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Abstract

Let X be a n-dimensional Stein (connected complex) manifold or a compact one whose universal covering is a
domain in C” or a Stein manifold. Let Ax be the degeneration locus of Kobayashi pseudodistance of X which is
contained in a hypersurface S of X. Then X is hyperbolic modulo S and taut modulo S .

Keywords: compact or Stein manifold , taut mod A, degeneration locus of Kobayashi pseudodistance
2000 Mathmatics Subject Classification: Primary 32H02; Secondary 32Q45
1. Introduction

In Kiernan and Kobayashi (1973) the Problem 1 was raised to determine the relationship between “taut mod A”
and “complete hyperbolic mod A” and the Problem 2 asked that “hyperbolically imbedded mod A” imply “tautly
imbedded mod A”.

When A # 0, these problems are not solved yet. In 1997 we solved the Problem 2 in a special case when A # 0
(Theorem and Remark in (Adachi, 1997)).

In this note we solve the Problem 1 in a case when A # 0 and contained in a hypersurface S of X where X is
compact or open adding some conditions (Theorem 4.1 and 4.4).

For the fundamental concepts and basic properties of the Kobyashi hyperbolic geometry, see (Kobayashi,1998) for
example.

2. Preliminary (1)
We denote the open unit disk in the complex plane C by A and the polydisk A x --- x A in C* by A*.

Let X be a complex manifold and Ax be the degeneration locus of the Kobayashi pseudodistance on X (see Defini-
tion 1.1 in (Adachi,2007)). Then X is hyperbolic modulo Ax and if Ax € S, X is hyperbolic modulo S.

Let F = {fj};=12.- C Hol(A*, X) with compact open topology.

Definition 2.1 We define the cluster set F(a : X) of F at a point a of A* by F(a : X) = (N0 N1 W
where U, (a) = {z € A%; ||z — d]| < &}. And F(A*r: X) = | enr F(a: X).

If X is compact, following proposition is easy to see because F(a: X) is closed set.

Proposition 2.2 When X is compact, the set F(a: X) is compact.

Definition 2.3 A sequence F = {f;} C Hol(A*, X) is normal at a € A* if there exists a neighborhood U of a in A
such that every subsequence of F' has a convergent subsequence in Hol(U, X).

Clearly, we have

Proposition 2.4 If the cluster set F(a: X) of a sequence F in Hol(A*, X) is contained in a coordinate neighborhood
of X, then F is normal at a.

Proposition 2.5 Let a,a; € A with a; — aand fia;) = p ¢ Ax. Then F is normal at a.

Proof. The following proof is almost the same of Proposition 2.4 in (Adachi, 1997). Since Ay is a closed set from
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Proposition 1.5 in (Adachi, 2007), there exists a closed small neighborhood V of p in X which is biholomorphic to
a closed ball such that V. N Ay = 0. Then dx(p,dV) = € where dy is a Kobayashi pseudodistance of X and ¢ is a
sufficiently small positive constant. If we set U = {z;dx(a,z) < 5}, it is relatively compact in A*. We shall prove
that f;(U) c V for j = N where N is a sufficiently large integer. Then proposition is proved by Proposition 2.4.

If it is not true, we may assume that f; (b; ) € dV where b;, € U,bj, — b € U and fi.(b;) — g € 9V since
fi(a;) € V for sufficently large j. This is absurd, because

dx(p,q) =1im; e dx(f;(a;), fi,(b;)
§ 1imh_m dAk(ah,bj/!) = dAk(a, b) § g
O

Corollary 2.6 If F(a: X) > p ¢ Ay, then F has a subsequence which converges in a neighborhood U of a in
Hol(U, X).

Definition 2.7 A manifold X is taut modulo a closed set S in X if for each positive integer k and each sequence
{fi} Hol(A¥, X) we have one of the following:

(a) {f;} has a subsequence which converges in Hol(A%, X);

(b) for each compact set K C A* and each compact set L € X — S, there exists an integer N such that f;(K)NL = 0
for j = N, thatis, F(A*: X) ¢ S where F = {fj}.

Corollary 2.8 (of Proposition 2.5) If Ax = 0, then F has a subsequence which converges in Hol(A*, X) and
consequently X is taut.

3. Preliminary (2)
Let X and Ax be the same in the section 1 and S be a hypersurface of X suchas Ay C S.

Lemma 3.1 Let F' = {f;} C Hol(A*, X) and D + 0 be a convergence open set of F in AF in Hol(A*, X) and
fi = f € Hol(D,X). Then F(a: X) C Ax for every a € 0D N AF.

