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17.5.1 Poincaré’s formula . . . . . . . . . . . . . . . . . . . 660
17.5.2 Symmetric products as projective space bundles . . 662
17.5.3 Chern classes from the symmetric product . . . . . 663
17.5.4 The class of W r

d . . . . . . . . . . . . . . . . . . . . 665
17.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 666

References 669



This is page 1
Printer: Opaque this

0

Introduction

“Es gibt nach des Verf. Erfarhrung kein besseres Mittel, Geometrie zu ler-
nen, als das Studium des Schubertschen ‘Kalküls der abzählenden Geome-
trie’.”
(There is, in the author’s experience, no better means of learning geometry
than the study of Schubert’s “Calculus of Enumerative Geometry.”)
–B. L. van der Waerden (in a Zentralblatt review of an introduction to
enumerative geometry by Hendrik de Vries).

0.1 Why you want to read this book

Algebraic geometry is one of the central subjects of mathematics. All but
the most analytic of number theorists speak our language, as do mathe-
matical physicists, homotopy theorists, complex analysts, symplectic ge-
ometers, representation theorists. . . . How else could you get between such
apparently disparate fields as topology and number theory in one hop, ex-
cept via algebraic geometry?

And intersection theory is at the heart of algebraic geometry. From the
very beginnings of the subject, the fact that the number of solutions to a
system of polynomial equations is, in many circumstances, constant as we
vary the coefficients of those polynomials has fascinated algebraic geome-
ters. The distant extensions of this idea still drive the field forward.
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At the outset of the 19th century, it was to extend “preservation of num-
ber” that algebraic geometers made two important choices: to work over
the complex numbers rather than the real numbers, and to work in pro-
jective space rather than affine space. (With these choices the two points
of intersection of a line and an ellipse have somewhere to go as the el-
lipse moves away from the real points of the line, and the same for the
point of intersection of two lines as the lines become parallel.) Over the
course of the century, geometers refined the art of counting solutions to
geometric problems—introducing the central notion of a parameter space;
proposing the notions of an equivalence relation on cycles and a product on
the equivalence classes and using these in many subtle calculations. These
constructions were fundamental to the developing study of algebraic curves
and surfaces.

In a different field, it was the search for a mathematically precise way
of describing intersections that underlay Poincaré’s study of what became
algebraic topology. We owe Poincaré duality and a great deal more in alge-
braic topology directly to this search. His inability to work with continuous
spaces (now called manifolds) led him to develop the idea of a simplicial
complex, too.

Despite the lack of precise foundations, nineteenth century enumera-
tive geometry rose to impressive heights: for example Schubert, whose
Kalkül der abzählenden Geometrie (Schubert [1979]) represents the sum-
mit of intersection theory at the time of its writing, calculated the num-
ber of twisted cubics tangent to 12 quadrics—and got the right answer
(5,819,539,783,680). Imagine landing a jumbo jet blindfolded!

At the outset of the 20th century, Hilbert made finding rigorous founda-
tions for Schubert calculus one of his celebrated Problems, and the quest
to put intersection theory on a sound footing drove much of algebraic ge-
ometry for the following century; the search for a definition of multiplicity
fueled the subject of commutative algebra in work of van der Waerden,
Zariski, Samuel, Weil and Serre. This progress culminated, towards the
end of the century, in the work of Fulton and MacPherson and then in
Fulton’s landmark book Intersection Theory (Fulton [1984]), which both
greatly extended the range of intersection theory and put the subject on a
precise and rigorous foundation.

The development of intersection theory is far from finished. Today the
focus is on things like virtual fundamental cycles, quantum intersection
rings, Gromov-Witten theory and the extension of intersection theory from
schemes to stacks.

A central part of a central subject of mathematics—of course you want
to read this book!
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0.2 Why we wrote this book

Given the centrality of the subject, it is not surprising how much of al-
gebraic geometry one encounters in learning enumerative geometry. And
that’s how this book came to be written, and why: like van der Waer-
den, we found that intersection theory makes for a great “second course”
in algebraic geometry, weaving together threads from all over the subject.
Moreover, the new ideas one encounters in this setting have a context in
which they’re not merely more abstract definitions for the student to mem-
orize, but tools that help answer concrete questions.

0.3 What’s with the title?

The number in the title of this book is a reference to the solution of a classic
problem in enumerative geometry: the determination, by Chasles, of the
number of smooth conic plane curves tangent to five given general conics.
The problem is emblematic of the dual nature of the subject. On the one
hand, the number itself is of little significance: life would not be materially
different if there were more or fewer. But the fact that the problem is
well-posed—that there is a Zariski open subset of the space of 5-tuples
of conics (C1, . . . , C5) for which the number of conics tangent to all five is
constant, and that we can in fact determine that number—is at the heart of
algebraic geometry. And the insights developed in the pursuit of a rigorous
derivation of the number—the recognition of the need for, and introduction
of, a new parameter space for plane conics, and the understanding of why
intersection products are well defined for this space—are landmarks in the
development of algebraic geometry.

The rest of the title is from “1066 & All That” by W. C. Sellar and R. J.
Yeatman, a parody of English history textbooks; in many ways the number
3264 of conics tangent to five general conics is as emblematic of enumerative
geometry as the date 1066 of the Battle of Hastings is of English history.

0.4 What’s in this book

We are dealing here with a fundamental and almost paradoxical difficulty.
Stated briefly, it is that learning is sequential but knowledge is not. A branch
of mathematics... consists of an intricate network network of interrelated
facts, each of which contributes to the understanding of those around it.
When confronted with this network for the first time, we are forced to follow
a particular path, which involves a somewhat arbitrary ordering of the facts.
–Robert Osserman.
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Where to begin? To start with the technical underpinnings of a subject
risks losing the reader before the point of all that preliminary work is made
clear; but to defer the logical foundations carries its own dangers—as the
unproved assertions mount up, the reader may well feel adrift.

Intersection theory poses a particular challenge in this regard, since the
development of its foundations is so demanding. It is possible, however,
to state fairly simply and precisely the main foundational results of the
subject, at least in the limited context of intersections on smooth projective
varieties. The reader who is willing to take these results on faith for a little
while, and accept this restriction, can then be shown “what the subject is
good for,” in the form of examples and applications. This is the path we’ve
chosen in this book, as we’ll now describe.

0.4.1 Overture

In the first chapter, the “Overture,” we introduce rational equivalence, the
Chow ring, the pull-back and push-forward maps and Chern classes—the
“Dogma” of the subject. We follow this with a range of simple examples to
give the reader a sense of the themes to come: the computation of Chow
rings of affine and projective spaces, their products and blowups. To illus-
trate how intersection theory is used in algebraic geometry, we examine loci
of various types of singular cubic plane curves, thought of as subvarieties of
the projective space P9 parametrizing plane cubics. Finally, we introduce
briefly the notion of Chern classes, a fundamental tool that will be taken
up fully in Chapter 7.

We should mention here that there are many other possible cycle theories
that allow us to carry out the basic constructions of intersection theory.
These, and the relations among them, are discussed in Appendix ??.

0.4.2 Grassmannians

The intersection rings of the Grassmannians are archtypal examples of in-
tersection theory. Chapters 2 and 3 are devoted to them and the geometry
that underlies them. Here we introduce the Schubert cycles, which form a
basis for the Chow ring, and use them to solve a number of geometric prob-
lems, illustrating again how intersection theory is used to solve enumerative
problems.
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0.4.3 What’s under the hood: foundational results

The next two chapters, 4 and 5, are devoted to proofs and substantial dis-
cussion of the results stated in the Overture. Chapter 4 introduces the foun-
dational ideas of commutative algebra, centered around finite extensions of
one-dimensional rings, that are necessary in establishing the properties of
the pushforward map.

We have chosen to base our development of the theory on the Moving
Lemma, a central result that allows us to define intersection products in
a relatively intuitive way, albeit in the limited context of intersections on
smooth projective varieties. Chapter 5 introduces the beautiful geometry,
first described by Severi and refined by Chow and others, of its proof.

This is not the only way to develop intersection products. The “defor-
mation to the normal cone” (explained in Chapter 15), the foundational
idea used in Fulton [1984], has many advantages, and leads ultimately to
a sharper and more general theory. As the student becomes an expert the
transition to the new point of view will be natural. But we felt that, in its
more limited sphere, the approach via the Moving Lemma gives a direct
intuition for why the basic results are true that is difficult to gain from the
newer approach. One might compare the situation to that encountered in
learning algebraic geometry. No one would doubt that the theory of schemes
is a more natural and supple language for the subject; but a beginner may
be better served by learning the more concrete case of varieties first.

0.4.4 Chern classes

We then come to a watershed in the subject. In a brief interlude (Chap-
ter 6) we review the basics of the theory of vector bundles (also known as
locally free sheaves) and their direct images, leading up to the theorem on
cohomology and base change. With these notions in hand, Chapter 7 takes
up in earnest a notion that is at the center of modern intersection the-
ory, and indeed of modern algebraic geometry: Chern classes. As with the
development of intersection theory we define these in the classical style,
as degeneracy loci of collections of sections. This interpretation provides
useful intuition and is basic to many applications of the theory.

0.4.5 Applications I: using the tools

We illustrate the use of Chern classes by taking up two classical problems:
Chapter 8 deals with the question of how many lines lie on a hypersurface
(for example there are exactly 27 lines on each smooth cubic surface), and
Chapter 9 looks at the singular hypersurfaces in a one-dimensional family
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(for example, what is the degree of the discriminant of a polynomial in
several variables). Using the basic technique of linearization, these problems
can be translated into problems of computing Chern classes. These and
the next few chapters are organized around geometric problems involving
constructions of useful vector bundles and the calculation of their Chern
classes.

0.4.6 Parameter spaces

Chapter 10 deals with an area in which intersection theory has had a pro-
found influence on modern algebraic geometry: parameter spaces and their
compactifications. This is illustrated with the five-conic problem; there is
also a discussion of the modern example of Kontsevich spaces, and an ap-
plication of those.

0.4.7 Applications II: further developments

The remainder of the book introduces a series of increasingly advanced
topics. Chapters 11, 12 and 13 deal with a situation ubiquitous in the
subject, the intersection theory on projective bundles, and its applications
to subjects such as projective duality and the enumerative geometry of
contact conditions.

Chern classes are defined in terms of the loci where collections of sections
of a vector bundle become dependent. These can be interpreted as loci
where maps from trivial vector bundles drop rank. The Porteous formula,
proved and applied in Chapter 14, generalizes this, expressing the classes
of the loci where a map between two general vector bundles has a given
rank or less in terms of the Chern classes of the two bundles involved.

0.4.8 Advanced topics

Next, we come to some of the developments of the modern theory of inter-
sections. In Chapter 15, we introduce the notion of “excess” intersections
and the excess intersection formula, one of the subjects that was particu-
larly mysterious in the nineteenth century but that was elucidated by Ful-
ton and MacPherson. This theory makes it possible to describe the intersec-
tion class of two cycles even if their intersection has “too large” dimension.
Central to this development is the idea of deformation to the normal cone,
a construction fundamental to the work of Fulton and Macpherson; we use
this to prove the famous “key formula” comparing intersections of cycles
in a subvariety Z ⊂ X to the intersections of those cycles in X, and use
this in turn to give a description of the Chow ring of a blow-up.
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Chapter 16 contains an account of Riemann-Roch formulas, leading up
to a description of Grothendieck’s version. The chapter concludes with a
number of examples and applications showing how Grothendieck’s formula
can be used.

0.4.9 Applications III: the Brill-Noether theorem

The last chapter of the book, Chapter ??, explains an application of enu-
merative geometry to a problem that is central in the study of algebraic
curves and their moduli spaces: the existence of special linear series on
curves. We give the proof of this theorem by Kempf and Kleiman-Laksov,
which draws upon many of the ideas and techniques of the book, plus one
new one: the use of topological cohomology in the context of intersection
theory. This is also a wonderful illustration of the way in which enumerative
geometry can be the essential ingredient in the proof of a purely qualitative
result.

0.4.10 Relation of this book to “Intersection Theory”

Fulton’s book on intersection theory (Fulton [1984]) is a great work. It sets
up a rigorous framework for intersection theory in a generality significantly
extending and refining what was known before and laying out an enormous
number of applications. It is a work that can serve as an encyclopedic
reference to the subject.

By contrast, the present volume is intended as a textbook in algebraic
geometry, a second course in which the classical side of intersection theory
is a starting point for exploring many topics in geometry. We introduce
the intersection product at the outset, and focus on basic examples. We
use concrete problems to motivate the introduction of new tools from all
over algebraic geometry. Our book is not a substitute for Fulton’s: it has
a different aim. We hope that it will provide the reader with intuition and
motivation that will make reading Fulton’s book easier.

One point that should be made explicit is that this trade-off—making
the restrictive hypothesis of smoothness, in exchange for relative ease of
intuition and immediate application—does obscure some important aspects
of cycle theory. By way of analogy, imagine that, as a topologist, you could
define and work with homology—but only for compact, oriented manifolds.
Even with this restriction, you could develop a pretty good sense of what
homology groups represent, and be able to carry out most of the standard
applications of homology; if you were primarily interested in applications
to manifolds, this would be enough. You might even think you understood
cohomology and cup products as well: after all, in this limited context
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(rational) cohomology is isomorphic to homology, and via this isomorphism
the cup product is simply the intersection of cycles. But this would be a
mistake: to gain a real understanding of homology and cohomology, you
have to develop both in a broader context. In the same way, to really
understand the cycle theory of algebraic varieties, you have to read Fulton.

0.4.11 Keynote problems

To highlight the sort of problems we’ll learn to solve, and to motivate the
material we present, we’ll begin each chapter with some keynote questions.

0.5 Prerequisites, Notation, Conventions

0.5.1 What you need to know before starting

When it comes to prerequisites, there are two distinct questions: what you
should know to start reading this book; and what you should be prepared
to learn along the way.

Of these, the second is by far the more important. In the course of devel-
oping and applying intersection theory we introduce many key techniques
of algebraic geometry, such as deformation theory, specialization methods,
characteristic classes, commutative and homological algebra and topologi-
cal methods. That’s not to say that you need to know these things going
in. Just the opposite, in fact: reading this book should be viewed as an
occasion to learn them.

So what do you need before starting?

(a) An undergraduate course in classical algebraic geometry or its equiva-
lent, comprising the elementary theory of affine and projective varieties.
An Invitation to Algebraic Geometry (Smith et al. [2000]) contains al-
most everything required. Other books that cover this material include
Undergraduate Algebraic Geometry (Reid [1988a]), Introduction to Al-
gebraic Geometry (Hassett [2007]) and, at a somewhat more advanced
level Algebraic Geometry I: Complex Projective Varieties (Mumford
[1976]), Basic Algebraic Geometry, Volume I (Shafarevich [1974]) and
Algebraic Geometry: A First Course (Harris [1992]). The last three
include much more than we’ll use here.

(b) An acquaintance with the language of schemes. This would be am-
ply covered by the first three chapters of The Geometry of Schemes
(Eisenbud and Harris [2000]).
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(c) An acquaintance with coherent sheaves and their cohomology. For
this, Faisceax Algébriques Cohérents (Serre [1955]) remains an excel-
lent source (it’s written in the language of varieties, but applies nearly
word for word to projective schemes over a field, the context in which
this book is written).

In particular, Algebraic Geometry (Hartshorne [1977]) contains much
more than you need to know to get started.

0.5.2 Language

Throughout this book, a scheme X will be a scheme of finite type over an
algebraically closed field K, and a variety will be a reduced, irreducible
scheme. If X is a variety we write K(X) for the field of rational functions
on X. A sheaf on X will be a coherent sheaf unless otherwise noted.

By a point we mean a closed point. Recall that a locally closed subscheme
U of a scheme X is a scheme that is an open subset of a closed subscheme
of X. We generally use the term “subscheme” (without any modifier) to
mean a closed subscheme, and similarly for “subvariety.”

A consequence of the finite type hypothesis is that to any subscheme Y
of X has a primary decomposition: locally, we can write the ideal of Y as an
irredundant intersection of primary ideals with distinct associated primes.
We can correspondingly write Y globally as an irredundant union of closed
subschemes Yi whose supports are distinct subvarieties of X. In this ex-
pression, the subschemes Yi whose supports are maximal—corresponding
to the minimal primes in the primary decomposition—are uniquely deter-
mined by Y ; they are called the irreducible components of Y . The remaining
subschemes are called embedded components; they are not determined by
Y , though their supports are.

If a family of objects is parametrized by a scheme B, by a “general”
member of the family we will mean one belonging to an open dense subset
of B. By a “very general” member we will mean one belonging to the
complement of a countable union of proper subvarieties of B.

By the projectivization PV of a vector space V we’ll mean the scheme
Proj(Sym∗ V ∗); this is the space whose closed points correspond to one-
dimensional subspaces of V .

If X and Y ⊂ Pn are subvarieties of projective space, we define the join
of X and Y , denoted X Y , to be the closure of the union of lines meeting
X and Y at distinct points. If X = Γ ⊂ Pn is a linear space, this is just
the cone over Y with vertex Γ; if X and Y are both linear subspaces, this
is simply their span.
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There is a one-to-one correspondence between vector bundles on a scheme
X and locally free sheaves on X. We will use the terms interchangeably,
generally preferring “line bundle” and “vector bundle” to “invertible sheaf”
and “locally free sheaf”.

By a linear system, or linear series, on a scheme X we will mean a pair
(L, V ) where L is a line bundle on X and V ⊂ H0(L) a vector space
of sections. Associating to a section σ ∈ H0(L) its zero locus V (σ), we
can also think of a linear system as a family D = {V (σ) | σ ∈ V } of
subschemes parametrized by the projective space PV ; in this setting, we
will sometimes refer to the linear system D. By the dimension of the linear
series we mean the dimension of the projective space PV parametrizing it;
that is, dimV − 1.

We write OX,Y for the local ring of X along Y , and more generally,
if F is a sheaf of OX -modules then we write FY for the corresponding
OX,Y -module.

We can identify the Zariski tangent space to affine space An with An
itself. If X ⊂ An is a subscheme, by the affine tangent space to X at a
point p we will mean the affine linear subspace p+ TpX ⊂ An. If X ⊂ Pn
is a subscheme, by the projective tangent space to X at p ∈ X, denoted
TpX ⊂ Pn, we will mean the closure in Pn of the affine tangent space to
X ∩An for any open subset An ⊂ Pn containing p. Concretely, if X is the
zero locus of polynomials Fα, the projective tangent space is the common
zero locus of the linear forms

Lα(Z) =
∂Fα
∂Z0

(p)Z0 + · · ·+ ∂Fα
∂Zn

(p)Zn.

By a “one-parameter family” we will always mean a family X → B with
B smooth and one-dimensional (an open subset of a smooth curve, or spec
of a DVR or power series ring in one variable), with marked point 0 ∈ B.
In this context, “with parameter t” means t is a local coordinate on the
curve, or a generator of the maximal ideal of the DVR or power series ring.

0.5.3 Basic results on dimension and smoothness

There are a number of theorems in algebraic geometry that we’ll use re-
peatedly; we give the statements and references here.

To start with, we will often use the following basic results of commutative
algebra:

Theorem 0.1 (Krull’s Principal Ideal Theorem). An ideal generated by n
elements in a Noetherian ring has codimension ≤ n.
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See Eisenbud [1995] Theorem 10.2 for a discussion and proof. We will
also use the following important extension of the Principal Ideal Theorem:

Theorem 0.2 (Generalized Principle Ideal Theorem). If f : Y → X is a
morphism of varieties, and X is smooth, then for any subvariety A ⊂ X,

codim f−1A ≤ codimA.

In particular, if A,B are subvarieties of X, and C is an irreducible com-
ponent of A ∩B, then codimC ≤ codimA+ codimB.

The proof of this result can be reduced to the case of an intersection of
two subvarieties, one of which is locally a complete intersection, by express-
ing the inverse image f−1A as an intersection with the graph Γf ⊂ X×Y of
f . In this form it follows from Krull’s Theorem. The result hold in greater
generality; see Serre [2000] Theorem V.3. Smoothness is necessary for this
(Exercise 1.103).

Theorem 0.3 (Chinese Remainder Theorem). A module of finite length
over a commutative ring is the direct sum of its localizations at finitely
many maximal ideals.

Theorem 0.4 (Jordan-Hölder Theorem). A module M of finite length over
a commutative local ring R with maximal ideal m has a maximal sequence
of submodules (called its composition series) M ) mM · · · ) mkM = 0
whose length k is called the length of M .

For a discussion and proof see Eisenbud [1995] Chapter 2, and especially
Theorem 2.13.

Theorem 0.5 (Bertini). If D is a linear system on a variety X in char-
acteristic 0, the general member of D is smooth outside the base locus of D
and the singular locus of X

This is the form in which we’ll usually apply Bertini. But there is another
version that is equivalent in characteristic 0 but allows for an extension to
positive characteristic:

Theorem 0.6 (Bertini). If f : X → Pn is any generically separated mor-
phism from a smooth, quasiprojective variety X to projective space, then
the preimage f−1(H) of a general hyperplane H ⊂ Pn is smooth.

We are all familiar with the after-the-fact tone—weary, self-justificatory,
aggrieved, apologetic—shared by ship captains appearing before boards of
inquiry to explain how they came to run their vessels aground, and by
authors composing forewords.
–John Lanchester
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Keynote Questions

(a) Let F0, F1 and F2 ∈ C[X,Y, Z] be three general homogeneous cubic
polynomials in three variables. How many linear combinations t0F0 +
t1F1+t2F2 (up to scalars) factor as a product of a linear and a quadratic
polynomial? (Answer on page 48)

(b) Let F0, F1, F2 and F3 ∈ C[X,Y, Z] be four general homogeneous cubic
polynomials in three variables. How many linear combinations t0F0 +
t1F1 + t2F2 + t3F3 (again, up to scalars) factor as a product of three
linear polynomials? (Answer on page 48)

(c) If A,B,C are general homogeneous quadratic polynomials in 3 vari-
ables, for how many triples t = (t0, t1, t2) is (A(t), B(t), C(t)) propor-
tional to (t0, t1, t2)? (Answer on page 40)

(d) Let S ⊂ P3 be a smooth cubic surface, and {Hλ ⊂ P3}l∈P1 a general
pencil of planes (that is, the set of planes containing a fixed general
line L ⊂ P3). For how many values of λ is the intersection Hλ ∩ S a
singular curve? (Answer on page 34)

(e) Let L ⊂ P3 be a line, and let S and T ⊂ P3 be surfaces of degrees s and
t containing L. Suppose that the intersection S ∩ T is the union of L
and a smooth curve C. What are the degree and genus of C? (Answer
on page 55)
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(f) Let S ⊂ P3 be a smooth quartic surface over the complex numbers.
What is the Euler characteristic of S, viewed as a smooth 4-manifold?
(Answer on page 64)

The machinery necessary for intersection theory is beautiful and subtle,
and it will take us quite a few pages to develop. Nevertheless, a few facts
suffice to begin using the theory. In this chapter we will explain some of
these facts without worrying about how they are proved, and give some
simple examples to illustrate their application. Our goal is to give the reader
a road-map for reading the rest of the book, and to provide the box of tools
that are used most commonly in applications—the “dogma” of intersection
theory.

We begin by describing the definition of the Chow ring of a smooth
projective variety and explaining some of the properties that make it useful.
The second section is a series of progressively more interesting examples
of computations of Chow rings of familiar varieties, with easy applications.
Following this, we see an example of a different kind: we use facts about the
Chow ring to describe some geometrically interesting loci in the projective
space of singular cubic plane curves.

In the next two sections, we introduce the canonical class, a distinguished
element of the Chow ring of any smooth variety, and show how to calculate
it in simple cases; we then briefly describe intersection theory on surfaces,
a setting in which intersection theory takes a particularly simple and useful
form.

In the final section of this chapter we turn to another major pillar of
the subject, the theory of Chern classes. This is followed by some simple
applications.

Very little is proven in the theory sections of this chapter; but in the sec-
tions of examples we have tried to give fairly complete expositions. Proofs
of the basic facts about Chow rings stated here are given in Chapters 4 and
5. The theory of Chern classes is developed in earnest starting in Chapter 7.

1.1 The Chow groups and their ring structure

We start with the Chow groups. These form what a sort of homology the-
ory for varieties—abelian groups associated to a geometric object that are
described as a group of cycles modulo an equivalence relation. In the case
of a smooth variety, the Chow groups form a graded ring, the Chow ring.
This is analogous to the ring structure on the homology of smooth compact
manifolds that can be “imported”, using Poincaré duality, from the natural
ring structure on cohomology.
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Throughout this Chapter, and indeed throughout this book, we will work
over an algebraically closed ground field K. Virtually everything we do
could be formulated more generally, and occasionally we comment on how
one would do this.

1.1.1 Cycles

Let X be any algebraic variety (or, more generally, scheme). The group
of cycles on X, denoted Z(X), is the free abelian group generated by the
set of subvarieties (reduced irreducible subschemes) of X. The group Z(X)
is graded by dimension: we write Zk(X) for the group of cycles that are
formal linear combinations of subvarieties of dimension k (these are called
k-cycles), so that Z(X) = ⊕kZk(X). A cycle Z =

∑
niYi is effective if

the coefficients ni are all non-negative. A divisor (sometimes called a Weil
divisor) is an (n − 1)-cycle on a pure n-dimensional scheme. It follows
from the definition that Z(X) = Z(Xred); that is, Z(X) is insensitive to
whatever non-reduced structure X may have.

We can associate to any closed subscheme Y ⊂ X an effective cycle:
since our schemes are Noetherian, the local ring of a generic point of an
irreducible component of any scheme has finite length as a module over
itself. Thus if Y ⊂ X is a subscheme, and Y1, . . . , Ys are the irreducible
components of the reduced scheme Yred, then each local ring OY,Yi has a
finite composition series of length, say li. We define the cycle Z associated
to Y to be the formal combination

∑
liYi, which is well-defined by the

Jordan-Hölder Theorem 0.4. When we want to emphasize the distinction
between subscheme and cycle, we will write 〈Y 〉 for the cycle associated to
the subscheme Y .

1.1.2 Rational equivalence

Next we will define rational equivalence between cycles, and also the Chow
group, which is the group of cycles mod rational equivalence. Speaking
informally we say that two cycles A0, A1 ∈ Z(X) are rationally equivalent
if there is a rationally parametrized family of cycles interpolating between
them—that is, a cycle on P1×X whose restrictions to two fibers {t0}×X
and {t1} ×X are A0 and A1. Here is the formal definition:

Definition 1.1. Let Rat(X) ⊂ Z(X) be the subgroup generated by dif-
ferences of the form〈

Φ ∩ ({t0} ×X)〉 − 〈Φ ∩ ({t1} ×X)
〉
,

where t0 and t1 ∈ P1 and Φ is a subvariety of P1×X not contained in any
fiber {t} ×X. Two cycles are rationally equivalent if their difference is in
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FIGURE 1.1. Rational equivalence between a hyperbola and the union of two
lines in P2

Rat(X), and two subschemes are rationally equivalent if their associated
cycles are rationally equivalent—see Figure 1.1. The Chow group of X
is the quotient A(X) = Z(X)/Rat(X), the group of rational equivalence
classes of cycles on X. If A ∈ Z(X) is a cycle, we write [Y ] ∈ A(X) for
its equivalence class; and if Y ⊂ X is a subscheme, we will abuse notation
slightly and denote simply by [Y ] the class of the cycle 〈Y 〉 associated to
Y .

There is another useful way to characterize the group Rat(X) of cycles
rationally equivalent to 0. If X is an affine variety and f ∈ OX is a function
on X other than 0, then by Krull’s Principal Ideal Theorem 0.1 the isolated
components of the subscheme defined by f are all of codimension 1, so the
cycle defined by this subscheme is a divisor; we call it Div(f), the divisor of
f . If Y is any irreducible codimension 1 subscheme of X we write ordY (f)
for the order of vanishing of f along Y , so we have

Div(f) =
∑
Y

ordY (f)〈Y 〉.

If α = f/g is a rational function on X, we define the divisor Div(f/g) =
Div(f) − Div(g)—see Figure 1.2. We will also denote by Div0(α) and
Div∞(α) the positive and negative parts of Div(α)—in other words, the
divisor of zeros of α and the divisor of poles of α respectively. We will show
after Proposition 4.9 that these divisors are independent of the choice of
representation f/g of α. (Note that Div0(α) need not be the same thing
as Div(f) for any representation α = f/g of α: for example, on the cone
Q = V (XZ−Y 2) ⊂ P3, the rational function α = X/Y has divisor L−M ,
where L is the line X = Y = 0 and M the line X = Z = 0; but as the
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FIGURE 1.2. Graph of the rational function y/x on P1, showing
[x = 0]− [y = 0] = 0 in A(P1)

reader can check, α can’t be written in any neighborhood of the vertex
(0, 0, 0, 1) of Q as a ratio α = f/g with Div(f) = L and Div(g) = M .)

If X is a variety then the field of rational functions on X is the same
as the field of rational functions on any open affine subset U of X, so if α
is a rational function on X then we get a divisor Div(α|U ) on each open
subset U ⊂ X by restricting α. These agree on overlaps, and thus define a
divisor Div(α) on X itself. We will see that the association α 7→ Div(α) is a
homomorphism from the multiplicative group of nonzero rational functions
to the additive group of divisors on X.

Proposition 1.2. The group Rat(X) ⊂ Z(X) is generated by all divisors
of rational functions on all subvarieties of X.

See Corollary 4.18 for the proof.

Since the divisor of a rational function on an m-dimensional subvariety
of X is a sum of cycles of dimension m − 1, the Chow group is graded by
dimension,

A(X) =
⊕
k

Ak(X)

and Ak(X) is called the group of rational equivalence classes of k-cycles.

Example 1.3. It follows from Proposition 1.2 that two 0-cycles on a curve
C (by which we mean a 1-dimensional variety) are rationally equivalent if
and only if they differ by the divisor of a rational function. In particular,
the cycles associated to two points on C will be rationally equivalent if and
only if C is birational to P1, the isomorphism being given by a rational
function that defines the rational equivalence.
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Example 1.4. We will soon see that two subvarieties of Pn are rationally
equivalent if and only if they have the same dimension and degree—in this
case rational equivalence is a rather loose relationship.

When X is equidimensional, the codimension of a subvariety Y ⊂ X is
dimX−dimY . When X is also smooth and equidimensional, we will write
Ac(X) for the group AdimX−c, and think of it as the group of codimension
c cycles, mod rational equivalence. (It would occasionally be convenient to
adopt the same notation when X is singular, but this would conflict with
established convention—see the discussion in Section 5.5 below.)

1.1.3 First Chern class of a line bundle

One way that rational equivalence classes of cycles arise is from line bundles.
If L is a line bundle on a variety X and σ is a rational section, then on
an open affine set U of a covering of X we may write σ in the form fU/gU
and define Div(σ)|U = Div(f) −Div(g). Again, this patches on overlaps,
and thus defines a divisor on X, which is a Cartier divisor (see Hartshorne
[1977] ****Section number****). Moreover, if τ is another rational section
of L then α = σ/τ is a well defined rational function, so

Div(σ)−Div(τ) = Div(α) ≡ 0 mod Rat(X).

Thus for any line bundle L on a quasiprojective scheme X we may define
the first Chern class

c1(L) ∈ A(X)

to be the rational equivalence class of the divisor σ for any rational section
σ. Note that there is no distinguished cycle in the equivalence class. As a
first example, we see that c1(OPn(d)) is the class of any hypersurface of
degree d; in the notation of Section 1.2.2 it is dζ, where ζ is the class of a
hyperplane.

Recall that Pic(X) is by definition the group of isomorphism classes of
line bundles L on X, with addition law [L] + [L′] = [L ⊗ L′].

Proposition 1.5. If X is a variety of dimension n then c1 is a group
homomorphism

c1 : Pic(X)→ An−1(X),

If X is smooth then c1 is an isomorphism.

If Y ⊂ X is a divisor in a smooth variety X, then the ideal sheaf of Y is
a line bundle denoted OX(−Y ), and the inverse of the map c1 above takes
Y to OX(Y ) := OX(−Y )−1.

In Section 1.5 we will describe Chern classes for vector bundles more
generally. They are one of the most powerful tools of intersection theory.
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Proof of Proposition 1.5. To see that c1 is a group homomorphism, suppose
that L and L′ are line bundles on X. If σ and σ′ are rational sections of L
and L′ respectively, then σ⊗σ′ is a rational section of L⊗L′ whose divisor
is Div(σ) +Div(σ′).

Now assume that X is smooth and projective. Since the local rings of
X are unique factorization domains, every codimension 1 subvariety is a
Cartier divisor, so to any divisor we can associate a unique line bundle and
a rational section. Forgetting the section, we get a line bundle, and thus a
map from the group of divisors to Pic(X). By Proposition 1.2, rationally
equivalent divisors differ by the divisor of a rational function and thus
correspond to different rational sections of the same bundle. It follows that
the map on divisors induces a map on A1(X), inverse to the map c1.

In case X is singular the map c1 : Pic(X) → An−1(X) is in general
neither injective or surjective. For example, if X is an irreducible plane
cubic with a node, then c1 : Pic(X) → A1(X) is not a monomorphism
(Exercise 1.60). On the other hand, if X ⊂ P3 a quadric cone with vertex
p then A1(X) = Z, generated by the class of a line, and the image of
c1 : Pic(X)→ A1(X) is 2Z (Exercise 1.61).

1.1.4 First results on the Chow group

Proposition 1.2 makes it obvious that if Y ⊂ X is a closed subscheme then
the identification of the cycles on P1×Y as cycles on P1×X induces a map
Rat(Y ) → Rat(X), and thus a map A(Y ) → A(X). Further, the intersec-
tion of a subvariety of X with the open set U = X \ Y is a subvariety of U
(possibly empty), so there is restriction homomorphism Z(X)→ Z(U). It
turns out that this induces a homomorphism of Chow groups. From this we
get the fourth part of the following useful proposition; see Proposition 4.12
for the proof.

Proposition 1.6. Let X be a scheme.

(a) A(X) = A(Xred).

(b) If X is irreducible of dimension k, then Ak(X) ∼= Z, with generator
[X], called the fundamental class of X. More generally, if the irre-
ducible components of X are X1, . . . , Xm then the classes [Xi] generate
a free abelian subgroup of rank m in A(X).

(c) (Mayer-Vietoris) If X1, X2 are closed subschemes of X, then there is
a right exact sequence

A(X1 ∩X2) - A(X1)⊕A(X2) - A(X1 ∪X2) - 0.
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FIGURE 1.3. Two conics meet in four points. [[SILVIO the curves should be
conics.]]

(d) (Excision) If Y ⊂ X is a closed subscheme and U = Y \ X is its
complement, then the the inclusion and restriction maps of cycles give
a right exact sequence

A(Y ) - A(X) - A(U) - 0.

For example, if X is the spectrum of an artinian ring, then X has no
proper subvarieties except for its irreducible components, so Parts (a) and
(b) imply that A(X) = A0(X) is the free abelian group on the components
of X.

1.1.5 Intersection products

One of the earliest results about intersections is the theorem of Bézout
(1776): If curves D,E ⊂ P2, of degrees d and e, intersect transversely,
then they intersect in exactly de points. Two things about this result are
striking: first, the cardinality of the intersection does not depend on the
choice of curves, beyond knowing their degrees and that they meet trans-
versely. Given this invariance, the theorem follows from the obvious fact
that a union of d general lines meets a union of e general lines in de points
(Figure 1.3).

Second, the answer, de, is a product, suggesting that some sort of ring
structure is present. A great deal of the development of algebraic geometry
over the past 200 years is bound up in the attempt to understand, generalize
and apply these ideas.
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We will show that, indeed, cycles mod rational equivalence on any smooth
quasi-projective variety form a ring of this sort. Moreover, the ring struc-
ture is determined by one geometrically natural condition, which we now
explain.

We say that subvarieties A,B of X intersect transversely at a point p if
A,B and X are all smooth at p and the tangent spaces to A and B at p
together span the tangent space to X; that is,

TpA+ TpB = TpX.

We say that A and B are generically transverse, or that they intersect
generically transversely if they meet transversely at a general point of each
component C of A ∩ B. If X is smooth, this is equivalent to saying that
codimC = codimA + codimB and C is generically reduced. Note that if
codimA+ codimB > dimX, then then A and B are generically transverse
if and only if they are disjoint.

Theorem-Definition 1.7. If X is a smooth quasiprojective variety then
there is a unique product structure on A(X) satisfying the condition:

(*) If subvarieties A,B of X are generically transverse then

[A][B] = [A ∩B].

This structure makes A(X) into an associative, commutative ring, graded
by codimension, called the Chow ring of X.

To prove Theorem 1.7 we must somehow compare an arbitrary pair of
cycles with a pair of cycles that meet generically transversely. The key to
our development will be the Moving Lemma—see Figure 1.4:

Theorem 1.8 (Moving Lemma). Let X be a smooth quasiprojective vari-
ety.

(a) For every α, β ∈ A(X) there are cycles A =
∑
miAi and B =

∑
njBj

in Z(X) that represent α and β such that Ai intersects Bj generically
transversely for each i and j; and

(b) The class ∑
i,j

minj [Ai ∩Bj ]

in A(X) is independent of the choice of such A,B.

