y  45°.
In practice, however, if �∆�
30° or �∆�150°, an alternative approach is
needed for accurate offset and phase angle calibration. For many samples,
the wavelength of calibration can be varied and a value selected such that
the PS and [AS � (f�2)] values from the residual-function/phase-function
calibration will be accurate. For samples such as transparent glasses, how-
ever, an alternate approach is unavoidable.

Zone-Difference-Phase-Function/Phase-Function Calibration
The zone-difference phase function provides an alternative method to

obtain PS:
[63]

Φ(P) � Θ(P) � Θ[P � (p�2)] (5.84a)

� (5.84b)

� 2(P � PS)cot 2y cos∆; P ≈ PS. (5.84c)

Equation (5.84b) provides an expression into which the experimental
spectra (a�, b�) collected at different pairs of polarizer angles [P, P � (π�2)]

tan�1 (b��a�)�P � tan�1 (b��a�)�P�(p�2)
����

2
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can be substituted. The derivation leading to Eq. (5.84c) is valid to second
order in the small quantity (P � PS). A quadrant correction may be
required in Eq. (5.84b) in order to apply Eq. (5.84c). Thus, calibration
proceeds by fitting the experimental results at a given wavelength to a lin-
ear function Φ(P) � c0 � c1 P; then PS is determined as the value of P for
which Φ � 0, i.e., PS � �c0�c1. Once PS is determined by this method,
[AS � (f�2)] can be determined from the phase function as described
either by Eq. (5.83c) or Eq. (5.83d).

The offset angle PS can be determined most accurately from Eq. (5.84c)
when the slope of the linear relationship is maximized. This occurs when
	∆	 � 0° or 180° and y � 0° or 90°. This calibration procedure fails when
the slope of the relationship in Eq. (5.84c) vanishes, i.e., when 	∆	 � 90°
or y � 45°. Thus, the zone-difference phase function method of calibra-
tion is complementary to the residual function method. As a general rule,
the residual-function/phase-function calibration is suitable for metals and
for semiconductors excited at photon energies above the lowest direct
bandgap, whereas the zone-difference-phase-function/ phase-function cal-
ibration is suitable for dielectrics and for semiconductors excited at pho-
ton energies below the lowest direct bandgap.

Irradiance-Function/Phase-Function Calibration
The previously described calibration approaches in rotating analyzer

ellipsometry involve acquiring spectra in the dc-normalized 2w Fourier
coefficients (a�, b�) of the irradiance waveform at the detector as a func-
tion of the polarizer angular reading P. In these approaches, the angular
dependence of the dc Fourier coefficient, i.e., the average irradiance in the
reflected beam, is used only for normalization of the 2w Fourier coeffi-
cients. Thus, potentially useful information in I�0 of Eq. (5.7) is discarded.
Here it is shown how this information can be employed in instrument
calibration. The basic equations from which PS can be determined from I�0
are as follows:

I�0(P) � I00{	rp	
2 � (	rs	

2 � 	rp	
2)(P � PS)

2};  P ≈ PS, (5.85a)

� I00{	rs	
2 � (	rs	

2 � 	rp	
2)(P � [PS � (p�2)])2}; P ≈ PS � (p�2),

(5.85b)

where I00 is an experimental instrument response function that does not
depend on the sample properties.[64] These expressions are valid to sec-
ond order in the small quantities (P � PS) and {P � [PS � (π�2)]}.
Thus, by fitting the experimental results for I�0 at a given wavelength to
a second-order polynomial, then PS or PS � (π�2) is determined as the
value of P at which the extremum in the polynomial occurs. Both Eqs.
(5.85a) and (5.85b) provide the same sensitivity for the determination
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of PS. The highest sensitivity occurs when the difference between the
reflectances for linearly polarized light in the p and s directions are max-
imized, the procedure fails when 	rp	

2 � 	rs	
2 or when y � 45°. The irra-

diance function calibration has an advantage over the more widely used
residual function and the zone-difference phase function approaches
because there are no constraints on the value of ∆ for accurate calibration.
Once PS is determined according to Eq. (5.85a) or (5.85b), AS can be
deduced as usual from the phase functions in Eq. (5.83c) or (5.83d).

5.6.1.3 PCSAr and PrCSA Configuration: Compensator
Calibration

It is natural to ask whether it is possible to perform the rotating ana-
lyzer ellipsometer calibrations of Section 5.6.1.2 with the compensator in
place. In fact, such calibrations will work correctly only when the com-
pensator fast axis is precisely aligned along the p or s direction so that
C� � 0° or 90°. Only under these conditions is the incident polarization
state unchanged upon transmission through the compensator. One of these
conditions can be set, however, only after the compensator angular offset
is determined. In fact, it is possible to iterate two separate procedures to
calibrate the ellipsometer with the compensator in place. This involves (i)
setting C � 0° and performing one of the three calibrations of Section
5.6.1.2 to obtain PS, (ii) setting P � PS and performing the calibration to
determine CS as described in the next paragraph, (iii) setting C � CS and
repeating one of the three calibrations of Section 5.6.1.2, and (iv) iterat-
ing the last two steps until convergence to a single pair of (PS, CS) is
observed. Convergence generally occurs quite quickly as long as CS is
small (�1°). Under these conditions, with C � CS, the values of [AS �
(f�2)] and h obtained with one of the three procedures of Section 5.6.1.2
are then correct. Furthermore, if a compensator is incorporated and the
correct setting C � CS is made, then in all equations of Section 5.6.1.2, ∆
is replaced by ∆ � dC and y is unchanged (assuming an ideal compensator
with yC � 45°). Finally, this overall procedure will also work for the rotat-
ing polarizer ellipsometer with incorporated compensator, however, the
principle of time-reversal symmetry described in Section 5.4.3 is not valid
when the compensator is moved from C � CS.

First a small angle approach will be described for the determination
of CS in the PCSAr configuration. When P � PS, the following expres-
sions for the residual function form the basis for the calibration to
determine CS:

R(C) � 1 � (a�2 � b�2) (5.86a)
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R(C) � 1 � (5.86b)

� 	1 � 

� 4 ;

C ≈ CS, (5.86c)

� 	1 � 

� 4 ;

C ≈ CS � (p�2). (5.86d)

Equation (5.86a) provides an expression into which one can substitute the
experimental Fourier coefficients (a�, b�). Equations (5.86c) and (5.86d)
can be derived from Eq. (5.86b) using the methods of Secton 5.4.1; these
two derivations are valid to second order in the small quantities (C � CS)
and {C � [CS � (π�2)]}, respectively. The Fourier coefficients (a�, b�) are
determined at fixed wavelength and at a number of closely spaced com-
pensator scale readings C in the vicinity of either CS or CS � (π�2). By fit-
ting these experimental results for R(C) to a second-order polynomial,
then CS or CS � (π�2) is determined as the value of C at which the mini-
mum in the best fit polynomial occurs. In this way, CS can be determined
either from Eq. (5.86c) or from Eq. (5.86d). This approach fails if y � 90°
or if dC � 0°.

To conclude this section, a general large angle approach will be
described for determination of all calibration information in the PCSAr

configuration. In this calibration, the Fourier coefficients (a�, b�) are
measured at a number of compensator and/or polarizer angular settings
over the 180° range from �90° to 90°. The functional variations [a�(P),
b�(P)] and/or [a�(C), b�(C)] can be fit by least squares regression analy-
sis using Eqs. (5.11), (5.17), (5.18), and (5.24) presented in Sections 5.3
and 5.4. In their most useful form, these equations are given as follows:

a� � [acos{2[AS � (f�2)]} � bsin{2[AS � (f�2)]}], (5.87a)

b� � [a sin{2[AS � (f�2)]} � bcos{2[AS � (f�2)]}], (5.87b)
1
�
h

1
�
h

cot2y{4sin2 (dC�2) � [cos∆ � cos(∆ � dC)]2}{C � [CS � (p�2)]}2

�������
h2

1
�
h2

cot2y{4sin2(dC�2) � [cos∆ � cos(∆ � dC)]2}(C � CS)
2

������
h2

1
�
h2

a2 � b2

�
h2
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where

a � , (5.87c)

b � , (5.87d)

and where

s2i � cos2 (dC�2) cos2P� � sin2(dC�2) cos[2(2C� � P�)], (5.87e)

s3i � cos2 (dC�2) sin2P� � sin2(dC�2) sin[2(2C� � P�)], (5.87f)

s4i � sindC sin[2(C� � P�)]. (5.87g)

In this analysis, trial values are assigned to the seven calibration param-
eters {h, [AS � (f�2)], y, ∆, PS, dC, CS}, and Eqs. (5.87) then provide the-
oretical expressions for [a�(P), b�(P)] and/or [a�(C), b�(C)] from the
selected values of P and C. The theoretical and experimental results are
compared by calculating a weighted mean square deviation, which is a
measure of the fitting error.[65] Then adjustments to the trial values are
made iteratively in order to minimize the fitting error. For the best fit set
of parameters, correlation coefficients and confidence limits must be
computed to assess the meaningfulness of the values. Typical confidence
limits of ∼±0.02° are sought for the six angular variables.

Two strategies can be employed if confidence limits are too large.
First, one can collect and analyze a larger data set covering the two dimen-
sional (P, C) parameter space. Second, one can reduce the size of the free
parameter set by determining some of the values in alternative calibra-
tions, e.g., those based on the small angle approach. For example, if
{h, [AS � (f�2)], PS, CS} can be obtained in advance, then one can set
P � PS, and {y, ∆, dC} can be deduced by fitting experimental data [a�(C),
b�(C)] to a simpler set of equations. Such equations are given by Eqs.
(5.87a) and (5.87b), but with Eqs. (5.87c) through (5.87g) replaced by:

a � , (5.88a)

b � . (5.88b)

This large angle calibration approach is advantageous for the PCSAr

instrument since it can provide a means for checking the compensator

sin2y [cos ∆sin2 (dC�2) sin 4C�� sin ∆sin dCsin 2C�]








1 � cos2y [cos2(dC�2) � sin2(dC�2) cos 4C�]

[cos2(dC�2) � sin2(dC�2) cos4C�] � cos 2y






1 � cos 2y [cos2(dC�2) � sin2(dC�2)cos 4C�]

sin2y (s3i cos ∆ � s4isin ∆)





1 � s2icos 2y

s2i � cos2y



1 � s2i cos2y
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calibration in situ, i.e., without removing the sample from the ellipsome-
ter axis. In order to perform a full calibration of the compensator, how-
ever, as described in Section 5.6.1.1, the large angle calibration must be
performed at numerous closely spaced values of the wavelength. Finally,
it should be noted that Eqs. (5.86) through (5.88) are valid only for the
PCSAr optical configuration. It is straightforward to derive the corre-
sponding results for the PrCSA configuration, and these will be given
next.

When A � AS, the following expressions for the residual function in
the PrCSA configuration form the basis for the calibration to determine CS:

R(C) � 1 � (α�2 � b�2) (5.89a)

� 1 � (5.89b)

� �1 � � � (5.89c)

� �1 � � � 4 ; C ≈ CS, (5.89d)

� �1 � � � 4 ; C ≈ CS � (p�4).

(5.89e)

As usual, the Fourier coefficients (a�, b�) are determined at fixed wave-
length and at a number of closely spaced compensator scale readings C in
the vicinity of either CS or CS � (π�4). By fitting these experimental results
for R(C) to a second-order polynomial, then CS or CS � (π�4) is determined
as the value of C at which the extrema in the best fit polynomial occurs. In
this way, CS can be determined either from Eq. (5.89d) or from Eq. (5.89e).

Next, the general large-angle approach will be described for determi-
nation of all calibration information in the PrCSA configuration. As
described before, the Fourier coefficients (a�, b� ) are measured at a num-
ber of compensator and/or analyzer angular settings from �90° to 90°.
The functional variations [a�(C), b�(C)] and/or [a�(A), b�(A)] can be fit by
least squares regression analysis using Eqs. (5.11), (5.48), (5.50), (5.60),
and (5.61) presented in Sections 5.3 and 5.4. The useful form of these
equations is given as follows:

a� � [acos 2{PS � (f�2)}� b sin 2{PS � (f�2)}], (5.90a)
1


h

sin2dC{C � [CS � (p�4)]}2





h2

cos2 dC



h2

sin2dC (C � CS)
2




h2

1


h2

sin2dC{1 � cos 4(C � CS)}





h2

1


2

1


h2

(a2 � b2)




h2
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b� � [a sin 2{PS � (f�2)} � bcos2{PS � (f�2)}], (5.90b)

where

a � t2m�22 � t3m�23 � t4m�42, (5.90c)

b � t2m�23 � t3m�33 � t4m�43, (5.90d)

and where

t2 � , (5.90e)

t3 � , (5.90f)

t4 � , (5.90g)

m�22 � cos22C� � cosdCsin2 2C�, (5.90h)

m�23 � sin2C�cos2C�(1 � cosdC), (5.90i)

m�42 � sin2C�sin dC, (5.90j)

m�33 � sin22C� � cosdCcos2 2C�, (5.90k)

m�43 � �cos2C�sindC. (5.90l)

In this analysis, the seven calibration parameters {h, [PS � (f�2)], y,
∆, AS, dC, CS} are determined by fitting the data [a�(C), b�(C)] and/
or [a�(A), b�(A)] with the theoretical expressions of Eqs. (5.90).
Finally, if {h, [PS � (f�2)], AS, CS} can be obtained in advance, then
one can set A � AS, and dC can be deduced by fitting experimental data
[a�(C), b�(C)] to a much simpler set of equations. Such equations are
given by Eqs. (5.90a) and (5.90b), but with Eqs. (5.90c) through
(5.90l) replaced by:

a � m�22 � cos2(dC�2) � sin2(dC�2)cos4C�, (5.91a)

b � m�23 � sin2(dC�2)sin 4C� (5.91b)

It is clear that the PrCSA configuration is easier to calibrate in this way
because the measured Fourier coefficients (a�, b�) do not depend on the
sample properties (y, ∆) when the fixed analyzer is set at A � AS.

sin2A�sin2ysin∆



1 � cos2A�cos2y

sin2A�sin2y cos∆




1 � cos2A�cos2y

cos2A� � cos2y



1 � cos2A�cos2y

1


h
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5.6.2 Detecting and Correcting Errors in Calibration

Next, modifications of the small angle calibration methods will be dis-
cussed that allow one to extract the polarizer and analyzer offset and phase
angles for the PSAr (and PrSA) configuration(s) even in the presence of
errors due to the source or detector, or due to imperfect optical compo-
nents.[21,46,61] In the modified small angle calibration methods, the strategy is
to incorporate first-order corrections into the residual, phase, zone-difference
phase, and irradiance functions that account for the effects of the errors or
imperfections. Then expansions of these functions in the neighborhood of
the p and/or s directions allow one to express the predicted PS and AS val-
ues in terms of (i) minima or intersection points obtained experimentally
by fitting these functions and (ii) correction terms that are linear in the
error parameters and depend on (y, ∆), as well. In fact, if the error param-
eters are known in advance, then the expressions for PS and AS can be eval-
uated using the zero-order values of (y, ∆), designated (y0, ∆0), i.e., the
values deduced from calibration and data reduction equations in which all
error parameters are set to zero. If the error parameters are not known in
advance, sometimes they can be determined by performing the calibrations
in both the p and s directions (or by performing multiple calibration meth-
ods) and solving the multiple equations for PS, AS, and the error parame-
ters. This approach will be illustrated later in this section, but only the final
results of such derivations will be provided.

First, the influence of reaction chamber windows on calibration for
the PSAr system will be discussed. Stress-induced birefringence generated
either in the window fabrication process or by improper mounting (or
both) leads to changes in the polarization state of the light beam as it
enters and exits the chamber. By far the most desirable approach is to min-
imize stress and the resulting birefringence as much as possible by spe-
cially designed fabrication and mounting procedures. It should be empha-
sized that standard, off-the-shelf windows mounted on flanges for optical
access to ultrahigh vacuum (uhv) environments may exhibit such severe
birefringence that the first-order Mueller matrix representation of Eq. (5.33)
may be inappropriate. Specialized uhv windows[50] in which the birefrin-
gence is nearly eliminated are now widely available, but costly. Because
electrochemical cells are often fabricated from Teflon, stress-free fused
silica optical flats can be mounted with o-rings; as a result, window prob-
lems are not nearly as severe. 

The quantitative details of the calibration procedure incorporating the
window errors are given in the following paragraphs. If such errors exist
and are not taken into account, calibration in the PW1SW2Ar configuration
will be in error and will distort subsequent data reduction. As in Sections
5.4.1 and 5.4.2, imperfect entrance and exit windows can be represented
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as waveplates with relative retardances, d1 and d2 given in radians (such
that d1 ≈ 0 and d2 ≈ 0), and azimuthal angles, W1 and W2, respectively.[56]

The required algebraic manipulations to determine the effects of windows
are best undertaken within the 4 � 4 Mueller matrix framework as in Eq.
(5.33). Here, the following definitions are made to simplify the notation:

BWi � �Mi24 � Mi42 � di sin2Wi, (5.92a)

AWi � Mi34 � �Mi43 � di cos2Wi, (5.92b)

where the subscripts i � 1 and 2 designate the entrance and exit windows,
respectively. 

It is convenient to define P1 as the polarizer angle near P � PS at
which the minimum occurs in the parabolic best fit to the measured resid-
ual function [as in Eq. (5.82c)]. Furthermore, A1 is defined by evaluat-
ing the linear best fit to the phase function, {tan�1(b��a�)}�2, at P1 [as in
Eq. (5.83c). With these two definitions, the following expressions are valid
to first order in all the Mueller matrix elements of the two windows:[21]

PS � P1 � , (5.93a)

AS � A1 � . (5.93b)

Evidently, the calibration angles are independent of the Mueller matrix
elements AW1 and AW2 to first order. In Eqs. (5.93), y0 and ∆0 are deter-
mined as zero-order approximations using the calibration procedures of
Section 5.6.1 without the window corrections, i.e., with BW1 � 0 and
BW2 � 0. Furthermore, if PS is small, then it can also be neglected in this
zero-order approximation. It is clear that for proper correction of P1 and
A1 to give PS and AS, the sign of ∆0 must be known. In the measurement
of bulk media, this requirement causes no problems; however, for layered
materials with strongly modulated ∆ spectra versus wavelength, the sign
ambiguity must be resolved as part of the overall data analysis problem.
Note also that as ∆ approaches 0° or ±180°, the first-order corrections of
Eqs. (5.93) become very large. This problem compounds the failure of the
residual function calibration, and samples (or wavelengths) must be cho-
sen to avoid these conditions.

If the window parameters BWi have been determined in advance, e.g.,
by the methods described in Section 5.4.2, then PS and AS can be deter-
mined directly from Eqs. (5.93). Otherwise the calibration can be per-
formed in the vicinity of the minimum in the residual function R(P), not

BW1coty0 � BW2cos∆0





2sin∆0

BW2tany0 � BW1cos∆0





2sin∆0

408 INSTRUMENTATION

Ch_05.qxd  1/1/04  2:41 AM  Page 408



ROTATING POLARIZER AND ANALYZER ELLIPSOMETRY, COLLINS ET AL. 409

only near P � PS but also near P � PS � (π�2), and both BW1 and BW2 can
be determined explicitly. If the minimum in the best parabolic fit to the
experimental R(P) near π�2 occcurs at P2 � π�2, and if the linear fit to
the phase function, {tan�1(b��a�)}�2, evaluated at P2 � π�2 is A2, then
BW1 and BW2 can be expressed solely in terms of the known calibration
values and (y0, ∆0):

BW1 � (A1 � A2)tan2y0sin∆0, (5.94a)

BW2 � �(P1 � P2)tan2y0sin∆0. (5.94b)

For useful results from these expressions, y0 cannot be near 0° or 90° and
∆0 cannot be near 0° or ±180°. With BW1 and BW2 determined from
Eqs. (5.94), PS and AS can now be determined via Eqs. (5.93).

The calibration angles determined from the zone-difference phase
function method are given to first order in the Mueller matrix elements of
the windows as:[21]

PS � P0 � , (5.95a)

AS � A0. (5.95b)

Here P0 is the P-axis intercept of the best fit to the experimentally deter-
mined zone-difference phase function, and A0 is obtained by evaluating
the best linear fit to the phase function at P0. Note also that in the range
where this calibration is useful, i.e., for 	∆0	 � 30° and 	∆0	 � 150°, the
window correction is small.

It should be noted that this first-order treatment of window errors in
calibration has neglected the effects of the transfer characteristics of the
detection circuitry. As in Section 5.6.1, h is determined from the residual
function minimum near P � PS or PS � (π�2) via Eq. (5.77d), i.e., h �
(1 � Rmin)

�1�2. Again, the correction f�2 is included automatically in all the
measured analyzer angles AS, A0, A1, and A2 since it is inseparable from
these angles. To include the phase lag explicitly, AS, A0, A1, and A2 must be
replaced by AS + (f�2), A0 � (f�2), A1 � (f�2), and A2 � (f�2), respec-
tively. In fact, throughout this section these detection system errors will be
ignored. Finally, for application to the rotating polarizer system in the con-
figuration PrSA, the quantities PS, AS, P1, A1, BW1, BW2, P2, A2, P0, and A0 in
Eqs. (5.93) through (5.95) must be replaced by AS, PS, A1, P1, BW2, BW1, A2,
P2, A0, and P0, respectively, adopting the principle of time reversal sym-
metry developed in Section 5.4.3. 

It is clear from Eqs. (5.94) that one cannot fully characterize the two
windows in a conventional two-zone residual/phase function calibration

BW1 tan∆0




2
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procedure. If one is interested in performing such an analysis on the ini-
tial state of the windows, i.e., prior to mounting on the chamber, then a
separate optical arrangement in the straight-through PCWAr configuration
is convenient. Initially, the system is set up without the window for circu-
larly polarized light at the detector, for example, with dC � π�2 and
P � PC � �π�4 radians. Then, upon insertion of the window, which is
centered and aligned with respect to the beam, the amplitude of the 2w
component provides di and a phase function provides PWi � Wi � PS,
which describes the azimuthal angle of the fast axis of the window in the
polarizer frame of reference. The final results are given by:

di � 
a�2 ��b�2�, (5.96a)

PWi � � (PC � AC) � , (5.96b)

where the third term in Eq. (5.96b) is a quadrant correction, defined such
that u(x) � 0 for x � 0 and u(x) � 1 for x � 0 and sgn(x) � �1 for x � 0
and sgn(x) � �1 for x � 0. An alternative form of these equations is:

di cos2PWi � a�sin2(PC � AC) � b�cos2(PC � AC), (5.96c)

di sin2PWi � �a�cos2(PC � AC) � b�sin2(PC � AC). (5.96d)

When the two window flanges are then attached to the deposition system,
centered and aligned (e.g., making use of bellows connections), their
retardation values may not be altered significantly if the flanges are tight-
ened uniformly and the beam impinges on the same spot. However, the
window corrections become uncertain because the window azimuths rel-
ative to the plane of incidence are now known only approximately. By a
judicious combination of PCW1Ar and PCW2Ar measurement procedures
and two-zone calibration, the full imperfection matrices for the mounted
windows can be calculated in principle. 

Next, the case of imperfect polarizer and analyzer elements will be con-
sidered, assuming that the normal modes of these elements are elliptical
polarization states with orthogonal tilt angles, but very small ellipticities.[46]

When the polarizer and analyzer are Rochon elements fabricated from opti-
cally active quartz, then these normal modes exhibit ellipticities of

gi � ±0.0010 E (eV�1), (5.97)

where the subscript i designates either the polarizer (P) or analyzer (A),
the � and � signs denote either right-handed or left-handed quartz, respec-
tively, and E designates the photon energy in electron-volt units.

p sgn(�a�)u(�b�)




2
tan�1 (�a��b�)




2
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To determine the polarizer offset and analyzer phase angles for a
rotating analyzer ellipsometer with elliptically polarizing elements, one
starts as usual by defining P1 as the polarizer angle near P � PS at which
the minimum occurs in the parabolic best fit to the measured residual
function. Furthermore, A1 is again defined by evaluating the linear best fit
to the phase function, {tan�1 (b��a�)}�2, at P1. With these two definitions,
the following expressions are valid to first order in the polarizer and ana-
lyzer ellipticity parameters:

PS � P1 � , (5.98a)

AS � A1 � . (5.98b)

The subscripts on the ellipsometry angles indicate zero-order approxima-
tions obtained by neglecting the polarizer and analyzer ellipticity correc-
tions (i.e., with gA � gP � 0). In Eqs. (5.98), the corrections become large
as ∆0 approaches 0° or 180°, where the overall calibration procedure fails
as well. Eqs. (5.98) are equivalent in form to Eqs. (5.93) but with gA

replaced by BW2�2 and gP replaced by BW1�2.
For the quartz Rochon polarizer and analyzer, the signs of the ellip-

ticity parameters, gP and gA, will be unknown in general and must be
determined before the corrections of Eq. (5.98) can be applied. In fact,
to determine gP and gA explicitly, new values P2 and A2 can be obtained
experimentally in the same way as P1 and A1, but when the residual and
phase function calibrations are performed instead for P near PS � (π�2).
Then gP and gA can be expressed solely in terms of the known calibration
quantities and (y0, ∆0):

[46]

gP � , (5.99a)

gA � , (5.99b)

D1 � 2 . (5.99c)

Thus, by performing the calibration for P near PS and PS � (π�2) at dif-
ferent photon energies, the relationship of Eq. (5.97) can be verified.
Experimental results for such calibrations will be presented later in this
section.

cos2 ∆0 � csc22y0




sin ∆0

(A1 � A2)cos ∆0 � (P1 � P2)csc2y0






D1

(P1 � P2)cos ∆0 � (A1 � A2)csc2y0






D1

gP coty0 � gAcos ∆0





sin ∆0

gA tany0 � gPcos∆0





sin ∆0
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The effects of ellipticity on the polarizer offset and analyzer phase
angle obtained by the zone-difference phase function method are given to
first order by:[20]

PS � P0 � , (5.100a)

AS � A0 � gPsin ∆0 tan2y0. (5.100b)

Here P0 is the P-axis intercept of the linear fit to the experimentally deter-
mined zone-difference phase function, and A0 is obtained by evaluating
the linear fit to the corresponding phase function at P0. Thus, the terms
associated with ellipticity of the analyzer are eliminated in first order by
the zone average. Note that within the (y0, ∆0) regimes for which this cal-
ibration procedure is preferred over the residual function procedure, the
first order approximation remains valid. Again, the present treatment on
imperfect optical elements has neglected the effects of the transfer char-
acteristics of the detection circuitry. As before, the gain ratio h is deter-
mined from the residual function minima and the electronic phase shift
f�2 is included as a component of each of the analyzer angles. Finally,
symmetric sets of equations for both the residual and zone-difference phase
function are obtained for the PrSA configuration. For application to the
rotating polarizer system, the quantities PS, AS, P1, A1, gA, gP, P2, A2, P0, and
A0 in Eqs. (5.98)–(5.100) must be replaced by AS, PS, A1, P1, �gP, �gA, A2,
P2, A0, and P0, respectively.

As an example, Fig. 5.8 shows the results of (a) residual/phase function
and (zone-difference-phase)/phase function calibrations for a PSAr instru-
ment with a quartz Rochon polarizer and analyzer.[21] Three different reflect-
ing surfaces are used in the calibrations: thin film polycrystalline gold,
bulk single crystal silicon (c-Si), and thin film amorphous silicon (a-Si).
A photon energy of 3.5 eV was used for the Au and c-Si in the residual
function calibration, and 2.75 eV and 3.5 eV were used for the c-Si and
a-Si, respectively, in the zone-difference phase function calibration. All
samples were opaque at these energies. The broken lines label the posi-
tions of the residual function minima P1 and the zone-difference phase
function intercepts P0, and have been extended upward to intersect the
phase functions. These values must be corrected for the effects of polar-
izer and analyzer ellipticity according to Eqs. (5.98) and (5.100). The
ellipticity parameters (gP, gA) are obtained by first performing residual/phase
function calibrations near P � PS and P � PS � (π�2) for a Au surface,
then applying Eqs. (5.99) to the resulting calibration values (P1, A1) and
(P2, A2). In fact, the values of (gP, gA) are given in Fig. 5.9 for calibrations
performed at seven photon energies between 2 and 4.5 eV, and the broken

gP tan∆0
�
cos2y0
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Figure 5.8 Calibration data for gold, crystalline silicon (c-Si), and amorphous silicon
(a-Si) samples obtained by applying the (a) residual function and (b) zone-difference
phase function methods with a PSAr ellipsometer having quartz Rochon elements.
The broken lines show the positions of the minima in the residual function, R(P), in
(a) and the P-axis intercepts of the zone-difference phase function, F(P), in (b). The
solid segments show the values of PS and AS obtained after correction for the effects
of optical activity in the polarizer and analyzer. The photon energy was 3.5 eV in (a)
and 2.75 eV and 3.5 eV in (b) for c-Si and a-Si, respectively. [After Ref. 21.]

Figure 5.9 Optical activity coefficients, gP (circles) and gA (squares), for the quartz
Rochon polarizer and analyzer elements in a PSAr ellipsometer obtained from
residual and phase function calibrations near P � PS and P � PS � (π/2). The bro-
ken line is determined according to Eq. (5.97). [After Ref. 21.]
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line is the prediction of Eq. (5.97). The solid line segments along the ordi-
nate and abscissa of Fig. 5.8 label the positions of the proper calibration
angles, PS and AS, obtained after correcting the minima and intercepts for
the polarizer and analyzer ellipticity. Upon applying these corrections, the
values of PS and AS for three of the four calibrations are brought into
agreement to within 0.02° and 0.01°, respectively. The discrepancy in PS

and AS for the fourth calibration, c-Si by the residual method, is somewhat
larger (within 0.1°) owing to the uncertainty in the position of the broad
minimum in the residual function.

When two types of optical errors are incorporated into the calibration
description, the corrections to the observables P1 and A1 are additive in a
first-order analysis. Applying such considerations to the rotating analyzer
ellipsometer with elliptic polarizers and imperfect reactor windows is
straightforward using the results of Eqs. (5.93) and (5.98). The window
imperfection parameters can be determined if the ellipticity parameters
are known. Thus, Eqs. (5.94) can now be written:

BW1 � (A1 � A2)tan2y0 sin ∆0 � 2gPsec2y0 � 2gA tan2y0cos∆0, (5.101a)

BW2 � �(P1 � P2)tan2y0sin ∆0 � 2gAsec2y0 � 2gP tan2y0 cos∆0.
(5.101b)

Again, by time-reversal symmetry, Eqs. (5.101) become valid for the
PrW1SW2A system when P1, P2, A1, A2, BW1, BW2, gA, and gP are replaced by
A1, A2, P1, P2, BW2, BW1, �gP, and �gA, respectively.

A third error to be considered within the framework of the small-angle
calibration is polarization sensitivity of the detection system.[42] As noted
earlier, this is a problem that occurs in the PSAr and PCSAr ellipsometer
configurations in which case the rotating analyzer is directly in front of
the detector. The effect can arise from stress-induced birefringence of the
input window of the detector, typically a photomultiplier tube (PMT). It
can be shown, however, that PS and AS determined in calibration are not
influenced in first order by the waveplate parameters AWD and BWD that
describe the Mueller matrix of a birefringent detector window. One can
extend beyond the waveplate description of the detector window, and
employ instead the general Mueller matrix elements of the entire detector
in correcting the calibration angles. For this error, more detail will be pro-
vided since it is a commonly encountered unavoidable error in scanning
PSAr systems. In the discussion below, the effects of this error on the irra-
diance calibration will also be provided.

For the PSAr ellipsometer configuration, the effect of polarization
sensitivity on the calibration parameters obtained by the residual and
phase function approach is described by the expressions:[21]
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PS � P1 � , (5.102a)

AS � A1 � m�D13 , (5.102b)

where m�D13 is the (1,3) element of the normalized Mueller matrix of the
detector, defined in Eqs. (5.41) and (5.45). As usual, P1 is the polarizer
angle defining the minimum in the residual function fit and A1 is the phase
function fit evaluated at P1, both measured in calibration for P near PS.
Again, y0 and ∆0 are the ellipsometry parameters obtained in zero order.
The corresponding equations for P near PS � (π�2) are given by: 

PS � P2 � , (5.102c)

AS � A2 � m�D13 . (5.102d)

If PS and AS are eliminated from the previous two pairs of equations, then
m�D13 is in fact overdetermined:

m�D13 � (P1 � P2), (5.103a)

m�D13 � (A1 � A2). (5.103b)

The normalized Mueller matrix element m�D12 of the detector is also
required, however, in order to characterize polarization sensitivity com-
pletely and to calculate the exact y and ∆ values including this effect [see
Eqs. (5.43e) and (5.43f) above]. In the presence of the previously
described errors, including imperfect windows and an elliptical polarizer
and analyzer, the minima R(P1) and R(P2 � π�2) of the fit to the measured
residual function R are equal (at least to first order in the error parameters)
and provide h according to Eq. (5.77d), i.e., 

h � � . 1




1 � R(�P2 � p��2)�

1




1 � R(�P1)�

1



1 � 

cot

2

2∆0



2sin2∆0 sin 2y0




cos∆0

1 � 

cot

2

2∆0






2

m�D13 coty0 cos∆0




4sin2 ∆0

1 � 

cot

2

2∆0






2

m�D13 tany0 cos∆0




4sin2 ∆0
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Polarization sensitivity introduces a difference in these minima from
which m�D12 can be calculated:[21]

1h �

�1 �			,
(5.104a)

m�D12 � h2 . (5.104b)

When a quartz Rochon polarizer and analyzer are used, the ellipticity
corrections to P1, A1, P2, and A2, given to first order in gP and gA, add to the
polarization sensitivity corrections, given to first order in m�D13. Then a two-
zone calibration giving four equations is insufficient to determine the five
unknowns PS, AS, gP, gA, and m�D13. If the ellipticity corrections are larger, then
an analysis neglecting polarization sensitivity can at least provide the hand-
edness of the quartz elements. Then Eq. (5.97) can be employed with the
appropriate signs to eliminate two of the five unknowns and determine m�D13.
Alternatively, in theory it is also possible to obtain m�D13 by applying Eqs.
(5.104) with m�D12 replaced by m�D13 after having rotated the detector by π�4
radians. 

The polarization sensitivity correction to the zone difference phase
function, performed when 	∆	 is near 0 or 180°, yields the expressions:[21]

PS � P0 � , (5.105a)

AS � A0 � , (5.105b)

where P0 is the P-axis intercept of the best linear fit to Φ [see Eq. (5.84a)]
and A0 is the best fit to the phase function evaluated at P0. 

The corresponding corrections to the irradiance function calibration
for P near PS yields the expressions:[53]

PS � PI,1 � , (5.106a)

AS � AI,1 � m�D13 . (5.106b)

Here, PI,1 is the polarizer angle defining the extremum near PS in the fit to
the irradiance function [see Eqs. (5.85)] and AI,1 is the phase function fit

1 � 

cos

c

2
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2∆0





2

m�D13 tan2y0cos ∆0


4

m�D13

2cos2y0

m�D13 tan2y0


2cos ∆0

R(P2 � p�2) � R(P1)





2

R(P1) � R(P2 � p�2)





2
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evaluated at PI,1. In contrast, for P near PS � π�2, the following expres-
sions apply:

PS � PI,2 � , (5.106c)

AS � AI,2 � m�D13 . (5.106d)

In principle, PS and AS can be eliminated from Eqs. (5.106) to obtain two dif-
ferent expressions for m�D13 in a procedure similar to that using the two zones
of the residual and phase function calibration [see Eqs. (5.103)]. The sim-
plest such expression is derived from Eqs. (5.106a) and (5.106c) and is
given by:

m�D13 � . (5.107)

This approach is useful for determining m�D13 when ∆ is near 0° or 180° in
which case the two zone residual/phase function approaches based on Eqs.
(5.103) fail.

The equivalent problem that plagues measurements in the PrSA config-
uration is residual polarization of the light source, which is most often a Xe
lamp in spectroscopic applications.[41,53] Ellipsometers in the PrSA configu-
ration that incorporate a quartz Rochon polarizer as the rotating element
often show oscillations as a function of photon energy that arise from the
coupling of residual source polarization errors with polarizer ellipticity
errors. By time-reversal symmetry, Eqs. (5.102) through (5.107) for the cor-
rection of polarization sensitivity in the calibration of PSAr ellipsometers
are also applicable for correction of residual source polarization in the cali-
bration of PrSA ellipsometers, with an interchange of all polarizer and ana-
lyzer azimuths. In other words, PS, AS, P1, A1, P2, A2, P0, A0, PI,1, AI,1, PI,2, and
AI,2, in Eqs. (5.103) through (5.107) must be replaced by AS, PS, A1, P1, A2,
P2, A0, P0, AI,1, PI,1, AI,2, and PI,2, respectively. In addition, the Mueller matrix
elements m�D12 and m�D13 are replaced by the components s2s and s3s first
defined above in Eq. (5.63). In fact, these components derive from the
Stokes vector of the beam entering the polarizer, sS � IS[1 s2s s3s s4s]

T,
expressed in the p-s frame of reference of the sample. Because of the diffi-
culty of such corrections and their variation with time as the lamp ages, it is
helpful to use depolarizing optics, for example opal glass or a sufficient
length of optical fiber, after the source to reduce the necessary corrections.

PI,1 � PI,2��
1 � �
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Calibration of a rotating analyzer ellipsometer in the presence of
polarization sensitive detection will be illustrated through the large angle
calibration procedure.[66] In this procedure, the experimental Fourier coef-
ficients (a�, b�) measured at a selected photon energy as a function of the
angular setting P of the fixed polarizer are fit using the following series of
equations:

a� � , (5.108a)

b� � , (5.108b)

a � , (5.108c)

b � , (5.108d)

s2r � , (5.108e)

s3r � . (5.108f)

These equations are either reproduced or derived from Eqs. (5.11), (5.18),
(5.20), and (5.43), and the contribution of the electronic phase shift to
Eqs. (5.108a) and (5.108b) has been ignored without loss of generality. In
the fitting procedure, there are seven free parameters, in order of appear-
ance in Eqs. (5.108): h, AS, m�D12, m�D13, PS, y, and ∆.

Figure 5.10 shows the experimental results for {a�(P), b�(P)} (open
symbols) over the range �90° � P � 90° along with the best fits (solid
lines) for a sample consisting of a 1615 Å thermally grown SiO2 layer on a
crystalline silicon wafer illuminated at 3.5 eV.[66] The following parameters
were obtained in the fit: h � 1.0583 ± 0.0007, AS � 1.717° ± 0.054°,
m�D12 � (�2.26 ± 0.84) � 10�3, m�D13 � (2.74 ± 1.24) � 10�3, PS � �1.826°
± 0.055°, y � 27.39° � 0.04°, and ∆ � 142.57° ± 0.06°. Also shown in Fig.
5.10 is the residual function R(P) � 1 � {[a�(P)]2 � [b�(P)]2} along with its
best fit over the full range of P. Parabolic minima are evident in this function
for P near PS and PS � π�2 that can be used in the small angle calibrations
as described above. The same calibration and fitting procedure as in Fig. 5.9
can be performed at several different photon energies, and the results for the
fitting parameters versus energy are shown in Figs. 5.11 through 5.13.

sin 2P�sin 2ycos ∆
��
1 � cos 2P�cos 2y

cos 2P� � cos 2y
��
1 � cos 2P�cos 2y

s3r � m�D13
����
1 � (1�2)(m�D12s2r � m�D13s3r)

s2r � m�D12
����
1 � (1�2)(m�D12s2r � m�D13 s3r)

asin2AS � bcos2AS���
h

acos2AS � bsin2AS���
h
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In Fig. 5.11, the calibration angles are given and average values of
PS � �1.829 ± 0.036° and AS � 1.715 ± 0.025° have been obtained,
where the standard deviations are entered as the confidence limits.[66] The
top panel of Fig. 5.12 shows the detection system Mueller matrix elements
m�D12 and m�D13. These two error parameters exhibit strong variations with
photon energy and are clearly parallel with an offset of 0.005. In the bot-
tom panel of Fig. 5.12, h is presented as a function of the magnitude of
the cathode voltage of the PMT. A consistent and reproducible trend is
observed apparently because of the coupling between the PMT signal pro-
cessing electronics and the preamplifier circuitry. Such an effect may also
explain fluctuations in AS versus photon energy since a possible variation
in the electronic phase shift f in Eq. (5.11) with PMT voltage has been
ignored. In fact, it may be reasonable to test for a PMT voltage dependent
contribution to AS, and possibly include this effect in the calibration analy-
sis. Finally, Fig. 5.13 shows the excellent agreement between the (y, ∆)

Figure 5.10 Experimental results for {a�(P), b�(P)} (open symbols) over the range
�90° � P � 90° along with the best fit (solid line) for a sample consisting of a 1615
Å thermally grown SiO2 layer on a crystalline silicon wafer illuminated at 3.5 eV.
The residual function R(P ) � 1 � {[a�(P )]2 � [b�(P )]2} is shown in the top panel
along with the simulation over the full range of P. [After Ref. 66.] 
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values obtained in calibration with those obtained in the measurement.
These results suggest an alternative approach for calibration that reduces
the number of parameters required to fit the (a�, b�) variations in Fig. 5.9
from seven to five. This would be expected to narrow the confidence lim-
its. An initial calibration can be performed in which the polarization sen-
sitivity of the detection system is neglected. Measurement of the sample
with these calibration values provides the zero-order values (y0, ∆0) that
can be fixed in a refined calibration procedure that provides the other five
parameters.

This section will conclude with a brief discussion of the effect of
detector nonlinearity on calibration and data reduction. It has already
been noted that weak nonlinearities inherent in PMT detectors result
from the non-zero resistances along the dynode resistor chain.[54] To
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Figure 5.11 Polarizer and analyzer calibration angles obtained in the best fits to
calibration data sets at different photon energies, including the one depicted in
Fig. 5.10 at 3.5 eV, for a sample consisting of a 1615 Å thermally grown SiO2 layer
on a crystalline silicon wafer. Average values of AS � 1.715 ± 0.025° and PS �
�1.829 ± 0.036° have been determined, whereby the confidence limits indicate
the spectral standard deviations. [After Ref. 66.] 
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Figure 5.12 (a) The detection system Mueller matrix elements m�D12 and m�D13 as a
function of photon energy that characterize the polarization sensitivity of the detec-
tion system and (b) the gain ratio h as a function of the magnitude of the PMT
cathode voltage. Both sets of results were obtained in the best fits to calibration
data sets at different photon energies, including the one at 3.5 eV depicted in Fig.
5.10, for a sample consisting of a 1615 Å thermally grown SiO2 layer on a crys-
talline silicon wafer. [After Ref. 66.] 
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assess the effect of nonlinearity on the calibration parameters, it is first
assumed that the PMT output signal at the input of the processing cir-
cuitry can be expressed as:

Iexp(t) � Ith(t) � Σ
�

m�2
km[Ith(t)]

m, (5.109)

where Ith(t) is the irradiance at the detector predicted theoretically,
assuming no optical system errors.[42,67] Thus far, all equations connect-
ing experiment to theory have employed the coefficients, (a�, b�) meas-
ured using an assumed linear detector. Equations can be derived that
express these coefficients in terms of the corresponding ones, a�eff and
b�eff, measured with the nonlinear detector. If only the first term is con-
sidered in the series in Eq. (5.109) and only first order terms in k2 are
retained, then:

a� � a�eff 31 � k2 4, (5.110)
2 � (a�eff

2 � b�eff
2)

��
2
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Figure 5.13 A comparison of the continuous (y, ∆) spectrum for crystalline silicon
coated with a 1615 Å thick layer of thermally grown oxide (solid line) with the dis-
crete values obtained in the best fits to calibration data sets at different photon
energies, including the one at 3.5 eV depicted in Fig. 5.10. [After Ref. 66.] 
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b� � b�eff 31 � k2 4, (5.111)

for the P(C)SAr or Pr(C)SA systems. The corrected coefficients a� and
b� can be used in all previously derived equations. As might be
expected, detector nonlinearity of this form does not influence the
determination of the calibration angles PS and AS by the residual, phase,
and zone difference phase function methods. However, nonlinearity
does generate an additional contribution to the zero offset of the resid-
ual function minima occurring near 0 and π�2:

R(P1) � R(P2 � π�2) � 1 � h�2 {1 � k2(2 � h�2)}, (5.112)

valid to first order in k2. As expected, there is no way to separate the
effects of detector nonlinearity and signal processing circuit characteris-
tics, at least within the calibration procedures described so far. For this
reason detector nonlinearity is a problem that is best corrected at the
source rather than at the calibration and data reduction stages.

5.6.3 Detecting and Correcting Compensator
Errors

As demonstrated in Section 5.6.2, both small angle and large angle
calibration methods can be effective in extracting ellipsometer error
parameters simultaneously with calibration data. Figures 5.8 and 5.9 have
demonstrated the application of the small angle calibration method to
extract PS and AS and the ellipticity parameters gA and gP of the elliptical
polarizer and analyzer versus photon energy for an ellipsometer in the
PSAr configuration. In contrast, Figs. 5.10 through 5.13 have demon-
strated the application of the large angle calibration method to extract PS

and AS and the Mueller matrix parameters m�D12 and m�D13 of the detector
versus photon energy for an ellipsometer in the PSAr configuration. The
large angle method applies the same equations as those developed in
Section 5.4, and so requires no further explanation for the determination
of compensator errors. The small angle method, however, requires addi-
tional derivations, namely second-order expansions versus the fixed
polarizer, compensator, or analyzer angles in the vicinity of the p and s
directions. As a result, a final example of this method will be described for
an ellipsometer in the PCSAr configuration in which the polarizer, com-
pensator, and analyzer are all elliptic in nature so that the normal trans-
mission modes are elliptical polarization states with small ellipticities gj;
j � P, C, A.[46]

2 � (a�eff
2 � b�eff

2)




2
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The three required calibration steps of this procedure and the final
outcome will be described. Again the fixed elements are assumed to be
mounted such that the scale readings are near 0° when the transmission
and fast axes are in the plane of incidence.

(1) First the system is aligned for straight-through operation without
the sample or compensator (which is to be used at the scale reading C).
The relative scale shift, AS � PS, between the polarizer and rotating ana-
lyzer is given by:

AP0 � AS � PS � � P, (5.113)

where u(x) � 0 for x � 0 and u(x) � 1 for x � 0 and sgn(x) � �1 for
x � 0 and sgn(x) � 1 for x � 0. The best linear fit to measurements of AP0

is evaluated for P near PC � C � (PS � CS) and for P near PC � π�2,
labelled AP01 and AP02, respectively. In theory, the slopes of the best fit lin-
ear relationships should vanish and AP01 and AP02 should be identical. In
practice, however, various optical and electronic errors cause weak varia-
tions with P and small differences in AP01 and AP02.

(2) In the next step, the compensator is added to the system, and the
residual function R(P) is determined in the vicinity of its minima versus P
near P � PC and P � PC � π�2. Fits to the resulting data provide the
polarizer readings at the minima in R(P), and these readings are desig-
nated P � PC1 and P � PC2 � π�2, respectively. The following phase
functions are evaluated at these minima:

PC3 � �
P�PC1

� AP01, (5.114a)

PC4 � �
P�PC2�p�2

� AP02. (5.114b)

The compensator calibration angle and optical activity coefficients to first
order are given by:

C � (PS � CS) � (PC1 � PC2 � PC3 � PC4)�4 (5.115a)

gC � {cot(dC�2)}{PC1 � PC2 � PC3 � PC4}�4 (5.115b)

gA � {(PC4 � PC3) cotdC � (PC2 � PC1) cscdC}�2 (5.115c)

gP � {(PC2 � PC1) cotdC � (PC4 � PC3) cscdC}�2 (5.115d)

tan�1 (b��a�)




2

tan�1 (b��a�)




2

tan�1 (b��a�) � p u(�a�)sgn(b�)






2
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where gC is the ellipticity parameter for the compensator, using a Mueller
matrix of the form of Eq. (5.31).

(3) Finally, the angle of incidence is set, the sample is mounted and
aligned, the compensator is removed temporarily, and the calibration
described by Eqs. (5.98) for the PSAr is performed to determine PS and AS.
Then, the compensator is returned to system and its calibration angle, CS, is
given by Eq. (5.115a). Determination of the ellipsometric angles (y, ∆)
from the measurement using the fixed parameters P, C, PS, CS, AS, gP, gC, gA,
and dC is described above [see Eqs. (5.11), (5.17), (5.19), (5.20), and (5.32)].

5.7 Summary: Recent and Future Directions

Automatic rotating polarizer and analyzer ellipsometers in the PrSA
and PSAr configurations were first developed over the time period from
about 1965 to 1980, and so the basic foundations of this chapter have been
established for many years. For example, the descriptions of instrument
design, precision, and calibration in Sections 5.3, 5.5, and 5.6, respectively,
derive for the most part from publications of the 1970s. (In contrast, the
comprehensive description of data reduction in Section 5.4 based on
Mueller matrices is new to this review.) The simplicity of the design of the
automatic rotating analyzer ellipsometers, as first reported by Cahan and
Spanier[10] in 1969 and later by Aspnes[68] in 1973, accounted for their pop-
ularity in succeeding years. The first automatic spectroscopic instruments
were applied for the characterization of the optical properties of strongly
absorbing solids and thin films. In fact, the most widely used dielectric
function set for semiconductors, spanning a wide photon energy range
above their lowest direct gaps, was obtained with a simple rotating ana-
lyzer ellipsometer operating without a compensator.[28]

Over time, however, the limitations of this instrument design were
addressed with numerous modifications while retaining the simple photo-
metric measurement principle based on waveform analysis of the detector
irradiance. Recent advances have involved:

(i) incorporation of improved compensators;
(ii) development of variable angle of incidence and general-

ized spectroscopic ellipsometry;
(iii) extensions to rotating compensator and dual rotating

compensator configurations:
(iv) increases in spectral range;
(v) development of microellipsometry and imaging ellipso-

metry; and
(vi) improvement of spectroscopic ellipsometry for real time

applications.
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The basic rotating analyzer ellipsometer has established the foundation
for these advances, and improvements in all these areas of instrumentation
development are expected in the future.

In the rotating polarizer and analyzer PrSA and PSAr configurations,
a compensator must be inserted for accurate characterization of weakly
absorbing thin-film/substrate systems when linearly (or nearly linearly)
polarized light is detected in reflection from the sample, i.e., when ∆ is
near 0° or ±180°. This requirement has been the driving force for the
development of many useful optical elements in ellipsometry. One of the
first descriptions of the calibration of the rotating analyzer spectroscopic
ellipsometer considered the possible incorporation of a traditional quartz
Babinet-Soleil compensator.[46] Due to the optical activity of quartz, this
device is essentially a weakly elliptic compensator. No demonstrations of
the experimental application of the Babinet-Soleil were reported.
Difficulties arise in part due to spectroscopic artifacts, for example, high
frequency oscillations versus wavelength due to misalignment of the fast
and slow axes of two of the plates.[26] Greater success has been achieved
more recently with an achromatic compensator, consisting of a vitreous
silica three-reflection rhomb; however, this element suffers from a lack
of adjustability.[38] Thus, in rotating polarizer and analyzer ellipsometry,
the low sensitivity regions in ∆ are simply shifted from near (0°, ±180°)
to near ±90°. State-of-the-art commercial rotating analyzer ellipsometers
employ adjustable Berek (or tilting plate) compensators for maximum
versatility in the measurement of reflecting surfaces with different prop-
erties.[25] Future improvements in adjustable compensator design and cal-
ibration are expected. In addition, continuously rotatable achromatic
compensators are needed for highest sensitivity in rotating compensator
ellipsometry, a more advanced version of rotating element ellipsometry,
as described in greater detail below.

Rotating analyzer spectroscopic ellipsometers of exceptional power
and versatility are now available that combine the features of an automatic
compensator, a variable angle of incidence, and a variable incident polar-
ization state.[25] First, adjustment of the settings of the fixed polarizer and
automatic compensator as the wavelength is varied during sample meas-
urement ensures operation at the optimum instrument precision for all
wavelengths. Second, collection and analysis of multiple (y, ∆) spectra at
different angles of incidence can be used to narrow the confidence limits
in the determination of thin film structural parameters and optical proper-
ties. Third, characterization of anisotropic sample structures with a rotat-
ing analyzer ellipsometer is possible by performing measurements with
different incident polarization states in a procedure called generalized
ellipsometry.[69] Generalized ellipsometry is also possible in the rotating
polarizer configuration by performing measurements with different fixed
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compensator and analyzer settings. In this general area, extensive recent
progress has been made, as described elsewhere in the Handbook, and fur-
ther progress is expected in the future in terms of advanced data acquisi-
tion modes and data reduction/analysis procedures.

Rotating compensator ellipsometer configurations provide pathways
alternative to generalized ellipsometry that also enhance data acquisition
and analysis capabilities for complex sample systems, including those
exhibiting inhomogeneity and anisotropy.[70–72] Once electromechanical
and optical systems for ellipsometry in the PrSA and PSAr configurations
have been established, they can be adapted readily to more powerful con-
figurations through the incorporation of one or two rotating compensators.
For example, the incorporation of a single rotating compensator after the
sample in the PSCrA configuration allows one to determine all four com-
ponents of the Stokes vector of the light beam reflected from the sample
surface.[53,70] Methodologies have been demonstrated that use the reflected
irradiance and degree of polarization to characterize sample hetero-
geneities and non-uniformities over a wide range of scales. By incorporat-
ing two compensators in the PC1rSC2rA configuration, the full 16-element
Mueller matrix of the sample can be determined for specific ratios of
the rotation frequency of the two compensators, e.g., for ratios n:5 where
n � 1, . . . , 4.[72] Establishing the full Mueller matrix allows one to extract
information on the properties of samples that are both inhomogeneous and
anisotropic. Analysis procedures for such complex samples are in an early
stage of development and significant advances are expected in the future.
In fact, the most difficult instrumentation issue to be addressed in convert-
ing from a rotating polarizer/analyzer to a rotating compensator configura-
tion is the development of a rotatable compensator element that is free of
spectroscopic artifacts. Furthermore, as noted earlier in this section, such
an instrument operates best near the quarter-wave point of the compen-
sator; thus, a rotating achromatic compensator is ideal. This is another sub-
ject of recent activity directed toward the development of powerful new
instruments.

Rotating polarizer and analyzer designs have been used widely in
extensions of spectroscopic ellipsometry into the vacuum ultraviolet[73,74]

and infrared[75] ranges. In fact, the well-established operational principles
of the conventional rotating polarizer and analyzer spectroscopic ellip-
someters for the near-infrared to ultraviolet range can be readily extended
into the vacuum ultraviolet. Because the polarizer, compensator, and ana-
lyzer can all be fabricated from MgF2, which provides the required spec-
tral range, the remaining concerns then become the selection of sources
and detection systems from commercial vendors of ultraviolet spectrom-
eters, as well as the elimination of absorption along the beam path with N2

purging. In contrast, infrared ellipsometers based on Fourier transform
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spectral scanning and rotating element polarization detection differ from
their conventional counterparts for the near-infrared to ultraviolet range.
In the conventional instruments, of course, the optical elements are rotated
continuously at a number of wavelength settings. For the Fourier trans-
form infrared ellipsometers, however, the frequency of wavelength scan-
ning is comparable with the frequency of the rotating polarizer or analyzer
(both 10–100 Hz). As a result, the waveform at the detector is simply
reconstructed from wave number scans performed at a number (three or
more) of polarizer/analyzer (or compensator, if used) angular settings.[76]

The overall simplicity of the rotating polarizer/analyzer vacuum ultravio-
let and infrared ellipsometers account for their rapid recent development
and subsequent popularity. In contrast, phase modulation instruments,
when operated in the infrared spectral range, employ more complicated
double-modulation techniques for data acquisition.[77]

Spatially resolved ellipsometry, including the techniques of microel-
lipsometry with spectroscopic capability and imaging ellipsometry at a sin-
gle wavelength, have also relied on the simplicity of rotating polarizer and
analyzer principles.[78–81] In fact in microellipsometry, the rotating analyzer
configuration is preferred in order to eliminate beam movement on the
sample surface due to the beam deviation errors associated with a rotating
polarizer. The first rotating analyzer ellipsometer for microellipsometry
achieved a resolution of 10 µm at the sample.[78] An ellipsometric image
could be achieved by translating the surface, and an ellipsometric spectrum
could be collected for selected points on the surface. The combination of
spatial and spectral resolution have made this design best suited for semi-
conductor wafer mapping. The disadvantage of this approach, however, is
the inordinate time required for serial mapping combined with serial spec-
troscopic data collection using a single PMT. More recently, an instrument
for microellipsometry has been developed that incorporates a multichan-
nel detector that allows the spectra to be collected in parallel.[81] Thus,
with this improvement the spectroscopic image collection time can be
reduced by two orders of magnitude. A different approach to spatially
resolved ellipsometry involves mapping in parallel by imaging the surface
through the analyzer onto a two-dimensional CCD.[79] An ellipsometric
image can be obtained from images obtained from at least three azimuthal
angles of the rotating polarizer. The disadvantage of this approach lies in
the single wavelength operation. Future advances in rotating polarizer/
analyzer ellipsometry are expected through high speed spectroscopic imag-
ing of surfaces.

In multichannel spectroscopic ellipsometry for real time analysis of
thin films and surfaces, the most popular instrument configurations are
also based on the rotating polarizer and analyzer designs. Such designs
have been conceived and developed over the past 15 years, and the goal
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is to reach theoretical precision limits and improve accuracy to the levels
approaching ex situ instruments.[82] In the rotating element designs for mul-
tichannel ellipsometry, the readout time of the multichannel detector can be
selected as an integral fraction of the optical period of the rotating element.
Thus, the detector can be operated so as to acquire spectra in parallel over
the wavelength range, and the irradiance waveform at each pixel of the
detector can be reconstructed from an integral number of detector readouts.
In this way, high quality spectra can be obtained even from a single optical
cycle of ~15 ms duration, the highest speed reported to date for real time
spectroscopic ellipsometry.[34] Recent and future advances in this area
involve incorporating many of the capabilities described above into instru-
ments that can operate in real time, including the adoption of rotating com-
pensator designs, extending the spectral ranges into the infrared and ultra-
violet, and imaging surfaces in real time. Although the rotating polarizer and
analyzer ellipsometers are now decades old, their principles are expected to
be incorporated into the advanced instrument designs of the future. 
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6 Polarization Modulation
Ellipsometry

Gerald E. Jellison, Jr. and Frank A. Modine

Solid State Division, Oak Ridge National Laboratory 

6.1 Introduction

All ellipsometers consist of a light source, a polarization state
generator (PSG), a sample, and a polarization state analyzer (PSA) (see
Fig. 6.1). The polarization state of the light beam changes three times as
the beam progresses from the source to the detector: 1) after the PSG, 2)
after the sample, and 3) after the PSA. Spectroscopic instruments use
either a monochromator before the PSG, thus illuminating the sample
with quasimonochromatic light, or a monochromator/spectrograph
between the PSA and the detector, where the sample is illuminated using
white light. Spectroscopic ellipsometers ordinarily achieve high sensitiv-
ity by modulating the polarization state of a light beam. The polarization
state modulation can be introduced either before the sample (in the PSG),
after the sample (in the PSA), or both. Generally speaking, spectroscopic
ellipsometers come in two different varieties depending on how the polar-
ization state is modulated: rotating element ellipsometers physically rotate
one or more of the optical elements in either the PSG and/or in the PSA,
while phase modulation ellipsometers do not physically rotate any optical
element. This difference is somewhat arbitrary, since rotating compen-
sator ellipsometers may be considered as phase modulated ellipsometers.
However, this chapter will only be concerned with phase modulated ellip-
someters (PMEs, sometimes called polarization modulation ellipsome-
ters). These ellipsometers incorporate one or more oscillating retarders,
where the oscillating phase retardation is obtained by applying a mechan-
ical stress, an electric field, or a magnetic field to a transparent optical
material.

Rotating element ellipsometers are commercially available from sev-
eral manufacturers. The earliest versions rotated the polarizer following
the sample (the analyzer), but others rotate the first polarizer. These
instruments have the inherent limitations that only linearly polarizing
optical elements are used, and the light beam incident upon the sample
contains no circularly polarized component nor is the ellipticity of the
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emerging light beam altered. As a result, polarizer-only instruments can
measure only the first three rows and three columns of the sample
Mueller matrix. More recently, instruments have become available where
a compensating element (either in the PSG or the PSA) is the rotated
element. The inclusion of a compensating element does allow the fourth
row and/or column of the sample Mueller matrix to be measured. The
data acquisition speed of any rotating element ellipsometer is fundamen-
tally limited to the rotational velocity of the rotating element, usually less
than 100 Hz. Rotating element ellipsometers are discussed in detail in
Chapter 5.

Ellipsometers that employ a photoelastic modulator (PEM) as an
oscillating retarder are also available commercially, although they are not
used as widely as rotating element ellipsometers. As will be discussed in
Section 6.2, the retardation of a PEM varies sinusodially and is produced
by applying an oscillating mechanical stress to a transparent optical ele-
ment. There are other oscillating retarder devices, such as electro-optic
and Faraday modulators, but PEMs have several advantages: 1) greater
numerical aperture, 2) lower operating power requirements, and 3) a
wider choice of optical materials. Consequently, only PEM-based polar-
ization modulation ellipsometers are much used, and this chapter will

Figure 6.1 Schematic diagram of an ellipsometry experiment. The light beam
comes from the light source, passes through the polarization state generator
(PSG), which polarizes the light beam incident upon the sample. The sample
changes the polarization state of the light beam upon reflection. The polariza-
tion state analyzer (PSA) repolarizes the reflected light beam, which is then
detected. For isotropic samples, the eigenmodes of reflection are defined by
the plane of incidence, with the p-polarization in the plane of incidence and the
s-polarization perpendicular to the plane of incidence. The angle f is the angle
of incidence.
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focus on these ellipsometers. We note, however, that the mathematical for-
malism is the same for electro-optic modulators and PEMs, so many of
the equations developed in this chapter would be applicable to ellipsome-
ters constructed with electro-optic and Faraday modulators. The funda-
mental frequency of a PEM is generally 10 to 100 kHz, and no physical
rotation of any optical element is needed, so PEM-based ellipsometers can
acquire data 100 to 1000 times faster than rotating element ellipsometers.
There are two main disadvantages of ellipsometers using PEMs: 1) The
phase retardation is wavelength dependent, which either reduces their sen-
sitivity and accuracy at some wavelengths and complicates the data analysis
or it necessitates close control of the modulation amplitude as a function
of wavelength. 2) The time dependence of the light intensity that is pro-
duced by an oscillating retardation is quite complicated, which introduces
considerable complexity into the data analysis.

In this chapter, we will discuss the experimental aspects of PMEs,
where it will be assumed that ellipsometers are used in the specular reflec-
tion mode. Although most ellipsometers are operated in the reflection
mode, it is also possible for them to operate in the transmission mode,
where the instrument is sometimes referred to as a dichograph or a
polarimeter. It is also possible to operate the same instrument in the bi-
directional ellipsometry or non-specular reflection configuration, where
the PSA is not aligned in the specular direction. This configuration has
been used for Mie scattering measurements, for the examination of differ-
ent diffraction orders from gratings, or for other scattering measurements.

The discussion in this chapter will be limited to PEM-based spectro-
scopic ellipsometers that operate in the ultraviolet-visible-near infrared
region of the spectrum. As a result, infrared ellipsometers will not be dis-
cussed, but will be discussed in Chapter 11. There are also several instruments
that use one or more PEMs, but are generally used at a single wavelength;
again, these instruments will not be discussed in this chapter.

Much of the analysis presented in this chapter will assume a working
knowledge of Stokes vectors and Mueller matrices. If the reader is unfa-
miliar with these methods of representing polarized light, it is suggested
that Chapter 1 of this volume be read first. Section 6.2 will discuss pho-
toelastic modulators, including a discussion of the mathematical repre-
sentation of PEMs and a description of some of the common types of
PEMs. Several different PME configurations will be discussed in Section 6.3.
Section 6.4 will discuss polarization modulation ellipsometers from the
perspective of the time-dependent intensity of the light beam incident
upon the detector. Both single PEM instruments and dual PEM instru-
ments will be discussed. As with all ellipsometers, calibration is an essen-
tial part of ellipsometer operation, which will be discussed in Section 6.5.
The time-dependent intensity of the light beam incident upon the detector
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in a PME instrument is very complicated, and special techniques must be
employed to deconvolute the intensity waveform; these techniques will be
discussed in Section 6.6. Errors, both systematic and random, play an
important role in the interpretation of any spectroscopic ellipsometry
experiment, and these will be discussed in Section 6.7 for the case of
PMEs. Section 6.8 will list a bibliography for further reading, and the
numbered references.

6.2 The Photoelastic Modulator (PEM)

6.2.1 General Description and Historical Perspective

Although there are several different designs of PEMs, they all share
common characteristics. A nominally isotropic optical element is set into
physical oscillation by some external driving force, usually operating on
the driving element of the PEM. This oscillation is resonant, and the fre-
quency is determined by the physical dimensions of the optical element
and the speed of sound in the material. Since these quantities also depend
upon temperature, the resonant frequency of the PEM will also depend
upon its temperature. The resonance quality factor Q can be extremely
high for some PEM designs, often exceeding 10,000. This means, of
course, that the frequency of the device is very stable, and that very little
energy is needed to keep the device in oscillation. Usually a quarter to a
full acoustic wave is excited along the length of a bar that is several cm in
length to provide a useful optical aperture. Electro-optic devices are not
resonant in the same way, meaning that the frequency is not as stable, and
significant energy is required to keep the device in oscillation, but it can
be driven at any selected frequency.

Most PEMs are used in conjunction with a linear polarizer oriented at
±45° with respect to the major oscillating direction of the PEM. In this
situation, the resulting polarization state of the light beam emerging from
the polarizer-PEM device is dynamically elliptically polarized; that is, the
polarization state oscillates between linear, elliptical, and circular polar-
ization states. This is shown schematically in Fig. 6.2a. At the points in the
cycle where the optical element of the PEM is unstrained, the polarization
state is linearly polarized as determined by the linear polarizer. At other
points in the cycle, the optical element is strained, resulting in elliptical,
linear, or circular polarized light, depending upon the instantaneous strain
of the optical element.

The development of the PEM can be traced to Decker and Muller,[1]

who in 1957 described an optical polarization modulator in which a glass
block was excited in a resonant oscillation by a piezoelectric transducer
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Figure 6.2 a) The various polarization states are produced by a PEM, shown
schematically, where the tip of the electric field vector precesses about the circle,
ellipse, or line. A complete cycle will involve several of these polarization states.
b) The double bar PEM, first constructed by Kemp and Modine (ref. 4, c). The sin-
gle bar PEM, first constructed by Badoz and coworkers (ref. 7, d). The octagonal
PEM, now sold by Hinds Instruments.

placed on one side of the block, and a transducer on the other side of the
block sensed the oscillation and provided an electrical feedback to an
amplifier driving the oscillation. Although Decker and Mueller were con-
cerned with optical communications rather than with optical spectroscopy,
the design of their instrument encompasses the basic elements of the PEM
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that was developed later for spectroscopic purposes by Billardon and
Badoz.[2]

A similar but more elegant PEM design was developed simultane-
ously by Jasperson and Schnatterly[3] and by Kemp.[4] (See Fig. 6.2b.)
This design, which was published in 1969, soon became available com-
mercially as a 50 kHz modulator that remains popular today for use in
ellipsometry and other forms of optical spectroscopy that require high-
frequency polarization modulation. The essence of this design is that a
fused quartz bar is mechanically bonded to a �18° x-cut crystal-quartz
transducer with a matched resonant frequency. The principal advantages
of this design are:

1) Only a single piezoelectric transducer is required.
2) The strength and high Q factor of quartz allow large phase

retardations to be obtained at low input power.
3) Little static strain is introduced into the optical element

by its bond to the transducer because the elements vibrate
sympathetically in a longitudinal mode and can be joined
with a flexible cement at an antinode where little stress is
transmitted.

4) The electrical circuit for this PEM is just that of a crystal
oscillator with controllable amplitude.

Many other variations in PEM design abound, but only a few will be
mentioned.

1) In an early and somewhat different design concept by
Mollenauer et al.[5], a glass block was held between two steel
bars connected by stacks of ceramic piezoelectric transducers.
The transducers harmonically squeeze the glass block
between the bars to produce the oscillating retardation at a
mechanical resonance.

2) In a simplification of the Billardon and Badoz design[2] by
Baldachini and Mollenauer,[6] a single ceramic transducer
was cemented between a heavy weight and a fused quartz
bar that is driven at its fundamental resonance by connecting
the transducer in a self-oscillating circuit.

3) In another design[7], the separate drive and sense transduc-
ers of the Billardon and Badoz PEM are used, but the trans-
ducers are cemented to the sides of a glass bar and a shear
stress, instead of a longitudinal stress, provides the mechan-
ical coupling between the transducers and the glass bar.
(See Fig. 6.2c.)
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4) Most PEM designs use bars with a high aspect ratio that are
excited in a longitudinal mode, but other shapes and modes
can be used. One successful design uses an octagonal
shaped plate in which a two-dimensional standing wave is
excited by a quartz transducer that is frequency matched to
the resonance of the plate.[8] (See Fig. 6.2d.) Either one or
two transducers can be used. The octagonal design is par-
ticularly advantageous for the IR because twice as much
stress birefringence can be obtained in a given material
thickness, and more birefringence is required to obtain
quarter-wave or half-wave retardation at long IR wave-
lengths.

In the development of PEMs, their operating wavelengths have been
extended into the UV[9] and the IR,[10] as materials such as MgF2 and
KRS5 were incorporated into PEM designs. A variety of optical materials
are now used in commercially available PEMs that operate in various
wavelength regions from the vacuum ultraviolet to the far infrared.[11] The
PEMs operate at a variety of modulation frequencies, and they are avail-
able as calibrated instruments that give a specified retardation at a selec-
table wavelength.

The performance of PEMs for various applications has for the most
part been considered as part of the performance of the optical instruments
in which they are incorporated. However, there are performance consid-
erations that are specific to PEM design and fabrication. Although PEMs
are electrically driven to oscillate at a highly-tuned mechanical resonance
(resulting in the very high Q of the device), the optical retardation d is
generally a complicated function of time.

One complication arises from the residual static strain in the optical
element. Some static strain is introduced in the fabrication of an optical
element, particularly by cutting and grinding, but, thermal annealing or
chemical etching can reduce this strain to minimal values. The rigid
cements that bond the optical element to a piezoelectric transducer or to
its mechanical supports usually introduce the largest static strains. Good
PEM design and fabrication procedures can reduce the strain, but it can-
not be eliminated. The static strain introduces a static retardation to the
PEM, usually denoted do, which is less than 0.2° (~0.003 rad) at 600 nm
for a well-designed and constructed PEM.

If the static retardation is collinear with the modulated strain, then
the static strain-induced retardation can be easily incorporated into the
mathematical formalism describing the PEM (this will be described in
the next subsection). However, if the tensor of the static strain is not
collinear with the tensor of the dynamic strain, then the fast axis of the
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dynamic retarder depends on time. This case has been analyzed and
methods for eliminating the errors that can occur in interpreting spectro-
scopic measurement have been identified,[12, 13] but will not be discussed
further in this chapter. Most modulators do not possess this defect to a
significant degree.

If the acoustic excitation of the optical element is not excited in a
single standing wave at the resonant frequency, then the time-dependent
retardation of the PEM will contain higher harmonics. The generation of
these higher harmonics depends upon the harmonic purity of the electri-
cal excitation that is applied to a PEM and also upon the mechanical
mounting of the optical element and the transducer. The situation has also
been analyzed, and correction procedures developed.[14]

6.2.2 Mathematical Description of a PEM

In most cases, PEMs consist of two elements (see Figures
6.2b–6.2d). The driving element responds to the external signal and
dynamically strains the optical element, through which the light beam
passes. During the physical oscillation of this optical element, each part
of the device will be in compression during half of the cycle, and in
expansion during the other half of the cycle. If the optical element is in
expansion along its major axis (x-axis), then it will be in compression
in the y-axis; similarly, compression in the x-axis will result in expan-
sion in the y-axis. This compression or expansion will increase or
decrease the refractive index for light polarized in that direction, mak-
ing the optical element optically uniaxial. The optical retardation of the
device is just that of any strained material (see Born and Wolf) and can
be expressed as

d � pn3(l)(q11 � q12)(Pxx � Pyy) � pn3(l)Q(l)P, (6.1)

where d is the thickness of the optical element, l is the wavelength of
light, n(l) is the unstrained refractive index of the element at wavelength
l, Pxx(Pyy) are the strains in the xx(yy) directions, and q11(q12) are the
strain-optic coefficients. The z-direction is defined as being along the axis
of the incident light beam, perpendicular to the front and back surfaces of
the PEM. At any particular point (x, y) in the optical element, the strain
will be time-dependent. If it can be assumed that the strain is harmonic,
then the strain is given by[15]

P(x, y, t) � P0(x, y) � Σ
k

Pk sin(kwt � fk) (6.2)

d
�
l

d
�
l
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where P0(x,y) is the static strain at (x,y) through the optical element, w is
the oscillating frequency of the optical element, and fk is the phase for the
kth harmonic.

In Eq. (6.2), and throughout this chapter, it will be assumed that the
direction of the static strain is along either the x- or the y-axis of the opti-
cal element. With this simplifying assumption, many of the tensor charac-
teristics of the strain can be simplified. If this assumption cannot be made,
then the total strain parameter P cannot be treated as a scalar[12,13], as is done
in Eqs. (6.1) and (6.2).

If it is assumed that the first harmonic term is the dominant term (this
is usually a good approximation, but see Ref. 14 for a treatment of the
case where the higher harmonics are important), and the x,y dependence
is suppressed, then the dynamic retardation is given by[15]

d(l, t) � �
l
d

�pn3(l)Q(l)[P0 � P1 sin(wt � f1)]

� A(l)sin(wt � f1) � d0(l).
(6.3)

In most PEM experiments, the amplitude of modulation P1 is controlled by
an external voltage Vm. Often, it is convenient to adjust this control voltage
such that A(l) � Ao � 2.4048. (The reason for this will be discussed
below). If it is assumed that the relationship is linear, then

P1 � Km Vm, (6.4)

where Km is a proportionality constant. Therefore,

Vm � � . (6.5)

As can be seen from Eqs. (6.3) and (6.5),[15]

Vm(l) d(l) � constant. (6.6)

If the wavelength l is considerably longer than the wavelength of the
band edge of the optical element (for fused silica, this is ~9 eV), then it is
a good approximation to use the Cauchy expression for the product:

n3(l)Q(l) � Σ
j

. (6.7)
aj
�
l2

Aol
��
Kmdpn3(l)Q(l)

P1
�
Km
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Therefore,[15]

do(l)l � pdP0 Σ
j

, (6.8a)

� Σ
j

. (6.8b)

Although an infinite sum is shown in Eqs. (6.7) and (6.8), it is usually
sufficient to keep only the first two terms ( j � 0 and j � 1), where the
second term is treated as a perturbation. If the experiment employing a
PEM is spectroscopic and the value of A(l) � Ao is kept constant (such as
Ao � 2.4048), then the required control voltage Vm is nearly proportional
to l. On the other hand, the static retardation do(l) of the PEM is inversely
proportional to l.

6.2.3 Stokes Vector Descriptions of 
the PSG and PSA

The most convenient and accurate way to describe the polarization
effects of optical elements in ellipsometers is by the Stokes vector repre-
sentation (see Chapter 1). The Stokes vector is a four-element real vector
that can describe any polarization state, including partially depolarized
light. The matrices that are used to describe the transformations of polar-
ization state due to particular optical elements are Mueller matrices, which
are 4 � 4 real matrices. For the purposes of this discussion, we will assume
that all Stokes vectors and Mueller matrices are normalized (S1 � m1,1 � 1).

In PME instruments, the most common arrangement of optical ele-
ments consists of polarizers and polarizer-PEM pairs, which can be
azimuthally rotated about the input or output beam direction. In the visi-
ble region of the spectrum, polarizers are nearly perfect, giving extinction
ratios of greater than 1:105. In this chapter, it will be assumed that polar-
izers are perfect.

There are four different polarizer-PEM combinations used in spectro-
scopic PMEs:

1) Polarizer acting as the PSG. If a single polarizer acts as the
PSG, the Stokes vector for the PSG is particularly simple,
and is given by

SPSG � R(�qp)MpR(qp)q r � q r , (6.9)

1
Cp

Sp

0

1
0
0
0

aj
�
l2

pdKm
�

Ao

l
�
Vm

aj
�
l2
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where the short-hand notation Sp � sin(2qp); Cp � cos(2qp)
has been used. Note that the last element is 0, resulting
from the fact that a linear polarizer cannot generate a
polarization state containing any circularly polarized
component.

2) Polarizer acting as the PSA. Similarly, if a single polarizer
acts as the PSA, the transposed Stokes vector representing
the PSA is very simple:

ST
PSA � (1 0 0 0)R(�qp)MpR(qp) � (1 Cp Sp 0). (6.10)

Again, the last element is 0.
3) Polarizer-PEM pair acting as the PSG. The most common

configuration of the PSG in PMEs is the polarizer-PEM
pair. If it is assumed that the input light is unpolarized, and
that the azimuthal angles of the polarizer and PEM are qp

and qm, then the Stokes vector for the emerging light beam
is given by

SPSG � R(�qm)MmR(qm)R(�qp)MpR(qp)q r , (6.11)

where the R matrices are rotational matrices and Mp is the
Mueller matrix for a polarizer. The Muller matrix for the
modulator is

Mm � q r � q r .

(6.12)

The quantities Yd and Xd contain all the time dependence
in the expression for the PSG. Using Eq. (6.3) and assum-
ing that the relative phase f1 is zero, then

Xd � sin(Asin(wt) � do)
~ sin(Asin(wt)) � do cos(Asin(wt)) � X � doY (6.13a)

Yd � cos(Asin(wt) � do)
~ cos(Asin(wt)) � do sin(Asin(wt)) � Y � doX, (6.13b)

where the approximation has been made that do is small.
The basis functions for the polarizer-PEM pair are the

1 0 0 0
0 1 0 0
0 0 Yd Xd
0 0 �Xd Yd

1 0 0 0
0 1 0 0
0 0 cos(d) sin(d)
0 0 �sin(d) cos(d)

1
0
0
0
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quantities X and Y, which are related to the trigonometric
basis functions using an infinite series of integer Bessel
functions.

X(t) � sin(Asin(wt)) � 2Σ
j�0

J2j�1(A)sin((2j � 1)wt), (6.14a)

Y(t) � cos(Asin(wt)) � J0(A) � 2Σ
j�1

J2j(A)sin(2jwt). (6.14b)

The integer Bessel functions are functions of the Bessel
angle A, measured in radians, which is proportional to the
magnitude of modulation and is usually proportional to the
drive voltage (see Section 6.2.2). If the drive voltage is set
to a voltage such that Ao � 2.4048, then Jo(Ao) ~ 0 and a
significant simplification results since the dc term in Eq.
(6.14b) vanishes. In addition, the first two integer Bessel
functions are near their maxima for this value of A and
higher order integer Bessel functions asymptotically
approach 0 [J1(Ao) � 0.5192, J2(Ao) � 0.4318, J3(Ao) �
0.1990, J4(Ao) � 0.0647, J5(Ao) � 0.0164].

Multiplying out Eq. (6.1) yields the Stokes vector for
the polarizer-PEM pair:

SPSG � q r , (6.15)

where the shorthand notation Sm � sin(2qm); Cm � cos(2qm),
etc. has been used and qb � qm � qp. Most polarizer-PEM
pairs are configured such that the polarizer is set close to
±b45° with respect to the modulator. If qb � ±b45° � eb

then Cb � �±b2eb and Sb � ±b1. The Stokes vector for the
polarizer-PEM pair is then given by

SPSG � q r . (6.16)

Note: The ±b notation indicates that the prefactor equals �1
when qb � �45° and equals �1 when qb � �45°.

1
±b(�2Cmeb � SmYd)

b(2Smeb � CmYd)
±b Xd

1
CmCb � SmSbYd

SmCb � CmSbYd

SbXd
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The light emerging from a polarizer-PEM pair will
always have a circularly polarized component (from the
fourth component of the Stokes vector). There also will be
a linearly polarized component, but only a linear combina-
tion of the second and third components of the Stokes vec-
tor will be sampled. Therefore, the polarizer-PEM pair can-
not create all possible polarization states without being
physically rotated.

4) PEM-polarizer pair as the PSA. If the PSA consists of a
PEM-polarizer pair (where the light beam first passes
through the PEM), then the transposed Stokes vector is
given by

S
T
PSA � (1 0 0 0)R(�qp)MpR(qp)R(�qm)MmR(qm) (6.17)

The matrices can be multiplied out, giving

SPSA � (1 CmCb � SmSbYb SmCb � CmSbYd �SbXd). (6.18)

This matrix is very similar to the transpose of the Stokes
vector of the polarizer-PEM pair acting as the PSG, with
only a sign change in the fourth component.

As with all ellipsometers, it is critical to calibrate both
the PSG and the PSA as accurately as possible. If the PSG or
the PSA is a single polarizer, then the only calibration needed
is the azimuthal angle qm with respect to the plane of inci-
dence. If a PEM is included in either the PSG or the PSA,
then the calibration procedure is more complicated and four
calibrations need to be made. As with the simple polarizer
PSG or PSA, the azimuthal angle qm of the PEM with respect
to the plane of incidence needs to be calibrated. In addition
to the qm calibration, the azimuthal angle of the polarizer with
respect to the PEM qb must also be calibrated, where this is
normally set to ±45°. Two calibrations must also be made as
a function of wavelength: the modulator control voltage
Vm(l) required to give A � 2.4048, and the modulator static
strain d(l). Both Vm(l) and d(l) are strong functions of
wavelength (see Eqs. [6.8]), but can be easily parameterized
using a Cauchy expansion. As a result, more accurate cali-
brations are obtained if the calibration data are then fit to the
expressions in Eqs. (6.8), retaining only the fitted Cauchy
coefficients. Usually only two or three terms need to be
retained. Calibrations will be the subject of Section 6.6.
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6.3 Experimental Configurations of
Polarization Modulation Ellipsometers

Spectroscopic ellipsometers that use photoelastic modulators can exist
in several different experimental configurations. In this section, we will dis-
cuss four different configurations that have been presented in the literature,
shown schematically in Figs. 6.3 through 6.6. This section will concentrate
on presenting the experimental apparatus that is used to make the measure-
ments. The mathematical formalism is similar for all cases, and will be pre-
sented in later sections.

6.3.1 Polarization Modulation Ellipsometry (PME)
with Analog Data Acquisition (Jasperson
and Schnatterly[3])

The first spectroscopic ellipsometer was a polarization modulation
ellipsometer, constructed by Jasperson and Schnatterly[3] (J&S) and is
shown schematically in Fig. 6.3. The light source for this ellipsometer was
a quasimonochromatic light beam coming from a xenon arc lamp filtered
through a monochromator. This light beam was then dynamically ellipti-
cally polarized with the polarizer-PEM pair before it was incident upon
the sample. The sample changes the polarization state of the light beam,
which is then linearly polarized by the analyzer. The intensity of the light
beam is then detected by the photomultiplier tube placed after the
analyzer. For some of Jasperson and Schnatterly’s measurements, the ana-
lyzer was removed.

446 INSTRUMENTATION

Figure 6.3 The experimental system of Jasperson and Schnatterly,[3] where the
data acquisition is analog.
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The photomultiplier tube (PMT) is controlled by a special electronic
circuit, whereby the dc photocurrent is fed back to the bias control circuit so
that the total dc photocurrent is kept constant. That is, if the ellipsometer is
set at a particular wavelength where the light intensity from the monochro-
mator is strong, then the control circuit will decrease the dynode bias volt-
age on the PMT such that the dc current is equal to some preset value.
Similarly, if the ellipsometer is set in the ultraviolet (where the light level
from the xenon lamp is small) or in the infrared (where the quantum effi-
ciency of the PMT is small), the dynode bias voltage is increased such that
the dc current is equal to the same value. This type of arrangement has a par-
ticular advantage in that the gain ranges on the detection apparatus (such as
lock-in amplifiers or waveform digitizers) need not be changed. In addition,
if the time constant of the circuit is set to ~10 milliseconds, then the PMT
bias circuit can respond to fluctuations in the lamp intensity (such as due to
60 Hz line noise), and this noise will not appear on the output signal.

As will be discussed later, the intensity waveform from a polarization
modulation ellipsometer consists of a dc component, a 1f component, a 2f
component, as well as higher harmonics, where f is the frequency of the
PEM (~50 kHz). The dc component is constrained to be constant due to
the PMT bias control circuitry. Either or both of the 1f and 2f signals can
be detected with a lock-in amplifier, as shown in Fig. 6.3. The higher har-
monics do not give any further information, since the prefactors for all
odd harmonics are the same, as are the prefactors for all even harmonics.

Jasperson and Schnatterly’s ellipsometer used a single lock-in amplifier
where the output was directed to a chart recorder. Later implementations[16, 17]

of this instrument directed the output to a computer. Depending upon the
azimuthal orientations of the polarizer-PEM pair and the analyzing polarizer,
the parameters N, S, or C were measured (see Chapters 1 and 3 for defini-
tions of the measured parameters N, S, and C), where N or C are proportional
to the 2f amplitude, and S is proportional to the 1f amplitude.

Note that the J&S ellipsometer can measure only one parameter (N, S,
or C) at a time. If a second lock-in amplifier were used, then it would be
possible to measure two parameters [(N, S) or (C, S)] at a time. A complete
determination of N, S, and C requires multiple spectral scans.

6.3.2 Phase Modulated Ellipsometry (PME) with
Digital Data Acquisition

Figure 6.4 shows a schematic diagram of the polarization modula-
tion ellipsometer constructed by Drévillon et al.[18] This instrument dif-
fers from the J&S instrument in two primary ways: 1) the light source
is not monochromatized before the sample, but after the analyzing
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polarizer; 2) the signal from the PMT is not fed into a lock-in ampli-
fier, but rather digitized and fed into the computer.

The placement of the monochromator after the sample has a particu-
lar advantage for situations where the sample may get hot. When the inci-
dent light beam is first monochromatized, the detector sees the reflected
light beam, as well as any black body radiation given off by the sample
(this is in addition to any stray room light that may get to the detector). On
the other hand, the placement of the monochromator after the sample will
reduce considerably stray room light and black body radiation from the
sample.

The waveform from the Drévillon et al. instrument is first digitized
using a waveform digitizer. Since the PEM frequency is 50 kHz, and one
is interested in some of the higher harmonics, the waveform must be dig-
itized at least at ~1 MHz. However, once the waveform has been digitized,
it is possible to determine the amplitudes of all harmonics from a single
measurement. Thus, two independent parameters [(N, S) or (C, S)] can be
simultaneously determined. In addition, the amplitudes of the third and
fourth harmonics can be used to calibrate the instrument (see Ref. 14). A
variation of this instrument is presently available commercially.[19]

One improvement to this instrument is to incorporate optical fibers in
the input and output arms of the ellipsometer. This allows the light source
and the monochromator to be placed arbitrarily, making it much easier to
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Figure 6.4 The experimental polarization modulation ellipsometer scheme of
Drévillon et al.[18] using digital data acquisition.
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use the instrument for in situ ellipsometry measurements of film growth.
The ellipsometers of Duncan and Henck[20] and Drévillon et al.[21] incor-
porate this capability.

Another improvement, also incorporated into the ellipsometers of
Duncan and Henck[20] and Drévillon et al.[21], is to replace the single
PMT either with a photodiode array[20], or with several PMTs.[21] With
this improvement, the intensity waveforms from several different
wavelengths can be acquired at the same time. The use of a photodiode
array is common in rotating element ellipsometers (see Chapter 7 by
Collins), but the incorporation into instruments using PEMs is compli-
cated by the speed required for data acquisition. Since rotating element
ellipsometers require much slower digitization speeds, these instru-
ments can often use a single A/D channel to collect all the data. PEM
systems require digitization speeds near 1 MHz, so often a separate
A/D channel is required for each wavelength sampled. In addition, the
waveform is more complicated than a simple Fourier expansion, requir-
ing more extensive analysis of the waveform. However, present sys-
tems are capable of collecting 16 to 48 channels (wavelengths) of data
simultaneously.[19]

6.3.3 Two-Channel Spectroscopic Polarization
Modulation Ellipsometer (2-C SPME)

The ellipsometers discussed above are capable of only measuring
two parameters at a time. However, there are situations where it is impor-
tant to measure all three parameters (N, S, and C) simultaneously. This
has been addressed by the 2-C SPME of Jellison and Modine,[22] shown
schematically in Fig. 6.5.

The main difference between this instrument and the previous instru-
ments is that the analyzing polarizer is replaced with a Wollaston prism (any
similar beam-splitting prism could also be used). This prism will split the
incoming light beam, with one polarization being deflected in one direction
and the other polarization deflected in another direction. Two independent
PMT detectors are used, one for each light beam from the Wollaston prism.
As above, the two PMTs are controlled to give constant output current, and
the output waveform from each PMT is analyzed using two lock-in ampli-
fiers, one set at 1f and the other at 2f. If the Wollaston prism is set at ±45°
with respect to the plane of incidence and if the azimuthal angle of the
polarizer-PEM pair is set to ±22.5° (or, equivalently, to ±67.5°), then the
two 1f channels can be used to measure S, while the two 2f channels will be
proportional to (N � C) and (N � C). As a result, it is possible to simulta-
neously measure N, S, and C with this instrument.
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The main advantage of this instrument is that N, S, and C are meas-
ured simultaneously. For many samples, this is redundant, but for situa-
tions where the sample surface is depolarizing, the measurement of all
three becomes necessary. As will be discussed later, the sum (N

2
� S

2
� C

2
)

is equal to 1 if there are no depolarization elements in the light train.
However, if there are depolarization elements (such as the sample itself!)
then the sum (N

2
� S

2
� C

2
) will be less than 1. For some cases, this sum

can be related to the degree of light polarization in the system.
The use of the Wollaston prism does incur some disadvantages. First

of all, the angle of the two light beams from the Wollaston will be a
function of the wavelength of light. Therefore, it is not possible to use a
Wollaston in conjunction with fiber optics, nor is it possible to easily
place the monochromator after the sample. Secondly, four lock-in ampli-
fiers are required, which increases the cost of the instrument.

6.3.4 Two-Modulator Generalized Ellipsometer 
(2-MGE)

Each of the ellipsometers discussed above utilizes a single polarizer-
PEM pair. However, it is possible to incorporate two polarizer-PEM pairs,
one in the PSG arm of the instrument, the other in the PSA arm.[23,24] The
arrangement of the polarizer-PEM pair is as shown in Fig. 6.6: the light
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Figure 6.5 The 2-Channel Spectroscopic Polarization Modulation Ellipsometer
(2-C SPME) of Jellison and Modine.[18]
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passes through the polarizer and then the PEM in the PSG arm, and the
reflected light passes through the PEM and then the polarizer. The resonant
frequencies of the two PEMs must be significantly different (such as
50 kHz and 60 kHz for the instrument described in Ref. 24).

The main advantage of this type of instrument is that many more param-
eters can be measured. While the PMEs described to this point will measure
one, two, or three of the parameters N, S, and C, the 2-MGE can measure
eight parameters simultaneously. These parameters are related to the Mueller
matrix of the sample, and the azimuthal angles of the PSG and the PSA deter-
mine which elements of the sample Mueller matrix are measured.

For example if either the PSG or the PSA is set to ±45° and the other
is set to 0° or 90°, then the 2-MGE can measure the parameters N, S, and
C and five additional parameters. For anisotropic, non-depolarizing sam-
ples, the instrument in this configuration will completely characterize the
sample Mueller matrix; that is, there is no more information that can be
obtained from a reflection ellipsometry experiment at that angle of inci-
dence, even though seven elements of the reduced sample Mueller matrix
remain unmeasured. This ability to handle anisotropic samples is one of the
main strengths of the 2-MGE.

Figure 6.6 Schematic diagram of the 2-Modulator Generalized Ellipsometer (2-MGE)
of Jellison and Modine.[23]
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6.4 Light Intensity Through a Polarization
Modulation Ellipsometer

The light intensity through any ellipsometer can be obtained by the
matrix multiplication

Intensity � SPSA
T M SPSG. (6.19)

The matrix M is the Mueller matrix for all optical elements between the
PSG and the PSA; these elements include the sample, and any other opti-
cal elements between the PSG and the sample and between the sample and
the PSA. The vector SPSG is the Stokes vector for the light beam leaving the
PSG, and SPSA

T is the transposed Stokes vector representing the polariza-
tion effects of the PSA, both of which have been discussed in Section 6.2.

The intensity waveform from any PME instrument is complicated
by the fact that the basis functions for the intensity are not standard
sines and cosines of rotating element ellipsometers, but rather sines of
sines and cosines of sines [see the expressions for X(t) and Y(t) in
Eqs. (6.13) and (6.14)]. Therefore, the intensity waveform is most con-
veniently written in terms of these basis functions. In this section, we
will present the intensity waveform expression for various PMEs in
terms of a dc term and coefficients of the basis functions X(t) and Y(t).
The coefficients are essentially the measured quantities of the PMEs,
and techniques for extracting these from the waveform will be
presented in Section 6.5.

6.4.1 Mueller Matrices for Various Samples

The normalized Mueller matrix for all of the optical elements between
the PSG and the PSA will be of the form

M � q r , (6.20)

which contains 15 unknown matrix elements. Most ellipsometers do not
measure the absolute reflectance or transmission of the sample. This is
equivalent to normalizing the sample Mueller matrix to the m11 term,
which is then set to 1 in Eq. (6.20). Fortunately, the Mueller matrix for
most ellipsometry samples is considerably simpler, where many of the

1 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44
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elements are known to be 0 or to be equal to other elements. If it can be
assumed that the sample and intervening optics are non-depolarizing,
then the 15 elements of the normalized sample Mueller matrix are not
independent, and are related by nine bilinear constraints[25] (see Chapter 3,
Section 3.2.3)

1) Free Space If the ellipsometer is placed in the straight-
through configuration, the sample is effectively free
space, which will not change the polarization state at all.
Therefore, the Mueller matrix for free space is just the 4 � 4
identity matrix:

M � q r . (6.21)

Free space measurements are generally used for calibra-
tions.

2) Isotropic sample Most ellipsometry measurements are per-
formed on isotropic samples without intervening optics or
depolarization effects. In this case, the sample Mueller
matrix is also particularly simple and is given by

M � q r . (6.22)

The parameters N, S, and C are the associated ellipsometry
parameters, and are given by

N � cos(2y), (6.23a)

S � sin(2y) sin(∆), (6.23b)

C � sin(2y) cos(∆). (6.23c)

These are related to the traditional ellipsometry parameters
y and ∆ (see Chapter 1) by

r � � � tan(y)ei∆. (6.23d)
C � iS
�
1 � N

rpp
�
rss

1 �N 0 0
�N 1 0 0
0 0 C S
0 0 �S C

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
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Obviously, the parameters N, S, and C are not independent
and are constrained by the equation

N
2

� S
2

� C
2

� 1 (6.23e)

3) Isotropic sample with windows Many ellipsometry measure-
ments necessarily include additional optical elements. If the
experiment takes place in situ, then windows must separate
the PSG and the PSA of the ellipsometer from the sample
being investigated. If a small spot size is needed, then a
focusing lens and collection lens are required. In both of
these cases, there are additional optical elements (generically
called windows here) between the PSG and the PSA, which
can alter the polarization state of the light coming from the
PSA or reflected from the sample due to the inherent strain of
the optic. Normally, the windows are approximated as simple
retarders where the retardation is small, and the total sample
Mueller matrix (including the windows) is given by[26]

MG � MW0MMW1

�q r . (6.24)

If the retardation of the windows is d0, d1 and the azimuthal
angle of the fast axis is q0, q1, then S0,1 � d0,1 sin(2q0,1) and
W � d0 cos(2q0) � d1 cos(2q1). Using the first-order approx-
imation, the effect of the windows on the experiment can be
expressed with only three parameters, since the two cosine
terms are additive.