Proof. The following proof is almost the same of Lemma 3.1 in (Adachi,1997). We prove the lemma in 2 steps.
Leta e DN A and F(a: X) = PUS,PNAx =0,S C Ax.

(1) We prove that P = {po} if P # 0.

We assume that P > py, po with p; # p,. From Corollary 2.6, there is a neighborhood U(a) c A¥ such that fi
coverges to f; and f; converges to f, in Hol(U(a), X) with fi(a) = p; and f,(a) = p,. Since f;, and f;, coincide
with f on D N U(a), f is holomorphic on U(a) and f(a) = p; = p». This is absurd.

(2) We prove that P = 0.

If P # 0, there is a neighborhood U(a) of a in A¥ where a € 0D N A, f € Hol(U(a),X) and f(a) = po from
the proof of (1). And there are a; € D such that a; — a and f(a;) — po and b;, € A* such that b;, — a and
fib;) > qgeSs.

Let V be a sufficiently small neighborhood of py such that V N Ay = 0. Then there are ¢ jy, —aand f; (c;, ) —
redv.

From this situation, F(a: X) > r € dV, r # py and r ¢ Ay. This contradicts the claim of (1). O

Lemma 3.2 Let D and f be the same of above Lemma 3.1. We assume that Ay C S = {g = 0;g € Mer(X) if X is
compact and g € O(X) if X is Stein }. Then one of the following two cases occurs.

(1) The set E = D° N AX is contained in an analytic subset ¥ ofAk.
(2) F(A*: X)c S.

Proof. We set ® = g o f. Then @ is a meromorphic or holomorphic function on D. Let P be the pole divisor of ©
where P = 0 when X is Stein. From Lemma 3.1, ®(z) — 0 when z € D and z — 0D N A,

If we set ® = 0 on E, ® is continuous on A¥ — P and @ is holomorphic on D — P. From Rado’s theorem ® is
holomorphic on A¥ — P. Therefore ® = 0 on A —= Por ® # 0 and E C {® = 0}.

The former case, we shall prove that the case (2) in this lemma occurs. If there is a point a € D N P and F(a:
X) 3 g ¢ Ay, there is a subsequence {f;,} which converges to f € Hol(U(a), X) from Corollary 2.6 and f(a) = q.
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This is a contradiction to the fact that there are a; ¢ P,a; — a, f(a;) — f(a) € S because f(a;) € S. Then F(E:
X)c S and F(D)C S. So F(A*: X)C S.
The latter case, = = {® = 0} is an analytic hypersurface of A¥ — P and ®(z) — 0 when z € D and z — dD N Ak,

then E C Z. And since F(a: X) c Ax when a € D N P from the proof of above, P C X and X is an analytic subset
of AX, O

4. Conclusion

Theorem 4.1 Let X be a compact manifold whose universal covering X is a domain in C" or a Stein manifold such
asn:X > Xand Ay c S = {g = 0,8 € Mer(X)}). Let F = {f;} C Hol(A*, X). Then if F(A*: X) ¢ S, F has a
subsequence {f; } converges in Hol(AX, X), that is, X is taut modulo S .

Proof. By the assumption there is a point p € F(A: X) — Ax. From Corollary 2.6, there is a subsequence {f;,} and
the largest open set D # 0 in A* such that {f;,} converges to f in Hol(D, X), that is a convergence open set of {,}.
From Lemma 3.2, there is an analytic subset X in A¥ such that fj, converges to f in Hol(A¥ - £, X).

When X is a domain in C" we fix a map 7! and set g;, = 7' o fj,,g;, € Hol(A¥,C") because A* is simply
connected. Then, by well known theorem {g;,} converges in Hol(A¥, C") and {f;,} converges also in A*. When X
is a Stein manifold, there is a biholomorphic map ¢ of X to a submanifold of CV where N is a sufficiently large
integer and ¢ o 17! o f;, € Hol(A*, CN) and {;,} converges in A* by the same reason above. O

Problem 4.2 When is the universal covering of a compact manifold X a domain in C” or a Stein manifold? It is
well known that there are simply connected projective manifolds such as K3 surfaces. When above question is true
if we add the condition that Ay is contained in a hypersurface of X?

Problem 4.3 When is the set Ay of a compact manifold X contained in a hypersurface of X?

When X is a Stein manifold, there is a biholomorphic map of X to a submanifold of C¥ where N is a sufficiently
large integer, following theorem is easy to see from the proof of Theorem 4.1.

Theorem 4.4 Let X be a Stein manifold and Ay C S = {g = 0;g € O(X)}. Then X is taut modulo S .
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