The hypothesis of smoothness in Theorem 1.8 cannot be avoided: we’ll see
in Section 5.5 examples of singular X and classes α such that the support
of any cycle representing the class α must contain the singular locus of X
(the simplest such example would be to take X ⊂ P3 a quadric cone, and
α the class of a line of X), so that it may simply not be possible to find
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FIGURE 1.4. The cycle L0 can be moved to the rationally equivalent cycle L1,
which is transverse to the given subvariety C.

representatives of two given classes α, β ∈ A(X) intersecting generically
transversely. Smoothness is also an essential hypothesis in Theorem 1.7;
we’ll also see in Section 5.5 examples of varieties X where no intersection
product satisfying the basic condition (*) of Theorem 1.7 can be defined.

The news is not uniformly negative, however: intersection products can
be defined on singular varieties if we impose some restrictions on the classes
involved. For example, we can intersect the class of an arbitrary cycle A
with the first Chern class of a line bundle, as we’ll see in Proposition 1.10.
See Appendix ?? for further discussion.

When a sufficiently large group of automorphisms acts on X the Moving
Lemma is easy to prove: we can use an automorphism of X to move one
of the cycles we would like to intersect, as in the following special case of
a result of Kleiman (see Theorem 5.15):

Theorem 1.9 (Kleiman’s theorem in characteristic 0). Suppose that an
algebraic group G acts transitively on a variety X over a field of character-
istic 0. If A and B ⊂ X are any subvarieties, then there is an open dense
set of g ∈ G such that gA is generically transverse to B. Moreover, if G is
affine, then gA ∼ A for any g ∈ G.

If the algebraic group G acting on X is affine, then this gives us the first
half of the Moving Lemma. Kleiman showed that the same conclusion holds
in positive characteristic under the stronger hypothesis that G acts transi-
tively on nonzero tangent vectors to X (Theorem 5.15), but this stronger
hypothesis fails in many settings in which we will be interested, such as
products of projective spaces and Grassmannians, and the conclusion fails
as well (Kleiman [1974]).
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Another case when the Moving Lemma is easy is when the class of the
cycle to be moved has the form c1(L) for some line bundle L. In this case
we don’t need smoothness. We also get a useful formula for the product of
any class with c1(L):

Proposition 1.10. Suppose that X is a quasiprojective variety, and L is
a line bundle on X. If Y1, . . . , Yn are any subvarieties of X then there is a
cycle in the class of c1(L) that is generically transverse to each Yi. If X is
smooth, then

c1(L)

[∑
i

miYi

]
=
∑
i

mic1(L|Yi).

We have abused our notation: the class c1(L|Yi) on the right hand side
of the formula is actually a class in A(Yi), so to be precise we should have
written j∗(c1(L|Yi), where j : Yi → X is the inclusion. This imprecision
points to an important theoretical fact: the intersection is actually well-
defined, not just on X, but as a class on Yi. This is the beginning of the
theory of the “refined intersection product” defined in Fulton [1984].

We imposed the hypothesis of smoothness in Proposition 1.10 because
we have only discussed products in this context. In fact, the formula could
be used to define an action of a class of the form c1(L) on A(X) for any
scheme X. This is the point of view taken by Fulton.

Sketch of Proof of Proposition 1.10. Since X is quasiprojective there is an
ample bundle L′ on X. For a sufficiently large integer n both the line bun-
dles L′⊗n and L′⊗n ⊗ L are very ample, so by Bertini’s Theorem there
are sections σ ∈ H0(L′⊗n) and τ ∈ H0(L′⊗n ⊗ L) whose zero loci Div(σ)
and Div(τ) are generically transverse to each Yi. The class c1(L) is ratio-
nally equivalent to the cycle Div(σ) −Div(τ), proving the first assertion.
Moreover, c1(L)[Yi] = [Div(σ) ∩ Yi] − [Div(τ) ∩ Yi] by definition. Since
Div(σ) ∩ Yi = Div(σ|Yi), and similarly for τ , we are done.

Multiplicities. We can easily extend the range of cases where intersec-
tion products have a simple geometric interpretation: if the intersection of
subvarieties A and B ⊂ X of codimensions a and b on a smooth variety
X is dimensionally proper—that is, every component Z of A∩B has codi-
mension a+b—then for each component Z of A∩B there is an intersection
multiplicity mZ(A,B), such that the intersection cycle

AB =
∑

mZ(A,B) · Z

has class [A][B] ∈ Aa+b(X)—see Figure 1.4. The key facts about the inter-
section multiplicity are:
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(a) mZ(A,B) > 0 for any component Z of A ∩ B, with mZ(A,B) = 1 if
and only if A and B intersect transversely at a general point of Z;

(b) In case A and B are local complete intersection subvarieties of X
(or, more generally, Cohen-Macaulay) at a general point of Z, then
mZ(A,B) is the multiplicity of the component of the scheme A ∩ B
supported on Z; and

(c) mZ(A,B) depends only on the local structure of A and B at a general
point of Z.

Note that as a consequence of (b), if A and B ⊂ X are Cohen-Macaulay
and intersect in the expected codimension, we have simply

[A][B] = [A ∩B].

(A scheme is said to be Cohen-Macaulay if each of its local rings is Cohen-
Macaulay. For a treatment of Cohen-Macaulay rings see Eisenbud [1995]
Chapter 18.)

In Section 5.2 we will explain one way to define the multiplicity, and
prove statements (a), (b), (c) in the case where both A and B are Cohen-
Macaulay—see Theorem 5.10. In Example 5.13 we will see a case where
the intersection multiplicity is not given by the mulitiplicities of the com-
ponents of the intersection scheme, showing that the Cohen-Macaulay con-
dition is necessary.

1.1.6 Functoriality

The key to working with Chow groups is to understand how they behave
with respect to morphisms between varieties. To know what to expect,
think of the analogous situation with homology and cohomology. A smooth
projective variety of (complex) dimension n over the complex numbers is
a compact oriented 2n-manifold, so H2m(X) can be identified canonically
with H2n−2m(X) (singular homology and cohomology). If we think of A(X)
as being analogous to H∗(X), then we should expect Am(X) to be a co-
variant functor from smooth projective varieties to groups, via some sort
of pushforward maps preserving dimension. If we think of A(X) as analo-
gous to H∗(X), then we should expect A(X) to be a contravariant functor
from smooth projective varieties to rings, via some sort of pullback maps
preserving codimension. Both these expectations are realized.

Proper pushforward. If f : Y → X is a proper map of schemes, then
the image of a subvariety A ⊂ Y is a subvariety f(A) ⊂ X. One might at
first guess that the pushforward could be defined by sending the class of A
to the class of f(A), and this would not be far off the mark. But this would
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not preserve rational equivalence (an example is pictured in Figure 1.5).
Rather, we must take multiplicities into account.

If A is a subvariety and dimA = dim f(A) then f |A : A → f(A) is
generically finite, in the sense that the field of rational functions K(A) is
a finite extention of the field K(f(A)) (this follows because they are both
finitely generated fields, of the same transcendence degree (= dimA) over
the ground field). Geometrically the condition can be expressed by saying
that for a generic point x ∈ f(A), the preimage y := f |−1

A (x) in A is a finite
scheme. In this case the degree n := [K(A) : K(f(A))] of the extension of
rational function fields is equal to the degree of y over x for a dense open
subset of x ∈ f(A), and this common value n is called the degree of the
covering of f(A) by A. Under these circumstances, we must count f(A)
with multiplicity n in the pushforward cycle:

Definition 1.11 (Pushforward for cycles). Let f : Y → X be a proper
map of schemes, and let A ⊂ X be a subvariety.

(a) If f(A) has strictly lower dimension than A, then we define f∗〈A〉 = 0.

(b) If dim f(A) = dimA and f |A has degree n, then we define f∗〈A〉 =
n · 〈f(A)〉.

(c) We extend f to all cycles on Y by linearity; that is, for any collection
of subvarieties Ai ⊂ Y we set f∗(

∑
mi〈Ai〉) =

∑
mif∗〈Ai〉.

With this definition, the pushforward of of cycles preserves rational
equivalence (see 4.15):

Theorem 1.12. If f : Y → X is a proper map of schemes, then the map
f∗ : Z(Y ) → Z(X) defined above induces a map of groups f∗ : Ak(Y ) →
Ak(X) for each k.

It is often hard to prove that a given class in A(X) is nonzero, but the
fact that the pushforward map is well-defined gives us a start:

Proposition 1.13. If X is proper over SpecK, then there is a map deg :
A0(X)→ Z taking the class [p] of each closed point p ∈ X to 1.

As stated, Proposition 1.13 uses our standing hypothesis that the ground
field is algebraically closed. Without this restriction we would have to count
each (closed) point by the degree of its residue field extension over the
ground field.

We will typically use this proposition together with the intersection prod-
uct: if A is a k-dimensional subvariety of a smooth projective variety X and
B is a k-codimensional subvariety of X such that A ∩B is finite and non-
empty, then the map

Ak(X)→ Z : [Z] 7→ deg
(
[Z][B]

)
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a+ b+ c ∼ d+ e+ f ∼ 2g + h
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FIGURE 1.5. Pushforwards of equivalent cycles are equivalent

sends [A] to a nonzero integer. Thus no integer multiple m[A] of the class
A could be zero.

Flat and projective pullback. We next turn to the pullback. Let f :
Y → X be a morphism, and A ⊂ X a subvariety of codimension c. A
good pullback map f∗ : A(X) → A(Y ) on cycles should preserve rational
equivalence, and in the nicest case, when f−1(A) is generically reduced of
codimension c, it should be geometric, in the sense that f∗([A]) = [f−1(A)].
It turns out that this requirement determines f∗, at least for maps of
smooth varieties such that the corresponding extension of rational function
fields is separable (generically separable maps). This is a consequence of a
refinement of the Moving Lemma (see Lemma 5.28 and Theorem 5.8):

Theorem 1.14. Let f : Y → X be a generically separable morphism of
smooth quasiprojective varieties.

(a) Given any class α ∈ Ac(X), there exists a cycle A =
∑
niAi ∈ Zc(X)

representing α such that f−1(Ai) is generically reduced of codimension
c in Y for all i; and

(b) The class
∑
ni[f

−1(Ai)] ∈ Ac(Y ) is independent of the choice of such
A.

In these circumstances, we can define the pullback f∗(α) to be the class∑
ni[f

−1(Ai)] ∈ Ac(Y ):

Theorem 1.15. Let f : Y → X be a generically separable map of smooth
quasiprojective varieties.
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FIGURE 1.6. 2[p] = (f∗[P ])[C] = f∗([f
∗L1][C]) = [L1]f∗[C] = [L1][2L2]

(a) There is a unique way of defining a map of groups f∗ : Ac(X)→ Ac(X)
such that f∗([A]) = [f−1(A)] whenever f−1(A) is generically reduced
of codimension c. The map f∗ is a ring homomorphism, and makes
A into a contravariant functor from the category of smooth projective
varieties to the category of graded rings.

(b) (Push-Pull formula) The map f∗ : A(Y ) → A(X) is a map of graded
modules over the graded ring A(X). More explicitly, if α ∈ Ak(X) and
β ∈ Al(Y ) then then

f∗(f
∗α · β) = α · f∗β ∈ Al−k(X).

The last statement of this theorem is the result of applying appropriate
multiplicities to the set-theoretic equality f(f−1(A) ∩B) = A ∩ f(B) (see
the proof of Theorem 5.8); see Figure 1.6.

One simple case of a projective morphism is the inclusion map from a
closed subvariety ι : Y ⊂ X. When X and Y are smooth, our definition of
intersections and pullbacks makes it clear that if A is any subvariety of X,
then [A][Y ] is represented by the same cycle as ι∗([A])—except that these
are considered as classes in different varieties! More precisely, we can write

[A][Y ] = ι∗(ι
∗[A]).

In this case the extra content of Theorem 1.15 is that this cycle is well
defined as a cycle on Y , not only as a cycle on X. Fulton [1984] Section 8.1
shows that it is even well-defined as a “refined intersection class” on X ∩Y
and, more generally, he proves the existence of such a refined version of the
pullback under a proper, locally complete intersection morphism (of which
a map of smooth projective varieties is an example).
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We can also define a good pull-back map for flat morphisms. The flat case
is simpler than the projective case for two reasons: first, the preimage of a
subvariety of codimension k is always of codimension k; and second, rational
functions on the image pull back to rational functions on the source. We
will use the flat case as a stepping stone in the proof of the projective case,
and also to analyze maps of affine space bundles.

Theorem 1.16. Let π : Y → X be a flat map of schemes. The map π∗

defined on cycles by

π∗(〈A〉) := 〈π−1(A)〉 for every subvariety A ⊂ X

preserves rational equivalence, and thus induces a map of Chow groups pre-
serving the grading by codimension. If X and Y are smooth and quasipro-
jective, then π∗ : A(X)→ A(Y ) is a ring homomorphism.

1.2 Chow ring examples

In this section we will use the techniques described above to compute the
Chow groups of a few spaces, and to compute the classes of some interesting
cycles. We will generally give proofs that are complete modulo the three
foundational Theorems 1.7, 1.12 and 1.15 above.

Though we are assuming that the ground field is algebraically closed,
the results here could easily be extended to the general case by counting
closed points with multiplicities equal to the degrees of their residue class
field extensions.

1.2.1 Varieties built from affine spaces

We start with a basic result about open subsets of affine space:

Proposition 1.17. If U ⊂ An is an open set then A(U) = An(U) = Z ·[U ].

Proof. By part (b) of Proposition 1.6, An(U) = Z · [U ], so it suffices to
show that the class [Y ] of any subvariety Y ( U is zero. By part (d) of 1.6,
it is enough to do this in the case U = An.

Let Y ⊂ An be a proper subvariety, and choose z = z1, . . . , zn be coor-
dinates on An so that the origin does not lie in Y . We let

W ◦ = {(t, z) | z
t
∈ Y }

= V (f(z/t) | f(z) vanishes on Y }) ⊂ (A1 \ 0)× An,
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FIGURE 1.7. Scalar Multiplication gives a rational equivalence between an affine
variety not containing the origin and the empty set.

and let W ⊂ P1 × An be the closure of W ◦ in P1 × An. Note that W ◦,
being the image of (A1 \ 0)× Y , is irreducible, and hence so is W .

The fiber of W over the point t = 1 is just Y . On the other hand, since the
origin in An does not lie in Y there is some polynomial g(z) that vanishes
on Y and has a nonzero constant term c. The function G(t, z) = g(z/t) on
(A1 \ 0) × An then extends to a regular function on (P1 \ 0) × An, with
constant value c on the fiber∞×An. Thus the fiber of W over t =∞ ∈ P1

is empty, establishing the equivalence Y ∼ 0. See Figure 1.7

See Section 4.1.1 for a more systematic treatment of this idea.

Affine stratifications. In general we will work with very partial knowl-
edge of the the Chow groups of a variety, but when X admits an affine strat-
ification—a special kind of decomposition into a union of affine spaces—we
can know them completely. This will help us compute the Chow groups of
projective space, Grassmannians, and many other interesting rational va-
rieties.

We say that a scheme X is stratified by a finite collection of irreducible,
locally closed subschemes Ui if X is a disjoint union of the Ui and, in
addition, if Ui meets Uj , then Ui contains Uj . The sets Ui are called the
strata of the stratification, while the closures Yi := Ui are called the closed
strata. The stratification can be recovered from the closed strata Yi: we
simply take

Ui = Yi \
⋃

Yj(Yi

Yj .

Definition 1.18. We say that a stratification of X with strata Ui is:
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• affine if each open stratum is isomorphic to some Ak; and

• quasi-affine if each Ui is isomorphic to an open subset of some Ak.

For example, a complete flag of subspaces P0 ⊂ P1 ⊂ · · · ⊂ Pn gives
an affine stratification of projective space; the closed strata are just the Pi
and the open strata are affine spaces Ui = Pi \ Pi−1 ∼= Ai.

Proposition 1.19. If a scheme X has a quasi-affine stratification then
A(X) is generated by the classes of the closed strata.

In general, the classes of the strata need not be independent (for exam-
ple, the affine line, with A(A1) = Z, also has a quasi-affine stratification
consisting of a single point and its complement.) But a much stronger as-
sertion holds for affine stratifications: Totaro [to appear] proves that in
this case the classes of the closed strata are independent in A(X), so that
A(X) is the free abelian group generated by its closed strata. Amazingly,
no elementary proof of this simple assertion is known. However, using the
intersection product it is easy to prove the result in the cases we will en-
counter.

Proof of Proposition 1.19. We will do induction on the number of strata
Ui. If this number is 1 then the assertion is that of Proposition 1.17.

Let U0 be a minimal stratum. Since the closure of U0 is a union of strata,
U0 must already be closed. It follows that U := X \ U0 is stratified by the
strata other than U0. By induction, A(U) is generated by the classes of the
closures of these strata, and by Proposition 1.17. A(U0) is generated by
[U0]. By part d) of Proposition 1.6 the sequence

Z · [U0] = A(U0) - A(X) - A(X \ U0) - 0.

is right exact. Since the classes in A(U) of the closed strata in U come
from the classes of (the same) closed strata in X, it follows that A(X) is
generated by the classes of the closed strata.

1.2.2 The Chow ring of Pn

Theorem 1.20. The Chow ring of Pn is

A(Pn) = Z[ζ]/(ζn+1),

where ζ ∈ A1(Pn) is the rational equivalence class of a hyperplane; more
generally, the class of a variety of codimension k and degree d is dζk.

In particular, the Theorem implies that Am(Pn) ∼= Z for 0 ≤ m ≤ n,
generated by the class of an (n−m)-plane. The natural proof, given below,



1.2 Chow ring examples 31

uses the intersection product. A proof that does not use the intersection
product is given in Chapter 4 (Theorem 4.4).

We note that since the sections of the tautological line bundle OPn(1)
correspond to linear forms on Pn, the class ζ could also be described as the
first Chern class, ζ = c1(OPn(1)).

Proof. It follows from Proposition 1.19 that Ak(Pn) is generated by the
class of any (n−k)-plane L ⊂ Pn. Using Proposition 1.13 we get An(Pn) =
Z. Since a general (n − k) plane L intersects a general k-plane M trans-
versely in one point, multiplication by [M ] induces a surjective mapAk(Pn)→
An(Pn) = Z, so Ak(Pn) = Z for all k.

An (n− k)-plane L in Pn is the transverse intersection of k hyperplanes
so

[L] = ζk,

where ζ ∈ A1(Pn) is the class of a hyperplane. Finally, since a subvariety
X ⊂ Pn of dimension n − k and degree d intersects a general k-plane
transversely in d points, we have deg([X]ζ(n−k)) = d. Since deg(ζn) = 1,
we conclude that [X] = dζk.

A nice qualitative result follows from Theorem 1.20:

Corollary 1.21. Any map from Pn to a quasi-projective variety of dimen-
sion strictly less than n is constant.

Proof. Let ϕ : Pn → X be the map, which we may assume is surjective. If ϕ
is not constant, then the preimage of a general hyperplane section of X will
be disjoint from the preimage of a general point of X. But if 0 < dimX < n,
then the preimage of a hyperplane section of X has dimension n − 1 and
the preimage of a point has dimension > 0. Since any two such subvarieties
of Pn must meet, this is a contradiction.

Theorem 1.20 implies the analogue of Poincaré duality for A(Pn): Ak(Pn)
is dual to Ak(Pn) via the intersection product. The reader should be aware
that in cases where the Chow groups and the homology groups are different,
Poincaré duality generally does not hold for the Chow ring; for example,
when X is a variety, AdimX(X) ∼= Z, but A0(X) need not even be finitely
generated.

As an immediate consequence of Theorem 1.20, we get a general form of
of Bézout’s Theorem.

Theorem 1.22 (Bézout’s Theorem). If Z1, . . . , Zk ⊂ Pr are subvarieties
of codimensions c1, . . . , ck with

∑
ci ≤ r and the Zi intersect generically
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transversely, then

deg(Z1 ∩ · · · ∩ Zk) =
∏

deg(Zi).

In particular, two subvarieties X,Y ⊂ Pr having complementary dimension
and intersecting transversely will intersect in exactly deg(X)·deg(Y ) points.

Using multiplicities we can extend this formula to the case where the
varieties intersect properly (that is, the Zi all have codimension equal
to
∑
ci). If we assume as well that the varieties are generically Cohen-

Macaulay along their intersections, then the multiplicities are equal to the
lengths of the components of the intersection scheme, and thus are encoded
in the intersection cycle. These things are satisfied, for example when two
plane curves meet along a finite set of points, the classical case treated
by Bézout’s Theorem. More generally, we can treat a dimensionally proper
intersection of hypersurfaces in any projective space:

Corollary 1.23. If c hypersurfaces Z1, . . . , Zc ⊂ Pr meet in a scheme
of codimension c with irreducible (but not necessarily reduced) components
C1, . . . , Ct, then ∑

[Cj ] =
∏

[Zi]

and in particular ∑
degCj =

∏
degZi.

Degrees of Veronese varieties. Let

ν = νn,d : Pn → PN where N =

(
n+ d

n

)
− 1

be the Veronese map

[Z0, . . . , Zn] 7→ [. . . , ZI , . . . ]

where ZI ranges over over monomials of degree d in n + 1 variables. The
image Φ = Φn,d ⊂ PN of the Veronese map ν = νn,d is called the d-th

Veronese variety of Pn, as is any subvariety of PN projectively equivalent
to it. This variety may be characterized, up to automorphisms of the target
PN , as the map associated to the complete linear system |OPn(d)|; in other
words, by the property that the preimages ν−1(H) ⊂ Pn of hyperplanes
H ⊂ PN comprise all hypersurfaces of degree d in Pn.

In characteristic 0 there is another attractive description: Writing Pn =
PV , where V is an (n + 1)-dimensional vector space, νn,d is projectively

equivalent to the map taking PV → P Symd V by [v] 7→ [vd]; for if the
coordinates of v are v0, . . . , vn then the coordinates of vd are

d!∏
i di!

(vd0
0 · · · vdnn ).
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If the characteristic is zero then the coefficients are nonzero, so we may
rescale by an automorphism of Pn to get the standard Veronese map above.

We can use Theorem 1.22 to compute the degrees of a Veronese variety:

Proposition 1.24. The degree of Φn,d is dn.

Proof. The degree of Φ is the cardinality of its intersection with n general
hyperplanes H1, . . . ,Hn ⊂ PN ; since the map ν is one-to-one, this is in
turn the cardinality of the intersection f−1(H1)∩ · · ·∩f−1(Hn) ⊂ Pn. The
preimages of the hyperplanes Hi are n general hypersurfaces of degree d in
Pn. By Bézout’s Theorem, the cardinality of their intersection is dn.

Degree of the dual of a hypersurface. The same idea allows us to
compute the degree of the the dual variety of a smooth hypersurface X ⊂
Pn, that is, the set of points X∗ ⊂ Pn∗ corresponding to hyperplanes of
Pn that are tangent to X. (In Chapter 12 we will generalize this notion
substantially, discussing the duals of varieties of higher codimension and
singular varieties as well.)

The set X∗ is a variety because it is the image of X under the mor-
phism GX : X → Pn∗ sending a point p ∈ X to its tangent hyperplane
TpX; in coordinates, if X is the zero locus of the homogeneous polynomial
F (Z0, . . . , Zn) then G is given by the formula

GX : p 7→
[ ∂F
∂Z0

, . . . ,
∂F

∂Zn

]
.

Since X is smooth, the partials of F have no common zeros on X, so this
is indeed a morphism.

Moreover, the fact that the partials of F have no common zeros says
that if d > 1 the map GX cannot have positive-dimensional fibers: if GX
were constant on a complete curve C ⊂ X, the restrictions to C of the
partials of F would be scalar multiples of each other and so would have a
common zero. Thus if X ⊂ Pn is a smooth hypersurface of degree d ≥ 2,
the dual variety X∗ ⊂ Pn∗ will again be a hypersurface, though not usually
smooth. (If d = 1, the map GX is constant and X∗ a point.) The smoothness
hypothesis is necessary here; for example, the dual Q∗ of th quadric cone
Q = V (XZ − Y 2) ⊂ P3 is a conic curve in P3∗.

Even more is true in characteristic 0: we will see as a consequence of
Corollary 12.20 that the map GX is birational onto its image. We can use
this to deduce the degree of the dual:

Proposition 1.25. If X ⊂ Pn is a smooth hypersurface of degree d > 1
over a field of characteristic 0, then the dual of X is a hypersurface of
degree d(d− 1)n−1.
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FIGURE 1.8. Six of the lines through a general point are tangent to a smooth
plane cubic (but often not all the lines are defined over R). ****show the enlarged
“box” around the figure on the right.****

Proof. This is a straightforward application of Bézout’s Theorem 1.22 and
Bertini’s Theorem 0.5. The degree of the dual variety X∗ ⊂ Pn∗ is the
number of points of intersection of X∗ and n − 1 general hyperplanes.
Since by Corollary 12.20 the map GX : X → X∗ ⊂ Pn∗ is birational,
this is the same as the number of points of intersection of the preimages
G−1
X (Hi) of n− 1 general hyperplanes Hi ⊂ Pn∗. Since GX is given by the

partial derivatives of the defining equation F of X, the preimages of these
hyperplanes are the intersections of X with the hypersurfaces Zi ⊂ Pn of
degree d − 1 in Pn given by general linear combinations of these partial
derivatives. Inasmuch as the partials of F have no common zeros, Bertini
tells us that the hypersurfaces given by n − 1 general linear combinations
will intersect transversely with X, so by Bézout the number of these points
of intersection is the product d(d− 1)n−1 of their degrees.

For example, suppose that X is a smooth cubic curve in P2. By the
formula above the degree of X∗ is 6. Since a general hyperplane in P2∗

corresponds to the set of lines through a general point p ∈ P2, there will
be exactly six lines in P2 through p tangent to X, as shown in Figure 1.8.

Note also that this gives us the answer to Keynote Question (d): the
number of singular plane sections of a cubic surface S ⊂ P3 in a pencil is
3 · 22 = 12.
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1.2.3 Products of projective spaces

Though the Chow ring of a smooth variety behaves like cohomology in many
ways, there are important differences. For example the cohomology ring of
the product of two spaces is given by the Künneth formula: (H∗(X×Y ) =
H∗(X)⊗H∗(Y )), but in general there is no Künneth formula for the Chow
rings of products of varieties. Even for a product of two smooth curves C
and D of genera g, h ≥ 1 we have no algorithm for calculating A1(C ×D),
and no idea at all what A2(C ×D) looks like, beyond the fact that it can’t
be in any sense finite-dimensional (Mumford [1962]).

However the Chow ring of the product of a variety with a projective
space does obey the Künneth formula, as we’ll prove in a more general
context in Theorem 11.9. For the moment we will content ourselves with
the special case where both factors are projective spaces:

Theorem 1.26. The Chow ring of Pr × Ps is given by the formula

A(Pr × Ps) ∼= A(Pr)⊗A(Ps).

Equivalently, if α and β ∈ A1(Pr × Ps) denote the pullbacks, via the pro-
jection maps, of the hyperplane classes on Pr and Ps respectively, then

A(Pr × Ps) ∼= Z[α, β]/(αr+1, βs+1).

Moreover, the class of the hypersurface defined by a bihomogeneous form
of bidegree (d, e) on Pr × Ps is dα+ eβ.

The Künneth formula also holds for products of any two varieties with
affine stratifications; for this result, which currently has no easy proof, see
Totaro [to appear].

Proof. We can proceed exactly as in Theorem 1.20. We may construct an
affine stratification of Pr × Ps by choosing flags of subspaces

Λ0 ⊂ Λ1 ⊂ · · · ⊂ Λr−1 ⊂ Λr = Pr

and

Γ0 ⊂ Γ1 ⊂ · · · ⊂ Γs−1 ⊂ Γs = Ps

with dim Λi and dim Γi = i, and taking the closed strata to be

Ξa,b = Λr−a × Γs−b ⊂ Pr × Ps.

The open strata

Ξ̃a,b := Ξa,b \
(
Ξa−1,b ∪ Ξa,b−1

)
of this stratification are affine spaces. Invoking Proposition 1.19, we con-
clude that the Chow groups of Pr ×Ps are generated by the classes ϕa,b =
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[Ξa,b] ∈ Aa+b(Pr × Ps). Since Ξa,b is the transverse intersection of the
pullbacks of a hyperplanes in Pr and b hyperplanes in Ps we have

ϕa,b = αaβb,

and in particular αr+1 = βs+1 = 0. This shows that A(Pr × Ps) is a
homomorphic image of

Z[α, β]/(αr+1, βs+1) = Z[α]/(αr+1)⊗Z Z[β]/(βs+1).

On the other hand, Ξr,s is a single point, so degϕr,s = 1. The pairing

Ap+q(Pr × Ps)×Ar+s−p−q(Pr × Ps)→ Z; ([X], [Y ])→ deg([X][Y ])

sends (αpβq, αmβn) to 1 if p + m = r and q + n = s, because in this case
the intersection is transverse and consists of one point, and to 0 otherwise,
since then the intersection is empty. This shows that the monomials of
bidegree (p, q), for 0 ≤ p ≤ r and 0 ≤ q ≤ s, are linearly independent over
Z, proving the first statement.

If F (X,Y ) is a bihomogeneous polynomial of bidegree (d, e), then since
F (X,Y )/Xd

0Y
e
0 is a rational function on Pr × Ps, the class of the hy-

persurface X defined by F = 0 is d times the class of the hypersurface
X0 = 0 plus e times the class of the hypersurface Y0 = 0. In particular,
[X] = dα+ eβ.

Degrees of Segre varieties. The Segre variety Σk,s is by definition the

image of the product Pr × Ps in P(r+1)(s+1)−1 under the map

σr,s :
(
[X0, . . . , Xr], [Y0, . . . , Ys]

)
7→ [. . . , XiYj , . . . ].

The map σr,s is an immersion because on each open set where one of the
Xi and one of the Yj are equal to 1 the rest of the coordinates can be
recovered from the products.

If V and W are vector spaces of dimensions r+1 and s+1 we may write
σr,s without bases by the formula

σr,s : PV × PW → P(V ⊗W )

(v, w) 7→ v ⊗ w.

For example, the map σ1,1 is defined by the four forms a = X0Y0, b =
X0Y1, c = X1Y0, d = X1Y1, and these satisfy the equation ac−bd = 0; thus
the Segre variety Σ1,1 is the nonsingular quadric in P3.

Proposition 1.27. The degree of the Segre embedding of Pr × Pl is

deg Σr,l =

(
r + l

r

)
.
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FIGURE 1.9. A tangent plane to a quadric in P3 meets the quadric in two lines,
one from each ruling.

Proof. The degree of Σr,s is the number of points in which it meets the in-

tersection of r+s hypersurfaces in P(r+1)(s+1)−1. Since σr,s is an embedding,
we may compute this number by pulling back these hypersurfaces to Pr×Ps
and computing in the Chow ring of Pr×Ps. Thus deg Σr,l = deg(α+β)r+l,

which gives the desired formula because (α+ β)r+l =
(
r+l
r

)
αrβl.

For instance the Segre variety P1 × Pr ⊂ P2r+1 has degree r + 1. These
varieties are among those called rational normal scrolls (see for example
Harris [1992]). The simplest of these is the smooth quadric surface Q ⊂ P3,
which is the Segre image of P1 × P1; the pullbacks α and β of the point
classes via the two projections are the classes of the lines of the two rulings
of Q, and we have ζ = α+β, where ζ is the hyperplane class on P3 restricted
to Q—a fact that is readily apparent if we look at the intersection of Q
with any tangent plane.

This discussion can be readily generalized to arbitrary products of pro-
jective spaces, as in Exercise 1.62.

The class of the diagonal. Next we will find the class δ of the diagonal
∆ ⊂ Pr ×Pr in the Chow group Ar(Pr ×Pr), and more generally the class
γf of the graph of a map f : Pr → Ps. Apart from the applications of
such a formula, this will introduce the method of undetermined coefficients,
which we’ll use many times in the course of this book. (Another approach
to this problem, via specialization, is given in Exercise 1.63.)

By Theorem 1.26 we have

A(Pr × Pr) = Z[α, β]/(αr+1, βr+1).
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where α and β ∈ A1(Pr × Pr) are the pullbacks, via the two projection
maps, of the hyperplane class in A1(Pr).

To find the class δ = [∆] of the diagonal, we first observe that it is
necessarily expressible as a linear combination

δ = c0α
r + c1α

r−1β + c2α
r−2β2 + · · ·+ crβ

r

for some c0, . . . , cr ∈ Z. We can determine the coefficients ci by taking
the product of both sides of this expression with various classes of comple-
mentary codimension: specifically, if we intersect both sides with the class
αiβr−i and take degrees we have

ci = deg(δ · αiβr−i).

We can evaluate the product (δ ·αiβr−i) directly: if Λ and Γ are general
linear subspaces of codimension i and r − i respectively, then [Λ × Γ] =
αiβr−i. Moreover,

(Λ× Γ) ∩∆ ∼= Λ ∩ Γ

is a reduced point, so

ci = deg(δ · αiβr−i)
= #

(
∆ ∩ (Λ× Γ)

)
= #(Λ ∩ Γ)

= 1.

Thus

δ = αr + αr−1β + · · ·+ αβr−1 + βr.

See Figure 1.10. (This formula and its derivation will be familiar to any-
one who’s had a course in algebraic topology. As partisans we can’t resist
pointing out that algebraic geometry had it first!)

The class of a graph. Let f : Pr → Ps be a morphism given by (s+ 1)
homogeneous polynomials Fi of degree d that have no common zeros:

f : [X0, . . . , Xr] 7→
[
F0(X), F1(X), . . . , Fs(X)

]
.

By Corollary 1.21, we must have s ≥ r. Let Γf ⊂ Pr × Ps be the graph of
f . What is its class γf = [Γf ] ∈ Ar(Pr × Ps)?

We will assume that the characteristic of the ground field K is 0 so that
we can apply Theorem 1.9 (though in fact the formula we’ll derive is valid
in all characteristics).

As before, we can write

γf = c0α
rβs−r + c1α

r−1βs−r+1 + c2α
r−2βs−r+2 + · · ·+ crβ

s
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FIGURE 1.10. [∆][L× {0} = 1 = [∆][{0} ×M ] so [∆] = [{0} ×M ] + [L× {0}],
as one also sees from the degeneration in the figure.

for some c0, . . . , cr ∈ Z, and as before we can determine the coefficients ci
in this expression by intersecting both sides with a cycle of complementary
dimension:

ci = (γf · αiβr−i) = #
(
Γf ∩ (Λ× Φ)

)
for general linear subspaces Λ ∼= Pr−i and Φ ∼= Ps−r+i ⊂ Ps. By Theo-
rem 1.9 the intersection Γf ∩ (Λ× Φ) is generically transverse.

Finally, Γf ∩ (Λ × Φ) is the zero locus, in Λ, of r − i general linear
combinations of the polynomials F0, . . . , Fr. By Bertini’s Theorem 0.5, the
corresponding hypersurfaces will intersect transversely, and by Bézout’s
Theorem the intersection will consist of dr−i points. Thus we arrive at the
formula:

Proposition 1.28. If f : Pr → Ps is a regular map given by polynomials
of degree d on Pr, the class γf of the graph of f is given by

γf =

r∑
i=0

diαiβs−i ∈ As(Pr × Ps).

Using this formula, we can answer a general form of Keynote Question
(c). We’ll again assume characteristic 0. A sequence F0, . . . , Fr of general
homogeneous polynomials of degree d in r + 1 variables defines a map
f : Pr → Pr, and we can count the fixed points {t = (t0, . . . , tr) ∈ Pr |
f(t) = t}. Since the Fi are general, we could take them to be general
translates under GLr+1×GLr+1 of arbitrary polynomials so the cardinality
of this set is the degree of the intersection of the graph γf of f with the
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diagonal ∆ ⊂ Pr × Pr. This is

δ · γf = deg
(
(αr + αr−1β + · · ·+ βr) · (drαr + dr−1αr−1β + · · ·+ βr)

)
= dr + dr−1 + · · ·+ d+ 1;

in particular, if A,B,C are general quadratic forms then there are exactly
7 points t = (t0, t1, t2) ∈ P2 such that (A(t), B(t), C(t)) = (t0, t1, t2).

Note that in case d = 1 and s = r, Proposition 1.28 implies that a general
(r+1)×(r+1) matrix has r+1 eigenvalues. It also follows that an arbitrary
matrix has at least one eigenvalue.

1.2.4 The blowup of Pn at a point

The blowup of Pn at a point p is a morphism π : B → Pn where B ⊂
Pn×Pn−1 is the closure of the graph of the projection πp : Pn\{p} → Pn−1

from p, and π is the projection on the first factor.

B

Pn .............................................
πp

-
�

π

Pn−1

α

-

Since the graph of the projection is isomorphic to the domain Pn \ {p}, B
is irreducible, and it is not hard to write explict equations for it, and to
show that it is smooth as well; see for example Section IV.2 of Eisenbud
and Harris [2000].

If n = 1 the map πp extends to an everywhere regular map, so the blowup
is isomorphic to P1 (of course P1 × P0 is also isomorphic to P1.) For this
reason we will restrict ourselves to the case n ≥ 2.