4) Anisotropic samples Another example of a sample Mueller
matrix occurs if the sample is anisotropic (see Chapters 3
and 9). The sample Mueller matrix for an anisotropic sample
is given by[24]

M � q r ,

(6.25)

where aps, asp, b1, b2, z1, z2, x1, and x2 are defined in
terms of the seven ellipsometry parameters in the NSC

1 �N � aps Csp � z1 Ssp � z2

�N � asp 1 � asp � aps �Csp � z1 �Ssp � z2

Cps � x1 �Cps � x1 C � b1 S � b2

�Sps � x2 Sps � x2 �S � b2 C � b1

1 �N 0 S0N
�N 1 S1S �S0 � S1C
0 S0S C � WC S � WC

�S1N S1 � S0C �(S � WC) C � WC
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representation: N, S, C, Ssp, Csp, Sps, and Cps (see Chapter 3,
Section 3.2.3). If the sample is nondepolarizing, then the
sum of the squares of the seven ellipsometry parameters
in the NSC representation is equal to 1.

6.4.2 Intensity for a Standard PME

The most common PME configuration used consists of a polarizer-
PEM pair acting as the PSG, and a polarizer acting as the PSA (the P PEM
S A configuration). This is the configuration used by Jasperson and
Schnatterly[3], Drevillon et al.[18], Duncan and Henck[20], and Jellison and
Modine[22], and is the configuration of the commercial PME.[19] Using
Eqs. (6.19), (6.10), and (6.14), it is a simple matter to calculate the inten-
sity of the light beam incident upon the detector in this configuration:

I(t) � (1 Cp1 Sp1 0)Mq r . (6.26)

The time dependence of the intensity is implicitly included in the two
basis functions Xd and Yd, which include PEM static retardation. Using
Eqs. 6.13, the contribution of PEM static retardation can be separated out:

I(t) � Idc � IXXd � IYYd � Idc � (IX � do IY) X(t)

� (IY � doIX) Y(t), (6.27)

where it is assumed that the static retardation do of the modulator is small
and therefore first-order corrections are sufficient. The intensity waveform
is then entirely determined by the two time-dependent basis functions X
and Y, as well as the three parameters Idc, IX, and IY, which are given by

Idc � 1 � Cp1m21 � Sp1m31 � Cb[Cm(m12 � Cp1m22

� Sp1m32)� Sm(m13 � Cp1m23 � Sp1m33)],
(6.28a)

IX � Sb(m14 � Cp1m24 � Sp1m34), (6.28b)

IY � Sb[�Cm(m13 � Cp1m23 � Sp1m33)

� Sm(m12 � Cp1m22 � Sp1m32)].
(6.28c)

Because the PSA contains only a polarizer, the terms Idc, IX, and IY do not
depend upon elements of the fourth row.

1
CmCb � SmSbYd

SmCb � CmSbYd

SbXd
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Another possible configuration for a single modulator PME would
be the P S PEM A arrangement where the PEM-polarizer pair is placed
after the sample. In this case, a single polarizer is used for the PSG and
a PEM-polarizer pair is used for the PSA. Again, it is a simple matter to
calculate the time-dependent intensity of the light beam incident upon
the detector:

I(t) � (1 CmCb � SmSbYd SmCb � CmSbYd �SbXd)Mq r . (6.29)

This has the same general form as Eq. (6.27), where the coefficients are
given by

Idc � 1 � Cp0m12 � Sp0m13 � Cb[Cm(m21 � Cp0m22 � Sp0m23)
� Sm(m31 � Cp0m32 � Sp0m33)],

(6.30a)

IX � �Sb(m41 � Cp0m42 � Sp0m43), (6.30b)

IY � Sb[�Cm(m31 � Cp0m32 � Sp0m33) 
� Sm(m21 � Cp0m22 � Sp0m23)].

(6.30c)

Because the PSG contains only a polarizer, the terms Idc, IX, and IY do not
depend upon elements of the fourth column. Neither the P PEM S A con-
figuration or the P S PEM A configuration is sensitive to the m44 element
of M.

Nearly all PMEs are operated with the polarizer-PEM azimuthal angle
set to qb � ±b45°. If first-order errors in qb are included, then Sb � ±b1 and
Cb � �±b2 eb and this error only affects the Idc term to first order.
(Again, note that the ±b notation indicates that the prefactor equals �1
when qb � �45° and equals �1 when qb � �45°.) In addition, the sam-
ple Mueller matrix is often much simpler than the most general form
used above. For example, if it can be assumed that the sample is
isotropic, then the sample Mueller matrix simplifies to Eq. (6.22), and
the terms Idc, IX, and IY are also simplified. For the P PEM S A configu-
ration, these terms are given by

Idc � 1 � Cp1N � ±b2eb[Cm(�N � Cp1) � SmSp1C], (6.31a)

IX � ±bSp1S, (6.31b)

IY � ±b[�CmSp1C � Sm(�N � Cp1)]. (6.31c)

1
Cp0

Sp0

0
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For the P S PEM P configuration, these terms are given by

Idc � 1 � Cp0N � ±b2 eb[Cm(�N � Cp0) � SmSp0C], (6.32a)

IX � ±bSp0S, (6.32b)

IY � ±b[�CmSp0C � Sm(�N � Cp0)]. (6.32c)

As can be seen from Eqs. (6.31) and (6.32) above, the only difference
between the coefficients for the P PEM S A and P S PEM A configurations
is the permutation of the 0 ⇔ 1 indices. Therefore, there is no difference
between the P PEM S A configuration and the P S PEM A configuration
for isotropic samples; the same information can be obtained whether
the polarizer-PEM pair is on the input side of the sample or on the output
side.

Many calibrations of PMEs are done in the straight-through align-
ment, where the sample Mueller matrix becomes just the Mueller matrix
of free space (Eq. 6.21). In this case, Eqs. (6.31) and (6.32) can be sim-
plified by setting N � S � 0; C � 1:

Idc � 1 � ±b2eb[CmCp0 � SmSp0] � 1 � ±b2ebCm�p, (6.33a)

IX � 0, (6.33b)

IY � ±b[�CmSp0 � SmCp0] � ±bSm�p. (6.33c)

where the quantities Cm�p � cos[2(qm�qp)] and Sm�p � sin[2(qm � qp)].
Obviously, there can only be a relative azimuthal angle, since the sample
(free space) cannot define a plane of incidence. The total intensity can be
written as

I(t) � 1 � ±b2ebCm�p � ±bdoSm�p X(t) � ±bSm�p Y(t). (6.34)

If qm�p is set to ±45°, then the coefficient of the X basis function is pro-
portional to the static retardation do and the static retardation of the PEM
can be determined.

6.4.3 Intensity for the 2-Modulator Generalized
Ellipsometer (2-MGE)

As discussed in Section 6.3, the 2-modulator generalized ellip-
someter (2-MGE) uses a polarizer-PEM pair in both the PSG and the
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PSA, where the resonant frequencies of the two PEMs are significantly
different (such as 50 and 60 kHz). Although this complicates both the
experimental setup and the data reduction, considerably more informa-
tion becomes available than is available with single PEM systems.
Single PEM systems produce an intensity that can be expressed with a
dc term and two independent coefficients of the basis functions X and
Y. As will be shown below, the intensity waveform of the 2-MGE is
considerably more complicated, but it can be expressed with a dc term
and eight coefficients of basis functions. These additional parameters
can be related directly to elements of the sample Mueller matrix, where
the specification of which Mueller matrix elements are incorporated
into the expression of the intensity waveform depends upon the
azimuthal angular orientation of the PSG and the PSA. If the correct
azimuthal angles are chosen, it is possible to completely characterize
the sample Mueller matrix of a non-depolarizing sample using the
2-MGE.

The intensity of the time-dependent light beam for the 2-MGE can
be calculated in the same manner as above for single PEM PMEs. The
Stokes vectors for the polarizer-PEM PSG and for the PEM-polarizer
PSA are given in Eqs. (6.15) and (6.18). From these, the intensity can be
calculated:

I(t) � (1 Cm1Cb1 � Sm1Sb1Y1d Sm1Cb1 � Cm1Sb1Y1d

�Sb1X1d)Mq r
(6.35)

where the PSG polarizer and PEM are identified with the subscript 0, and
the PSA polarizer and PEM are identified with the subscript 1. The total
intensity can be written similarly to Eq. (6.27), but now with eight basis
functions and eight associated coefficients:

I(t) � Idc � IX0 X0d � IY0 Y0d � IX1 X1d � IY1 Y1d � IX0X1 X0d X1d
� IX0Y1 X0d Y1d � IY0X1 Y0d X1d � IY0Y1 Y0d Y1d.

(6.36a)

This intensity is written with the basis functions X0d, etc., which implicitly
contain the modulator static retardations d0 and d1. If the static strain-
induced retardations are treated to first order, then the intensity can be
rewritten in terms of unstrained basis functions:

1
Cm0Cb0 � Sm0Sb0Y0d
Sm0Cb0 � Cm0Sb0Y0d

Sb0X0d
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I(t) � (1 X0 Y0 X1 Y1 X0X1 X0Y1 Y0X1 Y0Y1)

�� �� � (6.36b)

To simplify the expressions, assume that qb0 � ±b045°, qb1 � ±b145°.
Therefore, Cb0 � Cb1 � 0 and Sb0 � ±b01, Sb1 � ±b11. The intensity expres-
sion of Eq. (6.35) becomes

I(t) � (1 Sm1Sb1Y1d �Cm1Sb1Y1d �Sb1X1d)Mq r. (6.37)

The values of the nine coefficients in Eqs. (6.36a) and (6.36b) are func-
tions of the individual elements of the sample Mueller matrix and are
given by

Idc � 1 (6.38a)

IX0 � ±b0m14 (6.38b)

IY0 � �±b0(Cm0m13 � Sm0m12) (6.38c)

IX1 � �±b1m41 (6.38d)

IY1 � �±b1(Cm1m31 � Sm1m21) (6.38e)

IX0X1 � �±b0±b1m44 (6.38f)

IX0Y1 � ±b0±b1(Sm1m24 � Cm1m34) (6.38g)

IY0X1 � ±b0±b1(�Sm0m42 � Cm0m43) (6.38h)

IY0Y1 � ±b0±b1(Cm0Cm1m33 � Sm0Cm1m32

� Cm0Sm1m23 � Sm0 Sm1m22)
(6.38i)

1
Sm0Sb0Y0d

�Cm0Sb0Y0d

Sb0X0d

Idc

IX0

IY0

IX1

IY1

IX0X1

IX0Y1

IY0X1

IY0Y1

1 0 0 0 0 0 0 0 0
0 1 d0 0 0 0 0 0 0
0 �d0 1 0 0 0 0 0 0
0 0 0 1 d1 0 0 0 0
0 0 0 �d1 1 0 0 0 0
0 0 0 0 0 1 d1 d0 0
0 0 0 0 0 �d1 1 0 d0

0 0 0 0 0 �d0 0 1 d1

0 0 0 0 0 0 �d0 �d1 1
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As can be seen by Eqs. (6.38), all elements of the sample Mueller matrix
are be included in the value of the intensity and can therefore be measured
by the 2-MGE. The corners of the sample Mueller matrix m14, m41, and m44

are always included in the coefficients IX0, IX1, and IX0X1 and so are always
measured (contrast this to the one-modulator PMEs where m44 can never
be measured). If the azimuthal orientations of the PSG and PSA are
restricted to modulo 45°, then each of the intensities will be proportional
to just one of the sample Mueller matrix elements. This can be shown
schematically by the following scheme, where the appropriate coefficient
is placed in the sample Mueller matrix, indicating that it can be measured
with the given azimuthal orientation of the PSG and PSA. If an element
of the sample Mueller matrix cannot be measured, this is indicated by a
large dot (•).

M(qm0 � 0°,90°;qm1 � 0°,90°)� q r (6.39a)

M(qm0 � 0°,90°;qm1 � ±45°)� q r (6.39b)

M(qm0 � ±45°;qm1 � 0°,90°)� q r (6.39c)

M(qm0 � ±45°;qm1 � ±45°)� q r (6.39d)

If the PSG (PSA) is set to ±45°, then the third column (row) of the sam-
ple Mueller matrix cannot be measured. Similarly, if the PSG (PSA) is set
to 0°, 90°, then the second column (row) of the sample Mueller matrix
cannot be measured.

The two most useful configurations are those shown in Eqs. (6.39b)
and (6.39c), where the upper right or the lower left 2 � 2 block of the
sample Mueller matrix is measured. Either of these configurations can be
used to totally characterize most anisotropic samples. Measuring both
configurations overdetermines most systems, but the additional information

1 IY0 • IX0

IY1 IY0Y1 • IX0Y1

• • • •
IX1 IY0X1 • IX0X1

1 IY0 • IX0

• • • •
IY1 IY0Y1 • IX0Y1

IX1 IY0X1 • IX0X1

1 • IY0 IX0

IY1 • IY0Y1 IX0Y1

• • • •
IX1 • IY0X1 IX0X1

1 • IY0 IX0

• • • •
IY1 • IY0Y1 IX0Y1

IX1 • IY0X1 IX0X1
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can be used to reduce systematic errors by zone averaging. If all four con-
figurations are measured, then the entire sample Mueller matrix can be
determined, where several of the elements will be measured in more than
one configuration. The most complete measurement would involve 16
measurements, where qm0 � �45°, 0°, �45°, 90° and qm1 � �45°, 0°,
�45°, 90°. The major advantage of the complete measurement is that
many of the systematic errors associated with azimuthal angle alignment
and modulator calibration will be eliminated to first order. For nearly all
situations, the two-zone measurement is sufficient even for the most
demanding measurement applications.

6.5 Waveform Analysis

The intensity waveforms for various configurations of PMEs, given in
Section 6.4, contain the measured quantities for the instrument, but these
measured quantities are in terms of coefficients of basis functions. For
single modulator PMEs, these are the IX and IY terms of Eq. (6.27), and for
the 2-MGE, these are the eight coefficients of Eq. (6.36). Therefore, tech-
niques must be developed to determine, as accurately as possible, these
coefficients. This data reduction step can be done computationally, by first
digitizing the waveform and then performing a Fourier-like analysis, or
electronically using phase-sensitive detection. As a consequence, it is also
very important to be able to perform this analysis as fast as possible.

It has already been stated that the intensity waveform from PME
experiments is quite complicated. This is emphasized in Figure 6.7,
which shows an example of the light intensity waveform from a single
modulator PME and from a 2-MGE. The relevant parameters are shown
in the figure caption, and the resulting Fourier transform is also shown in
the right half of Figure 6.7. The waveform for the single modulator PME
contains a dc component and Fourier components at both even and odd
harmonics. The first and second harmonics are clearly the most impor-
tant, but the third harmonic is also significant. The higher harmonics
dampen very quickly, and the 5th and higher harmonics are usually not
measurable. The waveform for a 2-MGE, where there are two PEMs con-
tributing to the intensity waveform, is even more complicated than for
the single PEM ellipsometer case. Not only do the two PEMs have dif-
ferent operating frequencies, but the phases of the two PEMs are gener-
ally not synchronized. This has the consequence that the waveform will
never actually repeat itself (although, practically speaking, it will come
close). A Fourier transform power spectrum can still be calculated (see
Fig. 6.7, lower right), and it shows the even and odd harmonics of each
of the PEMs, as well as many of the sum and difference frequencies.

Ch_06.qxd  1/1/04  2:48 AM  Page 461



Note that the sample chosen for this illustration (silicon) is isotropic; if
an anisotropic sample were chosen, then even more frequencies would be
observed in the Fourier transform power spectrum.

One unique aspect of PME experiments arises from the fact that the
PEMs are highly resonant devices. This has been discussed in Section
6.2.2 above, and these characteristics are important in the analysis of the
waveform in a PME measurement. Since the frequency is extremely sta-
ble at a given temperature, one can perform the waveform analysis assum-
ing that the frequency is accurately determined. However, since the PEM
is so highly resonant, the PEM is freely running, and its phase cannot be
externally set. However, the phases of the PEMs can be measured from
their monitor signals, which then can be used in the waveform analysis.
Note that this disadvantage does not apply to rotating element ellipsometers,
since the rotation of each of the elements is usually controlled externally.
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Figure 6.7 Intensity waveforms (left) and resultant Fourier transforms (right)
for a one-modulator PME (top) and for the 2-modulator generalized ellipsometer
(2-MGE). These waveforms were calculated for a silicon sample at 64.47° angle
of incidence (N � 0.800, S � 0.344, C � �0.492) at 350 nm. The azimuthal angle
of the PSG was 0° and 45° for the PSA. The PSG PEM was set to A � 2.4048,
operating at 50.2 kHz with a static retardation of 0.005 rad. The PSA PEM (for the
2-MGE) was set to A � 2.4048, operating at 60.3 kHz with a static retardation of
0.025 rad. The waveforms were assumed to be digitized with a 1 MHz sampling
rate and 4096 samples were collected.
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For single modulator PME experiments, this usually does not present a
major problem, since the reference signal from the PME can be used to
synchronize lock-in amplifiers or used to trigger waveform digitizers. If
there are more than one PEM in the experiment, both of which want to
“control the experiment,” then simple synchronization from a single res-
onant source is no longer possible, and some other method must be found
to synchronize waveform capture with respect to the relative phases of the
two PEMs.

There are two common techniques used to determine the coeffi-
cients of the basis functions from the intensity waveform of a PME
experiment. The oldest technique, in common practice with single-
modulator PMEs, uses phase-sensitive detection. Here the monitor sig-
nal (which is proportional to the actual dynamic retardation of the
PME, possibly phase shifted) from the PEM is used as the reference
signal of the phase-sensitive detection device, such as a lock-in ampli-
fier. Another technique, pioneered by Drévillon and co-workers,[18] first
digitizes the light intensity waveform and then uses Fourier analysis
techniques to determine the coefficients IX and IY. The second technique
is not as easy to implement, but does eliminate the need for multiple
phase-sensitive detectors on the same channel and does produce more
information, since the higher harmonics can then be used to character-
ize the modulation amplitude.

6.5.1 Basis Function

From Eqs. (6.13), the basis functions X and Y are given by

X(t) � sin(Asin(wt)) (6.40a)

Y(t) � cos(Asin(wt)). (6.40b)

There is an implicit assumption in the formulation of this basis set that the
relative phase is set to 0. In this context, the relative phase is the actual
phase of the PEM with respect to the monitor signal used to synchronize
the waveform analysis, which can be non-zero from phase shifts in cables
and other electronics. If the phase cannot be assumed to be zero, then
Eqs. (6.40a and 6.40b) no longer form a complete basis set, and a more
complete statement of the basis functions would be

X � sin(Asin(wt � f)) (6.40c)

Y � cos(Asin(wt � f)), (6.40d)
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where f is the phase of the PEM with respect to the monitor signal. This
phase must be carried into the integer Bessel function expansions for X
and Y, also shown in Eqs. (6.6).

X � sin(Asin(wt � f)) � 2Σ
j�0

J2j�1(A)sin((2j � 1)(wt � f)), (6.41a)

Y � cos(Asin(wt � f)) � J0(A) � 2Σ
j�1

J2j(A)sin(2j(wt � f)). (6.41b)

For unknown phase, an alternative complete basis function set for a one-
modulator system would be:

Xs � sin(Asin(wt)) (6.42a)

Ys � cos(Asin(wt)) (6.42b)

Xc � sin(Acos(wt)) (6.42c)

Yc � cos(Acos(wt)). (6.42d)

The expressions above assume that the phase is the same for the X and
the Y basis functions. However, in the integer Bessel function expansion
(Eqs. (6.41) above), it can be seen that X is made up of odd harmonics,
while the Y basis function is made up of even harmonics. Depending upon
the electronics, the relative phases for the two basis functions may be dif-
ferent, since phase shifts through amplifiers often depend upon frequency.
Furthermore, the electronics usually will not have perfect frequency
response, and the higher harmonics will be progressively attenuated com-
pared to the 1f signal.

If it is assumed that the electronics do not introduce attenuation into
the higher harmonics, the intensity of the waveform can be re-written
using sines and cosines as the basis functions. From Eq. (6.27) it was
shown that:

I(t) � Idc � IXXd � IYYd � Idc � (IX � doIY) X � (IY � doIX) Y. (6.43)

If Eqs. (6.41) are used in (6.23), then

I(t) � Idc � (IY � do IX)J0(A) � 2(IX � do IY) [J1(A) sin(wt)
� J3(A) sin(3wt) � ...] � 2(IY � do IX)[J2(A) sin(2wt)
� J4(A) sin(4wt) � ...].

(6.44)
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That is, the intensity waveform has a dc component, which is Idc � (IY �
doIX)J0(A), a first harmonic component 2J1(A) (IX � doIY), a second har-
monic component 2J2(A) (IY � do IX), a third harmonic component 2J3(A)
(IX � doIY), etc. Although the intensity waveform in the Fourier basis set
contains an infinite number of terms, there is no additional information
concerning the sample, since all the odd harmonics are proportional to
(IX � do IY) and all the even harmonics are proportional to (IY � doIX).
However, there is information concerning the amplitude of modulation. If
the coefficient of the 3rd harmonic is divided by the coefficient of the 1

st

harmonic, this result is J3(A)�J1(A), from which the Bessel angle A can be
determined.

6.5.2 Phase-Sensitive Detection

A common way to analyze the intensity waveform for a PME experi-
ment (as well as many other kinds of experiments utilizing PEMs) is to
convert the intensity waveform into a voltage waveform, which then can
be characterized by a lock-in amplifier, where the PEM monitor signal is
used as the reference input. The IX component is measured using the 1f
signal (where the frequency of the PEM is f � 2πw), and the IY compo-
nent is measured using the 2f signal. As electronic phase shifts can make
the phase of the intensity waveform different from the phase of the mon-
itor signal, the phase adjustment on the lockin must be used to match the
phases. The signals must then be normalized by the basis function prefac-
tors: 2J1(A) for 1f and 2J2(A) for 2f and any corrections made to frequency
response attenuation. The relative phase difference between the PEM and
the monitor signal f is corrected using the phase adjustment of the lock-
in amplifier.

In most implementations of PMEs, it is assumed that the 1f and 2f sig-
nals are normalized to the dc component. If photomultiplier tubes (PMTs)
are used for the waveform detector, then this can be done directly in the
control circuitry of the PMT by dynamically controlling the bias voltage
across the dynode chain to give constant dc current out (this was discussed
in Section 6.3). It may also be useful to measure the dc current, but this
can be accomplished using a simple ammeter.

If the waveform is normalized to the dc intensity, then the signals
from the lock-in amplifier are given by

R1w � 2 J1(A) IX � (Idc � J0(A) IY) (6.45a)

R2w � 2 J2(A) IY � (Idc � J0(A) IY). (6.45b)
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The coefficients of the basis functions IX, IY and Idc are given in terms of
the elements of the sample Mueller matrix (see Eqs. (6.31), (6.32), and
(6.33) for one-modulator PMEs). The Bessel angle A is proportional to the
modulator amplitude and is often set to 2.4048 radians, where J0(A) � 0;
this obviously simplifies the data analysis in that it eliminates the denom-
inator dependence on the coefficient IY.

6.5.3 Digital Waveform Analysis

It is also possible to obtain the basis function coefficients from the
intensity waveform using modern digital techniques. This is somewhat
more difficult, in that the waveform must first be digitized and then the
basis function coefficients obtained using Fourier-like analysis. Whereas
the phase-sensitive detection scheme described above can obtain one
parameter for each phase-sensitive detector, the digital analysis approach
can determine many more parameters, which then can be used to increase
the information content and/or the accuracy of the measurements.

It first might appear that waveform analysis from PEM experiments
using a digitized waveform would be just a simple application of a fast
Fourier transform (FFT). However, FFTs are best known for getting
accurate values of the frequency components in a waveform, but the
amplitudes of these components is usually not as accurate. The waveform
from a PME experiment will have very pure frequency components
because of the resonant nature of the PEMs, so knowledge of the fre-
quencies of these components is not needed. The need is for very accu-
rate amplitudes of components of precisely known frequencies.

One method that can give very accurate values of the amplitudes is to
perform a Fourier integration over the waveforms. For a one-modulator
instrument where the phase of the light intensity has been adjusted to the
phase of the PEM, the analysis of the intensity equation (6.27) is quite
straightforward:

Idc � IYJ0(A) � �
MT

0

I(t)dt (6.46a)

IX � doIY � �
MT

0

sin(wt)I(t)dt (6.46b)

IY � doIX � �
MT

0

cos(2wt)I(t)dt, (6.46c)
1

��
2pMJ2(A)

1
��
2pMJ1(A)

1
�
2pM
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where the integration is performed over M periods of time duration T. The
accuracy of this technique depends mainly on using a complete number of
cycles. Since the waveform is digitized, it may not be possible to find a
beginning and ending point such that an integer number of cycles is
included. In this case, an interpolation correction can be employed to
improve the accuracy.

6.5.4 Two-Modulator Systems

Waveform analysis for two-modulator PMEs is considerably more
difficult than it is for single modulator PMEs. This is primarily
because each PEM is a highly resonant device, with its own frequency
and phase, which cannot be controlled by external electronics. (The
electronic controls are used to control the modulator amplitude, but
have practically no control of the PEM frequency or phase). This
results in the complicated waveform, such as is shown in the lower left
of Fig. 6.7.

As noted above, this waveform does not formally repeat itself. The
repeat criterion is

m0T0 � m1T1 � Tr, (6.47)

where m0 and m1 are integers and T0 and T1 are the periods for the two
PEMs. If the phases of the two PEMs are f0 and f1 at time 0, then the
repeat time Tr is the time when the two phases are again f0 and f1 This
equality is seldom observed for two real PEMs. To show this, rewrite
Eq. (6.47) to take into account phase mismatches:

(2m0p � f0) T0 �(2p) � (2m1p � f1) T1 �(2p) � T. (6.48)

As an example, the periods for the two modulators used in the calculations
shown in Fig. 6.7 are

T0 � 1�50.2 kHz � 19.920 µs; T1 � 1�60.3 kHz � 16.583 µs.

After five complete cycles of PEM 0 (m0 � 5), T � 99.60 µs, and after
six complete cycles of PEM 1 (m1 � 6), T � 99.50 µs. If the repeat time
is set to the average, T � 99.55 µs, then f0 � �0.0025 rad � �0.14° and
f1 � 0.0030 rad � 0.17° after five cycles of PEM 0 and six cycles of
PEM 1. These two modulators come very close to repeating every 99.55
µs, but there is a small walk-off in the relative phases for multiples of the
time T.
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One way of dealing with this problem is by triggering the waveform cap-
ture whenever the relative phases f0 and f1 are both very close to 0 (or some
other value), but not exact. The number of times that the trigger will activate
will depend upon the gate time; the smaller the gate time, the fewer triggers
that will take place per unit time, but the more accurate the phase.

If the intensity is rewritten in terms of Fourier coefficients, it is given by

I(t) � Idc � 2Σ
∞

k�1

Rk[ak cos(Ωkt)� bk sin(Ωkt)] (6.49)

The frequencies Ωk are the harmonics of each of the modulators, as well
as the sum and difference frequencies of each of the modulators. The
summation in Eq. (6.49) is over all possible frequency combinations,
and so is infinite. The quantities Rk are the coefficients to be determined,
and are proportional to the coefficients I and the respective integer
Bessel functions. Some of the more important terms are shown in Table 6-1.
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Table 6-1. Some frequency components for the Fourier integral analysis
of the time-dependent intensity expression shown in Eq. (6.49). The fre-
quency components Ωk are calculated in the Frequency column, assum-
ing that ω0 � 50.2 kHz and ω1 � 60.3 kHz. The coefficients Rk are given
in terms of the coefficients of Eq. (6.37) and the integer Bessel functions.
The products of the integer Bessel functions are given in the last column
for A0 � A1 � 2.4048.

Frequency
k Ωk (kHz) Rk Jx(A) Jy(A)

1 ω0 � ω1 10.1 IX0X1J1(A0) J1(A1) 0.269
2 2(ω0 � ω1) 20.2 IY0Y1J2(A0) J2(A1) 0.187
3 2ω0 � ω1 40.1 IY0Y1J2(A0) J2(A1) 0.224
4 ω0 50.2 IX0 J1(A0) 0.519
5 ω1 60.3 IX1J1(A1) 0.519
6 ω0 � 2ω1 70.4 IX0Y1J1(A0) J2(A1) 0.224
7 2ω0 100.4 IY0J2(A0) 0.423
8 ω0 � ω1 110.5 IX0X1J1(A0) J1(A1) 0.269
9 2ω1 120.6 IY1J2(A1) 0.423

10 3ω0 150.6 IX0J3(A0) 0.199
11 2ω0 � ω1 160.7 IY0X1J2(A0) J1(A1) 0.224
12 3ω1 180.9 IX1J3(A1) 0.199
13 4ω0 200.8 IY0J4(A0) 0.065
14 2(ω0 � ω1) 221.0 IY0Y1J2(A0) J2(A1) 0.187
15 4ω1 241.2 IY1J4(A1) 0.065
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Fortunately, the higher order terms are also accompanied by higher inte-
ger Bessel functions, so they are naturally attenuated. This can be seen
in Fig. 6.7, where there are no significant terms greater than ~400 kHz.
The Fourier coefficients ak and bk are determined from the intensity
waveform by performing Fourier integration, similar to that shown in
Eqs. (6.46).

By exploring Table 6-1, it can be seen that each of the eight basis
function coefficients can be measured using a different frequency com-
ponent, and that several of the basis function coefficients can be meas-
ured using more than one frequency component. For example, the IY0Y1

component can be measured either by k � 2 or by k � 14. Since the prod-
ucts of the integer Bessel functions are the same for both cases, the
choice is a matter of convenience. However, the IY0 component can be
measured by k � 7 or by k � 13, but since the integer Bessel function
value for k � 13 is significantly smaller than it is for k � 7, k � 7 is the
preferred choice. The magnitude of each component is determined by
(ak

2 � bk
2)1�2. The sign of the individual components is determined by the

measured phase and by the relative modulator phases. The measured
phase is given by fk � arg(ak � i bk), where the arg function is the prin-
cipal value of the argument of the complex number (ak � i bk) between
�p and p. For example,

IY0 � sign(cos(fm � f0)) (a7
2 � b7

2)1�2 �(2J2(A0)). (6.50)

The other components can be calculated in a similar manner.

6.6 Calibration Procedures

In order for any PME to be able to take accurate measurements, it is
extremely important that the instrument be properly calibrated. Because
the magnitude of both the dynamic and static retardation of the PEM
depends upon wavelength, the calibration of a PEM-based ellipsometer is
somewhat more involved than the calibrations for rotating analyzer
(RAE) or rotating polarizer ellipsometers (RPE), but similar in complex-
ity to the calibrations required for rotating compensator ellipsometers.
The difficulty in PME calibration is often cited as a reason for using RAEs
or RPEs. However, these calibrations can now be done very accurately
and, with computer control, with very little user interaction, so calibration
difficulty is no longer a valid reason for preferring rotating element ellip-
someters over PMEs.

Each polarizer-PEM pair in the ellipsometer requires four calibra-
tions:
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1) The azimuthal angle of the polarizer with respect to the
PEM qb,

2) The modulator static strain do,
3) The amplitude of modulation A (or equivalently, the drive

voltage Vm required to give a specific value of A, such as
2.4048), and

4) The azimuthal angle of the PEM with respect to the plane of
incidence qm.

The calibrations 1) and 4) are independent of wavelength, but calibrations 2)
and 3) are not. Since the PEM is such a stable device, calibrations 1), 2),
and 3) need only be performed occasionally, while calibration 4) needs to
be performed for each sample with the sample in place, unless the sample
stage is designed such that it is possible to position the sample precisely.
As discussed in Section 6.2.1, it is often appropriate to express the wave-
length dependence of Vm and do using two or three terms of a Cauchy
expansion.

In this section, calibration procedures of one-modulator and two-
modulator PMEs will be discussed. For the purposes of this discussion, it
will be assumed that the measured quantities are the coefficients of the
basis functions (such as IX and IY) and that appropriate techniques for
deconvoluting the intensity waveform to get the coefficients IX and IY have
been applied.

6.6.1 One-Modulator PMEs

1) Determination of qb

The calibration of qb can be done in any configuration
and azimuthal angle alignment, as long as either IX or IY is
large when qb is set to ±b45°. However, this alignment can
never be set directly to ±b45° with a single modulator PME,
but rather must first be set to 0° or 90° and then rotated to
±b45° using a precision rotator (this limitation does not
exist for two-modulator systems). For example, in the
straight-through configuration,

I(t) � 1 � CbCm�p � do SbSm�pX � Sb Sm�pY. (6.51)

If Sm�p is set to ±1 (resulting in Cm�p � 0), then IY � Sb. This
coefficient can then be nulled to establish the 0° and 90°
positions, and then a precision rotator can be used to set qb

to ±b45°.
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2) Determination of the static strain do

As can be seen from Eq. (6.34), above, the straight-
through configuration can be used to measure the static strain,
since IX � �SbSm�pdo. This measurement must be done as a
function of wavelength, since the static strain of any modula-
tor will be dispersive. The wavelength-dependent strain-
induced retardation can be fit to the Cauchy expansion shown
in Eq. (6.8a), obtaining one or two fitting parameters. Since the
strain-induced retardation is usually small for most modern
PEMs, no more than two parameters are required.

3) Determination of the modulator amplitude A
The most crucial and difficult calibration of PMEs is the

measurement of the modulator amplitude and the subse-
quent calibration of the modulator control voltage. As with
the strain-induced retardation, this calibration depends upon
wavelength. There are at least two ways in which this cali-
bration can be performed.

One calibration technique sets the ellipsometer in the
straight-through configuration, where SbSm�p � ±1 and the
intensity is given by [see Eq. (6.34)]:

I(t) � Io [1 � SbSm�p J0(A) � doSbSm�p X�SbSm�p Y]. (6.52)

If the modulator is turned off, then the dc component will
be proportional to 1 � SbSm�p; that is, the intensity will be
2 Io for one azimuthal orientation of the PSA polarizer and
0 for the other orientation (which will be 90° with respect
to the first orientation). By adjusting the modulator ampli-
tude, a point can be found where the dc component of the
intensity is just Io. At this point the modulator amplitude
A � 2.4048, since J0(A � 2.4048) � 0.

Another calibration technique also utilizes Eq. (6.52).
Here, the modulator is set such that A ~ 2.4048, and the
azimuthal orientation of the PSA polarizer is alternated
between SbSm�p � ±1. The modulator drive voltage is
adjusted such that the dc component does not change when
the PSA polarizer is changed by 90°.

4) Determination of the modulator azimuthal angle qm and the
polarizer angle qp

The modulator azimuthal angle qm of the PSG (PSA)
and the polarizer azimuthal angle of the PSA (PSG) must
be determined with the sample in place, since the sample
is required to establish the plane of incidence. From
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Section 6.4.2, we find that the IX and the IY coefficients are
given by

IX � SbSp1S, (6.31b)

IY � Sb[�CmSp1C � Sm(�N � Cp1)]. (6.31c)

Therefore, nulling IX will establish the zero of Sp1 (where
qp1 � 0° or 90°) and nulling IY will establish the zero of Sm

(where qm � 0°, 180°), assuming that S and N are reasonably
large. This calibration can be used for either the P-PEM-S-P
or the P-S-PEM-P configuration. Once this calibration is per-
formed, any other azimuthal angle of the PSG or the PSA can
be set using accurate automatic rotators.

6.6.2 Two-Modulator PMEs

The calibration needs for two-modulator systems are essentially the
same as those for the one-modulator systems, except that both polarizer-
modulator pairs need to be calibrated. That is, the four calibrations men-
tioned above for one-modulator systems must be performed for each
modulator. Actually, calibrations are easier for two modulator systems
than they are for one-modulator systems, once the basis function coeffi-
cients have been determined.

As with the one-modulator systems, the most useful calibration con-
figuration is the straight-through configuration, where the sample is free
space. In this configuration, the intensity waveform can be written as

I(t) � Idc [1 � IX0X0 � IY0Y0 � IX1X1 � IY1Y1

� IX0X1X0X1 � IX0Y1X0Y1� IY0X1Y0X1 � IY0Y1Y0Y1].
(6.53)

If it is assumed that the two polarizers are set to ±b045° and ±b145°, then

IX0 � 0, (6.54a)

IY0 � ±b0±b1[J0(A1) cos(2qm) � 2sin(2qm) eb1], (6.54b)

IX1 � 0, (6.54c)

IY1 � ±b0±b1[J0(A0) cos(2qm) � 2sin(2qm) eb0], (6.54d)

IX0X1 � �±b0±b1, (6.54e)
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IX0Y1 � �±b0±b1[d1 � d0 cos(2qm)], (6.54f)

IY0X1 � �±b0±b1[d0 � d1 cos(2qm)], (6.54g)

IY0Y1 � ±b0±b1cos(2qm). (6.54h)

In Equations (6.54), the azimuthal angle qm is the relative angle of the
PSA with respect to the PSG, J0(A0) and J0(A1) are the 0th order integer
Bessel functions near A0 ~ A1 ~ 2.4048, eb0 and eb1 are the errors in the
azimuthal angles of the polarizers with respect to the PEMs, and d0 and d1

are the static retardations of the two PEMs.
As can be seen from the equation for the intensity given above, the first

three calibrations can be performed in the straight-through configuration.
If the PSG is set at ±45° with respect to the PSA (such that sin(2qm) � ±1
and cos(2qm) � 0), then the errors in the alignment of the two polarizers
with respect to the PEMs can be set by nulling IY0 and IY1. This is actually
an easier alignment than for a one-modulator PME, since the polarizers can
be set directly to ±45° rather than set to 0° or 90° and then moved to ±45°
using a precision rotator. This also means that the rotation stage need not
be calibrated or linear, so a cheaper rotation stage can be used. While the
2-MGE is set in this configuration, both static strain-induced retardations
can be measured from the basis function coefficients IX0Y1 and IY0X1.

If the PSG is aligned with the PSA (such that sin(2qm) � 0 and
cos (2qm) � ±1), then it is possible to measure J0(A0) and J0(A1), which are
close to 0. If these functions are close enough to 0 such that a linear
approximation can be made, then

Ai � 2.4048 � J0(Ai)�0.5196, i � 0,1. (6.55)

The modulator drive voltage required to give Ai � 2.4048 can then be
determined, since it is proportional to Ai to first order [see Eq. (6.5)].

Therefore, the straight-through configuration can be used to deter-
mine the azimuthal angle of the polarizer with respect to the PEM, and the
wavelength-dependent modulator calibrations of the required modulator
drive voltage to give A � 2.4048 and a measure of the modulator static strain.
These calibrations can be performed simultaneously for both modulators.

A separate calibration must be performed to determine the azimuthal
angles of the PSG and the PSA with respect to the plane of incidence.
Since the plane of incidence is only defined when the sample is in place,
this calibration must be performed in the ellipsometry configuration.
Fortunately, again the calibration for the 2-MGE is easier than it is for one-
modulator systems, but the assumption must be made that the sample is
isotropic, or that the optic axis of the sample is in the plane of incidence
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making the cross-polarization terms 0. If this is the case, then the IY0 and
IY1 coefficients can be used to calibrate the azimuthal angles. These coef-
ficients are given by

IY0 � �±b0 [N sin(2qm0) � ±b1 C J0(A1)]

IY1 � �±b1 [N sin(2qm1) � ±b0 C J0(A0)],

where the coefficients N and C are the ellipsometry parameters introduced
in Eq. 6.23. If it can be assumed that the modulators are calibrated (such
that J0(A0) � J0(A1) � 0) and that N is large, then IY0 and IY1 can be nulled
to give a precise position of qm0 � qm1 � 0°. Note that the azimuthal
angles of both modulators can be calibrated simultaneously.

6.7 Errors

6.7.1 General Discussion

As with any measurement technique, it is very important to identify
and characterize the source of errors in an ellipsometry experiment.
Generally speaking, ellipsometry experiments are very accurate. In both
rotating element and phase modulation spectroscopic ellipsometers, the
various harmonics of the detected light intensity are normalized to the dc
level. As a result, fluctuations in the lamp intensity or incomplete collec-
tion of the light from the sample do not result in an increase in the error.

Ellipsometry errors are either random or systematic. Random errors tend
to be small, mainly because there generally is a lot of light in an ellipsometry
experiment. These errors can be reduced by collecting more light, either by
increasing the integration time or by increasing the amount of light on the
sample. The analysis of random errors in ellipsometry experiments is the
same as the analysis of random errors in any other experiments.

Systematic errors in ellipsometry experiments are probably the most
important, but are the hardest to identify. Being systematic, simply taking
more data does not improve the quality of the data. Therefore, it is important
to identify as closely as possible the sources of these errors, minimize them
when possible, and devise ways to take into account the error that remains.

In performing spectroscopic data analysis (see Chapter 3), it is criti-
cally important to include the measurement errors in fitting spectroscopic
ellipsometry data to models. As a result, any ellipsometry experiment is
incomplete until an analysis has been made of the sources of error and an
attempt has been made to determine the spectroscopic errors for each data
point. The random component is relatively easy to determine: Take several
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measurements and calculate the mean and standard deviation. The sys-
tematic errors are considerably more difficult to quantify and to incorpo-
rate into fitting algorithms.

There are two major problems with interpreting spectroscopic ellipso-
metry data using fitting algorithms. First of all, systematic errors cannot be
treated formally as random errors, but these errors are generally larger than
random errors. A second problem is that the model equations used in spec-
troscopic ellipsometry are decidedly nonlinear. Both of these problems result
in an uncertainty in interpreting the results of the fits. One way to address this
dilemma is to estimate the systematic errors of the ellipsometry measurement
as accurately as possible, and then combine them with the measured random
errors. This will also involve relaxing the precise meaning of the various
quantities obtained from the fitting algorithms. If the system is linear and
only random errors are included, then the fitted parameters, their correlated
and uncorrelated errors, cross-correlation coefficients, and the final χ2 have
precise meanings. The same formalism can be used for nonlinear systems
and where some of the errors are systematic, but all the statistical parameters
regarding the fit, such as the errors, cross-correlation coefficients, and χ2 lose
their precise meaning. This, of course, is not a unique problem of spectro-
scopic ellipsometry experiments, and the interested reader is referred to the
further reading list of Chapter 3 (Section 3.8) for more information.

6.7.2 Systematic Errors of PMEs

Given that systematic errors can be so important in spectroscopic
ellipsometry measurements, we will close this chapter with a list and dis-
cussion of errors and approximate magnitudes for phase modulated ellip-
someters. Although all errors listed here apply to PMEs, many will also
apply to rotating element ellipsometers.

1) Misalignment of the polarizer with respect to the PEM (angle
qb). The alignment of the polarizer in a polarizer-PEM PSG or
PSA can be set directly to ±45° very accurately in a two-mod-
ulator system, but only to 0° or 90° in a one-modulator sys-
tem. Therefore, the error in qb in one-modulator systems will
be due to two errors: the error in determining the 0° or 90°
position and the error in positioning the polarizer at ±45° with
respect to the PEM, once the 0° or 90° position is established.
This last error depends largely on the quality of the polarizer
rotator used in the instrument. In two-modulator systems, qb

can be set directly to the ±45° position; this reduces the error
in qb and reduces the accuracy requirements for the polarizer
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rotator, decreasing the cost of the instrument without affecting
the quality of the measurement. Generally, qb can be set to
±0.01° to 0.02° if a null position can be used, while setting qb

according to the scales of a polarizer holder can result in
errors as large as ±0.1°, depending upon the system. The
resultant error in qb is denoted as eb and will be ~0.0002–0.002
radians.

Note that 0.0002 radians corresponds to a tangential
movement of 1 micron of a polarizer that is 1 cm in diame-
ter! Any thermal distortions that change either the position of
the polarizer or the position of the PEM can result in an error
in qb. As can be seen in Eqs. (6.31a) and (6.32a), errors in qb

propagate only into errors in Idc for one modulator systems,
but will propagate into harmonic components in two modu-
lator systems. In all cases, the error factor is 2eb � (sine or
cosine of 2qm0 or 2qm1) � (N, S, or C), and is propagated into
an error in the basis function coefficient (such as IX or IY).
Therefore the resultant error in the measured parameter due
to errors in qb will be � 0.04 to 0.4%.

2) Misalignment of the PEM with respect to the plane of inci-
dence (qm). The error in the angles qm0 and qm1 are denoted
by em0 and em1. As with the error eb discussed above, the
errors em0 and em1 consist of contributions from two errors:
finding the 0° or the 90° position using a nulling technique,
and then re-positioning the polarizer-PEM pair using a pre-
cision rotator. Furthermore, the initial positioning of the
polarizer-PEM pair is with respect to the plane of inci-
dence. Therefore, any shift of the position of the sample can
lead to an error in qm. Typically, this angle can be deter-
mined to ±0.02° to 0.10° (0.0004 to 0.002 radians), depend-
ing upon the system. Similar to case 1, the error in the
measured parameters will be � 0.04 to 0.4%.

3) Calibration errors in the PEM amplitude. The error in the
PEM amplitude A can come from errors in the calibration
procedure itself, or from drifts in the PEM over time.
Furthermore, the voltage required to give a constant value of
A depends on wavelength, so there is the possible error from
the PEM dispersion. The error associated with the perform-
ance of the calibration procedure is highly dependent on
which procedure is used. Generally, the calibration of two-
modulator systems sets J0(A) to 0 ± 0.001, which corre-
sponds to A � 2.4048 ± 0.0019. One-modulator calibrations
of A are less accurate. Of course, any drift of this calibration
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due to temperature changes or other effects will increase this
error. Errors in A contribute to errors in the measured quan-
tities through the integer Bessel functions. If A � 2.4048,
then J0(A) � 0 and Idc will contain an additional term IYJ0(A)
[see Eq. (6.44)]. Furthermore, there will be errors in J1(A)
and J2(A) which will propagate directly into error in the
measured quantities. Similar errors will also occur in two-
modulator systems.

4) Errors in the measurement of the PEM retardation due to
static strain (d). The static retardation of a PEM can be
measured to ~±0.001 using either one-modulator or two-
modulator systems. This is a dispersive quantity, so it must
also be measured as a function of wavelength. The static
retardation mixes the measured parameters (see Eqs. 6.43,
6.44 for one-modulator systems) without the factor of 2 that
must be included with errors in the azimuthal angles qm and
qb, so an error in d of 0.001 will result in an error of less
than 0.1% in the measured quantities.

5) Wavelength calibration errors. Errors in the wavelength cal-
ibration of the monochromator or spectrograph can also be
a source of error in any ellipsometry experiment. Even very
small errors can become very important in regions of the
spectrum where the measured quantities are changing very
rapidly, such as might occur with a sample that has a very
thick film. Wavelength calibration errors will cause an error
in the registration between the experimental and calculated
spectra. If the spectrum does not have regions where the
measured quantities vary rapidly with wavelength, then
generally this error is not as important.

6) Wavelength spread errors. Any monochromator or spectro-
graph selects a narrow range of wavelengths to present to
the detector, which tends to be broadband. If this range
becomes too large, then a significant error can occur due to
the quasimonochromatic nature of the sampled light: each
wavelength will “see” a different value of the sample param-
eters (such as N(l), S(l), and C(l)), but the detector will
“see” the integrated average Nm(l), Sm(l), and Cm(l). This
will result in a quasi-depolarization, and [Nm(l)2 � Sm(l)2 �
Cm(l)2] � 1. This error matters most when the N, S, or C
parameters are changing the most rapidly with wavelength,
such as for samples with very thick films.

7) Angle of incidence. The angle of incidence is also a critical
parameter in any spectroscopic ellipsometry measurement.
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In many commercial applications, the angle of incidence can
be easily set because the PSG and the PSA are set on precise
rotators. However, the accuracy of the angle of incidence is
usually not determined by the accuracy of the rotators but
rather by the accuracy of the placement of the sample at the
center of the rotators. Placement of the sample can be
improved if a separate alignment laser is used, reflecting off
the front of the sample. One measure of the angle of inci-
dence that can easily be performed is to use a standard sam-
ple (such as silicon or SiO2) where the optical properties are
precisely known, perform the spectroscopic ellipsometry
measurement, and then fit the resulting spectroscopic ellip-
sometry spectrum to the angle of incidence and the surface
layer thickness (this is close to SiO2 for silicon, and surface
roughness for SiO2). The resulting accuracy of the angle of
incidence for this procedure is ~0.02°.

Another error associated with the angle of incidence
comes from the fact that the incident light on the sample is
not perfectly collimated. Therefore, the sample is illuminated
with a distribution of angles of incidence. If very small spot
sizes are required, then very short focal length lenses must be
employed, increasing the numerical aperture at the sample,
and increasing the spread of angles of incidence incident
upon the sample. Again, this can lead to a quasi-depolarization
of the light beam, and is worst when there are large changes
in the N, S, and C parameters, such as might occur when the
sample consists of a very thick film.

8) Sample depolarization errors. As we have seen, depolariza-
tion can occur from many elements in the system, including
the sample itself. Depolarization errors are not particular to
PMEs, but PMEs have a particular advantage in that they
can measure the depolarization. If the depolarization is
simple, then the fraction of polarized light is given by b �
(N2 � S2 � C2)1�2 	 1. Therefore, if N, S, and C are all meas-
ured, it is possible to determine b. Sample depolarization
can result from sample nonuniformity, sample transparency,
or sample roughness. Sample nonuniformity occurs when
optical characteristics of the sample are different at one part
of the illumination spot than they are at another part of the
spot (such as when the sample has a film of nonuniform
thickness). Sample transparency depolarization occurs when
the sample is transparent. In this case, the light beam
reflected from the back surface is also detected, but this
beam is incoherent with the beam reflected from the front
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surface. Rough surfaces can also cause depolarization or
cross-polarization due to the complex interaction of the light
beam with the rough surface.
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7.1 Introduction

The applications of engineered materials, including thin films, multi-
layered films, and modified surfaces, have multiplied in recent years, and
concurrently the performance requirements of these materials in passive
and active devices have become more demanding. As a result, optical
diagnostics for real time analysis of materials fabrication and processing
have become exceedingly important.[1] This is particularly true for multi-
layered thin film structures fabricated from dielectrics, semiconductors,
and metals having optical, electronic, and magnetic applications.
Consequently, multichannel ellipsometry spanning the range from the
infrared to ultraviolet wavelengths has become an important tool for real
time measurement, monitoring, and control.[2,3] In a multichannel ellip-
someter, an array of detector elements is employed to capture full ellipso-
metric spectra on a sufficiently short time scale (e.g., every 15 ms ∼1 s) to
follow the changes of interest in the sample structure. The array detector
employed in the multichannel ellipsometer provides the advantage of high
speed over single-channel detectors used in conventional scanning spec-
troscopic ellipsometers. In the latter instruments, a monochromator or
spectrometer must be stepped sequentially from one wavelength position
to the next, a time consuming process that leads to typical acquisition
times for full spectra on the order of minutes. Before instrumentation
issues in high speed multichannel ellipsometry are described, a brief def-
inition of ellipsometric measurement modes is appropriate here.

In situ ellipsometry refers to measurements performed with the sample,
e.g., the substrate/film structure, enclosed in a controlled environment. A
film growth or surface modification process may not necessarily be in
progress. The additional instrumentation considerations in progressing
from ex situ to in situ measurements involve either ellipsometer connection
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around a sample chamber or sample cell insertion at the ellipsometer axis.
One problem that must be addressed for in situ ellipsometry is the devel-
opment of new ellipsometer and/or sample alignment procedures appro-
priate for this more complex situation. Another problem is the design of
chamber or cell windows that do not perturb the incident and reflected
beam polarization states.

Real time ellipsometry refers to in situ measurements performed during
film growth or surface modification. Real time feedback to the operator is
not a prerequisite for real time measurement, and the data may be stored
sight-unseen to be examined by the operator at a later time. The additional
instrumentation considerations in progressing from in situ to real time ellip-
sometry involve performing the measurements at a sufficiently high speed
while retaining the precision and accuracy necessary to follow the dynami-
cal processes of interest at the sample surface. Time scales of interest acces-
sible to conventional ellipsometers range from microseconds, for example
in studies of laser processing of surfaces, to hours, for example in studies of
controlled oxidation or contamination of surfaces.

In real time monitoring, the data collected in real time are also dis-
played in real time in a form that is meaningful to the operator. However,
the materials processing parameters are not modified in response to the real
time measurements, and the operator does not act on the displayed infor-
mation. Real time monitoring may require significant real time analysis
to convert the data to a meaningful form. Thus, the additional considera-
tions in progressing from real time measurement to real time monitoring
involve efficient high-speed computation for data reduction and analysis.

In real time control, the data collected in real time are also interpreted
in real time using a process model. The resulting information is then
applied to control the process in order to achieve prespecified thin film or
surface characteristics, preferably by computer without operator interven-
tion. Real time control may be as straightforward as turning off the
process at a prespecified film thickness (i.e., endpoint detection), or as
involved as modifying one or more process variables such as gas partial
pressure, gas flow, substrate temperature, or deposition rate on a continu-
ous basis in order to achieve the prespecified characteristics. Thus, the
additional considerations in progressing from real time monitoring to real
time control involve the development of a feedback loop between the
ellipsometric output and the control inputs of the process instrumentation,
e.g., gas flow or temperature controllers.

Essentially, any of the automatic spectroscopic ellipsometer designs
that can provide 100 to 300 point spectra in (y, ∆) over the near-infrared
to near-ultraviolet wavelength range within an hour, i.e., for ex situ meas-
urement of materials,[4] can also be adopted for real time ellipsometry at a
single selectable wavelength. In this case, the wavelength is fixed and
repetitive measurements are performed on a changing surface with a time
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resolution ranging from microseconds to tens of seconds, depending on
the instrument design and the time scale of the surface processes of interest.
As a result, no significant instrumentation redesign is required in advanc-
ing from automatic spectroscopic ellipsometry performed ex situ to single-
wavelength ellipsometry performed in real time. In fact, before the first
development and application of real time spectroscopic ellipsometry in
∼1983,[5] the most powerful real time ellipsometric approach combined
real time single-wavelength ellipsometry during the process and in situ
spectroscopic ellipsometry before and after the process.[6]

In fact, among the many “multiple-measurement” ellipsometric app-
roaches, e.g., multiple wavelength, multiple incident polarization, multiple
angle-of-incidence, multiple ambient, etc.,[4,7–9] the most powerful single
one for materials and surface analysis is the multiple-wavelength or spec-
troscopic approach. In addition, the spectroscopic approach has no funda-
mental limitations in the extension to real time measurements. As a result,
there has been a strong motivation over the years to develop spectroscopic
ellipsometry as a real time probe. Significant instrument redesign is
required in order to advance from ex situ spectroscopic ellipsometry to real
time spectroscopic ellipsometry, however, and this important aspect of
ellipsometric instrumentation is the focus of the present chapter.

In Section 7.2, the three successful instrument designs for real time
spectroscopic ellipsometry are described in the order in which they
were reported: self-compensating (1983),[5] rotating element (1990),[10]

and phase modulation (1993).[11] Among these three instrument designs,
the rotating-element variety is now used most widely,[3] and forms the
basis for at least two commercial instrument product lines.[12] As a
result, Section 7.3 focuses on the rotating-element instruments in
greater detail, including data collection, data reduction, and calibration.
Concurrent with the development and improvement of real time spec-
troscopic ellipsometers in the rotating-polarizer configuration,[10,13–16]

described in Section 7.3.1, more complicated and powerful designs have
been demonstrated also, including the single rotating-compensator[17]

(Section 7.3.2) and the dual rotating-compensator[18] (Section 7.3.3)
configurations.

7.2 Overview of Instrumentation

7.2.1 Self-Compensating Designs

The first real time spectroscopic ellipsometer was based on the 
self-compensating principle with Faraday cell modulation.[5,19–21]

Schematics of the instrument and data acquisition circuitry are shown
in Figs. 7.1 and 7.2. The key optical elements include: (i) a high-pressure
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Figure 7.1 Schematic diagram of the optical elements for a self-compensating,
rapid-scanning ellipsometer designed for real time spectroscopic measurements of
electrochemical processes. The optical components include (1) a Xe source, (2) a
rotating interference filter, (3) collimating optics, (4) a polarizer, (5) and (8) polarizer
and analyzer Faraday cells, (6) an achromatic compensator, (7) a sample within an
electrochemical cell, (9) an analyzer, (10) focusing optics, (11) a photomultiplier
tube detector, (12) a digital encoder, and (13) the spectral scanning drive. The
spectral range of this instrument spans from 370 nm (3.35 eV) to 720 nm (1.72 eV).
The minimum full-spectrum acquisition time is ∼3 s. [Reproduced from Ref. 19.]

Figure 7.2 Schematic diagram of the control circuitry for the self-compensating,
rapid-scanning ellipsometer of Fig. 7.1. This instrument is designed for real time spec-
troscopic measurements in electrochemical research. [Reproduced from Ref. 19.]
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Xe lamp and collimating optics, (ii) a rotating interference filter, (iii)
fixed polarizer, (iv) polarizer Faraday cell, (v) achromatic compensator,
(vi) the reflecting sample (in this case inside an electrochemical cell),
(vii) analyzer Faraday cell, (viii) fixed analyzer, (ix) focusing optics
and photomultiplier tube detection system.[19] Operating an ellipsome-
ter according to compensating principles involves directing a quasi-
monochromatic light beam through the polarization generation and
detection arms of the instrument and finding a minimum (or “null”) in
the detected irradiance as a function of the polarizer and analyzer
azimuthal angles while fixing the compensator angle.[8] From the
“nulling” values of the polarizer and analyzer angles measured with
respect to the plane of incidence, the ellipsometric angles (y, ∆) can be
determined. Typically for this measurement, the compensator is set for
operation with quarterwave retardance (d � 90°) with the fast axis ori-
ented at an azimuthal angle of ±45° with respect to the plane of inci-
dence. In the following two paragraphs, the basic developments in
compensating ellipsometry are described that led to the advanced
instrument concept of Figs. 7.1 and 7.2.

In compensating ellipsometry, the output of the detector is an approx-
imately parabolic function of the polarizer and analyzer azimuthal angles
in the vicinity of the null. Thus, the output of the detector is flat at the
null, and the technique of azimuth modulation is applied in order to iden-
tify with precision the values of the polarizer and analyzer angles at the
null.[8] For a manually operated instrument this means taking the average
of the angular values on opposing sides of the null at which equal detec-
tor irradiance is obtained when varying either the polarizer or analyzer
angle. As a result, a single compensating or so-called “null” ellipsometry
measurement takes about 10 min. with a manual instrument. Automatic
null or “self-compensating” instruments such as that in Figs. 7.1 and 7.2
have led to significant reductions in measurement time. A measurement
time of 1 s (based on one modulation cycle) has been obtained using
mechanical rotation of the polarizer and analyzer with stepping
motors.[22]

Manual or automatic mechanical rotation of the polarizer and ana-
lyzer in compensating ellipsometry can be replaced by Faraday cell
rotation, as in Figs. 7.1 and 7.2, that provides a much higher speed.[23]

In the instrument of Figs. 7.1 and 7.2, the Faraday cells incorporate 
SF-6 glass cores. These cells are controlled by separate magnetically
decoupled concentric windings that carry azimuth modulation currents
at high frequency (wP � wA � 10 kHz) and nulling currents at lower
frequency, the latter providing the angular readout from which (y, ∆)
are computed.[19] Polarizer and analyzer modulations are separated by
phase quadrature (fA � fP � ±π�2), and error signals derived from
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phase-sensitive detection drive the polarizer and analyzer Faraday cells
to their null positions in about 1 ms, 103 times faster than is possible
with the automatic instrument design that uses stepping motors. The
actual measurement time for the self-compensating ellipsometer with
Faraday cells depends on the changes in azimuth required since the rate
at which the polarizer and analyzer are directed to the null is fixed at
∼1.4 � 103 deg/s.

The high speed with which a single-wavelength (y, ∆) measure-
ment could be performed with the self-compensating instrument
opened up the possibility of a real time spectroscopic ellipsometer
based on this instrument principle.[19] To achieve this capability, the
monochromator in the traditional ex situ spectroscopic ellipsometer
design was replaced by a rotating interference filter as shown in the
schematic of Fig. 7.1. With such a filter, the transmitted wavelength
increases linearly with the angular orientation of the filter from about
370 nm (3.35 eV) to 720 nm (1.70 eV) during the first half turn of the
filter and then decreases linearly back to 370 nm during the second half
turn. Two measurement modes were developed. In the high speed
mode, the spectral scanning rate is 114 nm/s (~0.16 Hz filter rotation
frequency), leading to a full spectrum acquisition time of ts ~ 3 s, with
a potential repetition time of 3 s. In the low speed mode, the spectral
scanning rate is 23 nm/s (0.03 Hz), leading to an acquisition time of 
ts ~ 15 s, with a potential repetition time of ~15 s. An encoder on the
rotating interference filter generates one index or trigger pulse and 
400 clock pulses per rotation, leading to a possible 200 spectral posi-
tions in (y, ∆). In the time interval between one encoder clock pulse
and the next (~15 and 75 ms for the fast and slow modes, respectively),
a number of measurements of the null position can be collected and
averaged for noise reduction.

The factor of ∼200 difference between the single wavelength acquisi-
tion time (T ∼ 15 or 75 ms) and the full spectrum acquisition time (ts ∼ 3
or 15 s) for the self-compensating spectroscopic ellipsometer system is
characteristic of a serial wavelength scanning approach.[19] With such an
approach ts � DET, where DE is the total number of spectral positions col-
lected. Thus, for a given full spectrum acquisition time ts, there is a trade-
off between the number of spectral positions collected and the time avail-
able for signal averaging. Specifically, as the number of spectral positions
increases, the signal-to-noise ratio or precision at a given wavelength
decreases. The resolution in establishing the nulling values of the polarizer
and analyzer angles with the self-compensating instrument of Figs. 7.1
and 7.2 limits the resolution in (y, ∆) to (0.025°, 0.05°);[21] however, no
detailed characterization of the precision of the instrument in the differ-
ent operating modes has been reported.

486 INSTRUMENTATION
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7.2.2 Rotating-Element Designs

An alternative design for real time spectroscopic ellipsometry is based
on the rotating-polarizer principle.[10,24–26] A simplified schematic of the
instrument is shown in Fig. 7.3. The key optical elements include: (i) a high-
pressure Xe lamp and collimating optics, (ii) a polarizer mounted within the
hollow shaft of a dc motor for continuous rotation, (iii) the reflecting sam-
ple, (iv) a fixed analyzer (within a stepping-motor-controlled rotator for
calibration), (v) focusing optics and prism spectrograph, and (vi) a linear
photodiode array detection system.[24] In contrast to the self-compensating
ellipsometer, the rotating-polarizer ellipsometer and its symmetric counter-
part, the rotating-analyzer ellipsometer, are both photometric instruments.

Figure 7.3 Simplified schematic of a rotating-polarizer multichannel ellipsometer
designed for real time spectroscopic ellipsometry studies of thin film nucleation and
growth. The source consists of a collimated Xe lamp, and the detection system
includes a prism spectrograph and a linear array of silicon photodiodes. The typical
spectral range for this instrument is 310 nm (4.0 eV) to 825 nm (1.5 eV), obtained
in studies of the vacuum deposition of thin films. The minimum reported full-
spectrum acquisition time for such an instrument is 16 ms. [Adapted from Ref. 25.]
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This means that the ellipsometric angles are determined from detector read-
ings obtained at specific values of the polarizer and analyzer azimuthal
angles.[8] Operating an ellipsometer according to rotating-polarizer or ana-
lyzer principles typically involves directing a quasi-monochromatic light
beam through the polarization generation and detection arms of the instru-
ment and measuring the output of the detector at a series of equally spaced
polarizer or analyzer angles, respectively, over a single half-rotation. From
the angular values and the detector output values, the ellipsometric data
(y, ∆) can be computed. In the following paragraphs, the various consider-
ations that led to the optimum design of Fig. 7.3 are discussed.

First, it should be noted that an ellipsometric measurement at a single
wavelength can be performed manually with a rotating-polarizer or analyzer
instrument using the detector outputs from a minimum of three different
angular settings[27] in a typical time of about 10 min. Automatic data acqui-
sition along with data analysis by Fourier methods[28] have led to a signifi-
cant reduction in the measurement time as described next.[29] In the automatic
rotating-polarizer and analyzer instruments, an encoder with two outputs is
attached to the motor shaft that continuously drives the rotating element.[30,31]

The first output provides one pulse per rotation and is used to initiate over-
all data acquisition. The second output provides a series of equally spaced
clock pulses (typically 10–100) over a 180° rotation of the optical element
and is used to initiate sampling of the detector. A Fourier analysis of the
resulting detector output as a function of the polarizer or analyzer azimuth
provides the dc and 2w Fourier coefficients of the irradiance waveform at
the detector, where w is the angular frequency of optical element rotation
(either the polarizer or the analyzer). The two normalized ac Fourier coeffi-
cients, obtained by taking the ratios of the ac to the dc coefficients, can be
used to determine the ellipsometric angles. For typical optical element
rotation frequencies w�2π of 10 to 100 Hz, a single pair of ellipsometric
angles (y, ∆) can be obtained in a minimum time π�w of 5 to 50 ms.

The high speed with which a single-wavelength (y, ∆) measurement
could be performed with the rotating-polarizer and analyzer instruments ulti-
mately led to real time spectroscopic ellipsometers based on such princi-
ples.[24,32,33] For ex situ spectroscopic ellipsometry measurements with an
automatic instrument, the rotating analyzer is the preferred configuration. In
this configuration, the source and monochromator are placed before the fixed
polarizer, and an end-viewing photomultiplier tube detector is placed after
the rotating analyzer.[31] As a result, this design completely eliminates poten-
tial errors due to source polarization, which occurs most strongly when a
rotating polarizer is placed immediately after the monochromator.[34] In addi-
tion, this design minimizes potential errors due to detector polarization sen-
sitivity which occurs most strongly when the rotating analyzer is placed
immediately in front of a spectrometer, but is much reduced when the
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rotating analyzer is placed immediately in front of an end-viewing photomul-
tiplier tube.[35] One simple way to adapt the conventional ex situ rotating-
analyzer spectroscopic ellipsometer to real time operation is to replace the
conventional monochromator by a rotating interference filter, as was done
for the self-compensating instrument.[5] With a rotating-analyzer frequency
of wA�2π � 100 Hz, this serial wavelength scanning approach would provide
a minimum acquisition time of ts � 0.5 s for 100 spectral points.

An improvement over high-speed serial wavelength scanning is pro-
vided by the novel multichannel design of Fig. 7.3 in which fully parallel
spectroscopic data acquisition is possible.[24] In fact, the rotating-element
ellipsometer designs are well-suited for the incorporation of multichannel
detection systems owing to the similar time scales of the optical element
rotation and the detector readout. To achieve this goal, the monochroma-
tor on the source side and the end-viewing photomultiplier tube on the
detector side of the ex situ rotating-analyzer spectroscopic ellipsometer
are replaced with a spectrograph and linear photodiode array, both at the
detector side of the instrument. With this detection system design, the
ellipsometer configuration is reversed as shown in Fig. 7.3. Specifically,
the analyzer is fixed to eliminate potentially severe problems associated
with the polarization sensitivity of the detection system, and the polarizer
is rotated continuously. Thus, in this fully parallel design, source polar-
ization associated with the Xe lamp and collimating optics remains an
unavoidable error that requires careful minimization and/or correction.[34]

Fully parallel spectroscopic data acquisition requires operating the photo-
diode array in the integrating mode, meaning that a single readout of the
array provides spectral values proportional to the integral of the irradiance
over the exposure time te, i.e., the time interval since the previous read-
out.[36] Using the encoder outputs from the rotating polarizer for timing, a
minimum of three photodiode array readouts are acquired over a half-
rotation of the rotating polarizer. From these readouts, spectra in the nor-
malized 2wP Fourier coefficients and can be computed; then the spectra
in (y, ∆) can be determined.

For the acquisition of N photodiode array readouts per half rotation
of the polarizer and for a typical readout time of tr ∼ 5 ms for a 1024
pixel photodiode array, the maximum polarizer angular rotation fre-
quency is wP � π�(0.005N)s�1. For higher frequencies, the array readout
will not be completed in the time interval between successive encoder
clock pulses, and data acquisition will fail. Thus, the minimum acquisi-
tion time of ts ∼ 15 ms for full spectra in (y, ∆) is achieved with N � 3
and wP�2π ∼ 33 Hz. For the specific rotating-polarizer multichannel
ellipsometer of Fig. 7.3, a 1024 pixel photodiode array was used in an
8x pixel grouping mode for 128 possible spectral positions and a read-
out time of tr � 4.5 ms.[24] In addition, the polarizer rotation frequency
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was set at wP�2π ∼ 12.5 Hz, and N � 4 readouts of the array were per-
formed over a single half-rotation of the polarizer. As a result, the expo-
sure time was te � 10 ms and the minimum full spectrum acquisition
time was ts � 40 ms. A prism spectrograph avoided the complications of
higher order diffractions associated with grating spectrographs and provided
a relatively wide spectral range of 310 nm (4.0 eV) to 825 nm (1.5 eV) in
studies of vacuum deposition of thin films. As described in Section
7.2.4, recent efforts have led to a significant extension of this range
deeper into the ultraviolet.[16]

In the first applications of the rotating-polarizer multichannel ellip-
someter, the photodiode array outputs over 80 successive half-rotations of
the rotating polarizer were averaged to improve the precision, for a total
acquisition time of ts � 3.2 s.[24] The repetition time between successive
spectra was set at 7.5 s. In this time, the ellipsometric angles (y, ∆) were
computed, displayed in graphical form, and stored on disc. The 7.5 s rep-
etition time also included an intentional delay to better match the repeti-
tion time to the monolayer growth time for the specific applications. With
signal-averaging over 80 half-cycles, the standard deviations in (y, ∆) for
successive measurements on a stable metal surface were reported to be
(0.003°, 0.007°) at 500 nm.[13] These values are a factor of ∼8 lower than
the resolution in (y, ∆) provided by the self-compensating real time spec-
troscopic ellipsometer. The later applications of the rotating-polarizer
instrument exploited its high-speed capabilities.[13] For example, by setting
the polarizer rotation frequency at wP�2π � 31 Hz, again with N � 4, and
by increasing the pixel grouping to 16x (for 64 possible spectral positions
and tr � 3.5 ms), a full spectrum acquisition time of ts � 16 ms and a rep-
etition time of 32 ms were achieved. Under these conditions, the standard
deviations in (y, ∆) at 500 nm were (0.04°, 0.12°) for a semiconductor
surface during etching. For such high speed acquisition, the waveform
integrations (N � 4 per half-cycle of the polarizer) were stored in the
memory of the photodiode array controller and no real time graphical
output was provided.

It should be emphasized that for this ellipsometer design, all pixel
groups of the photodiode array are simultaneously integrating the incident
irradiance during the exposure time te. As a result, the single-wavelength
(y, ∆) data and full spectra acquisition times are equal, i.e., ts � T � Nte.
This is in contrast to serial scanning instruments in which ts � DET. As
noted in Section 7.2.4, a fully parallel real time spectroscopic ellipsometer
achieves a higher precision in (y, ∆) by a factor of DE

1�2 relative to the serial
scanning ellipsometer, assuming that both detectors have similar quantum
efficiencies and operate within a shot-noise limited regime (i.e., at relatively
high light levels where the dark current is a small fraction of the photon-
generated current).
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7.2.3 Phase-Modulation Designs

A third type of real time spectroscopic ellipsometer is based on the
phase-modulation principle.[11,37] A simplified schematic of such an instru-
ment is presented in Fig. 7.4. The major system components include: (i) a
Xe source with collimating optics, (ii) a fixed polarizer, (iii) a photoelastic
modulator, (iv) the reflecting sample, (v) fixed analyzer, (vi) focusing and
fiber optics with a grating spectrograph, and (vii) a linear photodiode array.
The phase-modulation ellipsometer is a photometric instrument since its
operation typically involves directing a quasi-monochromatic light beam
through the polarization generation and detection arms of the instrument
and measuring the output of the detector as a function of time over several
periods of the modulator.[8] From the irradiance waveform characteristics,
the ellipsometric angles (y, ∆) can be computed. In the next paragraph, the
phase-modulation approach is described with additional details.

Figure 7.4 Simplified schematic of a multichannel ellipsometer based on the
phase modulation principle. The source consists of a collimated Xe lamp, and the
detection system includes a grating spectrograph and a linear array of silicon pho-
todiodes. This instrument was designed for real time monitoring and control of
semiconductor materials processing, spanning a spectral range from 450 nm
(2.75 eV) to 750 nm (1.65 eV). The minimum reported full-spectrum acquisition
time for this instrument is ∼75 ms. [Reproduced from Ref. 37.]
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A single measurement of (y, ∆) can be performed with the phase-
modulation ellipsometer using lock-in techniques that provide the ampli-
tudes of the wM and 2wM components of the irradiance waveform at the
detector, where wM is the modulator frequency, commonly 50 kHz. Lock-
in detection is best suited for automatic ex situ spectroscopic ellipsome-
try.[39,40] An alternative approach takes advantage of the high modulation
frequency, however, and yields high speed data acquisition, which is best
suited for real time measurements at a single wavelength.[41] In this
approach, the waveform is sampled at high rates, and the resulting data are
analyzed by Fourier methods in order to provide (y, ∆) measurement
times that, in principle, could be as short as 20 µs. Because of the short
waveform sampling time, however, averages over more than 100 modula-
tion cycles are required in order to attain a precision suitable for character-
izing thin film and surface processes at the monolayer level of sensitivity.
In the highest speed phase-modulation design, clock pulses generated at a
rate of 12.8 MHz are used to trigger waveform sampling 256 times over a
single modulator cycle.[41] These pulses are derived from the modulator
reference signal using a frequency multiplication scheme. A Fourier
analysis of the resulting detector output as a function of time provides the
dc, wM, and 2wM Fourier coefficients of the irradiance waveform. The two
normalized ac Fourier coefficients, obtained by taking the ratios of the ac
to the dc coefficients, are used to determine (y, ∆).

The high speed with which a single-wavelength (y, ∆) measurement
could be performed with the phase-modulation ellipsometer ultimately led 
to real time spectroscopic instruments based on this design, as well.[11]

Considering ex situ spectroscopic ellipsometers based on the phase-modula-
tion design for the moment, the monochromator or spectrometer can be
placed either at the polarization generation or polarization detection sides of
the instrument, respectively. This flexibility arises because both the polarizer
and analyzer are fixed, and thus errors due to source polarization or polar-
ization sensitivity of the detection system are avoided. In fact, two
approaches have been reported for real time ellipsometry at multiple wave-
lengths, based on the phase modulation design with a grating spectrograph
placed after the fixed analyzer.[11,42] In the first approach, an array of as many
as 16 fiber optic cables is mounted at the exit focal plane of the spectrograph,
with each cable leading to a separate photomultiplier tube.[42] With such a
small number of wavelengths available, this approach cannot be legitimately
described as “spectroscopic” but rather “multi-wavelength”. In the second
approach, which is truly “spectroscopic”, a photodiode array is attached to
the spectrograph, allowing 40-point spectral coverage from 450 nm
(2.75 eV) to 750 nm (1.65 eV).[11] Although this relatively narrow spectral
range eliminates the need for order-sorting filters mounted over the window
of the photodiode array element, it limits the overall system capabilities in
the analysis of complex materials fabrication processes.
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The adaptation of the photodiode array to the phase-modulation
instrument does not lead to a fully parallel spectroscopic measurement
because the typical readout time of the array (∼1 ms) is much slower than
the phase-modulator period (20 µs). As a result, the array cannot be oper-
ated in an integrating mode as is possible for the rotating-polarizer instru-
ment. Instead, the pixel outputs are multiplexed into common signal pro-
cessing circuitry.[11] The output of a given pixel is digitized 20 times per
modulation period (i.e., at 1 MHz), and a fast Fourier transform provides
the amplitudes of the dc, wM, and 2wM frequency components of the irra-
diance waveform from which (y, ∆) can be determined. In principle, spec-
tra in (y, ∆) with 40 spectral positions can be collected in 0.8 ms. In prac-
tice, however, averages over at least 100 modulation cycles are required
to obtain sufficient precision in (y, ∆) for monolayer-level sensitivity in
measurements of thin films and surfaces. No detailed characterization of
the precision of the photodiode array-based phase-modulation ellipsome-
ter has been reported under different operating conditions. As a result, it
is difficult to compare directly the performances of the real time spectro-
scopic ellipsometers based on self-compensating, rotating-polarizer, and
phase-modulation principles. In spite of this difficulty, in the next part a
brief discussion is presented comparing the strengths and weaknesses of
the three different instruments in general terms.

7.2.4 Design Comparisons

The first key issue in the comparison of real time spectroscopic ellip-
someter designs concerns the data acquisition mode, which determines the
measurement interval T and the ultimate precision. A study of the limiting
precision accessible to the different ellipsometer designs has led to
expressions of the form:[4,43]

d∆ � c1 ���, (7.1a)

dy � c4d∆. (7.1b)

In these expressions Ni � �ni� T, where Ni and �ni� are the total number
of events registering at the detector in the measurement time interval T and
their average rate of arrival, respectively. In addition nd � id�e, where id and
e are the detector dark current and electron charge, and g is the extinction
ratio of the optical system, i.e., the ratio of the leakage at null to the
maximum throughput of the optical system. (g is non-zero due to optical
component imperfections.) Finally, ci (i � 1, 2, 3, 4) are instrument-depend-
ent constants; for example, 1.58 � c1 � 2.32 and 0.4 � c4 � 0.5 for the three

1 � c2g � c3(nd��ni�)
			

Ni
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types of instruments. For the rotating-polarizer and phase-modulation ellip-
someters c2 � 1 and c3 � 2, whereas for the self-compensating ellipsometer
c2 � c3 � 4�(5Am

2), where Am is the analyzer azimuth modulation amplitude
(in radians), which is assumed to be equal to Pm the polarizer azimuth mod-
ulation amplitude. If the irradiance is high enough and the extinction ratio is
low enough so that the unit term under the square root in Eq. (7.1a) domi-
nates, then the precision is limited by shot noise (i.e., photon statistics). For
a fixed full spectrum acquisition time of ts, the measurement interval T is
shorter by a factor of DE for a serially scanning instrument. As a result, the
precision in (y, ∆) is poorer by a factor of DE

1�2 and for the typical 100 spec-
tral positions in (y, ∆), an order of magnitude improvement in precision is
attainable with a parallel instrument design. Thus, as noted earlier, the rotat-
ing-polarizer multichannel ellipsometer maintains an important advantage
since it is the only one that operates in a fully parallel mode.

The second key issue concerns the spectral range/resolution of the
real time spectroscopic ellipsometer. Near the upper and lower limits of
the spectral range of the instrument, the irradiance at the detector is very
weak. As a result, �ni� can approach nd in Eq. (7.1a) and the precision
as well as the accuracy of the instrument are degraded. Furthermore,
ambient and stray light sources as described in Section 7.2.5 in effect
increase the extinction ratio g in Eq. (7.1a), and also degrade precision
and accuracy. Because the issue of spectral range/resolution is so system
specific, a two paragraph digression on this issue will focus on the three
instrument designs of Sections 7.2.1 through 7.2.3.

For the self-compensating instrument of Fig. 7.1, the spectral range
[370–720 nm (1.70–3.35 eV)] is limited by the design of the rotating
filter.[19] Certainly a broader range filter is possible, however, the prospect
of extending the lower wavelength limit deeper into the ultraviolet is
restricted by absorption within the ∼15 cm long glass cores of the Faraday
cells. Furthermore, the prospect of extending the upper limit further into
the near-infrared is restricted due to decreases in the output of the Xe
source and in the efficiency of the photomultiplier tube. In addition to
restricting the spectral range, the rotating filter of Fig. 7.1 also limits the
spectral resolution. The minimum possible wavelength bandwidth varies
from ∼6 nm (0.05 eV) at 370 nm to ∼16 nm (0.04 eV) at 720 nm. In con-
trast, the rotating-polarizer and phase-modulation ellipsometers offer the
possibility of wider spectral ranges provided suitable care is taken in the
choice of optical components. In fact, it is easiest to implement a wide
spectral range for the rotating-polarizer system since it is essentially
achromatic, meaning that the optical elements, i.e., polarizer and analyzer in
this case, do not have an intrinsic wavelength-dependent response.

Consequently, a rotating-polarizer multichannel ellipsometer has been
developed recently to span the range from 190 nm (6.5 eV) to 825 nm
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(1.5 eV) with a minimum acquisition time of ∼25 ms for full spectra in
(y, ∆).[16] This instrument is shown schematically in Fig. 7.5. Three major
modifications over previous instruments are incorporated into the new
design. First, with the incorporation of a see-through deuterium (D2) lamp,
a tandem Xe/D2 source configuration is adopted for a relatively flat spec-
tral output as shown in Fig. 7.6. This figure demonstrates the advantage of
the D2 lamp in extending the lower spectral limit from 310 nm (4.0 eV) to
190 nm (6.5 eV), essentially doubling the photon energy range for the char-
acterization of semiconductor materials and thin films. Second, MgF2

Rochon polarizers are used for high transmission in the ultraviolet. Third,
a spectrograph with a concave grating blazed at 250 nm serves to flatten
the spectral response of the overall system, and two stages of internally
mounted order-sorting filters serve to eliminate higher order grating dif-
fractions. The positioning of these filters is shown at the top in Fig. 7.6, and
their transmission spectra are shown in the inset. With these three modifi-
cations, 132-point (y, ∆) spectra have been collected in ∼50 ms with wave-
length detection bandwidths of 2 nm (0.08 eV) at 190 nm and 11 nm
(0.02 eV) at 825 nm. Because this instrument incorporates a 1024-pixel

Figure 7.5 Schematic diagram of a rotating-polarizer multichannel ellipsometer
designed for a wide spectral range from 190 nm (6.5 eV) to 825 nm (1.5 eV). The
source consists of a Xe lamp and a see-through D2 lamp in tandem. The detection
system includes a grating spectrograph and a linear array of silicon photodiodes,
the latter with order-sorting filters mounted on its surface. The minimum reported
full-spectrum acquisition time is ∼25 ms. [Reproduced from Ref. 16.]
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linear photodiode array, it provides greater flexibility in controlling the
spectral resolution. For example, the bandwidths reported here have been
obtained with nonuniform pixel grouping, varying from 4x at short wave-
lengths to 16x at long wavelengths, in order to establish a more uniform
photon energy resolution for the instrument. Thus, in principle, the wave-
length bandwidths can be reduced by factors of 4 and 16 at short and long
wavelengths, respectively.

The third key issue in the comparison of the three instrument designs
of Figs. 7.1 through 7.4 is measurement accuracy. The advantage of the
self-compensating ellipsometer design is that it retains high accuracy
over the full ranges of (y, ∆) (i.e., 0 � y � 90°; �180° � ∆ � 180°).
By employing an achromatic compensator before the sample in Fig. 7.1,
high accuracy is retained throughout the spectral range of the instrument,
as well. The disadvantages of the two photometric instruments are their
sensitivities to specific photodiode array detector errors such as nonlin-
earity, image lag (persistence), and stray light (see Section 7.2.5). Both
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Figure 7.6 Unprocessed output of the linear photodiode array (in arbitrary units)
for the rotating-polarizer multichannel ellipsometer of Fig. 7.5, plotted as a func-
tion of photon energy. These results were obtained in the straight-through Pr(wP)A
configuration for a Xe lamp alone (light line) and for a tandem Xe-D2 source (bold
line). The inset shows the measured transmittance of order-sorting filters #1 (line)
and #2 (points) mounted at the surface of the array so as to cover the energy
ranges as shown at the top. [Reproduced from Ref. 16.]
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photometric instruments also exhibit ranges in (y, ∆) for which the sensi-
tivity of the instrument is poor. Because the rotating-polarizer and ana-
lyzer instruments measure cos∆, their accuracy and precision are poor
when ∆∼0° and ±180°. As a result, this design leads to difficulties when
measuring film growth on dielectric substrates for which ∆∼0° over a wide
spectral range, or when measuring thick dielectric films on semiconductor
or metal substrates for which ∆ periodically crosses 0° and ±180° as a func-
tion of wavelength. Because the phase-modulation ellipsometer of Fig. 7.4
measures either sin2y for the fixed polarizer, modulator, and analyzer
angles of 45°, 0°, and 45°, respectively (configuration II), or sin∆ for the
corresponding angles 0°, 45°, 45°, respectively (configuration III), then
its accuracy and precision are poor either when y ∼ 45° (configuration II)
or when ∆ ∼ ±90° (configuration III).[39] As a result, this design has diffi-
culties in measuring film growth on metallic substrates, or in measuring
thick dielectric films with strongly modulated (y, ∆) spectra.

Another disadvantage of the rotating polarizer and analyzer instru-
ments mentioned earlier is their susceptibility to errors due to source
polarization or detector polarization sensitivity that must be either elimi-
nated or corrected in calibration and data reduction.[34,35] The advantage of
these instruments is the simplicity of their designs compared with the self-
compensating and phase-modulation instruments. The rotating polarizer
and analyzer instruments incorporate no wavelength-dependent elements
that would require separate calibrations to determine their characteristics.
For the self-compensating ellipsometer, the Faraday cells as well as the
compensator exhibit wavelength-dependent responses, whereas for the
phase-modulation instrument, the modulator exhibits a wavelength-
dependent response. Accuracy in determining these responses and their
sensitivity to factors such as beam alignment and ambient temperature can
limit the overall instrument accuracy. As will be described in Section 7.3,
many of the disadvantages of the rotating polarizer and analyzer instru-
ments can be eliminated by changing the optical configuration to rotating
compensator.[17,44,45] As a result, the instrument complexity increases;
however, it retains high accuracy over the full range of (y, ∆), and thus
provides an advantage over the phase-modulation design.

7.2.5 Errors Unique to Multichannel 
Detection Systems

Parallel acquisition of (y, ∆) spectra at high speeds in spectroscopic
ellipsometry requires the incorporation of a spectrograph and photodiode
array into the instrument design. Thus, multichannel spectroscopic ellip-
sometry presents a unique set of challenges since the successive outputs
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at each pixel, obtained in high-speed repetitive readouts of the array,
must be analyzed photometrically to extract the waveform characteristics
at each wavelength. No other applications of the photodiode array pose
such challenges. As a result, detailed characterizations of spectrograph
and photodiode array systems have been undertaken to assess their
performance under real time ellipsometric measurement conditions. 
Here potential sources of errors are briefly described, and methods 
for their correction are outlined. Further details can be found in the
references.[34,46,47]

Dark current and ambient light (or background). With a shutter block-
ing the incident beam to the reflecting sample, there are two sources of the
remaining counts that register at the detector. These include counts from
the detector dark current and counts from ambient light. Both sources can
be measured before the onset of real time data acquisition by closing a
shutter in front of the light source. As long as the two sources show no
time dependence during the experiment, this background readout can be
used to correct all successive detector readouts. In many cases, the narrow
acceptance cone of the detection system along with the light rejection by
the spectrograph lead to ambient light levels that are negligible compared
to the dark current. In this case, a shutter is not needed and the dark cur-
rent correction routine provided in commercially available photodiode
array detection systems can be used. At the opposite extreme, if ambient
light levels are very high, e.g., for thin film depositions at high substrate
temperature or with strongly emitting excitation sources, then it may be
necessary to perform alternate measurement cycles with a shutter open and
closed. In this way, the detector readouts obtained with the shutter open can
be corrected for variations in the background level as a function of time
obtained with the shutter closed. Although this continuous background
measurement significantly reduces the repetition rate at which (y, ∆) spec-
tra can be obtained, it has been successful in a number of demanding thin
film growth applications. For example, rotating-polarizer multichannel
ellipsometry has been performed during the growth of diamond thin films
at 900 °C using high power (500 W) microwave plasma excitation of
carbon-containing gases.[48]

Detector nonlinearity. Any detection system used with a photometric
ellipsometer must be linear to avoid experimental errors. Nonlinearity cor-
rections are often difficult to establish uniquely for single-channel photo-
multiplier tube detection systems owing to the gain variations that are
used when measuring different surfaces at different wavelengths.[31] For
typical commercial photodiode array systems, the gain is fixed and non-
linearity corrections are straightforward to determine and implement.
Nonlinearity can be assessed by illuminating the array with different light
levels and reading out the array with different exposure times, while
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applying the appropriate background corrections for all readouts. From
such data, the measured count rate can be plotted as a function of the num-
ber of counts detected for the different pixels. These plots should be con-
stant for each light level and for each pixel, independent of the number of
counts. Any variations can be corrected with a factor that depends on the
number of counts (and possibly on the pixel number), but not on the count
rate. Nonlinearity effects have been found to vary extensively from one
commercial photodiode array system to another.[46,47] Some systems have
been found to require no linearity corrections.[16]

Detector lag (or image persistence). Image persistence occurs in suc-
cessive readouts of the photodiode array when photon counts that register
during one exposure remain to affect the next exposure. This effect can be
characterized by blocking the beam incident on the array using a high
speed shutter while continuously reading out the array, setting the same
exposure conditions as in the ellipsometric measurements. In such an
experiment, pixels for which the shutter is fully closed during the entire
exposure time should read zero counts after background correction. In fact
such an experiment reveals that some fraction of the counts persist from
the previous readout to affect the subsequent readout. This fraction varies
typically from 0.1 to 1% of the count level of the previous readout,
depending on the photodiode array manufacturer. In one case, the image
persistence has been found to be pixel-dependent, varying from 0.1 to 1%
within a single array.[16] Although the image persistence effect can be dif-
ficult to characterize with high precision, it can be corrected with two
terms according to Sj,c � Sj,u � CIP(Sj,u) � CIP(S(j�1),u). Here Sj,c and Sj,u rep-
resent the corrected (c) and uncorrected (u) count levels for the jth
readout in the succession, and CIP(x) is the image persistence correction
factor for a count level of x (typically a constant multiplied by x). CIP(Sj,u)
represent the unread counts that remain to affect S(j�1),u, whereas
CIP(S(j�1),u) represent the counts that remain from S(j�1),u. Figure 7.7 shows
an example of a pixel-dependent image persistence correction factor for
the array detector of the rotating-polarizer multichannel ellipsometer of
Figs. 7.5 and 7.6.

Read-time errors. Pixel read-time errors arise because the photon-
registering capability of the photodiode array is disrupted during the
pixel read time. The pixel read time tx can vary from 5 to 35 µs depend-
ing on the detector control system. If one assumes that the pixel is insen-
sitive to photons incident during its read time and if this effect is not
taken into account in the data analysis, then errors in the measured count
levels Sj on the order of tx�te ∼ 10�3 can be generated, where te is the
exposure time. First-order corrections have been derived to include this
effect in the analysis of the incident irradiance waveform at each
pixel.[34,46,47]
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Stray light. Stray light is the term used to describe the light that
reaches the photodiode array detector not having followed the
designed optical path. Such light can be generated at three stages in
the beam path: (i) via scattering from imperfections in the mirrors and
grating within the spectrometer/detector enclosure, (ii) via multiple
reflections between the surfaces of the detector window(s), and (iii) via
the cross-talk among pixel groups. The latter two sources are identifi-
able by features in the stray light distribution, and are best minimized
by system design, e.g., by limiting the number of interfaces that the
incident beam crosses before being absorbed by the Si element of the
array. If possible, the detector window should be removed and the spec-
trograph housing should be purged. In addition, coatings on the sur-
face of the array should be avoided since they can lead to waveguid-
ing of the light and cross-talk. The scattered stray light source (i) can
be corrected at the raw data level as it is nearly uniform over the pho-
todiode array. To characterize this source, a long (wavelength) pass
optical filter can be mounted before the entrance slit of the spectro-
graph to ensure that no light associated with a range of pixels at short
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Figure 7.7 Image persistence correction factor (IPCF) for the rotating-polarizer
multichannel ellipsometer of Figs. 7.5 and 7.6. These results were measured inde-
pendently from (i) the ratio of the integrated irradiances between two successive
readouts as a fast shutter is closed to block the beam incident on the detection
system (solid line) and from (ii) the residual function under the assumption that its
departure from zero in the straight-through configuration is solely due to image
persistence (points). [Reproduced from Ref. 16.]
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wavelengths enters the spectrograph. Thus, any counts detected over
these blocked pixels arise from stray light. To determine an approxi-
mate scattered stray light correction, an empirical correlation is
obtained between the average stray light counts per blocked pixel and
the sum of the counts over all exposed pixels under a variety of meas-
urement conditions. Such a correlation has been found to be linear for
two different detection systems and can be used to correct the photo-
diode array readouts obtained during the real time measurement.[46,47]

Higher order grating reflections. When a grating spectrograph is used
as the dispersing component of a multichannel detection system, one must
be aware of the possibility that higher order diffractions from the grating
will corrupt the data. If the wavelength range of spectroscopic measure-
ment is narrow, as in the phase-modulation instrument of Fig. 7.4, then a
filter can be placed externally in order to block the higher order wave-
lengths from entering the input slits of the spectrograph. For real time
instruments operating in parallel over a wide spectral range, one can use
two different approaches. In the first approach, a prism is employed
instead of a grating for dispersion. In the second approach, order-sorting
filters are mounted internal to the grating spectrograph over the surface of
the photodiode array. The latter approach is preferable since it permits use
of a number of high-quality, commercially available spectrographs with
flat focal planes designed for linear photodiode array detectors. To mini-
mize stray light problems and distortions caused by filter mounting over
the array surface, very thin (∼0.1 mm) plastic color filters are used.[16]

Figure 7.6 shows an example of the positioning of two order-sorting fil-
ters so as to obtain a spectral range from 190 to 825 nm with good rejec-
tion of diffractions from second to fourth order.

Finally, it should be noted that some commercial photodiode array
detection systems have provided the capability of pixel grouping in the
readout hardware. This allows one to sacrifice spectral resolution in favor
of enhanced signal averaging and a shorter detector readout time. A shorter
detector readout time in turn allows a higher rotation frequency for the
rotating-polarizer multichannel ellipsometer, and thus shorter minimum
acquisition and repetition times. In addition, nonuniform pixel grouping is
also possible that can provide a more uniform resolution in photon energy
when a grating spectrograph is used. For example, in a typical scheme with
a prism spectrograph, uniform 8x grouping is used which effectively
reduces a 1024 pixel photodiode array to a 128 pixel array, leading to a
reduction in readout time from 16 ms to 4.5 ms.[24] Owing to the nonlinear
prism dispersion with wavelength, a relatively uniform resolution in pho-
ton energy is retained by uniform grouping. In a typical scheme with a grat-
ing spectrograph, nonuniform grouping is used which effectively reduces
a 1024 pixel photodiode array to a 138 pixel array with a read time of 5 ms.[16]
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At the shortest wavelengths (∼200 nm) 4x grouping is used, and with
increasing wavelength this is stepped up, first to 8x and then to 16x, for a
more uniform resolution in photon energy for studies of wide bandgap
semiconductor film growth. When grouping in the readout hardware is
used, care must be taken to perform the detector assessments (e.g., nonlin-
earity and image persistence) using the same grouping scheme as in the
ellipsometric measurements. The grouping scheme adopted for ellipsomet-
ric measurements also impacts how certain corrections must be performed
(e.g., read time errors and stray light). Other commercial systems provide
a 5 ms readout time for the full 1024 pixels of the photodiode array with-
out the capability of hardware grouping. In this case, all detector assess-
ments and corrections are performed in the ungrouped mode. Pixel group-
ing can then be applied to the corrected data through manipulations in the
software in order to achieve additional signal averaging.

7.3 Rotating-Element Designs

Figure 7.8 shows three different multichannel ellipsometer designs
based on rotating-element principles, that have been successfully developed
and applied in a wide variety of problems in thin film and surface character-
ization. These designs include (a) the rotating-polarizer multichannel
ellipsometer in the Pr(wP)SA optical configuration used for real time (three-
parameter) spectroscopic ellipsometry, (b) the single rotating-compensator
multichannel ellipsometer in the PSCr(wC)A configuration used for real time
unnormalized (four-parameter) Stokes vector spectroscopy, and (c) the dual
rotating-compensator multichannel ellipsometer in the PC1r(5wB)SC2r(3wB)A
configuration used for high-speed unnormalized (16-parameter) Mueller
matrix spectroscopy. In this notation P, C, S, and A, designate the polarizer,
compensator, sample, and analyzer, respectively. The subscript ‘r’ indicates
the rotating element(s) with the rotational angular frequency denoted in
parentheses. In the following sections, a theoretical description is presented,
along with the methods of data collection, data reduction, and calibration for
each of the three instrument configurations.