The exceptional divisor E ⊂ B is defined to be π−1(p), the preimage of
p in B, which, as a subset of Pn×Pn−1, is {p}×Pn−1. Some other obvious
divisors on B are the preimages of the hyperplanes of Pn. If the hyperplane
H ⊂ Pn contains p, then its preimage is the sum of two irreducible divisors,
E and H ′; the latter is called the strict transform of H. More generally,
if Z ⊂ Pn is any subvariety, we define the strict transform of Z to be the
closure in B of the preimage π−1(Z \ {p}). See Figure 1.11.

To compute the Chow ring of B, we start from a stratification of B,
using the geometry of the projection map α : B → Pn−1 to the second
factor. We do this by first choosing a stratification of the target Pn−1, and
taking the preimages in B of these strata. Then we choose a divisor Λ that
maps isomorphically by α to Pn−1—a section of α—and take, as additional
strata, the intersections of these preimages with Λ.

We will choose as our section the preimage Λ = π−1(Λ′) of a hyperplane
Λ′ ∼= Pn−1 ⊂ Pn not containing the point p. (There are other possible
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choices of a section, such as the exceptional divisor E ⊂ B; see Exer-
cise 15.5.3).)

To carry this out, let

Γ′0 ⊂ Γ′1 ⊂ · · · ⊂ Γ′n−2 ⊂ Γ′n−1 = Pn−1.

be a flag of linear subspaces and for k = 1, 2, . . . , n let

Γk = α−1(Γ′k−1) ⊂ B.

Since the fibers of α : B → Pn−1 are projective lines, the dimension of Γk
is k. Next, for k = 0, 1, . . . , n− 1 we set

Λk = Γk+1 ∩ Λ,

so that Λk is the preimage of Γ′k under the isomorphism α|Λ : Λ→ Pn−1.

The subvarieties Γ1, . . . ,Γn,Λ0, . . . ,Λn−1 are the closed strata of a strat-
ification of B, with inclusion relations

Λ0
⊂ - Λ1

⊂ - Λ2
⊂ - · · · ⊂- Λn−2

⊂- Λn−1

Γ1
⊂ -

⊂

-

Γ2
⊂ -

⊂

-

· · · ⊂- Γn−2
⊂- Γn−1

⊂-

⊂

-

Γn = B.

⊂

-

To visualize this, take the standard picture of the blowup of Pn at a point
(shown in Fig. 1.11 in case n = 2). If we rotate this picture and “untwist”
it, we realize the blow-up as the total space of a P1-bundle over Pn−1, via
the projection map α, as in Fig. 1.12.

As we’ll soon see, this is an affine stratification, so that the classes of
the closed strata generate the Chow group A(B). (In fact, the open strata
are isomorphic to affine spaces, so that it follows from Totaro [to appear]
that they generate A(B) freely; we will verify this independently when we
determine the intersection products.) We describe the Chow ring of B as
follows:

Proposition 1.29. Let B be the blowup of Pn at a point, with n ≥ 2.
With notation as above, the Chow ring A(B) is the free abelian group on
the generators [Λk] = [Λn−1]n−k for k = 0, . . . , n− 1 and [Γk] = [Γn−1]n−k

for k = 1, . . . , n. The class of the exceptional divisor E is [Λn−1]− [Γn−1].
If we set λ = [Λn−1] and e = [E], then

A(B) ∼=
Z[λ, e]

(λe, λn + (−1)nen)

as rings.
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p L0

P1

E

H

H ′

FIGURE 1.11. Blowup of P2****Relabel: P1 should be Λ′; H should be Λ; L0

should be L and H ′ should be L̃.****

FIGURE 1.12. Blowup of P2 as P1-bundle
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Proof. We start by verifying that the open strata Γ̃1, . . . , Γ̃n, Λ̃0, . . . , Λ̃n−1

of the stratification of B with closed strata Γk,Λk are isomorphic to affine
spaces. This is immediate for the strata Λ̃k. For the strata Γ̃k, we choose
coordinates (x0, . . . , xn) on Pn so that p = (1, 0, . . . , 0) and Λ′ ⊂ Pn is the
hyperplane x0 = 0. By definition, B ⊂ Pn × Pn−1 is the locus

B = {((x0, . . . , xn), (y1, . . . , yn)) | xiyj = xjyi ∀i, j ≥ 1} .

Say the (k − 1)-plane Γ′k−1 ⊂ Pn−1 is given by y1 = · · · = yn−k = 0. We

can write the open stratum Γ̃k = α−1(Γ′k−1 \ Γ′k−2) ∩ (B \ Λ) as the locus

Γ̃k = {((1, 0, . . . , 0, λ, λyn−k+2, . . . , λyn), (0, . . . , 0, 1, yn−k+2, . . . , yn))} ;

the functions λ, yn−k+2, . . . , yn then give an isomorphism of Γ̃k with Ak.

It follows that the classes

λk = [Λk] and γk = [Γk] ∈ Ak(B)

generate the Chow groups of B; we now want to compute their intersection
products.

Since Λk is the the preimage of a k-plane in Pn not containing p, and
any two such are linearly equivalent in Pn, the class of the pullback of any
k-plane in Pn not containing p is also equal to λk. Similarly, the class of the
proper transform of any k-plane in Pn containing p is γk. Having all these
representative cycles for the classes λk and γk makes it easy to determine
their intersection products.

For example, a general k-plane in Pn intersects a general l-plane trans-
versely in a general (k + l − n)-plane; thus

λkλl = λk+l−n for all k + l ≥ n.

Similarly, the intersection of a general k-plane in Pn containing p with
a general l-plane in not containing p is a general (k + l − n)-plane not
containing p, so that

γkλl = λk+l−n for all k + l ≥ n,

and likewise

γkγl = γk+l−n for all k + l ≥ n+ 1.

Note the restriction k+l ≥ n+1 on the last set of products: in case k+l = n,
the proper transforms of a general k-plane through p and a general l-plane
through p are disjoint.

This determines the Chow ring ofB. Since the pairingAk(B)×An−k(B)→
A0(B) ∼= Z is given by

λkλn−k = λkγn−k = γkλn−k = 1 and γkγn−k = 0,

it is nondegenerate, and the classes λ0, . . . , λn−1 and γ1, . . . , γn freely gen-
erate A(B).
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It follows that we can express the class of the exceptional divisor E in
terms of the generators Λn−1 and Γn−1 of An−1(B). The most geometric
way to do this is to observe that Λ′n−1 is linearly equivalent in Pn to a hy-
perplane Σ ⊂ Pn containing p so the pullback of Σ is linearly equivalent to
the union of the exceptional divisor E and a divisor D. Since D projects to a
hyperplane of Pn−1, it is contained in the preimage Γ of such a hyperplane.
Since Γ is a P1 bundle over its image it is irreducible, and comparing dimen-
sions, we see that D = Γ. Since any two hyperplanes in Pn−1 are rationally
equivalent, so are their pullbacks to B; thus Λn−1 ∼ D + E ∼ Γn−1 + E,
or [E] = λn−1 − γn−1.

We now turn to the ring structure, and let λ = [Λn−1] and e = [E] =
λ− γn−1. Since Λn−1 ∩ E = ∅ we have

λe = 0.

Also,

λk = λn−k, for k = 0, . . . , n− 1

and since γn−1 = λ− e,

γk = γn−kn−1 = (λ− e)n−k = λn−k + (−1)n−ken−k, for k = 1, . . . , n.

It follows that λ and e generate A(B) as a ring. In addition to the relation
λe = 0, they satisfy the relation

0 = γnn−1 = (λ− e)n = λn + (−1)nen.

Thus the Chow ring is a homomorphic image of the ring

A′ := Z[λ, e]/(λe, λn−1 − (−1)nen).

It is clear that every homogeneous element of degree m in A′ is a Z-linear
combination of em and λm. Since Am(B) is a free Z-module of rank 2, this
implies that the map A′ -- A is an isomorphism.

We have computed the intersection products of the Λk and Γk by taking
representatives that meet transversely (and the possibility of doing this
motivated our choice of Λ as a cross section of α above). Since E is the
only irreducible variety in the class [E] we cannot give a representative for
e2 quite as easily. But as we have seen, E ∼ 〈Λn−1〉 − 〈Γn−1〉 and both
Λn−1 and Γn−1 are transverse to E (this illustrates the conclusion of the
Moving Lemma!) It follows that

e2 = [E ∩ (Λ− Γ)] = −[E ∩ Γn−1].

Since E projects isomorphically to Pn−1 and Γ projects to a hyperplane in
Pn−1 we see that E∩Γn−1 is a hyperplane in E; that is, [E]2 is the negative
of the class of a hyperplane in E.

The Chow ring of the blow-up of P3 along a line is worked out in Exer-
cises 1.74-1.76. More generally, we will see how to describe the Chow ring
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of a general projective bundle in Chapter 11, and the Chow ring of a more
general blow-up in Chapter 15.

1.2.5 Loci of singular plane cubics

This section represents an important shift in viewpoint, from studying the
Chow rings of common and useful algebraic varieties to studying Chow rings
of parameter spaces. It is a hallmark of algebraic geometry that the set of
varieties with given numerical invariants—and more generally, schemes,
morphisms, bundles and other geometric objects—is often itself an alge-
braic variety, sometimes called a parameter space. Applying intersection
theory to the study of such a parameter space, we learn something about
the geometry of the objects parametrized, and about geometrically charac-
terized classes of these objects. This gets us into the subject of enumerative
geometry, and was one of the principal motivations for the development of
intersection theory in the 19th century.

By way of illustration we will focus on the family of curves of degree
3 in P2: plane cubics. Plane cubics are parametrized by the set of homo-
geneous cubic polynomials F (X,Y, Z) in three variables, modulo scalars;
that is, by P9. For simplicity, we will assume throughout this section that
the characteristic of the ground field is zero.

There is a continuous family of isomorphism classes of smooth plane
cubics, parametrized naturally by the affine line (see Hartshorne [1977]);
but there are only a finite number of isomorphism classes of singular plane
cubics:

• irreducible plane cubics with a node;

• irreducible plane cubics with a cusp;

• plane cubics consisting of a smooth conic and a line meeting it trans-
versely;

• plane cubics consisting of a smooth conic and a line tangent to it;

• plane cubics consisting of three non-concurrent lines (“triangles”);

• plane cubics consisting of three concurrent lines (“asterisks”);

• cubics consisting of a double line and a line; and finally

• cubics consisting of a triple line.

These are illustrated in Figures 1.13–1.15) where the arrows represent
specialization (that is, A→B indicates that the class B is contained in the
closure of the class A.)

The locus in P9 of curves of each type is an orbit of PGL3 and a locally
closed subset of P9; their closures give a stratification of P9. What are these
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[2] [3]

9-dim 8-dim 7-dim 6-dim 5-dim 4-dim 2-dim

FIGURE 1.13. Hierarchy of singular plane cubic curves.

FIGURE 1.14. Nodal cubic about to become the union of a conic and a transverse
line: (y2−x2(x+1))+100(x−y)((x− 1

2
)2+(y− 1

2
)2− 1

2
)

FIGURE 1.15. Cuspidal cubic about to become the union of a conic and a tangent
line: y2−x3+7y(x2+(y−1)2−1)
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loci like? What are their dimensions? Which lie in the closures of which
others? Where is each one smooth and singular? What are their tangent
spaces and tangent cones? What are their degrees as subvarieties of P9?

Some of these questions are easy to answer. For example, the dimensions
are given in Figure 1.13, and the reader can verify them as an exercise. The
specialization relationships indicated in the chart are also easy, because to
establish that one orbit lies in the closure of another, it suffices to exhibit
a one-parameter family with an open set of parameter values correspond-
ing to one type and a point corresponding to the other. The non-inclusion
relations are subtler—why is a triangle not a specialization of a cuspidal
cubic?—but can also be proven by focussing on the singularities of the
curves. The tangent spaces require more work; we’ll give some examples
in Exercises 1.78-1.79, in the context of establishing a transversality state-
ment, and we’ll see more of these, as well as some tangent cones, in the
discussion in Section 9.8.3.

While we can answer almost any question of this sort about plane cu-
bics, the answers to analogous questions for higher degree curves or hy-
persurfaces of higher dimension, for example about the stratification by
singularity type, remain mysterious. Even questions about the dimension
and irreducibility of these loci are mostly open; they are a topic of active
research. See Greuel et al. [2007] for an introduction to this area.

For example, it is known that the locus of plane curves of degree d having
exactly δ nodes is irreducible of codimension δ in the projective space PN
of all plane curves of degree d (see for example Harris and Morrison [1998]),
and its degree has also been determined (Caporaso and Harris [1998]). But
we don’t know the answers to the analogous questions for plane curves with
δ nodes and κ cusps; and when it comes to more complicated singularities
even existence questions are open. (For example, for d > 6 it’s not known
whether there exists a rational plane curve C ⊂ P2 of degree d whose
singularities consist of just one double point (that is, a point p such that a
general line through p meets C with multiplicity just 2.)

In the rest of this section we will determine the degrees of the loci of
reducible cubics, triangles and asterisks. In the exercises we indicate how
to compute the degrees of the other loci of plane cubics, except for the loci
of irreducible cubics with a node, and of irreducible cubics with a cusp;
these will be computed in Section 9.4.2 and Section 13.4 respectively.

Reducible cubics. Let Γ ⊂ P9 be the locus of reducible cubics and/or
non-reduced cubics. We can describe Γ as the image of the map

τ : P2 × P5 → P9

from the product of the space P2 of homogeneous linear forms and the
space P5 of homogeneous quadratic polynomials to P9, given simply by
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multiplication: ([F ], [G]) 7→ [FG]. Inasmuch as the coefficients of the prod-
uct FG are bilinear in the coefficients of F and G, the pullback τ∗(ζ) of
the hyperplane class ζ ∈ A1(P9) is the sum

τ∗(ζ) = α+ β

where α and β are the pullbacks to P2 × P5 of the hyperplane classes on
P2 and P5.

By unique factorization of polynomials, the map τ is birational onto its
image; it follows that the degree of Γ is given by

deg(Γ) = deg
(
τ∗(ζ)7

)
= deg

(
(α+ β)7

)
= 21

and this is the answer to Keynote Question (a).

Another way to calculate the degree of Γ is described in Exercises 1.78–
1.80.

Triangles. A similar analysis gives the answer to Keynote Question (b)—
how many cubics in a three-dimensional linear system factor completely,
as a product of three linear forms. Here, the key object is the locus Σ ⊂ P9

of such totally reducible cubics, which we may call triangles; the keynote
question asks us for the number of points of intersection of Σ with a general
3-plane, which by Bertini’s Theorem is just the degree of Σ.

Since Σ is the image of the map

µ : P2 × P2 × P2 → P9

([L1], [L2], [L3]) 7→ [L1L2L3],

we can proceed as before, with the one difference that the map is now
no longer birational, but rather is generically 6-to-1. Thus if α1, α2 and
α3 ∈ A1(P2 × P2 × P2) are the pullbacks of the hyperplane class, so that

µ∗(ζ) = α1 + α2 + α3,

we get

deg(Σ) =
1

6
deg (α1 + α2 + α3)

6

=
1

6

(
6

2, 2, 2

)
= 15.

This is the answer to Keynote Question (b): in a general three-dimensional
linear system of cubics, there will be exactly 15 triangles.
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Asterisks. By an asterisk, we mean a cubic consisting of the sum of three
concurrent lines. To see that this locus is indeed a subvariety of P9 and to
calculate its degree, let

µ : P2 × P2 × P2 → P9

be as above, and consider the subset

Φ = {(L1, L2, L3) : L1 ∩ L2 ∩ L3 6= ∅} ⊂ P2 × P2 × P2;

the locus A ⊂ P9 of asterisks is then the image µ(Φ) of Φ under the map
µ. If we write the line Li as the zero locus of the linear form

ai,1X + ai,2Y + ai,3Z

then the condition that L1 ∩ L2 ∩ L3 6= ∅ is equivalent to the vanishing∣∣∣∣∣∣
a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

∣∣∣∣∣∣ = 0.

This is a homogeneous trilinear form on P2 × P2 × P2, from which we see
that Φ is a closed subset of P2 × P2 × P2, and A is a closed subset of P9.
Moreover, we see that the class of Φ is

[Φ] = α1 + α2 + α3 ∈ A1(P2 × P2 × P2),

so that the pullback via µ of 5 general hyperplanes in P9 will intersect Φ
in

deg
(

[Φ] (α1 + α2 + α3)
5
)

= deg (α1 + α2 + α3)
6

=

(
6

2, 2, 2

)
= 90

points. Since the map µ|Φ : Φ→ A has degree 6, it follows that the degree
of the locus A ⊂ P9 of asterisks is 15.

1.3 The canonical class and the adjunction formula

Let X be a smooth n-dimensional variety. By the canonical bundle ωX of
X we mean the top exterior power ∧nΩX of the cotangent bundle ΩX of X;
this is the line bundle whose sections are regular n-forms. By the canonical
class we’ll mean the first Chern class c1(ωX) ∈ A1(X) of this line bundle.
Perhaps reflecting the German language history of the subject, this class
is commonly denoted KX .

The canonical class is probably the single most important indicator of the
behavior of X, geometrically, topologically and arithmetically. For example,
the only topological invariant of a smooth projective curve X over the
complex field C is its genus g = g(X), and we have

deg(KX) = 2g − 2.
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Further the geometry over C and the arithmetic over Q of X is funda-
mentally different in the cases where degKX is negative, zero or positive,
corresponding to g = 0, 1 or g ≥ 2.

Example 1.30 (Pn). We can easily determine the canonical class of pro-
jective space. To do this, we have only to write down a rational n-form ω on
Pn and determine its divisors of zeros and poles. For example, if X0, . . . , Xn

are homogenenous coordinates on Pn and

xi =
Xi

X0
, i = 1, . . . , n

affine coordinates on the open set U ∼= An ⊂ Pn given by X0 6= 0, we may
take ω to be the rational n-form given in U by

ω = dx1 ∧ · · · ∧ dxn.

The form ω is regular and nonzero in U , so we have only to determine
its order of zero or pole along the hyperplane H = V (X0) at infinity. To
this end, let U ′ ⊂ Pn be the open set Xn 6= 0, and take affine coordinates
y0, . . . , yn−1 on U ′, with yi = Xi/Xn. We have

xi =

{
yi
y0
, for i = 1, . . . , n− 1; and

1
y0
, for i = n,

so that

dxi =

{
1
y0
dyi − yi

y2
0
dy0, for i = 1, . . . , n− 1; and

−1
y2

0
dy0, for i = n.

Taking wedge products, we see that

ω = dx1 ∧ · · · ∧ dxn =
(−1)n

yn+1
0

dy0 ∧ · · · ∧ dyn−1,

whence

Div(ω) = −(n+ 1)H,

so

KPn = −(n+ 1)ζ,

where ζ ∈ A1(Pn) is the hyperplane class.

1.3.1 Adjunction

Let X again be a smooth variety of dimension n, and suppose that Y ⊂ X
is a smooth (n−1)-dimensional subvariety. There is a natural way to relate
the canonical class of Y to that of X: if we compare the tangent bundle
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TY of Y with the restriction TX |Y to Y of the tangent bundle TX of X, we
get an exact sequence

0→ TY → TX |Y → NY/X → 0,

where NY/X is, by definition, the normal bundle of Y in X. Taking exterior
powers, this gives an equality of line bundles

(∧nTX)|Y ∼= ∧n−1TY ⊗NY/X
and dualizing we have

ωY ∼= ωX |Y ⊗N ∗Y/X .

Moreover, we can compute the normal bundle in another way. There is an
exact sequence

0 - IY/X/I
2
Y/X

δ- ΩX |Y - ΩY - 0,

where the map δ sends the germ of a function to the germ of its differential
(see Eisenbud [1995] Theorem ****). This identifies the dual of the normal
bundle of Y in X with the locally free sheaf IY/X/I

2
Y/X . In the case of

primary interest to us, when Y is a cartier divisor in X, the ideal sheaf
IY/X of Y in X is the line bundle OX(−Y ), and the sheaf IY/X/I

2
Y/X =

OY ⊗ IY/X is its restriction to Y , denoted OY (−Y ). Combining this with
the previous expression, we have what is commonly called the adjunction
formula:

Proposition 1.31 (Adjunction Formula). If Y ⊂ X is a smooth, (n− 1)-
dimensional subvariety of a smooth n-dimensional variety, then

ωY = ωX(Y )|Y ;

In particular, if Y is a curve then the degree of KY is given by an inter-
section product:

degKY = deg((KX + [Y ])[Y ]).

1.3.2 Canonical classes of hypersurfaces and complete
intersections

We can combine the adjunction formula with the calculation in Exam-
ple 1.30 to calculate the canonical class of hypersurfaces and more generally
complete intersections. To start, let X ⊂ Pn be a smooth hypersurface of
degree d. We have

ωX = ωPn(X)|X = OX(d− n− 1),

and f

KX = (d− n− 1)ζ

where ζ = c1(OX(1)) ∈ A1(X) is the hyperplane class.
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More generally, suppose

X = Z1 ∩ · · · ∩ Zk
is a smooth complete intersection of hypersurfaces Z1, . . . , Zk of degrees
d1, . . . , dk. Applying adjunction repeatedly to the partial intersections Z1∩
· · · ∩ Zi, we see that

ωX = OX(−n− 1 +
∑

di)

and so

KX = (−n− 1 +
∑

di)ζ.

This argument is not complete, because even though X is assumed
smooth, the partial intersections Z1 ∩ · · · ∩ Zi may not be. One way to
complete it is to extend the definition of the canonical bundle to possi-
bly singular complete intersections—the adjunction formula is true in this
greater generality. Alternatively, if we order the hypersurfaces Zi = V (Fi)
so that d1 ≥ · · · ≥ dk and replace Fi by a linear combination

F ′i = Fi +

k∑
j=i+1

GjFj

with Gj general of degree di − dj , the hypersurfaces Z ′i = V (F ′i ) will have
intersection X, and by Bertini’s Theorem 0.5, the partial intersections will
be smooth.

1.4 Curves on surfaces

Aside from enumerative problems, intersection products appeared in alge-
braic geometry as a central tool in the theory of surfaces developed mostly
by the Italians in the early twentieth century. In this section we describe
some of the basic ideas. This will serve to illustrate the use of intersection
products in a simple setting, and also provide us with formulas that will be
useful throughout the book. A different treatment of some of this material
is in the last chapter of Hartshorne [1977]; and much more can be found, for
example, in Beauville’s beautiful little book on algebraic surfaces Beauville
[1996].

Throughout this section we’ll use some classical notation: if S is a smooth
surface and α, β ∈ A1(S) then we will write α · β for the degree deg(αβ) of
their product αβ ∈ A2(S), and we refer to this as the intersection number
of the two classes. Further, if C ⊂ S is a curve we’ll abuse notation and
write C for the class [C] ∈ A1(S). Thus, for example, if C and D ⊂ S
are two curves, we’ll write C ·D in place of deg([C] · [D]) and we’ll write
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C2 for deg([C]2). The reader should not be misled by this (potentially
misleading) notation into thinking that A2(S) = Z!—indeed, for many
smooth projective surfaces S the group A2(S) is not even finite-dimensional
in any reasonable sense (Mumford [1962]).

1.4.1 The genus formula

One of the first formulas in which intersection products appeared was the
genus formula, a straightforward rearrangement of the adjunction formual
that describes the genus of a smooth curve on a smooth projective surface
(we’ll generalize it to some singular curves in Section 1.4.4): If C ⊂ S is a
smooth curve of genus g on a smooth surface, then

KC = (KS + C)|C ;

since the degree of the canonical class on C is 2g − 2, this yields

(1.1) g =
C2 +KS · C

2
+ 1.

Example 1.32 (Plane curves). By way of examples, consider first a smooth
curve C ⊂ P2 of degree d. If we let ζ ∈ A1(P2) be the class of a line, we
have C ∼ dζ and KP2 ∼ −3ζ, so the genus of C is

g =
−3d+ d2

2
+ 1 =

(d− 1)(d− 2)

2
.

Thus we recover, for example, the well-known facts that lines and smooth
conics have genus 0 while smooth cubics have genus 1.

Example 1.33 (Curves on a quadric). Now suppose that Q ⊂ P3 is a
smooth quadric surface, and that C ⊂ Q is a smooth curve of bidegree
(d, e)—that is, a curve linearly equivalent to d times a line of one ruling
plus e times a line of the other (equivalently, in terms of the isomorphism
Q ∼= P1 × P1, a curve given by a bihomogeneous polynomial of bidegree
(d, e)). Let α and β ∈ A1(Q) be the classes of the lines of the two rulings
of Q, as in the discussion in Section 1.2.3 above, and let ζ = α+ β be the
hyperplane class. Applying adjunction to Q ⊂ P3, we have

KQ = (KP3 +Q)|Q = −2ζ = −2α− 2β.

Thus, by the genus formula,

g =
(dα+ eβ)2 − 2(α+ β)(dα+ eβ)

2
+ 1

=
2de− 2d− 2e

2
+ 1

= (d− 1)(e− 1).
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1.4.2 The self-intersection of a curve on a surface

We can sometimes use the genus formula to determine the self-intersection
of a curve on a surface. For example, suppose that S ⊂ P3 is a smooth
surface of degree d and L ⊂ S is a line. Letting ζ ∈ A1(S) denote the plane
class and applying adjunction to S ⊂ P3, we have KS ∼ (d − 4)ζ, so that
L ·KS = d− 4; since the genus of L is zero, the genus formula yields

0 =
L2 + d− 4

2
+ 1

or

L2 = 2− d.

The cases d = 1 (a line on a plane) and d = 2 are probably familiar already;
in case d ≥ 3 the formula implies the qualitative statement that a smooth
surface S ⊂ P3 of degree 3 or more can contain only finitely many lines.
(See Exercise 1.97 below for a sketch of a proof; see also Exercise 1.96 for
an alternative derivation of L2 = 2− d.)

1.4.3 Linked curves in P3

Another application of the genus formula yields a classical relation between
what are called linked curves in P3.

Let S and T ⊂ P3 be smooth surfaces of degrees s and t, and suppose
that the scheme-theoretic intersection S ∩ T consists of the union of two
smooth curves C and D with no common components. Let the degrees of C
and D be c and d, and let their genera be g and h respectively. By Bézout’s
theorem, we have

c+ d = st,

so that the degree of C determines the degree of D. What is much less
obvious is that the degree and genus of C determine the degree and genus
of D. Here is one way to derive the formula.

To start, we use the genus formula as above to determine the self-
intersection of C on S: since KS ∼ (s− 4)ζ, we have

g =
C2 +KS · C

2
+ 1 =

C2 + (s− 4)c

2
+ 1

and hence

C2 = 2g − 2− (s− 4)c

(generalizing our formula above for the self-intersection of a line). Next,
since C +D ∼ tζ ∈ A1(S), we can write the intersection number of C and
D on S as

C ·D = C(tζ − C) = tc−
(
2g − 2− (s− 4)c

)
= (s+ t− 4)c− (2g − 2).
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This in turn allows us to determine the self-intersection of D on S:

D2 = D(tζ − C) = td−
(
(s+ t− 4)c− (2g − 2)

)
.

Applying the genus formula to D we arrive at

h =
D2 +KS ·D

2
+ 1

=
td−

(
(s+ t− 4)c− (2g − 2)

)
+ (s− 4)d

2
+ 1.

Simplifying, this says

(1.2) h− g =
s+ t− 4

2
(d− c);

in English, the difference in the genera of C and D is proportional to the
difference in their degrees, with ratio (s+ t− 4)/2.

The answer to Keynote Question (e) is a special case of this: if L ⊂ P3 is
a line, and S and T general surfaces of degrees s and t containing L, then
writing S ∩ T = L∪C, we see that C is a curve of degree st− 1 and genus

h =
(s+ t− 4)(st− 2)

2
.

As is often the case with enumerative formulas, this is just the beginning
of a whole theory. The theory of Liaison describes the relationship between
the geometry of linked curves such as C and D above. The theory in general
is far more broadly applicable (the curves C and D need only be Cohen-
Macaulay, and we need no hypotheses at all on S and T ) and ultimately
provides a complete answer to the question of when two given curves C,D ⊂
P3 can be connected by a series of curves C = C0, C1, . . . , Cn−1, Cn = D
with Ci and Ci+1 linked as above. We will see a typical application of the
notion of linkage in Exercise 1.99 below; for the general theory see Peskine
and Szpiro [1974].

1.4.4 The blow-up of a surface

Blowing up is a basic operation that associates to any scheme X and sub-
scheme Y a morphism π : BlY (X)→ X. The general operation is described
and characterized in Eisenbud and Harris [2000]Chapter ****. The blow-up
of a point on a surface plays an important role in the theory of surfaces,
and we will now explain a little of this theory. Locally, such blow-ups look
like the blowup of P2 at a point, which was treated inSection 1.2.4.

To fix notation we let p ∈ S be a point in a smooth projective surface,
and write π : S̃ → S for the blow up. We write E = π−1(p) ⊂ S̃ for the
preimage of p, called the exceptional divisor, and we write e ∈ A1(S̃) for
its class. We will use the following definitions and facts:



56 1. Overture

• π : S̃ → S is birational, and if q ∈ E ⊂ S̃ is any point of the exceptional
divisor, then there are generators z, w for the maximal ideal ideal of
OS̃,q and generators x, y for the maximal ideal of OS,p such that π∗x =
zw and π∗y = w, and E is defined locally by the equation w = 0. In
particular, S̃ is smooth, and E is a Cartier divisor.

• If C is a smooth curve through p, then the proper transform C̃ of C,
which is by definition the closure of π−1(C) ∩ (S̃ \ E) in S̃, meets E
transversely in one point.

• More generally, if C has an ordinary m-fold point at p then C̃ meets E
transversely in m distinct points. Here we say that C has an ordinary
m-fold point at p if the completion of the local ring of C at p has the
form

ÔC,p ∼= K[[x, y]]/(

m∏
i=1

/(x− λiy)

for some distinct λ1, . . . , λm ∈ K, which says geometrically that C has
m branches at p with distinct tangents.

In Chapter 15, we’ll describe the Chow ring of an arbitrary blow-up of a
smooth variety along a smooth subvariety. This general formula is beyond
our means at this point, but we can already describe the case of A(S̃).

Proposition 1.34. (a) As abelian groups, A(S̃) = A(S)⊕ Ze.
(b) For any α, β ∈ A1(S), π∗α · π∗β = π∗(αβ);

(c) For any α ∈ A1(S), e · π∗α = 0; and

(d) e2 = −[q] for any point q ∈ E (in particular, deg(e2) = −1).

Proof. We first show that π∗ and π∗ are inverse isomorphisms between
A2(S) and A2(S̃). By the Moving Lemma, if α ∈ A0(S) is any class, we
can write α = [A] for some A ∈ Z0(S) with support disjoint from p; thus
π∗π

∗α = α. Likewise, if α ∈ A0(S̃) is any class, we can write α = [A] for
some A ∈ Z0(S) with support disjoint from E; thus π∗π∗α = α.

We next turn to A1. If α ∈ A1(S) is any class, we can write α = [A]
for some A ∈ Z1(S) with support disjoint from p; thus π∗π

∗α = α. On
the other hand, the kernal of the pushforward map π∗ : Z1(S̃)→ Z1(S) is
just the subgroup generated by e, the class of E. Thus we have an exact
sequence

0→ 〈e〉 → A1(S̃)→ A1(S)→ 0,

with π∗ : A1(S)→ A1(S̃) splitting the sequence.

Thus it remains to show that the class e is not torsion in A1(S̃). This
follows from the formula e2 = −1, which we will prove independently below.
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Part (b) of the proposition simply recalls the fact that π∗ is a ring ho-
momorphism. For part (c) we use the push-pull formula:

π∗(e · π∗α) = π∗e · α = 0.

For part (d), let C ⊂ S be any curve smooth at p, so that the proper
transform C̃ ⊂ S̃ of C will intersect E transversely at one point q. We have
then

π∗[C] = [C̃] + e

and intersecting both sides with the class e yields

0 = [q] + e2,

so the self-intersection number of e is deg e2 = −1.

Canonical class of a blowup. We can express the canonical class of S̃
in terms of the canonical class of S as follows.

Proposition 1.35. With notation as above,

KS̃ = π∗KS + e.

Proof. We must show that if ω is a rational 2-form on S, regular and
nonzero at p, then the pullback π∗ω vanishes simply along E. Let q ∈ E ⊂
S̃, and let (z, w) be generators of the maximal ideal of OS̃,q such that there
are generators (x, y) for the maximal ideal of OS,p with

π∗x = zw and π∗y = w.

It follows that

π∗dx = zdw + wdz and π∗dy = dw.

Thus

π∗(dx ∧ dy) = w(dz ∧ dw).

Since the local equation of E at q is w = 0, this shows that π∗dx vanishes
simply along E as required.

The genus formula with singularities. It will be useful in a number
of situations to have a version of the genus formula (1.1) that works for
singular curves C ⊂ S. To start with the simplest case, suppose that C ⊂ S
is a curve smooth away from a point p ∈ C of multiplicity m. Assume
moreover that p is an ordinary m-fold point, so that in particular the proper
transform C̃ is smooth. We could of course invoke the genus formula on S̃,
but we want to give a formula for the genus g of C̃ in terms of intersection
numbers on S itself.

As divisors

π∗C = C̃ +mE,
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so that

[C̃] = π∗[C]−me.

From Proposition 1.35 we have

KS̃ = π∗KS + e,

and putting this together with the genus formula for C̃ ⊂ S̃ and Proposi-
tion 1.34, we have

g =
C̃2 +KS̃ · C̃

2
+ 1

=
(π∗C −me)2 + (π∗KS + e)(π∗C −me)

2
+ 1

=
C2 +KS · C

2
+ 1−

(
m

2

)
.

More generally, if C ⊂ S has singular points p1, . . . , pδ of multiplicity
m1, . . . ,mδ, and the proper transform C̃ of C in the blow-up Bl{p1,...,pδ}
of S at the points pi is smooth, we have

g =
C2 +KS · C

2
+ 1−

∑(
mi

2

)
.

We can extend this further, to general singular curves C ⊂ S, by using
iterated blow-ups, or by generalizing the adjunction formula, using the fact
that any curve on a smooth surface has a canonical bundle (see for example
Hartshorne [1977], Theorem III.7.11).

1.5 Chern classes

The theory of Chern classes is one of the most powerful tools in intersection
theory, and will be one of the central techniques of this book starting with
Chapter 7. In Section 1.1.3 we defined the first Chern class c1(L) of a line
bundle L on a variety X by setting

c1(L) = [Div(σ)] ∈ AdimX−1(X)

for any rational section σ of L. More generally, Chern classes ci(E) ∈ Ai(X)
are defined for any vector bundle E .

Many classes of interesting loci turn out to be the Chern classes of bun-
dles. There are very strong techniques for computing Chern classes, so it
is often the case that reducing an enumerative problem to a Chern class
computation makes the solution easy. In this section we will explain the
beginning of this theory. Detailed proofs of the results, and much more,
will be found in Chapter 7 and subsequent chapters.
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1.5.1 Chern classes as degeneracy loci

Although the theory of Chern classes is quite general (and we will give
a formula that can serve as a general definition in Chapter 11), we will
restrict ourselves here to bundles on smooth projective varieties. In the
case of a line bundle L that we have already treated, one can reduce the
definition of c1L to the case where L has a section by using the formula
c1L = c1(L(m)) − c1OX(m). A similar reduction (with a slightly more
complicated formula) works for vector bundles, so in this section we will
give the definitions only for a bundle E generated by its global sections.

Proposition-Definition 1.36. Suppose that E is a vector bundle of rank
r on a projective variety X, and let σ0, . . . , σr−i ∈ H0(E) be a collection of
global sections of E , and let σ : Or−i+1

X → E be the map sending the j-th
basis element to σj .

There is a unique closed subscheme Y ⊂ X such that, if U ⊂ X is any
open subset over which E is trivial, the scheme Y ∩U is defined by the ideal
of (r − i+ 1)× (r − i+ 1) minors of the (r − i+ 1)× r matrix,

Or−i+1
U → E|U ∼= OrU

representing σ.

If E is generated by its global sections, then the degeneracy subscheme
of r − i+ 1 general global sections of E has pure codimension i in X, and
we define ciE to be the class of this subscheme, which is independent of the
choice of the general sections.

We shall return to such degeneracy subschemes, also called degeneracy
loci, in Chapters 12 and 14, and we shall show (Corollary 14.2) that the
degeneracy scheme of any set of r − i + 1 sections of E has class equal to
ciE so long as it has codimension i.

For example, supposing always that E is a vector bundle of rank r on X,
and is generated by global sections:

• c0E : Where are no sections dependent? By our definition, this is the
locus defined by the (r+1)×(r+1) minors of a matrix of size r×(r+1).
Since any such minor would be zero, c0E = [X]. Since this is the identity
element in the Chow ring, we usually write c0E = 1.

• c1E : Here we are dealing with a map σ : OrX → E defined by r sections.
The r× r minor an r× r matrix is just the determinant, which can be
globally represented by the r-th exterior power of σ,

OX = ∧r(OrX
∧rσ- ∧r E .
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Of course the image of 1 ∈ OX is then a global section of the line
bundle ∧rE , so c1E = c1(∧rE), and the definition reduces to that for
line bundles.

• crE : This is the “degeneracy locus of 1 section”. The section is locally
given by r functions f1, . . . fr, and the definition simpy says that crE
is the class of the subscheme locally defined as V (f1, . . . , fr).

• ciE for i > r: Where are r − i + 1 ≤ 0 sections dependent? Nowhere,
of course! So these classes are all 0.

A useful consequence of the definition is that if X ′ ⊂ X is any subvariety
and E is a vector bundle on X, then the pullback of ciE to X ′ is equal to
ci(E|X′). This is immediate for bundles generated by their global sections,
and reduces easily to that case.

1.5.2 Whitney’s formula and the splitting principle

Two results help enormously in the computation of Chern classes: the Whit-
ney formula and the Splitting Principle.

The Whitney formula (Theorem 1.37) is best expressed in terms of the
total Chern class of a bundle E is defined as

c(E) := c0(E) + c1(E) + c2(E) + · · · = 1 + c1(E) + c2(E) + · · · ∈ A(X).

Whitney’s formula says that the total Chern class is multiplicative on short
exact sequences:

Theorem 1.37 (Whitney’s formula). If

0→ E ′ → E → E ′′ → 0

is a short exact sequence of vector bundles on X then

c(E) = c(E ′)c(E ′′).

Example 1.38. Sums of Line Bundles If E is the direct sum of line
bundles Li, or even has a filtration whose quotients are the Li, then Whit-
ney’s Formula says that c(E) =

∏
c(Li) =

∏
(1 + c1Li), so ciE is the result

of applying the i-th elementary symmetric function to the classes c1Li.

Whitney’s Formula can often be used in conjunction with the Splitting
Principle (Lemma 7.8), which may be thought of thus:

Informal splitting principle. Any identity among the Chern classes of
bundles that is true for bundles that are direct sums of line bundles is true
in general.

This is a consequence of a construction: for any variety X and bundle E
on X, we will (in Chapter 7) construct a map π : Y → X (as a flag bundle
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over X) such that the pullback π∗(A(X) → A(Y ) is monomorphism, and
π∗E has a filtration by subbundles, whose successive quotients are line
bundles Li. By Whitney’s Formula this implies

c(π∗E) = c(⊕π∗Li).

An important consequence of Whitney’s Formula and the Splitting Prin-
ciple is that the Chern classes of a bundle vanish above the rank, something
we saw already in the case of line bundles with enough sections.

Corollary 1.39. If E is a vector bundle of rank r, then ciE = 0 for i > r.

Proof. The result is true—by definition—for line bundles. If E split as
⊕ri=1Li for line bundles Li, then by Whitney’s Formula c(E) =

∏r
i=1(1 +

c1Li), which has no terms of degree > r.

We will now illustrate the use of Whitney’s Formula and the Splitting
Principle with a few useful computations.

Example 1.40. Duals If E = ⊕Li then c(E∗) =
∏

(1+c1L∗i ) =
∏

(1−c1Li,
Since c1(L∗) = −c1(L) when L is a line bundle. Given this, Whitney’s
Formula shows that ci(E∗) = (−1)ici(E). By the splitting principle, this
last formula holds for any bundle.

Example 1.41. Symmetric squares Suppose that E is a bundle of rank
2. If E split as a direct sum E = L ⊕M of line bundles L and M with
Chern classes c1(L) = α and c1(M) = β then, by Whitney’s formula,
c(E) = (1 + α)(1 + β), whence

c1(E) = α+ β and c2(E) = αβ.

Further, we would have

Sym2 E = L⊗2 ⊕ (L ⊗M)⊕M⊗2,

from which we would deduce

c(Sym2 E) = (1 + 2α)(1 + α+ β)(1 + 2β)

= 1 + 2(α+ β) + (2α2 + 8αβ + 2β2) + 4αβ(α+ β).

This expression may be rewritten in a way that involves only the Chern
classes of E : as the reader may immediately check, it is equal to

1 + 2c1(E) +
(
2c1(E)2 + 4c2(E)

)
+ 4c1(E)c2(E).

By the splitting principle, this is a valid expression for c(Sym2 E) whether
or not E actually splits.

In principle we could use the same method to give formulas for the Chern
classes of any symmetric or exterior power, or even of any multilinear func-
tor.
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1.5.3 Chern classes of varieties

The most important vector bundles on a smooth variety X are its tangent
and cotangent bundles TX and ΩX . Their Chern classes are so important
in geometry that they are usually just called the Chern classes of X. We
have already seen one example of these in the definition of the canonical
class of X: this was defined to be the first Chern class of the top exterior
power ωX = ∧dimXΩX , which is just the first Chern class c1(ΩX) of the
cotangent bundle of X.

Example 1.42 (Pn). The Euler sequence

0→ OPn → OPn(1)n+1 → TPn → 0

(described in Section 2.2.4) makes it easy to compute the Chern classes of
the tangent and cotangent bundles of Pn: applying the Whitney formula,
we see that

c(TPn) =
c(OPn(1)n+1)

c(OPn)
= c(OPn(1)n+1) = (1 + ζ)n+1 ∈ A(Pn),

where ζ = c1(OPn(1)) is the class of a hyperplane. To compute the Chern
classes of ΩPn = T ∗Pn we could use the general formula for the Chern classes
of a dual, or we could dualize the sequence above; either way, we obtain

c(ΩPn) = (1− ζ)n+1.

In particular, we see again that the canonical class of Pn is given by KPn =
c1(ΩPn) = −(n+ 1)ζ, as we established in Example 1.30

We saw in Section 1.3.1 how to relate the tangent bundles of a smooth
variety X and a smooth divisor Y ⊂ X, and applied this in Section 1.3.2
to find the canonical classes of hypersurfaces and complete intersections in
Pn. We can do the same for the Chern classes in general:

Example 1.43 (Chern classes of hypersurfaces). Let X ⊂ Pn be a smooth
hypersurface of degree d. We saw in Section 1.3.1 that we have an exact
sequence of vector bundles

0→ TX → TPn |X → N → 0,

where N = NX/Pn is the normal bundle of X in Pn. Since N ∼= OX(d), we
have c(N ) = 1 + dζ, and thus

c(TX) =
(1 + ζ)n+1

1 + dζ
= (1 + ζ)n+1(1− dζ + d2ζ2 − . . . ).

We can generalize this calculation to complete intersections:
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Example 1.44 (Chern classes of complete intersections). Suppose that
X = Z1 ∩ · · · ∩ Zk ⊂ Pn is the complete intersection of k hypersurfaces of
degrees d1, . . . , dk defined by forms Fi of degrees di. The relations among
the Fi are generated by the Koszul relations FjFi − FiFj = 0. This means
that if we restrict to Y , where the Fi vanish, we get

IY/X/I2
Y/X = IY/X |Y = ⊕iOY (−di),

so the normal bundleN = NX/Pn of X in Pn is a direct sumN = ⊕OX(di).
Applying the Whitney formula, we get

c(TX) =
(1 + ζ)n+1∏

(1 + diζ)
.

1.5.4 The topological Euler characteristic

Here is an application involving the top Chern class of the tangent bundle,
cdimXTX , derived from the Poincaré-Hopf Index Theorem. Recall that the
topological Euler characteristic of a manifold M is by definition χtop(M) :=∑
i(−1)i dimQ H

i(M ;Q), where Hi(M ;Q) refers to the singular cohomol-
ogy group. (When M is a smooth projective variety over C, we will mean by
χtop(M) the topological Euler characteristic with respect to the classical,
or analytic, topology.)

Theorem 1.45 (Poincaré-Hopf Theorem). If M is a smooth compact ori-
entable manifold, and σ is a vector field with isolated zeros, then

χtop(M) =
∑

x|σ(x)=0

indexx(σ).

A beautiful account of this classic result can be found in Milnor [1997].
Now suppose that M is a smooth complex projective variety. If the tan-
gent bundle TX is generated by global sections then it will have a section
σ that vanishes at only finitely many points, and vanishes simply there.
Since this section is represented locally by complex analytic functions, its
index at each of its zeros will be 1, and we may replace the sum in the
Poincaré-Hopf Theorem by the number of its zeros. This is, by definition,
the top Chern class of TX . An elementary topological argument, given in
Appendix ??****refers to an unfinished Appendix****, shows that this
is true more generally:

Theorem 1.46. If X is a smooth projective variety then

χtop(X) = deg
(
cdimX(TX)

)
.

Example 1.47 (Euler characteristic of Pn). Since c(TPn) = (1 + ζ)n+1,
where ζ = c1(OPn(1) is the class of a hyperplane, we deduce that

χtop(Pn) = deg
(
cn(TPn)

)
= n+ 1.
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Of course this is immediate from the fact that H2i(Pn,Q) = Q for i =
0, . . . , n while H2i+1(Pn,Q) = 0 for all i.

Example 1.48 (Euler characteristic of a hypersurface). Now let X be a
smooth hypersurface of degree d in Pn. From the exact sequence

0→ TX → TPn |X → NX/Pn → 0.

The normal bundle of X is NX/Pn = OX(d) so c(NX/Pn) = 1 + dζX , where
ζX is the hyperplane class on X. By Whitney’s formula

c(TX) =
(1 + ζX)n+1

(1 + dζX)
= ((1 + ζX)n+1)(1− dζX + d2(ζX)2 + · · · ).

Taking the component of degree dimX = n− 1, we get

cn−1(TX) =

n−1∑
i=0

(−1)i
(

n+ 1

n− 1− i

)
diζn−1

X .

Since the degree of ζn−1
X is the number of points of intersection of n − 1

general hyperplanes on the (n−1) dimensional varietyX, we have ζn−1
X = d.

Thus, finally,

χtop(X) = deg(cn−1(TX)) =

n−1∑
i=0

(−1)i
(

n+ 1

n− 1− i

)
di+1.

Responding to Keynote Question (f), this shows in particular that if X
is a smooth quartic surface then

χtop(X) =

(
4

2

)
· 4−

(
4

1

)
· 16 +

(
4

0

)
· 64 = 24.

1.5.5 The 27 lines on a cubic surface

To explain how Chern classes can be used to linearize otherwise difficult
problems, we explain the Chern class approach to a famous classical result:

Theorem 1.49. Each smooth cubic surface in P3 contains exactly 27 dis-
tinct lines.

One way to prove Theorem 1.49 is to show that any smooth cubic surface
can be realized as the blowup of P2 in 6 fairly general points, and to analyze
the geometry of such a blowup in detail (see for example Manin [1986] or
Reid [1988b]). The Chern class approach that we will now indicate has
the advantage of applying equally to related results where no such analysis
is available. For example, the Chern class method will also show that a
general quintic threefold in P4 contains exactly 2875 lines (a computation
that played an important role in the discovery of mirror symmetry; see for



1.5 Chern classes 65

example Morrison [1993]), or even that a general hypersurface of degree 37
in P20 contains exactly

4798492409653834563672780605191070760393640761817269985515

lines, even though we have no description of the geometry of these hyper-
surfaces analogous to the one mentioned above for the cubic surface.

Sketch of the Chern class approach. The first ingredient in the Chern class
approach is to make the set of lines in P3 into an algebraic variety, the
Grassmannian G(1, 3), and to determine its Chow ring A(G(1, 3)) (this
will be done in in Chapter 2).

We can linearize the problem using the observation that, if we give a par-
ticular line L in P3, then the condition that L lie on X can be expressed as
4 linear conditions on the coefficients of F : To see this, note that restricting
a cubic form on P3 to a line L ∼= P1 is a linear map from the 20-dimensional
space of cubic forms on P3 onto the 4-dimensional vector space VL of cubic
forms on L, and the condition L ⊂ X is that F maps to 0 in VL.

The next step in this approach is to show that, as the line L varies over
G(1, 3), the 4-dimensional spaces VL = H0(OL(3)) of cubic forms on the
varying L’s “fit together” to form a vector bundle V of rank 4 on G(1, 3). A
cubic form F on P3, through its restriction to each VL, defines an algebraic
global section σF of this vector bundle. Thus the number of lines contained
in the cubic surface X is the number of zeros of the section σF , and if this
number is finite then at least the scheme of zeros will have class c4(V).

It may seem at this point that all we have done is to give our ignorance
a fancy name. But this is where tools like the Whitney formula and the
splitting principle come in. Briefly: just as the vector spaces H0(OL(3))
fit together to form a vector bundle of rank 4, the spaces H0(OL(1)) fit
together to form a simpler bundle of rank 2, usually denoted S∗, and the
bundle V is simply the symmetric cube Sym3 S∗ of S∗. Being a simpler
bundle, it’s not hard to calculate the Chern classes ci(S∗) (this will be done
in Chapter 7); and then the Whitney formula and the splitting principle
allow us to express the Chern classes of V in terms of those of S∗, as
in Example 1.41. Putting these together, we’ll arrive in Chapter 8 at the
formula

deg c4(V) = 27.

Of course to prove Theorem 1.49 one still has to show that the number
of lines on any smooth cubic surface is finite, and that the zeros all occur
with multiplicity 1.
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1.5.6 The Chern character

The Grothendieck group K(X) of vector bundles on a varietyX is defined as
the free abelian group ⊕Z[A] on the isomorphism classes of vector bundles
A on X modulo relations [A] + [C] = [B] for every short exact sequence
of vector bundles 0 → A → B → C → 0. This group has a natural ring
structure, where the product is given by tensor product.

Whitney’s Formula tells us that the total Chern class converts direct
sums of vector bundles into products in the Chow ring, and thus defines a
function from the Grothendieck ring K(X) to the multiplicative group of
units in A(X). If we are willing to allow rational coefficients, we can make
a different combination of the Chern classes, called the Chern character,
that is actually a ring homomorphism

Ch : K(X)⊗Q → A(X)⊗Q

To understand the definition, first consider the case of line bundles L and
M. The first Chern class of the tensor product c(L⊗M) is c1L+c1M.Thus
the simplest function of the Chern classes that takes the Chern classes of
a tensor product of line bundles to a product in the Chow ring is the
exponential,

Ch([L]) = ec1L = 1 + c1L+
(c1L)2

2
+

(c1L)3

6
+ · · · .

Note that this apparently infinite sum is actually finite, since c1L is nilpo-
tent in A(X).

If E = ⊕Li is a direct sum of line bundles, then for Ch to preserve sums
we must define

Ch(E) =
∑
i

ec1Li .

The coefficients of this power series are of course symmetric in the elements
c1L, and thus can be expressed in terms of the elementary symmetric func-
tions of these quantities—that is, in terms of the Chern classes of E . We
define Ch(E) in general by using these expressions, and get

Ch(E) = rank(E) + c1(E) +
c1(E)2 − 2c2(E)

2
+ · · · ∈ A(X)⊗Q.

The splitting principle implies that this formula does indeed give a ring
homomorphism. We will see the Chern character in use when we come to
describe the Grothendieck-Hirzebruch-Riemann-Roch formulas in Chap-
ter 16.

The Chern character allows us to answer another very natural question:
how much information about a vector bundle is contained in its Chern
classes?
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Theorem 1.50 (Grothendieck). If X is a smooth projective variety, then
the map

Ch : K(X)⊗Q → A(X)⊗Q

is an isomorphism of rings.

See Borel and Serre [1958] for a proof.

1.6 Exercises

Exercise 1.51. Let ν = ν2,2 : P2 → P5 be the quadratic Veronese map. If
C ⊂ P2 is a plane curve of degree d, show that the image ν(C) has degree
2d. (In particular, this means that the Veronese surface S ⊂ P5 contains
only curves of even degree!)

Exercise 1.52. More generally, let ν = νn,d : Pn → PN be the degree d
Veronese map. If X ⊂ Pn is a variety of dimension k and degree e, show
that the image ν(X) has degree dke.

Exercise 1.53. Let σ = σr,s : Pr × Ps → P(r+1)(s+1)−1 be the Segre
map, and let X ⊂ Pr × Ps be a subvariety of codimension k. If the class
[X] ∈ Ak(Pr × Ps) is given by

[X] = c0α
k + c1α

k−1β + · · ·+ ckβ
k

(where α and β ∈ A1(Pr ×Ps) are the pullbacks of the hyperplane classes,
and we take ci = 0 if i > s or k − i > r),

(a) Show that all ci ≥ 0.

(b) Calculate the degree of the image σ(X) ⊂ P(r+1)(s+1)−1; and, using
this and the first part,

(c) Show that any linear space Λ ⊂ Σr,s ⊂ P(r+1)(s+1)−1 contained in the
Segre variety lies in a fiber of a projection map.

Exercise 1.54. We saw in Theorem 1.26 that an n-dimensional subvariety
Z ⊂ Pr × Ps is a rationally equivalent to a linear combination of products
of subspaces:

[Z] =

n∑
k=0

ak[Pk × Pn−k].

Show that all the coefficients ak in this expression are nonnegative.

Exercise 1.55. Let ϕ : P2 → P2 be the rational map given by

ϕ : (x0, x1, x2) 7→
(

1

x0
,

1

x1
,

1

x2

)
,
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or, equivalently,

ϕ : (x0, x1, x2) 7→ (x1x2, x0x2, x0x1)

and let Γϕ ⊂ P2 × P2 be the graph of ϕ. Find the class

[Γϕ] ∈ A2(P2 × P2).

Exercise 1.56. LetX1, . . . , Xn ⊂ Pn be hypersurfaces of degrees d1, . . . , dn.
Let p ∈ Pn be a point, and suppose that the hypersurface Xi has multi-
plicity mi at p; suppose moreover that the intersection of the projective
tangent cones PTCpXi to Xi at p is empty. Use the description of the
Chow ring of the blow-up of Pn at p to show that the number of points of
intersection of the Xi away from p is

#
(⋂

(Xi \ {p})
)

=
∏

di −
∏

mi.

(In other words, the multiplicity multp(Z1 · · · · · Zk) is
∏
mi.)

Exercise 1.57. Let X ⊂ Pn be a hypersurface of degree d. Suppose that X
has an ordinary double point (that is, a point p ∈ X such that the projective
tangent cone PTCpX is a smooth quadric) and is otherwise smooth. What
is the degree of the dual hypersurface X∗ ⊂ Pn∗?

Exercise 1.58. Let X ⊂ Pn be a variety of degree d and dimension k;
suppose that p ∈ X is a point of multiplicity m. Let B = Blp(Pn) be the

blow-up of Pn at the point p, and X̃ ⊂ B the proper transform of X in B.
Find the class [X̃] ∈ An−k(B).

Exercise 1.59. Let p ∈ X ⊂ Pn be as in the preceding exercise, and
suppose that the projection map πp : X → Pn−1 is birational onto its
image. What is the degree of πp(X)?

Exercise 1.60. Show that if X is an irreducible plane cubic with a node,
then c1 : Pic(X) → A1(X) is not a monomorphism as follows. Show that
there is no biregular map from X to P1. Use this to show that if p 6= q ∈
X are smooth points then the line bundles OX(p) and OX(q) are non-
isomorphic. Show, however, that the zero loci of their unique sections, the
points p and q, are rationally equivalent.

Exercise 1.61. Let X be a quadric cone in P3 and let B be the blowup
of X at the origin. Show that B is a smooth surface. Show that if X ⊂ P3

a quadric cone with vertex p then A1(X) = Z, generated by the class of
a line, and the image of c1 : Pic(X) → A1(X) is 2Z by showing that the
image consists of the subgroup of classes of curves lying on X that have
even degree as curves in P3. In particular, the class of a line on X is not in
the image. Do this by showing that any curve C passing through the vertex
of X no curve C ⊂ X of odd degree can be a Cartier divisor on X: if such a
curve meets the general line of the ruling of X at δ points away from p and
has multiplicity m at p, then intersecting C with a general plane through
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FIGURE 1.16. The diagonal in P1 × P1 is equivalent to a sum of fibers.

p we see that deg(C) = 2δ+m; it follows that m is odd, and hence that C
cannot be Cartier at p. Thus, the class [M ] of a line of the ruling cannot
be c1(L) for any line bundle L.

Exercise 1.62. Show that the Chow ring of a product of projective spaces
Pr1 × · · · × Prk is

A(Pr1 × · · · × Prk) =
⊗

A(Pri)

= Z[α1, . . . , αk]/(αr1+1
1 , . . . , αrk+1

k ),

where α1, . . . , αk are the pullbacks of the hyperplane classes from the fac-
tors. Use this to calculate the degree of the image of the Segre embedding

σ : Pr1 × · · · × Prk ↪→ P(r1+1)···(rk+1)−1

corresponding to the multilinear map V1 × · · · × Vk → V1 ⊗ · · · ⊗ Vk.

Exercise 1.63. For t 6= 0, let At : Pr → Pr be the automorphism

[X0, X1, X2, . . . , Xr] 7→ [X0, tX1, t
2X2, . . . , t

rXr].

Let Φ ⊂ A1 × Pr × Pr be the closure of the locus

Φ◦ = {(t, p, q) | t 6= 0 and q = At(p)}.

Describe the fiber of Φ over the point t = 0, and deduce once again the
formula of Section 1.2.3 for the class of the diagonal in Pr × Pr.

In the simplest case, this construction is a rational equivalence between
a smooth plane section of a quadric Q ∼= P1 × P1 ⊂ P3 (the diagonal, in
terms of suitable identifications of the factors with P1), and a singular one
(the sum of a line from each ruling), as in Figure 1.16.
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Exercise 1.64. Let

Ψ = {(p, q, r) ∈ Pn × Pn × Pn | p, q and r are collinear in Pn}.

(Note that this includes all diagonals.) Show that this is a closed subvariety
of codimension n− 1 in Pn × Pn × Pn.

Exercise 1.65. With Ψ ⊂ Pn × Pn × Pn as in the preceding exercise, use
the method of undetermined coefficients to find the class

ψ = [Ψ] ∈ An−1 (Pn × Pn × Pn) .

Assume characteristic 0, and use Kleiman’s theorem as necessary.

Exercise 1.66. To extend the result of the preceding exercise to char-
acteristic p, show in arbitrary characteristic that for a general product of
subspaces Pi×Pj×Pk ⊂ Pn×Pn×Pn, the intersection Ψ∩ (Pi×Pj×Pk)
is transverse.

(We will see a way to calculate the class ψ using Porteous’ formula in
Exercise 14.12)

Exercise 1.67. Suppose that (F0, . . . , Fr) and (G0, . . . , Gr) are general
(r+1)-tuples of homogeneous polynomials in r+1 variables, of degrees d and
e respectively, so that in particular the maps f : Pr → Pr and g : Pr → Pr
sending x to (F0(x), . . . , Fr(x)) and (G0(x), . . . , Gr(x)) are regular. For how
many points x = (x0, . . . , xr) ∈ Pr do we have f(x) = g(x)?

Exercise 1.68. For i = 0, . . . , r + s+ 1, let Fi([X0, . . . , Xr], [Y0, . . . , Ys])
be a general bihomogeneous polynomial of bidegree (d, e). For how many
X = [X0, . . . , Xr] and Y = [Y0, . . . , Ys] do we have

[F0(X,Y ), . . . , Fr(X,Y )] ∼ [X0, . . . , Xr]

and

[Fr+1(X,Y ), . . . , Fr+s+1(X,Y )] ∼ [Y0, . . . , Ys]?

The next two exercises set up the following one, which considers when a
point p ∈ P2 is collinear with its images under several maps:

Exercise 1.69. Consider the locus Φ ⊂ (P2)4 of fourtuples of collinear
points. Find the class ϕ = [Φ] ∈ A2((P2)4) of Φ by the method of unde-
termined coefficients; that is, by intersecting with cycles of complementary
dimension.

Exercise 1.70. With Φ ⊂ (P2)4 as in the preceding problem, calculate the
class ϕ = [Φ] by using the result of Exercise 1.65 on the locus Ψ ⊂ (P2)3

of triples of collinear points, and considering the intersection of the loci
Ψ1,2,3 and Ψ1,2,4 of fourtuples (p1, p2, p3, p4) with p1, p2, p3 collinear and
with p1, p2, p4 collinear.
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Exercise 1.71. Let A,B and C : P2 → P2 be three general automor-
phisms. For how many points p ∈ P2 are the points p,A(p), B(p) and C(p)
collinear? Assume characteristic 0, and use Kleiman’s theorem as necessary.

Exercise 1.72. Consider the map f : P1 → P1 given by

f : [X0, X1] 7→
[
Xp

0 , X
p
1

]
.

Assuming that the ground field has characteristic p, show that the inter-
section of Γf with P1 × {x} is non-reduced for every x, but that the class
γf = [Γf ] is pα+ β, just as it would be in characteristic 0.

Exercise 1.73. Let B be the blowup of Pn at a point p, with exceptional
divisor E as in Section 1.2.4. With notation as in that section, show that
there is an affine stratification with closed strata Γk for k = 1, . . . n and,
Ek := Γk ∩ E for k = 0, . . . , n − 1. Let ek be the class of Ek. Show that
en−1 = λn−1 − γn−1 to describe the classes γk in terms of λk and ek and
vice versa. Conclude that the classes γk = [Γk] and ek form a basis for the
Chow group A(B).

The next few exercises deal with the blow-up of P3 along a line. To fix
notation, let π : X → P3 be the blow-up of P3 along a line L ⊂ P3; that
is, the graph X ⊂ P3 × P1 of the rational map πL : P3 → P1 given by
projection from L; let α : X → P1 be projection on the second factor.

Exercise 1.74. Let H ⊂ P3 be a plane containing L, and H̃ ⊂ X its
proper transform. Let J ⊂ P3 be a plane transverse to L, J̃ ⊂ X its proper
transform (which equals its preimage in X), and let M ⊂ J be a line not
meeting L. Show that the subvarieties

X, H̃, J̃ , J̃ ∩ H̃, M, M ∩ H̃

are the closed strata of an affine stratification of X, with open strata iso-
morphic to affine spaces. In particular, since only one (M ∩ H̃) is a point,
deduce that A3(X) ∼= Z.

Exercise 1.75. Let h = [H̃], j = [J̃ ] ∈ A1(X) and m = [M ] ∈ A2(X) be
the classes of the corresponding strata. Show that

h2 = 0, j2 = m, and deg(jm) = deg(hm) = 1.

Conclude that

A(X) = Z[h, j]/(h2, j3 − hj2).

Exercise 1.76. Now let E ⊂ X be the exceptional divisor of the blow-up,
and e = [E] ∈ A1(X) its class. What is the class e2?

Exercise 1.77. Let P5 be the space of conic curves in P2.

(a) Find the dimension and degree of the locus of double lines (in charac-
teristic 6= 2).
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(b) Find the dimension and degree of the locus ∆ ⊂ P5 of singular conics
(that is, line pairs and double lines).

The following exercises deal with some of the loci in the space P9 of plane
cubics described in Section 1.2.5.

Exercise 1.78. Let P9 be the space of plane cubics, and Γ ⊂ P9 the locus
of reducible cubics. Let L and C ⊂ P2 be a line and a smooth conic inter-
secting transversely at two points p, q ∈ P2; let L+C be the corresponding
point of Γ. Show that Γ is smooth at L+ C, with tangent space

TL+CΓ = P{homogeneous cubic polynomials F : F (p) = F (q) = 0}.

Exercise 1.79. Using the preceding exercise, show that if p1, . . . , p7 ∈ P2

are general points, and Hi ⊂ P9 is the hyperplane of cubics containing
pi, then the hyperplanes H1, . . . ,H7 intersect Γ transversely—that is, the
degree of Γ is the number of reducible cubics through p1, . . . , p7.

Exercise 1.80. Calculate the number of reducible plane cubics passing
through 7 general points p1, . . . , p7 ∈ P2, and hence, by the preceding
exercise, the degree of Γ.

Exercise 1.81. We can also calculate the degree of the locus Σ ⊂ P9

of triangles (that is, totally reducible cubics) directly, as in the series of
exercises starting with (1.78). To start, show that if C = L1 +L2 +L3 is a
triangle with the three vertices—that is, points pi,j = Li ∩ Lj of pairwise
intersection—distinct, then Σ is smooth at C with tangent space

TL+CΣ = P{homogeneous cubic polynomials F : F (pi,j) = 0 ∀ i, j}.

Exercise 1.82. Using the preceding exercise,

(a) Show that if p1, . . . , p6 ∈ P2 are general points, then the degree of Σ is
the number of triangles containing p1, . . . , p6; and

(b) Calculate this number directly.

Exercise 1.83. Consider a general asterisk—that is, the sum C = L1 +
L2 +L3 of three distinct lines all passing through a point p. Show that the
variety Σ ⊂ P9 of triangles is smooth at C, with tangent space the space
of cubics double at p. Deduce that the space A ⊂ P9 of asterisks is also
smooth at C.

Exercise 1.84. Let p1, . . . , p5 ∈ P2 be general points. Show that any as-
terisk containing {p1, . . . , p5} consists, after possibly relabelling the points,
of the sum of the line L1 = p1 p2, the line L2 = p3 p4 and the line
L3 = p5 (L1 ∩ L2).

Exercise 1.85. Using the preceding two exercises, show that for general
points p1, . . . , p5 ∈ P2, the hyperplanes Hpi intersect the locus A ⊂ P9 of
asterisks transversely, and calculate the degree of A accordingly.
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Exercise 1.86. Show that (in characteristic 6= 3) the locus Z ⊂ P9 of
triple lines is a cubic Veronese surface, and deduce that its degree is 9.

Exercise 1.87. Let X ⊂ P9 be the locus of cubics of the form 2L+M for
L and M lines in P2.

(a) Show that X is the image of P2 × P2 under a regular map such that
the pullback of a general hyperplane in P9 is a hypersurface of bidegree
(2, 1).

(b) Use this to find the degree of X.

Exercise 1.88. If you try to find the degree of the locus X of the preceding
problem by intersecting X with hyperplanes Hp1

, . . . ,Hp4
, where

Hp = {C ∈ P9 | p ∈ C},

you get the wrong answer (according to the preceding problem). Why? Can
you account for the discrepancy?

Exercise 1.89. Let P2 denote the space of lines in the plane, and P5 the
space of plane conics. Let Φ ⊂ P2 × P5 be the closure of the locus of pairs

{(L,C) : C is smooth, and L is tangent to C}.

Show that Φ is a hypersurface; and, assuming characteristic 0, find its class
[Φ] ∈ A1(P2 × P5).

Exercise 1.90. Now let P9 be the space of plane cubic curves as before,
and let Y ⊂ P9 be the closure of the locus of reducible cubics consisting
of a smooth conic and a tangent line. Use the result of the first part to
determine the degree of B.

Exercise 1.91. Let P14 be the space of quartic curves in P2, and let
Σ ⊂ P14 be the closure of the space of reducible quartics. What are the
irreducible components of Σ, and what are their dimensions and degrees?

Exercise 1.92. Find the dimension and degree of the locus Ω ⊂ P14 of
totally reducible quartics (that is, quartic polynomials that factor as a
product of four linear forms).

Exercise 1.93. Again let P14 be the space of plane quartic curves, and let
Θ ⊂ P14 be the locus of sums of four concurrent lines. Using the result of
Exercise 1.69, find the degree of Θ.

Exercise 1.94. Find the degree of the locus A ⊂ P14 of the preceding
problem, this time by calculating the number of sums of four concurrent
lines containing six general points p1, . . . , p6 ∈ P2, assuming transversality.
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A natural generalization of the locus of asterisks, or of sums of four
concurrent lines, would be the locus, in the space PN of hypersurfaces of
degree d in Pn, of cones. We will indeed be able to calculate the degree of
this locus in general, but it will require more advanced techniques than we
have at our disposal here; see Section 9.10 for the answer.

Exercise 1.95. More generally, let PN be the space of hypersurfaces of
degree d in Pn.

(a) Find the dimension and degree of the locus Γ ⊂ PN of reducible and/or
nonreduced hypersurfaces. (Note that this locus is in general reducible;
by its degree we mean the degree of the union of its components of
maximal dimension.)

(b) Find the dimension and degree of the locus Σ ⊂ PN of totally reducible
hypersurfaces.

Exercise 1.96. Let S ⊂ P3 be a smooth surface of degree d and L ⊂ S
a line. Calculate the degree of the self-intersection of the class λ = [L] ∈
A1(S) by considering the intersection of S with a general plane H ⊂ P3

containing L.

Exercise 1.97. Let S be a smooth surface. Show that if C ⊂ S is any curve,
and the corresponding point in the Hilbert scheme H of curves on S lies on
a positive-dimension irreducible component of H, then the degree deg(γ2)
of the self-intersection of the class γ = [C] ∈ A1(S) is nonnegative. Using
this and the preceding exercise, prove the statement made in Section 1.4.2
that a smooth surface S ⊂ P3 of degree 3 or more can contain only finitely
many lines.

Exercise 1.98. Let C ⊂ P3 be a smooth quintic curve. Show that

(a) if C has genus 2, it must lie on a quadric surface;

(b) if C has genus 1, it cannot lie on a quadric surface; and

(c) if C has genus 0, it may or may not lie on a quadric surface (that is,
some rational quintic curves do lie on quadrics and some don’t).

Exercise 1.99. Let C ⊂ P3 be a smooth quintic curve. Show that C lies on
a quadric surface Q and a cubic surface S with intersection Q∩S consisting
of the union of C and a line.

Exercise 1.100. Use the result of Exercise 1.99—showing that a smooth
quintic curve of genus 2 is linked to a line in the complete intersection of
a quadric and a cubic—to find the dimension of the subset of the Hilbert
scheme corresponding to smooth curves of degree 5 and genus 2.

Exercise 1.101. Let C ⊂ P3 be a smooth quintic curve of genus 2. Show
that C lies on a quadric surface Q and a cubic surface S with intersection
Q ∩ S consisting of the union of C and a line; and use this to calculate
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the dimension of the open subset of the Hilbert scheme parametrizing such
curves.

Exercise 1.102. Use the Poincaré-Hopf Theorem to compute the topo-
logical Euler characteristic of a smooth variety Y = X1 ∩X2 ⊂ Pn where
Xi is a hypersurface of degree di.

Exercise 1.103. Let X ⊂ A4 be the affine cone defined by xy − uv = 0.
Show that the conclusion of Theorem 0.2 fails for the subvarieties A,B
given by the ideals (x, u) and (y, v).
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2

Introduction to Grassmannians and
Lines in P3

Keynote Questions

(a) Given four general lines L1, . . . , L4 ⊂ P3, how many lines will meet all
four? (Answer on page 103)

(b) Given four curves C1, . . . , C4 ⊂ P3, of degrees d1, . . . , d4, how many
lines will meet general translates of all four? (Answer on page 105)

(c) If C and C ′ ⊂ P3 are two general twisted cubic curves, how many lines
will meet each twice? (Answer on page 108)

(d) If Q1, . . . , Q4 ⊂ P3 are four general quadric surfaces, how many lines
are tangent to all four? (Answer on page 116)

2.1 Enumerative Formulas

The subject matter of this chapter is, as its title implies, Grassmannian
varieties. But it’s organized around a series of enumerative problems, of
which the Keynote Questions above are examples; and so it seems worth-
while to take a moment here to discuss enumerative problems and their
relation to the intersection theory described in the preceding chapter.
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2.1.1 What are enumerative problems, and how do we solve
them?

Enumerative problems in algebraic geometry ask us to describe the set Φ
of objects of a certain type satisfying a number of conditions—for exam-
ple, the set of lines in P3 meeting each of four given lines, as in Keynote
Question (a), or meeting each of four given curves Ci ⊂ P3, as in Keynote
Question (b). In the most common situation, we expect Φ to be finite,
and we ask for its cardinality, whence the name enumerative geometry.
Enumerative problems are interesting in their own right, but—as Van der
Waerden is quoted as saying in the Introduction—they are also a wonderful
way to learn some of the more advanced ideas and techniques of algebraic
geometry, which is why they play such a central role in this text.

There are a number of steps common to most enumerative problems, all
of which will be illustrated in the examples of this chapter. If we are asked
to describe the set Φ of objects of a certain type that satisfy a number of
conditions, we typically carry out the following five steps:

• Find or construct a suitable parameter space H for the objects we seek.
Suitable, for us, will mean that H should be projective and smooth, so
that we can carry out calculations in the Chow ring A(H). Most impor-
tantly, though, the locus Zi ⊂ H of objects satisfying each of the conditions
imposed should be a closed subscheme (which means in turn that the set
Φ = ∩Zi of solutions to our geometric problem will likewise have the struc-
ture of a subscheme of H).

In our examples, the natural choice of parameter space is the Grass-
mannian G = G(1, 3) parametrizing lines in P3, which we’ll construct and
describe in Sections 9.13 and 2.2.2 below; as we’ll see, it is indeed smooth
and projective, of dimension 4. As we’ll see in Sections 2.3.1 and 2.4.2,
moreover, the locus ΣC ⊂ G of lines Λ ⊂ P3 meeting a given curve C ⊂ P3

will indeed be a closed subscheme of codimension 1.

• Describe the Chow ring A(H) of H. This is what we’ll undertake in
Section 2.3 below; in the case of the Grassmannian G(1, 3), we’ll be able
to give a complete description of its Chow ring. In some circumstances, we
may have to work with the cohomology ring rather than the Chow ring,
as in Chapter 17, or with a subring of A(H) including the classes of the
subschemes Zi.

• Find the classes [Zi] ∈ A(H) of the loci of objects satisfying the conditions
imposed. Thus, in the case of Question (b), we have to determine the class
of the locus Zi ⊂ G of lines meeting the curve Ci; the answer is given in
Section 2.4.2.
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• Calculate the product of the classes found in the preceding step. If we’ve
done everything correctly up to this point, this should be a straightforward
combination of the two preceding steps.