7.3.1 Rotating Polarizer

7.3.1.1 Theoretical Description

The following equations describe the time-dependent irradiance
waveform I(t) predicted at each pixel (or pixel group) of the photodiode
array detector in terms of the sample parameters {(y, ∆), R(A
)}, i.e., the

502 INSTRUMENTATION

Ch_07.qxd  10/15/04  12:39 PM  Page 502



MULTICHANNEL ELLIPSOMETRY, COLLINS ET AL. 503

Figure 7.8 Three different multichannel ellipsometer designs based on rotating-ele-
ment principles, including (a) the rotating-polarizer multichannel ellipsometer in the
Pr(wP)SA optical configuration, (b) the single rotating-compensator multichannel ellip-
someter in the PSCr(wC)A configuration, and (c) the dual rotating-compensator mul-
tichannel ellipsometer in the PC1r(5wB)SC2r(3wB)A configuration.
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ellipsometric angles and the polarized reflectance, for an ideal isotropic
sample [14,34]

I(t) � I0{1 � acos2(wPt � PS) � bsin2(wPt � PS)}, (7.2a)

I0 � I00R(A
) � I00(�rp�
2 cos2A
 � �rs�

2 sin2A
), (7.2b)

B � a � ib� . (7.2c)

The ellipsometric angles (y, ∆) in Eq. (7.2c) are related to rp and rs, the com-
plex amplitude reflection coefficients of the sample for light polarized lin-
early along the p (parallel to the plane of incidence) and s (perpendicular to
the plane of incidence) directions, in accordance with tan y exp(i∆) � rp�rs.
The reflectance of the sample R(A
) is related to rp and rs, and the analyzer
angle A
, through the second equality in Eq. (7.2b). In Eqs. (7.2), {I0, (a, b)}
are the theoretically predicted average irradiance and the dc-normalized 2wP

cosine and sine Fourier coefficients of the irradiance waveform, respec-
tively. The theoretically predicted Fourier coefficients in these equations are
explicitly corrected for the phase angle of the polarizer through PS. From
Eq. (7.2a), it is clear that �PS is the angle of the polarizer transmission axis
at time zero of the data collection process for the given pixel. This angle is
measured with respect to the plane of incidence in a counter-clockwise pos-
itive sense, looking opposite to the beam direction. In Eqs. (7.2b) and (7.2c),
A
 � A � AS is the true angle of the analyzer transmission axis with respect
to the plane of incidence, where A is the analyzer scale reading and AS is the
correction to the scale reading. In addition, in Eq. (7.2b), I00 describes the spec-
tral response function of the ellipsometer. Finally, in Eq. (7.2c), the complex
quantity B is used to describe both Fourier coefficients in terms of the
sample properties (y, ∆) and the analyzer angle A
. To determine the indi-
vidual Fourier coefficients, the real and imaginary parts of this equation are
equated. The reason for using this shorthand notation will become clear as
the other rotating-element configurations are discussed.

7.3.1.2 Data Collection

For an error-free system in the rotating polarizer configuration, the
irradiance waveform at any given pixel (or pixel group) obeys the fol-
lowing experimental expression:[14,34]

I
(t) � I
0(1 � a
cos2wPt � b
sin2wPt), (7.3a)

where wP is the angular frequency of the rotating polarizer and a
 and
b
 are dc-normalized Fourier coefficients to be determined experimentally.

[tan2 y � tan2A
] � i[2tany tanA
cos∆]
					

[tan2y � tan2A
]
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This experimental expression differs from the theoretical one of Eq.
(7.2a) in that the former waveform does not include the polarizer phase
angle PS. This term is omitted from the phase of the experimental wave-
form because it cannot be determined until after the calibration is per-
formed.

Conventional Fourier analysis relies on sampling of the detector out-
put at regular intervals of the polarizer angle. This approach cannot be
employed when the photodiode array detector is operating in an
integrating mode for fully parallel data acquisition (unless te �� π�wP).
Thus, if the array operating in an integrating mode is read out N times per
half rotation of the rotating polarizer, leading to N equal exposure times
te � π�NwP, then N spectra are generated having the following form:

Sj � I
0 �
jp�Nw

P

( j�1)p�NwP

(1 � a
 cos2wPt � b
 sin2wPt)dt ; (j � 1, …, N), (7.3b)

� � �sin ��a
 cos � b
sin 	. (7.3c)

For each pixel of the photodiode array, Eq. (7.3c) represents a system of
N equations in three unknowns {I
0, (a
, b
)}. For N � 3, these equations
can be readily solved to yield the spectra in {I
0, (a
, b
)}. For N �3, {I
0,
(a
, b
)} are overdetermined, and an effective method of solution must be
established to utilize the full data set {Sj, j � 1, …, N} in the determina-
tion of {I
0, (a
, b
)} as described in the next section.

7.3.1.3 Data Reduction

In this part, the approach will be described to convert the raw spectra
in {Sj, j � 1, …, N}, i.e., the waveform integrations, to spectra in the ellip-
sometric angles and reflectance {(y, ∆), R(A
)}. For the rotating polarizer
multichannel ellipsometer, a common choice is N � 4, which allows the
experimental dc and normalized 2wP Fourier coefficients to be determined
according to the following expressions:[36]

a
 � , (7.4a)

b
 � , (7.4b)
(S1 � S2 � S3 � S4)
			
(S1 � S2 � S3 � S4)

p
	
2

(S1 � S2 � S3 � S4)
			
(S1 � S2 � S3 � S4)

p
	
2

(2j � 1)p
		

N

(2j � 1)p
		

N

p
	
N

I
0
	
wP

pI
0
	
NwP
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I
0 � (S1 � S2 � S3 � S4). (7.4c)

Measurement of the four waveform integrals provides a fourth equation
that can be written as:

b
4 � , (7.4d)

where b
4 is the experimentally determined sine 4wP Fourier coefficient. In
theory this coefficient should vanish [see Eq. (7.2a)]; however, in the pres-
ence of specific experimental errors, e.g., source polarization or detector
nonlinearity, small non-zero values are obtained.[34] Thus, Eq. (7.4d) serves
as a consistency check that allows one to assess and even to minimize the
errors in some cases. For example, the spectrum in b
4 can be monitored in
real time as the Xe lamp position is adjusted. This can result in an align-
ment that minimizes errors due to source polarization.

As an example, Fig. 7.9 (upper panel) shows the waveform sum with
alternating signs from the numerator of Eq. (7.4d) as well as the total sum
from the denominator. Figure 7.9 (lower panel) shows the ratio of these two

(S1 � S2 � S3 � S4)
			
(S1 � S2 � S3 � S4)

p
	
2

1
	
p
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Figure 7.9 A consistency check for the rotating-polarizer multichannel ellipsome-
ter of Figs. 7.5–7.7 (upper panel), consisting of alternating differences and sums
of the four waveform integrals, S1 � S2 � S3 � S4, (lower data) along with the total
sum, S1 � S2 � S3 � S4 (upper data). Also shown is the ratio of the two results
from the upper panel, yielding the quantity 2b
4�π in Eq. (7.4d) (lower panel). The
quantity 2b
4�π should vanish in the absence of errors such as detector nonlinear-
ity and source polarization. [Unpublished data, J. A. Zapien, Pennsylvania State
Univ. (2000).]
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sums, which is given by 2b�4�p from Eq. (7.4d). These results show that b�4
is less than 0.002 over the full range of photon energy from 1.5 to 6.5 eV.
In the highest sensitivity range of the instrument, the values are more than
an order of magnitude lower. An alternative approach to Eqs. (7.4) results
from using N � 5 in Eqs. (7.3b) and (7.3c). From five integrals, it is possi-
ble to obtain both the cosine and sine 4wP coefficients, a�4 and b�4. In this case
the amplitude �B�4�

2 � a�4
2

� b�4
2

� 0 provides an improved consistency
check over Eq. (7.4d). When  �B�4�

2
vanishes, one is assured that both 4wP

coefficients vanish. Another consistency check of interest is to ensure the
equality of the (a�, b�) spectra measured when two successive optical cycles
vanish. Although these two pairs of spectra are optically equivalent, they are
mechanically inequivalent. As a result, this approach can be used to check
for optical component misalignments and imperfections.

Once the spectra in the experimental waveform parameters {I�0, (a�, b�)}
have been determined, they need to be converted to the theoretical param-
eters {I0, (a, b)} so that the spectra in {(y, ∆), R (A�)} can be computed.
Equating Eqs. (7.2a) and (7.3a) yields the following transformation:

I0 � I�0, (7.5a)

a � a�cos2PS � b�sin2PS, (7.5b)

b � �a�sin2PS � b�cos2PS. (7.5c)

Alternatively, Eqs. (7.5b) and (7.5c) can be written as

(a b)T � �(2PS) (a� b�)T. (7.5d)

In this latter compact expression, �(2PS) represents the 2 � 2 rotation
transformation matrix with elements r11 � r22 � cos2PS and r12 � �r21 �
sin 2PS, and the superscript ‘T’ represents the transpose operation that con-
verts the two row vectors to column vectors.

Now that the transformed coefficients are available, the theoretical
expressions given in Eqs. (7.2b–c) can be inverted to obtain information
on the sample:

tany � �� �tan(A � AS)�, (7.6a)

cos∆ � , (7.6b)

R(A�) � . (7.6c)
I0
�
I00

b
��
��1 � a2� �

1 � a
�
1 � a
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Here it is assumed that 0 	 A� 	 90° so that the sign of cos∆ is carried
by b. Thus, conversion of raw spectra in {Sj, j � 1, …, 4} to {(y, ∆),
R(A�)} is ostensibly straightforward; however, the quantities PS in
Eqs. (7.5b) and (7.5c), AS in Eq. (7.6a), and I00 in Eq. (7.6c) all have yet
to be determined. Furthermore A� � A � AS must also be known in order
to model the reflectance spectra deduced from Eq. (7.6c). In the next sec-
tion, the issues of calibration that provide {PS, AS, I00} will be treated.

It should be emphasized here that the sign of ∆ is not accessible in the
rotating-polarizer or analyzer ellipsometer configurations. Prior knowl-
edge of the sample properties or a detailed analysis of the ellipsometric
spectra of the sample can usually provide this information. For example, if
the sample is known to present a single reflecting interface to the ambient,
then 0° 
 ∆ 
 180° within the so-called “optics” (eiwt) convention of time-
varying electric fields adopted here and in Ref. 8. [In contrast, the so-called
“physics” (e�iwt) convention is adopted in Ref. 4.]

Figure 7.10 provides an example of ellipsometric spectra in (y, ∆)
spanning the range from 1.5 to 6.5 eV collected with the rotating-polarizer

508 INSTRUMENTATION

Figure 7.10 Ellipsometric spectra in (y, ∆) collected with the rotating-polarizer
multichannel ellipsometer of Fig. 7.5 for a crystalline silicon wafer with a ∼100 Å
thermally grown oxide layer on its surface (points). Nonuniform pixel grouping was
performed in accordance with the description in the boxes, yielding 132 spectral
points. The total acquisition time was 1.96 s. The solid line represents the best fit
two-parameter simulation, yielding the oxide thickness (120.7 ± 0.6 Å) and the
angle of incidence (69.94 ± 0.09°). [Adapted from Ref. 16.]
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multichannel ellipsometer of Fig. 7.5. For this example, the specularly
reflecting sample consists of a crystalline silicon wafer with a ∼100 Å
thermally grown oxide layer on its surface. [In this case, ∆ � 0° within the
optics (eiwt) convention.] The data were obtained as an average of wave-
form integrals over 80 optical cycles of 24.5 ms each; thus, the total acqui-
sition time was 1.96 s. Nonuniform pixel grouping was performed in
accordance with the description in the boxes in Fig. 7.10, yielding 132
spectral points and improved photon energy resolution for energies
greater than 3.5 eV.

Figure 7.11 provides another illustrative example of ellipsometric
spectra collected with a rotating-polarizer multichannel instrument. In this
example, the instrument of Fig. 7.3 was used, which provided a spectral
range from 1.4 to 4.0 eV. In contrast to the spectra of Fig. 7.10, the results
of Fig. 7.11 were obtained in real time, namely during the growth of a 320
Å silver thin film by magnetron sputtering onto a native oxide-covered
crystalline silicon wafer held at room temperature. Each pair of spectra in
(y, ∆) has been converted to spectra in the real and imaginary parts of the
pseudo-dielectric function (�e1�, �e2�) in Fig. 7.11, using the Fresnel
equations for a hypothetical single interface. In addition, each reflectance
spectrum has been normalized by that of the oxide-covered silicon sub-
strate. Consequently, the relative reflectance spectra are all close to unity
throughout the first 8 min when the target was presputtered; a shutter pre-
vented the resulting atomic flux from reaching the substrate. The three
three-dimensional surfaces in Fig. 7.11 are constructed from 240 triplets
of spectra collected versus time, each having 85 spectral points from 1.4
to 4.0 eV; thus the entire plot contains 6.12 � 104 data points. Spectra in
the four waveform integrals Sj ( j � 1, …, 4 ), which ultimately provided
the three spectra of Fig. 7.11 at a given time, were collected in 0.8 s, cor-
responding to an average over 10 mechanical rotations of the rotating
polarizer (wP�2π � 12.5 Hz). The silver film was deposited at an average
rate of 0.15 Å�s; thus, ∼0.1 Å accumulated during the acquisition time for
the four averaged waveform spectra. The ability to measure all three spec-
tra in Fig. 7.11 allows one to solve the classic problem in ellipsometry, in
this case determining the true dielectric function and thickness as contin-
uous functions of time in the initial stages during silver film nucleation
when the discontinuous film can be approximated as a single layer.[14]

7.3.1.4 Calibration

Two different methods have been described for the determination of
the offset and phase angles, i.e., PS and AS, for rotating-polarizer and
analyzer ellipsometers. It is important to design such calibration methods

MULTICHANNEL ELLIPSOMETRY, COLLINS ET AL. 509
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Figure 7.11 Processed spectra, including the pseudo-dielectric function and the
sample reflectance relative to the substrate reflectance, from three-parameter real
time spectroscopic ellipsometry performed using the instrument of Fig. 7.3. These
results were deduced from spectra in the waveform integrals collected during the
growth of a 320 Å silver film by magnetron sputtering onto a native oxide-covered
silicon wafer held at room temperature. To construct the three-dimensional plots,
85 points were collected versus photon energy and 240 triplets were collected ver-
sus time. [Reproduced from Ref. 15.]
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so that they can be performed just prior to sample measurement, with the
sample in place, using the same configuration and alignment as is used
in the measurement. The first method has been described by Aspnes[50]

and involves determining specific functions of the measured Fourier
coefficients at a given wavelength, e.g., the residual and phase func-
tions, versus the fixed element angular reading in the neighborhood of
the p-direction [i.e., A ≈ AS, for the rotating-polarizer instrument] and/or
in the neighborhood of the s-direction [i.e., A ≈ AS � (π�2)]. These
functions are then fit with polynomial expressions to obtain PS and AS.
No other information on the sample is required in the fitting. In an alter-
native method described by Johs,[51] the measured Fourier coefficients
(a�, b�) at a given wavelength are obtained as essentially continuous
functions of the fixed element angular reading from the p to the s-direction.
These data are complicated functions of the parameters (y, ∆), PS, and
AS, as can be seen by the substitution of Eq. (7.2c) into the inverted
forms of Eqs. (7.5b) and (7.5c). These functions can be fitted to deduce
all four parameters. Thus, in this case, the ellipsometric angles are deter-
mined along with the calibration angles. In both calibration methods,
specific error parameters have also been extracted. For example, in the
first demonstration of the method described by Aspnes, the optical activ-
ity parameters of the quartz Rochon polarizer and analyzer were deter-
mined for a single-channel rotating-analyzer system.[50] In the first
demonstration of the method by Johs, parameters that describe the
polarization sensitivity of the detection system were determined.[51] In
both demonstrations, the ac/dc gain ratio of the detection system elec-
tronics was also determined.

In this part, the focus will be on the Aspnes method of calibration, and
different approaches based on this general framework will be described
for the specific case of the rotating-polarizer multichannel ellipsometer.
These approaches include the residual/phase function calibration,[50] the
zone-difference-phase/phase function calibration,[52] and the irradiance/
phase function calibration.[53] In addition, the extension of the original sin-
gle-wavelength calibration mode to a fully parallel spectroscopic calibra-
tion mode will be emphasized. Finally, this section will conclude with a
discussion of the calibration procedure described by An et al.[14] to deduce
the spectral response function I00.

Offset and Phase Angle Calibrations

Residual-Function/Phase-Function Calibration
The residual function calibration method for rotating-analyzer ellip-

someters relies on the fact that a light wave reflected from the surface of an
isotropic sample will be linearly polarized if the incident wave is linearly
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polarized along the orthogonal p- or s-directions.[50] For an absorbing
sample, the polarization state of the reflected light beam gradually increases
in ellipticity as the linear polarization state of the incident beam is rotated
away from these directions. The same principle also holds for the rotating-
polarizer instrument configuration which is of primary interest here. In the
absence of errors then, the experimental amplitude function �B��

2 � a�2 �
b�2 for the rotating-polarizer instrument should reach its maximum value of
unity for A� � 0 or π�2 radians, i.e., along the orthogonal p- and s-directions.
The residual function F� is defined as the deviation of the amplitude func-
tion from its maximum, which is minimized in the absence of errors when
A� � 0 or π�2, or alternatively, when A � AS or AS � π�2.

The following expressions for the residual function form the basis for
the determination of AS:

F�(A) � 1 � �B��2 (7.7a)

� 1 � �B�2 (7.7b)

� 4(A � AS)
2 cot2 y sin2∆; A ≈ AS, (7.7c)

� 4{A � [AS � (p�2)]}2 tan2y sin2∆; A ≈ AS � (p�2). (7.7d)

Equation (7.7a) provides an expression into which the experimental spectra
(a� , b�) collected at different analyzer angles are substituted. In Eq. (7.7b),
�B�

2
� a2 � b2; thus the residual function F� is invariant in the transfor-

mation of Eqs. (7.5b) and (7.5c) from the experimental to the theoretical
Fourier coefficients. Equations (7.7c) and (7.7d) can be derived from Eq.
(7.7b) by applying Eq. (7.2c); these two derivations are valid to second
order in the small quantities (A�AS) and {A�[AS � (π�2)]}, respectively.
Thus, by fitting the experimental results for F�(A) at each pixel (or pixel
group) to a second-order polynomial, e.g., for A ≈ AS, F�(A) � c0 � c1A �
c2A

2, then AS or AS � (π�2) is determined as the value of A at which the
minimum in the best fit polynomial occurs, e.g., for A ≈ AS, AS � �c1�2c2.
As a result, AS can be determined either from Eq. (7.7c) or from Eq. (7.7d)
as a function of pixel number or wavelength.

A similar development is needed to determine the phase angle, PS. In
this case, the phase function is defined by:

Θ�(A) � (7.8a)

� PS � (7.8b)
arctan(b�a)
��

2

arctan(b��a�)
��

2
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Θ(A
)  PS � (A � AS)coty cos∆; A ≈ AS, (7.8c)

 PS � {A � [AS � (p�2)]}tany cos∆; A ≈ AS � (p�2). (7.8d)

Again, Eq. (7.8a) provides an expression into which the experimental
spectra (a
 , b
) collected at different analyzer angles are substituted. In
addition, Eqs. (7.8c) and (7.8d) can be derived from Eq. (7.8b) by apply-
ing Eq. (7.2c); these two derivations are valid to second order in the small
quantities (A � AS) and {A � [AS � (π�2)]}, respectively. Thus, calibra-
tion proceeds by fitting the experimental results at each pixel to a linear
function, e.g., for A ≈ AS, Θ
(A) � c0 � c1A; then PS is determined as the
value of Θ
(AS) or Θ
[AS � (π�2)], e.g., for A ≈ AS, PS � c0 � c1AS. As a
result, PS can be determined from Eq. (7.8c) or from Eq. (7.8d) as a func-
tion of pixel number or wavelength.

Lastly, it should be noted that if the inverse tangent in Eq. (7.8a) is
confined by computation to the range �π�2 � 2Θ
(A) � π�2, then PS

similarly must lie within the range �π�4 � PS � π�4 for the equations to
be valid. If PS lies outside this range, then quadrant corrections of ± π�2
radians will be needed on the right hand sides of Eqs. (7.8c) and (7.8d). In
order to identify the required quadrant correction, it is sometimes helpful
to pre-align the transmission axis of the polarizer with respect to the motor
shaft in the straight-through configuration. In this procedure, P
 is set to a
value near zero at the onset of data collection (t � 0) for a selected refer-
ence pixel (or pixel group), thus allowing the resolution of any possible
quadrant ambiguities. Such a procedure becomes even more important for
the rotating-compensator instruments of Sections 7.3.2 and 7.3.3.

Limitations on the residual-function/phase-function calibration arise
because there are certain ranges in (y, ∆) over which the calibration
fails. Failure of the method occurs when ∆ is near 0° or ±180° because
the two second-order polynomials of Eqs. (7.7c) and (7.7d) vanish, and
the minima that define AS disappear. Since AS cannot be determined
under these conditions, PS cannot be determined either. Thus, AS is deter-
mined most accurately via Eqs. (7.7c) and (7.7d) when the curvature of
the parabola is maximized; PS is most accurately determined via Eqs.
(7.8c) and (7.8d) when the slope of the linear function is minimized.
These optimum conditions occur for Eqs. (7.7c) and (7.8d) when �∆� ∼ 90°
and y ∼ 0°, and for Eqs. (7.7d) and (7.8c) when �∆� ∼ 90° and y ∼ 90°.
Thus, if ∆ is sufficiently far away from 0° or ±180° for the residual-
function/phase-function approach to be effective, i.e., if 30° � �∆� � 150°,
then Eqs. (7.7c) and (7.8d) are preferable when y � 45° and Eqs. (7.7d)
and (7.8c) are preferable when y � 45°. In practice, however, if �∆� � 30°
or �∆� � 150°, an alternative approach is needed for accurate offset and
phase angle calibration. For many samples, the broad spectral range of
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multichannel ellipsometer calibration ensures that, over some range(s),
the AS and PS values from the residual-function/phase-function calibration
will be accurate. For samples such as transparent glasses, however, the
alternate approach is unavoidable.

Zone-Difference-Phase-Function/Phase-Function Calibration
The zone-difference phase function provides an alternative method to

obtain AS:
[52]

Φ
(A) � Θ
(A) � Θ
[A � (p�2)] (7.9a)

� , (7.9b)

 2(A � AS)cot2y cos∆; A ≈ AS. (7.9c)

Equation (7.9b) provides an expression into which the experimental spec-
tra (a
 , b
) collected at different pairs of analyzer angles [A, A � (π�2)]
can be substituted. The derivation leading to Eq. (7.9c) is valid to second
order in the small quantity (A � AS). A quadrant correction may be
required in Eq. (7.9b) in order to apply Eq. (7.9c). Thus, calibration pro-
ceeds by fitting the experimental results at each pixel to a linear function
Φ
(A) � c0 � c1A; then AS is determined as the value of A for which 
Φ
 � 0, i.e., AS � �c0�c1. As a result, AS can be determined from Eq. (7.9c)
as a function of pixel number or wavelength. Once AS is determined by
this method, PS can be determined from the phase function as described
by Eq. (7.8c) or (7.8d).

The offset angle AS can be determined most accurately from Eq. (7.9c)
when the slope of the linear relationship is maximized. This occurs when
�∆� � 0° or 180° and y � 0° or 90°. This calibration procedure fails when
the slope of the relationship in Eq. (7.9c) vanishes, i.e., when �∆� � 90° or
y � 45°. Thus, the zone-difference phase function method of calibration
is complementary to the residual function method. As a general rule, the
residual-function/phase-function calibration is suitable for metals and for
semiconductors excited at photon energies above the lowest direct
bandgap, whereas the zone-difference-phase-function/phase-function
calibration is suitable for dielectrics and for semiconductors excited at
photon energies below the lowest direct bandgap.

Irradiance-Function/Phase-Function Calibration
The previously described calibration approaches in rotating-polarizer

multichannel ellipsometry involve acquiring spectra in the dc-normalized
2wP Fourier coefficients (a
, b
) of the irradiance waveform at the detector

arctan(b
�a
)�A � arctan(b
�a
)�A�(p�2)				
2
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as a function of the analyzer angular reading A. In these approaches, the
angular dependence of the dc Fourier coefficient, i.e., the average irradi-
ance in the reflected beam, is used only for normalization of the 2wP

Fourier coefficients. Thus, potentially useful information in I
0 is discarded.
Here it is shown how this information can be employed in instrument
calibration. The basic equations from which AS can be determined from I
0
are as follows:[53]

I
0 (A) � I00��rp�
2

� ��rs�
2

� �rp�
2
�(A � AS)

2	; A ≈ AS, (7.10a)

� I00��rs�
2

� ��rs�
2

� �rp�
2
�{A � [AS � p�2]}2	;

A ≈ AS � (p�2).
(7.10b)

These expressions are valid to second order in the small quantities 
(A � AS) and {A � [AS � (π�2)]}. Thus, by fitting the experimental
results for I
0 at each pixel to a second-order polynomial, then AS or AS �
(π�2) is determined as the value of A at which the extremum in the poly-
nomial occurs. As a result, AS can be determined either from Eq. (7.10a) 
or from Eq. (7.10b) as a function of pixel number or wavelength. Both
Eqs. (7.10a) and (7.10b) provide the same sensitivity for the determina-
tion of AS. The highest sensitivity occurs when the difference between
the reflectances for linearly polarized light in the p and s directions 
is maximized; the procedure fails when �rp�

2 � �rs�
2 or when 

y ∼ 45°. The irradiance function calibration has an advantage over the
more widely used residual function and the zone-difference phase func-
tion approaches because there are no constraints on the value of ∆ for
accurate calibration. Once AS is determined according to Eq. (7.10a) or
(7.10b), PS can be deduced as usual from the phase functions in
Eq. (7.8c) or (7.8d).

To demonstrate the irradiance-function/phase-function calibration
procedure, test calibrations will be presented here for a Si wafer substrate
covered with its native oxide, undertaken using a rotating-polarizer mul-
tichannel ellipsometer. These calibrations were run just prior to real time
measurements performed during thin film deposition on the Si sub-
strate. Figure 7.12 (top) shows the measured irradiance I
0 for the 85th
pixel group (out of 128 groups in an 8x grouping scheme for a 1024
pixel photodiode array), plotted as a function of the analyzer scale reading
A. This pixel group corresponds to a photon energy of 1.98 eV. A high
signal-to-noise ratio is obtained, and a fit to a parabolic function as
described above yields a well-defined minimum at A � AS � 0.84°. In the
lower panel of Fig. 7.12, Θ
(A) is plotted for the same three-parameter data
set. Fitting this curve to a linear relationship near A � AS and evaluating the
resulting fit at A � AS, yields PS � 87.56°.
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Figure 7.12 The dc Fourier coefficient I
0 (top) and phase function Θ
 (bottom)
plotted as a function of the analyzer angular reading A near A � AS for the
calibration of a rotating-polarizer multichannel ellipsometer using a silicon wafer
sample. Parabolic and linear fits to these two functions yield the analyzer scale
correction AS and the polarizer phase angle PS for the pixel group of interest.
These results were obtained at pixel group k � 85 (from a total of 128 pixel groups
established by an 8x grouping scheme for this particular detector), corresponding
to a photon energy of 1.98 eV. [Adapted from Ref. 53.]
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Figure 7.13(a) shows AS versus photon energy from ∼90 pixel groups
covering the spectral range from 1.5 to 3.0 eV (the range that yields the
most reliable results), obtained using the irradiance function approach of
Fig. 7.12 (top). AS is found to be constant versus energy with a standard
deviation of ±0.02° about an average value of 0.852°. Also plotted in
Fig. 7.13(b) are the results of the zone-difference phase function approach
to extract AS. In this approach, the phase function Θ
 obtained experimen-
tally for the settings of A in the neighborhood of AS � (π�2) is subtracted
from that obtained for the settings of A in the neighborhood of AS. The zero
crossing of the resulting function defines AS. In this case also, AS is nearly
constant with photon energy from 1.5 to 3.0 eV, as shown in Fig. 7.13(b),
with a standard deviation of ±0.03° about an average value of 0.849°. The
constancy of AS and the near coincidence of the values obtained from the
irradiance and zone-difference phase functions show that the instrument is
free of chromatic artifacts. Figure 7.13(c) shows PS versus pixel group
number over the same range as for the data of Fig. 7.13(a–b). PS is linear
with pixel group number k, having a value of 104.93° at the first group and
a slope of ∆PS�∆k � �0.206°. (Thus, the polarizer was not pre-aligned rel-
ative to the motor shaft in this case.) The linear dependence in Fig. 7.13(c)
arises from the fact that although data acquisition with the multichannel
detector is fully parallel, readout of the data is performed serially. In fact
for the detector of Figs. 7.12 and 7.13, the time required to read one pixel
group is 35 µs. Thus, time zero signifying the start of the S1 integration in
Eq. (7.3b) shifts by 35 µs for each successive pixel group. In this time, the
polarizer rotates by 0.206° (at the polarizer rotation frequency of 16.35 Hz
for the instrument) and this effect accounts for the observed slope in PS.

Spectral Response Calibration

The determination of the polarized reflectance R(A
) opens up numer-
ous possibilities for the characterization of non-ideal samples, e.g., sam-
ples with macroscopic roughness. The critical step in the measurement of
R(A
) is the determination of the ellipsometer spectral response function
I00. In theory, I00 can be obtained by removing the sample and setting the
ellipsometer in straight-through. However, such a procedure is incompat-
ible with real time data acquisition in the oblique reflection measurement
configuration. In the reflection configuration, it is best to employ the
substrate or the starting surface just prior to film growth or materials
processing as a calibration standard. Alternatively, in cases for which the
substrate or starting surface structure is too complex, a test sample such
as an ultrathin crystalline Si wafer can be mounted on top of the sample
of interest, but only partially eclipsing the sample surface. Then the
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Figure 7.13 Calibration results for a rotating-polarizer multichannel ellipsometer,
including the analyzer angular offset AS versus photon energy obtained from
(a) the dc Fourier coefficient I
0 as in Fig. 7.12 and (b) the zone-difference phase
function Φ
; (c) rotating-polarizer phase angle PS obtained in the I
0 � Θ
calibration
of (a), plotted versus the pixel group number k. The values indicated in (a) and
(b) are the average offset angles, whereas the values in (c) indicate the best fit 
k � 1 intercept and the slope. The pixel group range of the experimental data in
(c) corresponds to 1.5–3.0 eV. [Adapted from Ref. 53.]
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sample holder can be translated so that the incident beam probes first the
static calibration sample surface and then the starting sample surface of
interest to be used for the real time measurements. Thus in either calibra-
tion situation, rp,cal and rs,cal can be computed based on a knowledge of the
thickness of any layers on the calibration (‘cal’) sample surface as well as
the optical properties of the component materials of this sample. From this
information, one can determine the instrument response function I00 from
the measurement of I
0 for the calibration surface according to:

I00 � . (7.11)

Here, the subscript ‘cal’ is used to denote data characteristic of the calibra-
tion sample, either the substrate or starting surface (if it is sufficiently well
known), or otherwise a Si wafer that partially eclipses the substrate. In the
latter situation, it is assumed that I00 is unchanged upon translating the sam-
ple holder from viewing the Si wafer to viewing the substrate or starting sur-
face. Potential alignment errors can be minimized by mounting two Si
wafers on the substrate surface (e.g., at the top and bottom of the substrate
for a horizontal plane of incidence) and performing an appropriate average
of the measured I
0,cal spectra.

7.3.1.5 Case Study in Error Analysis: Source Polarization

Imperfections in the polarization generation and detection stages of
the rotating-polarizer multichannel ellipsometer can lead to errors in the
experimental results obtained in calibration and data reduction.
Furthermore, sample imperfections can be present, meaning that the
sample characteristics in actuality are different from those assumed in
the simulations of Sections 7.3.1.1 through 7.3.1.4. These can also lead
to erroneous results in calibration and data reduction. Here the effects of
weak source polarization on the calibration and data reduction for a
rotating-polarizer multichannel ellipsometer will be outlined briefly.
This treatment demonstrates a general approach that can be applied to cor-
rect for a variety of instrument and sample errors as long as they can be
simulated in the calibration and data reduction equations.

Source polarization can be described in terms of a normalized Stokes
vector given by 

(1 vs2 vs3 vs4)
T � (1 pscos2Qscos2cs pssin2Qscos2cs pssin2cs)

T

for the collimated light beam entering the rotating polarizer. Here, Qs is the
tilt angle (measured with respect to the plane of incidence) for the polarization

I
0,cal				
��rp,cal�

2 cos2(A�AS) � �rs,cal�
2 sin2(A�AS)	
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ellipse associated with the polarized part of the light beam; cs � arctan es is
the ellipticity angle of the polarization ellipse with es being the ellipticity;
and ps (�� 1) is the degree of polarization. In the absence of the source
polarization error ps � 0, and the error-free equations of Section 7.3.1.3 are
applicable. The presence of source polarization can be noted from the
appearance of 4wP Fourier coefficients in the detected waveform of Eq.
(7.3a). Another approach is to set the ellipsometer in straight-through with-
out a sample and to remove the analyzer. In this configuration, the presence
of source polarization is noted from the appearance of 2wP Fourier coeffi-
cients in the waveform as measured at a polarization-insensitive detector. In
both cases, the Fourier coefficients depend sensitively on the source orien-
tation through the angle Qs in the source beam Stokes vector.

First, the data reduction equations will be described for rotating-polarizer
multichannel ellipsometry with a source polarization error. The first step in
data reduction involves applying the transformations of Eqs. (7.5a) through
(7.5c) to the measured dc and 2wP Fourier coefficients, where PS must be
determined in calibration equations modified by source-polarization error
correction as described shortly. The second step involves correcting the
transformed dc and 2wP Fourier coefficients {I0, (a, b)} according to:

ac � , (7.12a)

bc � , (7.12b)

I0c � . (7.12c)

These equations are exact, and in the third step, the resulting corrected
Fourier coefficients {I0c, (ac, bc)} are substituted into Eqs. (7.6a) through
(7.6c) to extract the corrected ellipsometry angles and polarized
reflectance. In order to perform these steps in practice, the calibration
data I00, PS, and AS are required, as are the two error parameters vs2 and
vs3. The determination of I00 is straightforward and parallels the detailed
discussion of Section 7.3.1.4. In particular, I00 � I0c,cal�Rcal(A
) where
I0c,cal is the dc Fourier coefficient of the calibration sample, corrected
according to Eq. (7.12c), and Rcal(A
) is the reflectance spectrum of the
calibration sample.

First, equations are presented that describe the source polarization cor-
rections to AS and PS as determined from the residual-function/phase-function
calibration of Eqs. (7.7c), (7.7d), (7.8c), and (7.8d). These expressions are
given to first order in the source polarization parameters vs2 and vs3 by:

I0
			
1 � (1�2)(vs2ac � vs3 bc)

b � vs3 � (1�2)vs2 (vs3a � vs2 b)
				

1 � (1�2)(vs3 b � vs2a)

a � vs2 � (1�2)vs3 (vs2 b � vs3a)
				

1 � (1�2)(vs2a � vs3 b)
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Residual function calibration for A ≈ AS:

ASc � AS,0 � [(tany cos∆)�(4 sin2∆)]vs3; (7.13a)

Residual function calibration for A ≈ AS � (p�2):

ASc � AS,p�2 � [(coty cos∆)�(4 sin2 ∆)]vs3; (7.13b)

Phase/residual function calib. for A ≈ AS:

PSc � PS,0 � {1 � [(cot2 ∆)�2]}(vs3�2); (7.13c)

Phase/residual function calib for A ≈ AS � (p�2):

PSc � PS,p�2 � {1 � [(cot2 ∆)�2]}(vs3�2). (7.13d)

The corresponding equations that describe the source polarization cor-
rections to AS and PS, as determined from the zone-difference-phase-function/
phase-function calibration of Eqs. (7.8c) and (7.9c), are given by:

Zone-difference-phase-function calibration:

ASc � AS,0 � [(tan2y)�(2 cos∆)]vs3; (7.13e)

Phase/zone-difference-phase-function calibration:

PSc � PS,0 � [(sec2y)�2]vs3. (7.13f)

The equations that describe the source polarization corrections to AS

and PS, as determined from the irradiance-function/phase-function cali-
bration of Eqs. (7.8c), (7.8d), (7.10a), and (7.10b), are given by:

Irradiance function calibration for A ≈ AS:

ASc � AS,0 � [(tan2y cos∆)�4]vs3; (7.13g)

Irradiance function calibration for A ≈ AS � (π�2):

ASc � AS,p�2 � [(tan2y cos∆)�4]vs3; (7.13h)

Phase/irradiance function calibration for A ≈ AS:

PSc � PS,0 � {1 � [(cos2 y cos2∆)�cos2y]}(vs3�2); (7.13i)

Phase/irradiance function calibration for A ≈ AS � (π�2):

PSc � PS,p�2 � {1 � [(sin2y cos2∆)�cos2y]}(vs3�2). (7.13j)
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In Eqs. (7.13a) through (7.13j), ASc and PSc are the offset and phase
angles, including the first-order corrections for the source polarization error.
If the error corrections are performed properly and no other errors are pres-
ent, then these angles should not depend either on which calibration proce-
dure is adopted or on whether the procedure is performed near A
 � 0 or near
A
 � π�2. In contrast, AS,0, PS,0, AS,p�2, PS,p�2 are the analyzer offset and polar-
izer phase angles obtained near A
 � 0 (subscript ‘0’) and near A
 � π�2
(subscript ‘π�2’) from the earlier calibration procedures of Section 7.3.1.4,
disregarding the effects of the source polarization error on the Fourier coef-
ficients. Owing to the presence of the source polarization error, AS,0 is no
longer equal to AS,p�2 and PS,0 is no longer equal to PS,p�2, in general. In addi-
tion, the corresponding angles obtained by the different calibration
procedures differ, as well. For example, the values of AS,0 obtained by the
residual function procedure [Eq. (7.13a)] and by the irradiance function pro-
cedure [Eq. (7.13g)] are not equal. These values could be distinguished by a
third subscript; however, for simplicity this method of differentiation is omit-
ted. Finally, the values of (y, ∆) in the correction terms of Eqs. (7.13a)
through (7.13j) are the “zero-order” values obtained as in Section 7.3.1.3,
disregarding the source polarization error. It should be noted that in the deter-
mination of the correction terms, the sign of ∆ is not required.

So far, no direction has been provided on the determination of the
small quantities vs2 and vs3. In fact, Eqs. (7.13a) through (7.13d) and
Eqs. (7.13g) and (7.13h) provide multiple expressions for ASc and PSc that
include vs3. Furthermore, the minimum values of the residual function can
be shown to depend on vs2. From these considerations, one can arrive at
the following expressions:

All calibrations:

vs2 � (F
min,p�2 � F
min,0)�2; (7.13k)

Residual/phase function calibration:

vs3 � (PS,0 � PS,p�2) � [(AS,0 � AS,p�2) cos ∆ sin2y]; (7.13l)

Irradiance/phase function calibration:

vs3 � . (7.13m)

In Eq. (7.13k), F
min,p�2 and F
min,0 designate the values of the residual func-
tion at the minima which occur near A
 � p�2 and A
 � 0. In the absence
of the source polarization error, these two values are equal and in fact

(PS,0 � PS,p�2)		
1 � (1�2) cos2∆
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vanish; otherwise they are non-zero and are well-defined irrespective of 
(y, ∆) for the sample. Equations (7.13k) and (7.13l) are applied under con-
ditions for which the residual-function/phase-function approach provides 
PSc and ASc with high sensitivity, e.g., when 30 � �∆� � 150°. In contrast,
Eqs. (7.13k) and (7.13m) can be applied without restrictions on ∆.

It has been pointed out that weak polarization of the Xe source output is
one of the most difficult systematic errors to eliminate in rotating-polarizer
multichannel ellipsometry. It is then appropriate to reassess whether the sit-
uation can be improved by conversion to a rotating-analyzer multichannel
ellipsometer configuration. As noted in Section 7.2.2, if the spectrograph and
multichannel array detection system are placed immediately after a rotating
analyzer, the errors generated by the polarization sensitivity of this detection
system are likely to exceed any errors associated with source polarization in
the rotating-polarizer configuration. In contrast, if a sufficient length of fiber
optic cable or other effective depolarizing element is placed between the
rotating analyzer and the spectrograph, then the errors associated with polar-
ization sensitivity of the detection system can be reduced to tolerable levels.
In order to correct remaining errors due to polarization sensitivity of the
detection system for a rotating-analyzer multichannel ellipsometer, adapted
forms of Eqs. (7.12) and (7.13) can be applied. Owing to the symmetry of
the two configurations, all polarizer phase angles for the rotating-polarizer
configuration in Eqs. (7.13) are replaced by analyzer phase angles for the
rotating-analyzer; in addition, all fixed analyzer offset angles are replaced by
polarizer offset angles. Furthermore, vs2 and vs3 for the rotating-polarizer
configuration in Eqs. (7.12) and (7.13) are replaced by vd2 and vd3 for the
rotating-analyzer configuration, given by:

vd2 � md12 cos2Qd � md13 sin2Qd, (7.14a)

vd3 � md12 sin2Qd � md13 cos2Qd. (7.14b)

In these expressions, md12 and md13 are the normalized Mueller matrix
elements associated with the polarization modifying components of the
detection system, and Qd is the angle of the frame of reference of this
Mueller matrix, measured with respect to the plane of incidence of the
ellipsometer.

7.3.2 Single Rotating Compensator

As noted in Section 7.2.4, the single rotating-compensator
multichannel ellipsometer in the PSCr(wC)A configuration shown in 
Fig. 7.8(b) provides several advantages over the rotating-polarizer
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multichannel ellipsometer in the Pr(wP)SA configuration.[17,44,45] These
advantages arise from the fact that the rotating-compensator instrument
provides all four Stokes vector components for the light beam reflected
from the sample surface. In contrast, the rotating-polarizer instrument
provides only three such components. With respect to Stokes vector
measurements, the PSCr(wC)A configuration can provide the sign of
the ellipticity for the polarization state generated upon reflection from
the sample. Thus, the sign of ∆ can be determined, in contrast to the
Pr(wP)SA configuration. In addition, the PSCr(wC)A configuration pro-
vides accurate measurements of small ellipticity angles for the reflected
beam polarization state. Thus, accurate measurements of ∆ near 0° and
±180° can be obtained, again in contrast to the Pr(wP)SA configuration.
Furthermore, the rotating-compensator instrument can provide the
degree of polarization of the reflected beam, which can be useful for sit-
uations in which the sample depolarizes the incident light beam. Finally,
this instrument is immune to source polarization and detector polariza-
tion sensitivity. The disadvantage of the PSCr(wC)A configuration is the
additional complexity resulting from two additional calibration parame-
ters for the rotating compensator, the wavelength-dependent slow-to-
fast axis phase shift, i.e., the retardance spectrum, of the compensator
and the rotating-compensator phase angle.

7.3.2.1 Theoretical Description

For the rotating-compensator multichannel ellipsometer, the time-
dependent waveform predicted at each pixel (or pixel group) of the photo-
diode array detector can be expressed in terms of the parameters of the
Stokes vector for the beam reflected from the sample. This Stokes vector
is given by Ir(1 pcos2Qcos2c psin2Qcos2c psin2c)T.[8] The param-
eters associated with the reflected beam polarization state include: (i) the
tilt angle of the ellipse Q (�90° � Q � 90°), measured from the plane
of incidence in a counterclockwise-positive sense, looking opposite to
the beam direction; (ii) the ellipticity angle of the ellipse c � arctan
e (�45° � c � 45°; �1 � e � 1), where e is the ellipticity, i.e., the
semiminor-to-semimajor axis ratio of the polarization ellipse; (iii) the
irradiance in the reflected beam Ir; and (iv) the degree of polarization p
(0 � p � 1). The Stokes vector parameters {(Q, c), p, Ir�Ii} (where the
reflected beam irradiance Ir is normalized by the incident beam irradi-
ance Ii) are employed rather than the sample parameters {(y, ∆), R(P
)}
in the theoretical development. In this way, one can fully characterize
samples that not only modify the incident linear polarization, but also
randomly depolarize some fraction of the incident beam. In the sample
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parameter set, R(P
) is the specular beam reflectance of the sample for an
incident beam linearly polarized at an angle P
 with respect to the plane
of incidence.

Based on this motivation, the following expressions can be derived
for the multichannel ellipsometer in the PSCr(wC)A configuration:[17]

I(t) � I0{1 � a2 cos2(wCt � CS) � b2 sin2(wCt � CS)
� a4 cos4(wCt � CS) � b4 sin4(wCt � CS)}, (7.15a)

I0 � I00a0(Ir�Ii), (7.15b)

a0 � 1 � {pcos2(d�2) cos 2c cos 2(A
 � Q)}, (7.16)

B2 � a2 � ib2 � , (7.17)

B4 � a4 � ib4 � . (7.18)

The Mueller matrix for the compensator given in Ref. 8 was used in this
derivation. In Eq. (7.15a), {I0, (a2n, b2n); n � 1,2} are the theoretically
predicted average irradiance and 2nwC cosine and sine Fourier coeffi-
cients of the waveform, respectively, where wC is the compensator angu-
lar rotation frequency. The theoretically predicted Fourier coefficients in
these equations are explicitly corrected for the phase angle of the rotat-
ing compensator through CS. From Eq. (7.15a), it is clear that �CS is the
angle of the compensator fast axis at time zero of the data collection
process for the given pixel (or pixel group). This angle is measured with
respect to the plane of incidence in a counterclockwise-positive sense,
looking opposite to the beam direction. In Eq. (7.15b), I00 is the spectral
response function of the ellipsometer. In Eqs. (7.16) through (7.18), d is
the slow-to-fast axis phase shift (i.e., the retardance) of the compensator,
given by d � 2πd(nS � nF)�l for a single-plate compensator of thickness
d, where nS and nF are the indices of refraction for propagation with elec-
tric fields vibrating along the slow (S) and fast axes (F). (Because nS � nF,
then d � 0.) In addition, A
 � A � AS is the true angle of the analyzer
transmission axis with respect to the plane of incidence, where A is the
analyzer scale reading and AS is the correction to the scale reading. In
Eqs. (7.17) and (7.18), the complex quantity B2n is used to describe
Fourier coefficients in terms of the Stokes vector parameters, the com-
pensator retardance, and the true analyzer angle A
. To determine the
individual Fourier coefficients, the real and imaginary parts of these
equations are equated.

psin2(d�2) cos2cexp[2i (A
 � Q)]
				

a0

�ipsindsin2cexp(2i A
)
			

a0
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Next, theoretical expressions are provided that allow one to calculate
the beam parameters in Eqs. (7.15) through (7.18) {(Q, c), p, Ir�Ii} from
the sample parameters {(y, ∆), D, R(P
)}. Here it is assumed that the
interaction of the incident beam with the sample consists of polarization
modification along with completely random depolarization due to the col-
lection of near-specular, multiply scattered light. Thus, in the sample
parameter set, the polarization transfer factor D has been added. This fac-
tor characterizes the depolarizing effect of the sample on any incident
beam polarization state. In order to convert sample parameters to beam (or
Stokes vector) parameters, the matrix equation Vr � MVi is applied, where

Vi � Ii (1 cos2P
 sin2P
 0)T

and

Vr � Ir (1 pcos2Q cos2c psin2Qcos2c psin2c)T

are the incident and reflected beam Stokes vectors, and M is the Mueller
matrix of the sample.[8] In the expression for Vi, P
 is the true angle of the
polarizer transmission axis measured with respect to the plane of inci-
dence. For a sample that generates a randomly depolarized component in
the detected beam as a result of multiple scattering, the non-zero unnor-
malized 4 � 4 Mueller matrix elements are given by:[54,55]

M11 � RuD, (7.19a)

M12 � M21 � �Rucos2y, (7.19b)

M22 � Ru, (7.19c)

M33 � M44 � Ru sin2y cos∆, (7.19d)

M34 � �M43 � Ru sin2y sin∆. (7.19e)

The remaining Mueller matrix elements are zero. In Eqs. (7.19), Ru is the
reflectance of the sample for unpolarized light, defined as the ratio of the
reflected to incident irradiances for the specular beam, in the absence of
near-specular scattering (i.e., when D � 1). As an example, the general
approach described in this paragraph may be applicable for the analysis of
thin film nucleation at low density on a smooth substrate (i.e., such that
the nuclei spacing or size is on the order of, or greater than, the probe
wavelength) or for the analysis of film growth on macroscopically rough
substrates. In both cases, some fraction of near-specular, multiply-
scattered light is collected by the detection system.[55] For the simple
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Mueller matrix of Eqs. (7.19) to be valid, the detected near-specular scat-
tering must be incoherent and unpolarized, and the p and s incident polar-
izations must be scattered with equal probability. In the absence of such
near-specular scattering, D � 1. Finally, this same mathematical descrip-
tion can also be applied for the inclusion of instrument errors due to spec-
trograph stray light. Under certain conditions, the effect of stray light is
identical to that of a randomly depolarizing sample. Thus by including D
in the analysis, the stray light errors can be corrected.

Using the Mueller matrix of Eqs. (7.19), the following beam-parameter�
sample-parameter relationships can be derived:

� R(P
) , (7.20a)

p � , (7.20b)

Q � [(1�2)arctan(vr3�vr2)]� [(p�2)u(�vr2)sgn(vr3)], (7.20c)

c � (1�2)arctan� 	, (7.20d)

where the polarized specular reflectance R(P
) is defined as the ratio of
the incident to reflected irradiances in the absence of near-specular scat-
tering (i.e., when D � 1). In Eqs. (7.20c) and (7.20d), vr2, vr3, and vr4 are
the Stokes vector components of the beam reflected from the surface nor-
malized by the first component Vr1, i.e., vrj � Vrj�Vr1 (j � 2, 3, 4). These
normalized components are defined in terms of the sample parameters by:

vr2 � (7.20e)

vr3 � (7.20f)

vr4 � (7.20g)

Finally, in the term on the right of Eq. (7.20c), u(x) � 0 for x � 0; u(x) �
�1 for x � 0; sgn(x) � �1 for x � 0; and sgn(x) � �1 for x � 0. This
term is a quadrant correction based on the assumption that the inverse tan-
gent computation yields a result between �π�2 and �π�2.

�sin2P
sin2ysin∆
			
D � cos2ycos2P


sin2P
sin2ycos∆
		
D � cos2ycos2P


cos2P
 � cos2y
		
D � cos 2ycos 2P


vr4
		
��v2

r2 � v� 2
r3��

1 � cos2y cos2P

		
D � cos2y cos2P


D � cos2y cos2P

			
1 � cos2y cos2P


Ir	
Ii
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7.3.2.2 Data Collection

For an error-free system in the rotating compensator configuration,
the irradiance on any given pixel (or pixel group) obeys the following
experimental expression:

I
(t) � I
0(1 � a
2 cos2wCt � b
2 sin2wCt � a
4 cos4wCt � b
4 sin4wCt),
(7.21)

where wC is the angular frequency of the rotating compensator and 
{I
0, (a
2n, b
2n); n � 1, 2} are dc and normalized Fourier coefficients to be
determined experimentally. Equation (7.21) differs from the theoretical
expression Eq. (7.15a) in that the waveform does not include the com-
pensator phase angle CS. This term is dropped from the phase of the exper-
imental waveform because it cannot be determined until the calibration is
performed.

If the detector is operated in an integrating mode for fully parallel data
acquisition and the array is read out N times per half rotation of the rotat-
ing compensator, leading to N equal exposure times te � π�NwC, then N
spectra are generated having the following form:

Sj � I
0�
jp�Nw

C

( j�1)p�NwC

�1 � Σ
2

n�1

[a
2n cos2nwCt �b
2n sin2nwCt]	 dt;

(j � 1,…, N),
(7.22a)

� � Σ
2

n�1
�sin� ��

��a
2n cos � b
2n sin �.

(7.22b)

For each pixel of the photodiode array, Eq. (7.22b) represents a system of
N equations in five unknowns {I
0, (a
2n, b
2n); n � 1,2}. Thus, for N � 5,
the unknowns are exactly determined. For N � 5, however, the unknowns
are overdetermined, and an effective method of solution must be estab-
lished to utilize the full data set {Sj, j � 1, …, N} in the determination of
{I
0 , (a
2n, b
2n); n � 1,2}.

7.3.2.3 Data Reduction

Next, the approach will be described to convert the raw spectra in
{Sj, j � 1, …, N}, i.e., the waveform integrations, first to spectra in the

(2j � 1)np
		

N

(2j � 1)np
		

N

np
	
N

I
0
	
nwC

pI
0
	
NwC
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Fourier coefficients {I
0, (a
2n,b
2n); n � 1,2}, then to spectra in the
Stokes vector parameters {(Q, c), p, Ir�Ii}, and finally to the sample
parameters {(y, ∆), D, R(P
)}. For the rotating-compensator multichan-
nel ellipsometer with N � 5 the experimental dc and normalized 2wC

and 4wC Fourier coefficients can be determined according to the fol-
lowing equations:[17]

a
2 � 0.534480 � {[1.195133(S1 � S2 � S4 � S5) � 2.672398 S3]�pI
0},
(7.23a)

b
2 � [1.256637 (S1 � S5) � 2.033282 (S2 � S4)]�pI
0, (7.23b)

a
4 � [0.816612 (S1 � S5) � 2.137919 (S2 � S4) � 2.642613S3]�pI
0 ,
(7.23c)

b
4 � [2.513274 (S1 � S5) � 1.553289 (S2 � S4)]�pI
0 , (7.23d)

I
0 � (1�p)(S1 � S2 � S3 � S4 � S5) . (7.23e)

The disadvantage of this approach is that there are no consistency checks
to assess the higher order Fourier coefficients, which should vanish. As an
alternative, N � 8 can be chosen in which case the following simpler
equations apply:

a
2 � (S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8)�2I
0, (7.24a)

b
2 � (S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8)�2I
0, (7.24b)

a
4 � (S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8)�2I
0, (7.24c)

b
4 � (S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8)�2I
0, (7.24d)

I
0 � (1�p)(S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8). (7.24e)

For example, an expression analogous to Eq. (7.4d) is:

b
8 � (S1 � S2 � S3 � S4 � S5 � S6 � S7 � S8)�2I
0, (7.25)

which must vanish in the absence of errors. Two other linearly independ-
ent consistency checks can be derived from the requirement that the 6wC

Fourier coefficients must vanish in the absence of errors.
Once the spectra in the experimental waveform parameters {I
0, (a
2n, b
2n);

n � 1,2} have been determined, they need to be converted to the theoretical
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parameters {I0, (a2n, b2n); n � 1,2} so that the spectra in the beam and
sample parameters can be deduced. In analogy with Eqs. (7.5a) and
(7.5d), the following compact expressions can be applied:

I0 � I
0 , (7.26a)

(a2n b2n)
T � �(2nCS)(a
2n b
2n)

T; (n � 1,2), (7.26b)

where �(2nCS) represents the 2 � 2 rotation transformation by the angle
2nCS (n � 1, 2). As usual, the superscript ‘T’ represents the transpose
operation that converts the two row vectors to column vectors.

Now that the transformed coefficients are available, the theoretical
expressions given in Eqs. (7.15b) and (7.16) through (7.18) can be inverted
to obtain information on the reflected beam Stokes vector:[17]

Q � arctan� � � A
 � � u (�a4)sgn(b4)�; (7.27)

c � arctan� 	
� arctan� 	

(7.28a)

� arctan� tan(d�2)	; (7.28b)

p � , (7.29a)

�Q� a4 cos 4Q � b4sin 4Q; (7.29b)

� . (7.30)

The quadrant correction at the right in Eq. (7.27) ensures that the range of
Q � A
 is given by �90° � Q � A
 � 90°. However, because Q also
spans the range of �90° � Q � 90°, an additional correction of ±π may
be required in Eq. (7.27) depending on the values of Q and A
. In addition,
c spans the range �45° � c � 45°. As a result, either of the relationships
in Eq. (7.28a) can provide the sign of c, whereas Eq. (7.28b) is best for
determining the magnitude of c.

I0
					
I00{1 � pcos2(d�2)cos2ccos2(A
 � Q)}

Ir
	
Ii

�Q
					
cos2ccos2(A
 � Q){1 � (1 � �Q) cos2(d�2)}

�a2
2 � b�2

2�		
2�a2

4 � b�2
4�

1
	
2

�b2 sin2(A
 � Q)tan(d�2)
			

2b4cos 2A


1
	
2

a2 cos2(A
 � Q)tan(d�2)
			

2a4 sin2A


1
	
2

p
	
2

b4
	
a4

1
	
2
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In adopting a Mueller matrix of the form given by Eqs. (7.19), it is
assumed that polarization modification is accompanied by random depo-
larization owing to the collection of near-specular, multiply-scattered light.
For this situation, inversion of Eqs. (7.20) provides the sample parameters
{(y, ∆), D, R(P
)} in terms of the beam parameters {(Q, c), p, Ir�Ii}:

tany � �tanP
�{sy � ��y2 � 1� �}; (7.31a)

s � sgn(y � �P
�); (7.31b)

y � , (7.31c)

tan∆ � � , (7.32)

D � , (7.33)

R(P
) � p � �rp�
2 cos2P
 � �rs�

2 sin2P
. (7.34)

Because y spans the range of 0° � y � 90°, then Eqs. (7.31) define y
uniquely. However, because ∆ spans the range �180° � ∆ � 180°, then
expressions for sin ∆ and cos ∆ are also needed to determine the cor-
rect quadrant of ∆. These expressions are given by:

cos∆ � , (7.35a)

sin∆ � . (7.35b)

For a bulk substrate material presenting a single interface to the ambient,
it should be recalled that 0° � ∆ � 180° within the optics (eiwt) convention
used here and in Ref. 8.

As an example of the capabilities of the rotating-compensator multi-
channel ellipsometer, Fig. 7.14 depicts results obtained in real time during
the growth of a 4000 Å thick diamond film on a silicon wafer substrate by
microwave plasma-enhanced chemical vapor deposition.[17] These results
include the time evolution of the spectra in the tilt and ellipticity angles
and the degree of polarization {(Q, c), p} that define the normalized

�sin2c (1 � cos2P
cos2y)
			

sin2P
sin2y

cos2csin2Q (1 � cos2P
cos2y)
				

sin2P
sin2y

Ir
	
Ii

{1 � (1 � p)cos2y cos 2P
}
			

p

tan2c
	
sin2Q

�cos2Q�
			
��tan22c� � sin�2 2Q��
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Stokes vector. The acquisition time for a single triplet of spectra was 10 s
and the repetition time was 35 s. During these times, 4.5 and 16 Å of dia-
mond are deposited in the bulk film growth regime (after nucleation and
coalescence). The longer acquisition and repetition times in this case
include both “light” and “dark” data cycles, each an average over 80
mechanical rotations with a shutter open and closed, respectively. The
waveform integrals from the dark cycle are required in order to correct
those from the light cycle for the effects of radiative emission by the
plasma and thermal emission by the substrate (which is heated to 812°C).
To construct the plots of Fig. 7.14, 104 points were collected versus pho-
ton energy and 292 triplets were collected versus time for a total number
of data points of ∼9.1 � 104.

532 INSTRUMENTATION

Figure 7.14 Time evolution of the spectra in the tilt and ellipticity angles and the
degree of polarization {(Q, c), p} that define the normalized Stokes vector, col-
lected with a rotating-compensator multichannel ellipsometer using acquisition
and repetition times of 10 and 35 s, respectively, during the growth of a 4000 Å
thick diamond film on a silicon wafer substrate. This film was prepared by
microwave plasma-enhanced chemical vapor deposition at a substrate tempera-
ture of 812°C. To construct the three-dimensional plots, 104 points were collected
versus photon energy and 292 triplets were collected versus time. For clarity of
presentation, positive values of Q (0° � Q � 90°) are plotted as Q�180°.
[Reproduced from Ref. 17.]
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Figure 7.15 shows (y, ∆) spectra from 1.5 to 4.0 eV for a 2000 Å thick
diamond film deposited by microwave plasma-enhanced chemical vapor
deposition on a crystalline silicon wafer substrate.[17] Spectra obtained
ex situ using the rotating-polarizer [Pr(wP)SA] and rotating-compensator
[PSCr(wC)A] multichannel ellipsometer configurations are shown for

Figure 7.15 Ellipsometric spectra (y, ∆) for a 2000 Å thick diamond film deposited
by microwave plasma-enhanced chemical vapor deposition on a crystalline silicon
wafer substrate and measured ex situ at room temperature. Spectra obtained
using rotating-polarizer [Pr(wP)SA] and rotating-compensator [PSCr(wC)A] multi-
channel ellipsometers are shown for comparison. The degree of polarization p of
the reflected beam is shown at the top, accessible only in the rotating-compen-
sator configuration. [Reproduced from Ref. 17.]
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comparison. The spectra in the rotating-compensator configuration were
obtained by applying Eqs. (7.31) and (7.32) in the data reduction process
with P
 � 45°. The degree of polarization p of the reflected beam is
shown at the top, accessible only in the rotating-compensator configura-
tion. The variations in p can be attributed to (i) pseudo-depolarization by
the sample caused by film thickness nonuniformity over the area probed
by the incident beam and (ii) depolarization caused by multiple scattering
from diamond crystallites. The rotating-compensator configuration is
advantageous for the measurement of ∆ in such applications because
(i) the sign is determined; (ii) higher sensitivity is obtained in the neigh-
borhood of ∆ � 0° and ±180° (since tan ∆ is measured rather than cos ∆);
and (iii) errors are avoided that arise from a misinterpretation of the depo-
larization as an increase in ellipticity angle in the Pr(wP)SA configuration.
For ease of comparison in Fig. 7.15, the signs of ∆ in the Pr(wP)SA con-
figuration are set to match those obtained in the PSCr(wC)A configuration
for the corresponding photon energy. Advantages (ii) and (iii) noted
above for the rotating-compensator configuration lead to an obvious
improvement in the continuity in the ∆ spectra near 0° where the reflected
beam polarization is nearly linear (c � 0°).

7.3.2.4 Calibration

Ellipsometers in the rotating-compensator configuration PSCr(wC)A
are used less widely than their counterparts in the rotating-polarizer
Pr(wP)SA and analyzer PSAr(wA) configurations. As a result, fewer
descriptions of calibration procedures are available.[17,56,57] Furthermore,
the calibration procedures are much more complex than those of the rotating-
polarizer and analyzer instruments. Not only must one determine the
polarizer and analyzer offset angles (PS, AS) and the ellipsometer spectral
response function I00, but also the compensator retardance spectrum and
its rotational phase (d, CS). In the rotating-compensator configuration,
however, partial self-calibration is possible since there are five measured
waveform parameters {I
0, (a
2n, b
2n); n � 1,2}, but only four deduced
sample parameters {(y, ∆), D, R(P
)}. Thus, in principle, it is possible to
extract one calibration parameter directly from the real time sample meas-
urements, i.e., without the need for a separate calibration step.

The conventional sequence for calibration of the rotating-compen-
sator multichannel ellipsometer involves (i) measurement of the retar-
dance spectra d, (ii) determination of the optical element offset and phase
angles (PS, CS, AS), and (iii) measurement of the spectral response function
I00. According to (i), d is determined once in the initial development of the
ellipsometer (or subsequently in major system realignments) using a
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straight-through ellipsometer configuration without a sample. The offset
and phase angles are determined in a separate step after sample alignment
and just prior to the real time measurements. Although the calibration can
be performed for any specular starting sample, the sample properties (i.e.,
the y and ∆ values) determine the details of the procedure, as in Section
7.3.1.4. In general, the spectral response function is also determined in a
separate calibration step just prior to the real time measurements. In this
case, however, the starting characteristics of the sample must be known so
that its spectroscopic reflectance can be predicted. Essentially, this latter
calibration is performed in the same way as for the rotating-polarizer
instrument (Section 7.3.1.4), with the only difference being the calibration
equation.

An alternative calibration sequence has been proposed recently in
order to account for possible effects of sample alignment on the beam
path through the rotating compensator.[57] Such effects lead to a weak
sample alignment-dependence in the retardance spectrum for the com-
pensator that, in turn, can lead to irreproducibilities in data reduction
from run to run in real time measurements. To avoid such irreproducibil-
ities, the retardance spectrum is measured with the sample in place after
the offset and phase angle calibration, but before the spectral response
function calibration.

Retardance Calibration

Here three possible approaches for determining the spectrum in d are
summarized. The first uses a separate single-channel ellipsometer in the
PCAr(wA) rotating-analyzer configuration and the second uses the
PCr(wC)A rotating-compensator multichannel ellipsometer configuration,
both in straight-through. The third uses the PSCr(wC)A sequence in the
actual sample measurement configuration. The latter measurement can be
performed on a run-to-run basis after mounting and aligning each sample,
e.g., the starting substrate in a real time measurement. As noted above,
this measurement is recommended in order to account for small run-to-run
variations in d that may arise due to variable alignments of the reflected
beam with respect to the compensator rotation axis.

In the first approach, the compensator is mounted between the polar-
izer and analyzer of a separate single-channel, rotating-analyzer ellip-
someter set for straight-through.[17] Initially, the fast-axis angle of the com-
pensator C
 is fixed, and a residual function calibration is performed near
the quarter wavelength of the compensator with P
 in the vicinity of C
.
This involves measuring the residual function F
(P) � 1 � �B
�2 [see
Eq. (7.7a)] at several closely spaced polarizer angular readings P such
that the polarizer transmission axis is nearly parallel to the compensator
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fast axis. In the absence of errors, F
(P) exhibits a minimum when 
P
 � C
 � 0. With this minimum identified, the polarizer is rotated to
P
 � 45° � C
 and spectra in (a
, b
) are collected. These are inter-
preted using the same equations as for rotating-analyzer ellipsometry in
the reflection geometry [i.e., Eqs. (7.5) and (7.6) with (PS, A, AS)
replaced by (AS, P, PS)], in which case (y, ∆) are given by y � yC � 45°
(independent of energy) and �∆(E)� � d(E).

In the second approach, the actual rotating-compensator multichan-
nel ellipsometer is used, but in the straight-through PCr(wC)A configu-
ration. Initially, the transmission-axis angle of the analyzer is fixed, and
an irradiance function calibration is performed with P
 in the vicinity
of A
 and with the rotating compensator removed from the instrument.
This involves measuring the dc irradiance level at the detector I
0(P) for
several closely spaced polarizer angles P such that the transmission
axes of the polarizer and analyzer are nearly parallel. In the absence of
errors, I
0(P) exhibits a maximum when P
 � A
 � 0 (via Malus’s Law).
Next, the polarizer is fixed at a known value relative to the analyzer
angle, i.e., a known value of P
 � A
. Finally, the rotating compensator
is added while maintaining the straight-through configuration. In this
configuration, the 2wC ac Fourier coefficients vanish, whereas the 4wC

ac Fourier coefficients yield the compensator retardance in accordance
with the following expression:

d � 2 arccos���, (7.36a)

where �B
4���a
2
4 � b�
 2

4�.
As an example of this second approach, the main part of Fig. 7.16

shows the retardance spectrum for a MgF2 biplate compensator obtained
in the straight-through PCr(wC)A configuration using Eq. (7.36a). This
type of compensator is preferred in rotating-compensator ellipsometers
owing to its broad range of transmission from the near-infrared to the vac-
uum ultraviolet, as well as to its relative ease of mounting and align-
ment.[58] The solid line in Fig. 7.16 shows a best fit to the measured retar-
dance using the expression

d(E) � 360d Σ
5

k�1

ckEk�1.

This expression is derived assuming that the birefringence of MgF2

(nS � nF) is a fourth-order polynomial function of photon energy E. Here
(ck; k � 1, …, 5) are polynomial fitting coefficients, and d is now the thick-
ness difference between the two MgF2 plates. Thus, the units of d, d, and E
are degrees, nanometers, and eV, respectively. The thickness difference is

E
	
1239.8

1 � �B
4�
			
1 � �B
4�cos2(P
 � A
)
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Figure 7.16 (a) Measured retardance spectrum d (points) and its best fit (line) apply-
ing a polynomial in the birefringence versus photon energy for a MgF2 biplate com-
pensator obtained using a rotating-compensator multichannel ellipsometer in the
straight-through PCr(wC)A configuration. In (b), the difference between the experi-
mental and best fit spectra in d is shown. The inset in (a) shows the ellipsometric
parameter yC � tan�1|tF|�|tS| of the compensator measured using a rotating-analyzer,
single-channel ellipsometer in the straight-through PCAr(wA) configuration, where tF

and tS are the complex transmission coefficients of the compensator along the fast
(F ) and slow (S) axes. The two spectra in yC in the inset were obtained before and
after azimuthal alignment of the two plates using a specially designed alignment
device. [Unpublished data from J. Lee, Pennsylvania State Univ. (2000).]

determined independently of the other parameters by assuming reference
data for the birefringence of MgF2, and fitting d to extract d. In a second
iteration, d is fixed at this best fit value and d is fit using (ck; k � 1, …, 5)
as free parameters. In Fig. 7.16, the best fit values obtained according to 
this fitting procedure include d � 7161 nm, c1 � 0.010605 deg�(nm eV), 
c2 � 1.4944 � 10�3 deg�(nm eV2), and c3 � �6.2421 � 10�4 deg�(nm eV3),
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c4 � 1.2879 � 10�4 deg�(nm eV4), and c5 � �9.5258 � 10�6 deg�(nm eV5),
with a resulting quarterwave value of lQ � 351.8 nm (EQ � 3.524 eV). The
lower panel in Fig. 7.16 shows the difference between the data and the
best fit spectra in d. The systematic deviations of ±0.1° observed here are
found to be reproducible when measuring and fitting d using both
approaches described so far. This observation suggests that the deviations
are true characteristics of the retardance. Thus, oscillatory terms in d of
unknown origin appear to be necessary in order to reduce the fitting errors
below ±0.1°.

In the third approach for the calibration of d, the PSCr(wC)A ellip-
someter in the actual reflection configuration is used, and the calibration
angle PS is required.[57] Thus, it is most convenient to perform this partic-
ular procedure after the offset and phase angle calibration that provides
(PS, CS, AS). Once PS is determined (see, e.g., the procedure in the follow-
ing subsection that employs �B
2�, the amplitude of the 2wC Fourier coeffi-
cients), then the polarizer is set at P
 � 0 or π�2. This generates linear
polarization upon reflection from an isotropic sample. In this experimen-
tal situation, one can write:

�B
4�
�1 � g0 � g2 cos2A � h2 sin2A, (7.36b)

where

g0 � [sin2(d�2)]�1, (7.36c)

g2 � ± cos2AS cot2(d�2), (7.36d)

h2 � ± sin2AS cot2 (d�2). (7.36e)

In these expressions, the coefficients of the Fourier series expansion in
terms of the analyzer angular setting A are given for the values of 0 (upper
sign) and π�2 (lower sign) for the true polarizer angle. Thus, the spectra
in the coefficients (g0, g2, h2) can be determined by stepping the analyzer
over the range from 0 to π and Fourier analyzing the resulting spectra in
�B
4�

�1. The compensator retardance spectrum can be deduced from these
coefficients according to:

d � 2 arctan{(g 2
2 � h2

2)
�1�4}. (7.36f)

The only disadvantage of this approach is that it requires stepping
motors on both the polarizer and analyzer, whereas the general calibra-
tion approaches described below do not require a stepping motor on the
analyzer.
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Owing to the widespread use of MgF2 biplate compensators in rotat-
ing-compensator ellipsometry, this part concludes with a brief discussion
of a pre-calibration step required specifically for biplate compensators.
This step is best illustrated with a recent example, as shown in the inset of
Fig. 7.16, namely, internal alignment of the individual plates of the MgF2

compensator in order to ensure that their fast and slow axes are perpendi-
cular. This alignment is performed using a separate single-channel, rotat-
ing-analyzer ellipsometer in the straight-through PCAr(wA) configuration,
as in the first approach for the measurement of d as described above. The
parameter plotted in the inset is yC � arctan �tF���tS�, where tF and tS are
the complex transmission coefficients of the compensator along the fast
(F) and slow (S) axes. The two spectra in the inset were obtained before
and after azimuthal alignment of the two plates using a specially designed
alignment device. This device fixes the housing of one plate, while allow-
ing the housing of the second plate to be rotated using a precision rotator.
The spectra in both y � yC and �∆� � d obtained in the PCAr(wA) config-
uration before alignment show high frequency oscillations. These oscilla-
tions are clearest in yC as evidenced in Fig. 7.16 owing to the absence of
a measurable spectral variation in this parameter. The rotational adjust-
ment dampens these oscillations significantly, and the spectrum in yC

obtained after alignment shows deviations of no more than ±0.03° from
its average value of 44.98°. This result indicates that the compensator of
Fig. 7.16 is essentially ideal, exhibiting no significant dichroic behavior.

Offset and Phase Angle Calibration

Strongly absorbing surfaces (30° � �D� � 150°)
In order to determine PS for the rotating-compensator multichannel

ellipsometer, the following second-order expansions can be derived for P

in the vicinity of 0 and π�2 (assuming p � 1):

G
2(P) 
 I
2
0 �B
2�

2 (7.37a)

a2
0 R2 (P
) �B2�

2 (7.37b)

 (2�rp��rs�sind sin∆)2(P � PS)
2; P ≈ PS, (7.37c)

(2�rp��rs�sind sin∆)2{P � [PS � (p�2)]}2; P ≈ PS � (p�2).
(7.37d)

Here, B
2 � a
2 � ib
2, and rp and rs are the complex amplitude reflection
coefficients of the reflecting surface. Thus, in order to determine PS,
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experimental values for G
2(P) are plotted versus the polarizer setting Pat
closely spaced values encompassing either PS [Eq. (7.37c)] or PS � (π�2)
[Eq. (7.37d)]. The resulting data are fit to a parabola, and the value of Pat
which the minimum in the parabola occurs is PS or PS � (π�2). The sensi-
tivity of these procedures is greatest for d � 90°, and also for � � 90°.
All procedures based on Eqs. (7.37c) and (7.37d) fail when � � 0° or
±180°, as in the case of transparent substrates, and an alternative proce-
dure will be described later for such situations.

With PS known, the next calibration step is to determine both AS and
CS, where �CS is the angle of the compensator fast axis at the onset of data
acquisition (i.e., at the onset of the S1 integration for the given pixel). In
this calibration step, the following relationships can be used:

Θ
2 � [arctan(b
2�a
2)]�2 � CS � (A � AS) ± (p�4), (7.38)

Θ
4(P) � [arctan(b
4�a
4)]�2

≈ 2CS � (A � AS) � coty cos∆ (P � PS); P ≈ PS, (7.39a)

≈ 2CS � (A � AS) � tany cos∆ {P � [PS � (p�2)]};
P ≈ PS � (p�2), (7.39b)

where the expansions in Eqs. (7.39a) and (7.39b) are valid to second order
in P in the vicinity of P
 � P � PS � 0 and P
 � π�2, respectively. The
±(π�4) term at the right in Eq. (7.38) is equivalent to an uncertainty in dis-
tinguishing the fast and slow axes of the compensator. In Eqs. (7.38) and
(7.39), if the computed range of the inverse tangent is assumed to
be �p�2 � 2Θ
n � p�2, then additional quadrant corrections may be
required depending on the required sign choice in Eq. (7.38) and on the
quadrants of 2(CS � A
) and 2(2CS � A
 � Q).

In order to perform the calibration, Θ
2 and Θ
4 are obtained versus P
in the vicinity of PS [or PS � (π�2)]. The resulting data for Θ
2 (which are
independent of P) are averaged to improve the precision, and the result-
ing data for Θ
4 are fit by a linear function of P which is evaluated at PS

[or PS � (π�2)] to yield 2CS � (A � AS). Thus, CS and A � AS both can be
deduced from Eqs. (7.38) and (7.39a), neglecting the possible quadrant
corrections:

CS � Θ
4(PS) � Θ
2 ± (p�4), (7.40a)

A � AS � 2Θ
2 � [Θ
4(PS) ± (p�2)]. (7.40b)

Either the two top (�) or two bottom (�) sign choices are made to preserve
the sign uncertainty in Eq. (7.38). The correct sign choices in Eqs. (7.38)
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and (7.40) along with the appropriate quadrant corrections are difficult
to resolve theoretically. As a result, it is important to pre-align the fast
axis of the compensator with respect to the motor shaft to ensure that
C
 � wCt � CS is near zero at the onset of data collection (t � 0) for a
selected reference pixel (or pixel group). In this way, approximate val-
ues of CS and A � AS are known in advance of the calibration. An addi-
tional check is to ensure that for a bulk, optically absorbing substrate
material the correct sign of ∆ is obtained [∆ � 0° within the optics (eiwt)
convention (used here and in Ref. 8) and ∆ � 0° within the physics
(e�iwt) convention (used, for example, in Refs. 4, 31, and 50)].
Equations (7.40) are also valid if Θ
2 and Θ
4 are measured and analyzed
in the vicinity of PS � (π�2). A calibration based on Eq. (7.39a) works
best for surfaces with ∆ � 90° and y � 90°. For surfaces in which 
y � 45°, Eq. (7.39b) gives improved results. It should be noted that
problems develop in Eqs. (7.39) for ∆ near 0° and ±180° only because
of the inability to deduce an accurate value of PS [or PS � (π�2)]. If an
accurate value of PS is available, then Eqs. (7.39) will still provide sat-
isfactory results for Θ
4. Since both 2wC Fourier coefficients vanish
when ∆ � 0° or ±180° (for which sin2c � 0), an alternative method to
Eqs. (7.38) and (7.40) must be used under these conditions to decouple
CS and A � AS based on the 4wC coefficients alone. Such a method will
be described below in conjunction with that used to determine PS when
∆ is near 0° or ±180°.

Figure 7.17(a) shows the results of the calibration of a rotating-
compensator multichannel ellipsometer in which PS is extracted based on
Eq. (7.37c), using data from a Cr sample over the photon energy range
from 1.8 to 3.1 eV. No chromatic errors in PS are detected over this range,
and the standard deviation is ∼0.005°. Figures 7.17(b), (c), and (d) show
the associated calibrations for A � AS and CS based on Eqs. (7.40), for the
same Cr sample in the same calibration procedure. In this case, the correct
value of AS can be identified to within ∼±0.01°, in spite of fluctuations on
the order of ±0.05°. In addition, CS is found to be a linear function of pixel
group number, and the relevant calibration information for the data of
Fig. 7.17(c) is the equation that describes this relationship, namely, CS �
�15.31° � 0.2054° (k�1). For this calibration and for the subsequent real
time measurement, the 1024 pixel linear photodiode array detector was
grouped uniformly by 8, and k represents the pixel group number which
varies from 1 to 128 along the length of the array. The slope of the cali-
bration equation for CS represents the angle through which the compen-
sator rotates in the time required to read out one pixel group. The observed
slope is the consequence of a pixel group readout time of 35 µs and a com-
pensator motor frequency of 16.30 Hz. Finally, Fig. 7.17(d) shows the
deviations in CS from the best fit linear relationship as a function of the
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Figure 7.17 Calibration results for a rotating-compensator multichannel ellipsometer
obtained in the PSCr(wC)A configuration in reflection from an opaque Cr thin film:
(a) the polarizer angular offset PS plotted versus photon energy from Eq. (7.37c);
(b) the analyzer angular offset AS plotted versus photon energy from Eq. (7.40b);
(c) the rotating compensator phase angle CS plotted versus pixel group number k
from Eq. (7.40a); and (d) the deviation of CS from the best fitting linear relationship
versus pixel group number. In (d), the value given is the standard deviation of CS

from the linear relationship. [Adapted from Ref. 17.]
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pixel group number. These deviations may result from motor instabil-
ity over the time scale of the detector readout (4.5 ms) and also from
chromatic errors in the optical system.

Weakly absorbing surfaces (�D� � 30°; �D� � 150°)
The calibration procedures of the previous paragraphs are dependent

on having a relatively strongly absorbing surface for which 30° � ∆ � 150°.
Next, alternative procedures are outlined briefly that are applicable 
for weakly absorbing surfaces. In particular, such alternative procedures
are a necessity for calibrations using glass, fused silica, or other dielectric
surfaces.

By defining the following zone-difference phase function to second
order in P
:

Φ
4(P) � Θ
4(A � p�2, P) � Θ
4[A � 0, P � (p�2)]
≈ [2 cot2ycos∆ (P � PS)]; P ≈ PS, (7.41a)

it is evident that the zero-crossing of this function occurs at P � PS. A
quadrant correction of ±π�2 may need to be incorporated, however, in
order to apply Eq. (7.41a). Thus, an alternative calibration involves: (i)
measuring pairs of spectra in Θ
4 � (1�2) arctan(b
4�a
4) at several closely-
spaced values of P near PS with A � π�2 and near PS � (π�2) with A �
0; (ii) subtracting the two pairs of spectra according to Eq. (7.41a); (iii)
fitting the results at each pixel (or pixel group) to a linear function of P;
and (iv) identifying the zero-crossing of the best fit linear function as PS.
This method has the highest sensitivity for ∆ near 0° and ±180° and for y
near 0° and 90°. It fails when ∆ � 90° or when y � 45°. From the result-
ing value of PS, AS can be deduced from:

cos2(A � AS) � ,

(7.41b)

where �B
4� � �a
2
4 ��b
2

4�. In this second procedure, �B
4� is determined at
several closely spaced values of P near P � PS and P � PS � (π�2) with
A near A � AS � (π�4) for optimum sensitivity in evaluating the inverse
cosine. These data are fit to polynomial functions of P to improve the
precision of the calibration. The polynomial functions are evaluated at 
P � PS and P � PS � (π�2) for substitution into Eq. (7.41b) to determine
A
 � A � AS. The spectrum in CS can then be extracted from Eqs. (7.39a)
or (7.39b).

�B
4(PS)� � �B
4(PS � p�2)�
						
2�B
4(PS)��B
4(PS � p�2)� � �B
4(PS � p�2)� � �B
4(PS)�
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Alternative Approach for Analyzer Offset Angle

The calibration procedures of the previous discussion are per-
formed by sweeping the polarizer setting P using a stepping motor on
the polarizer rotator. Although a stepping motor on the analyzer rota-
tor is also desirable [e.g., for the compensator retardance calibration
in the PSCr(wC)A reflection measurement geometry], it is not an
absolute necessity for the success of the offset and phase angle cali-
bration procedures. Experience has shown, however, that the analyzer
offset angle AS exhibits the largest experimental errors because the
analyzer remains essentially fixed in all these calibrations.[17,56] In
fact, a more accurate approach for AS requires a stepping motor on the
analyzer rotator and is based on the dc Fourier coefficient, given by
Eqs. (7.15b) and (7.16). This procedure first requires knowledge of
PS, which is obtained using one of the two procedures described above
depending on the value of ∆. Once PS is known, then P is set equal to
PS or PS � (π�2) so that P
 � 0 or π�2. When P
 � 0 or π�2 and when
A is in the neighborhood of AS, then one arrives at the following two
expressions

I
0(A)  �rp�
2{[1 � cos2(d�2)] � [2cos2(d�2) (A � AS)

2]};P
 � 0; A ≈ AS,
(7.41c)

 �rs�
2{[sin2(d�2)] � [2 cos2(d�2)(A � AS)

2]}; P
 � p�2; A ≈ AS.
(7.41d)

Thus, calibration is performed by ensuring that P
 is 0 or π�2, and meas-
uring the I
0 spectra at several closely spaced values of A near AS. I
0 is fit
to a parabolic function of A for each pixel, and AS is the value of A at
which the extremum in the fitted function occurs. Because the irradiance
is used in this calibration, its sensitivity does not depend on the value of
∆. Equation (7.41c) provides higher sensitivity when �rp� � �rs�, i.e.,
when y � 45°; Eq. (7.41d) is used when y � 45°. Alternative expres-
sions to those of Eqs. (7.41c) and (7.41d), but for A ≈ AS � (π�2), are
given as:

I
0(A)  �rp�
2{[sin2(d�2)] � 2cos2(d�2){A � [AS � (p�2)]}2};

P
 � 0; A ≈ AS � (p�2),
(7.41e)

 �rs�
2{[1 � cos2(d�2)] � 2cos2(d�2){A � [AS � (p�2)]}2};

P
 � p�2; A ≈ AS � (p�2).
(7.41f)
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Self-Calibration

The term “self-calibration” implies that the calibration data are
extracted from the actual real time sample measurements in conjunction
with the beam or sample parameters. This is in contrast to conventional
calibration, which is performed as one or more separate steps prior to the
real time sample measurements. Any multichannel instrument configura-
tion provides the possibility of self-calibration when the number of non-
zero Fourier coefficients exceeds the number of final sample parameters
extracted in the data reduction. For the single rotating-compensator ellip-
someter, for example, a total of five dc and ac Fourier coefficients are
deduced, from which four beam parameters are extracted in accordance
with Eqs. (7.27) through (7.30). Thus, one calibration parameter can be
determined from the Fourier coefficients. The clear choice for self-
calibration is CS, which can be determined according to

CS � (1�2){arctan(b
2�a
2) � [2(A � AS) ± (p�2)]}. (7.41g)

This equation is useful as long as ∆ is not near 0° or ±180° [so that
�B
2� � �a
2

2 � b�
2
2� is not near zero]. Equation (7.41g) is derived from

Eq. (7.38), and the sign and quadrant uncertainties arise similarly. In fact,
the ± in Eq. (7.41g) represents a fast-slow axis uncertainty for the com-
pensator, which is most readily resolved either by the fast axis pre-alignment
procedure noted earlier or by the measurement of a strongly absorbing
substrate material such that 0 � ∆ � 180°. With the self-calibration of
Eq. (7.41g) for appropriate thin film deposition or materials processing,
the long term stability in the compensator rotation frequency can be
tracked through the changes in the slope of the relationship between CS

and the pixel group number k.

Spectral Response Calibration

As described in Section 7.3.1.4 on the calibration of the rotating-polarizer
multichannel ellipsometer, the critical step in the measurement of the beam
parameter Ir�Ii or the sample parameter R(P
) is the determination of the
ellipsometer spectral response function I00. As in the case of the rotating-
polarizer multichannel ellipsometer, a non-depolarizing substrate or starting
surface prior to film deposition or materials processing can be used as a cal-
ibration standard. Alternatively, a non-depolarizing test sample such as a
crystalline Si wafer can be placed so as to partially eclipse the sample of inter-
est, and the sample holder can be translated so that the incident beam can
probe first the calibration sample and then the substrate of interest used for
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the real time measurements. In either case, the relevant equation in the deter-
mination of I00 for the rotating-compensator multichannel ellipsometer is:

I00 �

(7.42)

Here again, the subscript ‘cal’ is used to denote data characteristic of the
calibration sample, either the substrate or starting surface, if it is suffi-
ciently well known, or otherwise an adjacent Si wafer.

7.3.3 Dual Rotating Compensator

The single rotating-compensator multichannel ellipsometer of Section
7.3.2 provides the reflected beam Stokes vector for a given incident linear
polarization state, defined by the angle P
 of the transmission axis of the
fixed polarizer. This instrument is well-suited for the study of either strongly
or weakly absorbing isotropic samples with certain simple types of hetero-
geneities. With this instrument, sample anisotropy or more complicated het-
erogeneities can be probed by performing measurements at different angles
P
 of the polarizer. Such a measurement strategy, however, is not suitable
for real time studies of materials preparation. For real time studies of
anisotropic samples or samples with complicated heterogeneities, the ulti-
mate solution is to measure spectra in the complete Mueller matrix of the
sample at high speeds (�1 s acquisition time). This can be done by modu-
lating the Stokes vector of the beam incident on the sample using a fixed
polarizer followed by a rotating compensator, and detecting the reflected
beam Stokes vector using a rotating compensator followed by a fixed ana-
lyzer. Only specific frequency ratios of the two rotating compensators pro-
vide the full Mueller matrix, e.g., frequency ratios 5:n where n � 1, …, 4.
Figure 7.8(c) shows such an instrument in the PC1r(w1C)SC2r(w2C)A config-
uration in which w1C � 5wB and w2C � 3wB, where wB is the base mechan-
ical frequency and 2wB is the fundamental optical frequency. The rotation
frequencies for the first and second compensators are selected for practical
reasons. Specifically, w1C and w2C are maintained above the minimum rota-
tion frequency possible for stable dc motor operation and below the maxi-
mum frequency possible for successful photodiode array scanning.

7.3.3.1 Theoretical Description

For the dual rotating-compensator multichannel ellipsometer with
w1C � 5wB and w2C � 3wB, the time-dependent waveform predicted at each

I
0,cal							
{�rp,cal�

2cos2P
 ��rs,cal�
2sin2P
}{1�cos2(d�2)cos2ccal cos 2(A
 �Qcal)}
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pixel of the photodiode array detector can be expressed in terms of the
Mueller matrix of the sample.[59] The waveform is given by

I(t) � i0�a0 � Σ
16

n�1

[a2n cos(2nwBt � f2n) � b2n sin(2nwBt � f2n)]	 (7.43a)

� I0�1 � Σ
16

n�1

[a2n cos(2nwBt � f2n) � b2n sin(2nwBt � f2n)]	, (7.43b)

where

I0 � I00 a0 M11 � I00a0 Ru � (I00 a0�2)(�rp�
2 � �rs�

2). (7.44)

In Eq. (7.43a), {a0, (a2n, b2n); n � 1, …, 16} are the dc and unnormalized ac
Fourier coefficients . In addition, {f2n; n � 1, …, 16} are the phases of the
individual Fourier components given in terms of the phases CS1 and CS2 of
the two rotating compensators in the second column of Table 7-1. These lat-
ter phases are defined by C
1 � 5(wBt � CS1) and C
2 � 3(wBt � CS2), where C
1
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Freq. term
(dc, cos2nC, Phase Fourier coefficient of (2nC � φ2n)
or sin2nC) (φ2n) (α2n or β2n)

dc — 1 � m12c1 cos2P
 � m13c1 sin2P
 � m21c2 cos2A

� m31c2 sin2A
 � m22c1c2 cos2P
 cos2A

� m23c1c2 sin2P
 cos2A
 � m32c1c2 cos2P
 sin2A

� m33c1c2 sin2P
 sin2A


cos2C 12CS2 � 10CS1 �0.5 m24 sinδ1 s2 sin2(P
 � A
)
� 0.5 m34 sinδ1 s2 cos2(P
 � A
)

sin2C 12CS2 � 10CS1 �0.5 m24 sinδ1 s2 cos2(P
 � A
)
� 0.5 m34 sinδ1 s2 sin2(P
 � A
)

cos4C 10CS1 � 6CS2 �0.5 m44 sinδ1 sinδ2 cos2(P
 � A
)

sin4C 10CS1 � 6CS2 �0.5 m44 sinδ1 sinδ2 sin2(P
 � A
)

cos6C 6CS2 m41sinδ2 sin2A
 � m42c1 sinδ2 cos2P
 sin2A
 
� m43c1 sinδ2 sin2P
 sin2A


Table 7-1. A listing of the non-zero, normalized Fourier coefficients and
calibration phase angles of Eq. (7.43a) for the dual rotating-compensator
multichannel ellipsometer, where cj � cos2(δj�2) and sj � sin2(δj�2) 
( j � 1,2).

(cont.)
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Freq. term
(dc, cos2nC, Phase Fourier coefficient of (2nC � φ2n)
or sin2nC) (φ2n) (α2n or β2n)

sin6C 6CS2 �m41 sinδ2 cos2A
 � m42c1 sinδ2 cos2P
 cos2A

� m43c1 sinδ2 sin2P
 cos2A


cos8C 20CS1�12CS2 0.5m22s1s2 cos2(P
 � A
) � 0.5m23s1s2 sin2(P
 � A
) 
� 0.5m32s1s2 sin2(P
 � A
) 
� 0.5m33s1s2 cos2(P
 � A
)

sin8C 20CS1�12CS2 0.5m22s1s2 sin2(P
 � A
) � 0.5m23s1s2 cos2(P
 � A
) 
� 0.5m32s1s2 cos2(P
 � A
) 
� 0.5m33s1s2 sin2(P
 � A
)

cos10C 10CS1 �m14 sinδ1 sin2P
 � m24 sinδ1 c2 sin2P
 cos2A

� m34 sinδ1 c2 sin2P
 sin2A


sin10C 10CS1 m14 sinδ1 cos2P
 � m24 sinδ1 c2 cos2P
 cos2A

� m34 sinδ1 c2 cos2P
 sin2A


cos12C 12CS2 m21s2 cos2A
 � m31s2 sin2A
 � m22c1s2 cos2P
 cos2A

� m23c1s2 sin2P
 cos2A
 � m32c1s2 cos2P
 sin2A

� m33c1s2 sin2P
 sin2A


sin12C 12CS2 m21s2 sin2A
 � m31s2 cos2A
 � m22c1s2 cos2P
 sin2A

� m23c1s2 sin2P
 sin2A
 � m32c1s2 cos2P
 cos2A

� m33c1s2 sin2P
 cos2A


cos14C 20CS1�6CS2 �0.5 m42 s1 sinδ2 sin2(P
 � A
) 
� 0.5 m43 s1 sinδ2 cos2(P
 � A
)

sin14C 20CS1�6CS2 0.5 m42 s1 sinδ2 cos2(P
 � A
) 
� 0.5 m43 s1 sinδ2 sin2(P
 � A
)

cos16C 10CS1+6CS2 0.5 m44 sinδ1 sinδ2 cos2(P
 � A
)

sin16C 10CS1+6CS2 0.5 m44 sinδ1 sinδ2 sin2(P
 � A
)

cos20C 20CS1 m12s1 cos2P
 � m13s1 sin2P
 � m22s1c2 cos2P
 cos2A

� m23s1c2 sin2P
 cos2A
 � m32s1c2 cos2P
 sin2A

� m33s1c2 sin2P
 sin2A


sin20C 20CS1 m12s1 sin2P
 � m13s1 cos2P
 � m22s1c2 sin2P
 cos2A

� m23s1c2 cos2P
 cos2A
 � m32s1c2 sin2P
 sin2A

� m33s1c2 cos2P
 sin2A


cos22C 10CS1+12CS2 �0.5 m24 sinδ1 s2 sin2(P
 � A
) 
� 0.5 m34 sinδ1 s2 cos2(P
 � A
)

Table 7-1. (cont.)
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Freq. term
(dc, cos2nC, Phase Fourier coefficient of (2nC � φ2n)
or sin2nC) (φ2n) (α2n or β2n)

sin22C 10CS1+12CS2 0.5 m24 sinδ1 s2 cos2(P
 � A
) 
� 0.5 m34 sinδ1 s2 sin2(P
 � A
)

cos26C 20CS1+6CS2 0.5 m42 s1 sinδ2 sin2(P
 � A
) 
� 0.5 m43 s1 sinδ2 cos2(P
 � A
)

sin26C 20CS1+6CS2 �0.5 m42 s1 sinδ2 cos2(P
 � A
) 
� 0.5 m43 s1 sinδ2 sin2(P
 � A
)

cos32C 20CS1+12CS2 0.5m22s1s2 cos2(P
 � A
) � 0.5m23s1s2 sin2(P
 � A
)
� 0.5m32s1s2 sin2(P
 � A
) 
� 0.5m33s1s2 cos2(P
 � A
)

sin32C 20CS1+12CS2 0.5m22s1s2 sin2(P
 � A
) � 0.5m23s1s2 cos2(P
 � A
)
� 0.5m32s1s2 cos2(P
 � A
) 
� 0.5m33s1s2 sin2(P
 � A
)

and C
2 are the true angles of the fast axes of the first and second compen-
sators, measured from the plane of incidence in a counterclockwise-positive
sense when looking opposite to the direction of the light beam. Thus, �5CS1

and �3CS2 are the angles of the fast axes at time zero, defined (as in the
other instruments) as the onset of data acquisition for the given pixel (or
pixel group). In Eq. (7.43b), {I0, (a2n, b2n); n � 1, …, 16} are the dc and nor-
malized ac coefficients, given by I0 � a0i0, a2n � a2n�a0, and b2n � b2n�a0,
and presented in the third column of Table 7-1. Among the 33 possible
Fourier coefficients in Eqs. (7.43), eight ac coefficients vanish even for the
most general form of the Mueller matrix. The vanishing coefficients are
those corresponding to n � 9, 12, 14, and 15 in the sums of Eqs. (7.43).

In Eq. (7.44), the average irradiance in the theoretical waveform is
expressed as the product of three factors: (i) the ellipsometer spectral
response function I00, (ii) the dc Fourier coefficient a0, and (iii) the (1,1)
Mueller matrix element of the sample M11. In fact in the absence of errors,
I00 is independent of the sample and the optical element settings, whereas
M11 depends only on the sample. As can be noted in Table 7-1, a0 is a com-
plicated function that depends on the sample (i.e., the normalized Mueller
matrix elements mij � Mij�M11), the true polarizer and analyzer angles P

and A
, and the compensator retardance spectra d1 and d2. The second equal-
ity in Eq. (7.44) results from the fact that for a non-depolarizing specular sam-
ple the (1,1) Mueller matrix element is simply equal to the reflectance for

Table 7-1. (cont.)
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unpolarized light [see, e.g., Eq. (7.19a)]. The third equality in Eq. (7.44)
is only valid for non-depolarizing and isotropic samples.