At this point, we have what is known as an enumerative formula: it
describes the class, in A(H), of the scheme Φ ⊂ H of solutions to our
geometric problem, under the assumption that this locus has the expected
dimension and is generically reduced—that is, the cycles Zi ⊂ H intersect
generically transversely. (If the cycles Zi are all locally Cohen-Macaulay,
then by Theorem 5.10, it describes the class of the subscheme Φ ⊂ H
under the weaker hypothesis that Φ has the expected dimension; that is,
the cycles Zi are dimensionally transverse.)

• Verify that the set of solutions, viewed as a subscheme of H, indeed
has the expected dimension and investigate its geometry. We’ll discuss, in
the following section, what exactly we’ve proven if we simply stop at the
conclusion of the last step. But ideally, we’d like to complete the analysis
and say when the cycles Zi ⊂ H do in fact meet generically transversely or
dimensionally transversely. In particular, if the geometric problem posed
depends on choices—the number of lines meeting each of four curves Ci,
for example, depends on the Ci—we’d like to be able to say that for general
choices the corresponding scheme Φ is indeed generically reduced.

Thus, for example, in the case of Keynote Question (b) the analysis
described above and carried out in Section 2.4.2 will tell us that if the
subscheme Φ ⊂ G of lines meeting each of four curves Ci ⊂ P3 is zero-
dimensional, it has degree 2 ·

∏
deg(Ci). But it does not tell us that the

actual number of lines meeting each of the four curves is in fact 2·
∏

deg(Ci)
for general Ci, or for that matter for any. That is addressed in Section 2.4.2
in characteristic 0, and again in Exercises 2.34-2.37 in positive characteris-
tic.

One reason this last step is sometimes shortchanged is that it’s often the
hardest. For example, it typically involves knowledge of the local geome-
try of the subschemes Zi ⊂ H—their smoothness or singularity, and their
tangent spaces or tangent cones accordingly—and this is usually finer in-
formation than their dimensions and classes. But it’s necessary, if the result
of the first four steps is to give a description of the actual set of solutions;
and it’s also a great occasion to learn some of the relevant geometry.

2.1.2 The content of an enumerative formula

Because the last step in the process described above is sometimes beyond
our reach, it is worth saying exactly what has been proved when we carry
out the first four steps in the process of the last section.
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In general, the computation of the product α =
∏

[Zi] ∈ A(H) of the
classes of some effective cycles Zi in a space H tells us:

(a) If α 6= 0 (for example, if α ∈ A0(H) and deg(α) 6= 0), we can conclude
that ∩iZi is nonempty. This is the source of many applications of enu-
merative geometry; for example, it’s the basis of the Kempf/Kleiman-
Laksov proof of the existence half of Brill-Noether, described in Chap-
ter 17.

(b) If the cycles Zi intersect in the expected dimension, then the class α
is a positive linear combination of the classes of the components of the
intersection ∩Zi. In particular, if α ∈ A0(H) has dimension 0, then the
number of points of ∩Zi is at most deg(α). This in turn implies:

(i) If α ∈ A0(H) and deg(α) < 0, we may conclude that the inter-
section ∩iZi is infinite rather than finite. More generally, if α is
not the class of an effective cycle we can conclude that ∩iZi has
dimension greater than the expected dimension.

(ii) If α ∈ A0(H) and deg(α) = 0, then the intersection ∩iZi must
either be empty or infinite. (In general, if α = 0 we can conclude
that either ∩iZi = ∅, or ∩iZi has dimension greater than the
expected dimension.)

So, suppose we have carried out the first four steps in the process of the
preceding section in the case of Keynote Question (a): we’ve described the
Grassmannian G = G(1, 3) and its Chow ring, found the class σ1 = [Z]
of the cycle Z of lines meeting a given line L ⊂ P3, and calculated that
deg(σ4

1) = 2. What does this tell us?

Without a verification of transversality, the formula deg σ4
1 = 2 really

only tells us that the number of intersections is either infinite or 1 or 2.
Beyond this, it says that if the number of “solutions to the problem”—in
this case lines in P3 that meet the four given lines—is finite, then there
are two counted with multiplicity. In order to say more, we need to be able
to say when the intersection ∩Zi has the expected dimension; we need to
be able to detect transversality and, ideally, to calculate the multiplicity of
a given solution. (The third of these is often the hardest. For example, in
the calculation of the number of lines meeting four given curves Ci ⊂ P3,
we see in Exercises 2.34-2.37 how to check the condition of transversality;
but there is no simple formula for the multiplicity in case the intersection
is not transverse.)

A common aspect of enumerative problems is that they themselves may
vary with parameters: if we ask how many lines meet each of four curves
Ci, the problem varies with the choice of curves Ci. In these situations, a
good benchmark of our understanding is whether we can count the actual
number of solutions for a general such problem: for example, whether we
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can prove that if C1, . . . , C4 are general conics, then there will be exactly
32 lines meeting all four. Thus, in most of the examples of enumerative
geometry we’ll encounter in this book, there are two aspects to the problem.
The first is to find the “expected” number of solutions by carrying out
the first four steps of the preceding section to arrive at an enumerative
formula. The second is to verify transversality—in other words, that the
actual cardinality of the set of solutions is indeed this expected number—
when the problem is suitably general.

2.2 Introduction to Grassmann varieties

A Grassmann variety, or Grassmannian, is a projective variety whose closed
points correspond to the vector subspaces of a certain dimension in a given
vector space. Projective spaces, which parametrize one dimensional (or one-
codimensional) subspaces, are the most familiar examples. In this Chapter
we will begin the study of Grassmannians in general, and then focus on
the geometry and Chow ring of the Grassmannian of lines in P3 over the
complex numbers, the first and most intuitive example beyond projective
spaces.

Our goal in doing this is to introduce the reader to some ideas that will
be developed in much greater generality (and complexity) in later chap-
ters: the Grassmannian (as an example of parameter spaces), the methods
of undetermined coefficients and specialization for computing intersection
products more complicated than those mentioned in Chapter 1, and ques-
tions of transversality, treated via the tangent spaces to parameter spaces.
For more information about Grassmannians the reader may consult the
books of Harris [1992] (for basic geometry of the Grassmannian); Griffiths
and Harris [1978] for the basics of the Schubert calculus and Fulton [1997]
for combinatorial formulas, as well as the classic treatment in the second
volume of Hodge and Pedoe [1952].

As a set, we take the Grassmann variety G = G(k, V ) to be the set of
k-dimensional vector subspaces of the vector space V . We give this set the
structure of a projective variety by giving an inclusion in a projective space,
called the Plücker embedding, and showing that the image is the zero locus
of a certain collection of homogeneous polynomials.

We will write G(k, V ) for the Grassmann variety of k-dimensional sub-
spaces of V . A k-dimensional sub vector space of an n-dimensional vector
space V is the same as a (k−1)-dimensional linear subspace of PV ∼= Pn−1,
so the Grassmannian G(k, V ) could also be thought of as parameteriz-
ing (k − 1)-dimensional subspaces of PV . We will write the Grassmannian
G(k, V ) as G(k−1,PV ) when we wish to think of it this way. When there’s
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no need to specify the vector space V but only its dimension, say n, we’ll
write simply G(k, n) or G(k − 1, n − 1). Note also that there is a natural
identification

G(k, V ) = G(n− k, V ∗)

sending a k-dimensional subspace Λ ⊂ V to its annihilator Λ⊥ ⊂ V ∗.
There are two points of potential confusion in the notation. First, if

Λ ⊂ V is a k-dimensional vector subspace of an n-dimensional vector space
V , we will often use the same symbol Λ to denote the corresponding point
in G = G(k, V ). When we need to make the distinction explicit, we’ll write
[Λ] ∈ G for the point corresponding to the plane Λ ⊂ V . Second, when we
consider the Grassmannian G = G(k,PV ) we will sometimes need to work
with the corresponding vector subspaces of V . In these circumstances, if
Λ ⊂ PV is a k-plane, we’ll write Λ̃ for the corresponding (k+1)-dimensional
vector subspace of V .

2.2.1 The Plücker embedding

To do this, we associate to a k-dimensional subspace Λ ⊂ V the one-
dimensional subspace

∧kΛ ⊂ ∧kV ;

that is, if Λ has basis v1, . . . , vk, we associate to it the point of P(∧kV )
corresponding to the line spanned by v1 ∧ · · · ∧ vk Concretely, if we take
V = Cn, we may represent Λ as the row space of a k × n matrix

A =


a1,1 a1,2 . . . . . . a1,n

a2,1 a2,2 . . . . . . a2,n

...
...

. . .
. . .

...
ak,1 ak,2 . . . . . . ak,n

 .

If we choose a basis {e1, . . . , en} for V , then a basis for ∧kV is given by
the set of products

{ei1 ∧ · · · ∧ eik}1≤i1<···<ik≤n,

and if v1, . . . , vk is a basis for Λ then we may write a nonzero element of
∧kΛ in the form

v1 ∧ · · · ∧ vk =
∑

1≤i1<···<ik≤n

pi1,...,ikei1 ∧ · · · ∧ eik ;

Here the scalar pi1,...,ik is the determinant of the submatrix (that is, minor)
of A made from columns i1, . . . , ik. These pi1,...,ik are called the Plücker
coordinates of Λ.

The matrix A is not unique, since we can multiply on the left by any
invertible k×k matrix Ω without changing the row space, but the collection
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of k × k minors of A, viewed as a vector in C(nk), is well-defined up to
scalars: multiplying by Ω multiplies each such minor by det(Ω). Conversely,
if another matrix A′ has the same row space, then we can write A′ = ΩA for
some invertible k × k matrix Ω. This shows that the “Plücker embedding”

is a well-defined map of sets from G(k, n) to P(nk)−1. On the other hand,
it is not hard to show that if v1, . . . , vk are independent vectors in V , then
a vector v annihilates v1 ∧ · · · ∧ vk in the exterior algebra if and only if v
is in the span of v1, . . . , vk. This proves that the “Plücker embedding” is

one-to-one as a map of sets from G(k, n) to P(nk)−1.

A quick-and-dirty way to see that the image G ↪→ P(∧kV ) of the Plücker
embedding—the locus of vectors η ∈ ∧kV that are expressible as a wedge
product v1 ∧ · · · ∧ vk of k vectors vi ∈ V—is a closed algebraic set is to
use the ring structure of the exterior algebra ∧V . Writing out an element
η ∈ ∧kV in coordinates as above, we see that ei∧η = 0 if and only if η can
be written as ei ∧ η′ for some η′ ∈ ∧k−1V . Since there is nothing special
about the vector ei ∈ V we could replace it by any nonzero element v ∈ V .
Repeating this idea, we see that an element 0 6= η ∈ ∧kV can be written
in the form v1 ∧ · · · ∧ vk for some (necessarily independent) v1, . . . , vk ∈ V
if and only if the kernel of the multiplication map

V
∧η- ∧k+1 V

has dimension at least k. That is, the image of the Plücker embedding is

G = {η ∈ ∧kV | rank(V
∧η- ∧k+1 V ) ≤ n− k},

and this is the zero locus of the homogeneous polynomials of degree n−k+1

on ∧kV that are the n − k + 1-order minors of the map V
∧η- ∧k+1 V ,

written out as a matrix.

Once we know that G is an algebraic set, it follows that G is a variety:
Its ideal is the kernel of the map of polynomial rings

K[pi1,...,ik ]1≤i1<···<ik≤n → K[xi,j ]1≤i≤k
1≤j≤n

sending pi1,...,ik to the corresponding Plücker coordinate of the generic
matrix (xi,j), and is thus prime.

Though the equations for G just given have degree n− k the generators
of the ideal of homogeneous forms vanishing on G ⊂ P(∧kV ) are quadratic
actually polynomials, known as the Plücker relations. We will be able to
describe these quadratic polynomials explicitly following Proposition 2.2;
for fuller accounts (including a proof that they do indeed generate the ho-
mogeneous ideal of G ⊂ P(∧kV )) and some of their beautiful combinatorial
structure, we refer the reader to de Concini et al. [1980] Section 2 or Fulton
[1997] Section 9.1.
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From here on, we will view G(k, V ) as endowed with the structure of
a projective variety via the Plücker embedding. As will follow from the
description of its covering by affine spaces in the following subsection, it’s
a smooth variety of dimension k(n−k). The smoothness statement follows
in any case from the fact that GL(V ) acts transitively on it by linear
transformations of the projective space P(∧kV ).

Example 2.1. The first example of a Grassmannian other than projective
space is the Grassmannian G(2, 4) = G(1,P3). Let V be a 4-dimensional
vector space, and consider the Plücker embedding of G(2, V ) = G(2, 4) =
G(1, 3) in P ∧2 V ∼= P5. Since dimG(2, 4) = 4, this will be a hypersurface.
From the discussion above we know that the equation of G(2, 4) in this
embedding is a polynomial relation among the minors pi,j of a generic
2× 4 matrix (

a1,1 a1,2 a1,3 a1,4

a2,1 a2,2 a2,3 a2,4

)
.

One way to obtain this relation is to note that the determinant of the 4×4
matrix with repeated rows

a1,1 a1,2 a1,3 a1,4

a2,1 a2,2 a2,3 a2,4

a1,1 a1,2 a1,3 a1,4

a2,1 a2,2 a2,3 a2,4


must be 0. Expanding this determinant as a sum of products of minors
of the first two rows and of the last two rows, all of which are Plücker
coordinates, we obtain

(2.1) p1,2p3,4 − p1,3p2,4 + p1,4p2,3 = 0.

As this is an irreducible polynomial (and dimG(2, 4) = 4), it generates the
homogeneous ideal of G(2, 4) ⊂ P5, which is thus a smooth quadric.

In fact, for any n, the ideal of the Grassmannian of 2-planes G(2, n) is
cut out by quadratic polynomials in the Plücker coordinates similar to the
polynomial (2.1) above. More precisely, if e1, . . . , en is a basis of V and
η =

∑
1≤a<b≤n+1 pa,bea ∧ eb ∈ ∧2V , then the polynomials

{ga,b,c,d := pa,bpc,d − pa,cpb,d + pa,dpb,c = 0 | 1 ≤ a < b < c < d ≤ n+ 1}

minimally generate the ideal of the Grassmannian. These are the Plücker
relations in the special case of the Grassmannian G(1, n) of lines in Pn.
We’ll describe the Plücker relations in general following Proposition 2.2.

Another way to characterize the collection of polynomials {ga,b,c,d} defin-
ing G(1, n), in characteristic not equal to 2, is that they are tantamount
to the coefficients of the element η2 = 0 ∈ ∧4V . These coefficients may be
characterized (up to a factor of 2) as the Pfaffians of a skew-symmetric
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matrix. See Exercise 2.15 for more information, and for the characteristic
2 case.

Exercises 2.16-2.23 describe a number of aspects of the projective geom-
etry of the Grassmannian in the Plücker embedding.

2.2.2 Covering by affine spaces; local coordinates

Like a projective space, a Grassmann variety G = G(k, V ) can be covered
by Zariski open subsets isomorphic to affine space. To see this, fix an (n−k)-
dimensional subspace Γ ⊂ V , and let UΓ be the subset of k-planes that don’t
meet Γ:

UΓ = {Λ ∈ G | Λ ∩ Γ = 0}.

This is a Zariski open subset of G: in fact, if we take w1, . . . , wn−k to be
any basis for Γ and set η = w1 ∧ · · · ∧ wn−k, then we have

UΓ = {[ω] ∈ G ⊂ P ∧k V | ω ∧ η 6= 0}

from which we see that UΓ is the complement of the hyperplane section of
G corresponding to the vanishing of a Plücker coordinate. (Caution: not
all hyperplane sections of G in the Plücker embedding have this form; see
Exercise 2.24.)

We claim now that the open set UΓ ⊂ G(k, n) is isomorphic to affine

space Ak(n−k). To see this, we first choose an arbitrary point [Ω] ∈ UΓ that
will play the role of the origin; that is, fix a k-plane Ω ⊂ V complementary
to Γ, so that we have a direct-sum decomposition V = Ω ⊕ Γ. Any k-
dimensional subspace Λ ⊂ V complementary to Γ projects to Γ modulo
Ω—call this map πΓ—and projects isomorphically to Ω mod Γ—call this
map πΩ. Thus Λ is the graph of the linear map

ϕ : Ω
π−1

Ω- Λ ⊂ V = Ω⊕ Γ
πΓ- Γ

Conversely, the graph of any map ϕ : Ω→ Γ is a subspace Λ ⊂ Ω⊕ Γ = V
complementary to Γ. These two correspondences establish a bijection

UΓ
∼= Hom(Ω,Γ) ∼= Ak(n−k).

To make this explicit, suppose we choose a basis for V consisting of a basis
e1, . . . , ek for Ω followed by a basis ek+1, . . . , en for Γ. If Λ ∈ UΓ is a k-plane
then the preimages π−1

Ω e1, . . . , π
−1
Ω ek ∈ Λ, form a basis for Λ. Thus Λ is

the row space of the matrix

B =


1 0 . . . 0 a1,1 a1,2 . . . a1,n−k
0 1 . . . 0 a2,1 a2,2 . . . a2,n−k
...

...
. . . 0

...
...

. . .
...

0 0 . . . 1 ak,1 ak,2 . . . ak,n−k

 .
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Where A = (ai,j) is the matrix representing the linear transformation ϕ :
Ω → Γ in the given bases. Since there is a unique vector in Λ projecting
(mod Γ) to each ei ∈ Ω, this matrix representation is unique. The bijection
defined above sends Λ ∈ UΓ to the linear transformation Ω → Γ given by
the transpose of the matrix A = (ai,j).

If we start with any representation of Λ as the span of the rows of a k×n
matrix B′ with respect to the given basis of V , then the Plücker coordinate
p1,2,...,k, which is the determinant of the submatrix consisting of the first
k columns of B′ will be nonzero. Multiplying B′ on the left by the inverse
of this submatrix gives us back the matrix B as above, and thus the k × k
minors of B are the k × k minors of B′ multiplied by the inverse of the
determinant of the first k × k minor of B′.

On the other hand, we can realize the entry ai,j of A, up to sign, as a
k× k minor of B: it is (up to sign) the determinant of the k× k submatrix
in which we take all the first k columns except for the i-th, and put in
instead the k + j-th column. Thus we may write

±ai,j =
p1,...,i−1,̂i,i+1,...,k,k+j(Λ)

p1,...,k(Λ)
,

and this expression shows that ai,j is a regular function on UΓ. Thus the

bijection UΓ
∼= Ak(n−k) is a biregular isomorphism.

More generally, it turns out that the ratios pa1,...,ak(Λ)/p1,2,...,k(Λ) of
Plücker coordinates are, up to sign, precisely the determinants of subma-
trices (of all sizes) of A. To express the result, suppose that I and J are
sets of indices. Write AJI for the minor of the matrix A involving rows with
indices in I and columns with indices in J . Write I ′ for the complement
(in the set of row indices {1, . . . , k}) of I, and, if J = {j1, . . . , jt}, write
J + k for the “translated” set of indices {j1 + k, . . . , jt + k}. With this
notation, the t× t minor AJI of A is equal, up to sign, to the k × k minor
of B involving the columns I ′ ∪ J . To see this as a regular function on UΓ

we need only divide by the minor involving columns 1, . . . , k:

Proposition 2.2. With notation as above, suppose that I = {i1, . . . , ik−t}
are row indices and J = {j1, . . . , jt} are column indices with each ji > k.
We have

±detAJI =
pI′∪(J+k)(Λ)

p1,...,k(Λ)
.

****make picture: The matrix B above with a square boxes around the
upper left 2x2 submatrix and the lower right (k − 2)× (k − 2) submatrix,
and caption: the determinant of the k×k submatrix of B involving columns
1, 2, n−k+3, n−k+4, . . . n is ± the minor of A involving rows and columns
3, . . . , n.****
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Proof. The expression in Plücker coordinates on the right is independent
of the matrix representation chosen for Λ, so we may compute the two
Plücker coordinates in terms of the matrix B in the form given above, so
p1,...,k(Λ) = 1, and pI′∪(J+k)(Λ) is the minor of B involving the columns
I ′ ∪ (J + k). Expanding this minor in terms of the (k− t)× (k− t) minors
involving the rows of I ′, we see that all but the term ±1 ·AJI is zero.

Having established Proposition 2.2, it is easy to describe the Plücker
relations, the quadratic polynomials in the Plücker coordinates that cut
out G(k, V ) ⊂ P(∧kV ). With notation as above, consider the expansion
of any t × t minor of A along one of its rows or columns. Replacing each
factor of each term that appears by the ratio of two Plücker coordinates,
with denominator p1,...,k(Λ), and multiplying through byp1,...,k(Λ)2, we get
a homogeneous quadratic polynomial in the pI satisfied identically in UΓ

and hence in all of G(k, V ). For more information we refer the reader to
de Concini et al. [1980] Section 2 or Fulton [1997] Section 9.1.

2.2.3 Universal sub and quotient bundles

In this section and the following we’ll introduce the universal bundles on
the Grassmannian G(k, n) and show how to describe the tangent bundle to
G(k, n) in terms of them. These constructions are of fundamental impor-
tance in understanding the geometry of Grassmannians.

Let V be an n-dimensional vector space, G = G(k, V ) the Grassmannian
of k-planes in V , and let V := V ⊗OG be the trivial vector bundle of rank
n on G whose fiber at every point is the vector space V . We write S for
the rank k subbundle of V whose fiber at a point [Λ] ∈ G is the subspace
Λ itself; that is,

S[Λ] = Λ ⊂ V = V[Λ].

S is called the universal subbundle on G; the quotient Q = V/S is called
the universal quotient bundle. In case k = 1—that is, G = PV ∼= Pn−1—
the universal subbundle S is the line bundle OPV (−1); similarly, in case
k = n − 1, so that G = PV ∗, the universal quotient bundle Q is the line
bundle OPV ∗(1).

We have said “the rank k subbundle of V whose fiber at a point [Λ] ∈ G
is the subspace Λ itself”, and this certainly describes at most one bundle,
since we have unambiguously defined a subset of V. Who would doubt that
is an algebraic vector bundle? To prove this, something more is necessary.
Most primitively, we must check that it is trivial on an affine open cover,
and that the transition functions are regular on the overlap of any two
of the open sets of the cover. Alternately, and equivalently, we may show
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that the subset S is an algebraic subset, and that over an open cover it is
isomorphic, as algebraic variety, to a trivial bundle. Here is a proof.

Proposition 2.3. The subset S of V whose fiber over a point [Λ] ∈ G =
G(k, V ) is the subspace Λ ⊂ V is a vector bundle over G.

Of course it follows that Q = V/S is also a vector bundle.

Proof. Let S be the incidence correspondence

S = {(Λ, v) ∈ G× V | v ∈ Λ}.

The set S is an algebraic subset of G × V , since if we represent Λ by a
vector η ∈ ∧kΛ ⊂ ∧kV , it is given by the equation η ∧ v = 0 ∈ ∧k+1V .
Explicitly, if Λ is the row space of the matrix A as in Section 2.2.2 then
the condition v ∈ Λ is equivalent to the vanishing of the (k + 1)-st-order
minors of the matrix obtained from A′ by adjoining v as the (k+ 1)st row.
These minors can be expressed (by expanding along the new row of A′)
as bilinear functions in the coordinates of v and the Plücker coordinates,
proving that S is an algebraic subset.

Now pick a subspace Γ ⊂ V of dimension n−k and consider the preimage
of UΓ ⊂ G. Choosing a complement Ω to Γ as before, we can identify UΓ

with Hom(Ω,Γ). Moreover if Λ ∈ UΓ then the projection βΩ,Γ : V → Ω
with kernel Γ takes S[Λ] = Λ ⊂ V isomorphically to Ω. In other words, this
projection gives an isomorphism SUΓ to the trivial bundle Ω × UΓ. This
proves that S is actually a vector bundle, which we identify as S.

The following result is the reason that we refer to S as the “universal”
subbundle. A proof may be found in Eisenbud and Harris [2000].

Theorem 2.4. If X is any scheme then the morphisms ϕ : X → G are in
one-to-one correspondence with rank k subbundles F ⊂ V ⊗OX in such a
way that ϕ corresponds to the bundle F = ϕ∗S.

There is also a projective analog of the vector bundle S. Thinking of G
as G(k − 1,PV )—that is, as parameterizing (k − 1)-planes in PV—we set

Φ = {(Λ, p) ∈ G× PV | p ∈ Λ}.

The space Φ can also be realized as the projectivization of the universal
subbundle S, where by the projectivization of a vector bundle E on a scheme
X we mean PE := Proj(Sym E∗)—a locally trivial fiber bundle over X
whose fiber over a point p ∈ X is P(Ep). (We will deal with projective
bundles in general in Chapter 11.) Φ = PS is called the universal (k − 1)-
plane over G.

Theorem 2.4 may be interpreted by saying that the Grassmannian rep-
resents the functor of families of k-dimensional subspaces of V , in the
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sense that the contravariant functor, from schemes to sets, given on ob-
jects by X 7→ Morph(X,G(k, V )) is naturally isomorphic to the functor
given X 7→ {rank k subbundles of V ×X}. Again, with language that we
will develop in 8.3, this says that the Grassmannian G(k − 1,PV ) is the
Hilbert scheme of (k − 1)-planes in PV . See Chapter 6 of Eisenbud and
Harris [2000] for an introduction to these ideas, and a proof of this state-
ment.

The universal bundles on the Grassmannian G are of fundamental im-
portance in studying the geometry of the Grassmannian, and indeed in the
study of vector bundles in general: in the topological or C∞ categories it’s
the case that any vector bundle E on a space X is the pullback of a univer-
sal bundle via some map ϕ : X → G to a Grassmannian; in the algebraic
geometry setting, this is true for all bundles generated by global sections.

In Chapter 8 we will show that the family Φ→ G has a universal property
that justifies its name: if X ⊂ B × PV is a subscheme, flat over B, whose
fibers are (k−1)-planes in PV , then there is a unique map ϕ : B → G such
that X = B ×G Φ is the pullback of Φ via ϕ. We will generalize all this
to describe the family of (k − 1)-planes lying on any projective variety X,
called a Fano scheme, and, still more generally, to the universal family of
subschemes of X with given Hilbert polynomial, called a Hilbert scheme.

2.2.4 The tangent bundle of the Grassmann variety

Knowledge of the tangent bundle of the Grassmannian is the key to its
geometry. It turns out that the tangent bundle can be expressed in terms
of the tautological bundles S and Q:

Theorem 2.5. The tangent bundle TG to the Grassmannian G = G(k, V )
is isomorphic to HomG(S,Q), where S and Q are the universal sub and
quotient bundles.

Proof. Consider the open affine set

UΓ = {Λ ∈ G | Λ ∩ Γ = 0},

described in Section 2.2.2, where Γ is a subspace of V of dimension n− k.
Fixing a point [Ω] ∈ UΓ and decomposing V = Ω⊕Γ we get an identification
of UΓ with the vector space Hom(Ω,Γ) under which the point [Ω] goes to
the linear transformation 0. In particular, the tangent bundle TG restricted
to UΓ is the trivial bundle, and the fiber over [Ω] is Hom(Ω,Γ).

The bundle S|UΓ
is isomorphic to the trivial bundle Ω×UΓ by the com-

posite map

S|UΓ
→ V × UΓ → V/Γ× UΓ = Ω× UΓ,
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and the bundle Q|UΓ is isomorphic to the trivial bundle Γ × UΓ via the
tautological projection V ⊗OG → Q. This gives an identification of fibers,
depending on Γ:

(TG)Ω = Hom(Ω,Γ) = Hom(SΩ,QΩ).

To prove that these identifications extend to an isomorphism TG ∼=
HomG(S,Q) we must check that the gluing map for TG and that for
HomG(S,Q) on an intersection U = UΓ ∩ UΓ′ containing the point [Ω]
agree on the fiber over [Ω] (and thus agree as maps of bundles). We may
regard U ⊂ UΓ = Hom(Ω,Γ) as the set of linear transformations whose
graphs do not meet Γ′, and this representation is related to the represen-

tation of U ⊂ UΓ′ by the isomorphisms Γ
α- V/Ω �

β
Γ′. The gluing

dϕ : (TG|UΓ
)|UΓ′

∼=- (TG|UΓ′ )|UΓ

along this set is by the differential of the composite linear transformation

ϕ : Hom(Ω,Γ)
α- Hom(Ω, V/Ω)

β−1

- Hom(Ω,Γ′)

induced by these isomorphisms. Of course the differential of a linear trans-
formation is the same linear transformation. The same isomorphisms give
the gluing of the bundle HomG(S,Q).

From the identification of tangent vectors to G = G(k, V ) at Λ with
the space Hom(Λ, V/Λ) we can see that not all tangent vectors at a given
point are alike: we can associate to any tangent vector its rank, and this
will be preserved under automorphisms of G (see Exercises 2.27 and, for
a nice application, 2.26). In particular, this means that when 1 < k <
dimV − 1, the automorphism group of G(k, V ) does not act transitively
on nonzero tangent vectors, and hence Kleiman’s Theorem 1.9 does not
apply in positive characteristic. Nevertheless, the conclusions it gives for
intersections of Schubert cycles are correct in all characteristics (and will
be proven by a different method).

The Euler sequence on Pn. The isomorphism of Theorem 2.5 is already
useful in the case of projective space Pn = G(0, n). In this setting Theorem
2.5 gives rise to the Euler sequence.

Let V be an (n + 1)-dimensional vector space, and let Pn = PV its
projectivization. We consider the quotient map

q : U = V \ 0→ Pn

sending a nonzero vector v ∈ V to the corresponding point p = [v] ∈ Pn.
The tangent space to U at v is the same as the tangent space to V at v,
which is to say the vector space V itself, and the kernel of the differential

dqv : TvU → TpPn
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FIGURE 2.05. The differential dqv : TvV = V → TpPV varies linearly with
v ∈ q−1(p).

is the one-dimensional subspace p̃ = 〈v〉 ⊂ V spanned by v. Thus dqv
induces an isomorphism

V/p̃
∼=- TpPn,

as illustrated in Figure 2.05

This isomorphism does not, however, give a natural identification of the
vector spaces V/p̃ and TpPn. Even though both these vector spaces depend
only on the point p ∈ Pn, the isomorphism dqv between them depends on
the choice of the vector v. Indeed, if λ is any nonzero scalar, the differential
dqλv is equal to dqv divided by λ. But if l : 〈v〉 → K is any linear functional,
then the map l(v) · dqv is independent of the choice of v, and so we have a
natural identification

〈v〉∗ ⊗ V/〈v〉
∼=- T[v]Pn.

This is the identification

TPn ∼= OPn(1)⊗Q = Hom(OPn(−1), Q) = Hom(S,Q)

asserted (more generally) in Theorem 2.5.

To put it another way, in terms of coordinates x0, . . . , xn on V , a constant
vector field ∂/∂xi on V does not give rise to a vector field on PV , but the
vector field

w(x) = xj
∂

∂xi

on V does. This gives us a map

OPn(1)⊗ V → TPV ,
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whose kernel is the Euler vector field

e(x) =
∑

xi
∂

∂xi
.

The resulting exact sequence

0→ OPV
17→e- OPn(1)⊗ V → TPV → 0,

is called the Euler sequence. To relate this to the identification of the tan-
gent bundle above, start with the universal sequence on PV :

0→ S → OPV ⊗ V → Q→ 0.

Now tensor with the line bundle S∗ = OPV (1); since S ⊗ S∗ ∼= OPV , we
arrive at the sequence

0→ OPV → OPn(1)⊗ V → S∗ ⊗Q → 0.

By Theorem 2.5 the term on the right is TPn , and we obtain the Euler
sequence again.

2.2.5 Tangent spaces via the universal property

There is another way to approach the tangent space that depends on a
pretty and well-known bit of algebra: Let O be a local ring with maximal
ideal m, and suppose for simplicity that O contains a copy of its residue
field K.

Proposition-Definition 2.6. There are natural one-to-one correspon-
dences between the following sets:

(a) HomK(m/m2,K) (homomorphisms of K-vector spaces).

(b) DerK(O,K) (K-linear derivations; that is, K-vector space homomor-
phisms d : O → K that satisfy Leibniz’ rule d(fg) = fd(g) + gd(f).)

(c) HomK−Algebras(O,K[ε]/(ε2)) (homomorphisms of K-algebras).

(d) Morph(T ,SpecO), where T = SpecK[ε]/(ε2) (morphisms of schemes.)

The first two of these are naturallyK-vector spaces, and the correspondence
preserves this structure; we regard the other two as equipped with this
structure as well. Any of these spaces, with its vector space structure, is
called the Zariski tangent space of O (or of SpecO).

When O is the local ring OX,x of a variety (or scheme) at a closed point
x, we think of the Zariski tangent space of O as the Zariski tangent space
of X at x; and of course item (d) is the same as the set of morphisms of
K-schemes carrying the (unique) point of T—which we will call 0—to x.
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Proof. The sets in (c) and (d) are the same by definition. If ϕ as in c, then
ϕ|m annihilates m2 and induces a vector space homomorphism ϕ : m/m2 →
(ε)/(ε2) ∼= K as in (a). Similarly, a Derivation d as in (b) induces a K-
linear map d|m : m/m2 → K. We leave to the reader the construction of
the inverse correspondences.

When X is a smooth variety and O = OX,x is it’s local ring at a point,
there is a fifth identification of great importance: the set of derivations
(b) may be identified with the set of tangent vectors TX,x (send a tangent
vector v to the derivative in the direction d.) Thus the Zariski tangent space
recovers the ordinary tangent space in this case.

Consider the case X = G(k, V ). The tangent space at x = [Λ] is, by the
argument above, the collection of maps T → G(k, V ) sending 0 to [Λ]. By
Theorem 2.4, giving a map T → G(k, V ) is the same as the giving a rank
k sub bundles W of V × T ; the map takes 0 ∈ T to [Λ] ∈ G(k, V ) if and
only if the fiber W0 is equal to Λ.

We can understand the identification of the tangent space TΛG(k, V )
to the Grassmannian with the space Hom(Λ, V/Λ) using this description
together with the universal property of the Grassmannian described in
Theorem 2.4.

Since T is affine, a vector bundle over T is the same as a locally free
module over K[ε]/(ε2). Since this ring is local, Nakayama’s Lemma shows
that such a module is free (see for example Eisenbud [1995] Exercise 4.11).
Thus only the inclusion Λ× T → V × T varies.

Putting this together, we get a new way to look at the identification of
the tangent spaces to the Grassmannian.

Proposition 2.7. Let Λ ⊂ V be a k-dimensional subspace, and let ϕ :
Λ → V/Λ be a homomorphism. As an element of the tangent space to
the Grassmannian G(k, V ) at the point [Λ], ϕ corresponds to the sub free
module

Λ⊗ F [ε]/(ε2)→ V ⊗ F [ε]/(ε2) v ⊗ 1 7→ v ⊗ 1 + ϕ′(v)⊗ ε.

where ϕ′ : Λ→ V is any map that, composed with the projection V → V/Λ,
gives ϕ.

Proof. Any map Λ × T → V × T that reduces to the inclusion modulo ε
has the form v⊗ 1 7→ v⊗ 1 +ϕ′(v)⊗ ε for some ϕ′. If we work in the affine
coordinates corresponding to a subspace Γ complementary to Λ and use
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the splitting V = Λ⊕ Ω, then the point Λ ⊂ V corresponds to the matrix

B =


1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0
...

...
. . . 0 0 . . . 0

0 0 . . . 1 0 . . . 0

 .

In this matrix representation, ϕ is represented by the last n − k columns
of ϕ′, and taking a different lifting of ϕ corresponds to making a different
choice of the first k × k block of ϕ′.

We can do row operations to clear all the ε terms from the first k×k block,
adding a multiple of ε times certain rows to other rows. This corresponds
to composing with to an automorphism of Λ×T , and thus does not change
the image of Λ × T → V × T . Since we add after multiplying by ε, this
does not change the block representing ϕ. Thus we may assume that the
first k× k block of ϕ′ is 0; equivalently, the first k× k block corresponding
to the map Λ× T → V × T is the identity.

2.3 The Chow ring of G(1, 3)

Before launching into the geometry of general Grassmannians in the next
chapter, we will we will study the geometry of G(1, 3) = G(1,P3

C), the
Grassmannian of projective lines in P3

C , the projective three-space over the
complex numbers. This is the simplest case beyond the projective spaces.
The general results are in many ways similar, but more combinatorics is
involved; in the case of lines in P3 it is possible to visualize more of what
is going on. Once the reader has absorbed the case of G(1, 3) the general
results will seem more natural.

The reason for the restriction to the complex numbers is to simplify the
discussion by using Kleiman’s Theorem 5.15 in its characteristic 0 form
Theorem 1.9. For convenience, we write out the implication we need:

Corollary 2.8 (Kleiman’s theorem for G(k,PnC)). The algebraic group
GL(n + 1,C) acts transitively on the Grassmannian G(k,PnC), and given
any subvarieties A,B ⊂ G(k,PnC) there is an open subset U ⊂ GL(n+1,C)
such that for g ∈ U the subvariety gA ⊂ G(k,PnC) is rationally equivalent
to A and generically transverse to B.

As we have seen, tangent vectors to the Grassmannian correspond to ho-
momorphisms, and thus can have different ranks; it follows that the action
of GL(n + 1) on the tangent spaces is not transitive, and the conclusion
of the Corollary actually fails in characteristic p > 0; see the discussion
around Theorem 5.15.
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P3

M

P

H

FIGURE 2.2. A complete flag p ⊂M ⊂ H in P3

Proof. The first statement is clear from the fact that GL(n + 1,C) acts
on Cn+1, permuting the (k + 1)-dimensional subspaces transitively. The
second statement follows from the first by Theorem 1.9.

As we observed above, G(1,P3) is realized via the Plücker embedding as
the nonsingular quadric in P(∧2V ) ∼= P5 given by the equation (2.1).

2.3.1 Schubert cycles in G(1, 3)

****Notation: we keep Λ for the variable line in P3; use p ∈ L ⊂ H ⊂ P3 for
the flag. We will have to ask Silvio to change the figures accordingly.****

To start, we fix a complete flag V on P3; that is, a choice of a point
p ∈ P3, a line L ⊂ P3 containing p, and a plane H ⊂ P3 containing L
(Figure 2.2).

We can give a decomposition of

G(1,P3)

as a disjoint union of locally closed subsets by considering the loci of lines
Λ ∈ G(1,P3) having specified dimension of intersection with each of the
subspaces p, L and H. These are called Schubert cells and their closures
are called Schubert cycles; the classes of these cycles are called, not surpris-
ingly, Schubert classes. As we shall see, the Schubert cells form an affine
stratification of

G(1,P3)
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FIGURE 2.3. Schubert cycles in G(1, 3). ****Silvio, please put these in boxes as
in fig 2.2****

, and it follows from Theorem ?? that the Schubert classes generate the
Chow group A(G(1,P3)). Using intersection theory we will be able to show
that in fact A(G(1,P3)) is a free Z-module having the Schubert classes as
free generators. In the following chapter we will see that the same situation
is repeated for all the Grassmann varieties.

We begin by naming and describing the Schubert cycles; the four non-
trivial ones are illustrated in Figure 2.3:

Σ0,0 = G(1,P3)

Σ1,0 = {Λ | Λ ∩ L 6= ∅};
Σ2,0 = {Λ | p ∈ Λ};
Σ1,1 = {Λ | Λ ⊂ H};
Σ2,1 = {Λ | p ∈ Λ ⊂ H}; and

Σ2,2 = {Λ | Λ = L}.

Thus Σa,b denotes the set of lines meeting the (2− a)-dimensional plane
of V in a point, and the (3 − b)-dimensional plane of V in a line. This
system of indexing may seem peculiar at first, but it has good properties.
For example, the codimension of Σa,b is a+ b, as we will soon see. Also, it
behaves well with respect to the pullback maps associated to the inclusions
of sub-Grassmannians G(k, n) ↪→ G(k, n+1) and G(k, n) ↪→ G(k+1, n+1),
as we’ll see in the next chapter when we introduce Schubert cycles and
classes on general Grassmannians,.

We often drop the second index when it is 0, writing for example Σ1

instead of Σ1,0. When the choice of flag is relevant, we’ll sometimes indicate
the dependence by writing Σ(V), or simply note the dependence on the
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relevant flag elements by writing, for example, Σ1(L) for the cycle of lines
Λ meeting L.

It is easy to see that there are inclusions:

Σ2

{L} = Σ2,2
⊂ - Σ2,1

⊂

-

Σ1
⊂ -

⊂

-

G(1,P3).

Σ1,1

⊂

-⊂

-

For each index (a, b) we define the Schubert cell Σ̃a,b to be the complement
in Σa,b of the union of all the other Schubert cycles properly contained
in Σa,b. To show that the Σa,b form an affine stratification, it suffices to

show that each Σ̃a,b is isomorphic to an affine space. We will do the most
complicated case, leaving the others for the reader (the general case of a
Schubert cycle in G(k, n) is done in Proposition 3.1).

Example 2.9. We will show that the set

Σ̃1 = Σ1 \ (Σ2 ∪ Σ1,1)

= {Λ | Λ ∩ L 6= ∅; but p /∈ Λ and Λ 6⊂ H}

is isomorphic to A3. LetH ′ be a general plane containing the point p but not
containing the line L. Any line meeting L but not passing through p, and
not contained in H, meets H ′ in a unique point contained in H ′ \ (H ′ ∩H)
(Figure 2.4). Thus we have maps

Σ̃1 → (L \ {p}) ∼= A1 and Σ̃1 → (H ′ \ (H ∩H ′)) ∼= A2

sending Λ to Λ ∩ L and Λ ∩ H ′ respectively. The product of these maps
gives us an isomorphism

Σ̃1
∼= A1 × A2 = A3.

In Proposition 5.17 we will show that the class [Σa,b] ∈ Aa+b(G(1,P3))
doesn’t depend on the choice of flag. This is because any two flags differ
by a transformation in GL4; we’ll denote the class of Σa,b by

σa,b = [Σa,b] ∈ Aa+b(G(1,P3)).

By Proposition 1.6, the group A0(G(1,P3)) is isomorphic to Z, generated
by the fundamental class σ0,0 = [G(1,P3)]; and by Proposition 1.9, the
group A4(G(1,P3)) is also isomorphic to Z, generated by the class σ2,2 of
a point in G(1,P3). (In particular any two points in G(1,P3) are linearly
equivalent.)
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H

H ′

M
P

L

FIGURE 2.4. L 7→ (L ∩ M,L ∩ H ′) defines an isomorphism
Σ̃1 → A1 × A2 = A3.****In figure, replace L by Λ and M by L. After
change of notation in the figure, new caption should be: Λ 7→ (Λ ∩ L,Λ ∩ H ′)
defines an isomorphism Σ̃1 → (L \ {p})× (H \H ∩H ′) ∼= A1 × A2 ∼= A3 ****

2.3.2 Ring structure

We can now determine the structure of the Chow ring of G(1, 3) completely.

Theorem 2.10. The six Schubert cycles σa,b ∈ Aa+b(G(1,P3)) with 0 ≤
b ≤ a ≤ 2 freely generate A(G(1,P3)) as a graded abelian group, and satisfy
the multiplicative relations:

σ2
1 = σ1,1 + σ2; (A1 ×A1 → A2)

σ1σ1,1 = σ1σ2 = σ2,1; (A1 ×A2 → A3)

σ1σ2,1 = σ2,2; (A1 ×A3 → A4)

σ2
1,1 = σ2

2 = σ2,2; σ1,1σ2 = 0 (A2 ×A2 → A4)

From these formulas we deduce σ3
1 = 2σ2,1, s

4
1 = 2σ2,2, and σ2

1σ1,1 =
σ2

1σ2 = σ2,2. Since dim(G(1,P3)) = 4 any product that would have degree
> 4, such as σ2σ2,1, is 0.

Proof of Theorem 2.10. Because the degree map deg : A4 → Z sends the
class σ2,2 of a point to 1, it follows that A4(G(1, 3)) = Z. The free gen-
eration of the other groups follows from the formulas for the intersections
of cycles of complementary dimension above: first, from σ1σ2,1 = σ2,2 we
see that σ1 and σ2,1 are free generators of A1(G(1, 3)). Similarly, the for-
mulas show that the matrix of the intersection pairing on σ1,2 and s2 is
nonsingular, so A2(G(1, 3)) is freely generated by these two classes.
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It remains to prove the formulas. We will consider the intersections of
pairs of cycles, taking these with respect to generically situated flags V,V ′.
To simplify the notation we will henceforth write Σa,b and Σ′a,b for Σa,b(V)
and Σa,b(V ′), respectively. By Corollary 2.8, Σa,b and Σ′a′,b′ are generically
transverse.

We begin with the case of cycles of complementary dimension, starting
with the intersection number of σ2 with itself. By generic transversality we
have

σ2
2 = #

(
Σ2 ∩ Σ′2

)
· σ2,2;

and since the intersection

Σ2 ∩ Σ′2 = {Λ | p ∈ Λ and p′ ∈ Λ};

consists of one point (corresponding to the unique line Λ = p p′ through p
and p′), we conclude that

σ2
2 = σ2,2.

Similarly,

σ2
1,1 = #

(
Σ1,1 ∩ Σ′1,1

)
· σ2,2;

since

Σ1,1 ∩ Σ′1,1 = {Λ | Λ ⊂ H and Λ ⊂ H ′}

consists of the unique line Λ = H ∩H ′, we conclude that

σ2
1,1 = σ2,2

as well. On the other hand, Σ2 = {Λ | p ∈ Λ} and Σ′1,1 = {Λ | Λ ⊂ H ′} are
disjoint, since p /∈ H ′, so that

σ2σ1,1 = 0.

Finally

Σ1 ∩ Σ′2,1 = {Λ | Λ ∩ L 6= ∅ and p′ ∈ Λ ⊂ H ′}.

Since L will intersect H ′ in one point q, and any line Λ satisfying all the
above conditions can only be the line p′ q (Figure 2.5), this intersection is
again a single point. Thus

σ1σ2,1 = σ2,2

as well.

We now turn to the intersections of cycles whose codimensions sum to
less than 4. The intersection Σ1 ∩ Σ′2 is the locus of lines Λ meeting L
and containing the point p′, which is to say the Schubert cycle Σ2,1 with
respect to a flag containing the point p′ and the plane p′ L, so we have
σ1σ2 = σ2,1. In similar fashion, the intersection of Σ1 and Σ′1,1 is a cycle of
the form Σ2,1, with respect to a certain flag; specifically, it is the locus of
lines containing the point L ∩H ′ and lying in H ′, so that σ1σ1,1 = σ2,1.
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H ′

P ′
q

L

FIGURE 2.5. Σ1(L) ∩ Σ′2,1(p′, H ′) = {p′ q}

The last and most interesting computation to be made is the product
σ2

1 . The locus Σ1 ∩Σ′1 of lines meeting each of the two general lines L and
L′ is not a Schubert cycle, but since A2(G(1,P3)) is generated by σ1,1 and
s2, we may write

(2.2) σ2
1 = ασ2 + βσ1,1,

Because, having proven the formulas for the intersections of pairs of cycles
of complementary dimensions, we know that A2(G(1,P3)) actually free on
the classes σ1,1 and s2, the coefficients are unique, and we can determine
them by intersecting a cycle representing σ2

1 with convenient cycles. This
is called the method of undetermined coefficients.

We can do this by invoking the associativity of A(G(1,P3)) and the
previous calculations: we have

(ασ2 + βσ1,1)σ2 = σ2
1 · σ2 = σ1(σ1σ2) = σ1σ2,1 = σ2,2

and since σ2
2 = 0 and σ1,1σ2 = σ2,2 we get β = 1. Similarly, from

(ασ2 + βσ1,1)σ1,1 = σ2
1 · σ1,1 = σ1(σ1σ1,1) = σ1σ2,1 = σ2,2

and σ2
1,1 = 0 we see that a = 1. In sum, we have

σ2
1 = σ2 + σ1,1,

and this completes our description of the Chow ring A(G(1,P3)).

It is instructive to make the computations of σ2
1σ2 and σ2

1σ1,1 at the
end of the proof above geometrically, without invoking associativity. To
determine α we used

σ2
1 · σ2 = (ασ2 + βσ1,1) · σ2 = ασ2,2.

By generic transversality we have

α = #

Λ |
Λ ∩ L 6= ∅;

Λ ∩ L′ 6= ∅; and

p′′ ∈ Λ
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M ′

P ′′

H ′′

L

M
M ′

FIGURE 2.6. Σ2(p′′)∩Σ1(M)∩Σ1(M ′) = {L}; Σ1,1(H ′′)∩Σ1(M)∩Σ1(M ′) = {L}

for L and L′ general lines and p′′ a general point in P3. Any line Λ satisfying
the three conditions must lie in each of the planes p′′ L and p′′ L′, and so
must be their intersection; thus α = 1.

Similarly, to determine β we used:

σ2
1 · σ1,1 = (ασ2 + βσ1,1) · σ1,1 = βσ2,2.

Again by generic transversality we get:

β = #

Λ |
Λ ∩ L 6= ∅;

Λ ∩ L′ 6= ∅; and

Λ ⊂ H ′′


for L and L′ general lines and H ′′ a general plane in P3. The only line Λ
satisfying these conditions is the line joining the points L∩H ′′ and L′∩H ′′,
so again β = 1 (Figure 2.6).

Tangent spaces to Schubert cycles. The generic transversality of the
cycles Σa,b and Σa′,b′ , guaranteed by Corollary 2.8, played an essential
role in the computation above. By describing the tangent spaces to the
Schubert cycles, we can prove this transversality directly. This tangent
space computation is in any case necessary to prove the results of this
chapter in characteristic p, where we cannot use Kleiman’s Theorem.

We’ll carry this out here for the intersection Σ2 ∩Σ′2. Tangent spaces to
other Schubert cycles in G(1, 3) are described in Exercises 2.29 and 2.30;
they will be treated in general in Theorem 3.1. The key identification is
given in the following:

Proposition 2.11. Let Σ = Σ2(p) be the Schubert cycle of lines in P3 =
P(V ) that contain p, and suppose that L ∈ Σ2(p). Writing L̃ ⊂ V for the
two-dimensional subspace corresponding to L, and identifying TLG(1,P3)
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with Hom(L̃, V/L̃), we have

TLΣ = {ϕ | ϕ(p̃) = 0}.

Given Proposition 2.11, it follows immediately that for general p, p′ ∈ P3

the cycles Σ2(p) and Σ2(p′) meet transversely: if p 6= p′, then at the unique
point L = p p′ of intersection of the Schubert cycles Σ = Σ2(p) and Σ′ =
Σ2(p′) we have

T[L]Σ ∩ T[L]Σ′ = {ϕ | ϕ(p̃) = ϕ(p̃′) = 0} = 0

since p̃ and p̃′ span L̃.

Proof of Proposition 2.11. We choose a subspace Γ ⊂ V complementary
to L̃ and identify the open subset UΓ = {Λ ∈ G(1,P3) | Λ ∩ Γ = {0}}
with the vector space Hom(L̃,Γ) by thinking of a 2-plane Λ ∈ UΓ as the
graph of a linear map from L̃ to Γ, just as in the beginning of the proof
of Theorem 2.5. It is immediate from the identification that UΓ ∩Σ2 is the
linear space in Hom(L̃,Γ) consisting of maps ϕ such that p̃ ⊂ Ker(ϕ). Thus
its tangent space at a point [L] has this description too.

As a consequence of Theorem 2.10, we have the following description of
the Chow ring of G(1, 3):

Corollary 2.12.

A(G(1,P3)) =
Z[σ1, σ2]

(σ3
1 − 2σ1σ2, σ2

1σ2 − σ2
2)
.

We will generalize this to the Chow ring of any Grassmannian, and prove
it by applying the theory of Chern classes, in Chapter 7. A point to note
is that the given presentation of the Chow ring has the same number of
generators as relations—that is, given that the Chow ring A(G(1, 3)) has
Krull dimension 0, it is a complete intersection. The analogous statement
is true for all of the Grassmann varieties.

2.4 Lines and curves in P3

In this section and the next we present several applications of the compu-
tations above.
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FIGURE 2.7. When looking from x the lines L2 and L3 appear to cross at a point
in the direction Mx .

2.4.1 How many lines meet four general lines?

This is Keynote Question (a). Since σ1 is the class of the lines meeting 1
line, and generic translates of Σ1(L) are generically transverse, the number
is

deg σ4
1 = 2.

We can see the geometry behind this computation—and answer more
refined questions about the situation—as follows. Suppose that the lines
are L1, . . . , L4, and consider first the lines that meet just the first 3. If
we project L2 and L3 from a point x ∈ L1, to a plane H ⊂ P3 we get
two general lines in H; and these lines meet in a unique point y. The
line Mx := x y is the unique line in P3 containing x and meeting L2 and
L3 as well as L1. (Informally: if we look at L2 and L3, sighting from the
point x, we see an “apparent crossing” in the direction of the line Mx—see
Figure 2.7.) Moreover, if x 6= x′ then the lines Mx,Mx′ are disjoint: if they
had a common point, they would lie in a plane, and all three of L1, L2, L3

would be coplanar, contradicting our hypothesis of generality.

The union of the lines Mx is a surface that we can easily identify: There is
a 3-dimensional family of quadratic forms on each Li ∼= P1. Each restriction
map H0OP3(2)→ H0OLi is linear, so its kernel has codimension ≤ 3. Since
there is a 10 = (3× 3 + 1)-dimensional vector space of quadratic forms on
P3, there is at least one quadric surface Q containing L1, L2 and L3. By
Bézout’s Theorem, any line meeting each of L1, L2, L3, and thus meeting
Q at least 3 times, must be contained in Q. If Q were reducible it would
be the union of two planes, and two out of every three lines on Q would
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L1

L2
L3

L4

p
q

Q

FIGURE 2.8. Two lines that meet each of L1, . . . , L4

meet, so Q is irreducible, and it follows that Q is the disjoint union∐
x∈L1

Mx = Q.

Since the degree of Q is 2, and L4 is general, L4 meets Q in two distinct
points p, q; and the two lines Mx passing through p and q are the unique
lines meeting all of L1, . . . , L4 (Figure 2.8). We see again that the answer
to our question is: 2.

For which sets of 4 lines are there more or fewer than 2 distinct lines
meeting all 4? (It follows from the general theory that if the number is
finite it must be 1 (and the line counts with multiplicity 2 in the product
σ4

1 or 2.) The geometric construction above will enable the reader to answer
this question; see Exercises 2.32 and 2.33.

2.4.2 Lines meeting a curve of degree d

We do not know a geometric argument such as the one for four lines above
that would enable us to answer the corresponding question for four curves,
Keynote Question b; In this case intersection theory is essential. The basic
computation is the following.

Proposition 2.13. If C ⊂ P3 is a curve of degree d, then the class of the
locus ΓC of lines meeting C,

ΓC := {[L] ∈ G(1,P3) | L ∩ C 6= ∅}
is dσ1.

Proof. To see that ΓC is a divisor, consider the incidence correspondence
Σ ⊂ G(1,P3) × C whose points are {(p, L) | p ∈ C,La line containing p}.
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The fibers of Σ under the projection to C are all projective planes, so Σ
is irreducible of dimension 3. On the other hand, the projection to ΓC is
generically one-to-one, so ΓC is also irreducible of dimension 3.( See Exer-
cise 2.21 for a generalization.) Let γC be the class of ΓC in A1(G(1,P3)),
and writeγC = α · σ1 for some α ∈ Z. To determine α, we intersect both
sides with the class σ2,1 and get

deg γC · σ2,1 = α deg(σ1 · σ2,1) = α.

If (p,H) is a general pair consisting of a point p ∈ P3 and a plane H ⊂ P3

containing it, the Schubert cycle

Σ2,1(p,H) = {L | p ∈ L ⊂ H}

will intersect the cycle ΓC transversely by Corollary 2.8. (This can be
proven in all characteristics by using the description of the tangent spaces to
Σ1(p,H) in Exercise 2.30 and of the tangent spaces to ΓC in Exercise 2.34.)
Therefore

α = #
(
ΓC ∩ Σ2,1(p,H)

)
= #{L | p ∈ L ⊂ H and L ∩ C 6= ∅}.

To evaluate this number, note that H (being general) will intersect C trans-
versely in d points {q1, . . . , qd}; and, p ∈ H being general, no two of the
points qi will be collinear with p. Thus the intersection ΓC ∩Σ2,1(p,H) will
consist of the d lines p qi, as in Figure 4.7. It follows that α = d, so

γC = d · σ1.

Proposition 2.13 makes it easy to answer Keynote Question (b). For if
C1, . . . , C4 ⊂ P3 are general translates of curves of degrees d1, . . . , d4 then
the cycles ΓCi are generically transverse by Corollary 2.8, so the number
of lines meeting all four is

deg

4∏
i=1

[ΓCi ] = deg

4∏
i=1

(diσ1) = 2

4∏
i=1

di.

One can verify the necessary transversality by using our description of
the tangent spaces, too; as a bonus, we can see exactly when transversality
fails. This is the content of Exercises 2.34-2.37.

2.4.3 Chords to a space curve

Consider now a smooth, nondegenerate space curve C ⊂ Pn, of degree d
and genus g. We can define the locus S1(C) ⊂ G(1, n) of chords, or secant
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p

q3

q2

q1

C

H

FIGURE 4.7. The intersection of ΓC with Σ2,1(p,H)
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lines to C in either of two ways. We can consider the rational map ϕ :
C(2) → G(1, n) from the symmetric square C(2) of C to the Grassmannian
G(1, n) sending a pair of distinct points p, q to the line p q, and take the
variety S1(C) ⊂ G(1, n) to be the (closed) image. Alternatively, we can
define S1(C) to be the locus of lines L ⊂ Pn such that the scheme-theoretic
intersection L∩C has degree at least 2. As we’ll see in Exercise 2.43, these
definitions (or their analogs) differ when we consider singular curves, or (as
we’ll see in Exercise 2.44) higher-dimensional secant planes to curves; but
for smooth curves in Pn we’ll show in Exercise 2.42 they agree, and we can
adopt either one. (For much more about secant planes to curves in general,
see the discussion in Section 12.3.)

Let’s now restrict ourselves to the case n = 3 of smooth, nondegenerate
space curves C ⊂ P3, and ask: what’s the class, in A2(G(1,P3)), of the locus
S1(C) of secant lines to C? We can answer this question by intersecting with
Schubert cycles of complementary codimension (in this case, codimension
2). We know that

[S1(C)] = ασ2 + βσ1,1

for some integers α and β. To find the coefficient β we take a general plane
H ⊂ P3, and consider the Schubert cycle

Σ1,1(H) = {L ∈ G(1,P3) | L ⊂ H}.

Assuming transversality (or, in characteristic 0, using Kleiman’s Theorem),

# (Σ1,1(H) ∩ S1(C)) = deg
(
σ1,1 · [S1(C)]

)
= deg

(
σ1,1 · (ασ2 + βσ1,1)

)
= β.

The cardinality of this intersection is easy to determine: the plane H will
intersect C in d points p1, . . . , pd, no three of which will be collinear (Ar-
barello et al. [1985], Section 3.1), so that there will be exactly

(
d
2

)
lines pi pj

joining these points pairwise; thus

β =

(
d

2

)
(Figure 2.10).

Similarly, to find α we let p ∈ P3 be a general point and

Σ2(p) = {L ∈ G(1,P3) | p ∈ L};

we have as before

# (Σ2(p) ∩ S1(C)) = deg (σ2 · [S1(C)])

= deg
(
σ2 · (ασ2 + βσ1,1)

)
= α.
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CH

FIGURE 2.10. Σ1,1(H) ∩ S1(C) consists of
(
degC

2

)
lines.

To count this intersection—that is, the number of chords to C through the
point p—consider the projection πp : C → P2. This map is birational onto
its image C ⊂ P2, which will be a curve having only nodes as singularities
(see Exercise 2.38), and those nodes correspond exactly to the chords to
C through p. (These chords were classically called the apparent nodes of C
(Figure 2.11): if you were looking at C with your eye at the point p, and
had no depth perception, they’re the nodes you would see.) By the genus
formula for singular curves (Section 1.4.4), this number is

α =

(
d− 1

2

)
− g.

Thus we have proven:

Proposition 2.14. If C ⊂ P3
C is a smooth nondegenerate curve of degree

d and genus g, then the class of the locus of chords to C is

[S1(C)] =

((
d− 1

2

)
− g
)
σ2 +

(
d

2

)
σ1,1 ∈ A2(G(1,P3

C).

We can use this to answer the third of the keynote questions of this
chapter: if C and C ′ are general twisted cubic curves, Then by Corollary 2.8
the cycles S = S1(C) and S′ = S1(C ′) will intersect transversely. since the
class of each is σ2 + 3σ1,1, we have

#(S ∩ S′) = deg(σ2 + 3σ1,1)2

= 10.

Exercises 2.45 and 2.46 explain how to use the tangent space to the
Grassmannian to prove generic transversality, and thus verify this result,
in all characteristics.
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FIGURE 2.11. An “apparent node”.

2.4.4 Specialization

There is a another powerful approach to evaluating the intersection prod-
ucts of interesting subvarieties: specialization. In this section we will discuss
some of its variations.

Schubert Calculus by Static Specialization. As a first illustration
we show how to compute the class σ2

1 ∈ A(G(1,P3)) by specialization.
The reader will find a far-reaching generalization to the Chow rings of
Grassmannians and even to more general flag varieties in the algorithms of
Vakil [2006a] and Coskun [2009].

The idea is that instead of intersecting two general cycles Σ1(L) and
Σ1(L′) representing σ1, we choose a special pair of lines L,L′. The goal
is to choose L and L′ special enough that the class of the intersection
Σ1(L) ∩ Σ1(L′) is readily identifiable, but at the same time not so special
that the intersection fails to be generically transverse.

We do this by choosing L and L′ to be distinct, but incident. The inter-
section Σ1(L) ∩ Σ1(L′) is easy to describe: if we p = L ∩ L′ is the point of
intersection of the lines and H = LL′ the plane they span, then a line Λ
meeting L and L′ either passes through p or lies in H (since it then meets
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L and L′ in distinct points). Thus, as sets, we have

Σ1(L) ∩ Σ1(L′) = {Λ | Λ ∩ L 6= ∅ and Λ ∩ L′ 6= ∅}
= {Λ | p ∈ Λ or Λ ⊂ H}
= Σ2(p) ∪ Σ1,1(H).

If we now show that the intersection is generically transverse, we get
the desired formula σ2

1 = σ2 + σ1,1. To check this transversality, we can
use the description of the tangent spaces to Σ1(L) and Σ1(L′) given in
Exercise 2.29. First, suppose Λ is a general point of the component Σ2(p)
of Σ1(L) ∩ Σ1(L′), that is, a general line through p; we’ll let K = ΛL and
K ′ = ΛL′ be the planes spanned by Λ together with L and L′. Viewing the
tangent space TΛ(G(1,P3)) as the vector space of linear maps ϕ : Λ̃→ V/Λ̃,
we have

TΛ(Σ1(L)) = {ϕ | ϕ(p̃) ⊂ K̃/Λ̃}

and

TΛ(Σ1(L′)) = {ϕ | ϕ(p̃) ⊂ K̃ ′/Λ̃}.

Since K and K ′ are distinct, they intersect in Λ, so that the intersection is

TΛ(Σ1(L)) ∩ TΛ(Σ1(L′)) = {ϕ | ϕ(p̃) = 0}

Since this is 2-dimensional, the intersection Σ1(L)∩Σ1(L′) is transverse at
[Λ].

Similarly, if Λ is a general point of the component Σ1,1(H) of Σ1(L) ∩
Σ1(L′), so that Λ meets L and L′ in distinct points q and q′, we have

TΛ(Σ1(L)) = {ϕ | ϕ(q̃) ⊂ H̃/Λ̃}

and

TΛ(Σ1(L′)) = {ϕ | ϕ(q̃′) ⊂ H̃/Λ̃},

so

TΛ(Σ1(L)) ∩ TΛ(Σ1(L′)) = {ϕ | ϕ(Λ̃) ⊂ H̃}.

Again this is 2-dimensional and we conclude that Σ1(L) ∩Σ1(L′) is trans-
verse at [Λ].

Lines meeting a curve by dynamic specialization. The computation
of σ2

1 above was an example of the simplest kind of specialization argu-
ment, what we may call static specialization: we are able to find cycles
representing the two given classes that are special enough that the class of
the intersection is readily identifiable, but general enough that they still
intersect properly.

In general, we may not be able to find such cycles. Such situations call
for a more powerful and broadly applicable technique, called dynamic spe-
cialization, where we consider a one-parameter family of pairs of cycles
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FIGURE 2.7.5. A space curve C specializes to a union of lines.

specializing from a “general” pair to a special one, and ask not for the
intersection of the limiting cycles but for the limit of their intersections.

As an example, we revisit the computation of the class γC of the locus
ΓC ⊂ G(1, 3) of lines meeting a curve C ⊂ P3 from Proposition 2.13,
We’ll use a technique called dynamic projection, described in much more
generality in Section 4.1.1.

Let C ⊂ P3 be a curve of degree d. Choose a plane H ⊂ P3 intersecting
C transversely in points p1, . . . , pd and q ∈ P3 any point not lying on H.
Consider the one-parameter group {At} ⊂ PGL4 with repellor plane H
and attractor q; that is, choose coordinates [Z0, . . . , Z3] on P3 such that
q = [1, 0, 0, 0] and H is given by Z0 = 0, and consider for t 6= 0 the
automorphisms of P3 given by

At =


1 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t

 .

Let Ct = At(C), and let Φ ⊂ A1 × P3 be the closure of the locus

{(t, p) | t 6= 0 and p ∈ Ct}

As we’ll see in Section 4.1.1 (specifically, Proposition 4.5), the limit of the
curves Ct as t→ 0—that is, the fiber of Φ over t = 0—is supported on the
union of the d lines pi q, and has multiplicity 1 at a general point of each,
as shown in Figure 2.7.5.

We can use this construction to give a rational equivalence between the
cycle ΓC and the sum of the Schubert cycles Σ1(pi q) in G(1,P3). Explicitly,
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take Ψ ⊂ A1 ×G(1, 3) to be the closure of the locus

{(t,Λ) | t 6= 0 and Λ ∩ Ct 6= ∅}.

As we’ll verify in Exercises 2.39 and 2.40, the fiber Ψ0 of Ψ over t = 0 is
supported on the union of the Schubert cycles Σ1(pi q) and has multiplicity
one along each, establishing the rational equivalence γC = d · σ1.

The fiber of Φ over t = 0—that is, the flat limit limt→0 Ct of the curves
Ct—is not necessarily equal to the union of the d lines pi q: it may have an
embedded point at the point q. Similarly, the flat limit Ψ0 of the family of
subvarieties Ψt = ΓCt ⊂ G(1,P3) may not be the union of the subvarieties
Σ1(pi q) ⊂ G(1,P3): it may have an embedded component supported on the
locus of lines passing through q. But this occurs in strictly smaller dimen-
sion, and so doesn’t affect the rational equivalence ΓC ∼

∑d
i=1 Σ1(pi q). If

you want to see this yourself, try Exercise 2.41.

For another example of dynamic specialization, see Section 3.3.1 of the
following chapter, where we consider, in the Grassmannian G(1, 4) of lines
in P4, the self-intersection of the cycle of lines meeting a given line in P4.

Chords via specialization: multiplicity problems. One of the main
difficulties in using specialization is the appearance of multiplicities. We
will now illustrate this problem by trying to compute, via specialization,
the class of the chords a smooth curve in P3.

Consider again the family of curves Ct := At(C) = Ct described in the
previous section. What is the limit as t→ 0 of the cycles S1(Ct) of chords
to Ct? To interpret this question, let Π ⊂ A1 × G(1,P3) be the closure of
the locus

Π◦ = {(t,Λ) | t 6= 0 and Λ ∈ S1(Ct)}.

What is the fiber Π0 of this family?

The support of Π0 is easy to identify. It is contained in the locus of lines
having intersection of degree at least 2 with the flat limit C0 = limt→0 Ct,
which is to say the union of the Schubert cycles Σ1,1(pi pj q) of lines lying
in a plane spanned by a pair of the lines pi q, and the Schubert cycle Σ2(q)
of lines containing the point q. Moreover one can show that the Schubert
cycles Σ1,1(pi pj q) all appear with multiplicity 1 in the limiting cycle Π0,
from which we can deduce that the coefficient of σ1,1 in the class of S1(C)

is
(
d
2

)
.

The hard part is determining the multiplicity with which the cycle Σ2(q)
appears in Π0: this will depend in part on the multiplicity of the embedded
point of C0 at q, which will in turn depend on the genus g of C (see for
example Exercises 2.50 and 2.51). Note the contrast with the calculation
above of the class of the locus ΓC of incident lines via specialization: there
the embedded component of the limit scheme limt→0 ΓCt also depended on



2.4 Lines and curves in P3 113

the genus of C, but since it occurred in lower dimension it didn’t affect the
limiting cycle.

An alternative approach to this problem would be to use a different
specialization to capture the coefficient of σ2: specifically, we could take
the one-parameter subgroup with repellor a general point q and attractor
a general plane H ⊂ P3. The limiting scheme C0 = limt→0 Ct will be
a plane curve of degree d with δ =

(
d−1

2

)
− g nodes r1, . . . , rδ, with a

spatial embedded point of multiplicity 1 at each node. The limit of the
corresponding cycles S1(Ct) ⊂ G(1, 3) will correspondingly be supported
on the union of the Schubert cycle Σ1,1(H) and the δ Schubert cycles Σ2(ri).
In this case the coefficient of the Schubert cycle Σ1,1(H) is the mysterious
one (though calculable: given that a general line Λ ⊂ H meets C0 in d
points, we can show that it’s the limit of

(
d
2

)
chords to Ct as t→ 0). On the

other hand, one can show that the Schubert cycles Σ2(ri) all appear with
multiplicity 1 in the limit of the cycles S1(Ct), from which we can read off
the coefficient δ of σ2 in the class of S1(C).

We will fill in some of the details in this calculation in Exercise 2.52.

Common chords to twisted cubics via specialization. To illustrate
the artfulness possible in specialization arguments, we give a different spe-
cialization approach to counting the chords to two twisted cubics: we won’t
degenerate the twisted cubics; we’ll just specialize them to a general pair
of twisted cubic curve C,C ′ lying on the same smooth quadric surface Q,
of types (1, 2) and (2, 1) respectively.

The point is, no line of either ruling of Q will be a chord of both C and
C ′ (the lines of the first ruling are chords of C but not of C ′ and vice versa).
But since C ∪ C ′ ⊂ Q, any line meeting C ∪ C ′ in three or more distinct
points must lie in Q. It follows that the only common chords to C and C ′

will be the lines joining the points of intersection C ∩ C ′ pairwise; since
the number of such points is #(C ∩C ′) = deg([C][C ′]) = 5, the number of
common chords will be

(
5
2

)
= 10. Of course, to deduce the general formula

from this analysis, we have to check that the intersection S1(C) ∩ S1(C ′)
is transverse; we’ll leave this as Exercise 2.53.

What would happen if we specialized C and C ′ to twisted cubics lying
on Q, both having type (1, 2)? Now there would only be 4 points of C ∩C ′,
giving rise to

(
4
2

)
= 6 common chords. But now the lines of the first ruling

of Q would all be common chords to both. Thus S1(C) ∩ S1(C ′) would
have a positive-dimensional component: explicitly, S1(C) ∩ S1(C ′) would
consist of 6 isolated points and one copy of P1. It might seem that in
these circumstances we couldn’t deduce anything about the intersection
number deg([S1(C)] · [S1(C ′)]) from the actual intersection, but we’ll see
in Chapter 15 how to apply the excess intersection formula to determine
deg([S1(C)] · [S1(C ′)]).
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2.5 Lines and surfaces in P3

2.5.1 Lines lying on a quadric

The family of k-planes lying on a given projective variety X has a natu-
ral structure as a subscheme of the Grassmannian, and is called the Fano
scheme, denoted Fk(X). (The natural scheme structure comes from a de-
scription of the Fano scheme as a Hilbert scheme; see Section ??.) The Fano
scheme plays an important role in geometry—for example, Fano schemes
are central in the famous proof of the irrationality of the cubic threefold in
P4 given by Clemens and Griffiths [1972]. Fano schemes will be treated in
much more generality in Chapter 8.

In this section we will determine the class in G(1,P3
C) of simplest non-

trivial Fano scheme, the family F1(Q) of lines on a smooth quadric Q in
P3. We will treat this family set-theoretically; we will see later that the
natural scheme structure is reduced (even smooth) in this case, so nothing
is lost. We temporarily set F := F1(Q)red ⊂ G(1,P3

C), the set of lines on
Q. Since the family of quadrics on a line is 3-dimensional, it is 3 conditions
for a line to lie in Q; thus dimF = 1. (One can also see this from the fact
that there are two lines in Q through each point of Q.)

Since A3(G(1,P3
C is generated by σ2,1, we must have

[F1(Q)] = α · σ2,1

for some integer α. If L ⊂ P3 is a general line, and Σ1(L) ⊂ G(1, 3) the
Schubert cycle of lines meeting L, then by Corollary 2.8 we have

α = deg([F1(Q)] · σ1)

= # (Σ1(L) ∩ F1(Q))

= #{M ∈ G(1, 3) |M ⊂ Q and M ∩ L 6= ∅}.

Now L, being general, will intersect Q in two points, and through each of
these points there will be two lines contained in Q; thus we have α = 4 and

[F1(Q)] = 4σ2,1.

We will see how to calculate the class of the locus of linear spaces on a
quadric hypersurface more generally in Section 3.5.

The variety F1(Q) is actually the union C1 ∪ C2 of two disjoint curves
in the Grassmannian, corresponding to the two rulings of Q; each of these
curves has class 2σ2,1, and thus has degree 2 as a curve in the Plücker
embedding in P5 (see Figure 2.8.5). For details see Eisenbud and Harris
[2000].
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FIGURE 2.8.5. The rulings of a quadric surface Q ⊂ P3 correspond to conic
curves Ci ⊂ G(1, 3) ⊂ P5; thus [F1(Q)] = 4σ2,1.

2.5.2 Tangent lines to a surface

Next, let S ⊂ P3 be any smooth surface of degree d, and consider the locus
T1(S) ⊂ G(1, 3) of tangent lines to S. Let Φ be the incidence correspon-
dence

Φ = {(p, L) ∈ S ×G(1, 3) | p ∈ L ⊂ TqS},

where TqS denotes the projective plane tangent to S at q. The projection
Φ → S on the first factor expresses Φ as a P1-bundle over S, from which
we deduce that Φ, and hence its image T1(S) in G(1, 3), is irreducible of
dimension 3.