7.3.3.2 Data Collection

For an error-free system in the dual-rotating compensator configuration
with w1C � 5wB and w2C � 3wB, the irradiance at any given pixel (or pixel
group) obeys the following experimental expression:[59]

I
(t) � I
0�1 � Σ
16

n�1

[a
2n cos2nwBt � b
2n sin2nwBt]	, (7.45)

where {I
0, (a
2n, b
2n); n � 1, 2, …, 16} are the dc and normalized ac Fourier
coefficients to be determined experimentally. Equation (7.45) differs from
the theoretical expression Eq. (7.43b) in that the waveform does not include
the phase correction angles f2n defined in Table 7-1. These terms are omitted
from the experimental waveform because they cannot be determined until a
calibration is performed that yields CS1 and CS2. As in Eq. (7.43b), {(a
2n, b
2n);
n � 9, 12, 14, 15} all vanish, even for the most general sample.

Data collection for the dual-rotating compensator is performed in a man-
ner similar to the simpler multichannel instruments. If the detector is read N
times per fundamental optical cycle (π�wB), leading to N equal exposure
times te � π�NwB, then N spectra are generated having the following form:[59]

Sj � I
0�
jp�NwB

(j�1)p�NwB
�1 � Σ

16

n�1

[a
2n cos2nwBt � b
2n sin2nwBt]	 dt;

(j � 1, …, N), (7.46a)

� � Σ
16

n�1

ssin� �t
�sa
2n cos� � � b
2n sin� �t. (7.46b)

For each pixel (or pixel group) of the photodiode array, Eq. (7.46b) represents
a system of N equations in 25 unknowns {I
0, (a
2n, b
2n); n � 1, 2, …, 8, 10,
11, 13, 16}. In the first implementation of such an instrument, N � 36 wave-
form integrations were obtained over the fundamental optical cycle.[18] For this
choice, one can generate a set of 36 equations in 36 unknowns by extending
the series in Eq. (7.46b) to include all even Fourier coefficients up to b
36 (but
not including a
36). The corresponding 36 � 36 matrix of coefficients can be

(2j � 1)np
		

N

(2j � 1)np
		

N

np
	
N

I
0
	
nwB

pI
0
	
NwB
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inverted to deduce {I
0, a
2m(m � 1, …, 17), b
2n(n � 1, …, 18)}. Of these
36 quantities, 11 Fourier coefficients should vanish (corresponding to m, n �
9, 12, 14, 15, 17; n � 18). Thus, for N � 36, there are 11 consistency checks
in the inversion of the waveform integrals to deduce the Fourier coefficients.

7.3.3.3 Data Reduction

Once the dc and normalized ac Fourier coefficients {I
0, (a
2n, b
2n);
n � 1, …, 8, 10, 11, 13, 16} are determined from inversion of Eq. (7.46b),
the next step is a phase correction of the coefficients. Phase correction is
performed as usual using

I0 � I
0 (7.47a)

(a2n b2n)
T � �(f2n)(a
2n b
2n)

T; (n �1, 2, …, 8, 10,11,13,16). (7.47b)

Table 7-1 provides expressions for the phase angles f2n of Eq. (7.47b).
Alternative more general expressions associated with the 5:3 frequency
ratio include: f2n � {sgn(3L � 5K)} {(3LCS2 � 5KCS1)}, (K � 0, 2, 4;
L � 0, 2, 4), where 2n � �3L � 5K�, valid for n � 1, …, 7, 10; and 
f2n � (3LCS2 � 5KCS1) (K � 2, 4; L � 2, 4), where 2n � 3L � 5K, valid
for n � 8, 11, 13, 16. As noted previously, CS1 and CS2 are the absolute
phase angles for the two rotating compensators, defined in analogy with
CS for the PSCr(wC)A multichannel ellipsometer such that �5CS1 and
�3CS2 are the angular positions of the fast axes of the first and second
compensators at time zero of data acquisition for a given pixel.

From the phase-corrected Fourier coefficients, the (1,1) element of
the unnormalized Mueller matrix M11 of the sample, as well as the nor-
malized Mueller matrix elements {mij � Mij�M11; i � 1,…,4; j � 1,…,4}
can be determined according to the following equations:[59,60]

M11 � I0�(I00a0) � Ru � (1�2)(�rp�
2 � �rs�

2), (7.48)

a0 � t1t2{t1t2 � a8 cos4(P
 � A
) � b8 sin 4(P
 � A
) � t1a12 cos4A


� t1b12 sin4A
 � t2a20 cos4P
 � t2b20 sin4P
 � a32 cos4(P
 � A
)
� b32 sin4(P
 � A
)}�1, (7.49)

m12 � im13 � (a0�s1t2)exp(�2iP
){�B8 exp(4iA
) � t2B20 � B32exp(�4iA
)},
(7.50)

m14 � (a0�t2 sind1){2a2 sin2(P
 � 2A
) � 2b2 cos2(P
 � 2A
) � t2a10 sin2P


� t2b10 cos2P
}, (7.51)
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m21 � im31 � (a0�t1s2)exp(�2iA
){�B*
8 exp(4iP
) � t1B12 � B32exp(�4iP
)},

(7.52)

m22 � im23 � (a0�s1s2)exp(�2iP
){B8 exp(2iA
) � B32exp(�2iA
)}, (7.53)

m24 � im34 � (2ia0�s2 sind1) {B2 exp2i(P
 � A
)}, (7.54)

m32 � im33 � (ia0�s1s2)exp(�2iP
){B8 exp(2iA
) � B32 exp(�2iA
)}, (7.55)

m41 � (a0�t1sind2){2a14sin2(2P
 � A
) � 2b14 cos2(2P
 � A
)
� t1a6sin2A
 � t1b6 cos2A
}, (7.56)

m42 � im43 � (�2ia0�s1 sind2){B14 exp2i(A
 � P
)}, (7.57)

m44 � (2a0�sind1 sind2){�a4cos2(P
 � A
) � b4 sin2(P
 � A
)}. (7.58)

In the derivation of these expressions, the general Mueller matrix from
Ref. 8 was applied for the two compensators. In Eqs. (7.49) through (7.58),
B2n � a2n � ib2n, B*

2n � a2n � ib2n, sj � sin2(dj�2), and tj � tan2 (dj�2)
(j � 1,2). In addition, dj (j � 1,2) represent the slow-to-fast axis phase shifts
for the first and second rotating compensators. Again, the two equalities for
M11 at the far right in Eq. (7.48) are appropriate only for non-depolarizing,
isotropic samples. For the evaluation of Eqs. (7.47) through (7.58) in data
reduction, one requires I00, d1, d2, CS1, CS2, P
 � P � PS, and A
 � A � AS,
which are determined in calibration as described in Section 7.3.3.4.

As an example of the capabilities of the dual-rotating compensator
multichannel ellipsometer, Fig. 7.18 shows the 15 spectra in mij measured
in transmission at normal incidence for a helicoidally sculptured MgF2

thin film[61] nominally 4.7 µm thick and consisting of 12.3 right-handed
pitches on a glass substrate. This is a demanding application of the multi-
channel ellipsometer owing to the weak anisotropy exhibited by this film,
meaning that the normalized Mueller matrix is approximately given by
mij ≈ dij, i.e., the identity matrix. The data of Fig. 7.18 were obtained as an
average over ten 0.25 s optical periods, leading to a total acquisition time
of 2.5 s. In this application, the well-defined features appearing near
2.8 eV are associated with resonances in the circular birefringence and
dichroism analogous to the Cotton effect in structurally homogeneous chi-
ral media.[62] For the helicoidal sculptured thin film at normal incidence,
these resonances occur at a wavelength of l0 � 2Ω�n� ≈ 440 nm, where
2Ω ≈ 382 nm is the helicoid pitch and �n� ≈ 1.15 is the effective index
of refraction of the film for l � l0. From the normalized Mueller matrix
spectra of Fig. 7.18, the polarization modification effect of the sculptured
thin film on any incident polarization state at any given photon energy 
(2.0 � E � 3.75 eV) can be computed.
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Figure 7.18 Fifteen spectra in the normalized Mueller matrix mij measured in trans-
mission at normal incidence for a helicoidally-sculptured MgF2 thin film nominally
4.7 µm thick and consisting of 12.3 right-handed pitches on a glass substrate.
These data were obtained using a dual rotating-compensator multichannel ellip-
someter as an average over ten 0.25 s optical periods, with a total acquisition time
of 2.5 s. The features appearing near 2.8 eV are associated with resonances in the
circular birefringence and dichroism. [Reproduced from Ref. 18.]
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7.3.3.4 Calibration

For the dual rotating-compensator multichannel ellipsometer, the con-
ventional sequence of calibration involves (i) measurement of the retardance
spectra d1 and d2 in straight-through, (ii) determination of the optical element
offset and phase angles (PS, AS, CS1, CS2) with the sample in place after its
alignment, and (iii) measurement of the spectral response function I00

from initial measurements of the starting substrate.[63] The approach for
these procedures is analogous to that described in Section 7.3.2 for the
single rotating-compensator multichannel ellipsometer. To review, d1 and
d2 are determined once in the initial development of the ellipsometer (or
after any major system realignment) using the straight-through
PC1r(5wB)C2r(3wB)A configuration without a sample. For the most general
sample, the offset and phase angles must be determined in a separate step
every time a sample is mounted and aligned, i.e., just prior to the real time
measurements. For an isotropic and non-depolarizing sample, complete
self-calibration of the offset and phase angles is possible, i.e., calibration
from the actual sample measurements themselves. Ideally, the spectral
response function is determined from the initial real time measurements
of the starting sample prior to thin film deposition or materials processing.
In this case, however, the starting sample characteristics must be known
so that its spectroscopic reflectance can be predicted; otherwise a known
reference sample must be used.

An alternative calibration sequence is also possible that accounts for
the effects of sample alignment on the beam path through the second
compensator. As noted in Section 7.3.2.4, slight differences in beam
path through the compensator, resulting when measuring samples with
differing alignments, can lead to irreproducibilities in the retardance
spectrum appropriate for the analysis of data for such samples. This
problem can be minimized by measuring the retardance spectrum with
the sample in place after the offset and phase angle calibration, but
before the spectral response function calibration. In fact, with the dual
rotating-compensator multichannel ellipsometer, the retardance spectra
of the two compensators can be obtained in self-calibration under cer-
tain circumstances.

Retardance Calibration

Section 7.3.2.4 provides a description of the internal alignment pro-
cedure necessary to eliminate artifacts in the retardance spectra of the
MgF2 biplate compensator, the design of choice for wide spectral range in
the dual rotating-compensator ellipsometer. Here, it is assumed that such
a procedure has been performed for both compensators.
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For measurements in the straight-through PC1r(5wB)C2r(3wB)A con-
figuration, in the absence of errors, only those Fourier coefficients with
n � 2, 4, 6, 8, and 10 are non-zero. Under these conditions, the ampli-
tudes of the n � 4, 6, and 10 uncorrected Fourier coefficients provide d1

and d2 directly, according to:

d1 � 2 arctan ��, (7.59a)

d2 � 2 arctan ��, (7.59b)

where �B
2n� � �(a
2n)
2�� (b
2n�)2�. Equations (7.59a) and (7.59b) do not

require phase-corrected coefficients. In addition, the unnormalized Fourier
coefficients (a
2n, b
2n) can be used in place of (a
2n, b
2n) because the dc
Fourier coefficient I
0 � i
0a0 cancels from the numerator and denominator
in the argument of the inverse tangent function. As a result, the retardance
calibration can be performed without the need to determine the optical
element offsets PS and AS or the phase angles CS1 and CS2. The procedures
to obtain the four offset and phase angles are described shortly.

In a second approach for the determination of d1 and d2, the
PC1r(5wB)SC2r(3wB)A ellipsometer in the actual reflection configuration
is used, and the calibration angles PS and AS are required. In this second
approach, the sample must be non-depolarizing and isotropic so that its
Mueller matrix is given by Eqs. (7.19) with D � 1. Thus, it is most con-
venient to perform this particular procedure as described in the next
paragraph, after performing the offset and phase angle calibration that
provides (PS, AS, CS1, CS2).

Once AS is determined in the PC1r(5wB)SC2r (3wB)A configuration [see,
e.g., the self-calibration procedures of Eqs. (7.61) and (7.62), which can
also be applied in a separate step prior to film growth or materials pro-
cessing], the analyzer is set so that A
 � ±π�4. Then the second compen-
sator retardance can be determined from:

d2 � 2 arctan��. (7.59c)

In this expression, it is emphasized that �B
10� � �(a
10)
2 �� (b
10)

2� depends
on the analyzer reading A � A
 � AS which must be set at A � (±π�4) �
AS, in order for the equation to be valid. In contrast, �B
2� � �(a
2)

2 �� (b
2)
2�

depends only the sample and not on the polarizer or analyzer angular read-
ings. Thus, Eq. (7.59c) can be used irrespective of the polarizer setting.

2�B
2�
		
�B
10(A
 � ±p�4)�

�B
8�	
�B
20�

�B
8�	
�B
12�
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Once PS is determined in the same PC1r(5wB)SC2r(3wB)A configuration,
then the polarizer can be set so that P
 � ±π�4 and the first compensator
retardance can be determined from:

d1 � 2 arctan��. (7.59d)

This expression can applied analogously to Eq. (7.59c), but with the
polarizer (rather than the analyzer) set at P � (±π�4) � PS.

Equations (7.59c) and (7.59d) exhibit their optimum sensitivity for
a sample with y � 45° and ∆ � 90°, i.e., for a metallic surface; they
fail when y � 0° or 90° or when ∆ � 0° and ±180°. These sensitivi-
ties arise from the fact that the factors �B
2n� in the equations exhibit the
proportionality �B
2n�  (sin 2y sin∆)�a0. As a result, the sample
dependence cancels from the numerators and denominators in the
inverse tangent arguments of Eqs. (7.59c) and (7.59d). Similarly, 
the unnormalized ac Fourier coefficients can also be used since the dc
coefficient cancels as well. If real time measurements are performed
with A
 � P
 � ±π�4, and the starting sample is non-depolarizing and
isotropic, then Eqs. (7.59c) and (7.59d) can be applied in a self-
calibration mode using the data collected just prior to film growth or
sample processing.

Offset and Phase Angle Self-Calibration

The angular offsets and phase shifts can be determined in the actual
PC1r(5w)SC2r(3w)A configuration from data collected either in a separate
step after sample mounting and alignment or during the actual sample
measurement, i.e., in the self-calibration mode (most often using the start-
ing sample surface prior to film growth or sample processing). As usual,
the phase functions are exploited, defined by

Θ
2n � (1�2)[arctan(b
2n�a
2n)] � (1�2)[arctan(b2n�a2n) � f2n], (7.60)

where n � 1, 2, …, 8, 10, 11, 13, 16. In addition, the phases f2n in Eq.
(7.60) are given in Table 7-1 or below Eqs. (7.47). As in the single
rotating-compensator configuration, quadrant corrections to the phase
functions will be needed to obtain self-consistent calibration and meas-
urement results. These corrections will depend on the instrument values
(P
, A
, CS1, CS2). As usual, it is best to pre-align the fast axis of each
compensator relative to its motor shaft to ensure that C
1 and C
2 are
near zero at the onset of data collection (t � 0) for a reference pixel. In

2�B
14�		
�B
6(P
 � ±p�4)�
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this way, approximate values of (P
, A
, CS1, CS2) are known in advance
of the calibration.

The phase functions for the n � 1, 2, 3, 5, 7, 8, 11, and 13 harmonic
components are simple enough to provide calibration information inde-
pendent of the sample. For the most general sample in which case no con-
ditions are placed on the normalized Mueller matrix elements, the phase
functions can provide the following two linear combinations of the com-
pensator phase shifts and polarizer and analyzer offset angles:

P � PS � 5CS1 � Θ
10 ± (p�4) � (Θ
4 � Θ
6) ± (p�4) � (1�2)(Θ
4 � Θ
16) 
� (Θ
16 � Θ
6) ± (p�4) � (1�2)(Θ
22 � Θ
2) (7.61a)

A � AS � 3CS2 � Θ
6 ± (p�4) � (Θ
10 � Θ
4) ± (p�4) � (1�2)(Θ
16 � Θ
4)
� (Θ
16 � Θ
10) ± (p�4) � (1�2)(Θ
26 � Θ
14). (7.61b)

For the most general sample, no linear combination of the phase func-
tions has been found that can provide independent expressions for (PS, AS,
CS1, CS2). For such a sample, complete self-calibration is not yet possible,
and a separate measurement step as a function of the polarizer and ana-
lyzer angles prior to real time sample measurement is used to complete the
calibration, as described in detail elsewhere.[59] Here, the calibration using
a homogeneous (i.e., non-depolarizing), isotropic sample will be treated,
in which case {M13, M31, M14, M41, M23, M32, M24, M42} all vanish. With such
a sample, complete self-calibration is possible starting with the following
simple expressions for CS1 and CS2:

5CS1 � Θ
2 � Θ
8 � Θ
14 � Θ
4 � Θ
26 � Θ
16 � Θ
32 � Θ
22, (7.62a)

3CS2 � Θ
2 � Θ
4 � Θ
14 � Θ
8 � Θ
22 � Θ
16 � Θ
32 � Θ
26. (7.62b)

Although many other linear combinations are possible, Eqs. (7.62) when
applied with Eqs. (7.61) provide (PS, AS, CS1, CS2) with the minimum num-
ber of phase function terms (either three or four).

The self-calibration of Eqs. (7.62) is designed for real time meas-
urement in the reflection geometry using the starting isotropic
substrate surface prior to anisotropic thin film growth. The dual rotat-
ing-compensator ellipsometer also has many applications in the trans-
mission measurement geometry for the analysis of anisotropic optical
film growth. In this geometry, one can define the fixed polarizer
transmission axis as the reference axis, in which case P
 � P � PS 
 0.
Then for a starting isotropic substrate surface, self-calibration can 
be performed prior to anisotropic film growth using the following
expressions:[63]
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A � AS � �(2Θ
4 � Θ
8), (7.63a)

5CS1 � (1�2)(Θ
4 � Θ
16), (7.63b)

3CS2 � (1�2)(3Θ
4 � 2Θ
8 � Θ
16). (7.63c)

These equations are also designed to be valid in the transmission geometry
in the absence of a sample. In other words, they can be applied either in
straight-through prior to sample mounting and alignment, or in the self-cali-
bration mode on an isotropic substrate at the start of real time measurement.

As an example of a calibration applying Eqs. (7.63), Fig. 7.19 shows (a)
AS � A � A
 � �A
, (b) CS1, and (c) CS2 for the dual rotating-compensator
multichannel ellipsometer as measured in the transmission geometry with-
out a sample.[63] For these results, the 1024-pixel photodiode array was
operated without grouping. The value of AS in Fig. 7.19(a) exhibits a stan-
dard deviation of 0.06° about an average value of �0.14°. Any systematic
trends in AS with photon energy lie within ±0.03° of the average value. Such
behavior attests to the validity of the analyzer offset angle calibration, and
demonstrates that any chromatic alignment errors are small. In Figs. 7.19(b–c),
CS1 and CS2 exhibit linear relationships versus pixel number over the 
k � 450–850 pixel range (corresponding to the photon energy range
of 2.27–4.15 eV) with slopes of �0.003609° and �0.003605°. These linear
relationships arise because the absolute phases of the first and second com-
pensators evolve according to C
1 � 5(wBt � CS1) and C
2 � 3(wBt � CS2),
where wB corresponds to a base mechanical frequency of 2 Hz. In the exper-
imental waveform of Eq. (7.45), time zero for a given pixel is defined as the
time at which the S1 integration of Eq. (7.46a) commences. At this time, the
fast axes of the first and second compensators are at angles C
1 � �5CS1 and
C
2 � �3CS2. Between the readout of two successive pixels, this time origin
shifts by the single pixel readout time tx of 5 µs. As a result, CS1 and CS2

should be linear functions of pixel number with slopes of wBtx � �0.0036°.
The slopes of the linear fits in Figs. 7.19(b–c) are in close agreement with
the expected value. The maximum difference from the expected value is
∼0.3%, and the two independently determined slopes agree to within 0.1%.
Such agreement in the measured slopes in successive calibrations over long
periods attests to the high accuracy and stability of the 5:3 frequency ratio
for the two compensators of this instrument.[63]

Spectral Response Calibration

For the unnormalized Mueller matrix, in the absence of depolarizing
effects, M11 is no longer defined as unity, but rather is the specular
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Figure 7.19 Calibration results for a dual rotating-compensator multichannel
ellipsometer obtained in the straight-through PC1r(5wB)C2r(3wB)A configuration
without a sample: (a) the analyzer angular offset AS plotted versus photon energy
from Eq. (7.63a); (b) the first rotating-compensator phase angle CS1 plotted versus
pixel number k from Eq. (7.63b); and (c) the second rotating-compensator phase
angle CS2 plotted versus pixel number k from Eq. (7.63c). In (a), the spectral aver-
age of AS is �0.14° and the standard deviation from the average is 0.06°. In (b) and
(c), the spectral range of the experimental data is 2.27–4.15 eV, and the lines
represent the best fit linear relationships to CS1 and CS2 with the slopes and inter-
cepts listed. [Adapted from Ref. 63.]

reflectance of the sample for incident unpolarized light, i.e., the ratio of
the irradiance in the reflected light beam to that in the incident beam when
the latter is completely unpolarized. In the transmission sample measure-
ment geometry, M11 is the transmittance for unpolarized light. The critical
step in the measurement of M11 is the determination of the ellipsometer
spectral response function I00 as defined by Eq. (7.44). In the transmission
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geometry, I00 can be obtained easily by removing the sample and setting
the Mueller matrix ellipsometer in straight-through. In this case, M11 � 1
so I00 � I0�a0. In a real time measurement in the reflection geometry, if the
nature of the initial starting surface at time zero is known, then this sur-
face can be employed as a calibration standard for subsequent measure-
ments during processing. Using this approach, one can write:[59]

M11(t) � Ru(0), (7.64)

where I
0(0) and I
0(t) are the measured dc components of the waveform
obtained from the known starting surface at time zero and from the
unknown surface after a time t, respectively. The a0 spectra are the results
for the corresponding surfaces obtained after substituting the measured
Fourier coefficients (a
2n, b
2n) into the transformations of Eq. (7.47b), and
in turn substituting these transformed coefficients into Eq. (7.49). Finally,
Ru(0) � M11(0) and M11(t) are the assumed known and unknown (1,1) ele-
ments of the unnormalized Mueller matrices for the surface at time zero
and time t, respectively. Once M11(t) has been determined using the known
starting surface, then the other unnormalized matrix elements can be
deduced by multiplying each of the expressions in Eqs. (7.50) through
(7.58) by M11.

For more complex starting surfaces, one can use separate measure-
ments of a Si wafer as a reference calibration surface (denoted by ‘cal’),
as described in Sections 7.3.1 and 7.3.2. In this case, I00 is determined
according to I00 � I
0,cal�[a0,calRu,cal] for the calibration surface, and then M11

is obtained for any other surface according to M11 � I
0�I00a0. This
approach will be accurate as long as the overall instrument configuration
and alignment is retained between measuring the calibration surface and
the unknown surface under study.

As an example, Fig. 7.20 shows the spectrum in M11 plotted versus
photon energy for the MgF2 sculptured thin film of Section 7.3.3.3 and
Fig. 7.18. These results were obtained from a set of waveform integrals
collected ex situ in the transmission geometry in 2.5 s. In fact, this data set
is the same as that from which the normalized Mueller matrix of Fig. 7.18
was extracted.[63] To obtain the spectrum in M11 of Fig. 7.20, I00 was deter-
mined prior to sample measurement from spectra in I
0,cal and a0,cal, collected
in the transmission geometry in the absence of a sample. In this I00 cali-
bration, the equation I00 � I
0,cal�[a0,calTu,cal] was applied, where Tu,cal � 1 is
the transmittance for unpolarized light in the absence of a sample. Once
I00 is established, M11 for the sculptured thin film is determined from meas-
urements of I
0 and a0 in the same transmission geometry with the sample
in place by applying M11 � I
0�I00a0.

I
0(t)a0(0)
	
I
0(0)a0(t)
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The spectrum in M11 in Fig. 7.20 exhibits a significant decrease from
∼0.55 at 2 eV to ∼0.05 at 3.75 eV that cannot be attributed to absorption
or reflection losses, but rather to non-specular scattering of the incident
light beam at the surface of the sculptured thin film. These scattering
losses limit the spectral range to photon energies E � 3.75 eV. In spite
of the significant decrease in M11, a weak feature is detectable near 2.8 eV
which is a manifestation of the resonance in the circular birefringence
and dichroism at l � l0 � 440 nm. If it is assumed that macroscopic
roughness on the sculptured thin film surface generates the non-specular
scattering, then the effect can be simulated using the simple expression:
M11 � Tu ≈ T0,u exp{�[2p(1 � �n�)ss�l]2}. Here ss is the full-width of
the assumed Gaussian-distributed surface profile and T0,u is the unpolar-
ized transmittance in the absence of the macroscopic roughness. The
solid line in the inset is a single-parameter fit to the data (points) for this
simple surface scattering model.

Figure 7.20 Spectrum in the unnormalized Mueller matrix element M11 measured
in transmission through the helicoidally-sculptured MgF2 thin film of Fig. 7.18. This
spectrum was deduced from the same set of waveform integrals as was the
normalized Mueller matrix of Fig. 7.18. The inset shows the data plotted as ln(Tu)
versus l�2, where Tu is the transmsittance of the sample for unpolarized light. The
solid line is the best fit linear relationship obtained by applying a model in which
the transmission losses are due to non-specular light scattering. [Reproduced
from Ref. 63.]
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7.4 Concluding Remarks

Instruments with sufficiently high spectral scanning speed for real
time spectroscopic ellipsometry have been developed based on self-
compensating, rotating-element, and phase modulation principles. Each
type of instrument has its strengths and weaknesses with respect to instru-
ment speed, spectral point-density, spectral resolution, measurement pre-
cision, and accuracy, and each has different trade-offs that must be
addressed to achieve satisfactory performance in specific applications.
Rotating-element instruments have been most successful, both as a com-
mercial product and as a research tool. The two primary advantages of the
rotating-element design include (i) its fully parallel operation when used
with an integrating photodiode array detector and (ii) its versatility which
has led to the development of instruments for real time Stokes vector
and Mueller matrix spectroscopies. As a result, the primary focus of this
review has been the rotating-element multichannel ellipsometers in the
rotating-polarizer, single rotating-compensator, and dual rotating-
compensator configurations.

The rotating-polarizer multichannel ellipsometer is best suited for
studies of strongly-absorbing material structures, e.g., semiconductor or
metal thin films on semiconductor substrates, structures that are isotropic
and homogeneous over the full extent of the incident beam (and hence
non-depolarizing). The advantage of the rotating-polarizer instrument in
such applications is its simplicity, ease of calibration, and potentially wide
spectral range (1.5 to 6.5 eV in one instrument), as well as its high speed,
precision, and accuracy. This instrument provides only partial information
on the Stokes vector of the reflected beam, however, and is not accurate
when the ellipticity angle of the reflected beam polarization state is small.
Thus, for sample structures that incorporate thick weakly absorbing layers
or transparent substrates, structures that are inhomogeneous and depolariz-
ing, or structures that include anisotropic materials or films, the rotating-
polarizer configuration becomes less accurate and�or provides insufficient
information. In fact, if some of these complexities are unwittingly present,
e.g., inhomogeneity or anisotropy, then the rotating-polarizer ellipsometer
can provide erroneous results.

For more complex sample structures, the introduction of one or
more rotating MgF2 compensators can improve the accuracy and�or pro-
vide more information at the expense of more complicated calibration and
data reduction procedures. The single-rotating compensator multichannel
ellipsometer provides the complete Stokes vector of the beam reflected
from the sample surface. As a result, it is suitable for the analysis of sample
structures that incorporate weakly absorbing layers or transparent sub-
strates, and can also handle some relatively simple sample inhomogeneities.
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As a further step toward the analysis of even more complex samples, the
dual rotating-compensator multichannel ellipsometer provides the full
Mueller matrix of the sample. As a result, it is suitable for the analysis of
samples exhibiting both heterogeneity and anisotropy. In fact, owing to its
very recent development, the full range of applications of this instrument
has yet to be demonstrated. Thus, it is expected that the characterization
of anisotropic thin film growth will be one of the important future appli-
cations of multichannel ellipsometry. With the recent development of dual
rotating-compensator ellipsometry, it would appear that there is little
room for further instrumentation advances in the future. However, numer-
ous minor and major improvements on a number of levels are possible in
the future.

For the multichannel instruments in general, advances in the design of
sources and detection systems can lead to increases in spectral range and
improvements in speed, accuracy, and precision. The recent application of
a tandem Xe-D2 source in rotating polarizer multichannel ellipsometry
has led to a spectral range of 1.5 to 6.5 eV.[16] Other sources or source
combinations can be tailored for extended ranges in the near-infrared for
characterization of the free carrier characteristics of degenerate semicon-
ductors used as transparent conductors or in the vacuum ultraviolet for
characterization of dielectric materials used in microelectronics and in
photolithography. Current detection systems employ unintensified Si pho-
todiode arrays owing to their high performance at relatively high light
levels. Breakthroughs in detector technology, e.g., multichannel photo-
multipliers, may find application in the ellipsometers of the future.
Rotating-compensator multichannel ellipsometers suffer from a loss in
precision and accuracy at photon energies where d is far from the quar-
terwave value (d � 90°). Such instruments, in particular those in the dual
rotating-compensator configuration, would benefit greatly from achro-
matic rotating compensators such as the three reflection rhomb. Thus,
mounting and alignment techniques that avoid stress and ensure transmitted
beam stability under rotation of the rhomb are necessary in implementing
such an improvement.

Finally, the applications of multichannel ellipsometry that deserve
more attention in the future involve high resolution probing of surfaces.
Although the emphasis of the present article has been on instruments that
probe surfaces with a collimated beam (1-10 mm diameter spot size), a
rotating-polarizer multichannel ellipsometer with a focused beam (0.1 mm
spot size) has been applied in-line within a semiconductor process envi-
ronment.[64] The high speed of the multichannel ellipsometer (minimum of
16 ms per measurement) provides the capability of spectroscopic map-
ping of surfaces. Future directions involve reducing the spot size closer to
the diffraction limit for the longest wavelengths of the spectrum and
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adapting focusing optics to more advanced configurations such as the
dual rotating-compensator ellipsometer. This may require new directions
in the design of sources (e.g., increased brightness) and detection systems
(e.g., increased sensitivity at low light levels). The dual rotating-compensator
ellipsometer may provide improved capabilities in the characterization of
patterned surfaces with feature sizes smaller than the spot size of the
instrument, owing to its ability to extract the full Mueller matrix. Finally
the use of polarization discriminating optics in near-field scanning opti-
cal microscopy is the first step in developing metrological instrumenta-
tion with resolution below the diffraction limit.[65]
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8.1 Introduction

8.1.1 Preeminence of SiO2 in Microelectronics: the
Ellipsometry Connection

SiO2 is one of the most important and studied materials in the field of
microelectronics. The underlying reasons for the preeminence of SiO2 in
microelectronics lie with the unique properties of the SiO2 film and more
importantly the Si-SiO2 interface. Ellipsometry has played a crucial role
in the development of SiO2 and other films used in microelectronics, and
ellipsometry has also had a major role as a general method for thin film
characterization. The SiO2 related issues, especially the link between SiO2

and ellipsometry are the focii of this chapter. The specific objectives of
this chapter are twofold. One objective is to demonstrate the central role
of ellipsometry in microelectronics through its role in the development of
knowledge about SiO2. The second objective is to use SiO2 as a nearly
perfect material with which to apply and demonstrate many ellipsometry
techniques and variances of techniques for thin film measurement.

The primary application of SiO2 films is as an electronically passivat-
ing film for Si based electronic devices that comprise an overwhelming
majority of present day electronic devices. This specific application can-
not presently be accomplished to the required level with any other mate-
rial. Therefore, a brief discussion of the unique electronics passivation
function of SiO2 on single crystal Si wafer surfaces is appropriate and will
follow. In addition, SiO2 films have other important functions within Si
technology and microelectronics such as for electrical isolation between
devices on a densely populated chip, as a masking film for lithography, for
metal contact/line insulation, and for packaging. These other functions for
SiO2 films can be and oftentimes are accomplished by other materials, and
thus are not unique to SiO2. Many details about SiO2, such as the uses of
SiO2 in Si technology, the formation of SiO2 films via oxidation of Si and
other methods, the kinetics of formation of SiO2 films and SiO2 film prop-
erties, have been written about extensively and reviews are available in
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the literature.[1–4] Only a brief discussion is reiterated here with the inten-
tion to make connections with the field of ellipsometry, the subject of this
Handbook.

8.1.2 Electronic Passivation

Electronic passivation of a semiconductor surface refers to the reduc-
tion of the surface electronic states from bare surface intrinsic levels
(approximately 1015 states eV�1cm�2) to levels below which Si based elec-
tronic devices (metal oxide semiconductor field effect transistors,
MOSFETs) can be operated (below approximately 1012 states per eV per
cm2). In order to ensure high quality and reliable device operation, Si sur-
face electronic state levels of 1010 eV�1 cm�2 and below are generally
demanded of state-of-the-art device process. However, thus far the only reli-
able way to achieve this level of electronic passivation is through the use of
SiO2 films prepared by the thermal oxidation of Si. No other semiconduc-
tor-film combination has been found that can achieve the required level of
electronic passivation attainable with SiO2 films on Si. Needless to say, this
fact has led to the overwhelming prominence of SiO2 in Si technology and
indeed the dominance of Si technology itself. As will be presented below,
many of the important details of this growth process and properties of the
materials can be elucidated through the use of ellipsometry.

SiO2 has other very important uses in Si technology as was mentioned
above. As a wide band gap dielectric (9 eV), SiO2 can support large elec-
tric fields without significant leakage current. Consequently, SiO2 is used
as a gate dielectric in MOSFETs to both passivate the Si as defined above,
and to support the electric field necessary to invert the carrier type in the
MOSFET channel and thereby enable the device to turn on, that is to
enable current to flow from the source to the drain elements through the
inverted channel of the MOSFET. A cross section of a simple MOSFET is
shown in Fig. 8.1, in order to identify the device elements and where the
passivation SiO2 film is located, viz. in the gate region between the source
and drain. For the N-Channel MOSFET in Fig. 8.1, a positive potential
applied to the gate electrode causes the channel region in the Si beneath
the gate oxide to become electron enriched. This Si region that was p-type
is now n-type with the positive gate bias and this process where the car-
rier type is changed is termed inversion. The inversion layer near the
Si-SiO2 interface connects the n-type source and drain. Electronic states
at this interface (interface electronic states) would deleteriously affect the
electron conduction process and the device characteristics. By virtue of its
excellent electrical insulating quality, SiO2 is used to isolate one device
from another on a chip. It is also used as an overall electrical isolating
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encapsulant although modern devices mostly use other dielectrics for that
purpose. SiO2 is readily removed using HF aqueous solutions, and using
plasmas containing halogens. Consequently, it is a desirable masking film
for use in lithography to support photoresists.

It is true that except for electronic passivation as was discussed above,
other dielectrics and materials could function equally well and sometimes
better than SiO2 for the various applications in Si technology. However, in
order to minimize the number of other materials used in the technology,
and because only SiO2 will electronically passivate Si so thoroughly, SiO2

is typically preferred in applications in which it is acceptable albeit not
required. While SiO2 is used mostly in Si technology, because it is an
excellent dielectric, it is chemically stable, transparent in the visible spec-
trum, and the preparation methods are well known, SiO2 films also find
wide applications within other semiconductor and optical technologies.

8.1.3 Properties of SiO2 Films

Before proceeding to the important role of ellipsometry for SiO2 in Si
and various other technologies it is useful to briefly review some of the
important properties of SiO2, in addition to its ability to electronically pas-
sivate the Si surface, that render it such a useful material.

Figure 8.1 Pictorial representation of an N-Channel MOSFET. The gate dielectric
SiO2 film is located below the metal gate contact and above the channel region of
the transistor.
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Structurally, SiO2 is composed of SiO4 tetrahedra as illustrated in
Fig. 8.2a. The tetrahedra are joined to one another by means of the oxygen
atoms at the corners of the tetrahedra, the so-called bridging oxygens. If
the bond angles for the Si-O-Si bonds, viz. the bond angles between
adjacent tetrahedra, are tightly distributed, crystalline SiO2 (c-SiO2)
results (Fig. 8.2b). If the bond angles are randomly distributed, then an
amorphous random network results (Fig. 8.2c). Both forms of SiO2 are
important. For electronic thin film applications the amorphous form is
the most important and is obtained from both the thermal oxidation of Si

572 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 8.2 Structure of SiO2: a) SiO4 tetrahedra building blocks; b) SiO4 tetrahe-
dra arranged with long range order, c-SiO2; c) SiO4 tetrahedra arranged without
long range order, a-SiO2. Open circles represent oxygen and closed circles repre-
sent silicon.
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and chemical vapor deposition at process temperatures less than 1100° C.
It should be noticed that the fundamental building blocks of amorphous
SiO2 (a-SiO2) are the SiO4 tetrahedra which have considerable short-
range order that narrowly fixes the stoichiometry. However, because of
the randomly distributed bridging bond angles, this form of SiO2 displays
no long-range order and is therefore amorphous. Amorphous SiO2 has an
open network structure in which some foreign species can reside and oth-
ers can readily diffuse through. Due to the inability to pack the building
blocks efficiently when random bridge angles occur, the density of a-SiO2

is lower than for the crystalline modifications.
As was pointed out in previous chapters, ellipsometry measures ∆ and

Y that can be recast as the dielectric function, e, for a pure substance.
According to the Clausius-Massotti relationship:

� ra (8.1)

where e is the dielectric function for a pure material and a is the bond
polarizability, a microscopic quantity, a, that is connected to the macro-
scopic measurable dielectric response, e. r is the number per volume or
density of polarizable species. Also e is a complex quantity with a real and
imaginary part, e1 and e2, respectively and e is given as:

e � e1 � ie2 and e1 � n2 � k2, e2 � 2nk (8.2)

where n is the real part of the refractive index and k is the absorption con-
stant. It should be noted that the refractive index N is in general complex:

N � n � ik (8.3)

So that for a material such as SiO2 with a 9 eV band gap and thus where
k � 0 in the visible part of the optical spectrum:

e � n2 (8.4)

Therefore, a decrease in r can cause a decrease in the real part of the
refractive index, n. This analysis assumes that there is no difference in
the a’s for c-SiO2 and a-SiO2, which is a reasonable assumption, since
the polarizability is mainly determined by the local chemical bonding
(the short-range order) which is essentially the same for c-Si and a-Si.

Optically, both c-SiO2 and a-SiO2 are wide band gap (~9 eV) materi-
als, and thus optically transparent in the visible spectrum (1.5�5 eV). Of
course some band tailing is expected for a-SiO2 as a result of the lack of

4p
�
3

e � 1
�
e � 2
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long-range order, and this would effectively narrow the gap slightly by a
few tenths of an eV and add localized electronic states. However, no
device problems associated with a-SiO2 have been reported when it is
made using high temperature thermal oxidation of Si in dry O2. The opti-
cal transparency permits the assumption made above that the optical
absorption is essentially zero (k � 0) for both c-SiO2 and a-SiO2 through-
out the visible portion of the optical spectrum and this assumption enables
a reduction in the number of variables to be determined by ellipsometry.

The best electronic quality SiO2 is grown upon a single crystalline Si
substrate via oxidation of the Si surface in pure oxygen ambient at ele-
vated temperatures. Also, SiO2 is often deposited using chemical vapor
deposition (CVD) where deposition occurs largely from a gas phase reac-
tion that produces the desired product or a precursor that in turn rapidly
changes to the desired product upon condensation. The Si substrate is typ-
ically pure intrinsic single crystal Si that is cut into wafers and highly pol-
ished and sometimes doped with electrically active impurities such as B
and P. The single crystal Si wafers are virtually free of crystallographic
defects. As was discussed in previous chapters on the fundamentals of
ellipsometry, particularly ellipsometry performed on thin film systems, it
is a decided advantage to know ahead of time the optical properties (e1 and
e2 or n and k) of the substrate. Since ellipsometry directly evaluates two
parameters, ∆ and Y, a single ellipsometric measurement can yield only
two unknown parameters. For Si a number of high quality measurements
of e1 and e2 or n and k are available from the literature.[5] While the avail-
able databases are similar over much of the spectrum covered, there are
differences. In principle it is always possible to obtain a database on the
bare substrate prior to film deposition. In practice one must consider that
even in controlled environments a bare surface, even a relatively inert sur-
face like Au or Pt, will accumulate nanometers of airborne and even vac-
uum borne contamination. For a chemically reactive surface like Si in
addition to contamination, a native oxide will form in seconds. Thus high
quality substrate measurements must be made with the utmost care.
Typically the newest measurements available are the best, because the
workers are aware of the older measurements and any problems associ-
ated with the older measurements. For Si this author prefers the newest
measurements contributed by Jellison[6] in which the utmost care has been
taken with both the measurement and data analysis.

It is worthwhile to quantify the sensitivity of ellipsometry to the pres-
ence of overlayers on a substrate whether the overlayer is an intentional
film or contamination. Table 8-1 shows calculated results for a Si surface
coated with a film with n � 1.5 and k � 0 for 632.8 nm light and the angle
of incidence f � 70°. Under these conditions of the calculation for an
imaginary film that is similar to SiO2, it is seen that ∆ changes by about 0.3°
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per 0.1 nm of film. Considering that a properly aligned ellipsometer with
high quality optics is capable of precision of about an order of magnitude
better in ∆ and Y or 0.01 to 0.02°, submonolayer sensitivity is readily
achievable with a properly aligned and calibrated ellipsometer.

Figure 8.3 shows a simulated map of ∆, Y space for three different
films on a Si substrate. The film with n � 1.465 closely resembles SiO2.

Figure 8.3 A simulated map of, ∆, Y space for three transparent films (k � 0) with
different real parts for the refractive index on a single crystal Si substrate calculated
with f � 70° and l � 632.8 nm. The bare Si point (L � 0) is indicated by an arrow
and the direction for increasing film thickness, L, is also indicated by an arrow.

∆ Y Thickness (nm)

179.257 10.448 0.0
178.957 10.448 0.1
178.657 10.449 0.2
178.356 10.450 0.3
178.056 10.451 0.4
177.756 10.453 0.5
176.257 10.462 1.0

Table 8-1. Calculated ∆, Ψ for various film thickness
with conditions: n � 1.5 on Si, l � 632.8 nm, f � 70°.
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The three films are transparent (k � 0) but they have different n’s. Near
the origin, namely where the film thickness is zero, which represents ∆
and Y for bare Si, Y is nearly unchanged as the film thickness (L) increases
while ∆ decreases sharply. Thus for thin transparent films on Si (near the
origin), ∆ mainly determines the film thickness.

It is seen that beyond about 10 nm, it is Y that changes while ∆ is
nearly constant. Also, it is observed that the ∆, Y space is repetitive or
cyclic. Thus one cannot distinguish thickness in the first repetition from
the second and so on. These repetitions are called ellipsometric periods
(P) and for a single film on a substrate P is given by:

P � (8.5)

P is determined by l, f and the complex refractive indexes for the film,
N1, and ambient, No. For non-absorbing films and ambient, k � 0, N � n
and P is real and a repetitive curve in ∆, Y space results. Thus in order to
obtain film thickness, one must know a priori in which ellipsometric
period is the film thickness. Another point gleaned from Fig. 8.3 is that
near half of an ellipsometric period (right side of the figure) the ∆, Y
thickness trajectories are separated maximally while near L � 0 and for
full periods there is minimum separation of the trajectories. This means
that in order to obtain the most reliable n values for films, one should have
sample film near 1/2 an ellipsometric period. Conversely it is difficult to
obtain reliable n values for thin films near L � 0. In addition there are
many studies that indicate that the refractive index for SiO2 films on Si is
not constant with film thickness,[7–9] and because of the technological
importance of ultra-thin SiO2 films (�5 nm) this subject will be treated in
some detail later.

As was discussed in previous chapters, the simplest model used for
the analysis of ellipsometry measurements on films grown or deposited
upon substrates is a model that includes a single homogenous film with a
sharp interface on an infinite substrate, all in an ambient with n � 1 and
k � 0. This single film model is shown as Fig. 8.4a. If substrate n and k
values are supplied and if k � 0 for the film, then it is possible to obtain
Lf and nf (the subscript f is to indicate the film) for the film from a single
measurement of ∆, Y, since l and f are experimentally defined. This ideal
model can be applied with reasonable confidence to SiO2 films on Si
wafers when the SiO2 film thickness is greater than about 20 nm. This
simple model has been used extensively to characterize the SiO2 film
growth dynamics resulting from the oxidation of Si and more details will
be presented in this chapter. However, now the microelectronics require-
ments are for thinner SiO2 films. For the thin film regime the interface

l
��
�N2

1 �N�2
0 sin2f�

1
�
2
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between the SiO2 film and the Si surface is considered to be composed of
both a chemical and a physical interface that add parameters that need to
be determined, and this will also be discussed in detail later. It can be said
now that these complications present a formidable challenge to obtaining
reliable indexes and film thickness for thin films and represent a frontier
area for ellipsometry and thin film metrology in general.

Figure 8.4 Several common optical models for ellipsometric analysis of films on
substrates. The number of unknown parameters associated with each model is
also included (F for film and S for substrate).
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The oxidation of Si is arguably the single most important method of
preparing SiO2 films. This chemical process appears to be simple, but it is
not. To form a molecule of SiO2 from the reaction of Si with oxygen, a
molar volume change of 120% or a factor of 2.2 takes place. This means
that the volume of SiO2 formed from Si is 2.2 times the starting volume
of Si from which it is derived. Such a large volume change upon oxida-
tion (called the Pillings-Bedworth ratio in metallurgy) typically causes
large stresses resulting in the oxide peeling away from the substrate.
Peeling of the film occurs when the stresses exceed the adhesion forces or
the mechanical strength of the film material. Peeling does not happen for
SiO2 films grown on Si. Significant stresses have been measured during
the oxidation of Si, but the stresses are smaller than anticipated based on
the volume change. To explain these observations, a viscous flow model
for Si oxidation has been formulated[10] and the details will follow.
Ellipsometry has been found useful in determining the stress effects, since
the refractive index and the film density are altered by stress[11,12] and these
measurements will be discussed below.

The oxidation of Si in dry O2 is the preferred method to prepare the
highest quality SiO2 films on Si for microelectronics applications. Even
trace amounts (25 ppm) of water in the O2 have been found to measurably
influence the kinetics of film formation and water related charge trapping
in the oxide.[13,14] The advantage of having water in the oxidation ambient
is that water is a more virulent oxidant and is therefore useful when grow-
ing thick films of SiO2 in that the rate of film formation is increased. The
kinetics of SiO2 film formation both using dry and water containing O2

have been extensively studied[15–19] using in situ real time ellipsometry and
some of the details will be shown below.

8.2 Historical Perspective – Prior to 1970

In this section the simultaneous and cooperative evolution of the
fields of ellipsometry and microelectronics after 1960 is considered. It is
clear that SiO2 played a significant role in the development of both fields.
There is no attempt in this chapter to present an exhaustive historical per-
spective of either ellipsometry or SiO2. Rather, the intention is to point out
significant papers and the key ideas in those papers that in the authors’
opinion simultaneously shaped the evolution of ellipsometry and SiO2.

The first set of papers that are significant are by Archer[20–22] with the
1957 paper[20] as the most significant, since it paved the way for research
that led to the many innovations and improvements that occurred in the
following ten years. This early study dealt with the oxidation of both Si
and Ge in room air and temperature. The film thickness values were
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obtained from ellipsometry measurements made using 546.1 nm light at
two angles of incidence (61.26° and 70.00°). Archer characterized the film
thickness at various times using the above mentioned three phase optical
model (Fig. 8.4a) and from the results made judgments about the mecha-
nism of oxidation. In a 1962 paper[21] Archer extended the analysis of oxi-
dation data using exact relationships between ellipsometric measureables
(∆, Y) and optical properties including film thickness and the real part of
the refractive index. For this study a digital computer was used for the
data analysis. In addition ∆, Y maps were calculated and experimental
data were compared to the calculations. In a parallel effort, McCrackin
and colleagues[23,24] at the then National Bureau of Standards (now NIST)
published similar papers on the exact solutions and on the use of computer
algorithms. This effort led to a popular Fortran program[25] that was avail-
able at that time to the public. The early papers of Archer and McCrackin
used single wavelength polarizer-compensator-sample-analyzer (PCSA)
ellipsometers and assumed ideal compensators. In 1967 Archer and
Shank[26] pointed out the importance of considering nonideal compen-
sators and performed compensator calibration on nonideal compensators.
These ideas were incorporated in the 1969 McCrackin Fortran program.
So by 1969 and largely attributed to Archer and McCrackin and their col-
leagues, procedures and understanding were in place so that ellipsometry
could be performed accurately and precisely and the results could be
analyzed using exact optical relationships to obtain film and substrate
properties and film thickness. The fact that Archer, who was at Bell
Laboratories, performed measurements on Si and Ge with potential appli-
cations to the emerging electronics industry and thereby provided seminal
studies linking ellipsometry and SiO2 was probably no accident. At that
time there was considerable effort expended at Bell Laboratories with the
development of transistors using Si and Ge and the staff was no doubt
eager to make contributions to the field.

Emerging in the early 1960s and parallel with the application of ellip-
sometry for studying SiO2 films were a number of pioneering studies
about the formation and properties of SiO2 films prepared via oxidation of
Si.[27–31] None of these studies used ellipsometry. Rather most of the
studies used optical interference methods. However, these studies were
important because several of the key features about the oxidation of Si to
produce high quality films of SiO2 were revealed. Also, the understanding
gained in these early studies that treated mostly thicker films provided
the basis for subsequent and more accurate studies using ellipsometry
and extended the understanding about Si oxidation to thin SiO2 films.
These early studies agree in the broad picture of Si oxidation. Two stud-
ies provide the best summaries of the understanding developed in that era
with one study[28] by Deal and Grove (the same A. Grove who later was a
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Figure 8.5 Data for the thermal oxidation of Si (100): a) in dry 1 atm O2 at three tem-
peratures in terms of the SiO2 film thickness (L) versus the time (t) for oxidation; b) at
one temperature but with various amounts of H2O added to the O2. The data was
obtained using in situ real time ellipsometry at a wavelength of 632.8 nm and 70.00°
angle of incidence, and the data was analyzed using a single film optical model.
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founder of INTEL) often quoted relative to the model for Si oxidation in
which the thermal oxidation of single crystal �100� and �111� Si was
treated using both dry O2 and steam. The resulting Si oxidation model is
often called the linear-parabolic (LP) model. The other study[27] by
Ligenza is concerned with the effects of the single crystal Si substrate
crystallographic orientation on the Si oxidation kinetics. We discuss these
topics separately and in some depth below, because when ellipsometry
was introduced as an effective tool for thin film measurements these early
studies were redone using ellipsometry and new insights were revealed
that are best understood in the context of these early studies.

Before proposing an analytical model that describes the time evolu-
tion of the SiO2 film growth on Si, it is useful to consider the overall
behavior of the growth process as the early workers had done. An overall
picture can be obtained from Fig. 8.5a that displays SiO2 film thickness
versus oxidation time data for several Si oxidation temperatures per-
formed in dry oxygen. Figure 8.5b displays data from a systematic study
of H2O additions to oxygen and the effects on the Si oxidation kinetics.
This data was generated using in situ real-time ellipsometry from the
author’s laboratory[15,16] and more details about this data will be discussed
later. For now it is clear from the shape of the data that the relationship
between the SiO2 film thickness and the oxidation time is neither purely
linear nor purely parabolic. If the rate of formation of SiO2 was invariant
with film growth, then linear growth kinetics is expected. On the other
hand if the growth were limited by diffusional transport of reactant(s)
through the growing oxide film, then purely parabolic growth would be
expected. Furthermore, there have been several studies that indicate that
during the oxidation of Si, the oxidant species is most likely molecular
oxygen (O2) that migrates inward through the growing oxide film to the Si
surface where the oxidation proceeds.[32,33] The most conclusive study[32]

first used naturally occurring isotope mixtures of O2 which is mostly O16

for the oxidation of Si. Then after growing the SiO2 film for some time the
ambient was switched to O18 enriched O2. Upon further oxidation in the
O18 enriched O2, the workers found that new oxide (SiO2

18) was found at
the Si-SiO2 interface rather than at the SiO2 surface. This clearly indicated
that the oxidant species is migrating inward to the interface where it reacts
with Si. Based on the shape of the data which indicates that transport
alone cannot explain the oxidation data and that the oxidant species, pri-
marily uncharged O2, are actually migrating, a very successful oxidation
model was derived in the 1960s. Figure 8.6 depicts the essential features
of this so-called linear parabolic model and shows that essentially two
fluxes are considered. This representation is a departure from the original
derivation wherein three fluxes were considered. The flux of oxidant
from the gas to the SiO2 surface is ignored, because this gaseous flux is
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generally fast relative to the other fluxes in the solid phases and therefore
not kinetically significant in a series process. The flux of oxidant across
the growing oxide film, F1, is given by Fick’s first law as:

F1 � D (8.6)

where D is the oxidant species diffusivity, and dC�dx is the spatial con-
centration gradient of oxidant in one dimension. For a steady state situa-
tion the gradient can be approximated as:

≈ (8.7)

where C1 is the solubility of oxidant in SiO2 and C2 is the smaller oxidant
concentration at the Si-SiO2 interface where oxidant is removed by reac-
tion, and L is the SiO2 film thickness. The other flux, F2, is the number of
oxide molecules forming per cm2 s and is expressed kinetically by a first-
order chemical dependence on the oxidant concentration at the Si-SiO2

interface, C2:

F2 � k2C2 (8.8)

where k2 is the surface reaction rate constant. Of course the oxidation
reaction involves both the oxygen and Si concentrations. However, for a

C1 � C2�
L

dC
�
dx

dC
�
dx
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Figure 8.6 Schematic representation of the Si oxidation model showing the trans-
port flux as F1 and the reaction flux as F2. C1 and C2 are the concentrations of oxi-
dant at the outer and inner interfaces, respectively and L is the SiO2 film thickness.
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given Si orientation the Si atom concentration per unit area is constant and
thus included in k2. This Si orientation issue will be discussed in the fol-
lowing paragraphs and then in the context of more modern studies where
the careful application of ellipsometry has enabled further resolution of
what are ostensibly a confusing set of results. By imposing the condition
of steady state an equivalence of the fluxes follows as:

F � F1 � F2 (8.9)

which means that the series fluxes are self-regulatory and permitted the
use above of Fick’s first law. A rate equation is then formulated in terms
of the rate of formation of the oxide film:

� ΩF (8.10)

where Ω is the conversion constant for from O2 flux to SiO2 solid film,
i.e., the number of oxidant molecules incorporated into a unit volume
of SiO2 solid (2.3 � 1022 cm�3). C2 can be eliminated and the rate equa-
tion rewritten as:

� (8.11)

This equation is readily integrated to yield:

AL2 � BL � t � constant (8.12)

where A and B are the reciprocals of the parabolic, kp, and linear, kl, rate
constants, respectively. The integration constant is evaluated at some
initial time and thickness t � to, L � Lo, so as to be able to shift the coor-
dinate axes to any position in L,t space. With this boundary condition, we
obtain the following:

t � t0 � � (8.13)

The use of the region Lo, to in L,t space is twofold: at to � 0, Lo represents
an initial oxide thickness either as a native oxide or from some previous
processing; and Lo, to can be used to define a region of oxidation that does
not conform to linear-parabolic kinetics, i.e., an offset to the model. For
oxidation in dry O2 such a region has been identified extending to several
tens of nm. Later this important initial oxidation regime will be discussed

L � L0�
k1

L2 � L2
0�

kp

k2DC1�
k2L � D

dL
�
dt

1
�
Ω

dL
�
dt
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further as it has been the subject of a number of recent oxidation models
and while in the 1960s through the 1990s the initial growth regime has
been more of an artifact than technologically important, now it is of
utmost importance in microelectronics. Of particular relevance here is that
the initial regime of oxidation comprises SiO2 from 0 to 20 nm thick. This
regime of film thickness is difficult to determine using ellipsometry
because n is difficult to measure, as was discussed above and n has been
found to vary with thickness. Special procedures involving several tech-
niques including ellipsometry have been used to determine n for thin films
and will be presented later in this chapter.

Experimentally obtained oxidation data are often interpreted using
the L-P oxidation model. The linear, kl, and parabolic, kp, rate constants
are obtained from curve fitting routines and the variation of the param-
eters with process variables are explained using the ideas contained
within the L-P model.

Also of significance in the 1960s era was a report by Ligenza[27] that
the kinetics of the oxidation of Si was significantly dependent on the Si
substrate orientation. Specifically, Ligenza had shown that for high pres-
sure steam oxidation the Si�111� orientation displayed the fastest oxi-
dation with the Si�110� next and followed by the Si�100� surface.
According to the LP model this might be interpreted in terms of the num-
ber of available Si atoms at the various surfaces. However, as is seen in
Table 8-2 the Si�110� orientation has the greatest area density of Si
atoms for the three major Si orientations, so a more convoluted model
was constructed that depended on the number of available bonds at the Si
surface. It has not been made clear why the author chose bonds over
atoms as being kinetically significant. As was mentioned above, the orig-
inal LP model contains the orientation dependence implicitly in the lin-
ear rate constant, kl (or k2), since the substrate surface ought to dominate
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Density Based
Density Assuming on Vicinal 
Planar Surfaces Planes

Si Orientation 1014 (atoms/cm2) 1014 (atoms/cm2)

�110� 9.59
�111� 7.83
�311� 10.86 7.21
�511� 11.48 7.05
�100� 6.78

Table 8-2. Si Surface Atom Densities.
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the surface reaction. Below when more modern ellipsometry results are
presented for the oxidation of various Si orientations, Table 8-2 will be
discussed in more detail and the need for a convoluted model to explain
the orientation behavior will be obviated.

8.3 Modern Studies – Since 1970

From the 1970s to the present, both industrial and academic micro-
electronics science and technology have been dominated by Si technol-
ogy. Si technology involves numerous films on single crystal Si substrates
(see Fig. 8.1) that in combination yield metal oxide semiconductor field
effect transistors (MOSFETs) and the associated circuitry that are
included in modern integrated circuits (ICs). In order to control the elec-
tronic device properties for the myriad of electronic devices on an IC,
process control for the manufacturing steps was recognized as the strategy
to follow. Processes to produce devices and arrays of devices called IC
chips are essentially a series of individual process steps many of which
involve thin films. The steps involve surface preparation and characteri-
zation, film formation, film characterization, film removal, and device
feature development that is done by lithography. In this chapter the focus
is on films and particularly SiO2 films that are of utmost relevance to
microelectronics. Section 8.3 commences with a discussion of the appli-
cations and impact of ellipsometry to thick films in 8.3.1. By thick films,
it is herein meant films of 20 nm and thicker, and thin films that will be
treated in 8.3.2. will encompass SiO2 films thinner than 20 nm. While
there will be considerable overlap in the Thick Films and Thin Films sec-
tions, the demarcation made here albeit artificial will enable a focus on
different issues that are of interest to the overlap of the fields of micro-
electronics and ellipsometry.

8.3.1 Thick SiO2 Films

Silicon technology through the 1970s and 1980s was dominated with
films thicker than 20 nm. In the earliest studies, single wavelength ellip-
sometry (SWE) was used extensively for film thickness measurement. In
the late 1970s spectroscopic ellipsometry (SE) was shown to be readily
implemented[34] and superior for most applications. Nonetheless, the ques-
tion of whether to use SE or SWE for a specific microelectronics problem
was and is today a valid one. SE will always yield more information, but
the measurement can be relatively time consuming, more complicated, and
expensive. The operational answer to the question of which ellipsometry
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technique to use lies in equipment limitations, principally speed and accu-
racy of the hardware, and most importantly, a consideration of what is the
desired result from the measurement. Speed is important when one desires
to follow film formation processes in situ and during the processing. For
example, a spectral scan using a monochromator drive for SE in the visi-
ble range (200–800 nm) could take 10 min or longer. However, with recent
developments from Collins’ laboratory (see Collins chapter) using optical
multichannel analyzers (OMAs), accurate SE scans can be made in the
order of seconds and even less, and if some precision can be sacrificed
acquisition time of milliseconds is attainable. However, our experience to
date is that once a particular process with the materials system is reasonably
characterized in terms of the constituents, optical properties and optical
models, typically using SE and a variety of other in and ex situ techniques,
SWE can often be employed to yield sufficient process monitoring infor-
mation during the process. This may not be the case with more complex
future processes and complex materials, but many of the examples to fol-
low from our laboratory on SiO2 film issues are of the type where SWE can
be used effectively. Presently, SE is a key technique in our laboratory that
is used to characterize the system under study, and SE is performed in situ
and during processes, i.e., in real-time. SE is used to determine process
variables, specifically the best optical models from which to interpret ellip-
sometric data. In the examples that follow, we use SE and SWE in concert
as the main techniques. However, a wide variety of surface analytical and
microscopy techniques is required to establish appropriate optical models.
It should be mentioned that the use of multiple angles of incidence also
yields another method to enhance the accuracy of ellipsometric results and
when combined with multiple wavelengths the acronym VASE for variable
angle spectroscopic ellipsometry is often used. However, the VASE tech-
nique has limited application for in situ studies due to the fixed geometry
restrictions of typical process chambers.

8.3.1.1 Optical Models

In this section the reasoning that underlies the selection of appropri-
ate SiO2 optical models is discussed. The first issue to arise for an ellip-
sometric measurement of a film on a surface, SiO2 on Si for example, is
to determine which optical model best represents the situation, and thus
which model to use for the analysis of the ∆, Y data. For the case of thick
SiO2 films on Si, the matter of the correct optical model is a relatively
easy one to resolve. SiO2 is known to be a stable and stoichiometric com-
pound. Thus for thick films an appropriate and adequate model is a single
film or three phase model as shown in Fig. 8.4a. This is the case because
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there is extensive literature on the formation of SiO2 that demonstrates
that the Si single crystal surface is planar and smooth on the 0.1 nm scale
and the oxide grows conformally and thus is as smooth as the substrate.
There is also the assumption that the interface between the Si and SiO2 is
sharp. For films greater than about 20 nm this is a good practical assump-
tion. For thin films this assumption cannot be made without serious error,
and this interface and its characteristics are the subject of considerable
ongoing research. However, it is rather clear that there is an interface
region of arguable dimension and composition that needs to be accounted
for in thin film optical models and this will be discussed in Section 8.3.2.
on the subject of thin films, because for thin films the incorporation of an
interface in the optical model is important. Figure 8.5 shows the results of
the use of in situ SWE during the thermal oxidation of Si for both dry O2

(8.5a) and wet O2 oxidation (8.5b) with a simple three phase model. It is
clear from these results that the kinetics of oxidation as was discussed
above can be determined.

Typically what is done to evaluate this kind of film growth or deposi-
tion experiment is to first determine the optical model to be tried, and then
to collect from the literature and/or determine the optical properties of each
component in the model in the cases where acceptable properties are not
readily available. For the simple case of Si oxidation which is called film
growth, the reaction constituents are the O2 gas and the Si substrate, and a
film of these constituents grows on the Si surface. As was briefly discussed
above, this film growth process is contrasted with film deposition where Si
and O containing gases are flowed into a reactor, mixed and reacted to
form the desired SiO2 product that condenses upon a Si or any other sur-
face. For analysis in terms of a three phase model, there are five a priori
unknowns excluding the optical properties of the ambient: the complex
refractive index for Si substrate (ns, ks), the same for the SiO2 film (nf, kf)
and the film thickness (Lf).

For SWE there are two quantities measured: ∆ and Y. With knowl-
edge of the experimental conditions such as λ and f it remains impossible
to obtain the five material unknowns with high certainty. However, all is
not lost for this particular situation. The Si substrate has been thoroughly
characterized and ample databases[5,6] are available, even at elevated
temperatures[35,36] which would be needed for in situ real-time SWE Si
oxidation process measurements. Similarly one can find databases for SiO2

films as well.[5] It has been determined that the optical properties for SiO2

at high temperatures are very weak functions of temperature.[35] Thus the
room temperature SiO2 database need not be corrected unless extreme
accuracy is required. Also SiO2 with about a 9 eV band gap is transpar-
ent in the visible and so kf � 0. This leaves only Lf to be determined in
this problem, and of course it is readily obtained from an inversion of the
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ellipsometric equations. It should be remembered that in situ real-time
SWE experiments are typically performed to follow the time evolution
of the materials in a process. Thus the differences measured during a
process are usually more important in elucidating film formation kinetics
than are the absolute values. If accurate absolute values are required, then
the system can be brought to room temperature for careful measurement
and/or measurements can be made using films on previously character-
ized substrates to determine the temperature dependence of the film opti-
cal properties.

Suppose that a different and unknown film is being grown or deposited
onto Si or another known substrate. Then there would be three unknowns
for the film: nf, kf, and Lf. In this case, SWE cannot determine the three
unknowns accurately from the two measurables. If the film is transparent,
then there are two unknowns that can in principle be determined from the
two measurables. At this point one needs to reconsider a topic discussed
above in Section 8.1.3, namely that the sensitivity of ellipsometry is not
uniform throughout ∆, Y space. With reference to Fig. 8.3, it is now pos-
sible to analyze what is meant by “in principle” both nf and Lf can be
determined from a single SWE measurement for a transparent film on a
known substrate. Figure 8.3 shows that near the origin, i.e., where the film
thickness is small, the ∆, Y trajectories for the transparent films with dif-
ferent n’s are nearly the same while the trajectories diverge for larger film
thickness and are maximally different at half an ellipsometric period
(P/2). Therefore, ellipsometry has maximum sensitivity to determine nf

near P/2. For SiO2 films using He-Ne red light (633 nm) and for f �
70.00°, P/2 � 144 nm. This means that it would be best to try to grow or
deposit films near P/2; for an unknown material that may appear to be a
difficult task. However, film growers can usually control their process suf-
ficiently and obtain approximate film thickness from other techniques
such as transmission electron microscopy, crystal rate monitors, pro-
filometers, etc. Therefore, it is usually possible to fabricate a sampling of
film thickness on known substrates for ellipsometric evaluation. Once
preliminary ellipsometric evaluation is performed then better guesses
about near half period thickness can be made. Of course this implies that
nf does not significantly vary with thickness. This is approximately true
for many thick films and it has been verified for thick SiO2 films prepared
by thermal oxidation of Si. However, as we shall see later this is definitely
not true for thin films and it has been verified not to be true for thin SiO2

films. The fact that microelectronics is moving toward ultra thin films of
SiO2 less than 5 nm thick for the gate dielectric means that special prob-
lems arise for accurate ellipsometric measurement and these problems and
some solutions will be discussed below in the Thin Films section. One
suggestion here that we routinely employ is to prepare simulations of ∆, Y
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versus film thickness space for the near half period thick film nf. Then as
more nf data from various thickness are accumulated these data are added
to the simulated figure. From the relationship of these data to the simu-
lated trajectories, one can begin to envisage the variation of nf with film
thickness.

SE measurements on thick films afford considerably more latitude in
obtaining the unknowns from the optical model. Even without VASE, SE
enables more sophisticated regression analysis. This kind of analysis
where experimental data and model calculated data are compared and the
model parameters are obtained that minimize the differences has been
treated in some detail in earlier chapters. Therefore, only a brief treatment
is given here in relation to SiO2 films. For a single pure homogenous
material surface, SE measures the dispersion in ∆(l), Y(l) from which
e(l) is obtained. From the equations above for e, it is seen that e is related
to k, and the absorption coefficient a is given as a function of k:

a � (8.14)

where lo is the wavelength in vacuum. Essentially SE accesses the absorp-
tion spectrum, a(l), in the wavelength range scanned. Ellipsometry not
only yields the dispersion in n, n(l), but also in k, k(l), without recourse
to the optical sum rules, the so-called Kramers-Kronig relationships
which enable conversion from e1 to e2 and vice versa, but are approximate
because they are integrals over infinite wavelengths and an infinite l
range is not experimentally covered. Therefore, SE is very useful in deter-
mining optical property databases on new materials or on materials
changes with processing. Having the spectrum of optical properties allows
an investigator to choose spectral regions or even single wavelengths that
optimize a particular measurement. For example it has been found[37] that
certain wavelength regions of the spectrum for semiconductors are more
sensitive to thermal changes. Figure 8.7 shows the temperature (T)
dependence of the dielectric functions for some semiconductors used in
our research. Thus, the more sensitive regions can be selected to deter-
mine temperature while less sensitive regions can be used when small
changes in temperature cannot be avoided or readily accounted for. For
example in plasma processing the temperature of the sample will rise due
to exposure to the plasma.[38,39] This rise in temperature is both uncontrol-
lable and unavoidable. Therefore, if the temperature rise is unknown or
impossible to account for, it would be judicious to find a spectral region
for SE that is relatively insensitive to temperature. For example for Si
at 3.65 eV there is very low T sensitivity while at 3 eV there is high T
sensitivity. Attention to these aspects of the SE spectra has been made in

4pk
�
l0
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previous reviews.[37,40] A last point about spectral regions should be men-
tioned. While many investigators intentionally or inadvertently put forth
the seductive argument that the inclusion of more l’s and more f’s
improves accuracy in a regression analysis, this line of argument can be
misleading. If one knows a priori that a spectral region is sensitive to
uncontrolled process changes and/or that some f’s are less sensitive to
polarization changes, then to include these knowingly inaccurate data can
only make the results less accurate irrespective of the quantity of data.
When commencing the measurement of a materials system, it is best to
perform computer simulations using known and guessed optical properties,
in order to learn about the optimum experimental conditions. Then the
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Figure 8.7 Dielectric function (e1 and e2) spectra as a function of temperature for
several semiconductor surfaces.
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actual experimental measurements should be performed at as close to
optimum conditions as is possible.

For other cases such as homogenous films on a pure substrate, several
films, inhomogeneous materials, etc., ellipsometry obtains ∆, Y at each l
as for the simple pure material discussed above. However, from this meas-
urement one does not directly obtain e. Rather, from the direct application
of the ellipsometry formulas one obtains the pseudo dielectric function,
�e�. In essence �e� is simply the value obtained when one analyzes the
ellipsometric measurables for a complex system. In order to obtain e or L
for a specific pure homogenous film in the complex system, the optical
model for the system must be known. Figure 8.4 shows some optical mod-
els for various systems. The complexities and procedures for extracting
unknowns from the optical models have been treated in depth in previous
chapters, but some specific issues related to SiO2 films will be treated
below.

Returning to the specific subject of SiO2 films, it is useful to first look
at the SE spectrum of pure Si itself shown in Fig. 8.8 in the visible spec-
tral region for both crystalline and amorphous Si. As discussed above, the
e2 spectrum is similar to the absorption spectrum for a pure homogenous
material. The characteristic peaks in the c-Si e2 spectrum at 3.4 and 4.3 eV
correspond to the interband transitions for Si, viz. the direct gap energies,

Figure 8.8 Dielectric function e in terms of e1 the real part and e2 the imaginary part
for both amorphous and crystalline Si, a-Si and c-Si.
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in the spectral range covered and the peak position, magnitude, and shape
are all material specific and can even reflect process differences which
give rise to differences in structure or morphology which affect e2. This is
seen dramatically in the contrasting relatively broad featureless spectra of
e2 for a-Si. These optical differences for a material with the same atoms
and with nearly identical bonding and short-range order are therefore
attributable to the loss of long-range order and its effect on the electron
energy band structure and optical absorption. Even for these chemically
similar materials there are distinct differences that are easily detected
and distinguished using SE. As was previously reported,[37,41] damage to
the Si surface resulting from ion beam and/or plasma exposure causes
amorphization and hence a mixture of c-Si and a-Si that can be modeled
using the SE spectra for a mixture of c-Si and a-Si using effective medium
approximations (EMA). Such a mixed film can be modeled as is shown in
Fig. 8.4b. Later in the Thin Films section the c-Si and a-Si spectra will be
revisited. Now however, the relevant point is that when, for example, a
film of optically transparent SiO2 is deposited or grown on Si, the Si
spectrum changes, since the resultant spectrum is a composite of film
and substrate as can be indicated by �e(l)�. Figure 8.9 shows a c-Si
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Figure 8.9 SE spectrum in terms of e1 and e2 for a single crystal Si (c-Si) substrate
(0 nm) and c-Si with a thin (1 nm) and a thick (100 nm) SiO2 film.
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spectrum with a thin (1 nm ) and thick (100 nm) SiO2 film and bare c-Si
for comparison. With a thin film the c-Si spectral features are clearly
visible albeit attenuated as compared with the pure c-Si spectrum.
However, c-Si with a thicker SiO2 film does not show the pronounced
spectral features of c-Si. Rather, the composite SE spectrum shows lit-
tle resemblance to c-Si, but rather it is dominated by the optical response
of the film and the optical interference obtained there from.

8.3.1.2 SiO2 Film Growth Mechanisms

The thermal oxidation of Si provides an excellent example of the
power of ellipsometry in addressing microelectronics issues and repre-
sents one of the first examples of real-time monitoring of a microelec-
tronics industrial process, viz. Si oxidation in 1 atm O2.

[15,42] In the field
of microelectronics it is usually desirable to measure various dielectric
film thickness, and the SiO2 film thickness, L, and index of refraction, n,
resulting from Si oxidation. Furthermore, it is necessary to have sufficient
process control to obtain specified film thickness to within several per-
cent. As discussed above SWE measurement of ∆, Y enables the extrac-
tion of both desired parameters L and n for a single transparent film on a
known substrate. Spectroscopic ellipsometry over specifies this problem.
Using a well aligned ellipsometer and near P/2, n and L are obtained well
within a few percent accuracy.

Figure 8.5a shows the results from a 1 atm dry thermal O2 oxidation
study of Si[15] using SWE, which was performed in flowing O2 . From the
shape of the thickness versus time data it was possible to deduce and con-
firm oxidation models for the crucially important SiO2 film growth
process. For example the data were compared to the linear-parabolic
model and values for kp and kl and Lo were obtained. From kp and kl val-
ues versus temperature, activation energies were also obtained. Thus the
oxidation process could be quantitatively described and reproduced using
the model parameters from the optical model and the Si oxidation model.
Furthermore, better accuracy than required could be obtained from the
combination of models using ellipsometry for films thicker than 20 nm.
Figure 8.10 displays data from another in situ real-time SWE study,[16] and
which includes both dry and wet (H2O added) O2 oxidation of Si (from
Fig. 8.5), and further illustrates the great power of in-situ SWE for
detailed and intricate studies of the oxidation process. The upper and
lower solid lines act as bounds and show results from H2O in O2 (2000 ppm
H2O in O2 and labeled wet) and pure O2 (dry) oxidation processes, respec-
tively. These data were obtained in separate experimental runs. For the
experiment shown in this figure an initially dry O2 oxidation ambient was
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switched at some arbitrary time (100 min) to a mixture of O2 with H2O
(2000 ppm), whereupon the Si oxidation kinetics also abruptly changes to
that characteristic of wet grown SiO2. The analysis of these SWE experi-
ments, using a single film or three phase model, enabled the role of trace
amounts of H2O on the SiO2 film formation to be quantitatively assessed.
It was found that both the linear and parabolic rate constants, kl and kp,
increased with the H2O content in the O2. However kp increased a greater
percentage than did kl with H2O additions. This was explained consider-
ing that H2O reacts with the SiO2 network yielding OH groups and thus
the reaction effectively breaks up the network of Si-O-Si bonds. When
this occurs the diffusivity of O2 and many other atoms and molecules is
increased thereby increasing the rate of transport and increasing the over-
all oxidation rate through kp. Also H2O is a more virulent oxidant for Si
and that explains that with H2O addition even the interface reaction
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Figure 8.10 Results from in-situ SWE employed during the Si oxidation process
including dry O2 results (�1 ppm H2O in O2) and wet (2000 ppm H2O in O2) as
boundaries. The filled circles represent an experiment that started with dry O2 and
switched to the wet ambient at 100 min. The data was obtained using 632.8 nm light
and 70.00° angle of incidence, and was analyzed using a single film optical model.
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increases as evidenced by an increase in kl. The specific real-time experi-
ment in Fig. 8.10 shows that almost immediately upon H2O addition the
reaction rate changes to that for H2O in O2. This indicates both a rapid
reaction of H2O with the SiO2 network and a rapid change in kinetics with
small amounts of H2O in O2. These kinds of experiments would be
ambiguous if performed ex situ with exposure of the samples to atmos-
pheric conditions.

8.3.1.3 Plasma Oxidation of Si

We have constructed ellipsometric hardware integrated with process
hardware in order to follow electron cyclotron resonance (ECR) plasma oxi-
dation and chemical vapor deposition of a variety of films (oxides, nitrides
and Si) on a variety of semiconductor substrates, viz. Si, Ge, and InP using
SE and SWE in situ and in real time.[38,39,43–45] The ECR process is impor-
tant, because it enables the preparation of desired thin film materials at low
process temperatures so as to limit solid-state diffusion, and with low ion
energies to minimize damage to the semiconductor. Before focusing on the
specific studies using ellipsometry a few words should be given to the ellip-
sometry hardware issues. Since the subject of in situ real time is contained
in a separate chapter, here only the design philosophy is mentioned in that
it relates to obtaining results required by the microelectronics industry and
specifically for SiO2 films. As has been discussed in depth in previous chap-
ters, ellipsometry is a precision optical technique capable of sub 0.1 nm film
thickness measurements when the hardware is carefully and precisely
aligned and calibrated. Procedures for hardware alignment and calibration
are well known. In order to perform precise alignment, f must be altered to
the straight-through (180° position). Most commercial ellipsometry hard-
ware for in situ measurements is designed to “bolt on” to the process cham-
ber. Process chambers are typically rigid stainless steel chambers.
Therefore, using commercial equipment it is usually impossible to alter f
and therefore it is impossible to perform the most precise optical alignment.
In order to circumvent this alignment problem, other schemes have been
developed. For example previously characterized samples can be used to
back calculate f which can then be used for other measurements. From
these kinds of procedures reasonably good results are obtainable. However,
most of our ellipsometry hardware for in situ real-time studies was “home-
built” and specifically designed including a precision optical bench that was
independent of the process chamber and consequently fully alignable.[40]

For accurate in situ real-time studies, careful attention to alignment and cal-
ibration must be given and results with known materials should at the very
least be performed to determine the level of alignment and calibration for
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Figure 8.11 Electron cyclotron resonance plasma oxidation of Si results as
obtained by in situ real time ellipsometry. a) in situ SE results as a function of oxi-
dation time with e1 the solid line and e2 the dashed line; b) four possible optical
models; c) results of data analysis according to model 4 for ECR plasma oxidation
of Si at four different applied D.C. biases. Open symbols are for the SiO2 overlayer
and shaded symbols are for the interface layer.
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the optical system. Rarely are convincing performance studies reported by
hardware manufacturers or in ellipsometry papers.

Before the ECR plasma Si oxidation mechanism can be explored using
in situ real-time ellipsometry, an appropriate optical model is required.
Figure 8.11a shows typical SE Si plasma oxidation data[38,39,46] in terms of e
from which the time evolution of the process is observed. The SE spectra
were taken upon stopping the process at various times. Figure 8.11b shows
the four models considered for analysis of the data. These possible models
were arrived at from various analyses of both the oxides and the Si surfaces
after plasma oxidation. The quality of the fit of the data to the model was
made using an unbiased estimator, δ. In this study, δ for model 4 was about
1/2 of the smallest value for the other sensible models. None of the fitting
improved with the addition of voids and for model 4 about 50% a-Si and
50% SiO2 was obtained for the volume fractions of constituents. Figure
8.11c shows the results calculated from model 4 for several D.C. substrate
biases in terms of the thicknesses for the oxide overlayer (open symbols)
and interface layers (black symbols). The instantaneous formation and
thereafter small change in the interface layer as well as the bias effects on
the oxide layer enabled elucidation of the oxidation mechanism. Essentially
the Si thermal oxidation model was altered to include a flux of negatively
charged oxidant species that were produced during ECR plasma oxidation
of Si.[45] The rate enhancement seen with the positive D.C. bias indicates the
efficacy of the negatively charged oxidant species.

8.3.1.4 SiO2 Film Stress

Early studies of SiO2 film stress[47,48] were performed at room temper-
ature on films grown on Si using high oxidation temperatures greater than
1000° C which was appropriate to the technology at that time. These stud-
ies concordantly reported that the measured residual room temperature
stress could be completely explained based on the thermal expansion
stress, sth, which develops upon cooling from the oxidation temperature,
and as a result of the difference in thermal expansion coefficients, ∆a,
between SiO2 and Si. sth is proportional to both ∆a and ∆T as:

sth 	 ∆a 
 ∆T (8.15)

Since at the oxidation temperature ∆T � 0, the thermal component of the
stress, sth, cannot be implicated in any oxidation models. In the late
1970’s a study[49] indicated that for oxidation temperatures below 1000° C
an intrinsic stress, si, is observed which increased with decreasing oxidation
temperatures. The existence and temperature variation of this intrinsic
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stress, si, was confirmed[50,51] and a model was proposed[50] which not only
explained the appearance of the stress, but also the simultaneous appear-
ance of an increased SiO2 film density with the same increase for lower
oxidation temperatures as for si.

[50,52] The model called the “viscous flow
model”[50] was based on earlier proposed ideas[49,53] and is explained with
the use of Fig. 8.12. First as was mentioned above it is easy to confirm that
there is a 120% increase in molar volume in converting an atom of Si into
a molecule of SiO2, and this fact establishes the volume requirement, in
order for the reaction to proceed. This volume requirement can be met for
the SiO2 formation on the Si surface by the expansion of the as-formed
SiO2 into the free direction, viz. the direction normal to the Si surface. If
all of the oxide can find this direction, then the anisotropic expansion of
the newly formed SiO2 film will occur unimpeded and without stress. The
viscous flow model assumes that this free direction is “found” by the
mechanism of viscous flow. At the high oxidation temperatures, above
1000° C where the oxide viscosity is sufficiently low, the oxide being con-
strained by adhesion in the plane of the Si surface readily flows into the
normal direction. The constraint in the lateral direction and flow in the nor-
mal direction can be analogized as the flow of toothpaste from a tube as the
tube is compressed normal to the direction of flow. However, at lower oxi-
dation temperatures, the higher oxide viscosity precludes easy flow within
the time frame for oxidation, and an intrinsic stress develops. Since the
oxide viscosity increases as the temperature decreases, it then follows that
the intrinsic stress which develops should also increase with decreasing
oxidation temperature, as is observed. Along with the observation of the
intrinsic stress and its temperature dependence, is the parallel observation
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Figure 8.12 Viscous flow model where the growing SiO2 film viscously relaxes into
the free direction (z) driven by a compressive in plane (x,y) stress.
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of an increase of the SiO2 film density[50,52,54,55] with decreasing oxidation
temperature. Using the viscous flow model, the densification of SiO2 can
be understood as the accommodation of the SiO2 film growth system to
the accumulation of stress, viz. the system attains as small a volume as
possible so as to minimize the stress. Although the SiO2 network is quite
open, only a small density increase is permitted before large repulsive
forces are encountered. Between the oxidation temperatures of 1100° C
and 700° C about 3% density increase is observed. The experimental
measurement of the density, r, for these thin films is worthy of further
comment in the context of ellipsometry. The first report of a density
increase with lower oxidation temperatures was by Taft,[52] and was based
entirely on the precise measurement of the refractive index, n, values as a
function of oxidation temperature and the application of the Lorentz-
Lorenz relation to convert n to density. The above stated Clausius-
Massotti formula relating e to density can be rewritten in terms of n rather
than e and is called the Lorentz-Lorenz formula. Later Irene et al.[55] found
nearly identical refractive indices, but went further and obtained the den-
sity directly from measurements of the film volume and mass. While this
latter measurement of density is not as precise as the measurement of n, the
direct measurement yielded the same temperature dependence as the n
derived values and approximately the same absolute values, thereby
increasing the confidence with ellipsometrically obtained r values. Figure
8.13 shows the measured film stress (8.13a), si, and density (8.13b) as
obtained from n measurements and the Lorentz-Lorenz formula, as a func-
tion of oxidation temperature. Furthermore, the same density change as a
function of oxidation temperature was found using infrared spectroscopy
(IR) techniques.[54] The IR spectra for SiO2 prepared by thermal oxidation
at three oxidation temperatures showed a shift towards lower frequency, n,
for the 1075 cm�1 band. This band is associated with the Si-O-Si bond
angle, Θ, which is the angle between adjacent SiO4 tetrahedra and is a
measure of the Si-Si distance which relates directly to the SiO2 density. The
lower n the smaller is Θ, and hence the smaller is the Si-Si distance and the
higher is the film density. From the IR, a 2 to 3% increase in density is
obtained in substantial agreement with the other earlier measurements.

8.3.2 Thin SiO2 Films

The present microelectronics technology employs SiO2 gate oxides in
MOSFETs that are less than 10 nm thick and seriously contemplated future
advanced technologies will require the SiO2 gate oxide films to be less than
2 nm thick. This film thickness regime is difficult to measure accurately
using ellipsometry or any other technique. Furthermore, the assumptions
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Figure 8.13 a) Intrinsic SiO2 film stress resulting from the thermal oxidation of var-
ious Si substrate orientations as a function of oxidation temperature; b) SiO2 film
density as a function of oxidation temperature as obtained from ellipsometric
measurement of n and the Lorentz-Lorenz formula.
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made about uniform properties for thick films are known not to be true in
this film thickness regime. The oxidation kinetics for this regime has been
in dispute since the 1960s (the thickness regime �Lo). Also the nature of
the Si-SiO2 interface, arguably the most important interface in the uni-
verse, remains in dispute and of crucial importance in modeling thin films.
These issues related to thin films of SiO2 are now addressed as they relate
to ellipsometry.

8.3.2.1 The Initial Oxidation Regime

In this section the initial Si oxidation kinetics results are discussed as
these results existed up to the mid 1990s. Since that time a new technique
has been developed that impacts the measurement of the oxide thickness
and when combined with ellipsometry has led to a reevaluation of the ini-
tial oxidation kinetics. We will present the technique and the reevaluation
studies below in Section 8.3.3.1.

The initial oxidation regime comprises the region of SiO2 film thick-
ness that does not conform to L-P kinetics, i.e., from zero oxide thickness
up to Lo which is about 20 nm. For the purposes of discussion herein, the
initial regime is divided into two parts based on film thickness. The first
part includes the very initial regime that is from a bare Si surface up to
about l nm, and this is followed by the regime of about l nm to 20 nm. The
former regime is very important from a fundamental point of view, since it
emphasizes the reaction at the Si surface without substantial SiO2 being
present. The latter regime is of particular practical importance because at
this time advanced MOSFETs require gate SiO2 to be less than 5 nm and
even below 2 nm for the most advanced technologies. It is interesting to
note that most Si oxidation experiments begin with Si samples that already
have a native oxide of about 1 nm. However, it is possible to commence an
oxidation experiment with a bare Si surface. This can be done using “brute
force” by placing a Si sample in an ultra high vacuum (UHV) chamber and
heating above 700° C so as to volatilize the oxide layer. Actually, the oxide
itself doesn’t evaporate appreciably at this temperature, but rather with
SiO2 in contact with Si, the oxide disproportionates to a volatile compo-
nent, SiO as:

SiO2(s) � Si(s) → 2SiO(g)

Another less aggressive way to achieve a bare Si surface is to first dip the
oxide coated Si surface in HF just before performing the desired reaction
at the Si surface. HF will remove the surface oxide and render the Si sur-
face hydrogen terminated and strongly hydrophobic. This H terminated
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surface can be stable for hours depending on the ambient conditions. The
H terminated Si surface can be gently heated to several hundred °C to
remove the H and leave a bare Si surface. The HF treated H terminated
Si surfaces were studied using a combination of ex situ and in situ spec-
troscopic ellipsometry.[56] These workers were able to easily follow the
changes at the Si surfaces when the monolayer of H was removed. Of
course the bare Si surface from either procedure will react rapidly to
reform oxide even at UHV. In discussions of oxidation kinetics presented
above, the symbol Lo was used to denote the upper limit of the initial
regime of several tens of nm, and now Ln will be used to denote the upper
limit of the very initial oxidation regime that is essentially the native
oxide thickness.

The study of the ultra thin film regime from 0 to Ln is fraught with
experimental difficulties such as the cleanliness of the Si surface, and the
vacuum conditions during the experiments. One early study comprising sur-
face energy measurements made in room ambient[57] using contact angle
techniques showed a steep change in surface energy as the oxide thickness
changed from 0 to 3 nm. These experiments strongly suggested that only a
change in composition would explain the large observed changes in surface
energy. Later Rutherford backscattering measurements on thin oxides
appear in agreement,[58] however an ambiguity exists as to whether the etch
solution (HF in H2O) used to etch SiO2 for the contact angle experiments is
altering the surface energy. An alternative interpretation[59] based on image
charges assumed that a fixed oxide charge, Qf, exists near or at the outer
(ambient-oxide) interface. This charge could alter the interfacial energy as
the atmosphere (e � 1) is replaced with H2O (e � 80). A good agreement to
the contact angle data is obtained using charges located 0.3 to 0.6 nm from
the surface and charge densities of the order of 1013 cm�2 were calculated.
While interesting this model has not gained wide acceptance.

The usual studies of this regime, 0 to Ln, are made using UHV tech-
niques in which particular attention is paid to the cleanliness of the Si sur-
face. One such study[60] utilizing in situ, in the UHV chamber, Auger (AES)
and electron energy loss (EELS) spectroscopies, and surface cleaning
using high temperatures, reports the disappearance of surface states upon
exposure to oxygen as well as the formation of oxide. Initially the oxide
appears to be a suboxide in agreement with previous studies.[58,61–63]

Another similarly careful UHV study utilizing EELS[64] reports three dif-
ferent stages of Si oxidation. The earliest stage after oxygen exposure at
low temperatures (l00 K) involves molecular oxygen that at stage two at
higher temperatures converts to atomic species. The final stage for higher
exposures indicates the formation of SiO2. Optical absorption of a UHV
cleaved Si crystal[65] also shows that surface electronic states within the Si
band gap disappear upon oxygen exposure; these states are associated with
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dangling bonds at the Si surface, and as was discussed in Section 8.1.2 are
implicated in the electronic passivation of the Si surface. The valence band
states are observed to be unaffected. Therefore, these studies affirm the
intuitive notion that the Si-SiO2 interface has some transition region of
graded composition and that the formation of a stoichiometric SiO2 film
occurs beyond at least a few atomic layers and at temperatures above room
temperature.

The next growth regime from Ln to Lo that extends from about 1 nm to
several tens of nm is the regime that is the focus of present microelectron-
ics technology. The reason that technology is now demanding thinner high
quality SiO2 films is a direct result of the economically motivated demand
for greater device densities for manufactured chips. In order to achieve
greater device densities on a fixed chip area, it is obvious that smaller device
areas are required, and along with this but less obvious is that thinner dielec-
tric films are also required. This latter and presently most germane require-
ment is best understood by considering MOS devices that are designed to
operate at certain applied electric fields. The operating fields and the elec-
tric field distribution in the gate region are determined in part by the capac-
itance of the gate oxide in the MOS structure which is given as:

C � KA�L (8.16)

where K is the static dielectric constant for SiO2, A is the gate contact area,
and L is the dielectric thickness (capacitor plate separation) or in our case
SiO2 film thickness. Thus it is easily seen from this relationship that in
order to down scale a device to smaller A but at the same time maintain
the designed C, the SiO2 film thickness, L, must also decrease so as to
maintain the C and therefore maintain the device operational characteris-
tics. Present advanced technologies find the required L below Lo or below
20 nm. For the highest quality SiO2 grown in dry O2, this thickness is
within the offset region of the L-P model, i.e., below Lo, to and hence with-
out analytic description. It will be shown below that new results for n for
interfacial oxides grown on Si have enabled a further elucidation of the Si
oxidation kinetics for the thin oxide regime below Lo, to.

In terms of the oxidation data representing this regime, the best data is
obtained from in-situ ellipsometric experiments of which there are several
published studies.[15,42,66–68] However, before proceeding with the results
from these studies it should be noted once again that the measured ellip-
sometry data were analyzed using a single film model where it is assumed
that the interfaces are sharp and that the oxide is homogenous. It is now
known that this is not the case, and in a later section corrections will be
made. However, it is interesting and instructive to know what kind of
results the earlier studies yielded on the initial regime, and then to compare
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these results to the corrected ellipsometry results presented below. The data
of Hopper et al.[42] shows that the shape of the initial regime up to Lo is basi-
cally linear-parabolic, as is the thicker film regime but with different L-P
rate constants than those used to describe the thicker film regime.
Following the work of Hopper et al., similarly precise work[17,69] revealed
that the shape of the L versus t data is more parabolic when the ambient
contains more H2O. This was established based on the fit of the initial
regime data to a simple linear equation of the form:

t � k1L � k2 (8.17)

where k1 and k2 are simply the slope and intercept, respectively, and have
no other physical significance. The quality of the fit indicates that from
780° to 980° C the dry O2 data fits best. The parabolic term in the L-P
model is derived from the consideration that the formed SiO2 film actually
protects the Si surface from further oxidation, i.e., the grown film pro-
vides a barrier to further oxidant penetration. Thus with this idea, the par-
abolic shape of the oxidation data is interpreted as the films ability to pro-
tect the underlying substrate from further oxidation, and one deduces that
the wet grown oxides are more protective. The extensive relatively new
data of Massoud et al.[17–19] generally agrees with the other data on the
appearance of the initially fast oxidation regime. Massoud et al. used
exponentials with appropriate damping lengths to precisely fit the data in
the initial regime without implied physics.

8.3.2.2 Si Crystal Orientation Effects on Oxidation

One of the most interesting features of the above mentioned Massoud
et al. data is the observed Si substrate orientation dependence for the L, t
data. The earliest reports of this orientation dependence[70] showed that for
high pressure oxidation in a thickness regime well beyond Lo, the
Si�111� surface was the fastest oxidizing with the �110� next, fol-
lowed by the �100� Si surface for the major Si orientations. According
to the L-P model the Si orientation dependence derives from the reaction
of oxidant with Si at the Si surface. This would mean that the oxidation
kinetics should scale with the area density of Si atoms on the surface.
However, as is seen in Table 8-2 the Si�110� has the greatest area den-
sity of Si atoms among these three major orientations, so in response to the
experimental facts above, a more convoluted model was constructed that
depended not simply on the area density of Si atoms but rather on the num-
ber of available bonds at the Si surface.[70] From the discussion above about
the LP model,[28] the orientation dependence of the oxidation rate should
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be incorporated in the linear rate constant, kl, since the substrate surface
ought to dominate the surface reaction. The Massoud et al. data clearly
shows that for the thinnest films (�Lo) on the three major low index
planes of Si, the order for the oxidation rate, R, is:

Rll0 � Rlll � Rl00

This order parallels the area density of Si atoms without resorting to con-
voluted arguments. Sample in situ real-time ellipsometric data is shown in
Fig. 8.14a which was obtained in dry flowing O2 using SWE at 632.8 nm
light from a He-Ne laser and incident at f � 70°. As mentioned above,
this data was analyzed using a single film model. It is both interesting and

Figure 8.14 a) In-situ real-time Si oxidation data for various orientations of Si
obtained using SWE at φ � 70° and l � 632.8 nm and in dry O2 at 800° C. The
data was analyzed using a single film optical model; b) Similarly obtained data but
at 700° C and includes the Si�311� and Si�511� orientations.
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comforting to note that initially the Si�110� oxidizes fastest but there is
a crossover in the order of the Si�110� and �111� orientations for
thicker films (near 15 nm), yielding agreement with the early studies[70]

that were performed on thicker films. An explanation for this crossover in
the oxidation rates was based on the interface reaction and the effects of
stress on Si oxidation.[10,49,71] The initial oxidation rate should and does
scale with the area density of Si atoms. Beyond the crossover, however,
another physical mechanism is required to dominate. The model
invoked[10,71] is based on the observation that Young’s modulus, E, for Si
varies with orientation as:

E111 � E110 � E100

and also on the observation that an intrinsic stress develops during thermal
oxidation. The observed tensile stresses in the Si surface stretch the Si-Si
bonds in the surface and thereby increase the Si surface reactivity resulting
in an accelerated surface reaction rate. The relative magnitude for the
observed stress should have the same order as for E above considering a
constant strain resulting from the molar volume change for Si oxidation.
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Figure 8.14 (cont.)
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The actual force is obtained from the product of the stress and film
thickness, hence the force grows with the oxide film growth. Thus, the
dominance of this stress-modified kinetics should occur when the forces
rise as the oxide grows. In the early stage of oxidation where the SiO2 film
is thin, the kinetics are dominated by the area density of Si atoms, but as
both the oxide and the surface force grows, the dominance switches to that
of stress dominance and hence the crossover in the oxidation rates. In short,
this stress model seems to predict the qualitative aspects of the crossover
observations and is even relatively quantitative with the Si�111� and
�110� orientation.[71]

In an effort to confirm this model the Massoud et al. in situ ellipsome-
try data has been extended down to 600° C oxidation temperature where the
stresses are larger and to include the Si�311� and �511� orientations.[68]

Previously, the crossover has been seen in the oxidation data from 1100° C
down to 750° C. However, for lower oxidation temperatures, the films
were too thin to exhibit the crossover. The �311� and �511� orienta-
tions were chosen because ostensibly they would have higher Si atom
densities if the planes are flat. However, the assumption of flatness for
these planes is erroneous, because these planes are actually vicinal planes
of the low index major planes, the Si�111� and �100� planes.[72] These
vicinal planes are stepped with �111� risers and �100� terraces and
therefore the actual area density of Si atoms is between �111� and
�100� as is shown in the right side of Table 8-2. As shown in Fig. 8.14b,
the experimentally determined oxidation rate order is:

R110 � R111 � R311 � R511 � R100

which confirms that the area densities for these vicinal planes scales with
the initial oxidation rate.