To find the class of T1(S), we write

[T1(S)] = α · σ1,

and choose a general plane H ⊂ P3 and a general point p ∈ H. Using
Kleiman’s Theorem 5.15 we may write

α = [T1(S)] · σ2,1

= deg (Σ2,1(p,H) ∩ T1(S))

= # {M ∈ G(1, 3) |M ⊂ TpS for some q ∈ S and p ∈M ⊂ H} .

Now H, being general, will intersect S in a smooth plane curve C ⊂
H ∼= P2 of degree d; and p being general, the line p∗ ⊂ P2∗ dual to p
will intersect the dual curve C∗ ⊂ P2∗ transversely in deg(C∗) points. By
Proposition 1.25, we have

deg(C∗) = d(d− 1)
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S

H

P

C=H∪S

FIGURE 2.14. deg
(
Σ2,1(p,H) ∩ T1(S)

)
= 2.

and hence

[T1(S)] = d(d− 1)σ1

(Figure 2.14).

This gives the answer to the last keynote question of this chapter: how
many lines are tangent to each of four general quadric surfaces Qi? he cycles
T1(Qi) intersect transversely Corollary 2.8, so the answer is

deg
∏

[T1(Qi)] = deg(2σ1)4 = 32.

2.6 Exercises

Exercise 2.15. Let e1, . . . , e4 be a basis for a vector space V , and let

η =
∑

1≤a<b≤4

pa,bea ∧ eb ∈ ∧2V.

Show that the polynomial in the pa,b corresponding to the equation

η ∧ η = 0 ∈ ∧4V

is 2g, where g is as in (2.1). Thus, in characteristic not 2, the equation
η2 = 0 characterizes decomposable vectors in the exterior square ∧2V , and
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more generally defines the Grassmannian G(1,PV ) ⊂ P(∧2V ) for a vector
space V of any dimension.

In fact, even over the integers, there is an element η(2) ∈ ∧4V called the
divided square of η, such that η∧ η = 2η(2), and in every characteristic η is
decomposable if and only if η(2) = 0. The coefficients of η(2), when written
out in terms of the basis of ∧4V , are called the 4 × 4 Pfaffians of η; they
are the polynomials ga,b,c,d of Exercise ??. The square of the ideal of 4× 4
Pfaffians of η is the ideal of 4× 4 minors of the generic alternating matrix
(pi,j). See Eisenbud [1995] Appendix A2.4.

Exercise 2.16. Let Λ and Γ ∈ G be two points in the Grassmannian
G = G(k, V ). Show that the line Λ Γ ⊂ P(∧kV ) is contained in G if and
only if the intersection Λ∩Γ ⊂ V of the corresponding subspaces of V has
dimension k − 1.

Exercise 2.17. Suppose that L1, . . . , Lm ⊂ V are k-planes contained in
a vector space, and that for every i 6= j we have dimLi ∩ Lj = k − 1
(equivalently, dimLi + Lj = k + 1.) Show that either all the Li contain a
subspace M of dimension k − 1 or all Li are contained in a subspace N of
dimension k + 1.

Exercise 2.18. Using Exercises 2.16 and 2.17, show that the linear sub-
spaces of P(∧kV ) that are maximal among linear spaces contained in
G(k, V ) are precisely those defined in one of two ways:

(a) ΓM = {L | M ⊂ L} for some subspace M ⊂ V of dimension k − 1, so
that ΓM ∼= P(V/M); or

(b) ΣN = {L | L ⊂ N} for some subspace N ⊂ V of dimension k + 1, so
that ΣN ∼= P(N).

Notice that unless dimV = 2k, these two kinds of maximal linear sub-
spaces have different dimensions. Indeed, Exercise (2.18) is key in establish-
ing a basic fact: that for dimV 6= 2k, the automorphism group of the Grass-
mannian G = G(k, V ) is the same as the automorphism group PGL(V )
of PV : assuming 2k < dimV , we argue that an automorphism of G(k, V )
must be projective, that is, induced by an automorphism of the vector space
∧kV ; hence must preserve linear spaces of P(∧kV ) contained in G(k, V );
and so induces an automorphism of the Grassmannian G(k − 1, V ). Con-
tinuing in this way, we arrive at an automorphism of PV that induces
the original automorphism of G(k, V ). The situation when dimV = 2k is
similar, except that there do exist automorphisms of G(k, V ) exchanging
the two families of maximal linear subspaces (for example, we can choose
a nondegenerate bilinear form on V and send each k-plane Λ to Λ⊥); we
arrive at an exact sequence

1→ PGL(V )→ Aut(G)→ Z/2→ 1.
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Exercise 2.19. Using the fact that the Grassmannian

G = G(k, V ) ⊂ P(∧kV )

is cut out by quadratic equations, show that if [Λ] ∈ G is the point corre-
sponding to a k-plane Λ then the tangent plane T[Λ]G ⊂ P(∧kV ) intersects
G in the locus

G ∩ T[Λ]G = {[Γ] : dim(Γ ∩ Λ) ≥ k − 1} ;

that is, the locus of k-planes meeting Λ in codimension 1.

Exercise 2.20. Consider the universal k-plane over G = G(k,PV ):

Φ = {(Λ, p) ∈ G× PV | p ∈ Λ},

whose fiber over a point [Λ] ∈ G is the k-plane Λ ⊂ PV . Show that this is
a closed subvariety of G × PV of dimension k + (k + 1)(n − k), and that
it’s cut out on G× PV by bilinear forms on P(∧kV )× PV .

Exercise 2.21. Use the preceding exercise to show that if X ⊂ Pn is any
subvariety of dimension l < n− k, then the locus

ΓX = {Λ ∈ G(k, n) | X ∩ Λ 6= ∅}

of k-planes meeting X is a closed subvariety of G(k, n) of codimension
n− k − l.

Exercise 2.22. Let l < k < n, and consider the locus of nested pairs of
linear subspaces of Pn of dimensions l and k:

F(l, k;n) = {(Γ,Λ) ∈ G(l, n)×G(k, n) | Γ ⊂ Λ}.

Show that this is a closed subvariety of G(l, n)×G(k, n), and calculate its
dimension. (These are examples of a further generalization of Grassmanni-
ans called flag manifolds.)

Exercise 2.23. Again let l < k < n, and for any m ≤ l consider the
locus of pairs of linear subspaces of Pn of dimensions l and k intersecting
in dimension at least m:

F(l, k;n) = {(Γ,Λ) ∈ G(l, n)×G(k, n) | dim(Γ ∩ Λ) ≥ m}.

Show that this is a closed subvariety of G(l, n)×G(k, n), and calculate its
dimension.

Exercise 2.24. Different hyperplane sections of G(k, n) can have different
properties; not all are given by the vanishing of a Plücker coordinate.

(a) Use (for example) Exercise 2.19 to show that a hyperplane section of
G(2, 4) = G(1, 3) defined by a Plücker coordinate is the cone over a
nonsingular quadric in P3. What other varieties appear as a hyperplane
section of G(1, 3)?
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(b) In general, how many isomorphism classes of hyperplane sections of
G(k, n) are there?

Exercise 2.25. We gave a description of the Plücker relations in the spe-
cial case G(1, n) following Example 2.1, and in Exercise 2.15 above. Show
that the polynomials above, obtained by expanding the determinants of
submatrices of A, are the same as the polynomials described there.

Exercise 2.26. Assume that the characteristic of our ground field is 0.
Let B ⊂ G(1, n) be a curve in the Grassmannian of lines in Pn, with the
property that all nonzero tangent vectors to B have rank 1. Show that the
lines in Pn parametrized by B either

(a) all lie in a fixed 2-plane;

(b) all pass through a fixed point; or

(c) are all tangent to a curve C ⊂ Pn.

(Note that the last possibility actually subsumes the first.)

Exercise 2.27. Show that an automorphism of G(k, n) carries tangent
vectors to tangent vectors of the same rank (in the sense of Section 2.2.4),
and hence that in case 1 < k < n the group of automorphisms of G(k, n)
cannot act transitively on nonzero tangent vectors. Show, on the other
hand, that the group of automorphisms of G(k, n) does act transitively on
tangent vectors of a given rank.

Exercise 2.28. In Example 2.9, we showed that the open Schubert cell
Σ̃1 = Σ1 \ (Σ2 ∪ Σ1,1) is isomorphic to affine space A3. For each of the

remaining Schubert indices a, b, show that the Schubert cell Σ̃a,b ⊂ G(1, 3)
is isomorphic to affine space of dimension 4− a− b.

Exercise 2.29. Consider the Schubert cycle

Σ1 = {Λ ∈ G(1, 3) | Λ ∩ L 6= ∅}.

Suppose Λ ∈ Σ1 and that Λ 6= L, so that Λ ∩ L is a point q and the span
ΛL a plane K. Show that Λ is a smooth point of Σ1, and that its tangent
space is

TΛ(Σ1) = {ϕ ∈ Hom(Λ̃, V/Λ̃) | ϕ(q̃) ⊂ K̃/Λ̃}.

Exercise 2.30. Consider the Schubert cycle

Σ2,1 = Σ2,1(p,H) = {Λ ∈ G(1, 3) | p ∈ Λ ⊂ H}.

Show that Σ2,1 is smooth, and that its tangent space at a point Λ is

TΛ(Σ2.1) = {ϕ ∈ Hom(Λ̃, V/Λ̃) | ϕ(p̃) = 0 and Im(ϕ) ⊂ H̃/Λ̃}.

Exercise 2.31. Use the preceding two exercises to show in arbitrary char-
acteristic that general Schubert cycles Σ1 and Σ2,1 ⊂ G(1, 3) intersect
transversely, and deduce the equality deg(σ1 · σ2,1) = 1.
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FIGURE 2.15. Deformation of a line L preserving contact with a curve C.

Exercise 2.32. Let L1, . . . , L4 ⊂ P3 be four arbitrary lines. Give necessary
and sufficient conditions on the intersections of the Li that there be finitely
many lines meeting all 4.

Exercise 2.33. Let L1, . . . , L4 ⊂ P3 be four pairwise skew lines, and
Λ ⊂ P3 a line meeting all four; set

pi = Λ ∩ Li and Hi = ΛLi.

Show that [Λ] ∈ G fails to be a transverse point of intersection of the
Schubert cycles Σ1(Li) exactly when the cross-ratio of the four points
p1, . . . , p4 ∈ Λ equals the cross-ratio of the four planes H1, . . . ,H4 in the
pencil of planes containing Λ.

The following series of Exercises deals with a question raised in Sec-
tion 2.4.2: if C1, . . . , C4 ⊂ P3 are general translates of four curves in P3,
do the corresponding cycles ΓCi ⊂ G(1, 3) of lines meeting the Ci intersect
transversely?

To start with, we have to identify the smooth locus of the cycle ΓC ⊂
G(1, 3) of lines meeting a given curve C, and its tangent spaces at these
points; this is the content of the first exercise, which is a direct generaliza-
tion of Exercise 2.29 above.

Exercise 2.34. Let C ⊂ P3 be any curve, and L ⊂ P3 a line meeting C
at one smooth point p of C and not tangent to C. Show that the cycle
ΓC ⊂ G(1, 3) of lines meeting C is smooth at the point [L], and that its
tangent space at [L] is the space of linear maps L̃→ C4/L̃ carrying the one-
dimensional subspace p̃ ⊂ L̃ to the one-dimensional subspace (T̃pC+ L̃)/L̃

of C4/L̃, where we have written TpC for the projective line in P3 that is
tangent to C at p. See Figure 2.15
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Next, we have to verify that, for general translates Ci of any four curves,
the corresponding cycles ΓCi are smooth at each of the points of their
intersection. A key fact will be the irreducibility of the relevant incidence
correspondence:

Exercise 2.35. Let B1, . . . , B4 ⊂ P3 be four irreducible curves, and let
ϕ1, . . . , ϕ4 ∈ PGL4 be four general automorphisms of P3; let Ci = ϕi(Bi).
Show that the incidence correspondence

Φ =
{

(ϕ1, . . . , ϕ4, L) ∈ (PGL4)4 ×G(1, 3) | L ∩ ϕi(Bi) 6= ∅ ∀i
}

is irreducible.

Using this, we can prove the following exercise—asserting that for gen-
eral translates Ci of four given curves and any line L meeting all four,
the cycles ΓCi are smooth at [L]—simply by exhibiting a single collection
(ϕ1, . . . , ϕ4, L) satisfying the conditions in question:

Exercise 2.36. Let B1, . . . , B4 ⊂ P3 be four curves, and ϕ1, . . . , ϕ4 ⊂
PGL4 four general automorphisms of P3; let Ci = ϕi(Bi). Show that the
set of lines L ⊂ P3 meeting C1, C2, C3 and C4 is finite; and that for any
such L

(a) L meets each Ci at only one point pi;

(b) pi is a smooth point of Ci; and

(c) L is not tangent to Ci for any i

Exercise 2.37. Let C1, . . . , C4 ⊂ P3 be any four curves, and L ⊂ P3 a
line meeting all four and satisfying the conclusions of Exercise ??. Use the
result of Exercise 2.34 to give a necessary and sufficient condition that the
four cycles ΓCi ⊂ G(1, 3) intersect transversely at [L], and show directly
that this condition is satisfied when the Ci are general translates of given
curves.

Exercise 2.38. Let C ⊂ P3 be a smooth curve, and p ∈ P3 a general
point. Show that

(a) p does not lie on any tangent line to C;

(b) p does not lie on any trisecant line to C; and

(c) p does not lie on any stationary secant to C; that is, a secant line q r
to C such that the tangent lines TqC ∩ TrC 6= ∅.

Deduce from these facts that the projection πp : C → P2 is birational onto
a plane curve C0 ⊂ P2 having only nodes as singularities.

The following three exercises deal with the approach, described in Sec-
tion 2.4.4, to calculating the class of the variety ΣC ⊂ G(1, 3) of lines
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incident to a space curve C ⊂ P3 by specialization. Recall from that sec-
tion that we choose a general plane H ⊂ P3 meeting C at d points pi
and a general point q ∈ P3, and let {At} be the one-parameter subgroup
of PGL4 with attractor q and repellor H; we let Ct = At(C) and take
Ψ ⊂ A1 ×G(1, 3) to be the closure of the locus

Ψ◦ = {(t,Λ) | t 6= 0 and Λ ∩ Ct 6= ∅}.

Exercise 2.39. Show that the support of the fiber Ψ0 is exactly the union
of the Schubert cycles Σ1(pi q)

Exercise 2.40. Show that Ψ0 has multiplicity 1 at a general point of each
Schubert cycle Σ1(pi q)

Exercise 2.41. Suppose now that C ⊂ P3 is a general rational quartic
curve. Describe the flat limit of the family of cycles ΓCt ⊂ G(1, 3), and in
particular its embedded components.

Exercise 2.42. Let C ⊂ Pr be a smooth curve. Show that the rational
map ϕ : C(2) → G(1, r) sending a pair of distinct points p, q ∈ C to the line
p, q actually extends to a regular map on all of C(2) by sending the pair
2p to the projective tangent line TpC. Use this to show that the image of
ϕ coincides with the locus of lines L ⊂ Pr such that the scheme-theoretic
intersection L ∩ C has degree at least 2.

Exercise 2.43. Show by example that the conclusion of the preceding
exercise is false in general if we do not assume C ⊂ Pr smooth. Is it still
true if we allow C to have mild singularities, such as nodes?

Exercise 2.44. Similarly, show by example that the conclusion of Exer-
cise 2.42 is false if we consider higher-dimensional secant planes: for exam-
ple, the image of the map

ϕ : C(3) → G(2, r)

p+ q + r 7→ p q r

need not coincide with the locus of 2-planes Λ ⊂ Pr whose scheme-theoretic
intersection with C has degree at least 3.

Exercise 2.45. Show that the smooth locus of S = S1(C) contains the
locus of lines L ⊂ P3 such that the scheme-theoretic intersection L ∩ C
consists of two reduced points, and for such a line L identify the tangent
plane TLS as a subspace of TLG. (When is a tangent line to C a smooth
point of S1(C)?)

Exercise 2.46. Use the result of the preceding Exercise to show that if C
and C ′ ⊂ P3 are two general twisted cubic curves, then the varieties S1(C)
and S1(C ′) ⊂ G(1, 3) of chords to C and C ′ intersect transversely.

Exercise 2.47. Let C ⊂ P3 be a smooth, nondegenerate curve, and let L
and M ⊂ P3 be general lines.
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(a) Find the number of chords to C meeting both L and M by applying
the result above; and

(b) Verify this count by considering the product morphism

πL × πM : C → P1 × P1

(where πL, πM : C → P1 are the projections from L and M) and
comparing the arithmetic and geometric genera of the image curve.

Exercise 2.48. Let C ⊂ P3 be a twisted cubic curve. Show that the locus
S1(C) ⊂ G(1, 3) ⊂ P5 of chords to C is the Veronese surface.

Exercise 2.49. Show that the twisted cubic and the elliptic quartic curves
are the only smooth, irreducible, nondegenerate curves C ⊂ P3 such that
S1(C) is smooth. (Hint: if C has no trisecant lines, the projection πp : C →
P2 of C to a plane from a point p ∈ C gives an isomorphism of C with
a smooth plane curve of degree d − 1; now use adjunction in the plane to
argue that if this is the case for all p ∈ C then either C is rational or d = 4.)

Exercise 2.50. Let C ⊂ P3 be a smooth, irreducible nondegenerate curve
of degree d, and let Φ ⊂ A1 × P3 be the family of curves specializing C
to a scheme supported on the union of lines joining a point p ∈ P3 to the
points of a plane section of C, as constructed in Section 2.4.4. Show that
C0 may have an embedded point at p, and that the multiplicity of this
embedded point may depend on the genus of the curve C, by considering
the examples of curves of degrees 4 and 5.

Exercise 2.51. In the situation of the preceding problem, let S1(Ct) ⊂ G
be the locus of chords to Ct for t 6= 0. Suppose that the degree of C is
4. Show that a general line L through the point p will lie in the limit
limt→0 S1(Ct) if C is rational, but not if C is elliptic.

Exercise 2.52. Again, suppose C ⊂ P3 is any curve of degree d; choose
a general plane H ⊂ P3 and point p ∈ P3 and consider the one-parameter
group {At} ⊂ PGL4 with repellor point p and attractor plane H—that
is, choose coordinates [Z0, . . . , Z3] on P3 such that p = [0, 0, 0, 1] and H is
given by Z3 = 0, and consider for t 6= 0 the automorphisms of P3 given by

At =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 t

 .

Let Ct = At(C), and for t 6= 0 let S1(Ct) ⊂ G be the locus of chords
to Ct. Show that the Schubert cycle Σ1,1(H) appears as a component of

multiplicity
(
d
2

)
in the limiting scheme limt→0 S1(Ct). (Hint: let Ψ ⊂ A1×G

be the closure of the family

Ψ◦ = {(t, L) | t 6= 0 and L ∈ S1(Ct)},
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and show that if L ⊂ H is a general line, then in a neighborhood of the
point (0, L) ∈ A1 × G, the family Ψ consists of the union of

(
d
2

)
smooth

sheets, each intersecting the fiber {0}×G transversely in the Schubert cycle
Σ1,1(H).)

Exercise 2.53. Let C and C ′ ⊂ Q ⊂ P3 be general twisted cubic curves
lying on a smooth quadric surface Q, of types (1, 2) and (2, 1) respectively.
Show that the intersection S1(C) ∩ S1(C ′) of the corresponding cycles of
chords is transverse.

Exercise 2.54. Let C ⊂ P3 be a smooth nondegenerate curve of degree d
and genus g, and let T (C) ⊂ G(1, 3) be the locus of its tangent lines. Find
the class [T (C)] ∈ A3(G(1, 3)) of T (C) in the Grassmannian G(1, 3).

Exercise 2.55. Let C ⊂ P3 be a smooth nondegenerate curve of degree d
and genus g, and let S ⊂ P3 be a general surface of degree e. How many
tangent lines to C are tangent to S?
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3

Grassmannians in General

Keynote Questions

(a) If V1, . . . , V4
∼= Pn ⊂ P2n+1 are four general n-planes, how many lines

L ⊂ P2n+1 meet all four? (Answer on page 173)

(b) Let C ⊂ G(1, 3) ⊂ P5 be a twisted cubic curve in the Grassmannian
of lines in P3, and let

S =
⋃

[Λ]∈C

Λ ⊂ P3

be the surface swept out by the lines corresponding to points of C.
What is the degree of S? How can we describe the geometry of S?
(Answer on page 171)

(c) If Q1 and Q2 ⊂ P4 are general quadric hypersurfaces, and S = Q1∩Q2

their surface of intersection, how many lines does S contain? More
generally, if Q1 and Q2 are general quadric hypersurfaces in P2n and
X = Q1 ∩ Q2, how many (n − 1)-planes does X contain? (Answer on
page 149)

(d) If G ⊂ PN is the Grassmannian G(1, n) of lines in Pn, embedded in
projective space via the Plücker embedding, what is the degree of G?
(Answer on page 142)

We will extend the ideas developed in Chapter 2 by introducing Schubert
cycles and classes on G(k, n), the Grassmannian of k-dimensional subspaces
in an n-dimensional vector space V (we’ll refer to these as “k-planes” in V ),
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and analyzing their intersections, a subject that goes by the name of the
Schubert calculus. Of course we may also consider G(k, n) in its projective
guise as G(k − 1, n− 1), the Grassmannian of projective (k − 1)-planes in
Pn−1, and in places where projective geometry is more natural (such as
Sections 3.2.2 and 3.3.1) we’ll switch to the projective notation.

3.1 Schubert cells and Schubert cycles

Let G = G(k, V ) be the Grassmannian of k-dimensional subspaces of an n-
dimensional vector space V . Generalizing the example of G(1, 3) = G(2, 4),
the center of our study will be a collection of subvarieties of G(k, n) called
Schubert varieties or Schubert cycles, defined in terms of a chosen complete
flag V in V : that is, a nested sequence of subspaces

0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V

with dimVi = i.

For any sequence a = (a1, . . . , ak) of integers with

n− k ≥ a1 ≥ a2 ≥ · · · ≥ ak ≥ 0

we define the Schubert cycle Σa(V) ⊂ G to be the closed subset

Σa(V) = {Λ ∈ G | dim(Vn−k+i−ai ∩ Λ) ≥ i ∀i}.

Proposition 5.17 shows that the class [Σa(V)] ∈ A(G) doesn’t depend on
the choice of flag, since any two flags differ by an element of GLn. In general,
when dealing with a property independent of the choice of V, we’ll shorten
the name to Σa and we define

σa := [Σa] ∈ A(G).

We shall see (Corollary 3.5) that the classes σa form a free basis of A(G).

To simplify notation, we generally suppress trailing zeros in the indices,
and write Σa1,...,as in place of Σa1,...,as,0,...,0. Also, we use the shorthand
Σpr to denote Σp,...,p with r indices equal to p.

To elucidate the rather awkward-looking definition of Σa(V), suppose
that Λ ⊂ V is a k-plane. If Λ is general, then Vi∩Λ = 0 for i ≤ n−k, while
dimVn−k+i ∩ Λ = i for i > n − k. Thus we may describe Σa as the set of
Λ such that dimVj ∩ Λ ≥ i occurs for a value of j that is ai steps sooner
than expected.

Equivalently, we may consider the sequence of subspaces of Λ:

(3.1) 0 ⊂ (V1 ∩ Λ) ⊂ (V2 ∩ Λ) ⊂ · · · ⊂ (Vn−1 ∩ Λ) ⊂ (Vn ∩ Λ) = Λ

Each subspace in this sequence is either equal to the one before it, or of
dimension one greater, and the latter phenomenon occurs exactly k times.
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The Schubert cycle Σa(V) is the locus of planes Λ for which “the ith jump
in the sequence (3.1) occurs at least ai steps early.”

Here are two common special cases to bear in mind:

• The cycle of k-subspaces Λ meeting a given space of dimension l non-
trivially is the Schubert cycle

Σn−k+1−l(V) = {Λ | Λ ∩ Vl 6= 0}.

In particular, the Schubert cycle of k-dimensional subspaces meeting a
given (n− k)-dimensional subspace nontrivially is

Σ1(V) = {Λ | Λ ∩ Vn−k 6= 0}.

This is a hyperplane section of G in the Plücker embedding (but not
every hyperplane section of G is of this form; see Exercise 2.24).

• The sub-Grassmannian of k-subspaces contained in a given l-subspace
is the Schubert cycle

Σ(n−l)k(V) = {Λ | Λ ⊂ Vl}.

Similarly, the sub-Grassmannian of planes containing a given r-plane
is the Schubert cycle

Σ(n−k)r (V) = {Λ | Vr ⊂ Λ}.

The cycles Σi, defined for 0 ≤ i ≤ n− k, and the cycles Σ1i , defined for
0 ≤ i ≤ k, are called special Schubert cycles. As we shall see in Section 7.4,
these classes are intimately connected with the tautological sub and quo-
tient bundles on G, and each of these sequences of cycles forms a minimal
generating set for the algebra A(G).

Our indexing of the Schubert cycles is by no means the only one in use,
but it has several good properties:

• It reflects the partial order of the Schubert cycles by inclusion: if we
order the indices termwise, that is, (a1, . . . , ak) ≤ (a′1, . . . , a

′
k) if and

only if ai ≤ a′i for 1 ≤ i ≤ k, then

Σa ⊂ Σb ⇐⇒ a ≥ b.

This follows immediately from the definition.

• It makes the codimension of a Schubert cycle easy to compute: By
Theorem 3.1 below

codim (Σa ⊂ G) =
∑

ai,

so that |a| :=
∑
ai is the degree of σa := [Σa] in A(G).
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• It is preserved under pullback via the obvious inclusions i : G(k, n) ↪→
G(k, n+ 1) and j : G(k, n) ↪→ G(k, n+ 1), that is,

i∗(σa) = σa and j∗(σa) = σa.

Here we adopt the convention that when a1 > n−k, or when ak+1 > 0,
we take σa = 0 as a class in A(G(k, n)). (This convention is consistent
with the restriction to sub-Grassmannians; for example, Σn−k+1 ⊂
G(k, n+1) is the subset of the k-planes containing a fixed general point,
and thus the intersection of Σn−k+1 with the G(k, n) of subspaces in
a fixed general n-plane is empty, so that j∗σn−k+1 = 0 ∈ A(G(k, n)).)
It follows that if we establish a formula

σaσb =
∑

γa,b;c σc

in the Chow ring of G(k, n), the same formula holds true in all G(k′, n′)
with k′ ≤ k and n′−k′ ≤ n−k. Whenever it happens that i∗ or j∗ is an
isomorphism on A|a|+|b|, the formula will also hold in A(G(k, n + 1))
or A(G(k + 1, n + 1)), respectively. Conditions for this are given in
Exercise 3.32.

There is a natural isomorphism G(k, V ) ∼= G(n − k, V ∗) obtained by
associating to a k-dimensional subspace Λ ⊂ V the (n − k)-dimensional
subspace Λ⊥ ⊂ V ∗ consisting of all those linear functionals on V that
annihilate Λ. To see that this is an algebraic isomorphism most directly,
use the result from linear algebra given in Exercise 3.13. (One can also
argue that these two spaces represent the same functor; see for example
the discussion in Section 8.3.1.) This duality carries each Schubert cycle to
another Schubert cycle. For example, one checks immediately that Σi(W ),
which is the set of k-planes Λ meeting a fixed (n − k + 1 − i)-plane W
nontrivially, is carried into the Schubert cycle Σ1i of (n−k)-planes Λ′ such
that dim(Λ′ ∩W⊥) ≥ i; that is, such that Λ′ +W⊥ ( V .

As in the case of G(1, 3) = G(2, 4), the Grassmannian G(k, n) has an
affine stratification. To see this, set

Σ◦a = Σa \
(⋃
b≥a
b 6=a

Σb

)
.

The Σ◦a are called Schubert cells.

Theorem 3.1. The locally closed subset Σ◦a ⊂ G is isomorphic to the

affine space Ak(n−k)−|a|; in particular it is smooth and irreducible and of
codimension |a| in G(k, n). The tangent space to Σ◦a at a point [Λ] is the
subspace of T[Λ]G = Hom(Λ, V/Λ) consisting of those elements ϕ that send

Vn−k+i−ai ∩ Λ ⊂ Λ

into
Vn−k+i−ai + Λ

Λ
⊂ V/Λ
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for i = 1, . . . , k.

Proof. Choose a basis (e1, . . . , en) for V so that

Vi = 〈e1, . . . , ei〉.

Now, suppose [Λ] ∈ Σa, and consider the sequence (3.1) of subspaces of Λ;
by definition, the first nonzero subspace in the sequence will be Vn−k+1−a1

∩
Λ, the first of dimension 2 will be Vn−k+2−a2 ∩ Λ, and so on. We’re going
to choose a basis (v1, . . . , vk) for Λ, accordingly, with v1 ∈ Vn−k+1−a1 ,
v2 ∈ Vn−k+2−a2

, and so on. In terms of this basis, and the basis (e1, . . . , en)
for V , the matrix representative of Λ will look like

∗ ∗ ∗ 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0


(This particular matrix corresponds to the case k = 4, n = 9 and a =
(3, 2, 2, 1).) Note that if Λ were general in G, and we chose a basis for Λ in
this way, the corresponding matrix would look like

∗ ∗ ∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

 .

Thus the Schubert index ai is the number of “extra zeros” in row i.

Now suppose that Λ ∈ Σ◦a; that is, Λ ∈ Σa but not in any of the smaller
varieties Σa′ for a′ 6= a and a′ ≥ a termwise. In this case vi /∈ Vn−k+i−ai−1,
so, for each i, the coefficient of en−k+i−ai in the expression of vi as a linear
combination of the eα is nonzero, and this condition characterizes elements
of Σ◦a among elements of Σa. It follows that Σa is the closure of Σ◦a. Given
that the coefficient of en−k+i−ai in vi is nonzero, we can multiply vi by a
scalar to make the coefficient 1, obtaining a basis for Λ represented by the
rows of a matrix of the form

∗ ∗ 1 0 0 0 0 0 0
∗ ∗ ∗ ∗ 1 0 0 0 0
∗ ∗ ∗ ∗ ∗ 1 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 1 0


with the 1s appearing in the (n− k + i− ai)th column, i = 1, . . . , k.

Finally, we can subtract a linear combination of v1, . . . , vi−1 from vi to kill
the coefficients of en−k+j−aj in the expression of vi as a linear combination
of the eα for j < i, to arrive at a basis of Λ given by the row vectors of the
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matrix

A =


∗ ∗ 1 0 0 0 0 0 0
∗ ∗ 0 ∗ 1 0 0 0 0
∗ ∗ 0 ∗ 0 1 0 0 0
∗ ∗ 0 ∗ 0 0 ∗ 1 0


Setting b = {n−k+1−a1, . . . , n−ak}, we may describe this by saying that
the submatrix of A involving columns b is the identity matrix. We claim
that Λ has a unique basis of this form. Indeed, any other basis of Λ has a
matrix obtained from this one by left multiplication by a unique invertible
k × k matrix g, and thus has the matrix g in the columns b.

It follows that Σ◦a is contained in the the open subset U ⊂ G consisting
of planes Λ complementary to the span of the n − k basis vectors whose
indices are not in b. By the same argument, any element of U = Σ◦0 has
a unique basis given by the rows of a matrix with the identity matrix in
positions b; that is, of the form

A =


∗ ∗ 1 ∗ 0 0 ∗ 0 ∗
∗ ∗ 0 ∗ 1 0 ∗ 0 ∗
∗ ∗ 0 ∗ 0 1 ∗ 0 ∗
∗ ∗ 0 ∗ 0 0 ∗ 1 ∗


Thus Σ◦a is a coordinate subspace of U ∼= Ak(n−k) defined by the vanishing
of |a| coordinates, and it follows that Σ◦a is smooth and irreducible and
of codimension |a|, as claimed. Since Σa is the closure of Σ◦a, it is also
irreducible and of codimension |a| in G(k, n).

The statement about tangent spaces follows from the explicit coordinate
description of Σa above. We identify the open set U ∼= Ak(n−k) with the set
of k×n matrices having an identity matrix in positions b. Since the tangent
space to an affine space may be identified with the corresponding vector
space, the tangent space Hom(Λ, V/Λ) to G(k, n) at Λ is given by the set
of matrices in the positions b′ complementary to b, or more properly by the
transposes of these matrices. Given such a tangent vector, we may complete
it uniquely to a k×n matrix with identity block in positions b, and this (or
rather its transpose) corresponds to the lifting Λ→ V = V/Λ⊕Λ inducing
the identity map Λ → Λ. Thus the set of tangent directions at Λ to the
affine subspace Σ◦a is identified with the set of matrices in that subspace;
and this corresponds precisely to the set of maps in Hom(Λ, V/Λ) whose
lifting as above sends Vn−k+i−ai into Vn−k+i−ai + Λ as claimed.

We may apply the description of the tangent space to a Schubert cell to
deduce transversality of certain intersections:

Corollary 3.2. If G = G(k, n), then

(σn−k)k = (σ1k)n−k = σ(n−k)k ∈ Ak(n−k)(G);
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that is, (σn−k)k and (σ1k)n−k are both equal to the class of a point in the
Chow ring of G.

Proof. From the affine stratification we know that A0(G) = Z, so it suffices
to show that the degree of each of (σn−k)k and (σ1k)(n−k) is 1. We can prove
this by proving the transversality of Schubert cycles associated to general
flags. In characteristic 0 we could invoke Kleiman’s theorem 5.15 to prove
this, but the description of the tangent spaces will prove it directly and in
all characteristics.

We regard G as the variety of k-dimensional subspaces Λ of the n-
dimensional vector space V . If H ⊂ V is a codimension 1 subspace, then

Σ1k(H) = {Λ ⊂ V | Λ ⊂ H}

and the tangent space to Σ1k(H) at the point corresponding to Λ is

TΣ
1k

(H),[Λ] = {ϕ ∈ Hom(Λ, V/Λ)} | ϕ(Λ) ⊂ H}.

If H1, . . . ,Hn−k are general codimension 1 subspaces, then there is a unique
k-plane Λ in ∩ki=1Σ1k(Hi), namely the intersection Λ = ∩ki=1Hi. Further,
the tangent spaces intersect only in the zero homomorphism, so the inter-
section is transverse. This proves that (σ1k)(n−k) is the class of a point.

To prove the corresponding statement for (σn−k)k we can make an analo-
gous argument (as suggested in Exercise 3.14), or we can simply use duality:
the isomorphism G(k, n) ∼= G(n− k, n) introduced above carries σ1k to σk,
as we have already remarked, and preserves the degree of 0-cycles.

By Theorem ??, the classes σa for a = (a1, . . . , ak) with n − k ≥
a1 ≥ · · · ≥ ak ≥ 0 and |a| = m generate Am(G) additively. In particu-
lar, Ak(n−k)(G) is generated by the class of a point, [Σ(n−k)k ] = σ(n−k)k ,
and thus any two points of G are linearly equivalent (as we could see di-
rectly from Proposition 5.17). The existence of the degree homomorphism
deg : Ak(n−k) → Z that counts points shows that Ak(n−k)(G) is actually
free on the generator σ(n−k)k .

Similarly, A0 = Z · [G] = Z ·σ0 is free on σ0. We shall soon see that, more
generally, the σa with a = a1, . . . , ak satisfying (n−k) ≥ a1 ≥ · · · ≥ ak ≥ 0
form a free basis of A(G).

3.1.1 Equations of the Schubert cycles

It is a remarkable fact that, under the Plücker embedding G = G(k, n) ↪→
PN , every Schubert cycle Σa ⊂ G is the intersection of G with a “coordinate
subspace” of PN ; that is, a subspace defined by the vanishing of an easily
described subset of the Plücker coordinates. This is true even at the level
of homogeneous ideals:
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Theorem 3.3. Let Σa ⊂ G(k, n) ⊂ PN be a Schubert cycle, and let b be
the strictly increasing k-tuple b = (n−k+1−a1, . . . , n−k+2−a2, . . . ). The
homogeneous ideal of the Σa in PN is generated by the homogeneous ideal
of the Grassmannian (the “Plücker relations”) together with those Plücker
coordinates pb′ such that b′ 6≤ b in the termwise partial order.

The equations of the Σa were studied in Hodge [1943], and this work
led to the notion of a straightening law (Doubilet et al. [1974]) and Hodge
algebra (De Concini et al. [1982]). A proof of the Theorem in terms of Hodge
algebras may be found in the latter publication, along with a proof that
the homogeneous coordinate ring of Σa is Cohen-Macaulay. The ideas have
also been extended to homogeneous varieties for other reductive groups by
Lakshmibai, Musili, Seshadri and their co-workers (see for example Seshadri
[2007]).

We will prove Theorem 3.3 in the easy case of G(2, 4) = G(1, 3) ⊂
P5. In this variety the Schubert cycle Σa,b consists of those 2-dimensional
subspaces that meet V3−a nontrivially and are contained in V4−b. We must
show that the homogeneous ideal of

Σa,b ⊂ G(2, 4) ⊂ P5

is generated by the Plücker relation g := p1,2p3,4−p1,3p2,4+p14p2,3 together
with the Plücker coordinates

{pi,j | (i, j) 6≤ (3− a, 4− b)}

(note that the condition (i, j) 6≤ (3− a, 4− b) means i > 3− a or j > 4− b.
Specifically

• Σ1 is the hyperplane section p3,4 = 0 ⊂ G; that is, it’s the cone over
the nonsingular quadric g = −p1,3p2,4 + p14p2,3 in P3;

• Σ2 is is the plane p2,3 = p2,4 = p3,4 = 0.