8.3.2.3 A New Initial Regime Oxidation Model

Early experiments aimed at discovering possible photon effects on Si
oxidation utilized photons emanating from both a mercury arc lamp and
iodine vapor lamp sources and sometimes used in combination[73] that
were focused onto the cleaned and heated Si surface. An enhancement of
the oxidation rate was seen for all temperatures from 955° C to 1215° C
with the greatest enhancement at the lower temperatures. Using an LP
analysis it was concluded that the initial regime is most affected. The con-
clusion was that the UV light elevates electrons over the Si-SiO2 barrier.
No further mechanism was offered. Several later investigations have been
reported in which laser light has been used as the source of photons.[74–76]
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In one study[74] the UV light from an Ar laser was shown to enhance the
oxidation rate even after the calculated temperature rise was taken into
account. Thus, both a thermal and a photonic effect was reported. Si bond
breaking was proposed to account for the effect. Also, wavelength
dependence was reported that indicated for light with energies greater
than about 3 eV an additional enhancement was observed. In another
study[75] a scanning Ar laser was used to heat a large area of the Si surface
and thereby increase the oxidation rate. Again both thermal and photonic
enhancements were reported. In another study in which the laser beam
power density was carefully considered, an even greater photonic effect
was reported.[76] This work has shown a much greater enhancement of the
oxidation rate with light above 3 eV and greater effects with p-type Si and
thus strongly suggests that electrons and electron related effects are
important for Si oxidation. Electron effects were postulated as causative
possibly through the destabilization of the O2 molecule, and this point will
be returned to below.

Reported photon enhanced oxidation effects indicate the importance
of the electron barriers to Si oxidation kinetics and a new model for
oxidation.[77] Thus, a consideration of the appropriate energies may also be
important for normal thermal oxidation, especially in the very initial
regime where oxidant transport, by whatever mechanism, is not affecting
the oxidation rate. We have tested whether any of the barrier energies,
shown in the energy band diagram for the Si-SiO2 system in Fig. 8.15,
could control the thermal oxidation rate, and also explored whether any of
the barrier energies could alter the thermal oxidation rate. From Fig. 8.15,
we see that to promote electrons from Si to the SiO2 conduction band and
thereby provide free electrons for the oxidation reaction, several routes
having different energies are available. From the Si valence band photon
energy above 4 eV is required, while for the Si conduction band, above
about 3 eV is necessary. Intermediate in energy are the defect levels (for
n and p Si) and the intrinsic Fermi level at which there are no electron
states, only a probability. To determine which, if any, of these barriers may
be oxidation rate limiting, we calculated the electron flux, Jet, from the
Richardson-Dushman thermionic emission equation:

Jet � AT 2 exp(�co�kT ) (8.18)

where co is the electron barrier height, T is absolute temperature and A
is the Richardson constant. Then this flux is compared with the flux of
O2 [J(O2)] which is derived from the experimental oxidation rates. This
comparison assumes that one electron per O2 molecule is required for oxi-
dation, which is justified within the specific proposed mechanism. Table 8-3
shows in the last column the calculated barrier heights such that the Jet
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equals J(O2) at various oxidation temperatures. It is seen that barriers of
the order of 3 eV are appropriate. This is the energy barrier value for the
Si conduction band electrons (see Fig. 8.15). A simple calculation con-
firms that there are sufficient conduction band electrons for oxidation, by
a factor of ten or more, at any temperature above room temperature at
which the numbers are marginal.

From these results we proposed a mechanism in which there exists a
rapid relative (to the consumption of O2) flux of O2 to the Si surface on
the SiO2 side of the Si-SiO2 interface, and also a rapid flux of electrons on
the Si side, with the flux of electrons over the Si-SiO2 barrier to be rate
limiting. Once an electron (e�) goes over the barrier it attaches to O2 by a
favored reaction[78] forming O2

� which decomposes to O atoms more read-
ily than O2 (by 25% or more). Oxidation then proceeds readily by reaction
of Si with O atoms. In a parallel way, oxidation can also occur, but much
more slowly by reaction with O2. Such a parallel reaction scheme was
already suggested for the initial regime[79] and the curvature found for

Figure 8.15 Electron energy band diagram for Si-SiO2 system showing the barrier
energies electrons from Si to SiO2 (3.15 eV from the Si conduction band and 
4.3 eV from the Si valence band).
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Arrhenius plots for linear rate constants could be explained based on a
parallel path reaction scheme.[80]

Finally, this e� limited mechanism yields insight into the formation of
the 1 nm native oxide that forms virtually instantly on a fresh Si surface
even at room temperature, yet virtually ceases to grow after about 2 nm
unless the temperature is raised. If we consider the approximately 1015 Si
surface electronic states, most of which have eventually captured an e�

from the bulk Si, then there are some 1015 e�’s available for Si oxidation.
These e�’s are existing in closely spaced levels and require only little
energy promotion. Thus these electrons are available in parallel to the
thermionically produced electrons. The 1015 electrons at one e� per O2
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Oxidation SiO2

Temperature Si Oxidation Rate Thickness Range Barrier Height
(°C) Orientation (nm/min) (nm) (eV)

600 �100� 0.0004 2–3 2.87
�110� 0.0012 2.5–6 2.79

650 �100� 0.014 2.5–7 2.95
�110� 0.041 2.5–10 2.86

700 �100� 0.014 2.5 2.92
0.0057 10 3.00
0.0043 20 3.02

�110� 0.033 2.5 2.85
0.014 10 2.92
0.0094 20 2.96

750 �100� 0.028 5 3.02
0.024 10 3.03
0.019 20 3.06

�110� 0.057 5 2.96
0.035 10 3.00
0.024 20 3.04

1000 �100� 1.79 7 3.35
0.9 20 3.43
0.27 100 3.56

�110� 3.45 9 3.28
1.74 20 3.35
0.4 100 3.52

Table 8-3. Barrier heights that yield equivalent thermionic electron and
experimental oxygen fluxes for different oxidation temperatures, Si orien-
tations and thickness ranges.
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molecule would yield about 1 nm SiO2 which is the experimentally meas-
ured native oxide thickness. Once the states are removed via oxidation,
however, this native oxide can no longer form and the thermionic and/or
photonic excited electrons are required for further oxidation.

8.3.2.4 Low Temperature Oxidation Data

Several thermal oxidation studies have appeared[15–19, 42] since the first
thermal oxidation studies of the late 1960s that have employed in situ and
real-time ellipsometry. The advantages of this technique are that dense
data sets are obtainable which are amenable to significant data analysis
and that the oxidized samples are not subject to damage or impurity con-
tamination through exposure to the laboratory ambient during an experi-
ment, i.e., data in a given oxidation experiment are obtained from one
sample. The dense data sets of the Massoud et al. studies[17–19] confirm
that a break occurs in the Arrhenius plots of the linear and parabolic rate
constants with the temperature indicating a change in behavior around
950° C. This temperature coincided with the viscous flow temperature
that was reported by a number of workers.

Viscous flow ideas[10] were cast in terms of possible effects on oxidation
kinetics in two ways.[81] One way is to permit the stress to affect the interface
reaction and the other is to alter transport. For the initial regime, the rate of
oxidation is considered to be proportional to the rate at which newly formed
SiO2 can flow into the free direction (normal to the oxidizing Si wafer sur-
face). As was written above, the specific formulation was based on the linear
rate constant as:

R � kl C2 (8.19)

where the rate, R, is proportional to the oxidant concentration at the
interface, C2, and kl contains information about the Si surface. To include
stress, we first make explicit the Si surface atom area concentration,
CSi, but as an effective Si concentration, C*

Si. C
*
Si is given as the product

of CSi multiplied by the rate at which the oxide flows away from the Si
surface, g
:

R � k�C2C
*
Si (8.20)

and

R � k�C2CSig
 (8.21)
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But g
, the strain rate is given as the stress in the Si surface, s, divided by
the SiO2 viscosity, h, according to the Maxwell viscoelastic model for a
solid hence the final result for the initial rate is:

R � k�C2CSis�h (8.22)

As discussed above the initial rate should then scale with the product CSis
for a given C2, with different Si orientations, and qualitative agreement
was found in the experimental data.

For the models of transport, researchers[82–84] agree that the oxide
stress, being compressive, decreases the diffusivity, D. Attempts were
made to describe both the initially fast oxidation regime and the thick film
growth kinetics based on the stress (or strain) dependence of D and while
the authors get good fits of their models to the experimental data, direct
verification of any one model over another remains lacking. On the issue
of data fitting to one model or another, it is useful to reconsider this ques-
tion. With the advent of dense, L,t oxidation data, via in situ ellipsometry
experiments, it is tempting to try to distinguish among models based on
the quality of the fit to the data. However, caution must be exercised in
that different forms of similar equations will give identical fits to the data
though the forms are based on different physics. Also, errors in the data or
the formulation of the correct physics may yield worse fits than an incor-
rect but mathematically more flexible model. The reader is cautioned that
many reported incorrect oxidation models fit the L,t data rather well.

8.3.2.5 Si-SiO2 Interfacial Layer Models

Most researchers of the Si-SiO2 interface provide results that either sug-
gest or directly show that the Si-SiO2 interface is different than either Si or
SiO2. An extensive review of the Si-SiO2 interfacial regime[85] strongly sup-
ports the notion that the interfacial region is chemically and physically dis-
tinct. Based on the findings about the Si-SiO2 interface attempts have been
made to both further determine the nature of the Si-SiO2 interface region
and to incorporate the understanding into a refined Si oxidation kinetics
model.

From several published studies,[86–88] it was suggested that there is
likely an epitaxial relationship between the first several layers of oxide
grown on the Si surface. This is derived from structural compatibility
arguments and the minimization of the molar volume difference between
the two phases. In terms of an oxidation model a two step process was
envisioned in which the first step produced the epitaxial layer of oxide,
but with a concentration of interstitial Si atoms. The atoms resulted from
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the imperfect match across the phase boundary. The second step was the
oxidation of the interstitial Si atoms with the concomitant amorphization
of the oxide due to the lattice expansion. Studies on the transport of oxi-
dant through a growing oxide[89] yielded some evidence that the very ini-
tial oxide forms as a result of the motion of O atoms as opposed to the
findings for thicker oxides. This new mode of transport for the very thin
films suggested the possibility for an ionic transport mechanism.

More recently, a novel ellipsometric method has been developed that
improves the sensitivity of ellipsometry to the interface underneath a
transparent film.[90] There are several different ways to study the interface
region between film and substrate as depicted in Fig. 8.16. One way is by
using spectroscopic ellipsometry in air ambient (Fig. 8.16a). The disad-
vantage of this method is that an accurate characterization of the ultra-thin
interface transition layer is complicated by the inability to discriminate the

Figure 8.16 Interface characterization methods: a) observe interface with overlayer
intact; b) remove overlayer: c) refractive index match to overlayer.
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optical contributions of the relatively thick overlayer and the thin transi-
tion layer by the measured ellipsometric parameters. Another way is to
remove the overlayer physically or chemically and then to probe the inter-
face (Fig. 8.16b). However, this method could alter the interface region.
In order to overcome these problems we have developed the technique of
spectroscopic immersion ellipsometry[90,91](SIE), which uses a transparent
liquid ambient that has optical properties very close to the optical proper-
ties of the dielectric overlayer thereby eliminating the optical response of
the overlayer (Fig. 8.16c). Hence, this technique “optically” removes the
overlayer and thus enhances the sensitivity to the interface properties. The
interface sensitivity of ∆ is substantially increased (more than 10x) using
the liquid ambient as is shown in Fig. 8.17 (open circles) which compares
the relative interface sensitivity d∆(E) � ∆0(E) � ∆∞(E) for air and CCl4

ambient that refractive index matches to SiO2. ∆0(E) and ∆∞(E) are calcu-
lated without and with an assumed interface layer, respectively. y is also
obtained with improved sensitivity but much less than for ∆.

In our analysis, the working model for the interface between crys-
talline Si substrate and amorphous SiO2 film is shown in Fig. 8.18. The
transition region has a structure with two major components: the “physi-
cal” interface and the “chemical” interface. The “physical” interface can
be represented by microroughness or protrusions of Si into the oxide. The
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Figure 8.17 Relative interface sensitivity of Y and ∆ versus incident photon
energy with and without index matching CCl4.

ch_08.qxd  10/15/04  12:56 PM  Page 614



SIO2 FILMS, IRENE 615

“chemical” interface consists of a suboxide, SiOx with 0 � x � 2. For
the case of nitridation of Si the interface layer could be a nitride or even
an oxynitride. The crystalline silicon protrusions are described as hemi-
spheres with an average radius R, which form a hexagonal network
with an average distance D between centers. The protrusions and the
region between them are covered by a layer of suboxide assumed to be

Figure 8.18 Interface model for the Si-SiO2 interface. The interface layer (Linf)
made up of Si roughness (R) and suboxide (Lso) on a Si substrate. The bulk SiO2

film has a thickness Lov.
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SiO (i.e., x � 1) with an average thickness of LSiO. An effective interface
thickness is given as:

Linf � R � LSiO (8.23)

The Bruggeman effective medium approximation (BEMA) was used to
calculate the effective dielectric function of the interface.

The evolution of the Si-SiO2 interface as a function of high tempera-
ture annealing (750–1000° C) was investigated by SIE. Figure 8.19 shows
raw ∆ data with the significant changes and Fig. 8.20 shows the data in
terms of an effective relative interface parameter defined as:

d∆inf(Tan, tan) � d∆exp
(Tan, tan) � ∆exp

o � d∆ov
cal

(Tan, tan) (8.24)

where ∆exp(Tan, tan) is the experimental ellipsometric angle ∆ at an anneal-
ing temperature and time, ∆0 is the ellipsometric angle for an unannealed
sample, and the term d∆ov

cal(Tan, tan) is the overlayer relaxation correction
that corrects for the very small change in SiO2 with annealing. This term
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Figure 8.19 Dependence of ∆ on incident photon energy for various interface
annealing times. The measurements were performed on a 3 nm SiO2 film on Si
immersed in CCl4 after anneal at the specified time and cooling from the 1000° C
anneal temperature.
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is always less than a few percent of the other changes and thus could be
omitted. Distinct changes are observed for anneal temperatures above
900° C that correspond to strain relaxation temperatures as was dis-
cussed above. Figure 8.21 shows modeled data in terms of the interface
thickness defined above as Linf, which displays the temperature-time
dependent shrinkage of the interface with annealing. For short annealing
times, a rapid change in the interface is observed that correlates with the
disappearance of protrusions, followed by a slower change that correlates

Figure 8.20 The dependence of the effective interface parameter (defined in the
text) on annealing temperature for two anneal times (tanneal). The measurements
were performed on a 3 nm SiO2 film on Si immersed in CCl4 after anneal at the
specified time and cooling from the anneal temperature.
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with the disappearance of the suboxide. At high annealing temperatures,
we believe that viscous relaxation dominates, while at low annealing tem-
peratures the suboxide reduction is apparent. With the use of the above
optical model, we found that the thickness of the SiO layer at the inter-
face, LSiO, for all �100�, �110�, and �111� Si substrate orientations
increased slightly, and the average radius of the crystalline silicon protru-
sions, R, decreased with the thickening of the SiO2 overlayer. This yields
an overall decrease in the interface layer (Linf) as is seen in Fig. 8.21.
These results are consistent with the well accepted LP Si oxidation model
which yields an accurate representation of the growth of SiO2 on Si over
a wide range of thickness, temperature, and oxidant partial pressures.
Also, as will be discussed later, these results are concordant with Si surface
smoothing from oxidation.

As shown above the LP formula reduces to: t � L2�kp for large film
thickness. This is termed the parabolic growth law and implies that oxide
growth is diffusion controlled. In other words, as the oxide layer gets
thicker, the oxidizing species must diffuse through a larger distance to
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Figure 8.21 The changes in the interface layer thickness with annealing time for
several anneal temperatures. The measurements were performed on a 3 nm SiO2

film on Si immersed in CCl4 after anneal at the specified time and cooling from the
anneal temperature.
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arrive at the Si/SiO2 interface. The reaction thus becomes limited by the
rate at which the oxidizing species diffuse through the oxide. It was
shown above in Section 8.3.2.1. that at elevated temperatures and with an
oxygen deficiency, SiO2 in contact with Si disproportionates to SiO. The
disproportionation reaction is initiated at active defect sites already pres-
ent at the Si/SiO2 interface. In our model the Si protrusions may be con-
sidered as defects that could cause the above decomposition, since these
sites are thermodynamically active due to the smaller radius of curvature.
This is consistent with our results that show that with the thickening of
the SiO2, the thickness of SiO layer, LSiO, at the interface increases and
the average radius of the crystalline protrusions, R, decreases.

8.3.3 Recent Results on Ultra Thin SiO2 Films 
and the Si-SiO2 Interface

As was mentioned earlier in this chapter, gate dielectric films less than
5 nm thick are becoming common in MOS technology. Film thickness in
this range is difficult to measure accurately. These ultra-thin films on
semiconductor substrates are nearly all interface. Consequently, the nature
of the interface, including interface roughness, emerges as a crucial
parameter for ultra-thin films.

8.3.3.1 Film Thickness Related Results

Ellipsometry is often used to measure film thickness. However, in the
ultra-thin film regime ellipsometry cannot accurately determine film thick-
ness. This is due to both the general unavailability of refractive indices for
thin films and the inability to measure refractive indices for ultra-thin films
as was discussed above. Since ellipsometry measures the product of refrac-
tive index and film thickness (this product is the optical path length or opti-
cal thickness), if the index is not known or difficult to obtain accurately,
then the errors in index will result in thickness errors. It is now useful to
return to Fig. 8.3 that shows a simulated ∆,Y space trajectory for several
transparent films on a Si substrate that have disparate n values. It is seen
that even though the n are different, the trajectories converge as the film
thickness decreases. For films that are closer in n the convergence occurs
at thicker values. When the degree of convergence is within the ability of
ellipsometry to measure angles accurately (about 0.01° at best) then the
film n cannot be unambiguously determined using ellipsometry. While the
precise conditions under which ellipsometry becomes ineffective depends
on the system and instrumentation, in general refractive indexes for films
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less than 10 nm are typically not obtained accurately from ellipsometry.
Furthermore, it is dangerous to use the bulk film refractive index for a film
that is less than 10 nm, since it is known[9,92,93] that the optical properties
including the refractive index for ultra-thin SiO2 films are different than
for thick films. For SiO2 the ultra-thin films have a higher index than the
bulk film due to compressive interfacial stresses and suboxide content.
Thus, the use of the low bulk refractive index for thin SiO2 films would
yield too large of a film thickness.

Other techniques such as x-ray photoelectron spectroscopy (XPS) and
cross-sectional transmission electron microscopy (X-TEM) have com-
monly been used to measure thin film thickness. However these tech-
niques also have significant errors associated with them. For XPS for
example,[94] besides problems with adventitious C on the surface and pho-
toelectron diffraction affecting measured intensities, the XPS measure-
ment of film thickness requires the measurement of the attenuation length
(A.L.) for the photoelectron. A.L. is typically measured in a separate
experiment, and it requires knowledge of the film density which is usually
not known accurately, since it can be different from the bulk density. The
film thickness is obtained from a formula of the form:

Lox � (A.L.) sinq ln�1 � �
In this formula Q is a product of two intensity ratios that are measured in
separate experiments. Thus, XPS is subject to many potential sources of
errors for film thickness measurements. X-TEM accesses the projection of
the lattice planes throughout the cross-section sample thickness as
depicted in Fig. 8.22. If the sample is rough as shown or is tilted the accu-
racy of the film thickness is affected. In particular roughness makes it dif-
ficult to find the interfaces, and sample tilt would yield the minimum film
thickness due to the projection of all the lattice planes in the cross section.
Thus, the combination of ellipsometry using thick film n’s plus X-TEM
can be used to bracket the real film thickness.

Without an accurate knowledge of film thickness it is difficult to fully
characterize device properties, since film thickness determines the distri-
bution of electric fields. Also accurate oxidation processes cannot be
developed with inaccurate film thickness and the LP model that applies to
SiO2 thicker than 10 nm cannot be used to model or predict the ultra-thin
SiO2 film growth processes via thermal oxidation. In addition, device
operation at high electric fields can be hampered in the cases where the
interface between the SiO2 film and Si substrate is rough. Both high field
carrier mobility and film dielectric reliability can be reduced by interfacial
roughness.

1
�
Q
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In order to address the measurement of these ultra-thin films, the use
of special techniques is needed that have the ability to reliably measure
the film and interfacial properties. It would be desirable to have tech-
niques that are not only sensitive to the special properties, but that are also
nondestructive. To this end several techniques have recently been devel-
oped that can access desired ultra-thin film properties such as refractive
index, thickness, and interfacial roughness. In the following paragraphs
some results using these techniques are discussed.

One technique that has been developed to obtain accurate film thick-
nesses uses Fowler-Nordheim (FN) electron tunneling current oscillations
(FNCOs), a subject that was discussed theoretically in the 1960s,[95,96] and
in the 1970s and 1980s was experimentally developed by Maserjian and
colleagues.[97] As is shown in Fig. 8.23, FN tunneling current oscillations
result from the interference of incident and reflected electron waves in the
SiO2 film conduction band in a MOS structure. The interference of prop-
agating electron waves occurs when the applied oxide potential Vox is
greater than the electron barrier FM. The solution for standing waves in
this system for a trapezoidal barrier has the form of Aries functions. Thus,
the oxide acts analogous to an optical etalon (a spatial filter) where the
path through the barrier, the film thickness, is a parameter in the analytic
solution. From Aries functions solutions and the experimentally determined

Figure 8.22 Pictorial cross-sectional transmission microscopy of a rough interface.
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maxima and minima in the oscillations, the film thickness can be obtained
to an accuracy of better than 0.1 nm using a straightforward procedure
recently developed in our laboratory.[98] Most of this error is due to uncer-
tainties in the barriers and effective masses. Briefly, the new procedure
starts with the FN I-V data that contains the oscillations riding a large
D.C. component, and then transforms the data in terms of a dummy vari-
able using the usual FN formula derived without considering electron
wave interference. This variable is electric field independent and contains
both the oscillatory and D.C. components of the tunneling current. Then
using derivatives, the zeroes of the total tunneling current (A.C. and D.C.)
are determined from which the electric field could be obtained as well as
accurately separating the oscillatory component from the total tunneling
current. The positions of the extrema of the FNCOs that are readily read
from the extracted oscillations contain the film thickness information to
an accuracy conservatively estimated to be better than ±0.1 nm. It should
be noted that this new method to extract the small FNCOs from the large
D.C. FN tunneling background current is greatly superior to an older
method[97] that merely subtracts the theoretical DC FN current character-
istic from the experimental data, i.e., subtracts two large numbers to
obtain a small difference. The previous method works well for nearly
ideal samples but leads to large errors for samples that are less than ideal
and present few oscillations.
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Figure 8.23 Fowler-Nordheim (FN) energy barriers. When the applied voltage
Vox � the barrier (ΦM) FN tunneling occurs and FN tunneling current oscillations
(FNCOs) are possible from the interference of the electron waves.
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In an early study[99] ellipsometry was performed on the same samples
for which the SiO2 film thickness was determined using FNCOs,.
Specifically, highly accurate single wavelength ellipsometry was used at
632.8 nm to measure the ellipsometric variables, ∆ and Y. Using a single
film model, and with the film thickness from FNCOs as input, the refrac-
tive index was calculated, thereby obverting the issue of obtaining accu-
rate indexes from ellipsometry alone. For film thickness of about 4.4 nm,
n for thermal SiO2 films was found to be about 1.894 as compared with a
value of 1.465 for bulk SiO2 films thicker than 20 nm. Using this new
value for n for ultra-thin SiO2 films as well as known bulk values, we have
generated an interpolation formula for SiO2 refractive indexes as a func-
tion of film thickness.[100] Using these new n values for SiO2, we have
re-evaluated our previously published SiO2 film thickness versus Si oxi-
dation time data. Figure 8.24 shows that the corrected SiO2 film thickness
values (labeled “this work”) for the ultra-thin regime are smaller than pre-
viously calculated using the lower bulk SiO2 indexes. From this study[100]

we can confidently conclude that the controversial initial thermal oxida-
tion regime is purely linear, indicative of an interface reaction. Note that
in the early Si oxidation because the bulk index was used to evaluate the
in situ real time ellipsometry data a curvature was obtained for the initial

Figure 8.24 Using refractive indexes from the combined FNCO and ellipsometry
method, Si oxidation data has been corrected and the older Massoud et al. data
(from ref. 67) is compared with corrected data (from ref. 100).
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regime. That this was the case was only very recently clarified with
experimental results.

Also recently,[101] we have further refined the ultra-thin film SiO2

refractive data. We collected variable angle SE data on SiO2 films ranging
in thickness from 2 to 8 nm and processed the data using an iterative
algorithm shown in Fig. 8.25, in order to obtain consistent values for the
index parameter. The result is a new recursion formula shown in Fig. 8.26
along with our previous formula[99] for comparison. These new results
have extended the range of thickness for which we obtain refractive
indices down to about 1.5 nm, and enable the accurate ellipsometric deter-
mination of SiO2 film thickness to about 1 nm.
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Figure 8.25 The algorithm used to correct the n results using VASE results.
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8.3.3.2 Interfacial Roughness

For direct roughness measurements, atomic force microscopy (AFM)
is commonly used to obtain an image of the surface. From the lateral x,y
positions the height of a surface feature, z, is obtained with subnanometer
accuracy. This data is typically analyzed to obtain the extent or width of
the interface that is reported as the root mean square (RMS) roughness.
The RMS roughness is a measure of the average magnitude of the rough-
ness features. However, the RMS is insufficient to describe a rough sur-
face or interface, and insufficient to distinguish one rough surface from
another. We have developed a fractal analysis, in order to determine the
spatial complexity of the roughness.[102,103] In fractal geometry a fractal
dimension, DF, is a scaleless non-integer parameter that is a unique
descriptor of an object, analogous to the integer dimensions in Euclidean
geometry. For rough surfaces DF would be a non-integer between the inte-
gers 2 and 3, which are the Euclidean dimensions: 2 � DF � 3. In previ-
ous studies we have described a modified variation method algorithm for
accurately extracting DF from the AFM data,[102] and we have discussed
the applicability of using DF for Si roughness studies.[103]

We have used both AFM and SIE to follow the evolution of Si rough-
ness resulting from both the thermal and electron cyclotron resonance

Figure 8.26 The n results for thin film SiO2 using the algorithm in Fig 8.25 (present
results) compared with earlier results (from ref. 100) from SWE and FNCOs.
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(ECR) plasma oxidation of Si.[104–106] Purposely roughened Si was used so
that the level of the roughness was well above the lower detection limits
of the techniques.

Figure 8.27 summarizes some of our results for thermal oxidation.
Figure 8.27a displays AFM results that show that the RMS values for

626 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 8.27 Si oxidation induced roughness from a) AFM and b) SE (SIE technique).
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rough surfaces decrease with increasing extent of oxidation while for ini-
tially smooth surfaces the RMS values increase with the extent of oxida-
tion. From this data there appears to be convergence to a limiting rough-
ness of 0.2 to 0.3 nm RMS. It was found that DF values for both initially
rough and smooth Si surfaces monotonically decrease with increasing
extent of oxidation indicating that the surface always becomes simpler as
oxidation proceeds. Figure 8.27b displays SIE results that show that as
oxidation time increases rough surfaces result in a smaller Linf while ini-
tially smooth surfaces show an increasing Linf with oxidation extent. Thus,
both AFM and SIE are concordant in that initially rough surfaces become
smoother, and initially smooth surfaces roughen in terms of the magnitude
of the roughness features. However, the smallest features are always
removed at a greater rate than large features for both initially rough and
smooth surfaces (DF always decreases with oxidation). Convergence is
not seen for the SIE data but rather a crossover is observed in the values
of Linf. This apparently non-physical result is explained by considering the
interface model (Fig. 8.18) that is used to analyze the SIE data. In this
model the parameter extracted Linf is the sum of the height of the Si pro-
trusions plus the suboxide layer. The suboxide layer forms during oxida-
tion, and grows as the oxidation rate slows and for lower temperature oxi-
dation. Also, the effect of the suboxide would be greatest for the smooth
samples where the Si protrusions are small. The extent of the suboxide
then increases Linf, but the suboxide does not affect the AFM derived RMS
topographic measurements. Thus, we believe that the crossover seen in
the SIE results is an artifact of the model used and is attributable to the
suboxide formation which affects only the optical results.

Similar results have also been obtained for ECR plasma oxidation for
purposely roughened and initially smooth Si surfaces.[105] For ECR plasma
oxidation an additional acceleration of smoothing and roughening could be
obtained by increasing the oxidation rate using a positive D.C. sample bias.

Both the smoothing and roughening effects can be understood using
the Kelvin equation:

∆G �

where the change in local free energy, ∆G, is inversely proportional to the
radius of curvature (R) for a small feature. g and V are the surface energy and
molar volume, respectively. The Kelvin equation teaches that small sharp
features (with small R) present a greater reactivity, and hence oxidize more
extensively relative to larger features. With the use of Fig. 8.28 both the
smoothing of initially rough surfaces and the roughening of initially smooth
Si surfaces can be explained.[106] If elliptical protrusions are assumed, then

2gV
�
R
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the top of Fig. 8.28 shows that these protrusions can reduce their radius of
curvature R and hence the local free energy both by an increase in the width
w (squared) and/or a decrease in the height h. For the purposely roughened
samples (Fig. 8.28 left side), the presence of closely spaced features requires
that a decrease of h is the only way for the free energy to decrease as a result
of oxidation. This is the case, because if w also increases for one feature, for
an adjacent feature w would be forced to decrease. However, for the initially
smooth surfaces (Fig. 8.28 right side) without closely adjacent features, both
w and h can change so as to reduce the local free energy. In fact if w can
increase to lower the free energy, then an increase in h is permitted since R
is proportional to w2. This leads to roughening as measured by an increasing
RMS. It should also be noticed that for both the initially rough and smooth
Si surfaces the DF decreases as a result of oxidation. Also, the fact that both
roughening and smoothing can occur as independent mechanisms leads to

628 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 8.28 Model showing how rough and smooth surfaces change with oxidation.
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the prediction of a limiting interfacial roughness that has now been experi-
mentally verified in Fig. 8.27a to be about 0.3 nm.

We have recently investigated[107,108] the possible effects of roughness
on interface charges in terms of fixed oxide charge, Qf, and interface
trapped charge density, Dit. Since the interface charge is an extensive
property in that the charge level depends on the surface or interface area,
an accurate measurement of surface area for the rough surfaces was
required. We have found that the usual algorithms that are available with
commercial AFMs are not useful for extracting areas when the roughness
is in the micro-roughness regime, viz. with roughness features less than
5 nm high. This is because the commercial algorithms use a triangle
method where three adjacent AFM (x,y,z) data points form a triangle, and
the triangles are summed to obtain surface area. The mathematics
involves squares of the lateral (x,y) and height (z) values to form the tri-
angles. If z is much smaller than x or y which is typical for micro-rough-
ness, the z height values will be lost in the round-off error. Thus, the area
of micro-rough surfaces obtained from these algorithms is about equal to
the projected area, which is far too small. To overcome this problem, we
developed a new algorithm for extracting the surface area for micro-
rough surfaces from AFM images.[107] This new algorithm is based on
RMS and DF values, and the way these values scale with roughness.
When an accurate area for a rough surface has been obtained through the
use of our new algorithm applied to AFM data, we have found that both
interface electronic states and interface fixed charges scale simply with
surface area.[108] These results are shown in Fig. 8.29 where it is seen that
the charge values normalized using the projected contact areas show high
values, which have a relatively strong correlation with the extent of oxi-
dation. The charges decrease with oxidation indicative of smoothing and
decreasing area. With the area correction most of the roughness issues are
removed. Lastly, a small orientation correction is made to account for the
fact that roughness introduces other orientations, which can have higher
charge values. This is both a small and approximate correction compared
to the area correction. We can conclude that interface charges are exten-
sive, and thus the specific amount of the interface charge can be
accounted for by the increased area for the micro-rough interfaces.

Interfacial roughness can also affect FNCOs. Specifically, it has been
predicted[109] that if the thermal oxidation of a rough Si surface leads to
SiO2 thickness variations, the amplitude of the FNCOs would decrease.
This is due to the fact that electron waves travelling different path lengths
through the oxide would result in destructive interference of the propagat-
ing wave packets. However, the mechanism for Si thermal oxidation indi-
cates that the reaction between oxygen and Si occurs via inward transport
of oxygen to the Si surface where the oxidation takes place.[1] With this
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mechanism and assuming all the Si atoms at the Si surface have equivalent
reactivity, the resulting oxide should be conformal. Hence, no thickness
fluctuations would be anticipated as a result of the oxidation of rough Si
surfaces. Indeed, our first attempt[98] to measure FNCOs resulting from the
oxidation of purposely roughened Si surfaces showed no effect on the
FNCO’s amplitude. Rough and smooth control samples yielded the same
results. However, recently, in the light of our newest results[106] discussed
above we have redone this experiment. Specifically, we have attempted to
use a very high spatial roughness surfaces, viz. roughened Si surfaces with
a high DF. The idea is that when there are small sharp roughness features
that give rise to high DF values, the local free energy will be increased as
will the local chemical reactivity. Thus, the assumption made above about
uniform Si atom reactivity will no longer hold. In this case the oxidation
will be nonuniform leading to SiO2 film thickness variations. If the thick-
ness fluctuations are in close proximity, as would be the case for high DF

surfaces, then a diminution of the amplitude of FNCOs would result via the
wave interference mechanism. The newest results[110] are summarized in
Fig. 8.30 which shows FNCOs from two sample sets (A&B) each set hav-
ing a smooth control. For sample set A where sample (a) is a smooth con-
trol and (b) has DF � 2.65, the extracted FNCOs show no change in FNCO
amplitude from the smooth to the rough sample. For sample set B where

630 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 8.29 Interface trapped charge (Dit) and fixed oxide charge (Qf) changes
with the extent of Si thermal oxidation.
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Figure 8.30 The effect of roughness on FNCOs: a) lower frequency roughness
and b) high frequency roughness for sample B(c).
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sample (a) is the smooth control, sample (b) has DF � 2.71, and sample (c)
has DF � 2.52, the extracted FNCOs show a pronounced decrease in
amplitude for sample (b) which has the smallest sharpest features (highest
DF). Figure 8.31 depicts our model for the electron path differences occur-
ring in SiO2 as a result of thickness fluctuations. Essentially the top of the
figure shows a sharp high frequency feature adjacent to smoother features
on a rough Si surface. Upon oxidation the sharper feature smoothens, but
also results in more oxide formed due to its higher reactivity. Hence a
thickness fluctuation occurs which can introduce a path difference and
destructive interference for the adjacent wave packets.

8.4 Conclusions

Ellipsometry either alone or in combination with other techniques
has significantly impacted every area of SiO2 film development since
the 1960s. This chapter follows the evolution of the understanding of

632 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 8.31 Model to explain how high frequency roughness can lead to SiO2 film
thickness fluctuations and decrease resulting FNCOs.
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SiO2 films in microelectronics emphasizing the role of ellipsometry.
Ellipsometry continues to be a crucial characterization technique both in
microelectronics and thin film research and in manufacturing. Indeed
ellipsometers can be found in virtually every IC chip manufacturing facil-
ity around the world. The application of ellipsometry to issues involving
SiO2 films is an ideal venue for the demonstration of all the aspects of this
powerful optical technique.

Acknowledgements

The author gratefully acknowledges that the authors research results in
this Chapter were performed at the IBM Thomas J. Watson Research
Center prior to 1982, and since that time the research was supported by
the Office of Naval Research (ONR) and the National Science Foundation
(NSF) Materials Research Division.

8.5 References

1. E.A. Irene, “Models for the Oxidation of Silicon,”, CRC Critical Reviews
in Solid State and Materials Science, Ed. J.E. Greene, Vol 14(2), pp
175–223 (1988).

2. E.A. Irene and R. Ghez, Appl. Surface Science, 30, 1 (1987).
3. E.A. Irene, “Silicon Oxidation: A Process Step for the Manufacture of

Integrated Circuits,” Ed. P. Stroeve, in “Integrated Circuits,” American
Chem. Soc., p. 31 (1985).

4. E.A. Irene, Phil. Mag. B, 55, 131 (1987).
5. Handbook of Optical Properties of Solids Volumes I, II and III, Ed. E.D.

Palik, Academic Press, Inc., Orlando Florida.
6. G.E. Jellison, Optical Materials, 1, 41 (1992).
7. E.A. Taft, and L. Cordes, J. Electrochem. Soc., 126, 131 (1979).
8. D.E. Aspnes and J.B. Theeten, J. Electrochem. Soc., 127, 1359 (1980).
9. S. Chongsawangvirod, E.A. Irene, A. Kalnitsky, S.P. Tay and J.P. Ellul,

J. Electrochem. Soc., 137, 3536 (1990).
10. E.A. Irene, E. Tierney, and J. Angilello, J. Electrochem. Soc., 129, 2594

(1982).
11. E.A. Irene, D.W. Dong and R.J. Zeto, J. Electrochem. Soc., 127, 396 (1980).
12. J.K. Srivastava and E.A. Irene, J. Electrochem. Soc., 132, 2815 (1985).
13. E.A. Irene, J. Electrochem., Soc., 121, 1613 (1974).
14. E.H. Nicollian, A. Goetzberger, and C.N. Berglund, Appl. Phys. Lett., 15,

174 (1969); E.H. Nicollian, C.N. Berglund, P.F. Schmidt and J.M. Andrews,
J. Appl. Phys., 42, 5654 (1971).

15. E.A. Irene and Y.J. Van der Meulen, J. Electrochem. Soc., 123, 1380 (1976).
16. E.A. Irene and R. Ghez, J. Electrochem. Soc., 124, 1757 (1977).
17. H.Z. Massoud, J.D. Plummer, and E.A. Irene, J. Electrochem. Soc., 132,

1745 (1985).

ch_08.qxd  10/15/04  12:56 PM  Page 633



18. H.Z. Massoud, J.D. Plummer, and E.A. Irene, J. Electrochem. Soc., 132,
2685 (1985).

19. H.Z. Massoud, J.D. Plummer, and E.A. Irene, J. Electrochem. Soc., 132,
2693 (1985).

20. R.J. Archer, J. Electrochem. Soc., 104, 619 (1957).
21. R.J. Archer, J. Optical Soc. America, 52, 970 (1962).
22. R.J. Archer and G.W. Gobeli, Phys. Chem. Solids, 26, 343 (1965).
23. F.L. McCrackin, E. Passaglia, R.R. Stromberg, and H.L. Steinberg, J. Res.

Nat. Bureau Standards- A. Physics and Chem, 67A, 363 (1963).
24. F.L. McCrackin and J.P. Colson, NBS Publication 256, 61 (1964).
25. F.L. McCrackin, NBS Technical Note 479, April (1969).
26. R.J. Archer and C.V. Shank, J. Opt. Soc., 57, (1967).
27. J.R. Ligenza and W.G. Spitzer, J. Phys. Chem. Solids, 14, 131 (1960).
28. B.E. Deal and A.S. Grove, J. Appl. Phys., 36, 3770 (1965).
29. W.A. Pliskin, IBM J. Res. Dev., 10, 198 (1966).
30. P.J. Burkhardt and L.V. Gregor, Trans. Metallurgical Soc. AIME, 236, 299

(1966).
31. A.G. Revesz, K.H. Zaininger, and R.J. Evans, Appl. Phys. Lett., 8, 57 (1966).
32. J.R. Ligenza and W.G. Spitzer, J. Phys. Chem. Solids, 14, 131 (1960).
33. W.A. Pliskin and R.P. Gnall, J. Electrochem. Soc., 111, 872 (1964).
34. D.E. Aspnes and A.A. Studna, Appl. Optics, 14, 220 (1975).
35. Y.J. van der Meulen and N.C. Hien, J. Opt. Soc. Am, 64, 804 (1974).
36. G.E. Jellison, and F.A. Modine, J. Appl. Phys., 76, 3758 (1994).
37. E.A. Irene, Thin Solid Films, 233, 96 (1993).
38. Y.Z. Hu, J. Joseph, and E.A. Irene, Appl. Phys. Lett., 59, 1353 (1991).
39. J. Joseph, Y.Z. Hu, and E.A. Irene, J. Vac. Sci. Technol. B, 10, 611 (1992).
40. E.A. Irene, Chapter 3, “In Situ Real Time Characterization of Surfaces and

Thin Film Growth via Ellipsometry in “In Situ Real Time Characterization
of Thin Films”, Eds. O. Auciello and A. Krauss, John Wiley and Sons, Inc.,
New York, 2001.

41. E.A. Irene, “In Situ Real-Time Characterization of Oxide Film Growth and
Other Processes Via Spectroscopic Ellipsometry”, Chapter for Volume 28
of the Annual Review of Materials Science, accepted for 2001.

42. M.A. Hopper, R.A. Clarke, and L. Young, J. Electrochem. Soc., 122, 1216.
(1975).

43. J.W. Andrews, Y.Z. Hu, and E.A. Irene, SPIE 1989 (Oct.) Symposium on
Microelectronic Integrated Processing: Growth Monitoring and Control,
Proceedings Jan. 1990.

44. Y.Z. Hu, M. Li, Y. Wang, E.A. Irene, M. Rowe, and H.C. Casey Jr., Applied
Physics Lett., 63, 1113 (1993).

45. Y. Wang, Y.Z. Hu, and E.A. Irene, J. Vac. Sci. Technol.A, 12, 1309 (1994).
46. J. Joseph, Y.Z. Hu, and E.A. Irene, “The Physics and Chemistry of SiO2 and

the Si-SiO2 Interface,” Ed C.R. Helms and B.E. Deal, Plenum, New York,
(1993).

47. R.J. Jaccodine and W.A. Schlegel, J. Appl. Phys., 37, 2429 (1966).
48. M.V. Whelan, A.H. Gormans, and L.M. Goossens, Appl. Phys. Lett., 10,

262 (1967).

634 CRITICAL REVIEWS OF SOME APPLICATIONS

ch_08.qxd  10/15/04  12:56 PM  Page 634



SIO2 FILMS, IRENE 635

49. E.P. EerNisse, Appl. Phys. Lett., 30, 290 (1977); 35, 8 (1979).
50. E.A. Irene, E. Tierney, and J. Angillelo, J. Electrochem. Soc., 129, 2594

(1982).
51. E. Kobeda and E.A. Irene, J. Vac. Sci. Technol. B, 4, 720 (1986); J. Vac. Sci.

Technol. B, 5, 15 (1987).
52. E.A. Taft, J. Electrochem. Soc., 125, 968 (1978).
53. W.A. Tiller, J. Electrochem. Soc., 127, 619, 625 (1980).
54. G. Lucovsky, M.J. Mantini, J.K. Srivastava, and E.A. Irene, J. Vac. Sci.

Technol. B, 5, 530 (1987).
55. E.A. Irene, D. Dong, and R.J. Zeto, J. Electrochem. Soc., 127, 396 (1980).
56. H. Yao, J.A. Woollam, and S.A. Alterovitz, Appl. Phys. Lett., 62, 3324 (1993).
57. R. Williams and A.M. Goodman, Appl. Phys. Lett., 25, 531 (1974).
58. T.W. Sigmon, W.K. Chu, E. Lugujjo, and J.W. Mayer, Appl. Phys. Lett., 24,

105 (1974).
59. A.M. Stoneham and P.W. Tasker, J. Phys. C: Solid State Phys., 18, L 543

(1985): A.M. Stoneham and P.W. Tasker, Semicond. Sci. Technol., 1, 93 (1986).
60. J. Derrien and Commandre, Surface Science, 118, 32 (1982).
61. S.I. Raider and R. Flitsch, J. Vac. Sci. Technol., 13, 58 (1976).
62. C.R. Helms, J. Vac. Sci. Technol., 16, 608 (1979).
63. F.J. Grunthaner, P.J. Grunthaner, R.P. Varquez, B.F. Lewis, J. Maserjian,

and A. Madhukar, J. Vac. Sci. Technol., 16, 1443 (1979).
64. H. Ibach, H.D. Bruchmann, and H. Wagner, Appl. Phys. A, 29, 113 (1982).
65. P. Chiaradia and S. Nannarone, Surface Science, 54, 547 (1976).
66. E.A. Irene and D. Dong, J. Electrochem. Soc., 125, 1146 (1978).
67. H.Z. Massoud, J. Plummer, and E.A. Irene, J. Electrochem. Soc., 132, 1745

(1985).
68. E.A. Lewis and E.A. Irene, J. Electrochem. Soc., 134, 2332 (1987).
69. E.A. Irene, J. Electrochem. Soc., 125, 1708 (1978).
70. J.R. Ligenza, J. Phys. Chem., 65, 2011 (1961).
71. E.A. Irene, H.Z. Massoud, and E. Tierney, J. Electrochem. Soc., 133, 1253

(1986).
72. K. Ueda and M. Inoue, Surf. Sci., 161, L578 (1985).
73. R. Oren and S.K. Ghandi, J. Appl. Phys., 42, 752 (1971).
74. S.A. Schafer and S.A. Lyon, J. Vac. Sci. Technol., 19, 494 (1981); S.A.

Schafer and S.A. Lyon, J. Vac. Sci. Technol., 21, 422 (1982).
75. Ian W. Boyd, Appl. Phys. Lett., 42, 728 (1983); Ian W. Boyd, “Surface

Studies with Lasers,” Eds. F.R. Aussenberg, A. Leitner and M.E. Lippitech,
Springer-Verlog 1983, p. 193.

76. E.M. Young and W.A. Tiller, Appl. Phys. Lett., 42, 63 (1983); E.M. Young
and W.A. Tiller, Appl. Phys. Lett., 50, 80 (1987).

77. E.A. Irene and E.A. Lewis, Appl. Phys. Lett., 51, 767 (1987).
78. L.M. Chanin, A.V. Phelps, and M.A. Biondi, Phys. Rev., 128, 219 (1962).
79. R. Ghez and Y.J. van der Meulen, J. Electrochem. Soc., 119, 1100 (1972).
80. E.A. Irene, Appl. Phys. Lett., 40, 74 (1982).
81. E.A. Irene, J. Appl. Phys., 54, 5416 (1983).
82. A. Fargeix, G. Ghibaudo and G. Kamarinas, J. Appl. Phys., 54, 2878 (1983);

54, 7153 (1983); 56, 589 (1984).

ch_08.qxd  10/15/04  12:56 PM  Page 635



83. G. Camera Roda, F. Santarelli, and G.C. Sarti, J. Electrochem. Soc., 132,
1909 (1985).

84. R.H. Doremus, Thin Solid Films, 122, 191 (1984).
85. F.J. Grunthaner and P.J. Grunthaner, “Chemical and Electronic Structure of

the SiO2/Si Interface,” Materials Science Reports 1987.
86. W.A. Tiller, J. Electrochem. Soc., 128, 689 (1981).
87. F. Herman, I.P. Batra and R.V. Kasowski, in “The Physics of SiO2 and Its

Interfaces,” Ed. S.T. Pantelides, p. 333, Pergamon, N.Y. 1979.
88. B. Agius, S. Rigo, F. Rocket, M. Froment, C. Maillot, H. Roulet, and G.

Dufour, Appl. Phys. Lett., 44, 48 (1984).
89. F. Rochet, B. Agius, and S. Rigo, J. Electrochem. Soc., 131, 914 (1984).
90. V.A. Yakovlev and E.A. Irene, J. Electrochem. Soc., 139, 1450 (1992).
91. V. A. Yakovlev, Q. Liu, and E. A. Irene, J. Vac. Sci. Technol. A, 10, 427 (1992).
92. E.A. Taft and L. Cordes, J. Electrochem. Soc., 126, 131 (1979).
93. A. Kalnitsky, S.P.Tay, J.P. Ellul, S. Chongsawangvirod, J.W. Andrews, and

E.A. Irene, J. Electrochem. Soc., 137, 234, (1990).
94. D.F. Mitchell, K.B. Clark, J.A. Bardwell, W.N. Lennard, G.R. Massoumi,

and L.V. Mitchell, Surface and Interface Analysis, 21, 44 (1994).
95. K.H. Gundlach, Solid State Electron., 9, 949 (1996).
96. M.E. Alferieff and C.B. Duke, J. Chem. Phys., 46, 938 (1967).
97. J. Maserjian, The Physics and Chemistry of SiO2 and Si-SiO2 Interface, Ed

C.R. Helms and B.E. Deal, Plenum, New York , 505 (1988).
98. S. Zafar, Q. Liu, and E.A. Irene, J. Vac. Sci. Technol. A, 13(1), 47 (1995); S.

Zafar, K.C. Conrad, Q. Liu, E.A. Irene and G.Hames, R. Kuehn, and J.J.
Wortman, Appl. Physics Lett., 67, 1031 (1995).

99. K.J. Hebert, S. Zafar, E.A. Irene, R Kuehn, T.E. McCarthy, and E.K.
Demirlioglu., Appl. Phys. Lett., 68, 266 (1996).

100. K.J. Hebert, T. Labayen, and E.A. Irene, Physics and Chemistry of SiO2 and
the Si-SiO2 Interface III, Eds H.Z. Massoud, C.R. Helms and E.H.
Poindexter, 81 (1996), The Electrochemical Soc. Inc., New Jersey, USA.

101. Y. Wang and E.A. Irene, J. Vac. Sci. Technol. B, 18(1), 279, (2000).
102. L. Spanos and E.A. Irene, J. Vac. Sci. Technol. A, 12(5), 2646 (1994).
103. L. Spanos, Q. Liu, T. Zettler, B. Hornung, J.J. Wortman, and E.A. Irene, J.

Vac. Sci. Technol. A, 12(5), 2653, (1994).
104. Q. Liu, L. Spanos, C. Zhao, and E.A. Irene, J. Vac Sci. Technol. A, 13, 1977

(1995).
105. C. Zhao, P.R. Lefebvre, and E.A. Irene, Thin Solid Films, 313–414, 286

(1998).
106. L. Lai and E.A. Irene, J. Appl. Phys., 86(3), 1729 (1999).
107. L.Lai, and E.A. Irene, J. Vac. Sci. Technol. B, 17, 33 (1999).
108. L.Lai, K.J. Hebert, and E.A. Irene, J. Vac. Sci. Technol. B, 17, 53 (1999).
109. J. Sune, I Placencia, E. Farras, N. Barniol, and X. Aymerich, Phys. Status

Solidi, 109, 496 (1988).
110. L. Lai and E.A. Irene, J. Appl. Phys., 87(3), 1159 (2000).

636 CRITICAL REVIEWS OF SOME APPLICATIONS

ch_08.qxd  10/15/04  12:56 PM  Page 636

Next Page



9 Theory and Application of
Generalized Ellipsometry

Mathias Schubert

Fakultät für Physik und Geowissenschaften 
Institut für Experimentelle Physik II 

Universität Leipzig, Germany

9.1 Introduction

Spectroscopic ellipsometry has become a standard method among the
polarization-dependent optical techniques to explore the optical properties
of solids and liquids.† However, until today most of the results obtained
with ellipsometry are reported from isotropic materials. Investigations on
arbitrarily anisotropic layered systems or samples with geometrical struc-
tures of high complexity are mainly restricted to data collection and qual-
itative analysis. This is because of 

(1) the complex formulas associated with highly anisotropic
systems, and 

(2) standard ellipsometry is restricted to isotropic surfaces.

A convenient mathematical formalism is necessary for calculation of
the optical response of anisotropic layered structures. Likewise, appropriate
experimental setups are required which determine non-redundant optical
parameters from a general anisotropic sample. Generalized ellipsometry
(GE) comprises theory and experiment of anisotropy in layered samples.
Owing to its unique capability to characterize optical and structural prop-
erties of general anisotropy, GE enables new insights into physical phe-
nomena of novel thin-film materials. This chapter summarizes recent GE
developments and applications. The GE concept and the Jones calculus are
outlined. Data acquisition procedures and strategies for measurement of
anisotropic sample systems are presented and discussed. The GE theory,

†For a comprehensive review of the state-of-the-art data analysis in spectroscopic ellipsometry see the
Chapter by G.E. Jellison Jr. in this book. See also Spectroscopic Ellipsometry, edited by A.C.
Boccara, C. Pickering, J. Rivory (Elsevier, Amsterdam, 1993), and Spectroscopic Ellipsometry,
edited by R.W. Collins, D.E. Aspnes, E.A. Irene (Elsevier, Lausanne, 1998), Proceedings of the first
and second International Conferences on Spectroscopic Ellipsometry.
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i.e., a calculus for wave propagation in arbitrary anisotropic layered media,
is given. This calculus spans the symmetric and nonsymmetric (magneto-
optical) dielectric and twisted symmetric dielectric materials. The GE
parameters for layered systems of any combination of the materials within
the calculus are obtained using the 4 � 4 matrix formalism. Recently
reported applications of theory and experiment to single-crystal non-cubic
solids (e.g., ordered-vacancy compounds), continuously twisted biaxial
media (e.g., chiral liquid crystals), mixed-phase solid solutions (e.g., poly-
crystalline hard coating materials), free-carrier magneto-optic phenomena,
and superlattice-type CuPt order-birefringence in semiconductor materials
are included to demonstrate the ability of GE for analysis of complex mul-
tilayered samples with inherent and arbitrarily oriented anisotropy.

9.2 The Generalized Ellipsometry Concept

The basic principle of the GE concept is to seek tools that enable the
determination and analysis of non-redundant optical sample parameters.
The keyword between experiment and theory is the so-called Jones
matrix. The reader should be aware of the difference between the concept
of the Jones algorithm, which describes measurable electromagnetic field
components, and the 4 � 4 matrix algebra, which treats the electromag-
netic field components within the sample. The 4 � 4 formalism is devoted
to details of the internal sample polarization-modifying processes respon-
sible for the external polarizing sample properties. The analytical
approach to solving for the light propagation in complex optical systems
is to calculate the Jones matrices for arbitrarily anisotropic homogeneous
layered systems. This formalism will be outlined in Sections 9.3 and 9.4.
A brief introduction of the phrases Jones vector and Jones matrix is given
in Section 9.2.2. (See also Chapters 1 and 3, in this book). For a detailed
introduction into the Jones vector approach, refer to Azzam and Bashara’s
textbook. The GE parameters are defined in Section 9.2.3. A feasible
experimental setup for acquisition of GE parameters is explained in
Section 9.2.4, where the GE extension of rotating-analyzer ellipsometry
(RAE) is discussed. To begin with here, the important issue of our GE
notation and data format definition is discussed.

9.2.1 Comments on Notations in GE

The issue concerning notation in generalized ellipsometry needs to be
addressed here. We need to normalize the ellipsometry equations because
the absolute intensity is difficult to measure with the same precision as
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the amplitude ratios and their relative phase information. For almost any
choice of normalization a solution with a zero denominator can be found
for a physical real interesting sample. For instance, any of the Jones reflec-
tion or transmission elements may approach zero for certain anisotropic
situations. Jellison and others have followed the choice of Azzam and
Bashara, and divided the Jones matrix elements by rss (or tss).

[1, 9, 13] For
some common anisotropic samples this definition produces a helpful
visualization of the sample symmetry. In this chapter we define the GE
quantities Rpp � rpp�rss, Rps � rps�rpp, and Rsp � rsp�rss (the transmission
parameters follow accordingly). This procedure seems more natural from
a data acquisition standpoint. To measure the Jones matrix elements in the
“p, s” notation one can illuminate the sample with p- and then once again
with s-polarized light. For incident p-polarized light one can measure
what emerges as p-, and how “much” does convert into s-polarized com-
ponents. Both “channels” can be tested without changing the input condi-
tion. The result is then expressed as “p-to-s” divided by “p-to-p”, most
conveniently to subtract the unknown intensity of the incident beam from
the experimental result. The same approach results in the ratio “s-to-p”
divided by “s-to-s”. Similarly, for the use of a rotating-analyzer (polarizer)
ellipsometer with adjustable polarizer (analyzer) the ratios of the elements
in the Jones matrix columns (rows) can be completely isolated at certain
polarizer (analyzer) positions. This provides a better connection between
measurement and reported result, which was our initial motivation. The
parameter choice also constitutes an excellent experimental access to ini-
tial starting values for the GE parameters during the regression analysis of
the sets {a, b}. It also implies that these polarizer (analyzer) positions are
always included within a GE data acquisition scan.

Our parameter choice further allows direct access to quantities of
anisotropic samples when depolarization due to incoherent beam propa-
gation prevents the search of an effective Jones matrix. (See also Section
9.5.2. A simple way to look at the response of such a sample is to imag-
ine that multiple samples with different Jones matrices are illuminated
simultaneously.) In this so-called unregressed mode, the sets {a, b}
measured at P � 0�, 45�, and 90� transform directly into effective GE
parameters R*pp, R*ps and R*sp. (Note that, however, the effective GE
parameters do not share a common Jones matrix!) This numerical inver-
sion is based on the behavior of the RAE coefficients (a, b) ∼ (R1�R2),
which read for an ideal Jones matrix (C � w � 0�; see Section 9.2.4.)

(R1�R2){P � 0�}� (1�Rps),

(R1�R2){P � 90�}� (Rsp), (9.1)

(R1�R2){P � 45�}� (Rpp � Rsp)�(1 � Rpp Rps)��2.
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The effective GE parameters obtained by the above equations using sets
(a, b) measured at, e.g., thick transparent anisotropic substrates, are still
somewhat more similar in their behavior than the GE ratios formed by an
ideal Jones matrix. The coefficients R*pp, and R*ps result from a measure-
ment where the incident polarization was bound to the p-plane, and R*sp is
obtained with the polarizer set to the s-plane. There is also weighted infor-
mation from the sample response when the polarizer is set evenly in
between. The effective (“unregressed”) GE parameters represent the target
data for the subsequent best-fit for the optical constants, crystal orientations
and so on, by modeling the effect of the “multiple” Jones matrices at the
polarizer positions P � 0�, 45�, and 90�.

Our choice of GE parameters is mostly driven by real needs to per-
form feasible measurement procedures, and to provide reasonable data
formats. It has turned out to be very effective during data acquisition and
analysis of real anisotropic sample situations (see Section 9.6). The author
therefore encourages other users to follow the GE notation defined in this
chapter. It is further important to note that Azzam and Bashara defined the
off-diagonal ratios using an alternate order of their indices. In Azzam’s
notation, the first index denotes the outgoing polarization whereas the
second index denotes the incident polarization. For instance, the Jones
reflection matrix reads by Azzam and Bashara[1]

� �. (9.2)

Jellison and others have adopted this notation.[9, 13] Care must be there-
fore taken when comparing data expressed using the above notation with
data presented in the notation used in this chapter. The index order used
here, where the first index addresses the incident, and the second index
denotes the exit mode was actually adopted from the notation given in
Yeh’s textbook [P. Yeh, Optical Waves in Layered Media, Wiley Series in
Pure and Applied Optics (New York: Wiley, 1988).]

9.2.2 The Optical Jones Matrix

A common property of all vector waves is their polarization. This
dependence with time of one of the wave field vectors is observed at a
fixed point in space. The electric field vector E of a monochromatic elec-
tromagnetic plane wave is commonly used as the polarization vector.
Assuming the uniform plane wave propagates along the positive direction
of the z-axis of an orthogonal, right-handed, Cartesian coordinate system,

rps

rss

rpp

rsp

640 CRITICAL REVIEWS OF SOME APPLICATIONS
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the polarization vector can be represented as follows:

EE
→

(z,t) � �E~x cos�wt � z � dx��x→ � �E~y cos�wt � z � dy��y→. (9.3)

E
~

x and E
~

y represent the amplitudes of the linear harmonic oscillations
of the electric field components along the x and y-axis. dx and dy are the
respective retardations at a fixed spatial position z. A more concise math-
ematical description is obtained by suppressing temporal information
such as the harmonic time dependence. A 2 � 1 column vector groups the
scalar components of the latter equation

EE
→

� � � � � �, E
~

x,y � Re3Êx,y4. (9.4)

The spatial information may be dropped considering the field over
one fixed transversal plane, e.g., at z � 0. The remaining vector is the so-
called Jones vector. This vector contains full information about amplitude
and phase of the field components. The coordinates of the Jones vector
depend on the definition of the Cartesian coordinate axes and the plane of
representation. Note that the Jones vector renders a plane wave, but does
not represent the plane wave itself. As a consequence of the omitted time
dependence, the vector E defined in Eq. (9.4) permits the treatment of
completely polarized plane waves only. The phenomenon of partially or
completely depolarized light may be described by reintroducing the time
information of the complex amplitudes Ex and Ey, leading to the concept
of the Mueller-Jones matrices. (See also chapters by Jellison in this book).

The polarization of the incident and emerging plane waves represents
the fundamental properties that allow for optical characterization of sam-
ples by GE. As the wave is processed through the ellipsometer device,
each of the device components also modifies the polarization state of the
light beam. The Jones calculus effectively describes such device interac-
tions and is used in Section 9.2.4. The following restrictions apply here:

(i) The light beam is a monochromatic plane wave.
(ii) All polarization modifying interactions are linear and

frequency conserving.
(iii) The incident light beam is fully polarized.

A single incident plane wave may cause one or more modified plane
waves to emerge from a sample (Fig. 9.1). All plane waves are associated

Êxexp��i�
2

l
p
�z	exp{idx}

Êyexp��i�
2

l
p
�z	exp{idy}

Ex

Ey

2p
�
l

2p
�
l
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with right-handed, space-fixed Cartesian coordinate systems. For each of
the emergent plane waves a 2 � 2 complex matrix can be found which
connects the two vector components (modes) of the incident wave to those
from the emergent waves. We choose a Cartesian coordinate system com-
mon to both incident and emerging plane waves, with the p and s planes as
in Fig. 9.2. The plane of incidence is defined through the wave vectors of
the incident wave and the emerging wave. Their p and s modes are related
by a matrix j :

q r � jq r � � �q r, (9.5)

where Ap, As, Bp, and Bs denote the p and s components of the incident and
emerging plane waves, respectively. The matrices j’s are so-called Jones
matrices. These matrices depend on

- The respective optical system,
- The frequency of the incident plane wave (incident photon

energy),
- The sample orientation with respect to the incident wave

propagation direction,
- The emergent plane wave under consideration, and
- The coordinate systems of both the incident as well as the

emergent plane waves.

Ap

As

jpp jsp

jps jss

Ap

As

Bp

Bs

642 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 9.1 Incident and emergent electromagnetic plane waves at a non-depolarizing
optical system. A Jones matrix connects the incident mode with each of the emer-
gent plane wave components with respect to a chosen coordinate system, e.g., the
p and s planes in Fig. 9.2.
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Jones matrices describe total changes to the state of polarization caused
by an optical system. The term “optical system” can be assigned to any
arbitrary optical device or any arbitrary sample as long as the assumptions
(i) through (iii) are true.

9.2.3 The Generalized Ellipsometry Parameters

Classes of samples with plane parallel boundaries are considered only.
The sample surface is the (x, y) plane, and x is parallel to the plane of inci-
dence. z points towards the sample. The origin is set at the sample surface
(see Figs. 9.2 and 9.4). A single reflected and a single transmitted plane
wave are expected upon a single incident beam.† The Jones matrix in
Eq. (9.5) equals the reflection matrix r

q r � rq r � s tq r, (9.6)
Ap

As

rpp rsp

rps rss

Ap

As

Bp

Bs

Figure 9.2 Definition of the plane of incidence (p plane) and the incidence angle Φa

through the wave vectors of the incident and emerging (reflected here) plane waves.
Ap, As, Bp, and Bs, denote the complex amplitudes of the p and s modes before and
after reflection, respectively. P and A are the azimuth angles of the linear polarizer
used, e.g., in the standard arrangement of rotating-analyzer (polarizer) ellipsometer.
P, or A are equal to zero if their preference directions are parallel to the p plane.
(Both P and A rotate clockwise with respect to the light propagation.)

†Restriction to plane parallel sample boundaries is not a sufficient condition to have a single pair of trans-
mitted and reflected beams only. Buried layers may have corrugated interfaces and may cause higher-order
diffracted beams, which will also emerge from the sample but under different propagation directions.
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or the transmission matrix t

q r � tq r � s tq r, (9.7)

where Cp, Cs denote the modes of the transmitted beam. To identify the
meaning of each matrix element consider for example the elements rss and
tsp. If the incident wave is only s polarized, i.e., Ap � 0, the elements rss

and tsp are simply given by:†

rss 
 q r
Ap�0

, and  tsp 
 q r
Ap�0

. (9.8)

Knowing the respective incident and exit modes would allow for
calculation of each individual Jones matrix element. However, the Jones vec-
tor components are complex scalars that represent the phase and amplitude
of the electromagnetic field components within their reference plane. Single
electric field-intensity measurements in general suppress this phase informa-
tion due to the high angular velocity of the harmonic electric field oscillation.
As compared to pure intensity measurements GE can recover some of this
phase information, and three relative phases are measurable. Diagonal Jones
matrices are related to structures that reflect or transmit p and s polarized
light into p and s polarized light only, respectively. In the general case the
Jones matrix has non-vanishing off-diagonal elements. These elements pro-
vide the cross-polarization properties of the sample, i.e., the ability to
progress incident p or s polarized light into emerging s and (or sometimes
only) p polarized light, respectively. Standard (isotropic) ellipsometry is
restricted to surfaces that do not cause cross-polarization effects. Azzam and
Bashara devoted the application of GE to nondepolarizing systems with non-
diagonal Jones matrices.[1] They considered Eqs. (9.6) and (9.7) as bilinear
transformations between the complex ratios of the incident and the emergent
plane-wave amplitudes.[2] A linear, nondepolarizing sample can be catego-
rized by use of the coefficients of this bilinear transformation. In fact, these
coefficients are equal to Jones matrix elements normalized to a common
factor.[3, 4] Let us now introduce the GE parameters. To begin with we define
the complex reflectance (transmittance) ratio r (t) as usual (c � Ap�As)

r 
 tanΨ exp5i∆6 
 q r
�1

q r, t 
 tanΨ exp5i∆6 
 q r
�1

q r,
(9.9)

Cp
�
Cs

Ap
�
As

Bp
�
Bs

Ap
�
As

Cp
�
As

Bs
�
As

Ap

As

tpp tsp

tps tss

Ap

As

Cp

Cs
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†In our notation the first index denotes the incident mode, and the second index refers to the outgoing
polarization. See also Sect. 9.2.1.
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which depends for non-vanishing off-diagonal matrix elements on the
ratio of the incident wave amplitudes c and the off-diagonal elements
themselves

r � , t � , (9.10)

or in a slightly different form

r � , t � . (9.11)

The complex ratios r and t in Eqs. (9.11) are bilinear transformations
with three complex parameter ratios formed by the elements of the Jones
matrices. The idea of GE is to define and to determine three linear inde-
pendent normalized quantities for a given sample azimuth j, angle of
incidence Φa, and incident photon energy E. The sample azimuth j is an
arbitrary angle between the x-axis of the laboratory system and a direction
parallel to the sample surface. It is often convenient to choose a crystallo-
graphic sample direction parallel to the (x-y) plane. The following sets of
normalized Jones matrix elements are defined here as the GE parameters
for reflection


 Rpp � tanΨppe
i∆pp,


 Rps � tanΨpse
i∆ps, (9.12)


 Rsp � tanΨspe
i∆sp,

and for transmission


 Tpp � tanΨppe
i∆pp,


 Tps � tanΨpse
i∆ps, (9.13)


 Tsp � tanΨspe
i∆sp.

tsp
�
tss

tps
�
tpp

tpp
�
tss

rsp
�
rss

rps
�
rpp

rpp
�
rss

tpp�tss � (tsp�tss)c�1

���
1 � (tps�tpp)(tpp�tss)c

rpp�rss � (rsp�rss)c�1

���
1 � (rps�rpp)(rpp�rss)c

tpp � tspc�1

��
tss � tpsc

rpp � rspc�1

��
rss � rpsc
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This results in Eqs. (9.11)

r � , or t � . (9.14)

Note that the diagonal elements from the same column of the Jones
matrix are used to normalize the matrix elements. This choice is conven-
ient for Rotating-Analyzer ellipsometry. For a rotating-polarizer ellip-
someter the choice would be to normalize the off-diagonal elements by
the on-diagonal elements from the same row (see Section 9.2.1). The real-
valued quantities Ψpp, Ψps, Ψsp, ∆pp, ∆ps, ∆sp now comprise the GE data
format. This definition is not an end in itself and may be changed by other
users. The three complex quantities chosen here are independent, and all
other choices may be expressed as a linear combination of this basic set.
In this notation the complex off-diagonal ratios Rps (Tps) and Rsp (Tsp)
behave similarly if the polarization transfer functions for the s and p polar-
ized light are alike. This situation is observed for, e.g., chiral liquid crys-
tal cells in normal incidence transmission, or in certain configurations
from a uniaxial bulk or film. Depending on the sample properties and their
orientation during the GE experiment, the off-diagonal normalized Jones
matrix elements may be symmetrical or antisymmetrical, Hermitean or
anti-Hermitean, completely different or simply zero (see, e.g., Refs. 5–7,
and references therein). For small off-diagonal ratios the on-diagonal ratio
Rpp (Tpp) is very similar to the complex ratio determined by standard ellip-
sometry. In particular, if Rps (Tps) and Rsp (Tsp) vanish, Rpp (Tpp) is identical
to the standard ellipsometric ratio r defined in Eq. (9.9). Note that one can
always express r or t in terms of tanΨ and cos∆ for any set of GE param-
eters regardless of c. Note further that Ψ and ∆ will depend on c if the off-
diagonal ratios do not vanish. The latter becomes important if the attempt
is made to characterize anisotropic surfaces by standard ellipsometry.
Some devices automatically perform zone-averaged polarizer measure-
ments at positions mirrored by the plane of incidence to cancel out
systematic errors. Because Eqs. (9.14) are not symmetrical in c, zone-
averaged data will be useless for further analysis. Zone-averaging cannot
be used to account for slight analyzer or polarizer calibration offsets
because such offsets virtually rotate the sample Jones matrix producing
virtual off-diagonal elements. Precise calibration of rotating-element
ellipsometers is one of the prerequisites to obtain correct GE data.
Furthermore, most often in standard ellipsometry the polarizer position is
tracked, and set to the actual Ψ value for highest sensitivity to a and b in
RAE or rotating polarizer ellipsometry (RPE). Appropriate consideration
of this “polarizer tracking” will also entangle subsequent data analysis as

Tpp � Tsp c�1

��
1 � TppTpsc

Rpp � Rsp c�1

��
1 � Rpp Rpsc
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c was set to tan�1r (or tan�1t) during data acquisition, but r (or t) to be
modeled also depends on c, and ambiguous fit results may be obtained.

9.2.4 Generalized Ellipsometry Acquisition
Techniques

Many authors reported on extension of standard ellipsometry tech-
niques to GE capabilities.[3, 8–14] Null ellipsometry was used by Azzam and
Bashara in their original GE paper.[1] Hauge measured uniaxially anisotropic
surfaces with Generalized rotating-compensator ellipsometry (RCE).[3] A
rotating-analyzer-based setup was employed in, e.g., Refs. 8, 15–20. Jellison
utilized generalized two-modulator ellipsometry.[9, 21–23] En Naciri applied
a Fourier-expanded RCE technique,[13] and Thompson et al. extended
FTIR-ellipsometry to determine the GE parameters for infrared wave-
length.[10] The extension of the well-known RAE technique is chosen here
for the purpose of demonstration. The fundamentals of RAE are often
described and discussed. Nevertheless, a short review is given here so that
the reader can follow the extension of RAE to GE. The reflection arrange-
ment is assumed here. The considerations in the following paragraph are
valid for the transmission case as well. For this one may simply replace
the reflection matrix elements by their respective transmission matrix ele-
ments. The RPE technique is in principle identical to RAE. The derivation
of the GE extension for RPE is straightforward, and follows the same line
as given below for the RAE technique.

A completely non-polarized monochromatic light beam becomes lin-
early polarized upon passing through an ideal linear polarizer P (Fig. 9.2).
An ideal compensator with variable azimuth C and phase retardation w
produces an arbitrary ellipticity (The compensator is not included in
Fig. 9.2). A second ideal linear polarizer (analyzer) is used to determine
the state of polarization of the light beam, which is reflected from the sam-
ple surface. The intensity of the light beam after passing through the ana-
lyzer can be expressed as a function of the reflection matrix r, and the
polarizer, compensator, and analyzer azimuth angles P, C, and A, respec-
tively, and phase retardation w (P, C, or A are equal to zero if their
azimuths are parallel to the plane of incidence. P, C, and A move coun-
terclockwise. The axis of rotation is the beam propagation direction.) If Ei

and Edet denote the electric field components of the polarizer incident
beam and the detected beam, respectively, the polarization state transfer is
described as a successive Jones matrix multiplication

E
det

� RAΠR�A RCwR�CrRPΠR�PE
i
, (9.15)

Ch_09.qxd  10/15/04  1:37 PM  Page 647



where Π and w are the linear polarizer and ideal compensator matrices,
respectively. RP, RC, and RA rotate, respectively, P, C, and A within their
reference planes

Π � q r, w 
 q r, Ra 
 q r. (9.16)

We introduce E�
det

� R�AE
det

and E�
i
� R�PE

i
for convenience. A rotates

with a constant angular frequency Ω. The detected intensity I � 	E�
det

	 has
the two real-valued harmonic coefficients a and b

I(Ωt) � I051 � acos2Ωt � bsin2Ωt6, (9.17)

with

a � , b � 2 , (9.18)

where the bar denotes the complex conjugate, and Re{} the real part.
The complex quantities R1 and R2 depend on the GE parameters Rpp, Rps,
and Rsp, the polarizer and compensator azimuths P and C, and the phase
retardation w

R1 � (Rpp[exp(iw)cos2C � sin2C] � Rpp RpssinCcosC[exp(iw)� 1])cos P
� (Rsp[exp(iw)cos2 C � sin2C] � sinCcosC[exp(iw)� 1])sinP,

(9.19)

R2 � (RppRps[cos2C � exp(iw)sin2C] � Rpp sinCcosC[exp(iw) � 1])cosP 
� ([cos2C � exp(iw)sin2 C] � Rsp sinCcosC[exp(iw) � 1])sinP.

(9.20)

Any set {a, b} can be transformed into a corresponding set {Ψ, ∆}

tanΨ��� tanP, cos∆ � , (9.21)

with Ψ and 	∆	 being the same parameters as defined in Eq. (9.9). Note
that the RAE equations do not instantly provide the handedness of the
polarization state of the reflected light beam because ∆ appears only as
the argument of the even cosine function. However, the compensator, if
incorporated into the light path (w 
 0), can overcome this shortcoming

b
��
�1 � a2

1 � a
�
1 � a

Re5R1R


26
��
	R1	

2 � 	R2	
2

	R1	
2 � 	R2	

2

��
	R1	

2 � 	R2	
2

cosa �sina
sina cosa

exp(iw) 0
0 1

1 0
0 0
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by mapping different sets of {a, b} at different azimuths C and/or
retardations w.[24] The extension of RAE to GE consists of the meas-
urement of {a, b} at multiple sets of {P, C, w}, and of the determina-
tion of the three unknown complex parameters Rpp, Rps, and Rsp with a
regression analysis performed by use of Eqs. (9.18), (9.19), and (9.20).
If no compensator is present, RAE will be unable to detect the sign
of all phases of the GE parameters. This can be seen by evaluating
a and b with one set of Rpp, Rsp, and Rps and once again using the com-
plex conjugates of the GE parameters. In both cases a and b will be the
same.

It was pointed out by Azzam and Bashara that in principle only
three different sets of {a, b} are necessary to determine Rpp, Rsp, and
Rps.

[1, 2] However, especially if the off-diagonal coefficients have small
amplitudes the number of experimental sets {a, b} should be large. To
make such a critical situation more transparent Fig. 9.3 shows a simu-
lation of the differences in a, b with and without small off-diagonal
ratios as a function of the polarizer azimuth. For simplicity the com-
pensator function is turned off for this calculation (w � 0). The har-
monics a, b possess low and high sensitivity to Rsp, and Rps at different
polarizer azimuths. Hence, multiple polarizer settings within �π�2 �
P � π�2 are necessary to obtain best information for the off-diagonals.
The same is true for the compensator azimuth and retardation values.
Additional mapping of the compensator azimuth and retardation over
large parameter ranges can significantly improve the detection limit for
very small anisotropies.

Figure 9.3 Differences between calculated RAE coefficients a, b(P) (�π�2 � P �
π�2), with and without Rps and Rsp as an example (w � 0; dα 
 a[Rsp, Rsp 
 0] � a[Rsp,
Rsp � 0]: short-dashed curve; db: long-dash curve); Rpp � tan19.14°exp(i50.13�),
Rps � tan1.33exp(i125.4�), Rsp � tan0.82�exp(i153.4�), after Ref. 8).
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9.3 Theory of Generalized Ellipsometry

9.3.1 Birefringence in Stratified Media

The frequency-domain electromagnetic constitutive relations in
Cartesian coordinates can be written as

D(r,w) � ∈0 [∈(r,w)E(r,w) � d(r,w)H(r,w)], (9.22)

B(r,w) � m0[m(r,w)H(r,w) � g (r,w)E(r,w)], (9.23)

where ∈0 and m0 are the vacuum permittivity and the vacuum permeabil-
ity, and ∈ and m are the materials relative permittivity and relative per-
meability tensors, respectively.† The cross-coupling tensors d and g are the
two magneto electric tensor dyadics. (For definition of the constitutive
relations for several anisotropic materials see textbooks by Kong,
Lakhtakia, or Landau and Lifshitz). The materials optical response is said
to be anisotropic in general if at least one of ∈ or m differ in more than one
of its major elements, whereas d and g can be zero. The general case
where all four tensors have complex, nonsymmetric, and nonvanishing
elements is referred to as a bianisotropic medium (see, e.g., Refs. 25–28).
For homogeneous media the four tensors do not depend on the spatial
position r. However, an important exception is that of the so-called heli-
coidal bianisotropic medium (HBM), where the four tensors possess rota-
tional nonhomogeneity along the z-axis. For details of light propagation in
HBMs, see Refs. 29–32. The constitutive relations for a general HBM
cover chiral liquid crystals (CLCs), ferrocholesteric, ferrosmectic, and
supercholesteric media. Discussion of CLC cells will be given further
below as these materials have been investigated through the GE formal-
ism. The other classes still await experimental exploitation through the
GE approach, and will not be addressed here.

This chapter continues with materials where the magneto electric ten-
sors vanish, and with the relative permeability tensor set to unity. The
remaining tensor is the dielectric function tensor ∈, which can describe
isotropic, uniaxial, or biaxial dielectric material properties (Table 9-1). In
fact, the optical response of most solids and liquids can be well under-
stood in terms of the major elements of ∈ and rotations, which relate
major tensor axes to the laboratory frame of reference. Care should be
taken if the “centers-of-gravity” of the real and imaginary parts of ∈ do
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†Note that in this chapter, the symbol “∈” and the symbol “e” both refer to the same physical
quantity, namely the dielectric function.
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not coincide. Such angle-dispersive media require wavelength dependent
rotations.† The above noted CLCs have symmetric dielectric properties
with rotational nonhomogeneity. Crystal classes with nonreciprocity effects
can be categorized into media with one (uniaxial) or two (biaxial) optical
axes. Magneto-optical effects in solids cause antisymmetric dielectric
properties, and ∈ becomes nonsymmetric in general. A nonsymmetric tensor
decomposes into its symmetric and its antisymmetric part, and both can have
three major complex elements. Such materials are said to be bi-biaxial.

To illustrate the physical origin of nonsymmetry in ∈ due to an external
magnetic field H, the classical picture of the free-carrier magneto-optical
birefringence is recalled here. The application of the GE formalism to a
highly doped semiconductor film placed within a constant magnetic field is
also discussed in Ref. 34. The dielectric function of a noncubic semicon-
ductor with free carriers may be written as

∈ � ∈L � i s. (9.24)

The conductivity tensor σ causes ∈ to be nonsymmetric (Pidgeon[33]).
The symmetric tensor ∈L comprises the anisotropic lattice response and high-
frequency behavior. The components of s follow from the equation of motion
for a free carrier with charge q, anisotropic effective mass tensor m (mij � mji),
and spatially dispersive but energy-independent inverse relaxation time (scat-
tering rate) tensor g (gij � gji) when moving in a constant magnetic field H �
(H1, H2, H3) with velocity v � (∂tx, ∂ty, ∂tz). E � (E1, E2, E3)exp{�iwt} is
the driving field (The tensors m and g here are not to be confused with the

4p
�
w

Optical symmetry Crystal system Dielectric tensor

isotropic Cubic ∈x � ∈y � ∈z

uniaxial Tetragonal ∈x � ∈y 
 ∈z

Hexagonal
Trigonal

biaxial Triclinic ∈x 
 ∈y 
 ∈z

Monoclinic
Orthorhombic

Table 9-1. Dielectric tensor properties and crystal systems of symmet-
rically dielectric media.

†For derivation of monoclinic and triclinic dielectric tensors, refer, e.g., to Chapter 2 in M.
Schubert, Infrared Ellipsometry on Semiconductor layer structures: Phonons, Plasmons, and
Polaritons (Springer, Heidelberg, 2005).
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permeability and magnetodielectric tensors above.)

m (g � ∂t)v � qE � [v � H]r. (9.25)

A harmonic plane wave solution for v is assumed. The axial cross
product of the Lorentz force leads to nonsymmetry in s:

s � H
�18w2

p 9, (9.26)

with (I is the unit matrix)

H � g � iwI � m�1q r , (9.27)

and the plasma frequency tensor 8w2
p 9 for N carriers per unit volume† is

defined as

8w2
p 9� 4pq2Nm�1. (9.28)

This chapter is about anisotropic materials in layered samples. The
problem of light propagation through plane parallel interfaces will be
solved, and measurable quantities for the GE formalism will be assigned.
The dielectric function tensor follows from numerical inversion of the GE
equations. Strategies for data acquisition and analysis will be given and
discussed in detail for several applications.

9.3.2 4 � 4 Maxwell’s Equations in Matrix Form

Berreman developed a 4 � 4 matrix algorithm which in principle
allowed calculation of the Jones matrices of anisotropic layered structures
with plane parallel boundaries.[35] But numerical approximations with
extensive computational effort were necessary to solve the Booker quar-
tic and the corresponding matrix differential equation.[35, 36] Wöhler et al.
showed later on a faster way to solve the matrix differential equation
within the algorithm using the Sylvester-Lagrange theorem.[6, 37] Solutions
of the Booker quartic for several types of linear dielectric birefringent

0 �H3 H2

H3 0 �H1

�H2 H1 0

q
�
c

1
�
4p

1
�
c

1
�
q
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†The first direct measurement of the free-carrier magneto-optic tensor in a semiconductor layer struc-
ture using GE at far-infrared wavelengths was reported recently in “Generalized far-infrared
magneto-optic ellipsometry for semiconductor layer structures: Determination of free-carrier effec-
tive mass, mobility and concentration parameters in n-type GaAs,” M. Schubert, T. Hofmann, and
C. M. Herzinger, J. Opt. Soc. Am. A 20, 347–356 (2003).
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materials were presented recently.[34, 38] These extensions made the
approach analytical throughout, which in turn became fast enough for
regression routines to solve for birefringence in large GE data sets. The
Berreman concept has been thoroughly discussed in the literature.[7, 35, 37–40]

A slightly different concept for a 4 � 4 matrix approach was developed
by Yeh.[41] A comparison between the algorithm developed, respectively,
by Berreman and Yeh is given by Lin-Chung and Teitler.[39] The 4 � 4
matrices follow naturally from reduction of Maxwell equations and the
constraint of plane parallel boundaries. Ingenious arithmetic further allows
reduction of the 4 � 4 matrix expression to a series of 2 � 2 matrices. Such
approaches have been presented by Mansuripur[42] and Toussaere and
Zyss[44], and will not be discussed here.

The key of the 4 � 4 matrix algebra consolidates the so-called general
transfer matrix T. This matrix provides the Jones reflection and transmis-
sion matrix elements of arbitrary anisotropic but homogeneous samples
with plane parallel boundaries. One advantage of the 4 � 4 approach is that
a so-called partial transfer matrix Tp is assigned to each layer. This matrix
depends on the optical and structural properties of the respective layer. The
challenge consists in finding this matrix for any type of intrinsic or form-
induced birefringent layer. The matrices Tp can be used like building blocks
within a unit construction system to model the optical response of layers
stacked in any order. Another more technical advantage is that during the
regression analysis only the matrix for the layer under consideration is
rebuilt for each numerical parameter guess. In this section the 4 � 4 matrix
algebra will be outlined with adequate details. Available solutions for spe-
cial anisotropic layers will be presented in Section 9.4. The algebra devel-
oped here will then be used during Section 9.6 for analysis of GE data. 

Consider a layered system with plane parallel interfaces. Assume an
incident light wave with wave vector ka coming from the incident medium
(ambient, index a, �∞ � z � 0, index of refraction na � �∈a) at an angle
of incidence Φa (Fig. 9.4). All resulting wave vectors lie within the plane of
incidence (see also Fig. 9.2), and have no y-components.† The general
transfer matrix T connects wave amplitudes across a “coherent” layer
sequence. The coherency of a layer stack is given by its total optical
thickness, which shall not exceed the coherence length of the light beam.
For the general case depicted in Fig. 9.4 we need two matrices T� and T�

1As, Bs, Ap, Bp2T � T� 1Cs, Ds, Cp, Dp2T, (9.29)

1Es, Fs, Ep, Fp2T � T� 1C�s, D�s, C�p, D�p2T, (9.30)

†For samples with corrugated surfaces the resulting wavevectors are not bound to the plane of
incidence.
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where ( )T denotes the transpose of a vector. Across the substrate, coherent
modes on the left and right side in Fig. 9.4 can be related by the diagonal matrix
M which depends on the thickness of the substrate d and the eigenvalues qi of
the characteristic matrix ∆ built for the substrate material. (See Section 9.4.)

1Cs, Ds, Cp, Dp2T � M3d, qi4 1C�s, D�s, C�p, D�p2T, (9.31)

M[d, qi] � diag[ik0d exp(q1
�, q1

�, q2
�, q2

�
)]. (9.32)

For now we will assume the substrate to be optically infinite. We shall
later include the case of transmission through the substrate, the case of
light reflected off the backside of the sample, and the case where the sam-
ple is measured from the backside. We will also be able to treat layers
stacked at the backside of the sample. For this we need to connect (Cs, Ds,
Cp, Dp)

T and (C’s, D’s, C’p, D’p)
T within the anisotropic substrate using the

eigenvalues and eigenmodes of plane waves within the substrate, which
depend on ka (or kf).

†

Because we do not include a physical backside yet, only Cp and Cs are
considered in Eq. (9.29) (Dp � Ds � 0, Ep � Es � 0, Fp � Fs � 0). The
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Figure 9.4 Schematic representation of incident, reflected, and transmitted p and
s modes of plane waves A, B (incident side), C, D (substrate), and E, F (exit side).
D modes are either reflected off the backside of the substrate, or caused by
modes F incident from the right. If the substrate totally absorbs the C modes, D,
E, and F are just meaningless. The backside of the sample may support another
layer stack. The wave vectors for the C, C’ and D, D’ modes may split if the sub-
strate is anisotropic. C and D represent modes just inside the left border of the
substrate, while C’ and D’ represent the modes just inside its right border.

†See also pages 684–688 in Introduction to Complex Mediums for Optics and Electromagnetics,
edited by W. S. Weiglhofer and A. Lakhtakia (SPIE, Bellingham, 2003).
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tangential components of the electric and magnetic field vectors are contin-
uous across the interface between two media (if the surface current density
and the surface charge density vanish.) If di denotes the thickness of the
i-th layer, a partial transfer matrix Tip that connects the in-plane wave com-
ponents at the interface at z � zi with those at the next interface at z � zi � di

can be defined for any homogeneous layer. The ordered product of all such
matrices from all N layers transfers the in-plane components at the first
interface at z � 0 to the last interface at z � zN. We further define the inci-
dent matrix La which projects the in-plane wave components of the incident
and reflected waves on the left side in Fig. 9.4 to the sample surface.
Similarly, the exit matrix Lf projects the amplitudes at the last interface into
the exit medium, which is now the substrate. The general transfer matrix T
defined in Eq. (9.29) is then obtained from the product of all inverted matri-
ces Tip, and the incident and exit matrices in the order of their appearance

T � La
�1 ��

N

i�1

Tip(di)��1
Lf � La

�1�
1

i�N

Tip(�di)Lf. (9.33)

The inversion of Tp as indicated in Eq. (9.33) does not require a matrix
inversion calculation. The matrices La and Lf are discussed in Ref. 38. The
incident matrix

La
�1 � �

1
2

� s t, (9.34)

depends on the angle of incidence Φa and the index of refraction na of the
ambient material. If the substrate is birefringent the C modes can couple
to each other. The exit matrix follows from the assumption that the total
transmitted field within the substrate consists of a linear combination of
the eigenvectors Ξi of the characteristic coefficient matrix ∆. (See
Section 9.4.) The coefficients are the amplitudes Cp and Cs. The matrix Lf

is then obtained as follows

Lf jk � Ξjk , j, k � 1 . . . 4, (9.35)

and explicit expressions of Ξjk for nonsymmetric dielectric media are
given in Ref. 43. If the major axes of a symmetrically dielectric substrate
coincide with the laboratory axes (x, y, z), the C modes decouple, then Lf

reads (nx � �∈x, ny � �∈y, nz � �∈z)

Lf � s t. (9.36)

0 0 cosΦz �cosΦz

1 1 0 0
�nycosΦy nycosΦy 0 0

0 0 nx nx

0 1 �1�nacosΦa 0
0 1 1�nacosΦa 0

1�cosΦa 0 0 1�na

�1�cosΦa 0 0 1�na
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The angle Φj is calculated from Snell’s law

cosΦj � �1�[(na�nj)sinΦs]
2. (9.37)

9.3.3 Transmission and Reflection GE

The transmission and reflection coefficients can be expressed in terms
of the elements of the general transfer matrix T. Consider Eq. (9.29) as a
system of four linear relations between the p and s modes across a coher-
ent layer stack (Fig. 9.4). The elements rss and tsp read for example (See
Ref. 41 for the remaining expressions. See also Section 9.2.1.)

rss 
 � �
Ap�0

� ,  tsp 
 � �
Ap�0

� .

(9.38)

The complex reflectance ratio r defined in Eq. (9.9) also follows from T

r � ,    c 
 . (9.39)

If we substitute the expressions for the transmission and reflection coeffi-
cients derived from T we obtain for r

r � [rpp�rss � (rsp�rss)c�1]�[1 � (rps�rpp)(rpp�rss)c], (9.40)

and similarly for the complex transmittance ratio t

t � [tpp�tss � (tsp�tss)c�1]�[1 � (tps�tpp)(tpp�tss)c], (9.41)

which resemble Eqs. (9.14). The reflection GE parameters read in terms
of T elements

Rpp � ,  Rps � , Rsp � ,

(9.42)

and the transmission GE parameters are

Tpp � , Tps � � , Tsp � � . (9.43)
T31
�
T33

T13
�
T11

T11
�
T33

T41T33 � T43T31
��
T21T33 � T23T31

T11T12 � T21T13
��
T11T43 � T41T13

T11T43 � T41T13
��
T21T33 � T23T31

Ap
�
As

T41(T33 � cT13) � T43(cT11 � T31)
����
T21(T33 � cT13) � T23(cT11 � T31)

1
�
c

� T31
��
T11T33 � T13T31

Cp
�
As

T21T33 � T23T31
��
T11T33 � T13T31

Bs
�
As
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r and t simplify in cases where only isotropic materials are included
in the layered system or in some special cases where, e.g., the Cartesian
principal axes of all layers are collinear with the axes of the laboratory
coordinate system[38]

ris � ,  rss � ,  rpp � , and   rps � rsp � 0,

t is � ,  tss � ,  tpp � , and    tps � tsp � 0. (9.44)

9.4 Special Generalized Ellipsometry
Solutions

9.4.1 Biaxial Films (Symmetrically Dielectric
Materials)

From first-order Maxwell equations Berreman derived the follow-
ing set of four differential equations for the in-plane components
of the electric and magnetic fields in Gaussian units and Cartesian
coordinates:

∂zΨ(z) � ik0∆(z)Ψ(z), Ψ(z) � (Ex, Ey, Hx, Hy)
T(z), k0 
 ,

(9.45)

with

k0 
 � 2p E[eV] � 5.067690488 � 106 E[eV], (9.46)

where w is the angular frequency, and c is the vacuum velocity of light.[35]

Note the sign change of Hx here compared to Eq. (23) in Ref. 35. In this
chapter we will assume that the linear response dyadic is zero except for
the dielectric tensor ∈, and the permeability has its scalar vacuum value
m0. The major dielectric functions ∈x, ∈y, and ∈z belong to intrinsic axes
of the anisotropic material. We further assume without loss of generality
that these axes are Cartesian (i.e., orthorhombic). For monoclinic or
triclinic systems one may always find a projection of major values onto a

e
�
hc

w
�
c

w
�
c

1
�
T33

1
�
T11

T11
�
T33

T43
�
T33

T21
�
T11

T43T11
�
T33T21
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Cartesian system. However, this transformation will then depend on w.
The major crystal axes may generally be different from the laboratory
coordinate axes. The Euler angles j, y, and q can be used to rotate
Cartesian coordinate reference frames

∈ � Aq rA�1, (9.47)

and the unitary matrix A is the orthogonal rotation matrix

A � q r.
(9.48)

(See H. Goldstein, Classical Mechanics; see also Fig. 9.5.) Note that
A�1(j, y, q) is obtained as the transpose of A. {Note that references[38]

and[34] contain a typographical error, where it should read A�1(j, y, q) �
A(�j, �y, �q)!} The Euler angles describe the rotation from the labo-
ratory system into the major crystal system. Note further that for now ∈
is symmetric, i.e., ∈ij � ∈ji. The coefficient matrix ∆ defined in Eq. (9.45)
depends on the dielectric tensor ∈ and the x component kx of the wave
vector ka.

cosycosj � cosqsinj siny �sinycosj � cosqsinj cosy sinqsinj
cosysinj � cosqcosj siny �sinysinj � cosqcosj cosy �sinqcosj

sinqsiny sinqcosy cosq

ex 0 0
0 ey 0
0 0 ez
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Figure 9.5 Definition of Euler angles j, y, and q, and the orthogonal rotations as
provided by A. (x, h, z, and (x, y, z) refer to the crystal and the laboratory coordi-
nate systems, respectively.
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(1 � “x”, 2 � “y”, 3 � “z”)

∆ � � �,

kx 
 nasinΦa (9.49)

The matrix ∆ does not depend on z if the medium is homogeneous.
The solution of Eq. (9.45) for a layer with thickness d is the partial trans-
fer matrix Tp

Ψ(z � d) � exp{ik0∆d}Ψ(z) � TpΨ(z), Tp 
 exp{ik0∆d}. (9.50)

This matrix connects the in-plane components of the electric and mag-
netic fields at layer interfaces separated by d. Tp includes the effects of all
multiple reflections if a part of the wave is traveling along a direction with
no or weak absorption. It may also be noted that Tp is unitary if the medium
is loss less in any direction of propagation as a consequence of the conser-
vation law of energy.[7] Otherwise 	Ψ(z � d)	 and 	Ψ(z)	 may not be equal.
Besides the thickness d, for an orthorhomic medium, Tp has nine unknowns
at each wavelength, including three complex major dielectric function values
and three real-valued Euler angles. Tp is computed with ∆ as input. Requiring
sufficiently small thickness d for fast convergence the exponential function
in Eq. (9.50) can be expanded into a series with the wavelength-dependent
factor dk0 � 2πd�l. Wöhler et al. showed a faster way to calculate the
partial transfer matrix applying the theorem of Sylvester-Lagrange[37]

Tp 
 exp{ik0∆d} � b0E � b1∆ � b2∆2 � b3∆3. (9.51)

For the latter equation small thickness d is not required. Note the iden-
tity [Tp(d)]�1 � Tp(�d). The scalars bi following from the linear relations

exp{ik0qkd} � Σ
3

j�0

bjqk
j, k � 1, . . ., 4, (9.52)

and the qi are the eigenvalues of ∆ associated with one of the four eigen-
modes Ξi existing within the layer. Two solutions have a positive real part

�kx�
e
e

3

3

1

3

� �kx�
e
e

3

3

2

3

� 0 1 � �
e
k

3

2
x

3

�

0 0 �1 0

e23�
e
e

3

3

1

3

� � e21 kx
2 � e22 � e23�

e
e

3

3

2

3

� 0 kx�
e
e

2

3

3

3

�

e11 � e13�
e
e

3

3

1

3

� e12 � e13�
e
e

3
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2

3

� 0 �kx�
e
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�
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and constitute the forward traveling plane waves with respect to the chosen
laboratory coordinate system. The other solutions with negative real parts
are due to the back-traveling wave components. The eigenvalues are

q�
1�2 � ��kx�

e
e

1

3

3

3

� � ����t1 � ak�x��b
2

� Σ� ±

����t1 � 2a�kx��b2

� Σ� ���	
q�

1�2 � �
1

2
���kx�

e
e

1

3

3

3

� � ����t1 � (k�x��)2 � Σ� ±

����t1 � 2a�kx��b2

� Σ� ���	 (9.53)

with the abbreviations

Σ � �s1� �s2 � �s2
2 � 4s3

1	�
��

1
3

�

� � �s2 � �s2
2 � 4s3

1	�
�
1
3

�

	,

s1 � t1
2 � 12�kx t2 � t3�,

s2 � 2t1
3 � 36kx t1t2 � 108�t2

2 � �kx �
2

t3� � 72t1t3,
∈13�
∈33

∈13�
∈33

∈13�
∈33

1
�
2

1
�
2

1
�
2

s3���

4���
2
3

�t1 �� akx�
e
e

1

3

3

3

��b
2

� Σ�
e13
�
e33

4
�
3

e13
�
e33

2
�
3

s3���

4���
2
3

�t1 �� akx�
e
e

1

3

3

3

��b
2

� Σ�
e13
�
e33

4
�
3

e13
�
e33

2
�
3

1
�
2
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s3 � �8kx ��kx �2
� t1� � 16t2,

and

t1 � �∈2
13 � ∈2

23 � ∈33�∈11 � ∈22 � kx
2�1 � ��	,

t2 � (∈13 ∈22 � ∈12 ∈23 � ∈13kx
2),

t3 � {�∈11∈2
23 � ∈22∈2

13 � ∈33∈2
12 � 2[∈12∈13∈23]

� kx
2[∈2

12 � ∈2
13� ∈11(∈22 � ∈33 � kx

2)] � ∈11∈22∈33}. (9.54)

Here q�
1�2 (q�

1�2) refer to forward- (backward-) traveling waves, respec-
tively. Equation (9.50) can now be evaluated using the coefficients bi which
follow from Eqs. (9.52). The eigenvalues reported so far for special orien-
tations of uniaxial media are retained here as particular solutions. (For the
eigenvalues from a uniaxial medium see, e.g., Ref. 7; for Tp from a uniaxial
medium with special optical axis orientations see Wöhler et al., Ref. 6.)

9.4.2 Bi-Biaxial or Magneto-Optical Films 
(Non-Symmetrically Dielectric Materials)

We now consider media with non-symmetric dielectric properties, i.e.,
materials where ∈ij 
 ∈ji. Examples for such materials are magneto-optic
compounds of non-cubic symmetry, or the effects of magneto-polariton
couplings in non-symmetric semiconductors subjected to an arbitrarily
oriented external magnetic field (surface and bulk magneto-plasmons in
non-cubic semiconductors).† Other examples are magneto-optic biaxial
materials with arbitrary magnetization direction.[34] ∈ is now composed of
a symmetric (s) and an anti-symmetric (a) tensor

∈ij � sij � aij, sij � sji, aij � �aji, 

i.e., sij � (1�2)(∈ij � ∈ji), aij � (1�2)(∈ij � ∈ji). (9.55)

1
�
∈33

kx�
∈33

∈11�
∈33

1
�
∈33

∈13�
∈33

∈13�
∈33

†An introduction to electromagnetic wave propagation in magneto-optically biaxial materials in appli-
cation to surface and bulk related plasmons in semiconductors can be found in R.F. Wallis, “Optical
properties associated with surface excitations of semiconductors”, Handbook on Semiconductors,
Vol. 2, edited by M. Balkanski (North-Holland, Amsterdam, 1994), pp. 65–108. See also: M. Schubert,
Infrared Ellipsometry on Semiconductor layer structures: Phonons, Plasmons, and Polaritons
(Springer, Heidelberg, 2005).
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The matrix ∆ reads then

∆ � � �,

(9.56)

and the eigenvalues of ∆ are

q�
1�2 � ��kx�

s

s
1

3

3

3

� � ����t1 � ak�x�
s

s
1

3

3

3

�b
2

�� Σ� ±

����t1 � 2a�kx��b2

� Σ� ���	
(9.57)

q�
1�2 � �

1

2
���kx�

s

s
1

3

3

3

� � ����t1 � ak�x�
s

s
1

3

3

3

�b
2

�� Σ� ±

����t1 � 2a�kx��b2

� Σ� ���	S3���
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2
3
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s
s
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3

3

3

���
2

� Σ�
s13
�
s33
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�
3

2
�
3

S3���

4���
2
3

�t1 ���kx�
s
s

1

3

3

3

���
2

� Σ�
s13
�
s33

4
�
3

2
�
3

1
�
2
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�kx�
s13

s
�

33

a13� �kx�
s23

s
�

33

a23� 0 1 ��
k
s3

x

3

2

�

0 0 �1 0

� (s12 � a12) k2
x � s22 � 0 kx�

(s23

s
�

33

a23)�

s11 � (s12 � a12) � 0 �kx�
(s13

s
�

33

a13)�
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���

s33
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���
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with Σ defined as with the symmetrical case, shown immediately after
Eq. (9.53), and the new abbreviations

s1 � t1
2 � 12�kx�

s

s
1

3

3

3

�t2 � t3�,

s2 � 2t1
3 � 36kx�

s

s
1

3

3

3

�t1t2 � 108�t2
2 � �kx�

s

s
1

3

3

3

��
2

t3� � 72t1t3,

s3 � �8kx�
s

s
1

3

3

3

���kx�
s

s
1

3

3

3

��
2

� t1� � 16t2,

and

t1 � �
s

1

33

��s2
13 � s2

23 � s33�s11 � s22 � k2
x�1 � �

s

s

3

1

3

1
��� � [a2

23 � a2
13]	,

t2 � �
s
k

3

x

3

�(s13s22 � s12s23 � s13k
2
x � a23a12),

t3 � �
s
1

33

�� 	.
(9.58)

The eigenvalues q�
1�2 (q�

1�2) refer again to the forward (backward) trav-
eling waves, respectively. Tp is then obtained in the same way as done for
the biaxial films above. Solutions for magneto-optical ellipsometry in
polar, transverse, and longitudinal configuration, as described by
Visnovsky for bulk and films, are retained here as well.[45,46] Note that the
finite thickness assumption in[46] is no longer a requirement here.

9.4.3 Chiral Biaxial Films (Axially Twisted
Symmetrically Dielectric Materials)

Consider a continuously twisted biaxial material (chiral liquid crys-
tals, CLCs). ∈ depends on the spatial position with respect to the z-axis.
Such a twisted medium consists of a helical structure with periodicity
along the z-direction (Fig. 9.6); the uniaxial molecules are parallel to the
(x, y) plane. (The general solution presented here covers biaxial molecules
with tilt toward the z-axis.) The complex optical transfer function of

�s11[a
2
23 � s2

23] � s22[a
2
13 � s2

13] � s33[a
2
12 � s2

12] � s11s22s33

�2[s12s13s23 � s12a13a23 � s13a12a23 � s23a13a12]
�k2

x[s
2
12 � s2

13 � s11(s22 � s33 � k2
x) � (a2

13 � a2
12)]
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twisted nematic liquid crystals has been the matter of numerous mathe-
matical and experimental approaches.[31, 47–51] However, to calculate the
optical response from a cholesteric liquid crystal, especially for light inci-
dent at an oblique angle, the layer is usually subdivided into many virtual
slices and each slice is treated as a homogeneous biaxial material. This
procedure requires immense computational effort and remains an approx-
imation regardless of the number of virtual slices used. An exact solution
of Tp for a CLC layer is shown here. This solution can be used for precise
ellipsometric analysis of refractive indices and geometrical properties
from liquid crystal devices such as flat panel displays.

The matrix ∆ depends on z. Let n be a unit vector that is oriented
parallel to the z-axis of the crystal coordinate system in each virtual
plane formed by the twisted medium (Fig. 9.6). We assign P as the dis-
tance along the laboratory z-axis for one full turn of the vector n around

664 CRITICAL REVIEWS OF SOME APPLICATIONS

Figure 9.6 Schematic presentation of a right-handed CLC cell (P � 0). The pitch
P is the distance between one full turn of molecule direction n. The sign of P
refers to a right (positive) or left (negative) handed helical arrangement of the
molecules.
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the laboratory z-axis. (The pitch P here is not to be confused with the
polarizer azimuth P in Section 9.2.) The z-dependence of the dielectric
function tensor describes one complete rotation per length P. Similar to
Eq. (9.49) the orientation of the biaxial material at the lowest boundary of
the slab is described by the unitary matrix A with j, y, and q as arguments.
The helical rotation of the vector n along the z-axis is then provided by a
rotation matrix B that depends only on the number of turns z per unit
length P

B � � �, z � z. (9.59)

The complex elements of the dielectric function tensor at each labo-
ratory z-position are given by

∈(z) 
 B(z)A� �A�1B(z)�1

� B(z)� �B(z)�1.

(9.60)

The z-dependence of the matrix ∆ needs to be eliminated in order to
solve Eq. (9.45).[15] We transform both sides of Eq. (9.45) into the more
appropriate elliptical coordinate system applying the unitary matrix Γ
which is defined as follows

Ψ
~

(z) 
 ΓΨ(z), Γ � � �, (9.61)

and results in

Ψ
~

(z) � (E�, E�, H�, H�)T(z), H± � Hx ± iHy, E± � Ex ± iEy. (9.62)

The vector Ψ
~

contains the in-plane field amplitudes of back- and
forward traveling elliptically polarized modes. Next we use the matrix
F(z) to transfer the helical dependence of the vector Ψ

~

F(z) 
 diag(exp{�iz}, exp{�iz}, exp{�iz}, exp{�iz}), (9.63)

1 i 0 0
1 �i 0 0
0 0 1 i
0 0 1 �i

∈11 ∈12 ∈13

∈12 ∈22 ∈23

∈13 ∈23 ∈33

∈x 0 0
0 ∈y 0
0 0 ∈z

2p
�
P

cosz �sinz 0
sinz cosz 0

0 0 1
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where diag( ) indicates the diagonal 4 � 4 matrix, introducing a new
vector Φ

~

Φ
~

(z) � F(z)Ψ
~

(z). (9.64)

If we substitute Φ
~

(z) into Eq. (9.45) we obtain a new coefficient matrix ∆
~

∂zΦ
~

(z) � in�1∆
~

(z)Φ
~

(z), (9.65)

∆
~

(z) � F(z)Γ∆(z)Γ�1F(z)�1 � ∂zF(z), (9.66)

∆
~

(z) � U � eizV� � e�izV� � ei2zW� � e�i2zW�, (9.67)

with

U � � �, (9.68)

�n 0 �ik 0
0 n 0 ik
f s� �n 0

s� �f 0 n
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V� � � �, V� � � �, (9.69)

ip� �ip� 0 0
0 0 0 0
0 0 0 ip�

0 0 0 ip�

0 0 0 0
ip� �ip� 0 0
0 0 �ip� 0
0 0 �ip� 0

W� � � �, W� � � �,
(9.70)

and

n � , (9.71)

k � �1 � �, p± � (∈23 ± i∈13),

f � � (∈2
13 � ∈2

23 � ∈33[∈11 � ∈22 � kx
2]),

s± � [2(∈13∈23 � ∈12∈33) ± i(∈2
23 � ∈13

2 � ∈33{∈11 � ∈22})].  (9.72)
1

�
2e33

i
�
2e33

kx�
2∈33

kx
2

�
2∈33

2p
�
k0P

0 0 0 �ikx
2�(2∈33)

0 0 0 0
0 ikx

2�2 0 0
0 0 0 0

0 0 0 0
0 0 ikx

2�(2∈33) 0
0 0 0 0

�ikx
2�2 0 0 0
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Note that the substitutions cosj � (1�2)(exp[ij] � exp[�ij]) and
sinj � i(1�2)(exp[ij] � exp[�ij]) were used here. Note further that the
sign of P determines the handedness of the CLC structure. Solution for Tp

is immediate at Φa � 0�. For kx 
 0 the solution given below is exact but
implicit.

9.4.3.1 Normal Incidence (kx � 0)

For kx � 0 the eigenvalues of ∆̃ � U are (V� � V� � W� � W� � 0)

q± 
 �n2 � if ± c, c � �s�s� � i4n2f, (9.73)

which refer to both elliptical eigenmodes within the twisted medium. The
coefficients bi follow from Eqs. (9.52) 

b0 � [q2
� cosk� � q2

�cosk�],

b1 � i [(q2
� �q�)sink� � (q2

� �q�)sink�],

b2 � [cosk� � cosk�],

b3 � i [(1�q�)sink� � (1�q�)sink�], (9.74)

with the phase thicknesses for the elliptical eigenmodes

k± 
 zn�1q± � k0dq±. (9.75)

The partial transfer matrix in elliptical coordinates is calculated from bi and U

T̃p(z � d) � (b0E � b1U � b2U
2 � b3U

3). (9.76)

After transformation into the laboratory coordinate system we obtain Tp

Tp(d) � Γ�1F(z � d)T̃p(z � d)Γ. (9.77)
2p
�
P

2p
�
P

2p
�
P

1
�
2c

1
�
2c

1
�
2c

1
�
2c
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Note that the inverse of Tp is needed in Eq. (9.33). Because of the
identities [T̃p (z)]�1 � T̃p (�z) and (AB)�1 � B�1A�1 the inverse of Tp in
the laboratory system is

Tp
�1(d) � Γ�1(b0E � b1U � b2U

2 � b3U
3)F(z � � d)Γ. (9.78)

9.4.3.2 Oblique Incidence (kx 
 0)

The Ansatz to calculate the field amplitudes within CLCs is similar to
that used by Lakhtakia and Weiglhofer.[32] Exact solutions for Tp at off-
axis propagation are obtained as follows. According to Eq. (9.67) the
matrix ∆̃ is analytical in z, z0

∆̃(z, z0) � Σ
∞

m�0

δm(z0)(z � z0)
m. (9.79)

We assume that T̃p is also analytical, and the 4 � 4 coefficient matrices tn
do not depend on z

T̃p(z, z0)�Σ
∞

n�0

tn(z0)(z � z0)
n. (9.80)

The elements of the matrices tn follow straightforwardly from ∆̃. A
differential equation for T̃p is obtained from Eq. (9.50)

∂z T̃p(z) � in�1∆̃(z)T̃p(z ). (9.81)

If we substitute ∆̃ and T̃p by the respective series expansions, and carry
out the derivative with respect to z, we obtain a recurrence relation for the
coefficient matrices of the series expansion for T̃p

tm�1(z0) � Σ
m

k�0

δm�k(z0)tk (z0), (9.82)

where t0 � Tp(z0, z0) is the unit matrix E. The coefficients for ∆̃ follow
straightforwardly from the Taylor series expansion

∆̃(z, z0) � Σ
∞

m�0

∆̃(z)�z�z0

(z � z0)
m

��
m!

∂m

�
∂m

i
�
n(m � 1)

2p
�
P

668 CRITICAL REVIEWS OF SOME APPLICATIONS

Ch_09.qxd  10/15/04  1:37 PM  Page 668



THEORY AND APPLICATION OF GENERALIZED ELLIPSOMETRY, SCHUBERT 669

and read 

δ0 � U(z0) � V�(z0) � V�(z0) � W�(z0) � W�(z0),

δn � [inV�(z0) � (�i)nV�(z0) � (2i)nW�(z0) � (�2i)nW�(z0)],

n � 0. (9.83)

The matrices δn depend on the orientation of the biaxial molecules at the
boundary z0. For convenience, and without loss of generality, we can set z0

to zero. Note that the matrices V� and V� describe the effect of the tilt of
the molecules towards the z-axis. V� and V� vanish if the CLCs are oriented
parallel within the (x, y) plane. For kx � 0 W� and W� also vanish, and the
recurrence relation becomes the series expansion of exp{in�1U}, which is
then calculated more efficiently through Eq. (9.76). Note that the inverse of
Tp is needed in Eq. (9.33). Tp

�1 in the laboratory system is

T�1
p (d) � Γ�1T̃p�z � � d�F�z � � d�Γ. (9.84)

Figure 9.7 depicts the squared reflection Jones matrix elements of a
usual CLC device cell on top of a transparent substrate (typically BK7,
∈substrate � 2.25 was chosen here for simplicity). A well-known drawback
of standard CLC devices is their color distortion at large view angles. This
effect is traced in Fig. 9.7 upon the change of the center frequency of the
selective reflection band to higher wavelengths as the angle of incidence
increases. Today’s liquid crystal displays possess specific alignment
layers that fix the liquid crystal molecules at the substrate-liquid crystal
interface within small domains with nonunidirectional alignment [see,
e.g., “Liquid Crystal Materials and Liquid Crystal Displays,” M. Schadt,
Annual Review of Materials Sciences, Vol. 27, 305–379 (1997)].†

9.4.4 Isotropic Dielectric Films

Although isotropic materials can be treated more easily and by sim-
pler equations than through the 4 � 4 approach, the isotropic solution
within the 4 � 4 matrix formalism is necessary in order to include
isotropic layers in anisotropic samples. The eigenvalues of ∆ for isotropic
materials are well known

q1 � q2 � �q3 � �q4 
 q � �∈� k2
x � �n2 � n2

a sin2Φa, (9.85)

2p
�
P

2p
�
P

1
�
n!

†See also: M. Schubert, C. M. Herzinger, phys. stat. sol. (a), 188, 1563 (2001).
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with ∈ being the isotropic dielectric function. Equations (9.52) are degen-
erate and do not provide a solution for Tp. However, the expansion of the
exponential series in Eq. (9.50) and the separation of the associated sums
for the cosine and sine functions result directly in

Tp � E�1 � � � . . .	� i � � � . . .	,

(9.86)

Tp � Ecos(k0dq) � i sin(k0dq), (9.87)
∆
�
q

(k0dq)3

�
3!

(k0dq)
�

1!

∆
�
q

(ik0dq)4

�
4!

(ik0dq)2

�
2!
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Figure 9.7 Squared Jones reflection matrix elements (intensities) of a chiral liquid
crystal layer on a transparent substrate as a function of the angle of incidence and
incident wavelength (∈		 � 2.89, ∈⊥ � 2.25, ∈substrate � 2.25, d � 3 µm, P � �0.5
µm). The band of selective reflection is centered at l0 ~ 	P(�∈		 � 2�∈⊥)�3	 ~ 783
nm for normal incidence, and moves to lower wavelengths at oblique angles of
incidence.
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Tp � � �. (9.88)

where we have used the identities ∆2 � q2E and ∆3 � q2∆. The eigenvalue
approach to find the coefficients bi breaks down for extremely small
anisotropy. In particular, if the differences k0d	q1

± � q2
±	 are too small, the

attempt to invert Eqs. (9.52) fails. The determinant of the right side of Eqs.
(9.52) can be used to check whether the optical response can be treated as
anisotropic or isotropic during a regression analysis of experimental GE data.

9.4.5 Further Solutions: [1 1 1] Superlattice
Ordering in III-V Compounds (CuPt-Ordering)

Special GE solutions for samples with small anisotropies, small layer
thickness, or special optical axes configuration help to decrease the com-
putational effort. Such solutions also help to shed light on typical features
within the GE data. Sample symmetries or amplitude and strength of the
birefringence read more easily from the experimental data. A solution is
presented here for the special anisotropy in CuPt-ordered zinc-blende
semiconductor films. Other anisotropy problems require different equa-
tions, and the line of derivation here can be transformed to other situa-
tions. Such equations have been recently presented by Lecourt and
coworkers to determine orientation and birefringence in ultrathin
Langmuir-Blodgett layers.[11]

Long-range chemical ordering has been widely observed during the
last decade in ternary or quaternary zinc-blende III-V semiconductor
compounds.[52–54] The CuPt-ordered phase consists of a 1,1-superlattice
of monolayer planes stacked along one of the [111] directions. Similar to
(1 1 1)-biaxial strain, CuPt ordering splits and shifts the zinc-blende
states, e.g., near the valence-band maximum, and leads to polarized inter-
band transitions and uniaxial optical birefringence.[55] This birefringence
is very small and difficult to detect. However, we will demonstrate in
Section 9.4 that GE can accurately determine the ordering-induced bire-
fringence in CuPt-ordered semiconductor films. The present section
derives special GE solutions for CuPt-ordered films. Although the solutions
presented in Section 9.4.1 cover the case of this uniaxial dielectric material,

cosk0dq 0 0 i�
q

e
�sink0dq

0 cosk0dq ��
q

i
�sink0dq 0

0 �iqsink0dq cosk0dq 0

i�
q

e
�sink0dq 0 0 cosk0dq
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the present approach is more lucid, and permits better understanding of the
relation between the uniaxial dielectric function values and the GE
parameters. The latter are derived to first-order approximation in ∆∈,
i.e., we assume 	∆∈	 �� 	∈	. Second-order and higher terms in ∆∈ are
omitted.†

The inclination q of the ordering direction from the sample normal
amounts to cos�1 (1��3) for (001) surfaces. For this type of anisotropy
the GE parameters have most the sensitivity if the sample is aligned with
the [1 0 0] direction parallel to the x-axis of the laboratory coordinate sys-
tem. Accordingly, the [1 1


0] direction is then rotated away from the plane

of incidence by j � π�4, but still parallel to the sample surface.
(Equations for x 		 [110] are further discussed in Ref. 17.) The uniaxial
dielectric function tensor ∈ in laboratory coordinates is then expressed as
follows (q � cos�1(1��3) ~ 54.7�)

∈ � � �, (9.89)

where ∆∈ � 1�3∈		 � 1�3∈⊥, ∈ � 1�3∈		 � 2�3∈⊥, and ∈		, ∈⊥ refer to the
dielectric functions for polarizations parallel and perpendicular to the
ordering direction, respectively. (The symbol “∆” used here in “∆∈” is not
to be confused with the matrix ∆ or the ellipsometric parameter ∆). In
Eq. (9.49), the coefficient matrix ∆̂ simplifies

∆̂ � �
∈
1

�� �. (9.90)

The eigenvalues of ∆̂ are q1,2 � ±�(∈ � kx
2 � ∆∈), and q3,4 �

�kx∆∈�∈ ± �(∈ � kx
2 � ∆∈). We define q2 � ∈ � kx

2, and decompose ∆̂
into D̂� (∆∈) d̂ with

D̂ � � �, d̂ � �
∈
1

�� �. (9.91)

�kx kx 0 0
0 0 0 0
∈ 0 0 �kx

0 �∈ 0 �kx

0 0 0 �
q
∈

2

�

0 0 �1 0
0 �q2 0 0
∈ 0 0 0

�kx∆∈ kx∆∈ 0 ∈ �kx
2

0 0 �∈ 0
∈∆∈ �∈(∈ � kx

2) 0 �kx∆∈
∈2 �∈∆∈ 0 �kx∆∈

∈ �∆∈ ∆∈
�∆∈ ∈ �∆∈
∆∈ �∆∈ ∈
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†It is understood that 	∆∈	 � 	Re{∆∈}	 � 	Im{∆∈}	 �� 	Re{∈}	 � 	Im{∈}	 � 	∈	
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The coefficients bi follow from Eqs. (9.52) and do not depend on ∆∈.
(Use qi of ∆̂, and the rule of L’Hospital. Consider ∆∈ → 0.)

b0 � cos(k0dq) � k0dqsin(k0dq),

b1 � (i�2q){�k0dqcos(k0dq)�3sin(k0dq)},

b2 � (1�2q2)k0dqsin(k0dq),

b3 � (i�2q3){k0dqcos(k0dq) � sin(k0dq)}. (9.92)

Tp can be decomposed into Î � ∆∈B̂ with

Î � Êcos(k0dq) � D̂sin(k0dq), (9.93)

B̂ � (g1 � 2q2g3) d̂ � g2ĝ � g3ŝ, (9.94)

and ĝ � D̂ d̂ � d̂D̂,  ŝ � D̂ d̂D̂, which result in

ĝ � � �,

s � � �. (9.95)

The identities D̂ 2 � q2 Ê , D̂ 3 � q2 D̂ are used. Note that Tp22 � Î22,
Tp23 � Î23, Tp32 � Î32, and Tp33 � Î33 do not depend on ∆∈. Tp11, Tp14, Tp41,
and Tp44 are of type Tpij � Îij � ∆∈B̂ij, whereas the remaining elements
Tpij � ∆∈B̂ij are linear in ∆∈. Let ∈f � nf

2 denote the isotropic substrate

�kx�
q

∈

2

� 0 �
q

∈

2

� 0

kx 0 0 ��
q
∈

2

�

0 0 0 0

0 0 �kx �kx�
q

∈

2

�

0 ��
q
∈

2

� ��
∈
kx� �2kx�

∈
q2

2�

�1 0 0 �
k

∈
x
�

�kx 0 0 �
q

∈

2

�

�2kx kx 1 0

i
�
q

1
�
2
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dielectric function. The matrix T has non-vanishing elements in the first
and third column only:

T11 � [Tp22 � Tp23Nff] � [Tp32 � Tp33Nff]�Naa,

T21 � [Tp22 � Tp23Nff] � [Tp32 � Tp33Nff]�Naa,

T31 � [Tp42 � Tp43Nff]�na � [Tp12 � Tp13Nff]�cosΦa,

T41 � [Tp42 � Tp43Nff]�na � [Tp12 � Tp13Nff]�cosΦa,

T13 � [Tp21cosΦf � Tp24nf] � [Tp31cosΦf � Tp34nf]�Naa,

T23 � [Tp21cosΦf � Tp24nf] � [Tp31cosΦf � Tp34nf]�Naa,

T33 � [Tp41cosΦf � Tp44nf]�na � [Tp11cosΦf � Tp14nf]�cosΦa,

T43 � [Tp41cosΦf � Tp44nf]�na � [Tp11cosΦf � Tp14nf]�cosΦa, (9.96)

with

Nij 
 nicosΦj � ni�1 � [(na�nj)sinΦa]
2. (9.97)

We will label the elements of T as T�ij if we set Tpij � Îij, and Tij if we
set Tpij � B̂ij. Note that T11 and T21 do not depend on ∆∈, whereas T31, T41,
T13, and T23 are proportional to ∆∈. The elements T33 and T43 are of the
type a � b∆∈. The GE parameters in Eqs. (9.42) and (9.43) are expanded
in ∆∈ according to [c�(a � b∆∈)]∆∈ ~ (c�a)∆∈, or [(A � ∆∈B)�(C �
∆∈D)] ~ (A�C) � ∆∈[B�C � (A�C)(D�C)]. This allows factorization of
Rps, Rsp, and Rpp into

Rps;sp � ∆∈bps;sp � O((∆∈)2), (9.98)

Rpp � (rp�rs)[1 � ∆∈bpp � O((∆∈)2)], (9.99)

with the coefficients bps, bsp, and bpp

bps � T23�T�43 � rsT 13�T�43, (9.100)

bsp � T 41�T�21 � rpT 31�T�21, (9.101)

bpp � T 43�T�43� T 33�T�33, (9.102)

and similarly for Tps, Tsp, and Tpp

Tps;sp � ∆∈aps;sp � O((∆∈)2), (9.103)

Tpp � (tp�ts)[1 � ∆∈app � O((∆∈)2)], (9.104)
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with the coefficients aps, asp, and app

aps � �T 13�T�11, (9.105)

asp � �T 31�T�33, (9.106)

app � �T 33�T�33, (9.107)

The isotropic ratios rp (tp) and rs (tp) are those for the complex p and s
polarized reflectance (transmittance) of an isotropic ambient-film-
substrate system with ∈ as the isotropic dielectric constant of the film.
The GE parameters Rpp and Tpp evolve linearly from the isotropic
reflectance and transmittance ratios rr

is, and rt
is, and determine ∈. The

ratios Rps (Tps) and Rsp (Tsp) are most sensitive to ∆∈, but depend still on
∈. Simultaneous analysis of the GE parameters can provide both ∈ and
∆∈ unambiguously (see Sect. 9.4). The coefficients a and b are not to be
confused with the coefficients bi in Eqs. (9.52). Note that a and b possess
similarity with the well-known Seraphin coefficients for isotropic semi-
conductor surfaces.[57] Note finally that the approximate equations are
correct as long as 	∆∈	 �� 	∈	 regardless of the thickness d.

9.5 Strategies in Generalized Ellipsometry 

This section surveys strategies for treatment of several types of
anisotropies. Issues of depolarization due to incoherent backside effects
are discussed. Model strategies are given for absorbing and transparent
substrates and films. Combinations of anisotropy situations discussed here
may be treated by joining the strategies given here. More complicated sit-
uations will require other specific procedures.

No universal rule exists for best treatment of general anisotropy situ-
ations, except to take as much data as necessary from as many independ-
ent directions as possible. The strategies for measurement and analysis
will depend on the actual sample properties. If the nature of the anisotropy
is unknown, several strategies need to be tested in order to find out which
type of anisotropy belongs to the sample under investigation. For known
types of anisotropy qualitative simulations prior to actual data acquisition
have been shown to be very useful,[8, 15, 19, 34] and the Jones matrix elements
should be surveyed as a function of the sample azimuth and the angle of
incidence to learn about propitious conditions for data acquisition (see
Section 9.5.1).

Further difficulties arise if the substrate material is transparent. In that
case depolarization due to multiple discrete polarization states needs to be
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considered. Depolarization may also occur due to nonuniform thickness,
finite optical bandwidth, angular spread of the incident beam and nonuni-
formities in the optical constants. Such situations are discussed in Ch. 3
by Jellison, and are not included here. Depolarization due to multiple
discrete polarization states with simultaneous cross coupling of eigen-
modes affects the ellipsometric data acquisition procedure. For the latter
there is no effective Jones matrix to be obtained through regression
analysis of (a, b) sets in Eqs. (9.18) through (9.20). Strategies for treat-
ment of incoherent backside effects in thick anisotropic layers are given
in Section 9.5.2.

For data analysis of anisotropic samples it is highly desired to reduce
the number of fit parameters. This can be done by employing parameter-
ized dielectric function models (see also Ch. 3 by Jellison). Sometimes,
however, point-by-point fits are more straightforward and may reveal
spectral features, which are otherwise subsumed into the lineshape of the
model functions used. Additional information such as crystal axis orienta-
tions, sample thickness, and estimates for optical constants data are then
extremely valuable for the initial parameter guess. Issues concerning
anisotropic model strategies are discussed in Section 9.5.3.

9.5.1 Data Acquisition Strategies for Anisotropic
Samples

Absorbing substrate with optical axis not parallel to the sample normal
(uniaxial material): GE data should be taken at multiple sample azimuth
orientations j, and angles of incidence Φa. If the in-plane orientation of
the optical axis is unknown, the spacing between different orientations
should be less than 90�. Data should also be measured at opposite j.
Measurements at near-normal incidence can help to isolate the difference
∆∈ � ∈		 � ∈⊥. The off-diagonal elements may be difficult to detect if ∆∈
is small, or if the optical axis is close to the sample normal. Many polar-
izer and compensator settings should be used, and the number of data
points (a, b) included into the regression analysis for the GE parameters
should be large. Standard ellipsometry measurements at the pseudo-
Brewster angle can establish the absolute values for ∈		 and ∈⊥. For the
standard ellipsometry measurements the position of the polarizer should
be held fixed, most conveniently at 45�. Coherent beams reflected off the
backside help to isolate the index difference in uniaxial films. It is generally
good advice to measure GE data over a large range of incidence angles.

Absorbing film on an isotropic but absorbing substrate with optical
axis not parallel to the sample normal (uniaxial material): This case is
similar to that of the absorbing substrate above. However, helpful thickness
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oscillations may occur if the optical thickness of the film is not too small.
The off-diagonal ratios may become very large, especially for wave-
lengths at which the p-to-p or s-to-s reflection coefficients vanish. GE
parameters at near normal incidence help to differentiate between ∈		 and
∈⊥. The pseudo-Brewster angle is no longer a well-defined quantity
because of the wavelength-dependent thickness oscillations. GE parame-
ters at large angles of incidence will provide ∈		 and ∈⊥. Note that the error
bars on Rps and Rsp will be naturally large when the p-to-p or s-to-s reflection
coefficients vanish (Ψps or Ψsp reach 90�).

Substrate is absorbing and optical axis is parallel to the sample normal
(uniaxial material): This situation usually indicates proper determination
of ∈		. The off-diagonal ratios are zero regardless of ∆∈, and standard
ellipsometry parameters can be measured as usual. Ellipsometric measure-
ments near normal incidence will be of no value. For small anisotropy it is
commonly observed that ∆∈ cannot be measured in substrates.[4, 8, 20, 56]

However, if ∆∈ is large, as seen for non-cubic solids within spectral regions
of strong lattice absorptions, both ∈		 and ∈⊥ are accessible from standard
ellipsometry measurements upon appropriate parameterization.[58, 59]

Transparent film with optical axis parallel to the sample normal on
isotropic substrate (uniaxial material): The off-diagonal ratios are zero
regardless of ∆∈, and standard ellipsometry parameters can be measured.
Ellipsometric measurements near the pseudo-Brewster angle will be useful.
In order to detect the index-difference measurements away from and on
either side of the Brewster angle are necessary. If measured at multiple
angles of incidence the dependence of the interference oscillations on the
angle of incidence reveal both ∈		 and ∈⊥.[60, 61] For infrared wavelengths ∆∈
can be large and complex due to strong lattice absorptions. Simultaneous
extraction of ∈		 and ∈⊥ is possible only if model functions for the dielec-
tric response are employed. This situation is discussed in Refs. 62 and 63
for AlxGa1�xN films on (0001) sapphire.

Anisotropic transparent substrate: The thickness of the substrate is a
significant sample parameter to be known or to be varied during data
analysis. Independent measurement of the thickness is of great value. The
general anisotropy situation may be very complicated, even for a uniaxial
material. If the differences between the major dielectric function values
are large, beams of co-propagating eigenmodes, split by the anisotropy,
may become incoherent after traveling over some distance within the
anisotropic substrate (temporal beam separation due to strong birefrin-
gence). We will not consider this case here, although it could in principle
be handled within the 4 � 4 matrix formalism. Large spatial separation
may also occur. The difficulty is to unify the splitted beams, which emerge
from the sample in order to guide them within the same light path through
the ellipsometer into the same detector area. Here we assume small spatial
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separation of the eigenmodes (compared to the size of the beam). Two
co-propagating eigenstates are further assumed to maintain internal coher-
ence. Eigenstates of different internal bounces are treated as incoherent
with respect to other beams on different bounces at the front or backside
of the substrate. In reflection, this “backside” effect can sometimes be
suppressed by roughening the backside or by wedge-shaped samples. In
transmission this effect cannot be suppressed, however, the effect will
be smaller because the second-order eigenmodes undergo two lossy
reflections at the front- and backside whereas the primary beam does
not. When internal coherence of the eigenmodes is maintained, and
higher-order internal reflections can be put last, the transmitted beam
emergent from the sample is not depolarized, and the Jones matrix
approach is fully valid. GE parameters can be acquired as for the situ-
ations discussed above. If reflection type data are required, proper
treatment of depolarization is necessary. For the case of depolarization
there is no effective Jones matrix to describe the sample. The regression
for the GE parameters fails in general. Unregressed ellipsometry data,
possibly converted into Ψ and ∆ values for storage, are necessary. Useful
unregressed data are pairs of a and b obtained at polarizer positions, e.g.,
P � 0�, 45� and 90� (to begin with the compensator function should be
turned off, i.e., C � w � 0), and converted for convenience into Ψ and
∆ with Eqs. (9.21). The unregressed data are the only data commensu-
rable with model calculations in order to consider the “backside”
induced depolarization effects appropriately. Note again that the trans-
mitted data may also be affected by depolarization if the secondary
beam is not insignificant in intensity as compared to the first one.
Unregressed data are then required for transmission ellipsometry meas-
urements as well. See also Sections 9.2.1 and 9.5.2.

Transparent substrate with optical axis not parallel to the sample sur-
face but far away from the sample normal (uniaxial material): Polarized
transmission intensity (PTI) measurements yield the squared transmission
matrix elements. PTI data at normal incidence can provide a quick way to
check for anisotropy before ellipsometric data are acquired.[19] If
anisotropy is known to exist, PTI measurements can also provide a quick
way to locate an optical axis. GE and PTI data should be taken at multi-
ple sample azimuth orientations j and �j. The spacing between different
orientations should be less than 90� for unknown optical axis orientations.
GE parameters in transmission are extremely useful for determining the
index differences, if depolarization is not an issue. Include positive and
negative angles of incidence for transmission data, if possible, to avoid
sample rotation from j to �j. The transmission ellipsometry data are of less
use for the absolute index values. Angle-of-incidence scans of unregressed
reflection ellipsometry data are very helpful for determining the absolute
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index values (see Section 9.6.2). The co-propagating eigenstates produce
a characteristic interference pattern according to the effective birefrin-
gence, which the propagating beams experience within the substrate. The
effective birefringence depends on the sample azimuth, the index difference,
the angle of incidence, the substrate thickness, and to some extent the
absolute index values. The optical path difference between co-propagating
eigenstates, i.e., the effective birefringence times the thickness divided
by the vacuum wavelength, may be very large. The period of the inter-
ference pattern may become small, and depolarization due to smearing
of polarization states by the finite spectral resolution of the ellipsomet-
ric equipment may occur. Unregressed data are then necessary as
well. However, the latter effect makes transmission ellipsometry a very
helpful tool to study uniaxial transparent substrates cut with the c-plane
as the surface. Such c-plane cuts almost always have a slight misorien-
tation of the c-axis away from the sample normal by a few tenths of a
degree.

Transparent substrate with optical axis slightly off the sample normal
(uniaxial material): Such misorientation will cause subtle anisotropy
effects within the off-diagonal ratios (if beams are not depolarized), or
within the unregressed data (if beams are depolarized). The transmission
data will allow precise localization of the optical axis upon data analysis.
If the sample can be oriented such that the refracted beam runs along the
optical axis, a zero-crossing will occur in ∆pp. If the angle of incidence and
Euler angle j are varied slightly around this orientation, the change in ∆pp

is extremely sensitive to ∆∈ and q, j0 (where ϕ0 denotes the in-plane
offset orientation of the optical axis).

Transparent substrate with optical axis exactly parallel to the sam-
ple normal (uniaxial material): Transmission ellipsometry is of no use.
The co-propagating eigenstates do not split regardless of ∆∈. Standard
ellipsometry in reflection will provide ∈⊥. If ∆∈ is small there is not
much information available for ∈		. Note that depolarization due to
backside reflections can be traced using standard ellipsometry data
because the co-propagating eigenstates do not split (no cross coupling of
modes), and the ellipsometry data do not depend on the actual polarizer
setting.

9.5.2 Strategies for Treatment of Sample
Backside Effects

The eigenstates, maintaining internal coherence with negligible spa-
tial separation, are treated as incoherent with respect to other beams on
different bounces at the front- or backside of the substrate. We do not
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consider the case where co-propagating eigenmodes within the anisotropic
substrate split due to strong anisotropy.

Anisotropic backside effects can be conveniently treated within the
mathematical formalism developed in this chapter. Let T� and T� denote
the general transfer matrices for the “coherent” layer stacks at the front
and backside of the sample, respectively. The matrices r� (t�) and r� (t�)
are Jones reflection (transmission) matrices, and follow from T� and T�,
respectively

� � � r�� �, � � � t�� �, Dp � Ds � 0, (9.108)

� � � r�� �, � � � t�� �, Fp � Fs � 0. (9.109)

To obtain their elements consider Eq. (9.29) and Eq. (9.30) as systems
of four linear relations between the modes A, B, C, D, and E. See also
Section 9.3.1. Note that modes D and F are zero when we ask for trans-
mission and reflection coefficients for light incident from left to right in
Fig. 9.8. To include the beams which are internally reflected off the back-
side of the sample we need the reflection and transmission coefficients for
light incident from right to left onto the backside of the top layer stack in
Fig. 9.8. These reflection and transmission matrices are denoted by r�i and
t�i, respectively, and follow from T�

� � � r�i� �, � � � t�i� �, Ap � As � 0. (9.110)

For the latter case the A modes incident from the left to the right are
not permitted and set to zero. The modes within the substrate change upon
traveling over distance d

� � � m�� �, � � � m�� �, (9.111)

m± � � �. (9.112)

where qi
± are the eigenvalues of the characteristic matrix ∆, which follows

from Eq. (9.49), with ∈ built according to the orientation of the substrate.
The zero-order reflected beam amplitudes follow from the front reflection
matrix r� (modes A are set by the ellipsometer)

B(0) � r�A. (9.113)

exp[ik0dqi
±] 0

0 exp[ik0dq2
±]
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The first-order transmitted beam is obtained from

E(1) � t�m�t�A, (9.114)

and the first-order reflected beam reads

B(1) � t�im�r�m�t�A. (9.115)

Higher-order amplitudes are computed accordingly. For analysis of
transmission-type data it is often sufficient to consider the first-order
beam only because the higher-order reflected beams undergo lossy inter-
nal reflections twice per round trip. In that case Eqs. (9.18) through (9.20)
are still valid because only one beam is entering the detector. For analysis
of backside effects in reflection-type data consideration of higher-order

Figure 9.8 Schematic presentation of multiple beams reflected off internally at the
front and backside of the substrate. The incident beam A propagates coherently
through the top layer stack, and the zero-order beam B(0) is reflected from the front
side (Fig. 9.8a). The transmitted beams C(n) reach the backside (C’(n)) and cause
the nth-order beams E(n), which are transmitted out of the backside (Fig. 9.8b). The
beams D’(n) (D(n)) then produce the nth-order front side transmitted beams B(n), as
well as the next order of internally reflected beams C(n+1).
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beams is unavoidable. In that case Eqs. (9.18) through (9.20) are valid to
some extent only. Multiple incoherent beams contribute to the Fourier
coefficients in Eq. (9.17). (Each beam brings another set of quantities R1

and R2, which depend on the normalized Jones matrix parameters of the
beam.) There is no effective Jones matrix to describe the sum effect of
many beams for different polarizer, compensator, or retardation settings.
The attempt fails to fit one set of GE parameters to Eqs. (9.18) through
(9.20). Unregressed data are the only values which are comparable to
model calculations in a straightforward manner. Unregressed ellipsometry
data are the coefficients a and b taken at prearranged settings of polarizer
and compensator azimuths and retardation values. (See Sections 9.2.1 and
9.2.4.) These settings are used later during data analysis as input values to
model the target data a and b. Higher-order beams bear a certain danger
of not fully propagating within the same path as the zero-order beam (par-
tially spatial separation). Higher-order beams contribute to the ellipsome-
try result as long as parts enter the detector, but their absolute intensity is
used to normalize the Fourier coefficients. An additional fit parameter,
which mimics the actual beam intensity during measurement, needs to be
included for data analysis.

9.5.3 Model Strategies

Best results are obtained if data from many samples with different
orientations of their major axes are available. At least four azimuth orien-
tations should be used for uniaxial samples with their c-axis not parallel
to the surface normal. Include data from more than six azimuths and large
ranges of incidence angles for modeling biaxial samples with arbitrary
axis orientations. The azimuths should span one full sample turn.
Orientations opposite in j help to locate the in-plane orientation of the
optical axes. Data from all samples and from all sample azimuths are best
included into a multiple-sample, multiple-data-type regression analysis.
To begin with, data at a single wavelength should be selected to locate the
Euler angles for each data set, and to guess the initial major index values.
Use also Fig. 9.5.

Euler angles: Observe the behavior of Ψ and ∆ at opposite sample
positions. It is helpful to perform numerical simulations with estimated
major index values, and vary the Euler angles and the sample azimuth.
Pay attention to the off-diagonal Ψ and ∆ values. In particular, the pair ∆ps

and ∆sp will help to locate the crystal coordinate system with respect to the
(x, y) plane. The pair Ψps and Ψsp provides hints for the Euler angle q.
Carefully inspect the measured ellipsometry data to guess what the actual
orientation of the sample was during each measurement. Note that the
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Euler angle q is the same for a uniaxial sample at different sample azimuths.
Use the amount and handedness from each azimuth change to constrain
the Euler angles during the fit. For example, if data were taken at azimuths
j0, j0 � 90�, j0 � 180�, and j0 � 270� only the offset j0 needs to be fitted.
In this case the sample was rotated clockwise.

Optical constants: A Cauchy model is usually sufficient to parameterize
the major refractive indices within spectral regions of insignificant absorption.
For uniaxial materials it is sometimes helpful to fit ∆∈ � (∈		 � ∈⊥ )�3 and
∈� � (∈		 � 2∈⊥ )�3 instead of ∈		 and ∈⊥. Similar substitutes for biaxial mate-
rials may work too. Data from high-symmetry sample orientations provide a
good estimate to the value of the major refractive indices. Such orientations
occur when the crystal coordinate system coincides with (x, y, z). Care should
be taken not to reverse the order of ∈x, ∈y, and ∈z. This can happen if near-
normal incidence transmission data are available only. A point-by-point fit is
a good procedure to begin with for spectral regions of high absorption. The
point-by-point fitted optical constants can later be analyzed employing para-
metric models. It is very helpful if the optical axis orientations are known
from data analysis within the transparent region prior to the point-by point fit
into the high absorption region. The overlap region between transparency and
high absorption is often difficult to fit. Scattering and non-homogeneous
absorption within the film or substrate may occur in this spectral region. If the
nature of the onset of absorption is known (e.g., direct or indirect band-to-
band transitions; see also Ch. 3 by Jellison) appropriate parametric model
approximations can help to differentiate between the small major absorption
indices. (See paragraph on the CuPt order-induced birefringence.)

9.6 Generalized Ellipsometry Applications

The GE formalism has been employed by many workers to measure
optical birefringence in, e.g., anisotropic bulk materials,[8, 10, 20–24] stretched
plastic sheets[19], ultrathin Langmuir-Blodgett films,[11] sculptured films,[12]

chiral-liquid crystal (CLC) cells,[15] porous silicon Fabry-Perot resonators,[18]

magneto-optical films,[65] and birefringent III-V semiconductor films[17, 66].
Optical constant spectra of well-known materials were updated or
extended into unknown spectral regions revising existent n and k spectra
for crystals such as Rutile or sapphire. Electronic band-structure parame-
ters were derived from the order-induced birefringence in III-V compound
materials, and order parameter, structure, and intrinsic refractive indices
were determined for CLCs. The following section provides examples for
such materials studied by GE. Cases of transparent and absorbing substrates
are included. Film examples are discussed further. Physical origins of bire-
fringence are outlined for the chemically ordered cubic semiconductors,
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and for the optical response of chiral liquid crystal cells, and demonstrated
upon real data obtained from previous experiments. The selection of
anisotropy situations given here is by far not complete, and the field of GE
application continues to grow.†

9.6.1 Anisotropic Bulk Materials

Anisotropy in reasonably sized crystals is traditionally investigated by
standard reflectometry or transmission techniques. The most accurate tool
is the prism refractometry method in which the angular deviation of the
probe beam is converted into the difference between a known and an
unknown index of refraction. This method is more precise than the ellip-
sometry technique, but fails for spectral regions of absorption, and is not
applicable to films. The prism method also becomes entangled for biaxial
materials with arbitrary axis orientation. For such cases the GE approach
uniquely resolves crystal axes and anisotropic optical constants. The pre-
cision of the extracted index data depends on the accuracy of the ellip-
someter components, and may be less than for those obtained for isotropic
materials by the prism method. However, the n and k spectra can be traced
into the opaque spectral region. A general comment regarding data analy-
sis of bulk materials must be added. It is well known that dielectric over-
layers or surface roughness with thickness of a few nanometers cause
deviation from the true bulk spectra. This overlayer may consist of natu-
rally grown oxide or contaminants. Surface roughness within the nm scale
produces similar effects. A common procedure for numerical roughness
overlayer removal is to include a thin film with thickness drough. The
roughness-layer optical constants are modeled through an effective
medium approach (EMA) by averaging “void” to the bulk optical con-
stants. Naturally grown oxides or contaminants can be removed numeri-
cally if their optical constants are known. Chemical treatment or polish-
ing may induce new overlayer reactants or surface-damage induced strain.
(See, e.g., discussion of surface aging effects to the anisotropic optical
constants of HgI2 by A. En Naciri[64].)

9.6.1.1 TiO2 (Rutile)

Rutile (TiO2) has tetragonal symmetry with uniaxial anisotropy.
Single crystals of TiO2 cut at different crystallographic orientations are
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†Applications now also include biaxial absorbing minerals, as demonstrated for orthorhombic ore
minerals such as stibnite in “Generalized ellipsometry for biaxial absorbing materials: determination
of crystal orientation and optical constants of Sb2S3,” M. Schubert and W. Dollase, Opt. Lett., 27,
2073–2075 (2002).
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chosen for demonstration of the GE formalism to determine optical
constants and crystal axis orientations from uniaxial substrate materials.
The backsides of the samples were roughened to suppress incoherent
backside effects. Standard substrates (Commercial Crystal Lab., Florida)
with high-symmetry cuts ([100], [110], [111], [001]) were studied. Typical
sample thickness is ~ 900 µm. For the [100] and [110] samples the c-axis
is parallel to the surface, whereas for the [001] sample the c-axis is paral-
lel to the surface normal. The optical axis coincides with the c-axis. The
inclination q of the optical axis from the surface normal ([111]) is ~ 40�
for the [111] cut surface.

For calculation of the GE parameters the general transfer matrix T
follows from the product of La and Lf. The exit matrix Lf is built from the
eigenmodes Ξi(qi) of the characteristic matrix ∆, which is the same as in
Eq. (9.49). The eigenvalues qi are obtained from Eqs. (9.53), and the Ξi(qi)
can be easily computed from there.

To begin with here, numerical simulations of GE parameters for 
a-plane ([100]-cut) and r-plane ([111]-cut) TiO2 are shown in Figs. 9.9
a through f. Data for ∈		, ∈⊥ are taken from Ref. 8. For the [100] cut the
off-diagonal GE parameters Ψps and Ψsp are equal for opposite sample
azimuths j. Note that Ψps and Ψsp vanish when the optical axis is ori-
ented parallel to either one of the x or y-axes of the laboratory coordi-
nate system. Ψps and Ψsp are fourfold degenerate because the optical axis
is parallel to the sample surface. The fourfold symmetry in Ψps and Ψsp

reduces when the optical axis is not within the (x, y) plane (e.g., for the
[111] cut). Ψps and Ψsp are no longer equal at opposite sample azimuths
j. Note that Ψps and Ψsp are zero when the optical axis is parallel to the
(x, z) plane, i.e., the plane of incidence. Ψps and Ψsp vanish completely
and regardless of ∆∈ if the c-axis becomes collinear to the sample nor-
mal (c-plane TiO2, not shown here). As seen from Figs. 9.9 a through f
the GE parameters provide sensitivity to sample azimuth and orientation
of the c-axis. These figures indicate the ability of GE to locate optical
axis coordinates from anisotropic materials. (Note that for uniaxial mate-
rials we cannot differentiate between crystal directions perpendicular to
the optical axis.)

According to the 3D plots, except for the [001] sample, GE data
were taken at four different sample azimuths j separated by 90�. The
azimuths were chosen such that the optical axis had a 45�-type in-plane
azimuth (45�, 135�, and so forth), where the off-diagonals are maxi-
mized. At each sample position further spectra were measured at multi-
ple angles of incidence. This provided excellent sensitivity to the Euler
angles and optical constants for both ordinary and extraordinary direc-
tion. (Note that the c-plane sample here provides sensitivity to ∈⊥ only.
This situation is different for the optical constants within the IR-spectral
range. See Refs. 58 and 59.)
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Examples for experimental and best-fit calculation of GE reflection
parameters are presented in Figs. 9.10 a through f. Data belong to the [100]
cut sample, and analysis resulted in Euler angle coordinates of j � �212.5�
(modulo 90� for every other data set), and q � 89.7� (y � 0), i.e., this
sample was miscut by ~0.3� (j was chosen as the angle between x and the
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Figures 9.9 a–f Simulated Ψpp, Ψps and Ψsp for a-plane (a, c, e) and r-plane TiO2

(b, d, f) for 3.5 eV � E � 4.5 eV versus azimuth j. 0� � j � 360�, Φa � 65�; q �
y � 0� for [100] TiO2; y � 0� and q � 50� for [111] TiO2; ∈		, and ∈⊥ are taken from
Ref. 8. As discussed in Sec. 9.4 the Euler angles j, y, and q provide the orthog-
onal rotation matrices that diagonalize the dielectric function tensor ∈. Here j and
q are the azimuth and the inclination angles of the optical axis with respect to x and
z, respectively, whereas y is meaningless. See also Fig. 9.5. The Euler angle j in
Eq. (9.47) is equal to the sample azimuth because ∈x � ∈		, ∈y � ∈z � ∈⊥.

(a) (b)

(c) (d)

(e) (f)
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projection of the c axis onto the sample surface). GE data from [100],
[110], [111], and [001] cuts were included into the best-fit analysis. A
surface roughness layer for each sample was included within the model
calculation. The optical properties of the overlayer were approximated by
linear fractions of (1 � fvoid)(2�3∈⊥ �1�3∈		) and fvoid. A point-by-point fit
was then performed to obtain the ordinary and extraordinary index values.
Figure 9.11 contains the resulting n and k spectra (symbols). A parametric

Figures 9.10 a–f Experimental and best-fit calculations of Rpp, Rps, Rsp for a-plane
TiO2 (∈x � ∈y � ∈⊥, ∈z � ∈		; j � �212.5�, q � 89.7�, y � 0; h

_
ω � 0.75 � 6.5 eV).

(a) (b)

(c) (d)

(e) (f)

Ch_09.qxd  10/15/04  1:38 PM  Page 687



dielectric function model was further used to analyze the point-by-point
fitted spectra. The solid lines in Fig. 9.11 refer to a Lorentz oscillator fit
where the arrows indicate the center energies of the individual harmonic
critical-point contributions.[58] The dotted lines depict data from Jellison
obtained from analysis of two-modulator GE.[9, 21] Note that the optical
constants presented in Ref. 8 were obtained without consideration of surface
roughness effects as this was not in focus. The n and k spectra there vary
from sample to sample, and demonstrate well the necessity to consider the
overlayer issue for best results. It is stressed, however, that multiple-sample
fits as performed here increase only the consistency of optical constants
spectra. The accuracy of the true bulk n and k values is still not really
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Figure 9.11 Ordinary (No � no � iko � �∈⊥) and extraordinary (Ne � ne � ike � �∈��)
refractive (no,e: squares) and extinction (ko,e: circles) indices of TiO2. Symbols refer to
data obtained from simultaneous point-by-point fit analysis of GE reflection parame-
ters from [100], [110], [111], and [001] cut bulk crystals (h

_
ω � 0.75�8.35 eV)

corrected for surface-overlayer effects (roughness). The solid lines result from
lineshape fit of No and Ne using sets of Lorentz oscillators. The vertical arrows
indicate the center energies of the individual critical-point contributions for E ��c
(left panel) and E⊥c (right panel).[58] Dotted lines depict data obtained by Jellison
using two-modulator GE (h

_
ω � 1.44�5 eV).[9, 21]
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secure as the real optical effects of roughness, contaminants, and/or surface
oxides are actually unknown. The EMA procedure mimics the overlayer
effect but cannot remove it completely, unless the optical constants for the
overlayer are known. The only way out is to measure crystals in situ at the
clean and as-grown surface.

9.6.1.2 a-Al2O3 (Sapphire)

Sapphire is an excellent insulator with good thermal conductivity.
Due to its wide band gap the material is transparent for photons with
energies from the far infrared to the deep-ultraviolet, i.e., from the lattice
reststrahlen band (~0.12 eV) to the onset of the electronic band-to-band
transitions (~9 eV).[20, 57, 67] Sapphire (a-Al2O3) consists of a hexagonal
closely packed (hcp) lattice. Because of its rombohedral structure, sap-
phire exhibits uniaxial anisotropy. High-quality synthetic sapphire is
widely used as substrate material for solid-state device applications.
Because of its similarities in crystal structure and lattice constants, com-
pound materials such as AlxGa1�xN or InxGa1�xN can be grown on sapphire
using metal-organic vapor phase epitaxy. Successful growth of het-
erostructures, multilayers, and superlattices from group III-nitride mate-
rials on sapphire promises large-scale fabrication of GaN-based blue-light
emitting diodes and laser devices.[68] Double-side polished sapphire
substrates with nominal thickness of ~300 µm are chosen here to demon-
strate treatment of uniaxial materials when multiple backside reflected
beams interfere incoherently. For the calculation of transmission and
reflection quantities during data analysis the general transfer matrix
T � T� follows again from the product of La and Lf. Note that we also
need T�, and T� is simply the inversion of T�. (We do not consider films
or roughness at the front or backside here.) Lf is calculated using the
eigenmodes Ξi(qi) as done within the last paragraph.

Figure 9.12 demonstrates the effect of incoherent backside reflected
beams on single-wavelength reflection-type ellipsometry data taken from
r-plane (11


02) sapphire. If we chose ∈z � ∈		, ∈x � ∈y � ∈⊥, the r-plane

situation is q ~ 60, y � 0�, and j according to the in-plane sample
azimuth. In Fig. 9.12 the [0001] direction is rotated by j � �135� (circles)
and j � �135� (triangles) around the z-axis, and tilted from the sample
normal (z) by q � 60.5�. The actual values for q and j are best-fit analysis
results. The measured ellipsometric parameters Ψ and ∆ were transformed
from a and b using Eqs. (9.21). The Fourier coefficients were measured at
fixed polarizer azimuth P � 45�. The compensator function was turned off.
(w � 0, unregressed data acquisition mode. (See Sections 9.2.1 and 9.5.2.)
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The angle-of-incidence scans produce Ψ and ∆ values which differ
substantially from those observable for optically thick bulk materials
(half-infinite substrates). The dotted lines in Fig. 9.12 are simulated Ψ and
∆ values for reflection from an ideal half-infinite sapphire medium. Ψ
would vanish at the Brewster angle, and ∆ would switch by π. This
Brewster-angle effect is extremely useful for finding accurate optical
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Figure 9.12 Influence of incoherent backside reflected beams on Ψ and ∆ in
reflection. The thickness of the sample is 279 µm. The experimental (symbols) Ψ
and ∆ values were measured with c � tanP � 1 (w � 0; polarizer P set at 45�) at
double side polished sapphire for incident photon energy E � 3 eV. The crystal is
nominally cut with the [10 1


2] direction normal to the surface (r-plane sapphire;

∈x � ∈y � ∈⊥, ∈z � ∈		, y � 0�). Data analysis resulted in q � 60.5�. The in-plane
azimuth of the optical axis with respect to x is j � �135� (squares) and j � �135�
(circles). The dotted lines refer to treatment of the zero-order reflected beam only
(half-infinite substrate approach). The solid lines are the best-fit calculations
including up to third-order incoherent backside reflected beams.
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constants values for bulk materials and films with finite thickness,
because the actual incidence angle for which the p-polarized light is sup-
pressed depends crucially on the materials n and k values. However, for
the case of incoherent backside reflected beams propagating through
anisotropic substrates, the Brewster angle is no longer a well-defined
quantity as can be clearly seen from the experimental data in Fig. 9.12.
Although the p-polarized light reflected off the front side is still sup-
pressed at the Brewster angle, there will be in general some p-polarized
amplitudes from waves entering through the front side of the sample after
bouncing off its backside. This effect is also present if the material is
isotropic, however, the Ψ and ∆ data would be identical for different sam-
ple azimuths. Figure 9.12 is an impressive demonstration of how backside
reflected beams can actually help to identify orientation, amount, and sign
of anisotropy in birefringent media: the calculated zero-order Ψ and ∆ val-
ues for the two sample azimuths are virtually indistinguishable despite the
present anisotropy whereas the real data, affected by incoherent beam
propagation, differ substantially for different sample azimuths. The inten-
sities of the backside reflected beams depend on the thickness, the optical
constants, and the crystal orientations of the anisotropic slab. But spatial
separation of front- and backside reflected beams might cause nonequal
detection of multiple beams propagating into the detector. This effect can
become more significant for large Φa. A quantity that accounts for the 
Φa-dependence of the intensity of the nth-order reflected beam is therefore
usually needed within the data regression algorithm. The solid lines in
Fig. 9.12 present the best-fit calculations where backside reflected beams
up to the 3rd order were considered. Higher-order beams do not contribute
any further as the intensity of the back-reflected beams vanishes rapidly
due to the lossy reflections at the front and backside of the sample.

For the transmission setup in sapphire it is sufficient to consider the
first-order transmitted beam only because higher-order beams are of too
little intensity. The symmetry of the transmission GE parameters upon
sample rotation is similar to the reflection parameters presented for Rutile
within the preceding paragraph. Figures 9.13 a and b show experimental
transmission GE and p-to-p (	tpp	

2) and p-to-s (	tps	
2) polarized transmis-

sion intensity (PTI) data taken from r-plane sapphire at the same sample
azimuths as in Fig. 9.12. Data were acquired at j � �135�, and Φa �
�10� and Φa � �10�. (Note that for a uniaxial material Φa � �10� and
j � �135� is identical to Φa � �10� and j � �135�.) The PTI data pro-
vide information for the average values ∈’ � (∈		 � 2∈⊥ )�3. (∈’ follows
basically from the difference between 1 and the maxima in 	tpp	

2, 	tss	
2.

Note that 	tpp	
2 and 	tps	

2 are always less than unity at their maxima in
Fig. 9.13b.) The off-diagonal GE and PTI data are extremely sensitive to
∆∈ � (∈		 � ∈⊥ )�3, and to the crystal orientation of the r-plane substrate.
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The GE and PTI data in Figs. 9.13 a and b reveal that the c-axis of the
sample is oriented parallel to either one of the (x, z) or (y, z) planes, but
not parallel to either one of the x, y, or z-axes. This is because

(i) The off-diagonal elements are zero regardless of ∆∈ if c �� z,
or c �� x, or c �� y.

(ii) For c ⊥ z and j � 45�, 135�, 275�, or 315�, the off-diagonal
elements are symmetrical in Φa, except for a sign change
in ∆ps and ∆sp. The off-diagonals and on-diagonals are
conjugated at the same angle of incidence, e.g., �tps�

2 �
�tpp�

2 � constant. Ψps and Ψsp span 0� to 90� because �tpp�
2

and �tss�
2 become zero at their interference minima.

(iii) For c ⊥ z and j � 45�, 135�, 275�, or 315�, the off-diagonal
elements are still symmetrical in Φa. The off-diagonals
and on-diagonals are also still conjugated at the same
angle of incidence, e.g., �tps�

2 � �tpp�
2 � constant. But Ψps

and Ψsp do not extend to 90� because �tpp�
2 and �tss�

2 do not
vanish anymore at their interference minima.

(iv) For q � 0�, and q � 90� [c is not parallel to either z or (x, y)],
and j � 45�, 135�, 275�, or 315�, the off-diagonal elements
are not symmetrical in Φa anymore (The spectral positions
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Figure 9.13 Same as Fig. 9.12 for transmission GE and polarized intensity
parameters. First-order beam propagation is considered here for data analysis
(solid lines are best-fit calculations). Fig. 9.13a: Ψps and ∆ps; Fig. 9.13b: �tps�

2 and
�tpp�

2. (squares: Φa � �10�; triangles: Φa � �10�; j � 135�, q � 60.5�, y � 0�).
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of minima/maxima are shifted with respect to Φa and
�Φa). The difference of the period of the interference pat-
tern in Ψps or Ψsp at Φa and �Φa can be used to estimate
the c-axis in-plane orientation within the (x, y) plane. The
amplitudes of the PTI data are still the same at Φa and �Φa.
The off-diagonal and on-diagonal PTI elements are still
conjugated at Φa, e.g., �tps�

2 � �tpp�
2 � constant, but �tpp�

2

and �tss�
2 do not vanish at their interference minima, and

0� � Ψps, Ψsp 	 90�. However, as for (i)–(iii), �tps�
2 � �tsp�

2.
(v) For q � 0�, and q � 90�, and j � 45�, 135�, 275�, or 315�,

amplitude and period of the PTI data are not symmetrical
in Φa. But we still have �tps�

2 � �tsp�
2, and �tps�

2 � �tpp�
2 �

const., �tsp�
2 � �tss�

2 � const. and also �tpp�
2, �tss�

2 
 0.

In Figs. 9.13 a and b the maxima/minima in both Ψps and �tps�
2 are not

symmetrical with respect to Φa. Because of 0� � Ψps � 90� and
max{�tps(Φa)�

2} � max{�tps(�Φa)�
2}, the sample orientation corresponds to

case (iv). A Cauchy model is sufficient to parameterize ∈�� and ∈⊥ of sap-
phire within the spectral range shown in Figs. 9.13 a and b. Data from
multiple samples cut at different crystallographic orientations (r-, m-, a-,
and c-plane), and scans from multiple sample azimuths were simultane-
ously analyzed to find a common set of ∈�� and ∈⊥. It is stressed that for
this uniaxial situation ∆∈, ∈’, and the thickness d are strongly correlated.
Even the unregressed reflection ellipsometry data at multiple sample
azimuths and multiple angles of incidence can be reproduced with dif-
ferent sets of ∆∈, ∈’, and d. Only the PTI data contain independent
information for ∈’. But intensity data have usually larger error bars than
the ellipsometry data, and it is good advice to caliper the thickness of the
sample to estimate an initial parameter value. Figure 9.14 presents the
results for the ordinary and extraordinary refractive indices obtained
from analysis of the ellipsometry and transmission intensity data. Data
from Refs. [67, 69, 70] are included for comparison.

9.6.2 Anisotropic Films

9.6.2.1 CuPt-Order-Induced Birefringence in III-V Compounds

This paragraph focuses on the application of GE to very small
anisotropy with arbitrary orientation in thin films where traditional trans-
mission or reflection techniques fail to measure the spectral dependence
of the major dielectric functions. An example of small birefringence
is that of the CuPt-order-induced anisotropy in semiconducting III-V
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compounds. Such long-range chemical ordering (LRO) is widely observed
in ternary or quaternary III-V compounds grown by vapor-phase
epitaxy.[52–54] The spectral form of the birefringence ∆∈ depends to the
degree of ordering h within the films. The birefringence is very small, and
		∆∈		 �� 		∈		 is valid regardless of the incident photon energy.
Electronic band structure parameters such as the Brillouin-zone-center
transition energies and broadening values, and the valence band splitting
parameters are accessible from ∆∈ and ∈. The GE approach was applied
recently to measure the order-induced birefringence in AlGaInP thin films
grown on GaAs. The procedures used there are recalled here to demon-
strate the treatment of such small anisotropy. Further details can be found
in Refs. 17 and 66.

Numerous theoretical and experimental efforts have been undertaken
to predict and study the effect of LRO on the physical properties of
semiconductor materials.[52,55,71–73] In zinc-blende compounds such as
AlyGa1�yInP2 or AlyGa1�yInAs2 the spontaneous arrangement of column-III
elements in alternating {111}B planes constitutes ordering of the CuPt(B)

type. As a consequence the symmetry reduces from F4

3m (zinc-blende

structure) to R3m (CuPt structure).[53] The stacking direction of the super-
lattice (SL) planes within the (AyB1�y)

IIICIIID2
V compounds is usually
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Figure 9.14 Ordinary (no � �∈⊥) and extraordinary index of refraction (ne � �∈		)
of a-Al2O3 obtained from simultaneous best-fit analysis of reflection and transmission-
type ellipsometry and intensity data taken from m-, r-, a-, and c-plane sapphire
substrates.

Ch_09.qxd  10/15/04  1:38 PM  Page 694



THEORY AND APPLICATION OF GENERALIZED ELLIPSOMETRY, SCHUBERT 695

found according to ordering within either one of the {111}B planes, i.e., par-
allel to the [1

 
11] or the [1 1


1] direction. (CuPtB-type ordering, Fig. 9.15.

Two other possible but rarely observed CuPtA variants are due to LRO
within the {111}A planes.) The ordered phase consists of a 1,1-SL of mono-
layer planes (AyB1�y)x�h�2Cx�h�2 and (AyB1�y)x�h�2Cx�h�2, where x and y are
the composition parameters of the random (AyB1�y)xC1�xD2 alloy, and the
order parameter h is the difference between the compositions x of two sub-
sequent sublattice planes within the CuPt SL. The SL planes are usually not
completely ordered, and the parameter h specifies the degree of LRO.†

CuPt LRO reduces the fundamental band gap by ∆Eg. This gap reduc-
tion can be as large as 430 meV or 270 meV for h � 1 in GaInP2 or AlInP2,
respectively.[73] CuPt LRO also splits the Brillouin-zone Γ-point valence
band states of the disordered compound into states 	Γ4,5v�, 	Γ6(1)v�, and
	Γ6(2)v�, and leads to polarized interband transition matrix elements.
Sometimes treated as “chemical” strain, the effects of the CuPt LRO are sim-
ilar to biaxial strain along the LRO direction. As a consequence ∈ is
anisotropic. The space group R3m has trigonal symmetry, and ∈ is uniaxial.
The CuPt-LRO birefringence (order-birefringence) is very small. However,
the spectral dependencies of ∆∈ and ∈ reveal the transitions energies from
the splitted valence band states to the conduction band states (Γ6c) at the
center of the Brillouin zone (E0

(1): Γ4,5v � Γ6c, E0
(2): Γ6(1)v � Γ6c, E0

(3): Γ6(2)v � Γ6c).

Figure 9.15 Crystal structure of perfectly CuPtB ordered AlyGa1�yInP2 for ordering
along the [1 1


1] direction. See also A. Zunger, “Spontaneous atomic ordering in

semiconductor alloys”, MRS. Bull., 22, 27�32 (1997).

†If the random alloy is nonstoichiometric (x 
 0.5), h can only vary between 0 � h�2 � min{x, 1�x}.
Our samples were grown lattice matched to GaAs in which case x � 0.48. The lattice matching
condition is necessary to avoid strain-induced birefringence. For derivation of the LRO parameter h,
however, we assume the ideal composition x � 0.5. The (Al0.48Ga0.52)0.5In0.5P is then referred to as
Al0.48Ga0.52InP2. One may consider the remaining 0.02 Ga as being located at a Group III site
randomly.
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The states 	Γ4,5v�, 	Γ6(1)v�, and 	Γ6(2)v� (figuratively “heavy-hole” like,
“light-hole” like, and “spin-split” like) are further related to the spin-orbit
(∆so), and crystal-field splitting parameters (∆cf) within the quasicubic per-
turbation model. As shown by Wei and coworkers h can then be derived
from ∆Eg, ∆so and ∆cf, as these quantities scale with h: Q(x, h) � Q(x, 0) �
h2Q(x, 1). (See Ref. 52 and references therein. See also Ref. 17.)

Polarization selection rules for optical transitions cause dichroic
material properties as the strength of photonic absorption will depend on
the direction of polarization.† For analysis of stress-induced birefringence
(piezo-birefringence) in zinc-blende semiconductors Higginbotham,
Cardona, and Pollak developed a one-electron interband model for ∈.[74]

This model contains the transition energies, their strength, and broadening
values as adjustable parameters. Quantitative analysis of anisotropy meas-
urements then allows for determination of level splitting and transition
strength as a function of strain. This piezo-birefringence model is adopted
here as the order-birefringence model, and the strain dependence is
replaced by the LRO order parameter h.

Let the index j refer to the component of momentum polarized paral-
lel to either one axis of a right-handed Cartesian coordinate system. (The
matrix elements are assumed to be independent of k). The contribution of
the direct 3D M0-type (E0) transition i to the major complex dielectric
function ∈(ω)j may be written as (j � “x”, “y”, “z”)[74]

[∈(w)]j � ∈∞,j � Σ
i

Aj
(i)f (i)(c (i)), (9.116)

with c0
(i) � (E � iΓ0

(i))�E0
(i) and

f 0
(i)(c0

(i)) � [E0
(i)]�1.5(c0

(i))�2[2 � �1 � c
0

(i) � �1 � c
0

(i)]. (9.117)

The quantities Aj
(i), Γ0

(i), and E0
(i) are treated as, respectively, strength,

broadening, and energy of transition i due to incident electromagnetic
radiation polarized along j. The transition E0

(1) � Γ4,5v � Γ6c is forbidden
for polarization parallel to the ordering direction (∈		).

[85] The transitions
Ê0

(2) � Γ6(2)v � Γ6c, and E0
(3) � Γ6(2)v � Γ6c may be polarized parallel as

well as perpendicular to the ordering direction (∈�).‡

A special solution for the GE parameters of CuPt-ordered films is
given in Section 9.4.5. It was assumed that ∆∈ �� ∈, and that the sample
in-plane azimuth is set to j � 45�. The latter was chosen because the
45�-type position is when the p-to-s coefficients can be measured with
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†See, e.g., G.E. Pikus and G. E. Bir, “Symmetry and strain-induced effects in Semiconductors” (Wiley,
New York, 1974).

‡The ordering direction is here [1 1


1].
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best accuracy. The advantage of the approximate solutions given in
Section 9.4.5 is that the link between ∆∈, ∈ and the GE parameters is most
obvious. In particular, we learned that the off-diagonal ratios evolve
linearly in ∆∈ whereas the on-diagonal ratios are proportional to ∈’. The
accuracy in ∆∈ is therefore related to the error bars on the off-diagonal GE
parameters, and the on-diagonal ratios are important as they will provide the
isotropic “background” dielectric function. The approach to obtaining the
solution for this specific sample orientation and anisotropy situation may
inspire similar derivations for samples with different types of birefringence.
It goes without saying that the full approach for biaxial films given in
Section 9.4.1 can be used just as well for the CuPt-ordered films. It is worth
noting that the approximate solutions and the exact solution are virtually the
same for values of ∆∈ and ∈ obtained from CuPt-ordered samples.

A thin film of Al0.48Ga0.52InP grown by MOVPE is studied here. The
degree of LRO ordering in this sample is h � 0.47, and the band gap is
red-shifted by 84 meV (Eg ~ 2.195 eV for disordered Al0.48Ga0.52InP[88]).
The zone-center transition energies are located at E0

(1) � 2.116 eV, E0
(2) �

2.141 eV, and E0
(3) � 2.22 eV. The film thickness is 1210 nm. For the opti-

cal experiments one piece of the sample was placed upside down on a thin
glass slide (BK7) to remove the GaAs substrate material chemically.[86,87]

This was necessary for the transmission measurements because the band
gap of GaAs (1.42 eV) is smaller than that of the Al0.48Ga0.52InP sample.
The ellipsometric spectra were measured at multiple angles of incidence
(Φa � 0� in transmission; Φa � 15�, and 65� in reflection arrangement), and
the samples were aligned to the laboratory coordinate system with [100] �� x, 
[0 1 0] �� y, and [0 0 1 ] �� z. Note that y and z invert accordingly for the
sample upside down on glass. (See Fig. 9.15). Figure 9.16 shows Ψsp data
measured in transmission (O; Φa � 0�) and reflection (�; Φa � 15�) from
the sample on BK7. The insets enlarge the zone-center transition range.
Figure 9.17 presents real and imaginary parts of Rps and Rsp measured in
reflection at Φa � 15� from the as-grown film on GaAs. The data sets
reveal the spectral features of the near-band-gap CuPt order-birefringence:

- Below the first zone-center transition energy E0
(1), the birefrin-

gence is real-valued and undergoes a sign change indicated by
C. At this spectral position the epilayer is isotropic, and both
tsp�tss and rsp�rss vanish. Below C, the birefringence is positive,
and pronounced interference oscillations occur in Ψsp. Above
C, the order-birefringence is negative with strong dispersion.

- The absorption of incident electric field polarization along
the (1 1


1) sublattice planes entails the strong rise in Ψsp �

tan�1�tsp�tss� at E0
(1). There, the reflection-type data are still

dominated by interference effects.
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- At E0
(2) the incident radiation polarized along the ordering

direction excites electrons from the Γ6(1)v valence-band state to
the Γ6c conduction band state damping the p-s mode-coupled
wave amplitudes for photon energies above E0

(2).
- At E0

(3) the Γ6(2)v � Γ6c transition is activated accompanied
again by a change of dispersion of the birefringence. Above
E0

(3) the epilayer becomes opaque. The transmission-type
data pass into noise as the transmitted electric field intensities
vanish. The exponential damping of the wave amplitudes
reflected from the backside of the epilayer causes the decay
of the interference oscillations within the reflection type
data. Note that the Γ6(2)v � Γ6c transition can be identified by
the pronounced shoulders at E0

(3) in the reflection data.
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Figure 9.16 Transmission (circles; Φa � 0�) and reflection (squares; Φa � 15�)
GE data Ψsp (—-best fit) from CuPt-ordered Al0.48Ga0.52InP2 on BK7 (sample 3 in
Ref. 17). The insets enlarge the zone-center transition region. The data sets are
fingerprints of the near-band-gap CuPt order-birefringence. Absorption of incident
electric field polarizations along the sublattice planes entails the strong rise in
tan�1	 tsp�tss 	. At E0

(2), the incident radiation polarized along the ordering direc-
tion excites electrons from the Γ6(1)v valence-band state to the Γ6c conduction band
state bleaching the p-s mode coupling effects above E0

(2). The Γ6(2)v � Γ6c transi-
tion is activated at E0

(3). Above E0
(3), the film becomes opaque. See also Fig. 9.17.
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Figure 9.17 depicts ∈�� (�� [11

1]) and ∈⊥ (⊥ [11


1]) in the near-

band-gap spectral range. The piezo-birefringence model above is used for
parameterization of ∈�� and ∈⊥. The reflection and transmission GE data
from the film on BK7 and the as-grown film on GaAs were analyzed
simultaneously. Rpp (not shown here) determines ∈. Note that due to the
symmetry of the sample orientation Tpp is unity at j � 45� (Φa � 0�: 
app � 0 and tp � ts, see Section 9.4.5). An unbroadened Lorentz oscillator
was employed to model the isotropic contribution to ∈ from higher-
energy critical points. (For details see Ref. 17.) The locations of the zone-
center transitions are indicated by arrows in Figs 9.16 through 9.18. The
crossover between ∈�� and ∈⊥ is indicated by C.

The data in Figs. 9.16 refer to very small off-diagonal coefficients.
Here, the off-diagonal transmission and reflection intensity coefficients are
within the order of ~1% of the on-diagonal coefficients. For convenient
and nondestructive analysis it is desirable to circumvent the GaAs sub-
strate removal. This restricts measurement to reflection GE. Figure 9.17
shows the off-diagonal ratios obtained from the as-grown sample. Due
to the closer index matching between AlGaInP and GaAs compared to

Figure 9.17 Real and imaginary parts of Rps (solid symbols) and Rsp (open symbols)
from CuPt-ordered Al0.48Ga0.52InP2 on GaAs (sample 3 in Ref. 17;——best fit).
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BK7 the p-s cross-coupling effects are much smaller than for the film on
the glass substrate (Note the scales to the left in Fig. 9.17.) However, the
off-diagonals provide ∆∈ and the optical fingerprints of the ordered state
just as well as the data sets in Fig. 9.16.

To obtain accurate measurement results for such small off-diagonal
ratios perfect alignment of all optical components within the ellipsometer
is a prerequisite. A valuable check for the “goodness” of the calibration is
to measure the Jones transmission elements in straight-through-air arrange-
ment. In this configuration Tps and Tsp should be zero. Because there is no
ideal surface without anisotropy per se, measuring “air” is the best avail-
able choice. Even a bare silicon waver may reveal subtle anisotropy at this
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Figure 9.18 ∈⊥ (solid symbols), and ∈		 (open symbols) of CuPt-ordered
Al0.48Ga0.52InP2 (sample 3 in Ref. 17). The insets enlarge the zone-center transition
range. Below C, the order-birefringence is positive and real-valued, and changes
sign at the isotropy point C. Above the first zone-center transition Γ4,5v � Γ6c (E0

(1)),
the onset of absorption for polarizations perpendicular[1 1


1], and activation of the

Γ6(1)v � Γ6c, and Γ6(2)v � Γ6c transitions by polarizations parallel [1 1


1] cause strong
dispersion in ∆∈ � 1�3∈		 (		 [1 1


1]) � 1�3∈⊥ (⊥ [1 1


1]). The order-birefringence

allows simultaneous identification of the zone-center transitions of the CuPt-
ordered alloy.
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level. A slight misalignment of polarizer, compensator, or analyzer azimuth
will virtually rotate the sample Jones matrix regardless to the transmission
of the reflection setup. In the straight-through-air arrangement Tps and Tsp

will reveal non-zero values. Such misalignments will cause constant off-
sets within the real and imaginary parts of the p-to-s and s-to-p ratios
determined later from an anisotropic surface. Note that the real and imag-
inary parts of Rps and Rsp shown in Fig. 9.17 match each other naturally
because Rps and Rsp are almost symmetric at this uniaxial high-symmetry
sample situation. It was often encountered during measurements that the
loss of calibration constants resulted in offsets between Re{Rps} and Re{Rsp},
and between Im{Rps}and Im{Rsp}. Straight-through-air measurements taken
immediately afterwards then revealed misalignment of polarizer calibration
constants by tenths of a degree.

9.6.2.2 Chiral Liquid Crystal Cells

Chiral liquid crystals are fundamental for flat panel display technologies.
Because of the variety of optical phenomena such as polarization, selec-
tive reflection, and huge optical activity, liquid crystals are still under
extensive study today. (See, e,g., S.Chandrasekhar, Chiral Liquid
Crystals, Cambridge University Press.) A special property of CLCs is that
they provide Bragg-reflectivity conditions for left- (�) or right- (�) cir-
cularly polarized light within spectral regions of the so-called selective
reflection. Depending on the handedness of the CLC the wave with the
circular polarization that matches the sense of the helix is transmitted
whereas the other polarization is totally reflected. At normal incidence
this band of high reflectivity for either left or right handed polarization
waves is centered at l0 � P�∈, and the width of this band is approxi-
mately ∆l0 ~ P∆∈.† CLCs with different pitches can be used to build
devices that will pass or reflect light of different wavelengths (color).
Obviously, pitch and optical constants are crucial parameters for device
designs. Traditional measurements of CLC refractive indices require
techniques that align the rod-like molecules parallel within a volume large
enough to study the birefringent materials like a homogeneous biaxial
crystal. Such techniques employ high magnetic or electric fields to break
the intrinsic twisted nematic phase, and will likely affect the optical prop-
erties of the molecules. But even if the optical constants are known, the
handedness of the helix formed by the liquid crystals along the z-axis in
their nematic state is difficult to obtain without the phase information of
the light emerging from the sample. Traditional techniques that determine

†Here, P is the length of the pitch. See also Section 9.5.3.
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sign and amount of P require special sample geometries such as wedge-
shaped cells.[75,76,78] The GE approach is the only technique known so far
which allows simultaneous measurement of refractive indices and pitch P
from CLC materials within the twisted nematic phase. Applications of
transmission GE to CLCs have been reported recently.[15] For the latter, the
exact solution presented in Section 9.4.3 was used to analyze the GE data.
This paragraph summarizes the GE procedures and results for the CLCs
obtained in Ref. 15, where mixtures of 4-cyano-4’-penthylbiphenyl (5CB)
and 4-cyano-4’(2methyl)-butylbiphenyl (CB15) were discussed as exam-
ples. Because the optical properties of CLCs depend crucially on the sam-
ple temperature, all studies were performed as a function of temperature.

Mixtures of 5CB and CB15 form short-range ordered helices, whereas
the molecules in pure 5CB arrange parallel throughout. When such mix-
tures are placed into a cell where the inner cell interfaces are prepared
with a structural preference direction, the molecule directions n form a
cooperative helix with pitch P through the whole cell (See Fig. 9.6. n(r)
is a unit vector field, or the so called director field, which is oriented par-
allel to the average direction of the long molecular axis at point r. For pure
5CB P � ∞.) The pitch P depends on the CB15 concentration. The CLCs
were placed between parallel glass slides (sandwich cells). The cell-glass
interfaces were coated with polyimid, and rubbed parallel in order to force
the same directional preference of the adjacent liquid crystal layers. This
provided a well-defined orientation of the local director field at the inci-
dent and exit interfaces with respect to the cavity boundaries. Because of
the parallel alignment of the preference directions of both glass-liquid crystal
interfaces, integer numbers d/P of helical turns adopted by the molecules
within the cell are expected. Mixtures of 5CB and CB15 produce CLCs with
n(r) oriented parallel to the (x, y) plane throughout the cell.

The CLCs are uniaxial, i.e., the average dielectric function tensor of the
rod-like molecules within any plane at z � const. has two major values, ∈		

and ∈⊥. Tp for the CLC cells is calculated according to Eq. (9.78). The
Euler angles y and q in Eq. (9.47) are zero. The tensor elements of ∈ fol-
low from Eq. (9.47). The in-plane orientation j of the director n at the
opposite cell interface follows from P and d. Besides ∈		 and ∈⊥, the
unknown cell parameters are the pitch P, the cell thickness d, and the in-
plane azimuth j of the director n(z � 0) at the glass-cell interface on the
incident side of the sample. Similar to the case of the transparent bulk
material, the cell thickness correlates with the pitch and the CLC optical
constants. (See paragraph on sapphire.) The thickness of the unfilled cell
can be obtained from standard reflectometry experiments prior to placing
the CLC within the sandwich cell. Fused glass (BK7) is used as incident
and exit medium, and BK7 optical constants are used to calculate Lf and
La. Incoherent backside reflected beam propagation within the glass slides
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(~1 mm thick) is insignificant, and ignored here. Note that at normal inci-
dence the glass-air interfaces do not affect the polarization state of the
transmitted beam, and consideration of the glass-air interfaces during
sample analysis is unnecessary. The glass-air interface effects need to be
modeled for oblique angle-of-incidence data only. As will be shown
below the effective anisotropy ∆∈ depends crucially on the sample tem-
perature. Accordingly the GE parameters are functions of the reduced
sample temperature tr. The reduced temperature tr � T[K]�Tc[K] is defined
by the so-called clearing temperature Tc at which the CLC turns into an
optically isotropic solution. At Tc the average kinetic energy exceeds the
total energy associated with the parallel alignment of the molecules, which
then start to become randomly oriented within the cell. The order-disorder
phase transition causes isotropic optical properties for temperatures T � Tc.

To begin with here, Figs. 9.19 a throughf show simulations of trans-
mission GE parameters at Φa � 0� for a uniaxial CLC cell with no tilt of
the molecules towards the z-axis (d � 5.8 µm; P � 1.45 µm; tr � 0.985).
These simulations may act as maps in which the reader can find and ver-
ify the experimental results discussed in this paragraph. The optical con-
stants refer to the mixture 5CB and 10% CB15. Figures 9.19 a through d
show 3D-plots of Ψpp, ∆pp and Ψps, ∆ps versus photon energy and j. Small
oscillations in Ψpp, ∆pp are due to anisotropic interference effects between
forward and backward traveling waves inside the CLC cell. At high-
symmetry orientations, i.e., at j � 45� or j � 135�, Tpp is unity, and Ψps

(not shown here) presents the amount of rotation of the exit polarization
with respect to the incident polarization, and exceeds multiples of 90�.
Note that Ψps � Ψsp, ∆ps � π � ∆sp, and ∆ps(�P) � ∆sp(�P). The latter
rule allows identification of the handedness of P. Note further that 	tps	

2

and 	tsp	
2 do not vanish at j � 0�, 90�, 180� or 270�. This behavior is very

different from that of a homogeneous uniaxial material. The amount of
rotation of linearly polarized light upon transmission through the CLC
cell, i.e., the optical rotary power, can be obtained modulo 2π from the GE
parameters.[77] If this rotation exceeds kπ�2 (k � 1, 2, . . .) the phase ∆ps

switches by ±π, and Ψps is bound within 0� . . . 90�. The optical activity in
Fig. 9.19c increases with photon energy because ∆∈ increases for shorter
wavelengths (see below). The spikes in Ψpp (j � 45� and j � 135�) are
at wavelengths where tpp and tss vanish. These wavelengths are identical to
the spectral position at which the optical rotary power exceeds the next
multiple of 90�. Figures 9.19 e and f show Ψsp, ∆ps for j � 45� versus pho-
ton energy and tr. Ψsp is now a direct measure for the optical activity.
Because ∆∈ decreases for tr → 1 (∆∈ � 0 at tr � 1) the optical rotary
power decreases, and disappears at tr � 1.

Figures 9.19 a through f help to set an optimum experimental sample
orientation. At 45�-type positions of j the on-diagonal transmission ratio
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is unity. The off-diagonals are symmetric, and provide all necessary
information. (The latter does not hold for arbitrary ratios P�d.) In fact, a
single sample orientation is sufficient for data acquisition. No further
information is available at different sample azimuths. Rotation of the sam-
ple just rotates the Jones transmission matrix. Figures 9.20 a through f show
experimental (symbols) and best-fit GE transmission data (Tps and Tsp) for
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Figures 9.19 Simulated Tpp and Tps for the twisted nematic mixture 5CB & 10% CB15
versus incident photon energy and sample azimuth j (Figs. 9.19 a–d: 0.75 eV �
E � 3.75 eV, 0� � j � 180�, tr � T[K]�Tc [K] � 0.985, after Ref. 15). The rod-like
molecules are parallel to the (x, y) plane. (y � q � 0�, P � �1.48 µm, d � 5.8 µm,
Tc = 301.4 K). Figs. 9.19 e–f show simulated Tps for the same cell versus incident
photon energy and reduced sample temperature tr (0.964� � tr � 0.999, j � 45�).

(a) (b)

(c) (d)

(e) (f)
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three mixtures of 5CB and CB15 as a function of photon energy and sam-
ple temperature (d � 3.29 µm, P � �∞, Tc � 308.6 K, v � 0.145; for
more details see Ref. 15). Figures 9.20 a and b contain data for pure 5CB.
This material does not form cooperative helices, and behaves like a homo-
geneous uniaxial crystal instead. However, the orientation disorder of the

Figure 9.20 Experimental and generated transmission GE data (Tps only) for
three CLC cells with different mixtures of 5CB and CB15 as a function of the
reduced sample temperature and photon energy. The generated data (solid lines)
correspond to the best fit for ∈		 and ∈⊥, the director orientation at the incident
glass-CLC interface j, the cell thickness d, and the pitch P. ( Figs. 9.20a, b: pure
5CB, P � ∞, d � 3.29 µm, Tc � 308.65 K; Figs. 9.20c, d: 5CB & 10% CB15,
P � �1.45 µm, d � 5.80 µm, Tc � 301.45 K; Figs. 9.20e, f: 5CB & 25% CB15,
P � �0.53 µm, d � 3.19 µm, Tc � 293.15 K) Note how the length of the pitch P
affects the optical behavior of the cells, and the “spectral window” is virtually red-
shifted from Figs. 9.20a, b to Figs. 9.20e, f which reveal the spectral region of
selective reflection (~1.3�1.7 eV).

(a) (b)

(c) (d)

(e) (f)
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molecules increases as the sample temperature goes up, and the solution
becomes isotropic at Tc. The shift of the off-diagonal parameters Ψps and
∆ps with temperature is clearly seen within the data. A Cauchy model was
used to parameterize ∈		 and ∈⊥

[79]

∈(l[nm]) � �c0 � �2
, (9.118)

∆∈(l[nm], T[K] � Tc[K]) � 3�e0 � � �2�1 � 	n
, (9.119)

where ∈		 � ∈’ � 1�3 ∆∈, and ∈⊥ � ∈’ � 2�3 ∆∈. [Eq. (31) in Ref. 15
misses the factor 3 in Eq. (9.119) above.] The wavelength l is given in
units of nm, and the sample temperature T as well as the clearing temper-
ature Tc are given in units of Kelvin. The parameters c0 and c1 describe the
spectral dependence of the disordered and therefore isotropic phase of the
liquid crystals. The temperature-dependent term is related to the degree of
order in the liquid crystalline phase, and e0, e1, and e2 describe ∆∈.
Reflection data from isotropic 5CB were used to fit c0 and c1. The in-plane
orientation j for the pure 5CB cell was ~45�. Note the phase switch in ∆ps

at photon energies where the optical rotary power exceeds the next multiple
of 90�, and Ψps is mapped back into the interval 0� to 90�. These switching
wavelengths, especially, shift as the sample temperature changes.

Figures 9.20 c and d present GE data (Tps and Tsp) for the mixture
5CB and 10% CB15 in the twisted nematic phase (d � 5.8 µm, P �
�1.45 µm, Tc � 301.4 K, � � 0.126; see also Ref.[15]). The in-plane
azimuth j was set at ~135�, and Tpp was unity throughout. The region of
selective reflection for this sample is centered l0 ~ 2.25 µm (�∈ ~ 1.53)
and is not seen within the spectral range investigated. Only the data at the
long wavelength end in Fig. 9.20c hint at this reflection band. (Note how
Ψps and Ψsp bend upwards when the sample is at lower temperatures
because the selective reflection bandwidth increases due to the increase
in ∆∈.) Figures 9.20e and f show experimental (symbols) and best-fit GE
data for 5CB and 25% CB15 (d � 3.19 µm, P � �0.53 µm, Tc � 293.2 K,
n � 0.156;[15]). The center of selective reflection is at l0 ~ 825 nm. This
band can now be clearly seen within the data. It is also obvious that the
width of the reflection band increases for lower sample temperatures. For
incident wavelengths l � l0 (photon energies below ~1.3 eV in Fig. 9.20e)
the CLC cell does not support guided circularly polarized waves anymore,
and the sample acts as an optical rotator with no in-plane reference direc-
tion. The off-diagonal transmission elements tps and tsp become physically
meaningless, and vanish rapidly regardless of the sample azimuth j. The

T
�
Tc

e2
�
l4

e1
�
l2

c1
�
l2
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phases ∆sp and ∆ps are therefore undetectable, and data in Fig. 9.20f pass
into noise.

Figure 9.21 summarizes the index of refraction data obtained from
analysis of the three samples described above. Ordinary and extraordinary
spectra are shown at different reduced sample temperatures. The best-fit
regression calculations for d, P, j, and ∆∈ were performed for each sample
separately. The Cauchy parameters for ∈’ were obtained from analysis of
reflectivity data taken at isotropic 5CB. Because ∈’ was known, d, P, j, and
∆∈ have no correlation. If ∈’ is unknown, the cell thickness d should be
measured by standard techniques to decorrelate the remaining parameters.
A “multiple-temperature” data set was fit to the calculated data, and the
sample temperature T was the input parameter for Eq. (9.119). A detailed
discussion of the results obtained on the CLC cells is given in Ref. 15 . The
refractive indices shown in Fig. 9.21 at reduced temperatures are valid for
all mixtures studied there, whereas the optical response of the three samples
is completely different at the same reduced temperature. The latter is a vivid
demonstration of the strength of optical anisotropy effects in CLC cells.

9.6.2.3 Kerr Effect in Obliquely Magnetized
Co�Au Multilayer Systems

Magneto-optic (MO) materials have gained research and technology
interest for mass data storage devices. Standard ellipsometry is widely
used to determine thin-film complex index of refraction and MO coupling
constants Q � Qr � iQi. Usually two different experiments are performed:

Figure 9.21 Ordinary and extraordinary refractive indices from mixtures of
(5CB)1�x(CB15)x as a function of photon energy and the reduced sample temper-
ature (x � 25%; Ref. 15).
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an oblique angle-of-incidence measurement to resolve the sample layer
structure and layer refractive indices, and a MO measurement of the com-
plex Kerr angle Q at normal incidence.[80–82] Prerequisites are isotropic
sample refractive indices, and special magnetization directions parallel or
perpendicular to the sample surface. (For introduction to MO materials
and optics in layered MO films, see the textbook by Mansuripur.)

The GE solution for MO films presented in Section 9.4.2 is used here
to demonstrate the use of the GE approach for vector magnetometry, i.e., to
solve for the magnetization direction and amplitude of magnetized media.
Optical and MO constants are taken from realistic multilayer samples.
Although not truly realistic for the sample structure assumed here, the opti-
cal constants data are sufficient for demonstration. The sample is a silicon
substrate [(n � ik) � (3.8752 � i0.016)], with 60 nm gold [0.1991 �
i3.0829] and an embedded cobalt (Co) MO layer (d � 20 nm; Fig. 9.22).
The non-zero elements of the Co dielectric function tensor are ∈ � ∈xx �
∈yy � ∈zz � (2.6109 � i2.0348)2, and ∈xy � �∈yx � �i∈Q � (0.07746 �
i0.646024)2, i.e., Q � (0.00079331 � i0.19656)2.[84] The MO layer is coated
with 2 nm Au.† The Co tensor ∈ refers to the polar Kerr-effect (PK), i.e., the
magnetization direction is perpendicular to the sample surface. Oblique
magnetization directions are obtained by rotating ∈ using the Euler angles
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Figure 9.22 Sample structure for the oblique magnetization Kerr-effect calculations
of a Co/Au system. q and j rotate the magnetization direction H. In our notation 
(Θ � 0�, j � 0�), (Θ � 90�, j � 0�), and (Θ � 90�, j � 90�) refer to the polar (PK),
transverse (TK), and longitudinal (LK) Kerr-effect, respectively.

†The optical response of this structure symbolizes that of a 10-period {2 nm Co/2 nm Au} multilayer
system, embedded by metal bottom and top layers. The magneto-optical quantities for the Co layer
were taken from experimental studies of Cu/Pt multilayers.[84]
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q and j. At q � 90� and j � 0�, q � 90� and j � 90� the magnetic film has
in-plane magnetization referring, by definition, to the transversal (TK), or
the longitudinal (LK) Kerr-effect, respectively.

Figures 9.23 and 9.24 show the MO Kerr-effect for Rpp (Ψpp, ∆pp) and Rps

(Re{Rps}, Im{Rps}) as a function of the sample magnetization azimuth angle
j at various magnetization inclinations q (Φa � 65�; spectra at Φa � 0�, and
also Rsp are discussed in detail in Ref. 34). Note that in our notation of the
GE parameters, Re{Rps} and Im{Rps} are identical to the usual Kerr rotation
and ellipticity parameters, QK and hK, respectively, as defined for example in
Ref. 80. (This is one more reason why the present GE notation was chosen
in this chapter. See also comments in Section 9.2.1.) The in-plane orientation
j causes modulation in both Rpp and Rps, and the modulation amplitude
increases for q → 90�. The optical response at PK, i.e., q � 0�, is independ-
ent of j as expected. Note that Rps vanishes at TK. The magnetization-
induced anisotropy causes small but yet measurable GE parameters. The
amplitude change in Ψpp vs. j is detectable when the standard deviation in Ψ
is at least � 0.01�. The off-diagonal elements are small, but within the order
of those as measured from the CuPt-ordered birefringent sample shown in
Fig. 9.17. This simulation is encouraging as it proves the capability of GE to

Figure 9.23 MO Kerr-effect for the structure in Fig. 9.22 at Φa � 65° for ψpp and
∆pp vs. magnetization azimuth j and inclination q(h– ω � 1.97 eV, λ � 630 nm).

Figure 9.24 Same as Fig. 9.23 for Re{Rps} and Im{Rps}.
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determine direction and amplitude of H in thin films with an arbitrary
amount and orientation of magnetization. It is further observed (see Ref. 34)
that GE when performed at oblique rather than at normal incidence is more
sensitive to MO effects, and the sample magnetization direction. GE may
therefore become the standard tool for analyzing dielectric and MO functions
simultaneously. Berger and Pufall reported recently on GE measurement of
magnetization direction in polycrystalline Co films demonstrating the feasi-
bility of MO-GE as a magneto-optical vector magnetometer.[14,65]

9.7 Conclusions

GE is a powerful tool for anisotropic optical metrology. Optical con-
stants spectra and orientation “center-of-gravity” relations for anisotropic
thin film and bulk materials can be measured accurately. Equations for
analysis of GE experiments are now existent for a large variety of
anisotropy situations. Physical relevant parameters such as the band-gap
reduction and valence-band splitting in chemically ordered III-V com-
pounds, or the degree of ordering, can be obtained through analysis of GE
data. A precise index of refraction spectra resulted from GE measurement
of chiral liquid crystal cells. As the field of GE continues to grow, more
exciting applications will be reported for novel materials and film struc-
tures. GE will always remain a challenge because the anisotropy situations
are manifold. A general rule for treatment of anisotropic materials does not
exist, and the experimenter needs to find best conditions for any new situ-
ation. A further task is to find solutions for treatment of general bian-
isotropic materials, or materials with corrugated surfaces. For example,
index gratings may find usage in surface emitting laser diodes, and grating
dimensions and index differences are crucial parameters for device per-
formance. Ellipsometric investigations of corrugated surfaces is possible
by the GE formalism as demonstrated by Azzam and Bashara through their
very first application of GE in 1972.[1] However, the experimental results
there remained unexplained, and to analyze GE data convenient analytical
grating solutions still have to be incorporated into the formalism. Solid-state
sculptured films promise smart materials applications, and investigation of
their anisotropy is a future task of the GE formalism.
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10 VUV Ellipsometry
James N. Hilfiker 

J. A. Woollam Co., Inc.
Lincoln, NE

10.1 Introduction

Spectroscopic ellipsometry (SE) was established in the early 1970s
after widespread acceptance of single-wavelength ellipsometry. The first
SE systems offered limited spectral coverage from the ultraviolet to near
infrared. With the exception of a few research instruments, conventional
SE would remain limited to this spectral range until the 1990s. The vac-
uum ultraviolet (VUV), so termed because light transmission requires the
evacuation of air, presented many challenges for ellipsometry. In addition
to an absorbing ambient, optical materials become absorbing in the VUV.
VUV ellipsometry was confined to a few research efforts, even though
VUV spectroscopy had matured decades earlier.[1]

In the mid-1980s, a spectroscopic ellipsometer was constructed at the
BESSY synchrotron in Berlin to measure in the VUV.[2] It has served as a
center for VUV materials characterization ever since. Ellipsometry was
also demonstrated in the extreme ultraviolet (EUV) at KEK-PF[3] in the
1990s. However, this instrumentation restricted general application.

The merits of VUV ellipsometry were not fully appreciated due to lack
of available instruments. Then in 1999, commercial VUV ellipsometers
were introduced with wavelengths down to 146 nm (8.5 eV). These instru-
ments came in response to bulk and thin film characterization requirements
for 157 nm lithography.

VUV ellipsometry was immediately applied to 157 nm lithography
materials characterization. In addition, the sensitivity of short wavelengths
is being explored for thin gate dielectric metrology. Access to extended
photon energies is also beneficial for studying high energy electronic tran-
sitions in dielectrics and semiconductors.

This chapter is organized into the following sections:

• Historical review
• Current instrumentation
• Importance of VUV ellipsometry
• Survey of applications
• Future
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10.2 Historical Review of Short Wavelength
Ellipsometry

While VUV ellipsometry was briefly demonstrated as early as 1970,[4]

it was not investigated further until the mid-1980s. At that time,
researchers in Germany constructed a VUV ellipsometer to measure up to
35 eV (~35 nm).[5] In the mid 1990s, Japanese researchers demonstrated
ellipsometry at 97 eV (~12.8 nm).[6] These remained the sole short-
wavelength ellipsometry efforts until the end of the millennium.

10.2.1 BESSY Ellipsometer

In the mid 1980s, development began on a VUV ellipsometer at the
BESSY storage ring in Berlin.[2] A photograph of this system is shown in
Fig. 10.1. This ellipsometer was used to study material optical properties
between 5 and 35 eV. Materials research has continued on the BESSY
ellipsometer through the present day.[6,7–38] This instrument is briefly

722 EMERGING AREAS IN ELLIPSOMETRY

Figure 10.1 VUV ellipsometer at the BESSY 1 synchrotron in Berlin. Photograph
from C. Cobet.
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summarized for comparison to current technology, but further details can
be found in the literature.[7–9,23]

The BESSY ellipsometer is designed for measurements from 5 eV to
35 eV (248 nm to 35 nm). This energy range is not covered adequately
with one set of optics, so it is divided into two regions. Both sets of optics
are available on the system, each at a separate angle of incidence: 45° and
67.5° for photon energies above and below 10 eV, respectively. An ultra-
high vacuum (UHV) chamber houses the sample and the entire optical
path to prevent ambient absorption. Thus, a load-lock is used to introduce
samples for measurement.

The BESSY system components can be divided into the following
general categories of any ellipsometer: 1) a light source, 2) wavelength
selection, 3) polarization-state selection, 4) sample, 5) polarization-state
analyzer, and 6) detector.

A very intense light source covering the spectrum from VUV to
infrared (IR) is available from synchrotron radiation. The BESSY ellip-
someter is installed on the 2m Seya-Namioka beamline to provide mono-
chromatic light from 5 eV to 35 eV.[9] Unfortunately, this wide spectrum
is not covered with a single set of optics. Below 10 eV, MgF2 Rochon
polarizers remain transparent and provide linear polarization with a high
extinction ratio. A fixed polarizer before the sample selects the polariza-
tion state, while a rotating polarizer analyzes the reflected beam (RAE,
see Chapter 5). Above 10 eV, MgF2 is no longer transparent, so the
BESSY ellipsometer relies on the source polarization. This requires tilting
of the entire ellipsometer (including UHV chamber) to set the polarizer
angle. Light from the monochromator can still contain unpolarized or
elliptically polarized light on the level of a few percent.[8] For the analyzer
above 10 eV, a rotating triple-reflection polarizer is implemented, as only
reflective materials are available in this spectral range. The inset of Fig. 10.2
illustrates the operation of a triple-reflection polarizer. The three reflec-
tions polarize the beam without significant beam deviation, allowing
polarizer rotation. However, this type of polarizer is non-ideal so the
degree of polarization must be considered.

Photodiode detectors are preferred for signal detection due to their
high linearity, lack of polarization dependence, uniform response, low
expense, and ease of use. In particular, Si diodes were selected after ear-
lier work with GaP Schottky diodes.[7,9] Fortunately system modularity
allows it to evolve as new components become available.

Figure 10.2 illustrates the basic layout of the BESSY ellipsometer.[24]

Light from the monochromator (M) enters the UHV chamber through a
removable MgF2 Rochon polarizer (P) and then through a rotary
feedthrough (RF). The RF allows tilt of the entire setup along a tilt axis
(T) to adjust the plane of incidence relative to the plane of polarization.
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The light then reflects from a sample (S) at either 45° or 67.5° angle of
incidence. A rotating-MgF2 analyzer (RA1) is used for photon energies up
to 10 eV, while a rotating triple-reflection analyzer (RA2) is used above
10 eV. Silicon photodiode detectors (D) are used for signal collection. The
inset of this figure shows the operation of the triple-reflection analyzer.

This system has been extensively used to develop both instrumenta-
tion and applications for VUV ellipsometry. The reader is directed to the
many published references for more comprehensive review.[3,7–38]

10.2.2 EUV Ellipsometer

In the extreme ultraviolet (EUV), the optical constants of materials
are typified by an index (n) near one and a low, but non-zero, extinction
coefficient (k). Because there is little index difference (∆n) between a
material and ambient, reflected intensities remain low. For example, the
normal incidence reflectance for Au is about 1.5% at 60 eV.[39] The small
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Figure 10.2 Layout of the BESSY ellipsometer, illustrating major components:
light from monochromator (M), polarizer (P), rotating flange (RF), sample (S), tilt
axis (T), rotating MgF2 analyzer (RA1), rotating three-reflection analyzer (RA2),
and detectors (D). The inset picture (a) shows details of the three-reflection rotat-
ing analyzer. Drawing from T. Wethkamp et al.[24]
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absorption in all materials prevents bulk transmissive optics such as lenses
or windows. These complications make it difficult to control polarization
in an EUV ellipsometer.

Multilayer structures, comprising two materials with small k and large
∆n, can enhance reflection. Optimized reflectance near 45° can be utilized
in a polarizer design,[40] as this corresponds to the “pseudo-Brewster”
angle for materials with n near one. The Brewster condition will minimize
p-reflected light while the multilayer structure enhances s-reflected light.

Improved performance has been demonstrated for transmission mul-
tilayer structures.[41] These are constructed by depositing the multilayer on
a photoresist coated substrate. When the photoresist is dissolved, the free-
standing multilayer structure is obtained.[42] Retardance can also be pro-
duced by operating at different angles of incidence.[41] Transmission-type
multi-layers were found to have larger phase shifts than reflection-type.[43]

Multilayer polarizers and retarders permit the development of EUV
ellipsometry. EUV ellipsometry should demonstrate increased thickness
sensitivity, as the wavelength approaches an ultra-thin layer thickness
(~10 nm). In addition, the high photon energy will interact with core elec-
trons in a material.

An EUV ellipsometer was constructed using 97 eV (12.8 nm) syn-
chrotron radiation at the Photon Factory, KEK in Tsukuba, Japan.[6,39] The

Figure 10.3 Ellipsometric result vs. angle of incidence of a Mo layer on Si meas-
ured at 97 eV. Simulation curves representing the best fit to ellipsometry and
reflectance data are well resolved, although neither quantitatively matches the
experimental data. Drawing from M. Yamamoto et al.[6]
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synchrotron source produced linearly polarized light with 0.977 contrast
factor. This was improved to 0.996 by adding a transmission polarizer
before the sample. The ellipsometer is configured as a rotating analyzer
ellipsometer (RAE, see Chapter 5) with a single reflection analyzer linked
to the detector.[6]

This EUV ellipsometer was used to measure a Mo film on Si wafer,
as this combination of materials is important in the soft x-ray region.
Data were measured at 97 eV as a function of incident angle. The experi-
mental data, represented as symbols in Fig. 10.3, exhibit resonant features
at each angle where s-polarized reflectance goes through a minimum.[6]

The strong resonance structure confirms penetration of the 40.9 nm thick
Mo layer by the measurement beam. Thus, it is possible to study a buried
interface with EUV ellipsometry, as even metals are semi-transparent.[44]

Modeling attempts, shown in Fig. 10.3 as dashed and solid curves, repro-
duce the resonant structure but do not quantitatively match the experi-
mental data.

10.3 VUV Ellipsometry Today

In 1999 the semiconductor industry became interested in thin films
designed for 157 nm photolithography. Immediately, commercial ellipso-
meters were developed to meet the rapid requirements of the lithography
roadmap. Now, there are many VUV ellipsometers within the world-wide
research community. These instruments are predominately used by the
semiconductor industry for lithography or thin gate dielectric applications.
In addition, a few researchers are investigating material optical properties
at high photon energies. Before the applications of VUV ellipsometry are
discussed, current instrumentation is reviewed.

10.3.1 Current VUV Instrumentation

VUV ellipsometers were developed by three companies.[45–47] A
general description of these instruments is available in the litera-
ture,[48–50] but full details are best obtained from the vendors. This tech-
nology is compared to the BESSY ellipsometer to demonstrate why it
has become readily available.

Unlike the BESSY ellipsometer, the current instruments do not meas-
ure above 10 eV. This spectral limitation allows the use of transparent,
birefringent polarizers and retarders. These same optical elements are
used from the VUV to the near infrared (NIR), allowing broad spectral
coverage from a single instrument (e.g., 0.73–9 eV, 138–1700 nm).

726 EMERGING AREAS IN ELLIPSOMETRY
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Ultraviolet light is obtained from commercial deuterium (D2) lamps
with a MgF2 window in the lamp envelope. The D2 lamp provides strong
intensity from 115 to 400 nm (3.1 to 10.8 eV), thus it is often combined
with other lamp sources (e.g., Xe lamp) for spectral coverage to longer
wavelengths.

A monochromator provides wavelength selection and slit-width
control. The slit width can be opened to increase signal or closed to
insure adequate spectral resolution of optical features in the data. The
monochromator may also contain order-sorting filters and a chopper
wheel. Double-chamber monochromator designs are preferred for VUV
ellipsometry to improve stray-light rejection. In addition, the mono-
chromator is generally before the sample to avoid exposure of photo-
sensitive materials. Fiber optics are not used because of their strong
VUV absorption.

Transparent MgF2 Rochon polarizers select and analyze the polariza-
tion state. This can be implemented in either a rotating analyzer (RAE)
or rotating polarizer (RPE) ellipsometer design (see Chapter 5). The
polarizers provide a high extinction ratio (105) over the design wave-
lengths of interest, so they can be treated as ideal. However, they become
absorbing above 9 eV depending on material quality. The optical path in
a typical Rochon polarizer is 25 to 60 mm, so even low levels of con-
tamination can affect optical throughput. In addition to absorption, the
birefringence of MgF2 will cross zero at slightly higher photon energies –
limiting its feasibility as a polarizer much beyond the current spectral
range. Figure 10.4 compares the birefringence of magnesium fluoride
with quartz and sapphire.[51]

Vacuum is not required for the spectral range up to 10 eV. Instead, the
ambient is purged to avoid absorption from oxygen and water vapor
prominent above 6.5 eV. Purge can be achieved with a noble gas like dry
nitrogen or argon. Nitrogen gas exhibits absorption lines at higher photon
energies, as illustrated in Fig. 10.5, suggesting a slight performance
advantage for argon gas. However, nitrogen gas is generally lower cost
and more readily available. To avoid ambient exposure of the entire
instrument, a load-lock is typically incorporated.

The signal is detected with a photomultiplier tube,[49] a UV-enhanced
Si photodiode,[50] or a combination of both.[48] InGaAs detectors can be
used to extend spectral coverage into the NIR.

Current VUV ellipsometers offer many advantages. Although they are
limited to photon energies below 10 eV, they can measure to much lower
photon energies (e.g., to 0.73 eV). This allows data collection below and
above the bandgap for many materials using the same instrument. In addi-
tion to wide spectral range, current instruments offer flexible angle of inci-
dence. Angles are available from as low as 7°[49] to the straight-through (90°).
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Figure 10.4 Birefringence of sapphire, MgF2, and quartz. ∆n � �(no � ne) for sap-
phire and ∆n � (no � ne) for MgF2 and Quartz. Drawing from Damany, Romand,
and Vodar.[51]

Figure 10.5 Log(Intensity) comparison between argon and nitrogen purge of the
same optical path.
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Angle of incidence control can be important when covering a broad spec-
tral region, as optimum measurement conditions may change dramatically
with wavelength. In addition, flexible control over both sample and input/
output optics allow measurement of the reflected, transmitted, or scattered
light beam.[49,52]

The spectral range limitation allows the use of MgF2 for polarizers. In
addition, MgF2 retarders can be incorporated in the ellipsometer design.
SE with an adjustable retarder eliminates the main limitations of RAE/
RPE-type ellipsometers. Namely, an adjustable retarder can 1) increase
accuracy of ∆ when near 0° or 180°, 2) remove the handedness ambiguity
in ∆, and 3) help distinguish between unpolarized and circularly polarized
light for measurement of percent depolarization. In addition, a retarder
allows measurement of Mueller-matrix elements.[53] The significance of
these capabilities in the VUV spectral region is reviewed.

Transparent MgF2 can be used in a Berek waveplate design[54] to
adjust retardance to any value (0–90°) over a wide spectral range. With
retarder-ellipsometry design, y and ∆ can be accurately determined over
their full range with no ambiguity (y: 0–90°, ∆: 0–360°). Verification of
accuracy for this type of instrument was demonstrated from 190 nm to
1700 nm.[53] This same test is demonstrated for the VUV spectral range
in Fig. 10.6. A measurement of “air” should return values for y and ∆ of
45° and 0°, respectively. Any deviation from these ideal values indicates
the level of measurement error present in a system. Figure 10.6(b) pres-
ents the same data converted to tan(y) and cos(∆), as these values are
also reported in the literature. For this case, both values should be exactly
one.

Handedness ambiguity in ∆ is not typically a problem during data
analysis, as it can often be determined from spectral dependence.[55]

However, it can introduce an ambiguity for anisotropy measurements. For
example, a generalized transmission ellipsometry measurement at normal
incidence measures index difference, but cannot distinguish between the
fast and slow axis. When the handedness ambiguity in ∆ is removed,
ambiguity is also removed from the fast-slow axis.

Measurement of depolarization can also benefit VUV applications.
Sources of depolarization include film thickness nonuniformity, pat-
terned film coverage, light bandwidth, and angular spread. These factors
become important contributors to depolarization as wavelength decreases.
Figure 10.7 shows three different depolarization measurements. In each
case, the depolarization peaks increase at shorter wavelengths (higher
photon energies). Depolarization is modeled and fit for each measurement.
Figure 10.7(a) was modeled strictly with 2.3 nm bandwidth to match the
monochromator slit width of this measurement. Figure 10.7(b) shows a
nonuniform sample where 3% thickness nonuniformity was modeled in
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addition to bandwidth. Figure 10.7(c) shows a more uniform film (0.5%)
with much stronger depolarization peaks. This is attributed to the larger
overall layer thickness. This film becomes absorbing above 7.5 eV which
eliminates the source of depolarization.

Depolarization may also affect psi and delta. These effects are min-
imized when using a retarder, as the calculations can be based on
Mueller-matrix elements rather than Jones-matrix elements.[53] If depo-
larization is measured and modeled correctly, the results (such as opti-
cal constants) should exhibit minimal disturbance from depolarizing
non-idealities.

730 EMERGING AREAS IN ELLIPSOMETRY

Figure 10.6 Straight-through measurements of ‘air’ using a VUV ellipsometer
incorporating an adjustable retarder. Ideal measurement would result in (a) y � 45°,
∆ � 0° and (b) tan(y) � 1, cos(∆) � 1.
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Figure 10.7 Measurements of percent depolarization using VUV ellipsometer.
Data taken from (a) uniform oxide, with model of 2.3 nm instrument bandwidth;
(b) nonuniform organic layer, with model of both bandwidth and 3% thickness
nonuniformity; and (c) thicker organic layer with 0.5% nonuniformity added to
bandwidth.
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10.4 Importance of VUV Ellipsometry

VUV ellipsometry has extended the conventional range to higher pho-
ton energies. In this region, the optical response for most materials is
dominated by band-to-band transitions. Light is absorbed by the material
to excite an electron from the occupied valence band to the unoccupied
conduction band. This process is illustrated in Fig. 10.8(a). Figure 10.8(b)
shows a band diagram for GaAs. The maximum energy level of the filled
valence band is considered zero for the energy scale. The energy required
for any transition relates to the distance between bands. The smallest tran-
sition occurs from the top of the valence band to the bottom of the con-
duction band (fundamental gap). However, higher energy transitions may
involve elevated conduction band states or deeper valence-electrons. The
material optical properties are dependent on possible transitions and the
density of states in each band. VUV ellipsometry helps extend access to
larger electronic transitions in dielectrics and semiconductors. Detailed
discussions of material optical properties and their relationship to elec-
tronic structure can be found in many references.[56–62]

Before VUV ellipsometry was available, the VUV optical response of
materials was primarily studied using reflectance spectroscopy.[1,63]

Ellipsometry provides many documented advantages over reflectance
techniques[9,55,64,65] that become increasingly important in the VUV.

There are three main advantages of ellipsometry compared to reflectance:

1. Ellipsometry measures two parameters compared to the
single parameter of reflectance.

2. Ellipsometry measures phase information not available
from reflectance.

3. Ellipsometry measures a ratio of intensities, whereas
reflectance measures absolute intensity.

Expanding on these three points, we find each to be significant in
the vacuum ultraviolet. Measurement of two independent parameters
allows ellipsometry data to be directly converted to “pseudo” optical
properties for the measured material. This transformation is given as:[66]

�e� � �e1� � i�e2� � �ñ�2 � (�n� � i�k�)2

� sin2(f) � 31 � tan2(f) � 1 2
2

4,
(10.1)

where either complex dielectric function or complex index of refraction
can be related to an ellipsometry measurement, r, at angle of incidence, f.

1 � r
�
1 � r
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Figure 10.8 Optical absorption in the UV is primarily due to electronic transis-
tions, depicted as (a) the excitation of an electron from the valence to conduc-
tion band upon interaction with a photon containing energy � hn (h – Planck’s
constant, n – frequency). The band structure is complicated by its dependence
on position in the lattice, as shown in (b) the band diagram for GaAs. Drawing
(b) from Adachi.[56]
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The ellipsometry measurement can be expressed using two terms (Ψ, ∆)
that are related to r by:

r � Re(r) � iIm(r) � tan(Ψ)cos(∆) � i tan(Ψ)sin(∆)

� tan(Ψ)ei∆ � ei(dp�ds) �
(10.2)

where the relationship to Fresnel reflection coefficients is also given.
Because reflectance measures a single parameter at each wavelength,

there is not enough information to directly calculate optical constants.
Instead, reflectance uses the Kramers-Kronig (K-K) relation, which links
real and imaginary optical properties. However, this relationship requires
integration of real or imaginary optical property over all photon energies to
determine the opposite property. Thus, even broadband reflectance meas-
urements will approximate the optical property outside the measured
spectral range to complete the KK transformation. It is difficult to esti-
mate possible errors in optical constants caused by this analysis. In the
transparent region of a material, reflectance may be sufficient, but all
materials become absorbing in the VUV. The two measured ellipsometry
parameters instill more confidence in the final model for a layered struc-
ture. For reflectance, the model must match one set of measurements,
whereas ellipsometry must match two curves (y and ∆) for each meas-
urement angle.

The phase information contained in the ellipsometry parameter, ∆, has
demonstrated high sensitivity to surface conditions and very thin films
(�10 nm).[66] In addition, ellipsometry will gain sensitivity at shorter
wavelengths. This can be demonstrated by considering a single layer on
substrate. The ellipsometric values can be calculated from Fresnel reflec-
tion coefficients at each interface for angle of incidence, f, as:[67]

r � � (10.3)

In this equation, the Fresnel reflection coefficients are determined from the
complex refractive index of each material. The film phase thickness, b, is
given as:[67]

b � 2p� � �ñ2
1 � ñ�2

0 sin2f� (10.4)
t

�
l

1 � r01s r12se
�i2b

��
r01s � r12se

�i2b

r01p � r12pe
�i2b

��
1 � r01pr12pe

�i2b

~
Rp
�~
Rs

	Rp	
�
	Rs	
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which is the link between r and wavelength, l, or physical film thickness,
t. It can be demonstrated that r will traverse a periodic polar curve as the
thickness goes through a range of values equal to the thickness period, Df,
where:[67]

Df � (10.5)

The ellipsometry values along this curve depend on angle of incidence and
complex refractive index. Shorter wavelengths will traverse the entire
period for thinner layers, as Df is directly proportionate to wavelength, l.
This is demonstrated in Fig. 10.9(a) for a film with n � 2 on substrate with
n � 4 at angle of incidence, f � 70°. These optical constants are fixed at
both wavelengths, l � 150 nm and l � 1500 nm, to keep all ellipsometry
values along identical polar curves. Both curves start at the same point for
t � 0 (solid symbols). As the thickness increases, the ellipsometry data for
both wavelengths begins to traverse the cycle. At a thickness t � 40 nm,
the data for l � 150 nm (open triangles) has nearly completed an entire
cycle. However, the data for l � 1500 nm has barely moved along this
path for t � 40 nm. In fact, it would require a thickness of 420 nm for the
data at l � 1500 nm to near a complete period.

In practice, optical constant dispersion and incident angle effects must
be considered. Figure 10.9(b), shows similar polar plots simulated for the
real case of SiO2 film on silicon substrate. In this case, the two wave-
lengths (150 nm, 1500 nm) do not start at the same data point because of
differences in refractive index. As the thickness increases from t � 0 to
40 nm, the curves cycle for both wavelengths, but along different paths. It
is still quite evident that the shorter wavelength produces much larger
changes in data for an equal thickness change. Overall, shorter wave-
lengths in the VUV should increase sensitivity for detection of extremely
thin adsorbed films or roughness at an interface. However, it is more prac-
tical to compare VUV wavelengths to the shorter limit of conventional
ellipsometry near l � 190 nm.

Reflectance measurements are based on absolute intensity. This often
requires an accurate reference sample and dual-beam configuration. In
ellipsometry, one polarization component serves as a reference for the
other. The absolute intensity is not measured. This can be very important
in the VUV, as intensity variations can result from source or ambient-
purge fluctuations. The sample can also affect overall intensity, if macro-
scopic features scatter a portion of the measurement beam. In this case,
ellipsometry is not affected, as the measurement only collects the specu-
lar reflection and ignores the scattered component.

l
��
2�ñ2

1 � ñ�2
0 sin2f�
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Figure 10.9 (a) Simulated spectra for wavelengths of l � 1500 nm and l �
150 nm at 70° angle of incidence. Identical optical constants are assumed at
both wavelengths such that data traverse the same curve. (b) Simulated spec-
tra for SiO2 film on silicon at l � 1500 nm and l � 150 nm and 70° angle of
incidence.
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Although reflectance is more common, the advantages of VUV ellip-
sometry make it a desirable characterization alternative. It can be applied
to bulk materials, thin films, and even multilayer structures. The next sec-
tion discusses the applications of VUV ellipsometry.

10.5 Survey of Applications

The main applications of VUV ellipsometry can be grouped into three
general areas: 157 nm lithography, gate dielectrics, and high-energy
optical properties. Before these applications are addressed, it is important
to characterize typical substrate materials in the VUV.

Silicon and thermal SiO2 were characterized in 1999[53] based on ear-
lier work up to 6.5 eV.[68] This became the first publication using current
VUV ellipsometry and measurement was with a fixed-angle instrument.
Further research on silicon has extended the optical constants to 9.5 eV.[69]

The silicon optical constants over this range are shown in Fig. 10.10. The
region near 7.8 eV is magnified in the inset to show a critical point attrib-
uted to a transition from X1

V → X1
C.[69]

The silicon optical constants were described using the Gaussian-
Broadened Polynomial Superposition (GBPS) parametric dispersion model
of Herzinger and Johs.[53] This model is highly flexible and can describe all
of the subtleties in the optical constant spectra while retaining Kramers-
Kronig consistency. However, as this model is not based on the fundamental

Figure 10.10 Silicon optical constants measured up to 9.5 eV (131 nm) with VUV
ellipsometry. The inset figure magnifies the region around 7.8 eV (159 nm), where
a critical point is attributed to the X1

V→X1
C transition. Data from Edwards.[69]
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physics of material optical constants, the relevant model result is the deter-
mined optical spectra (not the individual parameter values).

Silicon dioxide films begin to absorb in the VUV. Figure 10.11(a,b)
shows ellipsometry measurements from a 1000 nm thick thermally grown
SiO2 film on Si. A Sellmeier dispersion model is used at lower photon
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Figure 10.11 Experimental (a) psi and (b) delta data from a 1000 nm thick ther-
mal SiO2 film on Si are graphed along with the best-fit models using Sellmeier and
Tauc-Lorentz dispersions. The resulting optical constants (c) modeled using a
Tauc-Lorentz oscillator are shown up to 9.5 eV (131 nm).
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energies,[68] but is not adequate above 8 eV. Instead, a Tauc-Lorentz oscil-
lator model[70] is used to fit this data. Both Sellmeier and Tauc-Lorentz fit
results are graphed against the experimental data in Fig. 10.11(a,b). The
Tauc-Lorentz fit follows the experimental curves for all wavelengths,
while the Sellmeier model diverges from the experimental data above
8.25 eV. The resulting Tauc-Lorentz optical constants for SiO2 are shown
in Fig. 10.11(c).

The thick thermal SiO2 demonstrates the importance of an appropri-
ate optical model. In the VUV, absorption may become a consideration
for dielectrics that are transparent at conventional SE wavelengths.
Organosilicate glass (OSG) is used as an interlayer dielectric in the semi-
conductor industry due to a low dielectric constant. A transparent disper-
sion relation like the Cauchy or Sellmeier is often used for OSG. However,
the film absorbs at shorter wavelengths (higher photon energies) and an
oscillator model is needed. Figure 10.12 shows the ellipsometric data from
an OSG film on Si with the corresponding fit.[71] The model used to
describe optical constants up to 9.5 eV (131 nm) included a Tauc-Lorentz
and two Gaussian oscillators. The spectral range is divided to show appro-
priate regions for reduced model types.[71]

Another common substrate for VUV characterization is CaF2. This
substrate was studied on the BESSY ellipsometer between 10 and 35 eV,
covering the range of both valence and core electron transitions.[10]

Below 10 eV, CaF2 was thought to be transparent and isotropic. For this
reason, it is the preferred substrate for 157 nm lithography optics. VUV

Figure 10.11 (cont.)
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ellipsometry measurements of bare CaF2 provide a precise refractive
index for this common optical substrate.[49,52] However, transmission meas-
urements show inconsistencies due to contamination.[72] CaF2 has received
additional attention with the discovery of intrinsic birefringence.[73] This
unexpected anisotropy along the 110 crystal direction interferes with the
performance of lithography lens designs.[74] Generalized transmission
ellipsometry can be used to characterize this effect.[75,76] Additional
anisotropic substrates characterized with VUV ellipsometry include
SiC[52,77–79] and TiO2.

[80] All three materials are discussed in further detail
later in this chapter.

Many compound semiconductor substrates were characterized on
the BESSY ellipsometer. These include GaAs,[9] InP,[9] GaP,[9] ZnS,[8,9]

CdTe,[9] CdSe,[28] and SiC.[15,16,38] The spectral range of the BESSY instru-
ment covers many higher energy electronic transitions including some
core transitions.

10.5.1 Lithography

Lithographic exposure at 157 nm is targeted to succeed 193 nm for
smaller device patterning. The optical constants of photolithography films
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Figure 10.12 Ellipsometric angle Ψ data (dashed line) vs. photon energy for OSG on
Si at 65° angle of incidence. The optical model (solid line) that best fit the data com-
prised of a Tauc-Lorentz and two Gaussian oscillators. The dashed vertical lines
denote spectral range of viability for other optical models. From Edwards et al.[71]
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are critical to their overall performance. These films include photoresists,
top and bottom anti-reflective (AR) coatings, hardmasks, photomasks,
pellicles, and stepper optic coatings. Current VUV ellipsometers were
developed to meet these characterization requirements.

10.5.1.1 Photoresists

For photoresist films, the optical constants are important because they
govern the reflection, transmission, and absorption of light. Along with
film thickness, the optical constants help define the functionality of a
resist. Resists are photosensitive, so it is important that the measurement
beam does not expose the film. A monochromator before the sample helps
avoid this hazard. VUV ellipsometry has been used to characterize the
properties of many common resist materials at 157 nm.[49,64,81–84]

Figure 10.13(a) shows the ellipsometric measurement from a typical
photoresist layer. The oscillations at longer wavelengths are caused by
interference between light that travels through the film and light reflect-
ing from the film surface. At UV wavelengths, these oscillations cease
because the light is absorbed before it penetrates the film.

There are two common modeling approaches for transparent films
that absorb at shorter wavelengths: the wavelength-by-wavelength (l-by-l)
approach and the oscillator model approach. Both may start by fitting
the transparent region to determine film thickness. In the l-by-l
approach, the resulting thickness is fixed to determine n and k directly
from y and ∆. This works well if the sample structure is correctly
described by the model. The data from Fig. 10.13(a) were modeled using
the l-by-l approach to determine the photoresist optical constants shown
in Fig. 10.13(b).[85]

The oscillator model approach describes the optical constants using a
dispersion relation. The parameters of this relation are adjusted to match
the experimental data. Both methods are acceptable and have inherent
advantages. In many cases, these approaches are combined for further
benefit.

The l-by-l approach is easy to perform on many different materials,
provided the film is transparent over part of the measured spectral range.
It can model complicated optical features that may be difficult to describe
adequately with an oscillator model. However, the l-by-l approach does
not insure “physical” optical constants and may be susceptible to incorrect
results if the model structure is not correctly described.

Most oscillator models maintain Kramers-Kronig consistency, so the
resulting optical constants maintain a “physical” shape. In addition, the
number of “fit” parameters is greatly reduced, as the optical constants are
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described by an equation over the entire spectral range. This may allow the
thickness to be fit simultaneously with oscillator model parameters. Model
improvements are possible when the transparent region alone is not sensi-
tive to the correct sample structure – for instance, if there is a surface layer
or index gradient in the film.

Photoresists are a predominant challenge for 157 nm lithography. 
The standard polyethylene backbone, used for all previous organic resists
in semiconductor manufacturing, is too absorbing at 157 nm.[81] New
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Figure 10.13 Resist data (a) and optical constants (b), from 85.
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candidate materials, such as fluorocarbons and polysiloxanes, are under
development.[81] Until a more transparent alternative is found, thinner
resists and bi-layer designs are being incorporated.[84,86] For example, a
thin resist layer can be deposited over a hardmask layer. The hardmask
provides etch resistance because the thin resist cannot stand up to the etch
process. Optimum design of this structure requires accurate optical con-
stants for each material. Then, different resist and hardmask thickness
combinations can be simulated. Many hardmask candidates have been
investigated, including silicon nitrides, silicon oxynitrides, silicon car-
bide, and titanium nitride.[84,86,87] These sub-stoichiometric materials offer
flexible optical constants as process conditions vary atomic composition.

10.5.1.2 Anti-Reflective Coatings

Anti-reflective (AR) coatings can be used with photoresists to sup-
press reflections from the substrate. A bottom anti-reflective coating
(BARC) absorbs light to eliminate reflective notching of the sidewall and
prevent variability in critical dimensions caused by standing waves. The
optical properties of the BARC are designed to match the photoresist
index to minimize reflections at the resist-BARC interface, while absorb-
ing transmitted light before it reflects from the substrate. Optimized films
enhance sidewall profiles.[86,87] Convenient AR coatings can be “tuned” to
match optical constants for a given resist. Both organic and inorganic
films have been used for this purpose. Silicon oxynitrides (SiON) and sil-
icon-rich nitrides (SRN) have demonstrated significant variation in refrac-
tive index as the silicon, oxygen, and nitrogen compositions change.
Figure 10.14 shows the real and imaginary refractive indices of SiON[48]

and SRN[88] films processed for different compositions. In this manner, a
wide range of optical properties are possible at the lithography exposure
wavelength.

10.5.1.3 Photomasks

Photomasks have advanced beyond the single, opaque layer of a
binary mask. Phaseshift masks have been developed to improve linewidth
resolution. These masks operate by shifting the phase to create destructive
interference between adjacent features.[89] This technique has successfully
extended the performance of 248 nm lithography and is expected to pro-
vide similar benefits at future lithography wavelengths.

Unlike the single opaque chromium pattern of a binary mask, phase
shift mask designs are more complicated. For instance, attenuated
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phase-shifting photomasks use a semi-absorbing layer that must control
the desired transmission and reflectivity and introduce 180° phase shift at
the exposure wavelength. Often, a complex gradient is required to get all
desired properties from a single film. Ellipsometry can characterize these
films, but complicated optical gradients may require advanced methods.
Variable angle SE measurements in both reflection and transmission
geometries were combined with transmission intensity measurements to
characterize the optical gradient profile in Cr-based films.[90,91] Similar
films are expected to be important at 157 nm. However, new materials
will need to be developed at these wavelengths, as the current materials are
likely too absorbing. Preliminary VUV ellipsometry of Cr and CrOx films
help determine the potential of current materials for use at 157 nm.[92]

10.5.1.4 Pellicles

The pellicle is a protective barrier next to the mask that keeps parti-
cles away from the exposure focal point. Optical transparency is critical
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Figure 10.14 Variation in SiON [48] and SRN[88] under different process conditions.
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for this application. Research is targeting discovery of an ultra-transparent
pellicle material that can withstand 157 nm exposure.[72,93] Both VUV
ellipsometry and transmission measurements are used to research new
materials. VUV ellipsometry was found more consistent over a range of
samples. Transmission-based absorbance measurements were fraught
with problems: 1) variability in CaF2 substrates due to contamination
required measurement of each uncoated CaF2 substrate to remain accu-
rate, 2) optimum thickness range places absorbance between 3 and 90%,
and 3) accurate thickness of material is important to get accurate
absorbance.[93] In addition, transmission-based absorbance measurements
do not determine the index of refraction, which is required for pellicle
fringe optimization.[93]

Preliminary pellicle materials are studied by depositing thick layers
on silicon.[72] The actual pellicle is a free-standing membrane near one
micron thick. This thickness produces coherent interference, such that
both thickness and optical constants can be determined from ellipsome-
try measurements. It is important to consider the depolarization effects in
thick layers on both silicon and free-standing membranes. Retarder-
based ellipsometry measurements were used to measure percent depolar-
ization and quantify the thickness nonuniformity and measurement band-
width effects.[93] After a pellicle is characterized, it is monitored to detect
photochemical darkening. Thus, the lifetime for new materials can be
investigated by measuring optical constant modifications.

10.5.1.5 Stepper Optic Coatings

Many optical elements are involved in lithography exposure tools.
They can be enhanced with anti-reflection and high-reflection optical coat-
ings. The coating performance will depend on optical constants and thick-
ness. Fluorinated materials are candidates at 157 nm, as they remain trans-
parent into the VUV. VUV ellipsometry has characterized an extensive
range of optical coatings, including MgF2,

[75] LaF3,
[75,92,94] AlO,[78] AlF,[78]

AlO-AlF,[78] TaO,[95,96] Ta2O5,
[94] TiO2,

[94] Al2O3,
[94] HfO2,

[94,97] ZrO2,
[97] and

La2O3.
[97] The optical properties of these films can now be used in coating

design.
Optical coatings are often characterized on transparent substrates

because they are applied to lenses and windows. This allows combination
of SE and transmission measurements on the film. Transmission meas-
urements help determine low-level absorption provided the substrate is
optically characterized. Fortunately, current VUV ellipsometers can also
acquire intensity transmission measurements. Figure 10.15 shows both SE
and intensity transmission measurements for an Al2O3 film on CaF2.

[94] Both
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data sets are fit simultaneously to get a single, consistent set of optical con-
stants. The model-fit curves are also shown on the figures.

10.5.1.6 Intrinsic Birefringence

Recently, the intrinsic birefringence of CaF2 in the VUV raised con-
cern regarding its suitability as an optical substrate at 157 nm.[73]

Birefringent materials exhibit different refractive indices along the fast-
and slow-axis. This causes a phase change for transmitted light with elec-
tric field components along each direction, as shown in Fig. 10.16.

Ellipsometry measures the phase change between the p- and s-polarization
directions, as ∆. Thus, retardance can be directly measured if the ellipsometer
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Figure 10.15 Ellipsometry and transmission measurements for an Al2O3 film on
CaF2. Both data sets are fit simultaneously to determine accurate optical con-
stants and thickness.[94]
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(p- and s-) is aligned with the material (fast- and slow-optical axis). In this
case, we can write the sample Jones matrix in terms of the retardance, d,
for an ideal retarder:

3 4 (10.6)

If the retarding sample is rotated relative to the ellipsometer coordinates,
there can be cross coupling between polarization states (non-zero off-
diagonal elements). A mathematical rotation can account for rotation of
the coordinate system by angle, α:

3 4 3 4 3 4 (10.7)

Generalized ellipsometry measurements calculate both diagonal and
off-diagonal matrix elements for a sample (see Chapter 9). If the general-
ized ellipsometry measurement is rotated to diagonalize the measurement,
both orientation and retardance can be determined. Figure 10.17 shows
the retardance from 20 mm thick CaF2 as measured with generalized VUV
ellipsometry.[75,76] The measured retardance in degrees is related to the
optical anisotropy (Dn � no � ne) and the retarder thickness, t:

d � t	∆n	, in degrees (10.8)
360°
�

l0

cos(a) �sin(a)
sin(a) cos(a)

tan(y) � eid 0
0 1

cos(a) sin(a)
�sin(a) cos(a)

tan(y) � eid 0
0 1

Figure 10.16 Retardance, d, occurs when light travels through a birefringent mate-
rial (no 
 ne) where orthogonal components travel with different phase velocities.
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where l0 is the vacuum wavelength. The strong wavelength-dependence
of CaF2 retardance requires measurement at 157 nm, as extrapolation from
the visible would be deceptively small.

10.5.2 Gate Dielectrics

As transistors shrink, the gate-dielectric thickness is reduced to main-
tain capacitance. Film thickness is currently approaching a level where the
layer is unable to prevent tunneling current. One solution is to increase the
dielectric constant of the gate-dielectric. This would allow a thicker
film to have equivalent capacitance to a thin SiO2 layer. Nitrided SiO2 is
already implemented for this purpose. It is critical to monitor thickness
and nitrogen composition of these thin layers. VUV ellipsometry has been
proposed as a possible solution with the hope that shorter wavelengths
will 1) reduce correlation between thickness and index, and 2) provide
composition related to the UV absorption of a film. Nitrogen content has
been measured by VUV ellipsometry in thicker films.[34–37] Unfortunately,
gate-dielectrics are too thin to provide accurate results. Researchers are
also proposing combined techniques, such as VUV ellipsometry with graz-
ing-angle x-ray reflectivity. The x-ray measurements provide thickness to
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Figure 10.17 The retardance (in nm/cm) for CaF2 along the [110] direction meas-
ured with generalized ellipsometry.
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use in the VUV ellipsometry model, which calculates optical constants
(related to nitrogen levels).[97–99]

A host of future gate-dielectric candidates are also being investigated.
Oxides with perovskite crystal structure, like SrTiO3, have been measured
in the VUV to investigate microstructure and band structure.[100] High
dielectric constants are also possible with metal oxides like HfO2, ZrO2,
and La2O3. Figure 10.18 shows the index of four potential gate-dielectrics
measured with VUV ellipsometry.[97]

10.5.3 High-energy Optical Constants

Optical properties in the VUV are dominated by high-photon energy
electronic transitions from the valence to conduction band. The extended
energy range of the BESSY ellipsometer also presents access to core-
electron transitions. Major applications of the BESSY ellipsometer have
focused on band-structure studies and optical response at high photon ener-
gies. This area has also carried over to recent VUV ellipsometry research.

Because conventional ellipsometry has access up to 6.5 eV, the main
emphasis of VUV studies involves wide-gap transitions. Many dielectrics
are studied as optical coatings (Section 10.5.1.5) or in microelectronics
(Section 10.5.2). Other coatings, such as diamond-like carbon (DLC), are
of interest due to physical properties including hardness and low-friction.
DLC has been used for many applications, including protection from wear
in the magnetic recording industry. Carbon can bond in both planar, sp2,
and tetrahedral, sp3, configurations, which allow films to be either
graphite-like or diamond-like. The VUV optical constants have been stud-
ied for graphite,[11] diamond,[12] and DLC[13] on the BESSY ellipsometer.
Graphite-like films have a very low bandgap, whereas diamond exhibits
its first direct gap near 7.1 eV. Thus, the bonding properties of DLC can
be related to bandgap and optical response of the film. Studies of DLC
with the BESSY ellipsometer showed a decrease in bandgap with anneal-
ing, suggesting increased sp2 nature of the films.[13]

Another material that forms both sp2 and sp3 bonds is BN. This mate-
rial is also of interest for its mechanical hardness, among other properties.
VUV ellipsometry has been used to study both cubic (sp3) and hexagonal
(sp2) BN films up to 9.5 eV.[14] The hexagonal structure exhibited two
strong absorptions near 6.5 eV and 11 eV, whereas cubic BN has a single
absorption near 15 eV.[14] The hexagonal crystal structure also introduces
anisotropy in the optical response,[101] but this effect has not been consid-
ered in the VUV.

Anisotropy in other materials has recently been studied by generalized
VUV ellipsometry (see Chapter 9). It is important that the measurement
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Figure 10.18 Optical indices extracted from VUV SE for potential gate dielectric
films.[97]
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electric field is able to excite a significant response along both the ordinary
(no) and extraordinary (ne) directions to determine both properties.

Convenient access to both no and ne is obtained when the optic axis is
parallel to the sample surface. If the material is transparent, generalized
transmission ellipsometry can provide high sensitivity to index difference
(∆n � no � ne) as large path lengths can be traversed. For CaF2, the meas-
ured anisotropy is very small, but can be accurately determined with com-
mon path lengths of 20 mm or longer. If the thickness is accurately known,
∆n can be extracted from the measured retardance using Eq. (10.8).
Sapphire exhibits much stronger anisotropy than CaF2. The measurement
in Fig. 10.19(a) is from a 0.515 mm thick sapphire substrate. The frequent
oscillations in off-diagonal ellipsometry data occur as the slow axis
retards light by many orders relative to the fast axis. The diagonal ellip-
sometry data for this normal incidence measurement is ideally equal to
45°. The perturbation near 6 eV is due to dichroism in the crystal (ko � ke).
The off-diagonal data behavior near 157 nm (7.9 eV) is due to a “roll-
over” of ∆n. This behavior might not be correctly identified without
measurements over a wide spectral range. The resulting ∆n from this
measurement is given in Fig. 10.19(b).

For rutile TiO2 substrates, rotation of in-plane oriented substrates
relative to the measurement plane of incidence allow excitement of both
ordinary and extraordinary optical axes. Multiple sample orientations
were measured and simultaneously regressed to extract both ordinary and
extraordinary dielectric functions, as shown in Fig. 10.20 for the 110 ori-
ented TiO2 substrate.[80]

VUV ellipsometry has also characterized ordinary and extraordinary
dielectric functions for 4H[61,72–74] and 6H[73,74] SiC polytypes. Anisotropy
is related to the hexagonal crystal structure, which produces a different
dielectric response for light traveling parallel or perpendicular to the
c-axis of the crystal. To separate each crystal direction, a-plane samples
with the optical axis lying in the sample surface are measured at multi-
ple sample orientations relative to the plane of incidence. In addition,
multiple angles of incidence are measured for each sample orientation.
Figure 10.21 shows only the 70° data from a 4H-SiC substrate at three dif-
ferent sample orientations. The three measured curves would be identical
for an isotropic material.

The l-by-l approach is able to obtain both ordinary and extraordinary
dielectric constants as all three sample orientations are fit simultaneously.
Each curve is a generalized ellipsometry measurement, even though only
the diagonal measurement values are graphed. The off-diagonal compo-
nents were included in the data analysis, as they help determine each meas-
urement orientation. The resulting dielectric constants for both ordinary
and extraordinary directions are shown in Fig. 10.22.[65]
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Figure 10.19 Generalized transmission ellipsometry measurements (a) taken
through a sapphire substrate with optical axis parallel to the sample surface. The
long path length (0.515 mm) through anisotropic material provides retardance by
many wave orders. The anisotropy determined from this measurement is shown
as (b) the index difference (∆n) and the extinction coefficient difference (∆k). The
only dichroism (∆k 
 0) measured above the noise-level occurs near 6 eV. This is
verified by (c) a separation in the polarized transmission measurements over the
same photon energy range. 

Ch_10.qxd  10/16/04  10:10 AM  Page 752



VUV ELLIPSOMETRY, HILFIKER 753

Figure 10.20 Real and imaginary parts of eo and ee versus photon energy for TiO2

(110) orientation.[80]

The III-nitrides are promising for optoelectronic applications in the vio-
let-ultraviolet due to a direct gap in this region that adjusts with composition.
The E1 and E2 interband transitions of these materials are found at VUV pho-
ton energies. VUV ellipsometry has been used to study dielectric functions of
GaN,[19–21,50] AlN,[22,23,102] AlGaN,[24,103,104] and AlInN.[105] The ternary com-
pounds provide more flexibility to tune optical response. Figure 10.23 shows
the pseudodielectric function for a range of GaN and AlxGa1-xN samples. The
E1 and E2 interband transitions are marked by arrows, but cannot be differen-
tiated for x � 0.016.[103] As the Al concentration increases up to 0.12, the E1

and E2 peaks shift toward higher and lower energies, respectively. However,
increasing free-electron concentration was also found to red-shift the E1 tran-
sition, with no effect on E2 position (as demonstrated on the range of GaN
samples plotted). Thus, it is critical to understand both effects to quantify the
resulting transition energies.[103]

BeZnSe has been considered for green and blue laser diodes, as
bandgap can be tailored between that of BeSe (5.5 eV) and ZnSe (2.7 eV).
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Figure 10.21 Generalized ellipsometry measurements of 4H-SiC at 70° angle of
incidence and three different sample orientations rotated relative to the plane of
incidence.[77]

The VUV optical properties of BeZnSe and BeTe were measured and then
related to corresponding electronic transitions.[25–27] In addition, ZnSe has
been studied as a potential infrared optical coating for use in low-earth
orbit.[106] For this application, the film must be able to withstand a harsh
environment, which was tested by oxygen plasma exposure. The film
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thickness decreased and VUV optical response dramatically changed,
which was likely affected by significant surface roughening.[106] Silicone
is another material of interest as a protective coating in low-earth orbit
environment. The chemical modification and erosion of this type of mate-
rial when exposed to atomic oxygen has been studied in laboratory expo-
sures. VUV ellipsometry has been used to monitor the optical properties
and surface modifications of CV-1144-O silicone films. The film modifi-
cations reduce the organic component and become more like SiO2.

[107]

Other semiconducting films, such as BGaAs,[108] GaNAs,[109] and
GaNP[109,110] have recently been studied in the VUV. For all of these mate-
rials, the VUV region allows investigation of higher energy electronic
transitions to provide insight into the optical behavior.

Figure 10.22 Real and imaginary parts of eo and ee versus photon energy for 
4H-SiC.[75]
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Although most attention has been directed to dielectrics and semicon-
ductors, VUV ellipsometry has also been used to study the semi-metal
TiSe2,

[29] YBCO superconductors,[30] and a variety of metals.[31–33] Metal
multilayers were studied to understand enhancement of the Magneto-Optic
Kerr Effect (MOKE). Recent studies of extremely smooth Ir deposited lay-
ers have included VUV ellipsometry.[111]
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Figure 10.23 Pseudo-dielectric function measured for GaN and AlGaN to show
effects of free-electron concentration (on the GaN samples) and alloy fraction (for
AlGaN).[103]
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10.6 Future of VUV Ellipsometry

Although VUV ellipsometry is applied to a wide variety of applica-
tions, a large majority of current use is directed toward immediate
research requirements for 157 nm lithography. The lithography industry is
expected to follow 157 nm with a Next Generation Lithography (NGL)
technique. One possible solution for this next stage is EUV lithogra-
phy.[112] Development of a commercial ellipsometer at these short wave-
lengths presents many new challenges, but may be important for EUV
characterization. It is possible that optical lithography will be extended
beyond 157 nm to a proposed laser-line around 126 nm. This would still
present considerable challenges for commercial ellipsometry. Current
systems are able to push measurements near 130 nm, but with greatly
diminished signal-to-noise.

Use of current VUV ellipsometers may allow discovery of new appli-
cations and surpass the present dominance of VUV ellipsometry for 157 nm
lithography. Strong absorption in the VUV by most materials should allow
VUV ellipsometry to distinguish different materials that have similar
refractive indices at longer wavelengths. In addition, the enhanced sensi-
tivity of shorter wavelengths may lead to applications in thickness ranges
requiring surface-sensitive investigations. It will be interesting to see the
progression of this technique into new areas.
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11 Spectroscopic Infrared
Ellipsometry

Arnulf Röseler

Institut für Spektrochemie und Angewandte Spektroskopie 
Berlin, Germany

11.1 Experimental Tools

Spectroscopic infrared ellipsometry is a method that combines a Fourier
transform spectrometer with a photometric ellipsometer. In principle,
there are two different approaches:

- the photometric ellipsometer utilizing a rotating analyzer and
fixed polarizer or reversed[1].

- the photometric ellipsometer applying a photoelastic modu-
lator (PEM) to introduce a time dependent phase difference.[2]

The first approach minimizes the influence of the imperfections of optical
components on the quality of the measurement. In the course of this con-
tribution we focus on the infrared region from approximately 5000 to
400 cm�1, also called mid infrared. The wavenumber range is generally
determined by the spectral response of the optical components, such as the
beam splitter, the detector, the polarizers, and the retarder. The second
kind of infrared ellipsometry has the advantage of fast measurements for
relative changes, but is influenced by the real properties of the PEM and
the amplifiers for the ground frequency and the second harmonic of the
modulated retarder. Therefore, it is problematic whether an absolute accu-
racy can be obtained in determining the ellipsometric parameters Ψ and ∆.

11.1.1 Two Kinds of Instruments

11.1.1.1 Infrared Photometric Ellipsometry

Infrared spectroscopy is energy limited by the radiation energy of the
glowbar, which has a temperature of about 1600 K. To overcome this
problem Fourier transform spectrometers (FTS) have been used in recent
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designs.[3, 4] They have the advantage[5, 6] of a high throughput combined
with measuring of all spectral elements during a whole scan cycle.
Infrared ellipsometry is only practicable in combination with an FTS. The
sequence of the devices FTS-PE (PE – photometric ellipsometer) is
advantageous, because for an opposite order the measurement would be
disturbed by the thermal radiation of the sample.

The principle of the photometric measurement is shown in Fig. 11.1.
The observed intensity at the detector gives the Fourier transform of the
spectrum, depending on the optical path difference of the interferometer.
From the Fourier transformation, we get the spectrum as function of the
wavenumber. This intensity, written in terms of the Stokes parameters
(s0, s1, s2, s3) and the polarizer azimuth (a1, a2), is

[5]:

I � (s0 � s1cos2a2 � s2 sin2a2). (11.1)

This equation can be rewritten in terms of the ellipsometric parameters Ψ
and ∆:

I � s0(1 � cos 2Ψ�cos2a2 � sin 2Ψ�sin 2a2) (11.2a)
1
�
2

1
�
2

764 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.1 Optical layout and principle of infrared ellipsometry.
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with

tanΨ� � tanΨ�tana1 (11.2b)

and

cosΨ� � �s1�s0,    sin2Ψ�cos∆ � s2 �s0. (11.2c)

A rotating analyzer is generally used to determine the Stokes parameters
in the ultraviolet-visible (UV-vis) range. Using FTS for measurements in
the infrared requires constant radiation power during the scan. Therefore
the analyzer must rotate in a scan and step manner. In other words, the
analyzer is fixed at a position while the FTS scans the spectrum. The ana-
lyzer then moves to the next position and the FTS scans again. Another
feature of the FTS that must be taken into consideration is that it gener-
ates partially polarized radiation. This is caused by the properties of the
beam splitter in the interferometer and the mirrors of the instrument.

Four positions of the azimuth of the polarizer (0°, 45°, 90°, 135°) are
sufficient to derive the Stokes parameters. For these four or even more
azimuths (if used), calibration measurements are necessary with no sam-
ple in the ellipsometer to eliminate the influence of the polarizing proper-
ties of the FTS. The intensities measured with the sample in the optical
path of the ellipsometer related to the calibration intensities are then used
to calculate the Stokes parameters. With a fixed polarizer we have no
influence of the FTS, but the detector and its optics can introduce artifacts
in combination with the rotating analyzer.

In this arrangement, ∆ is derived only from the cos function with the
disadvantage of a reduced accuracy in the neighborhood of �cos(∆)� ≈ 1
and is unambiguous only in the range from 0° to 180°. This problem can
be overcome using a retarder between the two polarizers of the ellip-
someter.[7] Practically, retardation between ≈30° and ≈150° is sufficient,
but a value of approximately 90° would be the best. In cos(∆), ∆ must be
replaced by ∆ � d with the retardation δ of the retarder. Measurements
with and without the retarder are necessary to get cos(∆) and sin(∆) inde-
pendently. The retardation δ is measured with the retarder as the sample
in the optical path. With known ∆ and d for sin(∆) we get:

sin(∆) � (11.3)

With the measured sin(∆) the fourth Stokes parameter can be calculated:

s3 � sin(2Ψ)sin(∆) (11.4)

cos(∆)cos(d) � cos(∆ � d)
���

sin(d)

Ch_11.qxd  10/15/04  3:17 PM  Page 765



11.1.1.2 Phase Modulated Ellipsometry with the Fourier 
Transform Spectrometer

For real time applications in the infrared ellipsometry a PEM is used,
which introduces a periodic phase shift. This technique was developed by
Drevillon and co-workers.[2, 8] The principal arrangement consists of a
sequence FTS, polarizer, PEM, sample, analyzer and detector. An FTS has
an interference modulation frequency, generated by the moving mirror, of
some kHz. This frequency is much lower than the resonance frequency of
the PEM, which is in the order of 40 kHz. Therefore the two signals are
not overlapping. From the point of view of the PEM frequency a mercury
cadmium telluride (MCT) detector must be used. This is nonlinear in its
response and is in this application restricted to wavenumbers greater than
approximately 700 cm�1.

The arrangement is that of Fig. 11.2 with the notation P, M, and A for
the azimuth angle of the polarizer, modulator, and analyzer, measuring the
orientation clockwise, if looking from the detector to the source. Two
measurement modes are usual with the plane of incidence as reference:

- mode A: P-M � ±45°, M � 0°, (90°), A � ±45°

- mode B: P-M � ±45°, M � ±45°, A � ±45°.

The measured spectrum I in mode A, calculated by the Stokes-Mueller
formalism for the settings: P � 45°, M � 0° and A � 45°, is:

I � �
s
2
0� (1 � sin2Ψ(cos∆ cosd(t) � sin∆ sind(t))) (11.5)

with s0 � first Stokes parameter, d � a sinwt, a � amplitude, w � fre-
quency of the PEM.

766 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.2 Outline of the phase modulated ellipsometer after Drevillon.[2]
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The expansion of cosd and sind in Fourier series results in:

sind � 2Σ
∞

m�0

J2m�1(a)sin((2m � 1)wt) (11.6a)

and

cosd � J0(a) � 2Σ
∞

m�1

J2m(a)cos(2mwt), (11.6b)

where Jk(a) are the Bessel functions of the argument a and the order k.
With Eq. (11.6a, b) we rewrite Eq. (11.5), neglecting contributions of

higher order:

I � �
s
2
0�(1 � J0(a)sin2Ψcos∆ � 2J1(a)T1sin 2Ψsin∆sinwt

� 2J2(a)T2sin 2Ψcos∆cos2wt)

and for the relation of the direct signal to the fundamental Rw and second
harmonic R2w we get:

Rw � (11.7a)

R2w � (11.7b)

T1, T2 � response of the detection system for the frequency ω and 2ω,
respectively.

In mode B with the settings P � 0°, M � 45°, A � 45° the spectrum
I is obtained by:

I � �
s

2
0
�(1 � cos2Ψcosd � sin2Ψsin∆ sind) (11.8)

Similar to Eq. (11.7) for the second harmonic the quotient R2w is:

Rw � (11.9a)

R2w � . (11.9b)

From Eq. (11.7a, b) and/or (11.9a, b) the ellipsometric angles Ψ and ∆ can
be easily obtained.

�2T2J2(a)cos2Ψ
��
1 � J0(a)cos2Ψ

�2T1J1(a)sin2Ψsin∆
���

1 � J0(a)cos2Ψ

2T2J2(a)sin2Ψcos∆
���
1 � J0(a)sin2Ψcos∆

2T1J1(a)sin2Ψsin∆
���
1 � J0(a)sin2Ψcos∆
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11.1.2 Optical Equipment for the 
Infrared-Ellipsometry

11.1.2.1 Polarizer of Grating Type

In the infrared only polarizers from the grating- and Brewster angle
type are of interest. Polarizers on the base of birefringence as used in the
visible and UV regions are not applicable in the infrared.

A metal grating on an isotropic substrate can be used for the genera-
tion of linearly polarized radiation. The first application was found by
H. Hertz (1888) with a freestanding wire grid to demonstrate the trans-
versal nature of the electromagnetic waves. In the infrared the polarizer
consists of parallel metal strips evaporated on a transparent substrate. This
arrangement is conducting parallel to the strips and acts as a mirror for
radiation polarized parallel to the strips. In this direction, a minimum of
light is transmitted. For a polarization perpendicular to the strips, we have
a surface like an insulator and, therefore, the radiation is transmitted. The
metal grid also acts as a diffraction grating. For a polarizer the zero dif-
fraction order is observed and the whole intensity is found in this order for
a suitable distance of the metal strips in relation to the wavelength. The
plus/minus first order has a diffraction angle greater then 90° and is, there-
fore, imaginary. Sometimes these orders can be observed using visible
laser light. The degree of polarization depends on the distance between the
strips. As an orientation: a spacing of l�10 or better for the metal strips of
the shortest wavelength, which is to be measured, is recommended. For
instance polarizers for the region from 5000 to 250 cm�1 are manufac-
tured with approximately 3000 lines/mm on a KRS5 substrate and for the
long wavelength range, lower than ≈700 cm�1, polyethylene foils with
1200 lines/mm are used. Such a foil of ≈60 µm thickness produces inter-
ferences, which can disturb the measurement. By the calibration proce-
dure of the ellipsometer these interferences can be cancelled, but if the
cross section and the opening angle at the sample position are different for
the calibration and measurement, disturbing residue interferences are
observed. The polyethylene substrate has absorption bands at the CH
infrared band positions in the neighborhood of 700, 1400, and 3000 cm�1.
It is not possible to investigate organic substances with CH bands in the
spectrum using these polarizers.

The wire-grid polarizers are compact devices and easy to handle, but
in the application an important feature must be regarded. The substrate
can have birefringence by imperfections of the crystal or by stress of the
substrate, caused by imperfections of the holder, which introduces an
additional phase shift in the sample path. Therefore the polarizers must be
arranged in such a manner that the metal grids are oriented in direction to
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the sample. A disadvantage of the wire-grid polarizers is the wavenumber
dependence on the degree of polarization. Under certain limitations a cor-
rection procedure for the calculation of the ellipsometric parameters is
possible.[5, 9]

11.1.2.2 Polarizer of the Brewster-Angle Type

The reflection of electromagnetic radiation at the Brewster angle jB

of a medium with the refractive index n is a well-known optical feature to
generate linearly polarized light. At this angle the reflectivity for the par-
allel component of the polarized radiation is zero and is completely trans-
mitted. The condition for transmission is:

tanjB � n

The reflectivity of the perpendicular component is non-zero and given by
Fresnel’s equation. From this fact two arrangements are possible:

- one or more reflections for the perpendicular component
- a pile of transmitting sheets transmitting the parallel component.

The ratio of the intensities transmitted in the perpendicular (Ts) and paral-
lel component (Tp) is

[10]

� sin2 2jB � � �
2

. (11.10a)

We denote the degree of polarization as P (not to be confused with the
azimuthal angle of the polarizer, also denoted by the same symbol). For a
pile of m thin plates with two surfaces each, the degree of polarization, P,
for the resulting linearly polarized radiation is given by

P � . (11.10b)

A stack of two plates of germanium results in P � 0.995 and five films of
selenium results in P � 0.997. The Brewster angle polarizer is effective
with a medium of high refractive index and, therefore, a great angle of
incidence.[11] This results in great construction length and a low accept-
ance angle. The reflection can also be used, but the intensity is reduced by
the reflectivity of the medium. A constant degree of polarization is the
advantage.

�sin4m2jB � 1�
��
sin4m2jB � 1

2n
�
1 � n2

Ts
�
Tp
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11.1.2.3 Retarder (Prism Retarder)

The infrared covers a wide wavenumber range, which demands a
retarder operating in the region of about 1:10 (i.e., 4000–400 cm�1).
Therefore, prisms and thin film retarders are used. Retarders consisting of
birefringence material, as in the visible and UV, are in the infrared
restricted to the near infrared range.

For the prism retarder different optical layouts are known, for exam-
ple the Fresnel rhomb. They are used in the visible because the material
(glass, quartz) has a relatively low refractive index and two reflections are
necessary to reach approximately 90° phase difference. These retarders
have the disadvantage of a great construction length and sometimes a
beam displacement occurs. In the infrared materials with higher refractive
indices are available (ZnSe, KRS5, CsI, Si, Ge) and the phase difference
of ≈90° can be reached with only one reflection. The retardation of a
prism depends on the refractive index and the angle of incidence on the
prism base in the total reflection mode. The reflectivity for both polariza-
tion directions is equal to the unit, but intensity losses are introduced by
the transmission of the prism surfaces. The angle of incidence must be
greater than the critical angle (jc) according to sinjc � n0�n1 where n0 and
n1 are the refractive indices of the ambient and the prism material. The
phase difference d is then calculated by[10]

tan � ��
s

c

i

o

n

s
2

j
j

0

0

��sin2j 0�� (n0��n1)
2� (11.11a)

with j0 � jc and d � dp � ds.
The maximum possible phase difference is:

tan � (11.11b)

and in this case the angle of incidence jmax is given by

sin2jmax � . (11.11c)

In the application of an infrared retarder some imperfection must be con-
sidered. Scattering inside the prism, which results in a decrease of the
degree of polarization after passing the prism, and birefringence caused
by the imperfections of the material or by stress introduced by the prism
holder are observed. The scattering in the volume of the prism is mostly

2n2
0

�
n2

1 � n2
0

n2
1 � n2

0
�

2n1n0

dmax
�

2

d
�
2
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constant, whereas the birefringence depends on the ray tracing inside the
prism. These features are characteristic for each individual prism and must
be determined by an ellipsometric measurement. As a consequence of
these properties, the retarder prism, used in a photometric ellipsometer,
must be measured in the same device and same measurement position to
get the tanΨ and ∆ spectra of the retarder for evaluating the four Stokes
parameters. KRS5 is a mixed crystal from TlI and TlBr, which results in
a strong influence of the former properties. Here we find great differences
in the quality from crystal to crystal. The great range of transmission from
NIR to about 250 cm�1 makes this material very suitable for routine meas-
urements. When using a silicon prism for FIR investigations, float-zone
material is recommended to minimize the scattering. A good contact to the
manufacturer in order to obtain the optimal material is essential. Figure 11.3a
shows different degrees of phase polarization for two different KRS5
prisms. KBr is a suitable standard material to characterize other materials,
because it has a low scattering and birefringence. A completely different
way of characterizing the scattering of a prism is treated in connection
with the reststrahlen bands of strong oscillators.

The refractive index spectrum calculated from the directly measured
tanΨ and ∆ spectra of the prism normally differs from the well-known
values in the literature, caused by the imperfections. The birefringence
can also lead to values of tanΨ 	 1. It is recommended that one use only
measured data for calculations and correction procedures.

11.1.3 The Degree of Polarization

For the calculation of the ellipsometric parameters, totally polarized
light is assumed. That means that the Stokes parameters fulfill the relation:

s2
0 � s2

1 � s2
2 � s2

3 (11.12)

In many practical cases, s0 contains a part of unpolarized radiation and is an
addition of: s0 � s0u � s0p, with s0u for the unpolarized fraction and s0p for
the polarized part. Therefore, the total degree of polarization is given by

P � � 
 1 (11.13)

Equation (11.13) can be rewritten in terms of Ψ and ∆ to get a feeling for
the meaning of these values for the degree of polarization.

P � �cos22Ψ� � sin2�2Ψ(co�s2∆ ��sin2∆)�. (11.14)

�s2
1 � s2

2� � s2
3�

��
s0

s0p
�
s0

Ch_11.qxd  10/15/04  3:17 PM  Page 771



In principle, P � 1, but in practice the measured Stokes parameters are
averaged values as are the angle functions of Ψ and ∆ with the possible
consequence of P 
 1.[5, 12, 13] The reasons for averaging are different.

Some possibilities are:

- averaging over the acceptance angle of the ellipsometer
- averaging over the spectral range for one sampling point

(limit of resolution)
- averaging over the optical thickness of the film across the

sample
- scattering inside the sample or at the surface
- reflection from rear surface of a transparent substrate (e.g.,

silicon wafer)
- other imperfections.

The term (cos2∆ � sin2∆ ) is of special interest. By the averaging proce-
dure, it can deviate from unity and should be defined as the “degree of
phase polarization”

PPh � �c

o

s

∆
2 �� s


i

n

∆
2�, with 0 
 PPh 
 1. (11.15)

Without any correlation between the phases in the parallel and perpendi-
cular direction we get PPh � 0. For example, this is the case for the reflec-
tion of unpolarized light on a surface. From Eq. (11.14) follows

P � �cos2Ψ� � �
1

1

�

�

t

t

a

a

n

n

2

2

Ψ
Ψ

� � (11.16)

which is the same as the simple degree of polarization without regarding
the phase contributions.

The averaging of the Stokes parameters with respect to the phase ∆
and the angle Ψ is, if all existing differences ∆ and Ψ have the same
weight, determined by:

S


1


� �

(Ψ2

�

�

s0

Ψ1)
��

ψ2

ψ1

cos2ΨdΨ � �s0 cos2Ψ


sinc∂Ψ � �s0c

o

s

2

Ψ


, 
(11.17a)

with sinc x � �
si

x

n x
�

S


2


� �

ψ2

ψ1

sin2ΨdΨ�
∆2

∆1

cos∆d∆
s0

���
(Ψ2 � Ψ1)(∆2 � ∆1)

�Ip � Is��
Ip � Is
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S


2


� s01sin2Ψ


sinc∂Ψ21cos∆


sinc1∂∆�222 (11.17b)

S


2


� s0s


i

n


2

Ψ


* c

o

s

∆


S


3


� s0 s


i

n


2

Ψ


* s

i

n


∆


(11.17c)

with:

Ψ


� �
Ψ2 �

2

Ψ1
�; ∆


� �

∆2 �

2

∆1
�; ∂Ψ � Ψ2 � Ψ1; ∂∆ � ∆2 � ∆1

We can rewrite the degree of polarization P and PPh in terms of Ψ and ∆:

P � 3cos2 2Ψ


� sin22Ψ


sinc2��
∂
2

∆
��4

1�2
sinc∂Ψ (11.18a)

and

PPh � sinc � � (11.18b)

Since ∂Ψ 
 90°, for Eq. (11.18a), sinc ∂Ψ � 0.64. For PPh, the situation
is different because ∆ can be much greater than 2π and the sincfunction
approaches zero which results in 0 
 PPh 
 1.

Using a retarder, ∆ is determined in the range 0 
 ∆ 
 360° by the
Stokes parameters s2 and s3 in Eq. (11.17a–c). In Eq. (11.17a) and Eq.
(11.18a) sinc ∂Ψ can be neglected because of ∂Ψ 
 Ψ. The degree of the
phase polarization can now be expressed in terms of the Stokes parameters:

PPh � �	 . (11.19)

The calculation of ∆ is not influenced by the sinc functions in Ψ and ∆
Eq. (11.17b, c)

tan ∆


� � . (11.20)

The polar angle of ∆ is determined by the signs of sin∆ and cos∆.
PPh is identical with the phase of the coherence function after Born and

Wolf[10]. The degree of the phase polarization is a very useful tool for check-
ing the quality of measurement and the properties of the sample. Figure
11.3a–c shows typical PPh-spectra in context to their Ψ, ∆ or n, k-spectra.

sin∆


�
cos∆

s


3


�
s


2


s


2
2 � s


3

2

�
s0

2 � s


1

2

∂∆
�
2
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In Fig. 11.3a, b, a typical example for the interpretation of P and PPh,
for the measured polarization spectra of quartz glass is shown in combi-
nation with the corresponding Ψ, ∆ spectra. The spectrum of PPh contains
two minima in the range of the reststrahlen band. The first minimum near
1000 cm�1 is caused by a phase jump, which is connected with the
Brewster angle for the angle of incidence j0 � 70°, corresponding to
nB � 2.75. The wavenumber position of the phase jump shifts, since the
measurement was performed with an angle of acceptance of ±4° (compare
the refractive index spectrum in Fig. 11.14d). The averaging across ∆
results in a minimum in agreement with Eq. (11.18b). In the spectrum of
the total degree of polarization, this minimum cannot be observed. Ψ is
much smaller than 45° and therefore sin22Ψ is approximately zero and we
get from Eq. (11.18a) P ≈ 1.

The second minimum near 1100 cm�1 is an artifact of the scattering
inside of the KRS5 prism. The measured phase shift of the retarder prism
is systematically changed by the portion of the unpolarized scattered radi-
ation. In the neighborhood of ∆ � 90° the effect of a systematic error in

774 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.3 Artifacts in the ellipsometric measurements due to scattering inside
the retarder prism shown for a quartz glass sample. The thin line in a) and c) is
the total degree of the polarization. The thick line is the degree of the phase polar-
ization. b) shows the Ψ and ∆ spectra of quartz glass for comparison. d) shows
the degree of the phase polarization for different scattering corrections.
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∆ is very strong and results in a minimum of the phase polarization. The
measured degree of phase polarization of two different KRS5 retarders is
shown in Fig. 11.3a for comparison.

The same measurement of quartz glass, performed with a KBr
retarder has only the first, but not the second minimum, which is con-
nected with the scattering (Fig. 11.3c).

The second minimum in Fig. 11.3a can be cancelled by a correction pro-
cedure, regarding the measured degree of phase polarization (Fig. 11.3d).
This example shows the very sensitive effect of slightly different correc-
tion values and is therefore a useful independent control of the measured
PPh value of the retarder prism.

11.1.4 Linearity of the Detection System

The linearity of the detection system of the Fourier transform spec-
trometer is very important. The radiation modulated by the moving mir-
ror in the interferometer by a frequency, depends on the wavenumber.
Nonlinearity in the detection generates second harmonics, which, after
Fourier transformation, appear as false intensities at twice the wavenumber.
In ellipsometry, ratios of different polarization azimuths are measured
with sometime very different intensities. The ellipsometric parameters
calculated by means of these ratios are then affected by systematic errors.
The nonlinearity depends on the type of detector used in the measurement.
Detectors based on semiconductors are nonlinear, but the standard pyro-
electric detector DTGS has good linearity and can be used as a reference.
No linearity is very well seen in the degree of the phase polarization, if
this PPh is compared with the corresponding spectrum measured with a
DTGS. The MCT detector used in the high performance FTS is nonlinear.
This effect can be reduced by using the MCT in the photovoltaic mode or
by software correction.[14] Both procedures are connected with a residue
of nonlinearity, which cannot be cancelled.

In ellipsometry, we try to find a compromise, keeping in mind the aim
of the measurement. For high absolute determination of Ψ and ∆, a lin-
ear detector system is necessary, whereas relative measurements of small
changes in the ellipsometric parameters can be performed with high sensi-
tivity using a nonlinear detector. The art is to find a suitable compromise.

11.1.5 Infrared Synchrotron Radiation

In the last decade,[15, 16] synchrotron radiation from storage rings was
developed as a powerful source of infrared radiation. One advantage of
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this unique source is a low opening angle combined with a high radiation
density per unit area described by the quantity “brilliance”. In the mid-
infrared, the source size is diffraction limited and allows measurements
with a very small throughput. Ellipsometric measurements benefit from
these properties and it is possible to reduce the sample area and the open-
ing angle of the incidence beam. The latter reduces variation of the inci-
dence angle and, therefore, a higher angle resolution can be achieved.
Many papers applying infrared synchrotron radiation as a radiation
source for ellipsometry have been published (e.g.,[17, 18]). Synchrotron
radiation is polarized. At the Elektronenspeicherring-Gesellschaft für
Synchrotronstrahlung (BESSY) the distribution of the radiation field of the
infrared synchrotron radiation was measured ellipsometrically and charac-
terized for the first time by the four Stokes parameters using a retarder.[19]

11.2 Applications

11.2.1 Optics of Absorbing Media

The optical behavior of absorbing media depends on the complex
refractive index n̂ or the complex dielectric function e. Between these quan-
tities the relation exists:

n̂ � �e� or in more detail e � e� � ie� � (n2 � k2) � i(2nk).

The absorption of radiation in an isotropic layer of the thickness d is
described by Lambert-Beer’s law, which results in the transmission T
through the material:

T � � e�ad � 10�ecd (11.21a)

I, I0 � transmitted and incident intensity
a � absorption coefficient
e � molar absorption coefficient [m2�Mol], not to be confused with

the dielectric function
c � concentration [Mol�m3].

The absorption index k, the imaginary part of the complex refractive
index, is related to quantities in Eq. (11.21a) by

a � 4pn~k or k � �
4pn~

e
ln

c

(10)
� (11.21b)

n~ � wavenumber [cm�1]

I
�
I0
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An electromagnetic wave, with an angle j0 incident into an absorbing
medium, is transferred to an inhomogeneous wave. Planes of constant
amplitude have a different direction than the planes of constant phase. The
electric field E in the medium is given by the expression

E � E0e
�iw�t � �

→r
V
. →s� �, w � 2pn,

where E0 is the field strength of the incident wave of the frequency n, r→

the position vector, s→ the unit vector for the direction of propagation
inside of the medium, and V the velocity in the medium. The position
dependency of E, written in components,[5, 10] (see Fig. 11.4) is

w��r
→

�

V

s→
�� � [x sinj1 � z cosj1)

� 2pn~ [x(n0sinj0) � zRe(n̂1cosj1) � izIm(n̂1 cosj1)]

n0, j0 � refractive index and angle of incidence for the first
medium

n1, j1 � refractive index and angle of refraction for the second
medium.

The y-direction (perpendicular to the plane of incidence) can be omitted,
since the radiation only propagates in the plane of incidence. For the

w
�
V

Figure 11.4 Scheme of the inhomogeneous wave inside an absorbing medium.
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time independent part of the field we get

E � E0 exp[�2pn~ Im(n̂1cosj1)z]exp[2pin~ (x(n0 sinj0) � zRe(n̂1cosj1)]
(11.22)

From this equation we see that the amplitude only depends on the 
z-direction. The planes of constant amplitude are always parallel to the
surface. The direction of propagation j, which is the normal of the planes
of constant phases, deviates from Snellius’ law (see Fig. 11.4) and can be
derived from Eq. (11.22):

tanj � �
Re

n

(
0

n̂1

si

c

n

o

j
sj

0

1)
� � (11.23)

Generally we have the fact that j 	 j1 (Snellius) for k 	 0.
From Eq. (11.22) the intensity in the medium is calculated to:

I � I0exp[�4pn~ Im�n̂1
2 � (�n0sin j�0)

2�z] (11.24a)

and for the general form of a we get:

a � 4pn~ Im�n̂1
2 � (�n0 sinj�0)

2� (11.24b)

From Eq. (11.24b) for j0 � 0, we get a � 4pn~k.

11.2.2 Vibration Modes – the Concept of Weak and
Strong Oscillators

11.2.2.1 The Oscillator Model

Ellipsometry in the infrared range is dominated by the absorption
bands of molecular vibrations and the resonances of solid states. Thin film
interference is also an important feature, but in many cases the films are
not thick enough to produce one or more orders of the interference pattern.

The dielectric function, e, of a selective vibrational band for an isotropic
sample can be described by the model of the Lorentz oscillator.[5, 20] An
ensemble of oscillators is given by the sum of individual oscillators.

e � e� � ie� � e∞ � for one oscillator.

4p �
e

m

2

�Nf

��
w2

0 � w2 � igw

n0 sinj0���
Re�(n̂1

2 ��(n0sinj�0)
2)�
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For several oscillators

e� � e∞ � Σ
l

, e� � Σ
l

(11.25)

with F � (e0 � e∞)n~0,l
2, (e0 � e∞) � f for the lth oscillator

F � � 8.96*10�16Nf [cm�2]; Γ �

Fl � parameter of the lth oscillator strength [cm�2]
Γl � damping constant of the lth oscillator [cm�1]
γ � damping constant [sec�1]
l � index of a single oscillator
e0, e∞ � real part of the dielectric function for zero and very high fre-

quency, respectively 
n~, n~0,l � wavenumber in the spectrum and of the oscillator position

[cm�1]
N � number of oscillators per unit volume [cm�3]
e, m � effective electron charge and mass respectively
n0,l � time frequency of the lth oscillator [s�1]
f � oscillator strength
c � light velocity

11.2.2.2 The Weak Oscillator

The ellipsometric properties of an oscillator are different and depend
on the values of the parameters F and Γ. In principle, two kinds of oscil-
lators can be distinguished: the strong and the weak. Figures 11.5a, b, c,
and d show typical examples for both cases.

The weak oscillator is modelled with n~ 0 � 1000 cm�1, F � 2000 cm�2,
Γ � 8 cm�1, and e∞ � 1.96. For this oscillator e� and n are greater then
the unit in all parts of the spectrum. This is typically for the weak oscilla-
tor. Figure 11.5a shows n, k and in combination with the corresponding
ellipsometric spectra of Ψ and ∆ for isotropic bulk material (Fig. 11.5b).
Spectra of the weak oscillator are frequently observed in connection with
organic matter.

g
�
2pc

4pNe2f
�
(2pc)2m

Ne2

�
pmn0,l

2

Fl(Γln)
���
(n~0,l

2 � n~ 2)2 � (Γln
~ )2

Fl (n
~

0,l
2 � n~ 2)

���
(n~0,l

2 � n~ 2)2 � (Γln
~)2
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11.2.2.3 The Strong Oscillator

The strong oscillator is observed in solids and inorganic molecules
with optical constants, expressed in e or n̂, very different from those of the
weak oscillator. The corresponding ellipsometric spectra have pronounced
features, which are additionally modified if a film with a strong oscillator
is applied.

The strong oscillator can be simulated with the data:

n~0 � 1000 cm�1, F � 2*105 cm�2, Γ � 15 cm�1 and e∞ � 1.96.

Figure 11.5c shows the optical constants of bulk, combined with the cor-
responding ellipsometric spectra (Fig. 11.5d). The refractive index spec-
trum covers a great range of n values and crosses the Brewster angle twice
for a typical angle of incidence (70°), but the maximum of the phase shift
in ∆ is lower than 180° by the effect of the absorption index k. For
wavenumbers higher than the oscillator frequency, the refractive index is
below one for a limited range, as a typical feature. Whereas the spectrum

780 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.5 The optical constants, n and k, and dielectric function, e, for a weak
and strong oscillator are shown in a) and c), respectively. b) and d) show the
corresponding ellipsometric spectra of Ψ and ∆.
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of e� is always symmetric, for a strong oscillator the absorption index k is
asymmetric with a wavenumber shift of the maximum, caused by the
complex square root of e.

For perspective, we consider it a weak oscillator if the maximum of k
is lower than about 0.5. A strong oscillator requires a refractive index
lower than unity on the high frequency part of the n-spectrum and kMax in
the range k � 1. This limit is fuzzy.

11.2.3 Inversion of Infrared Ellipsometric
Measurements

The calculation of the optical constants n and k or e from measured
tanΨ, ∆ spectra is not straightforward, except for the case of an isotropic
bulk surface without any film. In all other cases, iteration procedures must
be applied. In this section an example is demonstrated for both cases.

11.2.3.1 Calculation of the Dielectric Function and the Optical 
Constants from Bulk Material

The ellipsometric (complex) amplitude ratio r, is described by[10]

r � � tanΨexp(i∆), tanΨ � ; ∆ � dp � ds,

which can be rewritten applying the Fresnel equations for rs and rp,
a � n0 sinj0 tanj0; w � �e � (n�0 sinj0�)2� and using the abbreviations a
and w

r � .

By solving this equation for e we get the well-known relations of metal
optics

e� � n2 � k2 � (n0 sinj0 tanj0)
2 31 � tan2j0 4

(11.26a)

e� � 2nk � �(n0 sinj0 tanj0)
2 (11.26b)

sin4Ψsin∆
��
(1 � sin2Ψcos∆)2

cos2 2Ψ � sin2 2Ψsin2∆
���

(1 � sin2Ψcos∆)2

a � w
�
a � w

�rp�
�
�rs�

rp
�
rs
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n � �	 (11.27a)

k ��	 . (11.27b)

Equations (11.26) and (11.27) are also valid for the attenuated total reflec-
tion (ATR) with n0  1. Infrared spectroscopic ATR measurements are a
very powerful tool for investigating weak bands or samples which are
normally not easy to handle (e.g., soft or liquid).[21–23]

In practice, measurements of the absorption index are restricted to
values of approximately k  0.01 by the limited accuracy of ∆. The refrac-
tive index can be measured without this restriction. For n in this case, a
reduced form of the Eqs. (11.26) and (11.27) can be derived.

n � n0sinj0�1 � 3		4
2	 (11.28)

As an example for the evaluation of isotropic bulk material in Figs. 11.6a
through d the n, k spectra of silicone rubber (b, d) are shown, with the
tanΨ, ∆ spectra (a, c) for comparison.

11.2.3.2 Inversion of the Thin Film-Bulk System

The inversion of thin film equations is not possible in an algebraic
form. According to the specific situation and the model used, different
iteration procedures can be found in the literature. In the following, an
interesting example of infrared ellipsometric investigations is demon-
strated, applying the model of isotropic film/substrate system. This itera-
tion procedure from Reinberg[24] in the original version is only available
for a non-absorbing film. However, an extension for an absorbing film is
possible and will be given later.

Starting from the thin film equation for the s and p polarization (per-
pendicular and parallel directions), we can rewrite the inversion problem
in a square equation using the ellipsometric ratio r � rp�rs.

rn � ; v stands for the s or p polarization

X � exp(4pid1n
~ (n1cosj1)) � exp(4pid1n

~ �n2
1 � (n�0 sinj0)�2�). (11.29)

rn1 � rn 2X
��
1 � rn1rn 2X

tanj0cos2Ψ
��
1 ± sin2Ψ

�e�2 � e��2� � e�
��

2

�e�2 � e��2� � e�
��

2
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n1, d1 � refractive index and thickness of the film
j1 � angle of propagation inside of the film

(rF � C)X2 � (rE � B)X � (rD � A) � 0, (11.30)

where

A � rp1,
B � rp2 � rp1rs1rs2,
C � rp2rs1rs2,
D � rs1,
E � rs2 � rp1rp2rs1,
F � rp1rp2rs2

Now a solution of Eq. (11.30) must be found by the variation of n1 with
the condition �X� � 1. With the knowledge of n1 we determine the

Figure 11.6 Ellipsometric spectra a) and c) show Ψ and ∆, respectively, and the
optical constants b) and d) show n and k, respectively of a silicone rubber, apply-
ing the model of an isotropic surface.
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thickness d1 by the argument of X:

d1 � . (11.31)

For a film of suitable thickness the interference order must be consid-
ered. This algorithm is applied for each wavenumber of the ellipsometric
spectrum.

Infrared spectra of organic media always have regions without
absorption. These regions can be used to apply the Reinberg algorithm, to
determine the refractive index outside of the vibrational resonance’s (n∞)
and thickness (d) are determined. Using these values, an oscillator fit is
possible to determine the corresponding n and k spectra.

The Reinberg algorithm is not applicable for a free standing film or a
film with the same refractive indices of the medium in front and behind
the film. Deriving the optical constants of a thin layer on a metallic sub-
strate is a second problem, because the algorithm reacts sensitive on
tan Ψ. In this specific case tanΨ is near unity and difficult to measure with
the necessary high accuracy.

An example is given in Fig. 11.7a, b for a fluorinated fuel tank.[25] The
fuel tank, consisting of polymer material, is covered inside with Teflon-
like thin film to prevent the penetration of the hydrocarbons. The spectra
of the optical constants of the substrate are calculated by Eqs. (11.26 and
11.27) from the spectra tanΨ and ∆, measured at the outer surface of the
tank. These spectra show the C-H bands at 700, 1470 and 3000 cm�1. The
spectra of the film of the inner surface have a slope in tanΨ and ∆, caused
by the Teflon-like film (Fig. 11.7a, b). From the region free of absorption
between 2600 and 1600 cm�1 we get n∞ and the thickness d of the film
by using the Reinberg algorithm (Fig. 11.7d). These values are neces-
sary for the oscillator fit of the C-F stretching band close to 1100 cm�1

(Fig. 11.7c). The result of the fit is shown in Fig. 11.7a, b in comparison
with the measured ellipsometric spectra.

11.2.3.3 Modification of the Reinberg Algorithm

In the former version, the Reinberg algorithm demands that the
absorption index be zero. However, this procedure can be extended for
k 	 0, if the condition �X� � 1 is changed. For solving Eq. (11.30), the
refractive index of the film is now assumed to be complex and X is calcu-
lated from a field of nj and kj values: Xj � X(nj, kj). The target �X� � 1 is
now replaced by the expression

arg(X)
���
4pn~ �n2

1 � (n�0sinj0�)2�

784 EMERGING AREAS IN ELLIPSOMETRY
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Xj,m � Xj(dm) � 4pin~dm� n̂2
1, j ��(n0 sin�j0)

2� (11.32)

for a series of thickness values dm.
Searching for the minimum of Ym from Ym � Min(Xj � Xj,m) in 

Eq. (11.32) results in a threefold number of the values n, k, d for the best
agreement with the experimental ratio r for each wavenumber. A test for
the quality of the calculation and for the model used is the independence
of the thickness d from the wavenumber. An example of the application of
the extended Reinberg algorithm, the determination of the optical con-
stants, and the thickness of a gold island film, is given in Fig. 11.8.

In a first step of the calculation, n, k and d are changed in suitable
steps, which also gives an idea of the “calculation noise” in their spectra
(thin line in Fig. 11.8). With the mean value of the constant thickness,
taken over a great wavenumber range, we can again determine n and k, now
with much higher precision (thick line in Fig. 11.8). In this case, we can cal-
culate the anisotropic island film (uniaxial) with an isotropic algorithm,

Figure 11.7 Measurement and modeling of a Teflon-like film inside of a fluorinated
fuel tank. Parts a) and b) are the spectra of tanΨ and ∆ of the film covered tank
together with the fitted result (broken line). Part c) contains the fitted C-F band
(Teflon). Part d) shows the film thickness and the refractive index outside of the
absorption bands.
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because the ordinary (no ~ 8) and extraordinary (ne ~ 1.5) refractive
indices are very different.

The optical properties of metallic island films are completely differ-
ent from the properties of the bulk.[26] The refractive index n and absorp-
tion index k are approximately constant in a wide wavenumber spectral
range. n is greater than that of the bulk for parts of the infrared spectrum.
k is much lower in the whole spectral range. Such films, covered with a
monolayer of organic molecules, show a surface enhanced infrared
absorption in the absorption bands. This effect, called SEIRA (surface
enhanced infrared absorption), is used to enhance the detection limit of
molecules in the infrared.

11.2.4 Anisotropy Features in the Infrared
Ellipsometric Spectra

The ellipsometric spectra of the infrared absorption bands are deter-
mined by changing the dipole moment of the vibrations in the molecule.
The direction of the bonds is fixed in space in many cases, for instance if

786 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.8 The optical constants, n and k, and the thickness d of a gold island
film, calculated by the modified Reinberg algorithm.
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molecules are deposited on surfaces or appear in the crystalline matter.
This situation can be simulated using different oscillator parameters in
Eq. (11.25) for the x, y, and z components of the vibration. Generally, many
special cases must be distinguished between the weak and strong oscilla-
tor, bulk and film, whereas for the film, the substrate, metallic or dielectric,
is important. Table 11-1 gives an overview and summarizes the different
kinds of response. The following sections discuss this in more detail.

11.2.4.1 Ellipsometric Response of an Anisotropic Medium

Typical features of the ellipsometric spectra for the anisotropic case
are calculated using the equations of anisotropic matter and for a film
on an isotropic or anisotropic substrate,[26–29] using the oscillator model
of Eq. (11.25) for the determination of the n, k spectra of the model
oscillator:

r01p � (11.33a)

r12p � (11.33b)

r01s � (11.33c)
n0 cosj0 � (n2

1y � n2
0 sin2j0)

1�2
���
n0 cosj0 � (n2

1y � n2
0sin2j0)

1�2

n2xn2z(n
2
1z � n2

0 sin2j0)
1�2 � n1xn1z(n

2
2z � n2

0 sin2j0)
1�2

�����
n2xn2z(n

2
1z � n2

0 sin2j0)
1�2 � n1xn1z(n

2
2z � n2

0 sin2j0)
1�2

n1xn1z cosj0 � n0(n
2
1z � n2

0 sin2j0)
1�2

����
n1xn1z cosj0 � n0(n

2
1z � n2

0 sin2j0)
1�2

Table 11-1. Characteristics and Examples of Weak and Strong
Oscillators.

Matter / Oscillator Weak oscillator Strong oscillator

Bulk, isotropic Organic matter Inorganic matter
or anisotropic

Example Silicone rubber Quartz glass

Film on dielectric Organic films Berreman effect (z-comp.), 
substrate Response at oscillator 

frequency
Example Petrol tank (CF4/PET) SiO2/ Si, SiH/ Si

Film on metal inorganic films; only Berreman effect 
substrate z-component (z-comp.), d � 200 nm

Surface wave, d � 1000 nm
Example LB-film / Au Al2O3 / Al, SiO2 / Al
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r12s � (11.33d)

n0sinj0 � n2 sinj2 (isotropic substrate) (11.34)

rl � , l � s or p (11.35)

dp � 4pn~d� �(n2
1z � n2

0 sin2 j0)
1�2; ds � 4pn~d(n2

1y � n2
0sin2 j0)

1�2 (11.36)

r01p, r01s, r12p, r12s � reflection at the air-film and film-substrate bound-
ary for the p and s components, respectively

j0 � angle of incidence
n0 � refractive index of the ambient medium
n2 � refractive index of an isotropic substrate
n1x, n1y, n1z � complex refractive indices of the film in the corre-

sponding directions
n2x, n2y, n2z � complex refractive indices of the substrate in the cor-

responding directions
rp, rs � reflection of the film for the p and s components, respectively
j2 � angle into the substrate
dp, ds � phase angles for the p and s components, respectively
n~ � wavenumber
d � thickness of the film

The above equations describe the general case of a biaxial film on a biax-
ial substrate. For the special case of a uniaxial film with the optical axis
perpendicular to the surface, we have the special case where

n1x � n1y � n1o, n1z � n1e

with n1o and n1e for the ordinary and extraordinary refractive indexes,
respectively, we get:

r01p � �

r12p � (11.37)

The perpendicular component is given by the suitable application of
Eq. (11.33c). With the equations (11.33a, c) and (11.35 through 11.37)

n2on2e(n
2
1e � (n0 sinj0)

2)
1�2 � n1on1e(n

2
2e� (n0 sinj0)

2)
1�2

������
n2on2e(n

2
1e � (n0 sinj0)

2)
1�2 � n1on1e(n

2
2e � (n0 sinj0)

2)
1�2

n1on1e cosj0 � n0(n
2
1e � (n0 sinj0)

2)
1�2

����
n1on1e cosj0 � n0(n

2
1e � (n0 sinj0)

2)
1�2

n1on1e cosj0 � n0n1e cosj1e���
n1on1e cosj0 � n0n1ecosj1e

n1x
�
n1z

r01l � r12le
idl

��
1 � r01lr12le

idl

(n2
1y � n2

0 sin2j0)
1�2 � (n2

2y � n2
0sin2j0)

1�2

����
(n2

1y � n2
0 sin2j0)

1�2 � (n2
2y � n2

0sin2j0)
1�2
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and the special case of n1x � n1y � n1o, n1z � n1e, the anisotropic film-
substrate response can be calculated.

For simplifying the pool of different possibilities of the refractive
indices for the different directions, we restrict the orientations of the
vibrations of the oscillator to the three cases shown in Table 11-2, which
are important in practice.

11.2.4.2 Matter with Weak Oscillators (Column 2 in 
Table 11-1)

Bulk
In the category of matter with weak oscillators, mostly organic com-

pounds are found. For the bulk surface, these three special cases for the
vibration components listed in Table 11-2 result in different features for the
various components, as shown in Fig. 11.9. The minima in ∆ for the cases 1
(isotropic, thick line) and 2 (xy-plane, thin line) have different values and are
connected with corresponding dispersion like features in tanΨ. The spectra
of tanΨ and ∆ for the z component (case 3, dotted line) are very different
from the spectra of cases 1 and 2. In the spectra of ∆ we find a maximum and
in the spectra of tanΨ an opposite gradient with respect to the cases 1 and 2.
The wavenumber position of the maximum of ∆ is shifted to higher
wavenumbers. For comparison in Fig. 11.9a–c the n, k and e�, e� spectra (Fig.
11.9i) of the model oscillator are shown. The parameters are the same for the
selected orientations. In an oscillator fit for determining the corresponding
parameters, it is possible to derive the orientation of the dipole moment from
the features of tanΨ and ∆ in Fig. 11.9a, b. An example is the spectrum of
silicone rubber in Fig. 11.6, measured at an angle of incidence j0 � 70°.

Film on dielectric substrate
For a film on an isotropic substrate the properties in tanΨ and ∆ are

exchanged with respect to the former discussed bulk spectra, as seen in

Table 11-2. Three cases of the vibrational components of the dipole
moment.

Case Used directions of the dipole moment of the vibration

1 the isotropic case:
the x, y and z component of the dipole moment are equal (random
distribution)

2 the x and y component of the dipole moments have equal values
(random distribution in the surface) and are different to the z direction

3 only the z component of the vibrations is present (the dipole
moment of the vibration is oriented perpendicular to the surface)
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Fig. 11.9d, e. Maxima and minima now are found in tanΨ and a dispersion-
like behavior in ∆. These ellipsometric spectra around the oscillator allow
distinguishing between a bulk sample and a film-covered substrate.
Additionally, Fig. 11.9f shows the corresponding transmission spectrum
for the same thickness and an angle of incidence equal to zero is taken
from a sample cell with KBr windows (n � 1.52). In this case only the x
and y components of the vibration contribute to the observed response. An
example is the characterization of a fluorinated fuel tank, as demonstrated
in connection with the Reinberg algorithm in Section 11.2.3.2.

Film on metal substrate 
The same film discussed above results on a metallic substrate in a

response only for the z component of the dipole moment, because the
electric field on the surface of the metal vanishes (Fig. 11.9g, h). The
wavenumber position of the band is also shifted, as for the z component
of the former cases. Thicker films with thicknesses in the micrometer
range show a contribution from the x and y components, because the air-
film boundary now has a greater distance to the metal surface. For

790 EMERGING AREAS IN ELLIPSOMETRY

Figure 11.9 Features of the ellipsometric spectra for an anisotropic weak oscilla-
tor for bulk and on different substrates (details are described in the text). Lines in
a, b, d, e, g, h: thick, isotropic; thin, xy-component; dotted, z-component.
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comparison, Fig. 11.9c, i show the optical constants (n, k and e�, e� of the
bulk and film matter with the same model oscillator.

A Langmuir-Blodgett (LB) film of 60 nm thickness, consisting of
six double layer oxadiazol, on a gold substrate is an example for this
arrangement.[34] The successful oscillator fit delivers only the z-component
of the dipole moment, caused by the metallic substrate (Fig. 11.10a–d).

11.2.4.3 Matter with Strong Oscillators (Column 3 in 
Table 11-1)

Bulk
In accordance with the three special cases of the orientation of the

oscillator components (Table 11-2) in the former section, now the ellipso-
metric spectra for the strong oscillator will be evaluated[35]. New features
are observed by the Berreman effect and the excitation of surface waves
on metal substrate for a greater angle of incidence (j0  65°).

The optical constants of a strong oscillator show an asymmetric slope
in n and k, caused by Maxwell’s square relation between the complex

Figure 11.10 Ellipsometric spectrum and oscillator fit of a Langmuir-Blodgett film
built up by six double layers of oxadiazol (60 nm thickness). Solid line, measure-
ment; dotted line, fit results.
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dielectric function (e � e� � ie�) and the complex refractive index
(n̂ � n � ik). A region of the high frequency part of the oscillator position
with n � 1 and e� � 0 is a typical situation, which results in some addi-
tional features of the ellipsometric spectra.

For bulk, the wavenumber range of the spectra is more extended. For
the isotropic case tanΨ never exceeds unity, which is possible for the
anisotropic spectra in Fig. 11.11a–b. An anisotropic dipole moment, lying
parallel to the surface, generates a feature approximately at the position of
n 
 1 with a strong value of tanΨ and an additional dispersion-like fea-
ture of ∆, even if there is no additional oscillator. Also, the properties of the
z component are shifted in the wavenumber. tanΨ values that exceed unity
are typical for deviations from the isotropic case. In Fig. 11.11c, i the n, k
and e�, e� � spectra, are shown for comparison. The wavenumber position
of the corresponding oscillator can only be found by an oscillator fit and is
not directly derivable from the wavenumber position of the feature in the
ellipsometric spectra. The bands are shifted to higher wavenumbers.

Film on dielectric substrate
A film on an isotropic substrate (ns � 1.5, e.g., glass) shows a mini-

mum in the tanΨ spectrum at the oscillator position for j0 � 70° (greater

Figure 11.11 Features in the ellipsometric spectra for an anisotropic strong oscil-
lator for bulk and on different substrates (details are described in the text). Lines
in a, b, d, e, g, h: thick, isotropic; thin, xy-component; dotted, z-component.
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then the Brewster angle) and a maximum, which is an additional feature
near the position of e� � 0 or n � k (n � 1), Fig. 11.11d, e. This response
is caused by the Berreman effect,[30, 31] observed for thin films (d � 200
nm) with a strong oscillator (details are discussed later). In the ∆-spectrum
corresponding dispersion-like features are observed. The spectra of the x,
y, and z components strongly differ, whereas the isotropic spectrum is a
mixture of both. Figure 11.11f shows the corresponding transmission
spectrum, as also shown in Fig. 11.9f.

Using an angle of incidence lower than the Brewster angle of the sub-
strate (e.g., j0 � 65° for silicon with n(substrate) � 3.42), the properties
of the ellipsometric spectra in the extreme values in tanΨ and the gradi-
ents in ∆ are completely changed, as demonstrated in Fig. 11.12a, b in
comparison to the spectra of the film on glass in Fig. 11.11d, e.

A comparison of the theoretical and experimental film spectra on a sil-
icon substrate is shown in Fig. 11.12a, b, d, e. The first column shows the
calculated ellipsometric spectra for a film thickness of 8 nm and an angle

Figure 11.12 Thin films on a silicon substrate. a), b), and c) show the results of
modeling the ellipsometric spectra. d), e), and f) show the experimental results for
a SiO2 film (30 nm) together with the quartz glass spectrum for comparison. The
parts g), h), and i) show the Berreman effect of a measured mono-layer of SiH
together with the derived oscillator spectrum. Lines in a, b, d, e, g, h: thick,
isotropic; thin, xy-component; dotted, z-component.
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of incidence of j0 � 65°, simultaneously, together with the e�, e� spectra
applied. The second column shows the spectra of a 30 nm thick SiO2 film
measured. The response of the transversal optical mode (TO) and the
Berreman effect is also seen. For comparison, the same column contains
the e�, e� in Fig. 11.12f spectra of quartz glass.

A monolayer of SiH on Si (111)-surface with a thickness of 0.2 nm
results in features in the tanΨ and ∆ spectra (shown in Fig. 11.12g, h),[36]

which are only formed by the Berreman effect, because here only a 
z-component is effective. The corresponding spectra of the optical con-
stants, calculated by an oscillator fit on the base of the film algorithm
(assuming these relations are valid for such a thin film), are shown in
Fig. 11.12i.

Film on metal substrate
- The Berreman effect and excitation of surface waves -

The ellipsometric response of a thin film (d � 200 nm), which contains a
strong oscillator, on a metallic or dielectric substrate results in a new spec-
tral feature with a shifted wavenumber position referring to the vibrational
frequency. This Berreman effect is only observed for the z component of
the reflection and is caused by launching a leaky waveguide within the
film. The excitation is coupled with a phase condition, which is realized
in the neighborhood of e� � 0 and for e� �� 1.[5, 31, 32] The Berreman effect
can be observed at dielectrics and metals in dependence on the film thick-
ness with a maximum response at the so-called Berreman thickness[32],
which is in the range of approximately 50 to 100 nm. The response
depends also on the reflectivity of the film boundaries, which is optimal
for a metal substrate and great angle of incidence.

Figure 11.13 shows the tanΨ spectrum of the Berreman effect in
dependence on the film thickness in a logarithmic scale. The start of the
response of the oscillator frequency is about two orders later than for the
Berreman effect, because here the leaky waveguide results in a much
larger interaction length in the film material along the surface and there-
fore in a higher sensitivity in reference to a transmission measurement. As
seen, the Berreman effect drops down with increasing thickness and a new
feature arises at higher frequencies, due to the excitation of a surface wave
near the wavenumber position in the refractive spectrum of the strong
oscillator, where n � 1.

Such a surface wave can only be excited in special situations like
Otto[37] arrangement or for a grating geometry, because the wave vector of
the surface wave is greater than the corresponding vector of the electro-
magnetic radiation in the vacuum. Therefore, the evanescent wave, con-
nected with the total reflection, must be combined with the reflection at
the surface, using an air gap of suitable distance. This arrangement is well
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described by the algorithm of thin film optics. The dispersion relation of
the surface wave without damping is given by[38, 39]:

kx
2 � (2pn~n0 sinj0)

2 � (2pn~)2 , with the condition eaeb � 0
(11.38)

ea,b � real part of the media a and b.
One of the joined materials must have a negative e�, which means that

the surface wave is only observed in combination with a metallic substrate
or for dielectrics in the neighborhood of strong oscillators (reststrahlen
bands). In the later case the film has a wavenumber region where n � 1.
In combination with the ambient air, which acts like an air prism, we have
the situation of the Otto arrangement. The thickness of the film in the
range of some micrometers corresponds to the air gap in the Otto arrange-
ment. The wavenumber position of the surface wave is given by
Eq. (11.38) in connection with the spectrum of the strong oscillator. From
the condition in Eq. (11.38), it is not possible to observe a surface wave at
the semiconductor surface (e�  0) in this arrangement.

eaeb
�
ea � eb

Figure 11.13 Modeling of the Berreman effect and of the excitation of a surface
wave.
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An example of the Berreman effect is shown in Fig. 11.14a, b for the
native oxide film of an aluminum mirror together with the n, k-spectrum
of an aluminum oxide ceramic. In this case the Berreman shift is large as
300 cm�1. Figure 11.14c shows the response of two evaporated SiO2 films
with different thickness on an aluminum substrate and the n, k-spectrum
of quartz glass for comparison. The film of 70 nm thickness exhibits the
Berreman effect near the n � k wavenumber position of the quartz glass
spectrum (Fig. 11.14d). The response of the film with 2300 nm thickness
is connected with the excitation of a surface wave in the neighborhood
where n � 1 in the reference spectrum of quartz glass. It seems that the
optical properties of the evaporated film and the quartz glass are not iden-
tical, since they result in different theoretical wavenumber positions.

Some special cases of the anisotropic film substrate combination have
been evaluated. In general, the ellipsometric response depends on the
angle of incidence in relation to the Brewster angle and on the film and

Figure 11.14 Measured Berreman effect and surface wave on an aluminum sub-
strate. The native aluminum oxide film on an aluminum mirror together with the
spectra of the optical constant of an Al2O3-ceramic are shown in a) and b). Spectra
of two SiO2 films of different thickness (70 and 2300 nm) on an aluminum mirror
as an example for the Berreman effect and for the surface wave excitation are
shown in c) and d) together with the quartz glass spectrum for comparison.
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the substrate refractive indices. The film thickness and the wavenumber
position of the oscillator in relation to the l�4 and l�2 positions of the
interferences in the spectrum lead to changed ellipsometric features[40].
Therefore, it is recommended that each ellipsometric arrangement be
proved by a separate calculation.
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It's never too late

He used to be the saddest ray
Excitement wasn't in his way
Variation none
Polarizer gone
and thus he missed his yesterday

But then one day, the quarter wave plate
Decided to take part in his fate
He just let him in
Taught him to spin
and said: my ray, it's never too late!
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12.1 Introduction

Ellipsometry is widely used for analysis of materials and processes on
surfaces and in thin films. The majority of the materials studied are metals,
semiconductors, polymers, etc. and the scientific questions addressed are
normally not biologically related. In this chapter we will address applications
of ellipsometry in the area of life sciences. Also here numerous applications
are found especially for adsorption studies of biomolecules at interfaces, and
the number of investigations in which ellipsometry is used as a key tool to
address biorelated issues is very large – probably in the order of thousands or
more. The most common application is to monitor and quantify the amount
of organic material adsorbed at a solid/liquid or at a solid/air interface. This
is very simple from a measurement point of view, but the interpretation is not
always straightforward.

With this brief background, we formulate the overall objectives of this
chapter as: (1) to consolidate that ellipsometry really can provide key
information in many areas within life sciences, and (2) to bring forward
that the potential is far from being fully utilized considering the recent
instrumental and methodological development. The life science area is
very large and a limitation is made here to studies of biomolecules at
interfaces with a few other types of applications only briefly mentioned.
A main reason is that adsorption at optically reflecting interfaces is one of
the major strengths of ellipsometry due to its thin film sensitivity and in
situ measurement possibilities.

The ellipsometer studies reported within life sciences address a vari-
ety of phenomena, which can be sorted into type of biomolecule(s), sur-
face, ambient, or type of application. In a systematic approach a large
matrix would be needed to fully map out the full picture. Table 12-1 is an
attempt to classify different types of experiments involving surfaces and
biomolecules according to type of exposure to biomolecules and the corre-
sponding phenomena addressed. Later in this chapter a few of these appli-
cations will be exemplified in some detail. A large number of different
surfaces are being used depending on the area of study. Among model sur-
faces, oxidized silicon is the most common, but metals like gold, chromium,
and titanium and its oxide, etc. are also frequently used. Often the surface
energy and surface chemistry of these surfaces are chemically modified.
Also their microstructure is altered, e.g. by making them textured or porous,
but very few ellipsometric studies on real biosurfaces are found. In sensor
applications, surfaces are often made selective and/or more sensitive by
chemical or biological functionalization. The various types of experi-
ments can be carried out in air or in situ in a liquid. A measurement in situ
offers several advantages and should always be considered especially if
the adsorption kinetics is required. Finally it is possible to distinguish
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between different types of applications. Most of the investigations can be
described as aiming towards a basic understanding of interaction mecha-
nisms between biomolecules and surfaces. Recently sensor applications
have been demonstrated and their commercialization is in progress. Also
contributions to the emerging area of nanobiotechnology are seen and ellip-
sometry is expected to be invaluable in future development in this area.

The presentation here is far from complete but the outline is to first
discuss some special issues related to surfaces that interact with biological
molecules and to present the unique features of ellipsometry in this context.
This will hopefully serve as a motivation for employing ellipsometry. The
methodology is then described using a handbook approach, followed by a
brief review of the major application area, that is, monitoring of bioadsorp-
tion by discussion of a handful of representative examples and by showing
how these types of experiments can be varied. A more detailed discussion
about some selected and more advanced applications addressing the deter-
mination of optical functions and microstructures of biolayers is also
included. Finally some emerging application areas utilizing new and/or

Type of surface exposure Phenomena addressed

One type of biomolecule Quantification of surface mass
Adsorption kinetics
Basic interaction mechanisms
Layer microstructure
Adsorption modeling

Two or more types of biomolecules Competitive adsorption
simultaneously Replacement (Vroman effect)

Two or more types of biomolecules Multilayer formation
in sequence Biointeractions

- protein-protein
- antigen-antibody

Enzymatic degradation
Replacement (Vroman effect)
Cleaning

Complex solutions Biological response
- coagulation
- complement

Table 12-1. Classification of ellipsometer applications after type of expo-
sure to biomolecules.
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advanced techniques and methodology like spectroscopy, imaging, infrared,
and generalized ellipsometry as well as advanced modeling will be discussed.

12.2 Historical Background

Tronsted, et al. mentioned in 1932 and later reported ellipsometric
measurements on monolayer films of long-chain fatty acids on mercury.[1]

In fact he used the independent knowledge of the length of the fatty acid
chains to test the validity of the Drude formulations for thin transparent
films on metal surfaces. Among the pioneering works are the immunologi-
cal studies by Rothen[2] and studies of kinetics of protein adsorption by
Vroman, et al.[3] In a review from 1972, Poste and Moss[4] describe some of
the early works including studies of cell coat materials. Another review of
ellipsometry on organic films was presented by Debe.[5] At the seven con-
ferences on ellipsometry, from the 1963 Nebraska meeting up to and includ-
ing the second international conference on spectroscopic ellipsometry
(ICSE-2) in Charleston, there have been only a few contributions that
address biomolecule/surface interactions and this field has been dominated
by applications and developments related to semiconductors and metallic
materials. The developments and challenges of ellipsometry in life sci-
ences have been summarized by the author at ICSE-2 and also at other
conferences.[6–8] However, even though ellipsometry appears to find appli-
cations in life sciences over the years, it has only been used by a small num-
ber of research groups and mainly in very simple types of applications. An
increasing interest in ellipsometry for more advanced applications is seen in
physical chemistry,[9] but it may be fair to cite Poste and Moss from 1972
and admit that “It is perhaps reasonable to suggest that ellipsometry has yet
to play its most significant role in the study of biological surfaces”.[4] We are
now moving into the era of nanotechnology and it seems that nanobiotech-
nology will provide important contributions to this development. Perhaps
now is the opportunity for a real breakthrough for “bioellipsometry” due to
its possibilities for true quantitative measurement with nm sensitivity and in
situ advantage to kinetically following events at the solid/liquid interface.

12.3 The Interfaces Under Study

For the interfaces under study, we must be aware of potential pitfalls
and take special precautions to obtain high quality experimental data,
firstly because we frequently monitor layers of nm thickness which are
very sensitive to contamination and secondly because ellipsometry does
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not provide any chemical information† and we can therefore seldom deter-
mine what substance we actually measure on.

The simplest interface from a measurement point of view is the solid/air
interface. The ellipsometric measurement is then similar to applications
in traditional studies of inorganic samples, e.g., semiconductors and metals,
and all experimental possibilities like spectroscopy, variable angle of inci-
dence, etc. are available. However, the awareness of potential problems is
crucial. A representative example of a study is the investigation of adsorp-
tion of protein molecules onto oxidized silicon or onto a metal surface. Of
interest may be how the adsorption depends on protein concentration, pH in
solution, surface treatment or functionalization. In most cases a layer with
thickness less than a few nm is adsorbed and the surface must be well char-
acterized before the adsorption takes place. In accurate studies this must be
done for each sample individually. Among the problems to handle is then to
avoid contamination due to transfer of the surface through the air/liquid
interface. It requires extreme care to avoid the deposition of small mole-
cules and denatured proteins that are present at the surface of the liquid. A
transfer of the sample into the liquid is, however, necessary because the pro-
tein adsorption occurs from the liquid phase. Much of the contamination
will desorb due to rinsing and drying of the sample but an uncertainty is
introduced. Another uncertainty due to the rinsing is that it is hard to know
whether a steady state is probed or not in the subsequent measurement.
Some molecules may also desorb during the rinsing phase. Another uncer-
tainty is the drying process. Often the samples become blown with dry air
or nitrogen but it is not easy to know how much bound water still remains
in the adsorbed biolayer. Finally errors may be introduced due to small dif-
ferences in sample alignment and difficulties in finding exactly the same
spot on the surface before and after adsorption of biomolecules. All the
above-mentioned practical difficulties may be considered as small but recall
that a resolution well below a nm is aimed. In practice one often repeats the
experiments many times and bases the conclusions on statistics.

For measurements at the solid/liquid interface it is necessary to have
a cell that contains the surface and the surrounding liquid. This will be
discussed in more detail later in this chapter. Due to the cell, measurements
on surfaces in a liquid are subject to more limitations. The cell windows
and the liquid itself must be transparent at the wavelength(s) used and the
angle of incidence is in most cases fixed. We have to consider that adsorp-
tion of molecules always implies replacement of other molecules. If the
solvent is water, the adsorbing molecules replace water and eventually also
adsorbed ions and/or other constituents of the solvent. The interface is also
an electrochemical interface and effects like contact adsorption of ions,

†In the emerging area of IR-ellipsometry on biolayers this may change.
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charge depletion layers in the solid, etc. may be potential factors that influ-
ence the optics of the interface. An adsorbed layer on such an interface may
be dense and rigid or extended and very hydrated or something in between.
However, one of the major advantages of measuring in situ is that a base-
line can be determined prior to adsorption. Several systematic errors will
then affect the final results only to a second order. It is also possible to
measure on the same spot on the surface during the whole experiment.

The ambient must also be considered. In most ellipsometric meas-
urements the ambient is air or vacuum and the ambient index is unity. For
measurements in a liquid one has to know or determine the refractive
index spectrum of the liquid and the effects on the refractive index of mol-
ecules that are dissolved in the liquid must be checked. In addition, as
mentioned above, the optics of the ambient phase close to the interface
may deviate from that of the bulk. If additional liquid is added to the cell,
mixing may introduce refractive index variations resulting in noise. Also
small particles in the liquid may be a source of noise.

12.4 From Optics to Biology

12.4.1 The Unique Possibilities

It seems from the previous section that a lot of experimental diffi-
culties are introduced by applying ellipsometry into the life sciences.
However, unique possibilities are opened up. First of all, ellipsometry has
a thickness resolution of the order of parts of a nm which implies that it is
possible to address issues related to layers with molecular dimensions.
Ellipsometry is also a photons-in photons-out technique and is thus non-
destructive and allows in situ studies at the solid/liquid interface. This
advantage should not be underestimated in life science applications because
it (1) allows layers to be studied in model systems very closely mimicking
their normal environment in biological systems, (2) the dynamics of layers
can be studied directly, and (3) no molecule labellings are required. These
three advantages allow direct studies of key phenomena such as competi-
tive adsorption of macromolecules, molecular interaction on surfaces, and
exchange reactions and more as mentioned in Table 12-1. With special
cell designs, the effects of flow rate on macromolecular adsorption can be
investigated to mention additional possibilities. Taken all together ellip-
sometry provides a convenient tool to study surface dynamics in biological
systems. This is a major advantage since biological systems rarely rest – a
living system is by definition on the move and is based on chemical
reactions, transport, synthesis, and degradation.
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12.4.2 Verification of Ellipsometric Results

Ellipsometry is an indirect technique that measures polarization
changes upon reflection. It is therefore fully understandable that a lay-
man is skeptical about ellipsometric data, especially when presented as
the ellipsometric angles ∆ and ψ. However, independent experimental
verifications are not simple because very few methods provide informa-
tion with ellipsometric resolution from the solid/liquid interface. As we
deal with soft matter, comparisons using electron microscopy, like those
for semiconductor samples, are virtually impossible. However, for one
of the most basic outputs from an ellipsometric study of macromolecular
adsorption, the surface mass density of the adsorbed layer, a few comparisons
with radiolabeling techniques have been carried out.[10–12] Figure 12.1
shows one example from such a quantitative comparision using the pro-
tein human serum albumin (HSA). Even though a lot of different factors
may explain the observed differences, it is clear that the methods agree
very well.[11] In fact one cannot judge which one is the most accurate
method of the two. The conclusion is that for the determination of sur-
face mass density or mass per unit area of thin biolayers, ellipsometry
provides data corresponding well to the state of the art in measurement
technology.

Figure 12.1 Adsorbed surface mass density Γ of human serum albumin on
hydrophilic and hydrophobic oxidized silicon at pH 4.8 and 7.4 as determined by
ellipsometry and radioimmunoassay techniques (RIA). Reprinted with permission
from Ref. 11. Copyright (2000) Elsevier Science.
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12.5 Methodology for Data Evaluation – from ψ
and ∆ to Biologically Related Parameters

The ellipsometric measurement provides a data set of (ψ, ∆) pairs.
Among the most common experimental variables are wavelength, angle of
incidence, time, and spatial position on the sample, which correspond to
spectroscopic, variable angle, dynamic, and imaging ellipsometry, respec-
tively. However, in simple routine measurements, often only one (ψ, ∆)
pair per sample is determined. From ψ and ∆, the parameters of interest are
obtained by evaluation following the normal procedures in ellipsometric
analysis. In the context here typical optical parameters are the thickness d,
the refractive index N � n � ik, and the fill factor f of a layer, often with
thickness in the 1 to 30 nm range. A complementary parameter that is often
used is the surface mass density Γ also called the surface excess. However,
using Γ as the final result implies a reduction of the information as it com-
bines thickness and refractive index into one parameter. Nevertheless, the
surface mass density is conceptually very clear and is very useful in many
cases. It is therefore well motivated to include Γ in the discussion.

We will describe, with increasing complexity, some different strate-
gies to evaluate ellipsometric data. A limitation is made to layers of bio-
molecules on solid substrates and three cases are discussed: a thin layer
on a flat ideal substrate, a thick layer on a flat ideal substrate, and adsorp-
tion into porous layers. Finally surface roughness, the use of dispersion
models in the analysis and effects of anisotropy, will be briefly discussed.
The assumption is in all cases that the substrate is well known or can be
characterized by ellipsometry before the biolayer formation.

12.5.1 A Thin Biolayer on a Flat Ideal Substrate

Adsorption of biomolecules to a flat surface is one of the most common
measurement situations. One representative example is adsorption of the
protein ferritin to gold as shown in Fig. 12.2.[13] Two experiments using
different protein concentrations in solution are presented as changes in ∆
with time. The change in ∆ from the baseline, obtained before the addition
of protein, to the steady state level at the end of the experiments provides
information about the adsorbed surface mass (or thickness of the layer). We
see immediately that the adsorption kinetics is different for the two concen-
trations and that the total change in ∆ is smaller for the lower concentration.
In such dynamic studies the adsorption can thus be followed from an empty
surface until steady state, normally a partially filled surface. When the sur-
face is completely filled we talk about formation of a protein monolayer.
The definition of a monolayer is not fully clear as the maximum number of
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molecules adsorbing per unit area depends on the surface chemistry, protein
concentration, and even on the way the adsorption is carried out. The ori-
entation of the molecules can also vary in different types of experiments.
Even though there still exist “empty slots” on the surface, additional
molecules may not fit into these due to no or limited lateral mobility of the
already adsorbed molecules and electrostatic repulsion. Some proteins can
also form bilayers or multilayers but these effects will not be discussed here.

In the region below monolayer surface coverage we can illustrate the
adsorbed layer with a simple physical picture as in Fig. 12.3. This is an
oversimplification but will serve here as our model for reality to be
compared with our basic models for analysis also given in Fig. 12.3. The
two models in Fig. 12.3 represent two extremes. In one of them (top right)
the layer thickness corresponds to the physical extension of the biomole-
cules into the ambient medium with a refractive index corresponding to
the equivalent index of a layer composed of biomolecules and the ambient.
In the other extreme (bottom right) the thickness is an equivalent thickness
of a smeared out (collapsed) layer and the refractive index is the intrinsic
index of the biomolecules. We denote these parameters d and N in the first
model because they are properties of the layer itself. In the second model
we use deq and Ni. For an ideal compact layer d � deq and N � Ni. Obviously

Figure 12.2 Change in ∆ versus time during adsorption of ferritin on gold at l �
620 nm at two different concentrations of ferritin in solution.[13]
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we have a few conceptual problems and some immediate thoughts are: How
do we explain a thickness value of, say, deq � 4 nm if the adsorbed macro-
molecules in the partially filled layer have a diameter of 9 nm? What about
microstructure? Will the arrangement of the molecules affect the thickness
value? What about form birefringence? Should the analysis be based on an
anisotropic layer model? Should one use the monolayer thickness and vary
the refractive index during the formation of the layer, use a constant index
and vary the thickness, or even vary both index and thickness?

Many of these questions may be irrelevant, however, if we consider
the case when the resolving power of the instrument in the experimental
situation studied is insufficient to allow determination of both N and d.
This is in fact very common in thin film analysis in general and can be
understood by considering the phase factor b

b � N cosf1 (12.1)

where λ is the light wavelength and f1 the angle of refraction in the layer.
This is the only formula where d enters in the ellipsometer expressions in
the ideal three-phase model. Furthermore it enters as a product with N
which implies that only the product dN can be determined. N also enters
into the Fresnel coefficients in the overall reflection coefficients but will
only influence ψ and ∆ to second order for small d. We conclude that for
very thin layers, only the product dN can be determined. For a transparent
layer this reduces to the product dn, which sometimes is referred to as the
optical thickness. Let us now systematically describe some different
strategies for evaluation of ellipsometric data on thin films bearing in

2pd
�

l
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Figure 12.3 Simplified physical model of an adsorbed layer of spherical protein
molecules with intrinsic refractive index Ni and diameter d on a flat ideal surface
(left) and two ideal three-phase models (right).
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mind the difficulty of decoupling d and N. We will find that the use of sur-
face mass density Γ will save us in many cases. A three-phase model is
assumed throughout our analysis but the same procedures are applicable
in a general n-phase model. The different strategies are refered to by
acronyms, PRIM, CSM, GTI, etc. and are summarized in Table 12-2.

12.5.1.1 Using Primary Data Only (PRIM)

In some applications it is sufficient to compare ∆-values (or ψ-values)
between different experiments. The change in ∆ from the baseline is then
the measure of adsorption. The rate of adsorption or steady state information

Independent
Method Description Input parameter Output Comments

PRIM Primary data ∆ and y d or Γ in The thin film
used as result a.u. approximation for 

linearity is assumed.
Provides only relative 
values.

THICK Thickness ∆ and y Ni deq

only N d

GTI General Multiple ∆ – d and N Optical model
thickness and and y parameters obtained
index only.

FILL EMA N Ni f N from e.g. a GTI
analysis analysis.

CSM Surface mass d r1ay Γ
d and N ri and Ni Γ

FEIJ de Feijters d and n dn/dc Γ dn/dc independent 
on c is assumed.

CUYP Cuypers d and n A, M, V20 Γ Based on Lorentz-
Lorenz.

COMP Stenberg ∆ A, M, ri, dref, Γ The thin film 
nref

a approximation for 
linearity is assumed.

Table 12-2. Overview of methods to evaluate ellipsometric data on thin
films of biomolecules.

a If silicon dioxide is used dref � dox and nref � nox
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can be evaluated without determination of absolute values of d or Γ. The
underlying assumption is here that the change in ∆ is linear with Γ. The
data in Fig. 12.2 illustrate this and one can conclude that the kinetics of
adsorption was faster for the higher protein concentration than for the
lower and the relative difference in the steady state value of Γ can be
quantified. This type of evaluation was extensively used before powerful
evaluation programs became readily available.

12.5.1.2 Determination of Thickness Only (THICK)

The film thickness d can be obtained in the three-phase model by use
of an independently determined or a literature value on N. This is a
straightforward approach but in most cases the absolute accuracy is low
and unknown because of the uncertainty in N. The interpretation of the
meaning of d is also unclear. If the value of N corresponds to the intrinsic
Ni of the macromolecules (assuming them to be large enough to possess
their own dielectric identity), the value of d will correspond to the thick-
ness deq of an equivalent homogeneous layer of the molecules smeared out
on the sample surface - a collapsed layer. On the other hand, if N corresponds
to the effective index of an equivalent layer including the macromolecules,
the ambient medium, and eventually contacts adsorbed ions, then d repre-
sents the extension of this layer into the ambient. The two models are
illustrated in Fig. 12.3.

12.5.1.3 Determination of Both Thickness and Refractive
Index (GTI)

In very accurate experiments it is possible to obtain both N and d
using the standard three-phase models or the n-phase model for more com-
plicated samples. Often more advanced methodologies like spectroscopic
ellipsometry, variable angle ellipsometry, variable angle spectroscopic
ellipsometry, multiple samples, or multiple ambients are used. Also dis-
persion models can be included to reduce the number of unknown param-
eters. Figure 12.4 illustrates one type of analysis and shows the dielectric
function e and N versus photon energy of a layer of the protein bovine
serum albumin (BSA) as determined by spectroscopic ellipsometry
assuming a transparent layer (k � 0) for long wavelengths.[14] The thick-
ness determined in this way is to be considered as a representation of the
extension of the layer and the index is the equivalent layer index. At the
high energy end (short wavelengths) the UV-absorption of the protein is
resolved and seen as a finite value of the imaginary part e2 of the dielectric
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Figure 12.4 The complex dielectric function e � e1 � ie2 and the real part n of the
refractive index of a 24 Å layer of bovine serum albumin (BSA) adsorbed on a
HgCdTe substrate. The shown e2 is also magnified by a factor ten.[14]

Figure 12.5 Ellipsometrically determined refractive index n and absorption coeffi-
cient a for a 4.1 nm layer of lactoperoxidase (LPO) measured in situ on gold.[15]
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function. In Fig. 12.5 a similar example is shown for a layer of lactoper-
oxidase on gold determined in situ at a solid liquid interface.[15] Here the
absorption coefficient a � 4pk/l is also shown and the absorption of the
heme group of the protein is seen around 3 eV.

It has also been shown that both n and d can be determined using ana-
lytical inversion resulting in a fifth degree polynomial equation. The deri-
vation is, however, restricted to cases with real values on the film refractive
index (k � 0). This methodology does not require numerical fitting proce-
dures and was applied at the air/water interface to layers of arachidic acid
and valine gramicidin A with thickness in the range of 2 to 3 nm.[16]

12.5.1.4 Determination of Volume Fill Factor (FILL)

If the equivalent index N of a layer can be measured and the intrinsic
index Ni is known, it is possible to determine the fill factor f of the layer by
using simple volume averaging or by the use of effective medium theories.
In simple geometries we would have

�
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� � �

e
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1

e
�

amb

f
� (12.2a)

or

e � fei � (1 � f )eamb (12.2b)

where we have introduced the dielectric function e � N2 with e, ei and
eamb � n2

amb corresponding to dielectric functions of the equivalent layer,
the layer material and the ambient, respectively. Equation (12.2b) here
corresponds to simple volume averaging. Equations (12.2a) and (12.2b)
are, however, strictly valid only in simple geometries where the electric
field in the probe beam is perpendicular and parallel, respectively, to the
interfaces between two media. This is normally not the case in ellipso-
metric measurements at oblique incidence and certainly not for layers
containing molecules of irregular shape. As this is a case of form bire-
fringence an anisotropic approach would be appropriate but for very thin
layers the anisotropy is hard to resolve. The use of Eqs. 12.2 is sometimes
seen but should be avoided. It is then better to employ an effective
medium approximation (EMA), and the Bruggeman theory is most
frequently used.[17] The fill factor is then obtained from
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A simple calculation shows that if f is solved for in Eqs. (12.2a), (12.2b),
and (12.3) for, e.g., a value of e � 2 (n � 1.414) using εamb � 1 and εi � 2.25,
one finds f equal to 0.9, 0.8, and 0.89, respectively. We notice that f from
the EMA approach is close to that from Eq. (12.2a), that is the case with
interfaces perpendicular to electric field. In addition this is close to the
real situation in ellipsometric measurements on thin partially filled layers
(submonolayers) as the s-component and most of the p-component of the
probe beam are parallel to the sample surface.

Figure 12.6 shows one example of how the density deficiency (1 � f)
of a BSA layer on platinum can be determined by Eq. (12.3).[14] As refer-
ence data on BSA, that is ei, the spectrum in Fig. 12.4 was used and a
density deficiency of around 30% was found.

12.5.1.5 Conversion to Surface Mass (CSM)

Some of the difficulties with the correlation between N and d can be
avoided if surface mass per unit area Γ is used as the evaluation output. Γ
is easy to understand and can be compared with results from other meth-
ods like radio immunoassays[11] and gravimetric methods. The drawback
with Γ is that microstructural information is lost.

Figure 12.6 Real part of the dielectric function (solid curve) of a 24 Å thick bovine
serum albumin layer on platinum determined by spectroscopic ellipsometry. The
dashed curves show calculated e1 obtained with the Bruggeman EMA assuming void
fractions as given by the numbers at each curve. The top curve (void fraction � 0) is
identical with that in Fig. 12.4.[14]
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If the layer thickness can be determined as described in Sections
12.5.1.2 or 12.5.1.3 above, one can simple multiply with the layer density
rlay to obtain Γ,†

Γ � drlay . (12.4)

However, the accuracy will never be better than that of d and an uncer-
tainty due to rlay is added. Another possibility, if both d and n (or N) are
available, is to use EMA methods to determine the fill factor f. This
requires that the intrinsic refractive index Ni of the layer material is
known. If its density, that is, the intrinsic density ri is also known, the sur-
face mass is obtained from

Γ � dri f (12.5)

12.5.1.6 Determination of Surface Mass According to
De Feijter (FEIJ)

If both d and n can be determined‡, a common approach to obtain Γ§

is to use de Feijter’s formula[18]

Γ � �
d(n

dn
�

�d
n
c
amb)� (12.6)

where dn�dc is the refractive index increment with protein concentration
in the liquid for the layer material. The assumption is that n of the layer
material is a linear function of its concentration. The refractive index
increment dn�dc can be determined independently by using an Abbe
refractometer. In Eq. (12.6), the optical mass of the layer, the product dn,
enters in the numerator (with an offset of dnamb). This is very advantageous
because often the variations observed in d and n are correlated with a
lower d resulting in a higher n and vice versa. This implies that Γ looks
less noisy than d or n. In many reports one can indeed observe that the
noise level in Γ is substantially reduced compared to that in d or n, espe-
cially for very thin layers.
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†Several units for Γ can be used. If d is given in nm and r in g/cm3 a prefactor 100 is needed in
Eq. (12.4) to give Γ in ng/cm2. Other prefactors will apply for other units (µg/cm2, mg/m2, ng/mm2 etc)

‡Only transparent layers with N � n � i0 are normally treated in de Feijter formalism.
§To obtain Γ in ng/cm2, a prefactor 100 is needed in Eq. (12.6) if d is given in nm and dn/dc in cm3/g.
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12.5.1.7 Determination of Surface Mass According to
Cuypers (CUYP)

Cuypers, et al.[19] have developed a method based on d and n which
requires independent knowledge about the molecular weight M, molar
refractivity A, and partial specific volume V20 of the molecules in the
layer. Their derivation is based on the Lorentz-Lorenz relation and for a
mixed layer (ambient and biomolecules) yields Γ according to†

Γ � drlay � �
(n2 �

(n

2

�

)(n

n
2
a

a

m

m

b

b)

� 2)
� d(n � namb). (12.7)

There exists also a one-component formula for a homogeneous layer.

12.5.1.8 Determination of Surface Mass According to
Stenberg (COMP)

Stenberg, et al.[20] have developed a method to determine Γ of a thin
organic layer on a silicon substrate based on comparison of the ellipso-
metric response with those of thin silicon dioxide layers on silicon. This
can be done directly in a comparison ellipsometer[21] or indirectly in an
ordinary ellipsometer by calibration with a set of oxidized samples. The
procedure is based on the observation that mainly ∆ changes upon adsorp-
tion of a thin layer on silicon. By equating ∆ for measurements on oxides
on silicon and on protein layers on silicon it can be shown[20] that the thin
film approximation gives

d � �
n2

ox

n

�
2
ox

1
� �

n2

n

�

2

1
�dox (12.8)

where nox and dox are the refractive index and thickness, respectively, of
the oxide. If n is known, d is obtained from Eq. (12.8) and by using the
layer density, Γ follows from Eq. (12.4). In case n is unknown, it is sug-
gested to be determined using the Lorentz-Lorenz approach similar to
Cuypers, et al.[19] and the following expression for Γ results

Γ � �
1
3

��2ri � �
M
A

�� dox (12.9)
n2
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2
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b
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�

�
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2
�

†The prefactor 0.3 requires d in nm and V20 in cm3/g.
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For a layer of albumin Stenberg et al[20] calculated the prefactor in Eq. 12.9
and with dox in nm it follows Γ � 0.12 dox [µg/cm2]. In the derivation of
the Stenberg method it is assumed that the layer is at least a monolayer
thick but they propose its use also for submonolayers.

12.5.1.9 Comparison of the Methods

Depending on amount and quality of the available data, different
methods can be chosen for evaluation of ellipsometric data on thin
organic films. In Table 12-2 a summary of the methods discussed
above is given. Before selecting a method the objectives should be
defined. The measurements provide the (ψ, ∆)pair(s) that are used to
determine optical parameters using an optical model. These parameters
are not always of primary interest and are further converted to other
parameters.

The most simple method, PRIM, is sufficient in, e.g., sensor appli-
cations because an independent calibration must always be performed
towards standards. The calibration will then provide a measure of Γ if
required. However, often other measures like biological activity, con-
centration of a reagent in solution or binding constants may be of inter-
est. If direct mass quantification is needed, the COMP method is very
stable and easy to use. It can be regarded as a further development of
the PRIM method and has been developed for studies of adsorption of
biomolecules on oxidized silicon.[20] Applications on other substrates
should be possible as well. If quantification is needed, the FEIJ and
CUYP methods are usually employed and in most cases FEIJ is used,
probably because the refractive index increment dn/dc is assumed to be
more reliable than the molar refractivity A. The advantage with FEIJ,
CUYP and also with the CSM method is that the noise level in Γ is con-
siderably lower than in n or d due to the fact that the correlation between
n and d to a large extent vanishes in Γ. This is especially obvious in in
situ studies on kinetics of adsorption. The surface mass density Γ is also
very easy to understand for a layman compared to n and d and these
methods also work with single-wavelength data, which often are the
only data available.

If the objective is to perform basic studies of layer optical properties
and/or microstructure, spectroscopic data are in general required. Simple
density analysis in well-defined systems can be done with the FILL method.
The THICK method is seen very often, but if Ni is used, the obtained param-
eter deq should be used with care as it is not a physical parameter. The most
general method of determining the adsorbed mass is the CSM method in the
case where Ni is used. If instrumental resolution and experimental range in
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terms of wavelength and angle of incidence are sufficient, the CSM method
should be the starting point for more precise analysis.

From a fundamental point of view it is worth mentioning that the
CUYP method is based on the Lorentz-Lorenz model, which assumes
that the dipoles of the materials in the layers are in vacuum. This is a
drawback since the Lorentz-Lorenz model is strictly correct only for low
dipole densities. However, the CUYP method is used in spite of this for
layers with ambient contents from zero to unity. In the first approxima-
tion, the three methods CUYP, FEIJ, and CSM all can be expressed in the
form

Γ � F(n)d(n � namb) (12.10)

where F(n) is a slow function of n obtained from Eqs. (12.5) and (12.7)
for the CSM (with the Bruggeman EMA used) and CUYP methods,
respectively, whereas F(n) is a constant in the FEIJ method as seen in
Eq. (12.6).

12.5.2 A Thick Biolayer on a Flat Ideal Substrate

If the biolayer is thicker, that is, more than a few monolayers, the
methodology for data evaluation is more or less the same as for ellipsom-
etry in general and is described elsewhere in this handbook. Examples of
such layers are stacked Langmuir-Blodgett films, self-assembled multi-
layer systems, protein multilayer systems and films deposited in fouling
processes. These applications will be discussed later on. For many of the
thick layers one must consider thickness and/or density inhomogeneities
as well as anisotropic effects.

12.5.3 Adsorption of Biomolecules into Porous
Structures

When biomolecules interact with a porous bulk or thin film material, the
plane parallel boundary model breaks down. Microscopically, the interaction
between the molecules and the surface should be considered as adsorption
onto the inner walls of the pores but from a macroscopic (ellipsometric)
point of view this is more similar to absorption into a porous matrix. The
interpretation should then be based on volume (pore) filling by using effec-
tive medium theories. Before the biomolecules are introduced, the porous
structure must be properly characterized which normally requires spectro-
scopic data. The porosity can in the general case be anywhere between 0
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and 100% and the EMA of choice is then the Bruggeman theory.[17] One
alternative would be to use the Maxwell-Garnett EMA but this works only
for small or large porosity values. A minimum of three constituents must
be used: the bulk material, the ambient medium and the biomolecules. The
Bruggeman EMA can handle three constituents directly if a third order
equation is implemented. Sometimes more constituents can be of interest
to involve, e.g., if an oxide layer on the interior surfaces of the pores must
be modeled. A higher order equation must then be solved which, however,
is not straightforward. A simple approach is then to let one of the con-
stituents in the EMA be an EMA itself.

Many porous layers also show gradients in porosity versus depth,
which are necessary to model. This can be done in a continuum approach
by defining a function describing the porosity profile similar to what is
done for compositional profiles.[22, 23] The parameters of this function are
then fitted in the modeling of the ellipsometric data. In practice the porous
layer is then mathematically subdivided in sufficiently large number of
slices and each slice is assigned optical properties using an EMA. Another
approach is to model the layer with a discrete number of layers. Each layer
is then described by a thickness and a porosity which are the parameters
to be determined by fitting to ellipsometric data.[24] As usual in multipa-
rameter fits one has to be careful not to involve more parameters than
the amount and quality of the data allows and correlation effects and
confidence intervals must be checked.

Another important aspect to consider is anisotropic effects due to
form birefringence, which can be of importance when the porous structure
lacks a three-dimensional symmetry. One example is porous silicon (PS)
prepared by anodization. The microstructure of PS can be controlled by
varying the fabrication parameters but most PS samples used to study
biointeractions have a branched pore structure with a preferential orienta-
tion of the pores along the etching direction. An isotropic model is then
sufficient.

When the dimensions of the remaining bulk material become too
small one should also be aware of quantum confinement effects, and
therefore the bulk optical properties of the material may not be appropri-
ate to use. One example is porous silicon carbide (SiC) for which the opti-
cal properties of the solid phase in a porous structure have been found to
be considerably different from those of bulk SiC.[25] Quantum confine-
ment effects in porous materials with a preferential pore direction can also
lead to intrinsic anisotropic optical properties.

Once a porous layer has been characterized in terms of its microstruc-
ture, one assumes this to be invariant during a subsequent exposure to
biomolecules. Then only the differences due to adsorption and penetration
of biomolecules are modeled. We will return to this in the applications
section.
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12.5.4 Surface Roughness

Some surfaces can be considered to be very flat, e.g. silicon wafers
with a thin native or thermally grown oxide. Also thin metal layers on
glass substrates prepared under well-controlled conditions have a very
small roughness. However, for real biological surfaces like tissue or bone,
the surfaces can be very rough and the interaction with light is viewed
more as scattering rather than specular reflection. Most of the light will
become depolarized and normal ellipsometry is not easily performed in a
quantitative way. In between these extremes there is what we could call
technical surfaces with a surface roughness of the order of or larger than
the biomolecules. The traditional way to perform ellipsometric measure-
ment is to make use of the polarized part of the specular beam only. The
roughness itself is not often modeled but assumed to be taken care of by
including its effects in the pseudo-optical properties measured on the sur-
face before biomolecules are deposited.

If the lateral dimension of the roughness is much larger than the wave-
length of the ellipsometric probe (a wavy surface), the main effect is that
a substantial part of intensity is lost by scattering and only those parts on
the surface which locally are parallel with the assumed surface plane will
be measured. An angular spread of the beam, depending on the aperture
size of the detector, should be included in the analysis.

If the surface has a roughness with dimensions smaller than the interact-
ing molecules they cannot penetrate into the surface region and the surface
is then more to be considered as nanoporous. An appropriate approach would
then be to model the surface with an interfacial layer using EMA models.
The biolayer is modeled as a layer on top of this interfacial layer. Neglecting
the interfacial layer and assuming it to be included into the pseudo-optical
properties is a first order approximation.

A third case appears when the roughness dimensions are considerably
smaller than the wavelength but larger than the dimension of the biomol-
ecules. The molecules then have access to a large surface area. The inter-
face could then be modeled as a thin porous layer into which biomolecules
penetrate.

Several investigators have addressed the ellipsometric surface roughness
problem[26–29] but in most cases with the objective of clarifying its influence
on determination of bulk properties or how to model the roughness with an
equivalent layer. The correctness of the various approaches has not been
sufficiently proven and much work remains, especially with regard to
adsorption of biomolecules to rough surfaces. One clear example that more
work is needed is the results by Benesch, et al. showing that the ellipso-
metrically determined surface mass of HSA on pyrolytic carbon with a root
mean square roughness of 20 nm was less than 20% of that determined
with RIA.[11]
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12.5.5 Use of Dispersion Models

When spectroscopic data are available it is possible to model the optical
properties of a layer of biomolecules using dispersion models. For trans-
parent layers the Cauchy model is the basic model. This is an empiric
model and is given by

n � A � �
l
B

2� � �
l
C

4� (12.11)

where A, B and C are constants fitted in the modeling. In the ultraviolet
region one often sees a broad background adsorption in many organic
materials. In proteins this is due to the peptide chain. In addition some
materials possess functional groups like hemes, porphyrines etc which
show resonances that can be modeled with simple Lorentzian lines. This
also holds for the infrared region where all the absorption bands in ordinary
infrared spectroscopy show up as resonances in the optical functions. The
advantage of using dispersion models is that they are parameterizations of
the optical functions of the materials and provide filtering. Preferably dis-
persion models should be applied on optical data after extraction from
ellipsometric data, because if used in the ellipsometric evaluation directly,
some optical features may be missed and model errors may be overlooked
more easily.

12.5.6 Anisotropy

Effects due to anisotropy in thin films of biomolecules are often
ignored. One motivation may be a lack of order in the film as the molecules
are assumed to be randomly oriented. Another argument used is that even if
there exists a certain order, the intrinsic optical properties of the biomole-
cules are isotropic. It is also stated that the resolving power of ellipsometry on
very thin films is not sufficient for the analysis of anisotropy. The arguments
above do certainly not apply to Langmuir-Blodgett films of fatty acids,
which are both ordered and have intrinsic molecular anisotropy. Several
ellipsometric investigations of such systems have been performed and
demonstrate the importance of anisotropic modeling.[30, 31] On polymer films
optical anisotropy has been resolved.[32, 33] Interestingly, it has been shown
that biomolecules like BSA have an intrinsic structural uniaxial anisotropy
with refractive indices of 1.744 and 1.563 along the major and minor axes,
respectively.[34] This implies that an ordered layer of BSA should be
anisotropic which, however, seldom is accounted for in ellipsometric analy-
sis. In conclusion, anisotropic effects in thin biofilms should be considered
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more seriously. The theoretical framework is clear and the methodology
using generalized ellipsometry can be applied.[35]

12.6 Methodology – Experimental

In this section experimental methodology that is used in biorelated
ellipsometric investigations is reviewed. Instrumentation is discussed
elsewhere in this book and will not be described in much detail here.
Earlier it was common to build ellipsometers in research laboratories and
they could then be designed to include a cell for measurements in liquids.
Today commercially available instruments are used in most cases and
only the cell is home made and the sample holder is adapted for bioad-
sorption studies. So far there are very few cells available on the market,
motivating a brief discussion about cell design. However, most of this sec-
tion will be devoted to discussions about model surfaces, their treatment,
and experimental design to improve data quality. During the years many
research groups have worked with biomolecules and ellipsometry but
only a few have survived in a longer perspective. This means that the
collective experience of the scientific community is very scattered. The
experience communicated here is a combination of the experience from
the author’s research environment and from the literature. It should be
regarded as very incomplete and empirical, and a systematic approach to
handling of surfaces and biomolecules with respect to ellipsometer studies
is welcomed.

12.6.1 Instrumentation

Ellipsometers are often classified as null ellipsometers or photometric
ellipsometers. The traditional configuration used in the present context is null
ellipsometry in the PCSA (polarizer-compensator-sample-analyzer) setup. In
routine measurements performed in air with an objective to quantify surface
deposited mass, the PCSA technique is dominating. Some merits of PCSA
instrumentation are stability, ease of operation, high resolution, and simple
data collection. Several instruments are also offered on the market at afford-
able prices. Some drawbacks are limitations to a single wavelength and its
low speed. When high speed is needed one can operate a PCSA instrument
in off-null mode,[36] which, however, is a photometric mode and some of the
advantages with the null principle are lost. In more advanced applications
involving spectroscopy, photometric instruments like the rotating analyzer
configuration are normally employed although null ellipsometry using mul-
tiple sources is also available. For imaging ellipsometry, off-null designs
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have been described[37] and recently several instruments have become avail-
able on the market.

12.6.2 Cell Designs

The possibility of performing in situ measurement is one of the major
advantages of ellipsometry in the life science area. An appropriate meas-
urement cell is then needed. Some important aspects to consider during
cell design are volume, stirring, way to exchange the liquid, angle of inci-
dence, temperature control, window properties, space for electrochemical
probes, and sample mounting to mention some of the more obvious.
However, experiments can be of so many types that it is hard to design a
universal cell.

Here we discuss cell design aspects by relating them to the multipur-
pose open cell shown in Fig. 12.7. The first and very important aspect is the
volume. The cell in Fig. 12.7 can be used with volumes down to about 3 ml.
This is a large volume if the cost of the molecules under study is an issue.
If fast adsorption kinetics is of interest, a large volume significantly
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Figure 12.7 Ellipsometer measurement cell for in situ studies at the solid/liquid
interface. The sample (substrate) is mounted on the sample holder in the ellip-
someter and inserted into the liquid.
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increases the time before molecules reach the sample surface and stirring
efficiency and diffusion are likely to dominate the kinetics. This brings us
into stirring which is a must. In a typical experiment baselines in ψ and ∆
are first established in solution. Then a small volume of the solution con-
taining the biomolecules under study is added into the cell. A homogeneous
concentration in the cell is obtained by stirring, e.g., by a rotating Teflon
embedded magnet driven by an external rotating magnet as illustrated in
Fig. 12.7. The smaller the cell, the faster the mixing can be obtained
although the stirring will be technically more complicated. In some appli-
cations stirring is solved by use of a flow cell. This will allow a rapid
exchange of the liquid and with flow cells very small volumes can be used.
However, with a flow cell one has to consider the effect of the flow on the
interaction between the surface and the biomolecules. Fouling phenomena
may occur and it is hard to determine whether the flow is laminar or turbu-
lent. Some proteins are also sensitive to shearing forces and may denaturate
at sharp edges in the flow system.

Further considerations of cell volume, stirring, and ways to exchange
the liquid have to be considered when electrochemical electrodes are used,
e.g., when ellipsometry is combined with an electrochemical analysis or
when the adsorption should be controlled by an applied potential.[38]

Another important aspect is sample mounting. The cell in Fig. 12.7 is open
and the sample is immersed into the liquid from above. This allows the
sample and the cell to be separately aligned which is preferable. The draw-
back is that very long (several cm) samples are needed or alternatively a
smaller sample can be mounted on a holder that is immersed in the liquid.
The latter implies, however, that additional parts have to be cleaned and
several materials will come into contact with the solution. In closed cell
designs the sample can be mounted directly on one of the walls inside the
cell. Another possibility is to arrange a hole in one of the cell walls (back-
side) and press the sample onto the cell from the outside. This is very
attractive to work with if leakage can be avoided. The drawback is that the
cell and the sample cannot be aligned separately.

The windows in the cell are very important as they may introduce sys-
tematic errors in the ellipsometric data due to imperfections. The procedures
for correcting such effects are in principle the same as for windows used
in ellipsometer studies in vacuum chambers. However, in many cases small
errors are accepted as they affect the results to second order, especially if a
simple evaluation like the PRIM method is used. More important is that the
window imperfections must be time invariant. The cell in Fig. 12.7 is made
of quartz and is glued together to minimize stress-induced birefringence. In
other designs small windows are mounted in the walls of a metal or Teflon
cell. The placement of the windows also defines the angle of incidence
as the beam should be perpendicular to the windows. In ellipsometry
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analysis, a variation of the angle of incidence can be a powerful way to
increase the database for the analysis. Such a variation is not trivial to per-
form in in situ studies. The use of a circular cell could in principle allow
angle variations regarded that the beam convergence can be corrected for.
In some studies a fixed number of angles are used in cells with multiple
windows. Recently a setup using light guides to facilitate the passage of
light through an air/solution interface was presented.[39] With this arrange-
ment multiple angle of incidence ellipsometry can be performed at a
solid/liquid interface. Finally it may be of interest to control the tempera-
ture of the solution. Different approaches are found including water heat-
ing (or cooling) or resistive heating.

If measurements are done in opaque liquids an internal reflection
approach can be used. This is referred to as attenuated total reflection (ATR)
ellipsometry[40] or total internal reflection ellipsometry (TIRE).[41, 42] Such
designs require more complicated cells with special arrangements of the
optical path to couple the light to the sample surface. The sample must be
semitransparent to allow the probe beam to become reflected at its second
interface to achieve sensitivity for layers on the surface. Internal reflec-
tion ellipsometry is from a configuration point of view similar to surface
plasmon resonance setups and similar cell designs and flow systems can
be employed.[43] Cells developed for controlled flow conditions are also
described in the literature.[44–46]

12.6.3 In situ Considerations for Biological
Interfaces

In many cases layers with thickness in the order of nm are studied and
it is obvious that the cleaning process and the maintenance of a clean sur-
face is extremely important. Cleaning protocols for the different types of
surfaces used can be found in references given in the applications section.
The last step in the cleaning procedure is normally that the sample is
blown dry in air or nitrogen gas which then must be of high quality and
oil free in order not to contaminate the sample surface. Once a sample has
been cleaned it must be inserted into the cell without contamination of the
surface. The procedure involves transfer of the sample through an air/liquid
interface. At such an interface a contamination layer easily can accumu-
late which then can transfer to the sample by the Langmuir-Blodgett (LB)
effect. It is therefore extremely important to use highly purified solutions.
By special arrangements it is possible to keep the sample wet all the time
to avoid the LB contamination. Once in the cell, one must be aware that
the surface eventually adsorb ions from the liquid as discussed above.
Furthermore, the liquid close to the surface is stagnant even during stirring
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conditions. The thickness of the unstirred layer is of the order of microm-
eters and macromolecules diffuse across this layer and diffusion delays
must therefore be taken into account in adsorption studies.

12.6.4 Some Model Surfaces

Ellipsometry has been applied to numerous materials in the life sci-
ence area. Among them are titanium and its oxides, steel, copper, silver,
chromium, and many more. Many of the materials have also been modi-
fied by chemical treatments or functionalizations. However, the majority
of studies have been carried out on oxidized silicon or gold samples and
here we limit the discussion to these two materials.

12.6.4.1 Oxidized Silicon

Numerous ellipsometric studies on protein adsorption onto silicon
wafers can be found in the literature. Most are made at a single wavelength
using null ellipsometry. Many of the studies are performed in situ at a
solid/liquid interface with the objective to follow the kinetics of adsorption
or biomolecular reactions. Silicon substrates are very attractive model sur-
faces for several reasons. They are cheap and easy to obtain with an almost
atomically flat surface. The material quality is extremely high and its
optical functions are well known. Silicon has a high refractive index and
therefore provides a large optical contrast to organic layers formed on its
surface. This implies high sensitivity and with rather simple instrumenta-
tion a thickness resolution well below one nm is obtainable. From a chem-
ical point of view silicon is very stable which makes it suitable for studies
in a variety of ambients. However, silicon oxidizes in air and water-based
ambients so what biomolecules actually see is the oxidized silicon surface.
This implies additional advantages since silicon dioxide is in principle
glass, a very common material used, e.g., in clinical laboratories. Studies of
biointeractions on oxidized silicon will therefore have immediate relevance
for many surface phenomena encountered in biochemistry and medicine.
Furthermore, the surface chemistry of silicon can readily be modified
through silanization.[47, 48] A conversion from an extremely hydrophilic sur-
face to an extremely hydrophobic surface can be done by covalent binding
of dichlorodimethylsilane. Other types of functionalizations, like surfaces
exposing groups of �COOH, �NH3, etc., can also be obtained through
silanization. Also gradients in surface energy and functionality have been
developed[49] and used in studies of biointeraction using lateral scanning
ellipsometry.[50]
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One drawback of silicon is that it is almost dielectric in the visible
wavelength region which implies that ∆ of a silicon surface with a thin
native oxide will be close to 180 degrees. From an instrumental point of
view this is not a problem in null ellipsometry or when a rotating com-
pensator ellipsometer is used but for a rotating analyzer ellipsometer this
results in very low accuracy due to the inherent low accuracy in the latter
configuration. However, more fundamental is that upon adsorption of a
monolayer of biomolecules, the dielectric nature of silicon leads to changes
mainly in ∆ and a very small change in ψ is obtained. As an example, the
change in ∆ upon deposition of a 3 nm layer of a protein (n � 1.5) in air at
an angle of incidence of 70 degrees and wavelength of 633 nm is δ∆ � �8.8,
whereas the change in y is only δy � 0.19 degrees. In principle it means that
we essentially have only one parameter that carries information about the
layer. This is not a problem if only surface mass is of interest but when more
detailed layer information is needed it is a severe drawback. If spectroscopy
is available one can move to shorter wavelengths but the most common strat-
egy is to oxidize the silicon substrate prior to the measurements. A 30 nm
oxide yields δ∆ and δy of �3.9 and 0.96 degrees, respectively, for a 3 nm
protein layer. The conclusion is that additional information is obtained as we
see large changes in both ψ and ∆ and the possibility of resolving both d and
n increases. However, the dependence of the various parameters in the opti-
cal model of the sample is generally complicated and the actual separation of
parameters must be simulated from sample to sample. In Fig. 12.8 the
change in ψ and ∆ in the wavelength region 300 to 1000 nm is shown for the
example above to further illustrate the effects of choice of wavelength and
oxide thickness.

12.6.4.2 Gold

One advantage of gold as a model surface for ellipsometric studies of
bioadsorption is the absence of an oxide. On the other hand, when meas-
urements are carried out in situ in a liquid, one has to consider electro-
chemical phenomena which may influence the adsorption itself but also
may change the optics of the near surface region of the gold substrate, most
probably due to free carrier effects induced by the adsorbed layer.[51, 52] Gold
is chemically very stable in most liquids, an advantage for in situ studies.
Almost all ellipsometric studies on gold are done on thin films evaporated
on glass or silicon substrates. These polycrystalline films will have a
microstructure which depends on the deposition conditions and shows vari-
ations in grain size and surface morphology. These variations have to be
taken into account and each sample should be carefully characterized ellip-
sometrically before use in bioadsorption experiments. A major advantage
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with gold is that surface modifications can be done by use of thiol chemistry
to change the surface energy and chemical functionality.[53, 54]

12.6.5 Studies on Real Biological Surfaces

There exist very few biological surfaces that have enough specular
reflection to allow precise ellipsometric studies in the visible spectral region.

Figure 12.8 Simulation of changes in ψ and ∆ due to adsorption of a 3 nm layer
with n � 1.5 on oxidized silicon with a 1.5 nm thick native oxide (top) and with a
30 nm oxide layer (bottom).
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Biological surfaces are normally not flat over an area of a few mm2 which is
another requirement. Teeth and eventually bone could be used but to make
ellipsometric measurements on these materials, they have to be polished.
Furthermore, as these materials are living materials and once they are
removed from a body and especially if they are polished, they will change
and much of the relevance of such studies will be lost.

12.6.6 Complementary and Independent Information

It is very common to combine ellipsometry with other optical as well as
non-optical techniques. One objective may be to get independent microstruc-
tural information about layer thickness and surface morphology, e.g., by using
atomic force microscopy. Another objective may be to extract complemen-
tary information to sort out fine details in layer structure and dynamics. One
illustrative example is a comparative study of protein adsorption on titanium
oxide surfaces using ellipsometry, optical waveguide light mode spec-
troscopy, and quartz microbalance.[55] This study shows that ellipsometry
gives the surface mass whereas the quartz microbalance provides comple-
mentary information about bound water and viscoelasticity of the protein
layer. Ellipsometry can also be combined with capacitance measurements.
By assuming that ellipsometry provides surface mass and capacitance meas-
urements of the surface coverage, the surface area per molecule could be
determined for small peptides.[56] These and similar approaches will not be
reviewed here but it should be pointed out that it is often fruitful to combine
results from different techniques.

12.6.7 Experimental Design

The data bank for analysis should be as large as possible and with
experimental design one strives for optimizing the composition of the data
bank and the quality of its data with respect to the objectives. Here we
discuss a few useful strategies.

12.6.7.1 Variation of Ellipsometric Settings

When the sample is given one can only vary the instrumental settings,
in principle the wavelength, angle of incidence, and the polarization of the
incoming beam. Spectral data are in general an advantage since more
information is available. However, for each wavelength the optical func-
tion of the material under study is different so spectral data are not redundant
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data but will provide a more complete picture of the sample than single-
wavelength data will do. During measurements in air, the angle of inci-
dence can easily be varied whereas studies in liquids require special cell
designs.[39] However, for very thin films, ellipsometry data at different
angles may become linearly dependent which sometimes is used as an
argument against variable angle ellipsometry. This effect is not universal
and should be checked for in each case by simulations.

12.6.7.2 Variation of Sample or Media Parameters

If the film under study can be deposited with different thicknesses on
different substrates or if the sample can be measured in different ambients
one can use multiple sample analysis to extract optical and microstruc-
tural data with a larger confidence.[57] Tiberg, et al.[58] successfully deter-
mined the thickness and surface mass density of adsorbed surfactant films
using multiple ambients. This requires that the layer material really is
unaffected by such changes which probably is not the case very often in
systems involving biomolecules. One important exception is when the
oxide thickness of silicon is varied to tune the sensitivity of the ellipso-
metric measurements as described above. Once again the advice is to run
simulations for the specific sample geometry and instrumental settings
used.

12.7 Applications

12.7.1 Introduction

The objective of this section is to demonstrate how ellipsometry can
be applied in different fields in the life science area. A majority of the
reports describe its use for determination of surface mass density and/or
thickness of an adsorbed layer of biomolecules on flat surfaces.
Monitoring of the kinetics of adsorption in situ is also very common
although the actual time dependence for mass deposition is made use
of only in a few cases. This is most probably because the dynamics of
macromolecular interactions with surfaces are complicated to describe
as it involves mass transport, diffusion, sticking efficiency, and other
phenomena.[59–61] Here we will discuss selected examples of adsorption to
flat surfaces. Several reviews can be found that deal with these types of
applications.[62–64] As a complement we will broaden the description by
discussing a variety of applications including interactions with porous
materials, spectroscopy, imaging, sensors, and engineering applications.
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12.7.2 Adsorption of Biomolecules to Model
Surfaces

One of the most common applications of ellipsometry in the life science
area is to measure the deposition of mass due to macromolecular adsorp-
tion to surfaces. The measurements are often performed in situ to record
the adsorption kinetics. Most studies involve proteins but other biomole-
cules such as triglycerides, DNA fragments, drugs, etc. have been studied.
Single-wavelength null ellipsometry is used in most studies due to its sim-
ple operation and stability. For thin layers it is not always possible to
resolve both n and d with reasonable accuracy and therefore the results
often are converted to Γ using one of the methods described above. Here
we present a few examples illustrating various types of experiments on
different types of surfaces.

12.7.2.1 Adsorption of One Type of Protein to Simple Model
Surfaces

Protein adsorption from single protein solutions to simple model sur-
faces has been performed on a larger number of different surfaces includ-
ing metals and their oxides.[64] The adsorption of human serum albumin to
silicon substrates in Fig. 12.1 may serve as an illustration of this type of
application performed ex situ. Albumin has been widely used as a model
protein and studies are found on a variety of materials including TiO2,

[65]

plasma polymer films,[66] polysaccharide films,[67] HgCdTe,[14] tantalum
oxide,[68] gold and stainless steel,[69] platinum and zirconium,[70] and many
more. In Fig. 12.9, one example on an in situ study is shown.[71] In this
particular experiment the adsorption of IgG was followed on hydrophilic
and hydrophobic oxidized silicon surfaces in phosphate buffer at pH 7.4.
The adsorbed amount was calculated from d and n using de Feijter’s
model.[18]

Figure 12.2 shows a second example of kinetic studies of protein
adsorption on a model surface - in this case ferritin on gold.[13] Initial
adsorption processes are other examples of important aspects of pro-
tein adsorption. The question is what happens during the first few seconds
after a surface has come into contact with a protein solution. To avoid
mass transport limitations a special flow cuvette with 50 µl volume was
developed to enable a fast exchange of solution close to a substrate sur-
face, and off-null ellipsometry was used to allow measurements with a
time resolution of 0.1 s.[36] In Fig. 12.10, the initial adsorption of ferritin
is shown where a delay in the initial kinetics is clearly seen. This delay
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Figure 12.9 Adsorbed amount of IgG versus time on hydrophobic (top curve) and
on hydrophilic (bottom curve) silicon dioxide. Reprinted with permission from
Ref. 71. Copyright (1995) Elsevier Science.

cannot be explained by diffusion over an unstirred layer. Assuming that
the initial lag-phase corresponds to a nucleation process, a kinetic model
including cluster formation was developed.[72]

12.7.2.2 Adsorption of Proteins to Functionalized Surfaces

Through the attachment of chemical functional groups by silanization
or by thiol chemistry, more detailed studies of the interaction between
complex protein solutions and model surfaces can be performed. Figure
12.11 shows the ellipsometric response upon exposure of human plasma
to a gold surface that is modified with a self-assembled monolayer of
HS-(CH2)15-CH3.

[62] Upon subsequent exposure to various polyclonal anti-
bodies, protein adsorption profiles can be mapped. Also the coagulation
system has been studied and upon exposure of blood plasma to surfaces
that contact activate this system, events during this process can be fol-
lowed by ellipsometry.[73] Another example is ellipsometric studies of
serum protein adsorption onto phospholipid surfaces, addressing issues
related to intravenous drug delivery.[74] Further examples and references to
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protein adsorption on model organic surfaces using ellipsometry is given
by Tengvall, et al.[62]

Let us finally mention one example of a study of another complex
biological system, the complement system. Figure 12.12 shows the depo-
sition of complement proteins from human serum onto silicon surfaces
“functionalized” with IgG. Depending on the additives to the serum, tem-
poral deposition in different activation pathways as well as quenching of
the complement system could be monitored. Thus, by using ellipsometry,
not only can the activation itself be ascertained but also the activation
pathway can be probed by time course experiments. In addition poly-
clonal antibodies can be used to identify surface active proteins, or con-
vertases (active enzyme complexes).[75]

12.7.2.3 Adsorption of Proteins into Porous Surfaces

Besides the physical and chemical properties of an interface, its
microstructure influences the interactions with biomolecules. Textured
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Figure 12.10 Surface mass Γ versus time for ferritin adsorbing on hydrophobic
silicon dioxide measured with off-null ellipsometry.[72]
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surfaces are, for example, developed based on the hypothesis that surface
features with dimensions of the same order as cells or macromolecules
may improve their “biocompatibility”.[76] Also porous surfaces are of
interest in this context. A porous interface may provide a smooth transi-
tion between the organic and the inorganic phases. Possibilities for
mechanical anchorage and compliance are other potential advantages in
the case of bone implants, and controlled drug release from porous layers
can also be envisaged.

We have studied protein adsorption into porous silicon dioxide layers[77] as
well as into porous silicon layers.[78] Ellipsometry was then used to quantify
the amount of adsorbed protein and also to follow the kinetics of adsorption
from a liquid. Furthermore, depth profiling is possible by employing spec-
troscopic ellipsometry. Figure 12.13 shows the kinetics recorded during
adsorption of the human serum albumin into a porous silicon layer. The rate
of adsorption in such layers is generally lower than that on a flat surface
(c f Fig. 12.2), which most probably is due to a slow diffusion of large
molecules into the porous structure.

Figure 12.11 Adsorption of proteins from heparinized human plasma followed by
antibody binding on hydrophobic HS–(CH2)15–CH3 surfaces on gold. The protein
layer bound mainly anti-fibrinogen. Reprinted with permission from Ref. 62.
Copyright (1998) Elsevier Science.
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Figure 12.13 y and ∆ recorded during adsorption of human serum albumin into a
288 nm thick porous silicon layer. Albumin was added to the ellipsometer cell after
3 minutes to a concentration of 1 mg/ml.[76]

Figure 12.12 Deposition of human serum onto IgG coated hydrophobic silicon dur-
ing up to 60 minutes incubations. The black dots and solid line show deposition from
normal serum and indicates a (rapid) classical complement activation and increase
in serum deposition. The solid line with open rings shows serum deposition from
normal serum with added EGTA, and indicates the typical deposition profile during
an alternative complement activation. Observe the 10 minutes delay in serum dep-
osition. The dashed line with crosses show serum deposition with EDTA added to
serum. The addition of EDTA quenches complement activation completely.[75]

834

Ch12.qxd  1/1/04  3:18 AM  Page 834



ELLIPSOMETRY IN LIFE SCIENCES, ARWIN 835

In Fig. 12.14a ellipsometric spectra measured before and after protein
adsorption into the porous silicon layer are shown. The difference between
them gives information about the adsorbed amount and also about the
adsorption depth. Quantification was achieved using multilayer models
and EMA modeling as described earlier in this chapter and a microstruc-
tural parameterization as shown in Fig. 12.14b can be obtained. These
results indicate that albumin penetrates into the porous matrix. Similar
studies using fibrinogen showed adsorption only on top of the porous lay-
ers. Several factors influence this but of major importance is the larger size of
fibrinogen molecules (MW � 340 kDa, typical dimension 46 � 7 nm) com-
pared to albumin molecules (MW � 66 kDa, typical dimension 8 � 3 nm).
Other factors are pore size, surface charge, and energy of the internal walls
of the pores and the flexibility of the protein molecules.

12.7.2.4 Ellipsometric Studies Involving Bimolecular
Interactions

In life sciences, bimolecular reactions are very common and may
involve biological specificity and recognition. Two examples are antigen-
antibody binding and enzymatic catalysis. If one of the two components is
adsorbed or bound to a surface, the interaction with the counterpart can be
studied with ellipsometry. Some examples of early work on immunologi-
cal surface interactions were carried out by Rothen and Mathot,[2] Azzam
et al.,[79] and Cuypers et al.[12] and during the 1980s and 1990s numerous
reports can be found in this area. A commonly used technique to investi-
gate which biomolecules are present on a surface is to expose a surface to
a serum or a polyclonal antibody solution, preferably an IgG fraction. The
antibodies will subsequently bind to the surface, given that the correspon-
ding antigen is already adsorbed. This methodology was used by Lestelius,
et al.[80] to map the adsorption of plasma proteins on gold that was function-
alized with self-assembled alkanethiolate monolayers terminated by groups
of �CH3, �OCOCF3, �SO3

�, �COO� and �OH. A biological system involving
complex protein surface dynamics is surface activated coagulation. Early
work in this area was done by Vroman.[3] Tengvall, et al.[73] used scanning
ellipsometry on surface energy gradients on silicon to investigate the surface
dynamics of several proteins in the coagulation cascade.

12.7.2.5 Internal Reflection Ellipsometry in Life Science

Several biological fluids are opaque and will not allow ellipsometric
studies at a solid/liquid interface in external reflection mode. However, if
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Figure 12.14a Ellipsometric spectra measured before (solid curve) and after
(dashed curve) adsorption of HSA in a porous silicon layer.

Figure 12.14b A microstructural model of a porous silicon layer that has been
exposed to HSA showing the porosity gradient and the fill factors of HSA in the
individual sublayers.
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the substrate is transparent the interface is accessible by internal reflec-
tion. In the infrared spectral region, internal reflection ellipsometry in
combination with an attenuated total reflection cell can be used to deter-
mine optical spectra of lubricants and water.[40] Rekveld developed this
technique at single wavelength to study protein adsorption under a con-
trolled flow.[42] Recently internal reflection setups in combination with
spectroscopic ellipsometry have been used to study protein adsorption,
which in total internal reflection ellipsometric mode was coined TIRE.[41]

Figure 12.15 shows how y and ∆ changes due to an adsorbed monolayer
of HSA on a 50 nm gold film. Two important observations can be made.
First we see that y exhibits a dip similar to that seen in surface plasmon
resonance (SPR) experiments. The phenomenon is in fact very similar as
y is the ratio of the p- and s-reflection coefficients. The second observa-
tion is that the change in ∆ close to the dip in y is very large – about
20 degrees. This is a remarkable change when compared for example to
the change in external reflection which at maximum is a few degrees. The
explanation is that we obtain an enhancement due to the SPR effect.
Similar results are found on thin copper films as well.[81] The SPR
enhancement has also been observed by Westphal, et al.[82]

However, TIRE can also be used to monitor thin films not showing
SPR effects, like chromium and iron, but the changes in y and ∆ are then
of the same order as in external reflection mode. A potential application
of TIRE is to monitor deposition (biofouling) of biomolecules at the
inside of a tube in a flowing system. The liquid can then be opaque and

Figure 12.15 TIRE spectra measured before and after adsorption of HSA on
a 50 nm gold layer.[41]
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the probe beam monitors the deposition with monolayer sensitivity by
using the internal reflection mode. A TIRE example of adsorption of bio-
molecules from milk onto a gold film and subsequent rinsing with water
is shown in Fig. 12.16.[41] Again we observe a very large change in ∆. The
adsorption was found to be irreversible when rinsing with water was done.
By use of other solutions, such as sodium hydroxide, the surface can be
cleaned and we can thus monitor both deposition and cleaning in situ in a
flow system.[83]

12.7.2.6 Other Areas: Protein Electrochemistry, Enzymes,
Surface Cleaning, and Biofouling

There are many other application areas of ellipsometry in the life
sciences, and a few are mentioned here to illustrate the different possibili-
ties. In electrochemical experiments the adsorption of biomolecules may
lead to unexpected phenomena like changed interfacial capacitance or a
general decrease in electrochemical activity. Ellipsometry can here serve as
a diagnostic tool to detect and monitor the kinetics of growth of biofilms
as well as of other layers.[84] However, a more direct use of ellipsometry is evi-
dent in redox-protein electrochemical studies, e.g., cytochrome c adsorption
on gold.[84]

Enzymatic degradation of surface layers can also be monitored by ellip-
sometry. Berg, et al.[85] have studied the effects of the proteolytic enzymes
krillase and trypsin on gelatin layers.

Ellipsometry has also been used to study effects of detergents on
adsorbed layers. Engström, et al.[86] found that the removal of triglycerides
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Figure 12.16 ∆ versus time for a 50 nm gold film in a TIRE experiment under
exposure to milk at times as indicated by M1, M2, etc. In between the milk expo-
sures the surface was exposed to water starting at times W1, W2 etc.[41]
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from polyvinylchloride and chromium surfaces could be monitored. More
recently Lee, et al.[87] studied the interactions between lipase and the surfac-
tants sodium dodecyl sulfate and tetradecyltrimethylammoniumbromide. In
oral sciences, the accumulation and removal of dental plaque have been
addressed. Proteolytic degradation of oral biofilms obtained by adsorption
from saliva on oxidized silicon was investigated[88] as well as adsorption of
salivary proteins onto hydroxyapatite.[89] Influence of saliva concentration
on the rate of adsorption and total surface concentration on hydrophilic and
hydrophobic silicon dioxide surfaces were studied by Lindh, et al.[90] who
also performed similar measurements on selected proteins purified from
human saliva.[91]

Biofouling is a large problem in process industry and ellipsometry can
in this area be used to study cleanability of surfaces after adsorption of
biomolecules. Studies on cleaning of stainless steel with adsorbed beta-
lactoglobulin is one example.[92]

Protective coatings are of large interest in food and pharmaceutical
processing as such coatings may exhibit antimicrobial activity. Lakamraju,
et al.[93] have studied adsorption of the antibacterial peptide nisin and how
well it can resist removal by selected milk proteins. Other work related to
milk is the study of the structure of layers of β-casein.[94] Due to the sur-
face affinity of casein it has been employed as an emulsifier and a foaming
agent. The investigation of surface dynamics and structure of casein will
therefore bear relevance for applications in food processing but also for
performance of paints and glues and more areas.

One of the important factors for the bread making quality of wheat is
considered to be the surface activity of proteins like gliadins and glutenins.
Gliadin is known to be very surface active with possible consequences for
the gas holding capacity of a dough. In view of this Örnebro et al.[95] have
studied the behavior of gliadin at interfaces using ellipsometry.

12.7.3 Spectroscopy

More than 15 years ago we showed that it was possible to perform
spectroscopy on monolayers of bovine serum albumin (BSA), γ-globulin,
and hemoglobin on solid substrates.[14] These measurements were per-
formed in air in the photon energy region 1.5 to 5 eV using substrates of
evaporated films of gold and platinum as well as on semiconductor sur-
faces. Figure 12.17 shows the obtained dielectric function of a thin film of
γ-globulin on gold (see also Fig. 12.4). The ellipsometric data allowed
unambiguous determination of both n and d and even the weak polypeptide
backbone UV absorption above 5 eV as well as the absorption from aro-
matic amino acid residues at 4.4 eV (280 nm) could be resolved. However,
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it should be pointed out that these measurements were done in air and it
is hard to justify that the obtained refractive indices represent the true
intrinsic values of the protein molecules. Care was taken to prepare as
dense layers as possible but the hydration state is unknown. Nevertheless,
further analysis was done on BSA layers. By assuming that the best opti-
cal spectrum is that with the largest value of n (Fig. 12.4), it was possible
to model the density of a less compact layer of BSA on a platinum substrate
using the Bruggeman EMA as described earlier.

Later optical spectra for protein monolayers were determined at the
solid/liquid interface.[15] In studies on gold it was found that a simple
three-phase model could not be used to obtain satisfactory results for
adsorption of ferritin.[13, 51] A four-phase model was developed to include
protein-substrate interactions, which eliminated model artifacts in the
evaluated optical spectra. In principle a very thin (less than a nm) deple-
tion layer modeled with the Bruggeman EMA was included. The ellipso-
metric sensitivity to electrochemical changes in the near-surface region in
gold was pointed out by Chao and Costa[96] and was proposed to be the
physical background.[51] Although speculative, the four-phase approach
gave consistent results and completely eliminated artifacts in the pro-
tein optical spectra. Figure 12.18 shows the complex-valued dielectric
function of a monolayer of ferritin on gold. It was also possible to follow
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Figure 12.17 The complex dielectric function (e � e1 � ie2) and real part of refrac-
tive index of a 60.5 Å thick layer of γ-globulin adsorbed on a gold substrate. e2 is
also shown magnified by a factor of ten.[14]
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the development of the protein-surface interaction and a two-state protein
adsorption model was proposed.[51] The methodology has later been
refined by Reipa, et al.[52] who determined the complex-valued refractive
index of 2.9 nm layers of putidaredoxin as shown in Fig. 12.19.

Spectroscopic ellipsometry has also been employed to study adsorp-
tion of HSA and fibrinogen on fluorohydrocarbon polymers,[97] but in
these studies the wavelength dispersion was mainly used to increase the
database for evaluation of Γ. The protein layers were modeled with the
Cauchy formula for the evaluation of n and d. The Maxwell-Garnett EMA
was suggested to model the microstructure (density effects) of the layer
to obtain more realistic results. In another investigation the globular pro-
tein β-lactoglobulin was studied on hydrophilic and hydrophobic silicon
with the objective of studying displacement upon rinsing with buffer.[98]

Also in this case the spectral information was used to increase the data-
base for evaluation. Similar types of measurements are also found on
stainless steel incubated in growing cell cultures.[99]

12.7.4 Imaging

In most ellipsometric studies, mm-sized light beams are used and
beam-profile weighted average properties over the area projected on a
surface are thus obtained. Microellipsometry is possible down to a lateral

Figure 12.18 The dielectric function e and refractive index n measured in situ on
a 9.5 nm layer of ferritin on gold.[51]
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resolution of 50 µm but requires scanning methods for mapping of a larger
area. An alternative is ellipsometric imaging whereby a large diameter
beam is employed. Using a CCD-camera and a beam diameter of the order
of 20 mm, it is possible to image areas up to 15 � 25 mm.[37] The lateral
resolution depends on the number of pixels and the optics used but lateral
resolutions down to 5 µm with nm thickness resolution was achieved.
Figure 12.20 shows an image of a silicon surface on which three different
types of proteins have been adsorbed in selected areas. This image is
recorded with null ellipsometry operated in the so-called off-null mode.[36]

The intensity from each pixel is then a measure on the layer thickness in
the corresponding area on the surface. Observe that the image shows
monolayers of the three proteins. The advantage with operation in off-null
mode is speed but some precision is lost.

In commercially available instruments a spatial resolution of 1 µm is
stated and such instruments work in the ordinary ellipsometric mode.
Recently imaging ellipsometry measurements on affinity biochips with
900 targets were also demonstrated[100] and the use of imaging ellipsome-
try for quality control of biochips with protein and DNA spots has been
suggested.[101]
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Figure 12.19 Complex-valued refractive index N � n � ik for a 2.9 nm layer of
putidaredoxin on gold obtained by using a fit to a model including a transition layer
at the gold surface. Reprinted with permission from Ref. 52. Copyright (1997)
American Chemical Society.
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12.7.5 Biological Surfaces

Very few studies involving real biological surfaces or tissue are found
in the literature. One reason may be that real biological surfaces are very
inhomogeneous and will scatter and depolarize light, which makes ellip-
sometry studies hard to evaluate. A review of ellipsometric studies on cell
coat materials has been given by Poste and Moss.[4] Some studies of uptake
of salivary substances onto tooth enamel have also been carried out.[102]

Recently Malmsten, et al.[103, 104] showed that adsorption of lipoproteins onto
proteoheparan sulfate surfaces as well as onto endothelial cell layers grown
on silicon can be followed by ellipsometry. They found a Ca2� dependence
on the lipoprotein binding.

Ellipsometry has also been applied to biological reflectors like the
colored wing scales of Chrysiridia croesus and other moths. Using vari-
able angle null ellipsometry at three wavelengths, the refractive index and
thickness of different colored scales could be evaluated in a thin-film
stack model.[105, 106]

Figure 12.20 Ellipsometric image of a 15 � 25 mm hydrophilic silicon sample with
monolayers of fibrinogen (Fib), human serum albumin (HSA) and human immuno-
globulin G (h-IgG) adsorbed in f � 4 mm spots in duplicate.[37]
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In several disciplines one uses methods that are very similar or iden-
tical to ellipsometry but named differently. One such area in which real
biological surfaces are studied is ophthalmology. Mueller-matrix imaging
polarimeters have for example been used to study corneas[107] and laser
polarimetry to measure the retinal nerve fiber thickness for diagnostics of
glaucoma.[108]

12.7.6 Biosensors Based on Ellipsometric Readout

Ellipsometry as a sensor principle has recently been reviewed.[109]

However, the idea of using ellipsometry in sensor applications is rather old,
but ellipsometers are normally technically complicated and data evaluation
is not trivial for non-experts. In most cases the development is limited to
the sensing layers, only mentioning their potential use in clinical or indus-
trial environments. Dedicated, robust, user-friendly and cheap instruments
have not been commercially available even though several designs have
been proposed. An early development was the Isoscope or comparison
ellipsometer[21] designed for biosensor applications. Biosensor applications
of an ellipsometric imaging system were demonstrated a few years ago.[110]

Imaging systems have the advantage of allowing multisensing and high
throughput systems can be developed. However, no complete ellipsomet-
ric biosensor system has, to the author’s knowledge, so far been used
widely on a routine basis although several imaging ellipsometer systems
are available.

Another example of the use of ellipsometry in sensor systems in
medical applications are monitoring of anesthetic gases by means of
measuring gas induced optical changes in thin layers. Figure 12.21
illustrates this by showing ellipsometric responses from a thin hexam-
ethyldisiloxane (HMDSO) layer on silicon for different concentrations
of the anesthetic gas halothane.[111] However, gas induced changes are
in most cases due to general physical effects like adsorption, layer
swelling, pore filling, etc., and the selectivity is therefore in general rel-
atively poor. In a development of a measurement system for clinical
applications it is necessary to use a multisensor approach and a consid-
erable improvement in selectivity can be obtained by combining the
ellipsometric responses from several different layers and by employing
pattern recognition algorithms like principal component analysis. Similar
ellipsometric systems, so called optical noses, have been proposed for detec-
tion and discrimination of solvents.[112]

Current developments of biosensor systems for the physician’s office
include instrument designs with a fixed polarizer which is anticipated to
soon enter clinical trials.[113] Among the examples recently found in the
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literature is also an affinity biosensor system suggested for measurement of
DNA hybridization and for immunoassays.[114] In immunoassays, sensitivi-
ties of 0.1 ng/ml of hepatitis B surface antigen and 0.01 ng/ml α-fetoprotein
have been reported.[115] For detection of nucleic acid targets, detection
limits of 5 pmol/l corresponding to 150 amol/sample are stated.[116]

12.7.7 Engineering Applications

Several authors have investigated the performance of ellipsometry for
protein films of increased thickness that exceed monolayer coverage. The
objectives are in general rather fundamental but it is easily understood that
such multilayer systems may be important building blocks in the emerg-
ing bionanotechnology area. Ellipsometry is in this context an important
tool as it can provide in situ feedback of layer growth.

Spaeth, et al.[117] have used spectroscopic ellipsometry to study protein
multilayer systems on silicon substrates with up to 20 alternating layers of

Figure 12.21 Ellipsometric response of a 79 nm thick HMDSO film for stepwise
exposure to different concentrations of halothane measured at a photon energy
of 3.1 eV.
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biotinylated bovine serum albumin and streptavidin. An almost linear
increase with number of incubation steps was observed. The refractive index
of the multilayer was modeled with the Cauchy dispersion formula and
found to be around 1.385 (at 590 nm) which is much lower than expected.
For dry and compact protein films values above 1.5 have been reported[14] as
a comparison.

Benesch, et al.[118] have used antigen-antibody recognition to prepare
multilayer systems of 22 double layers of human serum albumin (HSA) and
polyclonal antiHSA on silicon substrates. A total thickness of 103 nm was
found with N � 1.54 � i0.0009 (at 633 nm) using a Cauchy dispersion for
the protein film. AFM measurements gave a total thickness of 107 nm. They
also found that the Cuypers one-component formula[19] failed to determine
the surface mass and showed a difference of almost a factor of two compared
to RIA measurements.

12.8 Outlook

If we go beyond simple determination of surface mass density we may
appreciate that the potential of ellipsometry in life sciences is very large.
Among the fascinating and advanced applications are surface dynamics in
terms of the evolution of the microstructure of thin biological films, biosen-
sor systems utilizing sensor arrays and imaging ellipsometry, imaging of
molecular superstructures with predetermined biological functions, and
questions related to interfacing biology with electronics. Let us make an
outlook by first discussing which emerging ellipsometric instrumentation
and methodology can be applied in life sciences. Finally we discuss tech-
nology transfer from the scientific community to colleagues at industrial
and clinical laboratories.

Among the new possibilities are spatial imaging techniques with
potential applications in high-throughput screening applications but also
in surface mapping in general. A representative example is the investiga-
tion of light-activated affinity micropatterning of proteins using imaging
ellipsometry.[119] Such spatially resolved immobilization of proteins may
find applications in surface control of biomaterials and tissue engineering,
multi-analyte biosensors, clinical assays, and genomic arrays. The use of
microspot spectroscopic ellipsometry on real biological surfaces also
remains to be explored. If confocal ellipsometry is developed it could
open a new field for nondestructive characterization of the complex sam-
ples often encountered in life sciences. Time-resolved spectroscopic ellip-
sometry and time-resolved imaging ellipsometry have so far only a few
applications. Internal reflection applications hold great promise due to the
recently shown extreme sensitivity if the SPR phenomenon is utilized.
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Infrared spectroscopic ellipsometry (IRSE) is a technique[120] with much
promise in the life science area. IRSE will allow describing composition,
structure, thickness and morphology in the same measurements. It has been
shown that monolayers of self-assembled hexadecanethiol on gold can be
resolved and analyzed by IRSE[121] as well as Langmuir-Blodgett films of
arachidic acid.[122] It was also recently demonstrated that optical signatures
of proteins adsorbed in porous silicon could be detected.[123]

The transfer of ellipsometric methodology to other environments pro-
ceeds slowly and so far ellipsometry is mainly used in research laboratories,
especially in applications in the life science area. A few sensor-oriented
systems are commercially available but presumably not widely used, and it
remains to be seen if there is a market for ellipsometry in sensor applications.
The competition is tough and many techniques are available including
optical systems based on SPR and fluorescence. However, bionanotechnol-
ogy is an emerging area where it is more likely that ellipsometry may play
an important role. A nm thickness resolution for measurements at
solid/liquid interfaces is relatively unique and imaging ellipsometry can
provide spatial resolution. Infrared ellipsometry can add the chemical
identification dimension. In applications described by words such as bio-
mimetics, precision immobilization, self-assembly, nano fabrication,
smart surfaces, and more, it appears that ellipsometry can contribute with
methodology for in situ surface and thin film analysis and may even be
central for such developments.
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