• Σ1,1 is the plane p1,4 = p2,3 = p2,4 = 0.

• Σ2,1 is the line p1,4 = p2,3 = p2,4 = p3,4 = 0.

• Σ2,2 is the point p1,3 = p1,4 = p2,3 = p2,4 = p3,4 = 0.

Proof of Theorem 3.3 for G(2, 4). A subspace L ∈ Σa,b has a basis whose
first vector is in V3−a, and therefore has its last a + 1 coordinates 0; and
whose second vector is in V4−b and thus has its last b coordinates equal to
0. If B is the matrix whose rows are the coordinates of these two vectors,
then pi,j is (up to sign) the determinant of the submatrix of B involving
columns i, j. It follows that if i > 3 − a or j > 4 − b then pi,j(L) = 0, so
the given subsets of Plücker coordinates do vanish on the Schubert cycles
as claimed.
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To show that the ideals of the Schubert cycles are generated by the
relation g and the given subsets, observe that each of the subsets is the
ideal of the irreducible subvariety described in the Proposition, and these
have the same dimensions as the Schubert cycles. For example, we know
that dim Σ1,1 = dimG(2, 4)− (1 + 1) = 2; and the ideal

(g, p1,4, p2,3, p2,4) = (p1,4, p2,3, p2,4) ⊂ K[p1,2, . . . , p3,4]

is the entire ideal of a plane.

We invite the reader to give the (relatively easy) proof of the set-theoretic
version of Theorem 3.3—the statement that the zero locus of the given
set of Plücker coordinates on G(k, n) is set-theoretically equal to Σa—in
Exercise 3.15.

3.2 Intersection products

3.2.1 Intersections in complementary dimension

As in the case of the Grassmannian G(1, 3), we start our description of the
Chow ring of G by evaluating intersections of Schubert cycles in comple-
mentary codimension. We can do this in characteristic 0 simply by taking
Schubert cycles defined relative to two general flags and counting the num-
ber of points of intersection; by Kleiman’s Theorem 5.15, this will equal the
degree of the intersection. In characteristic p > 0, we have to verify directly
that the intersections are transverse. In general, we’ll omit this verification;
the concerned reader can supply it using the description in Theorem 3.1 of
the tangent spaces to Schubert cycles.

As before, let G = G(k, V ) be the Grassmannian of k-dimensional linear
subspaces of an n-dimensional vector space V , and choose two general flags
V and W on V , consisting of subspaces

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V

and

0 = W0 ⊂W1 ⊂ · · · ⊂Wn−1 ⊂Wn = V.

To be concrete, note that Vi will intersect Wn−i+1 in a one-dimensional sub-
space; if we let ei be any nonzero vector in this intersection then e1, . . . , en
will be a basis for for V in terms of which we can write

Vi = 〈e1, . . . , ei〉 and Wj = 〈en+1−j , . . . , en〉.

Let Σa(V) and Σb(W) be Schubert cycles of complementary codimension,
that is, with

|a|+ |b| = dimG = k(n− k).
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Proposition 3.4. If |a|+ |b| = k(n− k) then Σa(V) and Σb(W) intersect
transversely in a unique point if ai + bk+1−i = n− k for each i = 1, . . . , k,
and are disjoint otherwise. Thus

deg σaσb =

{
1 if ai + bk−i+1 = n− k for all i,

0 otherwise

Proof. Since the two flags V and W are general, the Schubert cycles will
meet generically transversely. In characteristic 0, this is guaranteed by
Kleiman’s Theorem 5.15; in arbitrary characteristic we can deduce it from
a computation of tangent spaces. Thus

deg σaσb = #
(
Σa(V) ∩ Σb(W)

)
= #

{
Λ |

dim(Vn−k+i−ai ∩ Λ) ≥ i; and

dim(Wn−k+i−bi ∩ Λ) ≥ i ∀i.

}
To evaluate the cardinality of this set, consider the conditions in pairs: that
is, for each i, consider the ith condition associated to the Schubert cycle
Σa(V):

dim(Vn−k+i−ai ∩ Λ) ≥ i

in combination with the (k − i+ 1)st condition associated to Σb(W):

dim(Wn−i+1−bk−i+1
∩ Λ) ≥ k − i+ 1.

If these conditions are both satisfied, then the subspaces Vn−k+i−ai ∩ Λ
and Wn−i+1−bk−i+1

∩ Λ, having greater than complementary dimension in
Λ, must have nonzero intersection; in particular, we must have

Vn−k+i−ai ∩Wn−i+1−bk−i+1
6= 0,

and since the flags V and W are general, this in turn says we must have

n− k + i− ai + n− i+ 1− bk−i+1 ≥ n+ 1

or in other words

ai + bk−i+1 ≤ n− k.

If we have equality in this last inequality, then the subspaces Vn−k+i−ai
and Wn−i+1−bk−i+1

will meet in a one-dimensional vector space Γi, which
will necessarily be contained in Λ.

We have thus seen that Σa(V) and Σb(W) will be disjoint unless ai +
bk−i+1 ≤ n− k for all i. But from the equality

|a|+ |b| =
k∑
i=1

(ai + bk−i+1) = k(n− k)

we see that if ai+ bk−i+1 ≤ n−k for all i then we must have ai+ bk−i+1 =
n−k for all i. Moreover, in this case any Λ in the intersection Σa(V)∩Σb(W)
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must contain each of the k subspaces Γi, so there is a unique such Λ, equal
to the span of these one-dimensional spaces, as required.

Corollary 3.5. The classes of the Schubert cycles form a free basis for
A(G). In fact, the intersection forms Am(G)×AdimG−m(G)→ Z have the
Schubert classes as dual bases.

In view of the explicit duality between Am(G) and Ak(n−k)−m(G) given
by Proposition 3.4, it makes sense to introduce one more bit of notation:
for any Schubert index a = (a1, . . . , ak), we’ll define the dual index to
be the Schubert index a∗ = (n − k − ak, . . . , n − k − a1). In these terms,
Proposition 3.4 says that deg(σaσb) = 1 if b = a∗ and 0 otherwise.

Corollary 3.5 suggests a general approach to determining the coefficients
in the expression of the class of a cycle as a linear combination of Schubert
classes: if Γ ⊂ G is any cycle of pure codimension m, we can write

[Γ] =
∑
|a|=m

γaσa.

To find the coefficient γa, we intersect both sides with the Schubert cycle
Σa∗(V) = Σn−k−ak,...,n−k−a1

(V) for a general flag V; we have

γa = deg([Γ] · σa∗)
= #

(
Γ ∩ Σa∗(V)

)
.

In fact, we have used exactly this approach—called the method of unde-
termined coefficients—in calculating classes of various cycles in G(1, 3) in
the preceding chapter; Corollary 3.5 says that it is more generally applica-
ble in any Grassmannian. In particular, have

Corollary 3.6. If σa and σb ∈ A(G) are any Schubert classes on G =
G(k, n), then the product

σaσb =
∑

|c|=|a|+|b|

γa,b;cσc

where

γa,b;c = deg(σaσbσc∗).

Since for general flags U , V andW the Schubert cycles Σa(U),Σb(V) and
Σc∗(W) are dimensionally transverse by Kleiman’s theorem, the coefficients
γa,b;c = deg(σaσbσc∗) are nonnegative integers. They are called Littlewood-
Richardson coefficients, and they appear in many combinatorial contexts.
Note that if we adopt the convention that σa = 0 ∈ A|a|(G(k, n)) if a fails
to satisfy the conditions n− k ≥ a1 ≥ · · · ≥ ak ≥ 0 and al = 0 ∀l > k, then
the Littlewood-Richardson coefficients γa,b;c depend only on the indices a,
b and c, and not on k and n.
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FIGURE 3.1. The variety X ⊂ Pn swept out by a 1-parameter family C ⊂ G(k, n)
of k-planes

Using this approach, we’ll be able to evaluate a number of products of
Schubert classes in Section 3.2.3.

3.2.2 Varieties swept out by linear spaces

We’ll say more about intersections of Schubert classes in Section 3.2.3. For
now, we’ll pause to give an application of what we know so far.

Let C ⊂ G(k, n) be a curve, and consider the variety X ⊂ Pn swept out
by the linear spaces corresponding to points of C: that is,

X =
⋃

[Λ]∈C

Λ ⊂ Pn.

(See Figure 3.1). We’d like to relate the geometry of X to that of C; in
particular, Keynote Question (b) asks us to find the degree of X in case
C ⊂ G(1, 3) ⊂ P5 is a twisted cubic curve.

Observe to begin with that X is indeed a closed subvariety of Pn: if

Φ = {(Λ, p) ∈ G(k, n)× Pn | p ∈ Λ}

is the universal k-plane over G(k, n), as described in Section ??, and α :
Φ→ G(k, n) and β : Φ→ Pn are the projections, then we can write

X = β
(
α−1(C)

)
.

Now, suppose that a general point x ∈ X lies on a unique k-plane Λ ∈ C—
that is, the map β : α−1(C)→ X ⊂ Pn is birational, so that in particular
dim(X) = k+ 1. The degree of X is the number of points of intersection of
X with a general (n− k − 1)-plane V ⊂ Pn; since these points are general
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points of X, the number is the number of k-planes Λ that meet V . In other
words, we have

deg(X) = #(X ∩ V )

= #(C ∩ Σ1(V ))

= deg([C] · σ1) (by Kleiman)

= deg(C)

where by the degree of C we mean the degree under the Plücker embedding
of G(k, n). Thus, for example, the answer to keynote question (b) is that
the surface X ⊂ P3 swept out by the lines corresponding to a twisted cubic
C ⊂ G(1, 3) ⊂ P5 is cubic. We will see a more detailed (and beautiful)
picture of the geometry of X in Exercises 3.21-3.24.

If Z ⊂ G(k, n) is a variety of any dimension m, we can similarly form the
variety X ⊂ Pn swept out by the planes of Z. Its degree—assuming it has
the expected dimension k + dimZ, and that a general point of X lies on
only one plane Λ ∈ Z—is expressible in terms of the Schubert coefficients of
the class [Z] ∈ Am(G(k, n)), though it’s not in general equal to the degree
of Z; this is the content of Exercise 3.20.

3.2.3 Pieri’s formula

Corollary 3.6 says that to determine the products of all Schubert classes,
we simply have to be able to evaluate the degrees of triple intersections
of Schubert cycles in complementary dimension. Unfortunately, this is not
always easy to do, and many questions remain in general. There exist beau-
tiful algorithms for calculating the Littlewood-Richardson coefficients σa,b;c
(see Coskun [2009] and Vakil [2006a]), but even simple questions such as,
“when is σa,b;c 6= 0?” and “when is σa,b;c > 1?” do not admit simple an-
swers in general. (In case you’re curious, the smallest example of a product
of two Schubert classes where another Schubert class appears with multi-
plicity > 1 is the square σ2

2,1 in G(3, 6), as you’ll be asked to work out in
Exercise 3.36.)

There is one situation, however, in which we do have a simple formula
for the product of Schubert classes. This is when one of the classes has the
special form σb = σb,0,...,0; these are called special Schubert classes and the
formula in this case is called Pieri’s formula:

Proposition 3.7 (Pieri’s formula). For any Schubert class σa ∈ A(G) and
any integer b, we have

(σb · σa) =
∑

|c|=|a|+b
ai≤ci≤ai−1∀i

σc
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Proof. 1 By Corollary 3.6, Pieri’s formula is tantamount to the assertion
that for any Schubert index c with |c| = |a|+ b,

deg(σaσbσc∗) =

{
1, if ai ≤ ci ≤ ai−1∀i; and

0, otherwise.

To prove this, we’ll look at the corresponding Schubert cycles Σa(V),Σb(U)
and Σc∗(W), defined with respect to general flags V, U and W; we’ll show
that their intersection is empty in case ci violates the condition ai ≤ ci ≤
ai−1 for any i, and consists of a single point if these inequalities are all
satisfied. This will establish the formula in characteristic 0, where Kleiman’s
theorem assures us that Σa(V),Σb(U) and Σc∗(W) intersect transversely; in
characteristic p we require in addition a transversality argument based on
the identification of tangent spaces to Schubert cycles given in Theorem 3.1,
which we leave to the reader.

Our starting point is the same as in the case of complementary dimension.
We start by writing out the conditions associated to the Schubert cycles
Σa(V) and Σc∗(W):

Σa(V) = {Λ | dim(Λ ∩ Vn−k+i−ai ≥ i ∀i}

and

Σc∗(W) = {Λ | dim(Λ ∩Wi+ck+1−i ≥ i ∀i}.

Combining the ith condition in the first and the (k + 1− i)th condition in
the second, we see that for any Λ ∈ Σa(V) ∩ Σc∗(W) we have

Λ ∩ Vn−k+i−ai ∩Wk+1−i+ci 6= 0

Of course, this necessitates that Vn−k+i−ai ∩Wk+1−i+ci 6= 0, so the first
thing we see is that if ci < ai for any i, then Σa(V)∩Σc∗(W) = ∅. For the
remainder of this argument, then, we’ll assume that ci ≥ ai ∀i.

Next, we introduce a sequence of k subspaces of V : for each i, we let

Ai = Vn−k+i−ai ∩Wk+1−i+ci .

These are nonzero vector spaces of dimensions dimAi = ci − ai + 1, and
by what we’ve said, any plane Λ ∈ Σa(V) ∩ Σc∗(W) will be spanned
by its intersections with the spaces Ai. Beyond that, the key fact about
them is that they are linearly independent if and only if ci ≤ ai−1 for
all i. (This is probably best seen in terms of the basis for V introduced
in Section 3.2.1: if Vi = 〈e1, . . . , ei〉 and Wj = 〈en−j+1, . . . , en〉, then
Ai = 〈en−k+i−ci , . . . , en−k+i−ai〉; and the condition ci ≤ ai−1 amounts
to the condition that the two successive ranges of indices n − k + i − 1 −

1This proof was shown to us by Izzet Coskun
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ci−1, . . . n − k + i − 1 − ai−1 and n − k + i − ci, . . . n − k + i − ai don’t
overlap.) In other words, if we let

A = 〈A1, . . . , Ak〉

be the span of the spaces Ai, then we have

dimA ≤
∑

ci − ai + 1 = k + b.

with equality holding if and only if ci ≤ ai−1 for all i.

Now we introduce the final condition: the Schubert cycle Σb(U) consists
of k-planes that have nonzero intersection with a general linear subspace
U = Un−k+1−b ⊂ V of dimension n − k + 1 − b. For there to be any
Λ ∈ Σa(V) ∩ Σc∗(W) satisfying this condition requires that A ∩ U 6= 0,
and hence, since U is general, that dimA ≥ k + b Thus, if ci > ai−1 for
any i, then we’ll have Σa(V)∩Σc∗(W)∩Σb(U) = ∅. Thus, we can assume
ci ≤ ai−1 ∀i and hence dimA = k + b.

Finally, since U ⊂ V is a general subspace of codimension k + b − 1, it
will meet A in a one-dimensional subspace. Choose v any nonzero vector
in this intersection. Since A = ⊕Ai, we can write v uniquely as a sum

v = v1 + · · ·+ vk with vi ∈ Ai.

Suppose now that Λ ∈ Σa(V) ∩ Σb(U) ∩ Σc∗(W) satisfies all the Schubert
conditions above. Since Λ ⊂ A and Λ ∩ U 6= 0, Λ must contain the vector
v; and since Λ is spanned by its intersections with the Ai it follows that
Λ must contain the vectors vi as well. Thus, we see that the intersection
Σa(V) ∩ Σb(U) ∩ Σc∗(W) will consist of the single point corresponding to
the plane Λ = 〈v1, . . . , vk〉 spanned by the vi, and we’re done.

3.3 Grassmannians of lines

Let G = G(2, V ) be the Grassmannian of 2-dimensional subspaces of an
n-dimensional vector space V , or, equivalently, lines in the projective space
PV ∼= Pn−1. The Schubert cycles on G with respect to a flag V are of the
form

Σa1,a2
(V) = {Λ | Λ ∩ Vn−1−a1

6= 0 and Λ ⊂ Vn−a2
}.

In this case, Pieri’s formula (Proposition 3.7) allows us to give a closed-form
expression for the product of any two Schubert classes:

Proposition 3.8.

σa1,a2
σb1,b2 =

∑
|c|=|a|+|b|

a1+b1≥c1≥a1,b1

σc1,c2
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Proof. Let’s start with the simplest cases, where the intersection of general
Schubert cycles is again a Schubert cycle: if b1 = b2 = b, then the Schubert
cycle

Σb,b(W) = {Λ | Λ ⊂Wn−b}

so that for any a1, a2 we have

Σa1,a2(V) ∩ Σb,b(W) =

Λ |
Λ ∩ Vn−1−a1

6= 0;

Λ ⊂ Vn−a2
; and

Λ ⊂Wn−b


=

{
Λ |

Λ ∩ (Vn−1−a1
∩Wn−b) 6= 0 and

Λ ⊂ (Vn−a2
∩Wn−b)

}
= Σa1+b,a2+b

(
Vn−1−a1

∩Wn−b, Vn−a2
∩Wn−b

)
.

Thus, we have

(3.2) σa1,a2σb,b = σa1+b,a2+b.

Now, suppose we want to intersect an arbitrary pair of Schubert classes
σa1,a2 and σb1,b2 . We can write

σa1,a2
σb1,b2 = (σa1−a2,0σa2,a2

)(σb1−b2,0σb2,b2)

= σa1−a2,0 σb1−b2,0 σa2+b2,a2+b2

and if we can evaluate the product of the first two terms in the last expres-
sion, we can use (3.2) to finish the calculation.

But this is exactly what Pieri gives us: if a ≥ b, Pieri says that

σa,0σb,0 = σa+b,0 + σa+b−1,1 + · · ·+ σa,b

and the general statement follows.

We can use this description of the Chow ring of G(1, n) (and a little com-
binatorics) to answer Keynote Question (d): what is the degree of the Grass-
mannian G(1, n) under the Plücker embedding? We observe first that, since
the hyperplane class on P(∧2V ) pulls back to the class σ1 ∈ A1(G(1, n)),
we have

deg(G(1, n)) = deg
(
σ2n−2

1

)
.

To evaluate this product, we make a diagram of the Schubert classes σa
in G(1, n), with the inclusions among the corresponding Schubert cycles
Σa(V) indicated by vertical or diagonal arrows (the diagram shown is the
case n = 5):
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σ0

σ1

6

σ2

6

σ1,1

�

σ3

6

σ2,1

6
�

σ4

6

σ3,1

6
�

σ2,2

�

σ4,1

6
�

σ3,2

6
�

σ4,2

6
�

σ3,3

�

σ4,3

6
�

σ4,4

�

In terms of this diagram, the rule expressed in Proposition 3.8 for mul-
tiplication by σ1 is simple: the product of any Schubert class σa,b with
σ1 is just the sum of the Schubert classes below it—that is, connected
by an inclusion—in the next row. In particular, the degree deg(σ2n−2

1 ) of
the Grassmannian is simply the number of paths through this diagram,
starting with σ0 and ending with σn−1,n−1, of minimal length 2n− 2 (that
is, always going downward). If we designate such a path by a sequence of
n−1 “v”s and n−1 “d”s—corresponding to vertical and diagonal inclusions
respectively—these are all the sequences of n− 1 “v”s and n− 1 “d”s sat-
isfying the condition that, reading from left to right, there are never more
“d”s than “v”s. Equivalently, if we associate to a “v” a left parenthesis and
to a “d” a right parenthesis, this is the number of ways in which n − 1
pairs of parentheses can appear in a grammatically correct sentence. This
is called the (n− 1)st Catalan number ; a standard combinatorial argument
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(see for example Stanley [1999]) gives

cn−1 =
(2n− 2)!

n!(n− 1)!
.

In sum, we have

Proposition 3.9. The degree of the Grassmannian G(2, n) ⊂ P(∧2V ) is

degG(2, n) =
(2n− 2)!

n!(n− 1)!
.

Note that this number also represents the answer to the enumerative
problem: how many lines in Pn meet each of 2n− 2 general (n− 2)-planes
V1, . . . , V2n−2 ⊂ Pn?

In fact, Pieri’s formula (Proposition 3.7) gives us the means to answer
the generalization of Keynote Question (d) to all Grassmannians: since σ1

is the class of the hyperplane section of the Grassmannian in its Plücker
embedding, the degree of the Grassmannian in that embedding is the degree

of σ
k(n−k)
1 . This will be worked out (with the aid the of Hook formula from

combinatorics) in Exercise 3.38; the answer is that

deg(G(k, n)) =
(
k(n− k)

)
!

k−1∏
i=0

i!

(n− k + i)!
.

We can also use the description of A(G(1, n)) given in Proposition 3.8 to
answer Keynote Question (a): if V1, . . . , V4

∼= Pn ⊂ P2n+1 are four general
n-planes, how many lines L ⊂ P2n+1 meet all four? The answer is the cardi-
nality of the intersection

⋂
Σn(Vi) ⊂ G(1, 2n+ 1); given transversality—a

consequence of Kleiman’s theorem 5.15 in characteristic 0, and checkable
directly in arbitrary characteristic via the description of tangent spaces to
Schubert cycles in Proposition 3.1—this is just the degree of the product
σ4
n ∈ A(G(1, 2n+ 1)). Applying Proposition 3.8, we have

σ2
n = σ2n + σ2n−1,1 + · · ·+ σn+1,n−1 + σn,n;

since each term squares to the class of a point and all pairwise products
are zero, we have

deg(σ4
n) = n+ 1,

and this is the answer to our question.

We will see in Exercise 3.26 another way to arrive at this number, in a
manner analogous to the alternative solution to the four-line problem given
in Exercise ??; and in Exercise 3.27 a nice geometric consequence.
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3.3.1 Dynamic specialization

We now want to revisit the discussion, initiated in Section 2.4.4, of the
method of specialization, in particular as it may be applied to determine
the products of Schubert classes. This time we’ll encounter situations where
we need a stronger and more broadly applicable version of this technique,
called dynamic specialization.

To recall: in Section 2.4.4 we described an alternative approach to es-
tablishing the relation σ2

1 = σ11 + σ2 in the Chow ring of the Grassman-
nian G(1, 3). Instead of taking two general translates of the Schubert cycle
Σ1(L) ⊂ G(1, 3)—whose intersection was necessarily generically transverse,
but the class of whose intersection required additional work to calculate—
we considered the intersection Σ1(L) ∩ Σ1(L′) where L and L′ ⊂ P3 were
not general, but incident lines. The tradeoff here is that now the intersec-
tion is visibly a union of Schubert cycles—specifically, if p = L∩L′ is their
point of intersection and H = LL′ their span, we have

Σ1(L) ∩ Σ1(L′) = Σ2(p) ∪ Σ1,1(H)—

but we have to work a little to see that the intersection is indeed generically
transverse.

Suppose now we’re working with the Grassmannian G = G(1, 4) of lines
in P4 and we try to use an analogous method to determine the product
σ2

2 ∈ A4(G)—that is, the class of the locus of lines meeting each of two
given lines in P4. Specifically, we’d like to find a pair of lines L,M ⊂ P4

such that the two cycles

Σ2(L) = {Λ | Λ ∩ L 6= ∅} and Σ2(M) = {Λ | Λ ∩M 6= ∅}

representing the class σ2 are special enough that the class of the inter-
section is clear, but still sufficiently general that they intersect generically
transversely.

Unfortunately, we can’t. If the lines L and M are disjoint, they are ef-
fectively a general pair, and the intersection is not a union of Schubert
cycles. But if L meets M , say at a point p, then the locus of lines through
p forms a 3-dimensional component of the intersection Σ2(L) ∩ Σ2(M), so
the intersection is not even dimensionally transverse.

How do we deal with this? By considering a family of lines Mt in P4,
parametrized by t ∈ A1, with Mt disjoint from L for t 6= 0, and with M0

meeting L at a point p. We arrive then at a family of intersection cycles
Σ2(L) ∩ Σ2(Mt): specifically, we consider the subvariety

Φ◦ = {(t,Λ) ∈ A1 ×G | t 6= 0 and Λ ∈ Σ2(L) ∩ Σ2(Mt)}

and its closure Φ ⊂ A1 × G. Since Mt is disjoint from L for t 6= 0, the
fiber Φt = Σ2(L) ∩ Σ2(Mt) of Φ over t 6= 0 represents the class σ2

2 , and it
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follows that Φ0 does as well. The point is, when we look at the fiber Φ0

we’re looking not at the intersection Σ2(L)∩Σ2(M0) of the limiting cycles,
but rather at the limit of the intersection cycles, which is necessarily of the
expected dimension.

That said, how do we characterize the fiber Φ0? Clearly it’s contained
in the intersection Σ2(L) ∩ Σ2(M0), but as we said it must be properly
contained in it. In other words, a line Λ arising as the limit of lines Λt
meeting both L and Mt must satisfy some additional condition beyond
meeting both L and M0, and we need to say what that condition is.

Fortunately, the answer to that question is reasonably straightforward.
For t 6= 0, the lines L and Mt together span a hyperplane Ht = LMt

∼=
P3 ⊂ P4, and by the valuative criterion these hyperplanes Ht must have a
limit H0 as t → 0. Moreover, if {Λt} is a family of lines with Λt meeting
both L and Mt for t 6= 0, we see that Λt must lie in Ht and hence that the
limiting line Λ0 must be contained in H0. Now, if Λ0 does not pass through
the point p = L ∩M0, then it must be contained in the 2-plane P = LM0

(so that the condition Λ0 ⊂ H0 is redundant); in sum, we conclude that
the support of Φ0 must be contained in the union of the two 2-dimensional
Schubert cycles

Φ0 ⊂ {Λ | Λ ⊂ P} ∪ {Λ | p0 ∈ Λ ⊂ H0}
= Σ2,2(P ) ∪ Σ3,1(p0, H0).

In fact, we will see in Exercise 3.28 that the support of Φ0 is all of
Σ2,2(P )∪Σ3,1(p0, H0), and in Exercise 3.29 that Φ0 is generically reduced.
Thus, the cycle associated to the scheme Φ0 is exactly the sum Σ2,2(P ) +
Σ3,1(p0, H0), and we can deduce the formula

σ2
2 = σ3,1 + σ2,2 ∈ A4(G(1, 4)).

This is a good example of the method of dynamic specialization, in which
we consider not a special pair of cycles representing given Chow classes and
intersecting generically transversely, but a family of representative pairs
specializing from pairs that do intersect transversely to a pair that may
not. The goal is then to describe, as we did above, not the intersection of
the limits, but the limit of the intersections. As we indicated, it’s a very
powerful and broadly applicable technique, one that is ubiquitous in the
subject. For example, it can be used to give a highly effective algorithm
for the product of two arbitrary Schubert classes in G(k, n) (or even their
generalizations to flag manifolds); the calculation we’ve just sketched is a
starting point for the general algorithms of Coskun [2009] and Vakil [2006a].
For another example of its application, see Griffiths and Harris [1980].

One caveat: a further wrinkle in the technique of dynamic specialization
(present in all the examples cited above) is that to carry out the calculation
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of an intersection of Schubert cycles we may have to specialize in stages.
For a relatively elementary example of this, see Exercise 3.30.

3.4 How to count Schubert cycles with Young
diagrams

We can count the Schubert cycles as follows:

Corollary 3.10. A(G(k, n)) ∼= Z(nk) as abelian groups.

For the proof, and for many other purposes, it is convenient to represent
the Schubert class σa1,...,ak by a Young diagram; that is, as a collection
of left-justified rows of boxes, the i-th row having length ai. For example,
σ4,3,3,1,1 would be represented by

σ4,3,3,1,1 ←→

(Warning: there are many different conventions in use for interpreting the
correspondence between Schubert cycles and Young diagrams!) The condi-
tion that n − k ≥ a1 ≥ ak ≥ 0 means that the Young diagram fits into a
box with k rows and n−k columns, and the rows of the diagram are weakly
decreasing in length from top to bottom. As another example, the relation
between a Schubert cycle and the unique Schubert cycle τ such that στ
is the class of a point, described in Proposition 3.4 could be described by
saying that the Young diagrams of σ and τ , after rotating the latter 180◦,
are complementary in the k × (n − k) box; if σ = σ4,3,3,1,1 ∈ A(G(5, 10)),
for example, then τ is shown in the picture

σ σ σ σ τ
σ σ σ τ τ
σ σ σ τ τ
σ τ τ τ τ
σ τ τ τ τ

;

that is,

τ ←→ .
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With this notation, the proof of the Corollary is easy (though clever!):

Proof of Corollary 3.10. The number of Schubert cycles is the same as the
number of Young diagrams that fit into a k × (n − k) box of squares B.
To count these, we associate to each Young diagram Y in B its “right
boundary” L: this is the path, consisting of horizontal and vertical segments
of unit length, which starts from the upper right corner of the k×(n−k) box
and ends at the lower left corner of the box, such that the squares in in Y
are those to the left of L. (For example, in the case of the Young diagram
associated to σ4,3,3,1,1 ⊂ G(5, 10), illustrated above, we may describe L
by the sequence h, v, h, v, v, h, h, v, v where h and v denote horizontal and
vertical segments, respectively, and we start from the upper right corner.)

Of course the number of h terms in any such boundary must be n − k,
the width of the box, and the number of v terms must be k, the height of
the box. Thus the length of the boundary is n, and giving the boundary is
equivalent to specifying which k steps will be vertical; that is, the number
of Young diagrams in B is

(
n
k

)
as required.

The correspondence between Schubert classes and Young diagrams be-
haves well with respect to many basic operations on Grassmannians. For
example, under the duality G(k, n) ∼= G(n − k, n) the Schubert cycle cor-
responding to the Young diagram Y is taken to the Schubert cycle cor-
responding to the Young diagram Z that is the transpose of Y , that is,
the diagram obtained by flipping Y around a 45◦ line running northwest-
southeast. For example if

σ3,2,1,1 ∈ A(G(4, 7)) ←→

then the corresponding Schubert cycle in G(3, 7) is

σ4,2,1 ∈ A(G(3, 7)) ←→

This is reasonably straightforward to verify, and is the subject of Exer-
cise 3.31.

Note that Pieri’s formula can also be described in terms of the Young
diagrams. For example, in the special case of intersection with σ1 it says
that the Schubert cycles appearing in the product σ1σa (all with coefficient
1) correspond to Young diagrams obtained from the Young diagram of σa
by adding one box at the end of any row, as long as the result is still a
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Young diagram: for example, if

σ4,2,1,1 ∈ A(G(4, 8)) ←→

we can add a box in either the first, second, third or fifth row, to obtain
the expression

σ1σ4,2,1,1 = σ5,2,1,1 + σ3,3,1,1 + σ3,2,2,1 + σ3,2,1,1,1.

The combinatorics of Young diagrams is an extremely rich subject with
many applications. See for example Fulton [1997] for an introduction.

3.5 Linear spaces on quadrics

Using these tools we can generalize the calculation in Section 2.5 of the class
of the locus of lines on a quadric surface to a description of the class of the
locus of planes of any dimension on a smooth quadric hypersurface of any
dimension. We will assume that the characteristic of the ground field is 0,
so that we can use Kleiman’s Theorem 5.15 and so that a nonsingular form
Q(x) of degree 2 on PV can be written in the form Q(x) = q(x, x), where
q(x, y) is a nonsingular bilinear form V × V → K. A small calculation,
using the fact that 2 6= 0 ∈ K, shows that a linear subspace PW ⊂ PV
lies on the quadric Q(x) = 0 if and only if W is isotropic for q; that is,
q(W,W ) = 0. Thus we want to find the class of the locus Φ ⊂ G = G(k, V )
of isotropic k-planes for q.

To start, we want to find the dimension of Φ. There are a number of ways
to do this; probably the most elementary is to count bases for isotropic
subspaces. To find a basis for an isotropic subspace, we can start with any
vector v1 with q(v1, v1) = 0; then choose v2 ∈ 〈v1〉⊥\〈v1〉 with q(v2, v2) = 0,
v3 ∈ 〈v1, v2〉⊥ \ 〈v1, v2〉 with q(v3, v3) = 0, and so on. Since 〈v1, . . . , vi〉 ⊂
〈v1, . . . , vi〉⊥, this necessarily terminates when i ≥ n/2; in other words, a
nondegenerate quadratic form will have no isotropic subspaces of dimension
strictly greater than half the dimension of the ambient space. (We could also
see this by observing that q defines an isomorphism of V with its dual V ∗

that carries any isotropic subspace Λ ⊂ V into its annihilator Λ⊥ ⊂ V ∗.)
In this process the allowable choices for v1 correspond to points on the

quadric Q(x) = 0; those for v2 correspond to the points on the quadric
Q|v⊥1 , and so forth. In general the vi form a locally closed subset of V
of dimension n − i. Thus the space of all bases for isotropic k-planes has
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dimension

(n− 1) + · · ·+ (n− k) = k(n− k) +

(
k

2

)
.

Since there is a k2-dimensional family of bases for a given isotropic k-plane,
the space of such planes has dimension

k(n− k) +

(
k

2

)
− k2 = k(n− k)−

(
k + 1

2

)
,

or in other words the cycle Φ has codimension
(
k+1

2

)
in G(k, V ) when

k ≤ n/2, and is empty otherwise.

Having determined the dimension of Φ, we ask now for its class in
A(G(k, V )). Following our general method for finding the decomposition
of a cycle into Schubert cycles, we write

[Φ] =
∑

|a|=(k+1
2 )

γaσa

with

γa = # ( Φ ∩ Σn−k−ak,...,n−k−a1
(V) )

= #
{

Λ | q|Λ ≡ 0 and dim(Λ ∩ Vi+ai) ≥ i ∀i
}
.

To evaluate γa, suppose that Λ ⊂ V is a k-plane in this intersection. The
subspace Vai+i ⊂ V being general, the restriction q|Vai+i of q to it will
again be nondegenerate. Since q|Vai+i has an isotropic i-plane, we must
have ai + i ≥ 2i, or in other words

ai ≥ i ∀i.

But by hypothesis,
∑
ai =

(
k+1

2

)
; so in fact we must have equality in each

of these inequalities. In other words, γa = 0 for all a except the index
a = (k, k − 1, . . . , 2, 1).

It remains to evaluate the coefficient

(3.3) γk,k−1,...,2,1 = #{Λ | q(Λ,Λ) = 0 and dim(Λ ∩ V2i) ≥ i ∀i };

we claim that this number is 2k.

We prove this inductively. To start, note that the restriction q|V2
of q to

the 2-dimensional space V2 has two one-dimensional isotropic spaces, and
Λ will necessarily contain exactly one of them: it can’t contain both since
Φ is disjoint from any Schubert cycle Σb(V) with |b| > k(n− k)−

(
k+1

2

)
.

We may thus suppose that Λ contains the isotropic subspace W ⊂ V2, so
that Λ is contained in W⊥. Now, since q(W,W ) ≡ 0, q induces a nondegen-
erate quadratic form q′ on the (n− 2)-dimensional quotient W ′ = W⊥/W ;
and the quotient space

Λ′ = Λ/W ⊂W⊥/W
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is a (k−1)-dimensional isotropic subspace for q′. Moreover, since the spaces
V2i are general subspaces of V containing V2, the subspaces

V ′2i−2 = (V2i ∩W⊥)/W ⊂W⊥/W

form a general flag in W ′ = W⊥/W ; and we have

dim(Λ′ ∩ V ′2i−2) ≥ i− 1 ∀i.

Inductively, there are 2k−1 isotropic (k−1)-planes Λ′ ⊂W ′ satisfying these
conditions; and so there are 2k planes Λ ⊂ W satisfying the conditions
of (3.3). We have proven:

Proposition 3.11. Let q be a nondegenerate quadratic form on the n-
dimensional vector space V , and Φ ⊂ G(k, V ) the variety of isotropic k-
planes for q. Assuming k ≤ n/2, the class of the cycle Φ is

[Φ] = 2kσk,k−1,...,2,1.

As an immediate application of this result, we can answer Keynote Ques-
tion (c). To begin with, we asked how many lines lie on the intersection of
two quadrics in P4. To answer this, let Q,Q′ ⊂ P4 be two general quadric
hypersurfaces, and X = Q1 ∩ Q2. The set of lines on X is just the in-
tersection Φ ∩ Φ′ of the cycles of lines lying on Q and Q′; by Kleiman’s
theorem 5.15 these are transverse, and so we have

#(Φ ∩ Φ′) = deg
(
4σ2,1

)2
= 16.

More generally, if Q and Q′ ⊂ P2n are general quadrics, we ask how
many (n − 1)-planes are contained in their intersection; again, this is the
intersection number

#(Φ ∩ Φ′) = deg
(
2nσn,n−1,...,1

)2
= 4n.

3.6 Giambelli’s formula

Pieri’s formula tells us how to intersect an arbitrary Schubert cycle with
one of the special Schubert cycles σb = σb,0,...,0. Giambelli’s formula is
complementary, in that it tells us how to express an arbitrary Schubert
cycle in terms of special ones; the two together give us (in principle) a way
of calculating the product of two arbitrary Schubert cycles.

We will state Giambelli’s formula without proof; see Chapter 14 for some
special cases and Fulton [1997] for a proof in general.
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Proposition 3.12 (Giambelli’s formula).

σa1,a2,...,ak =

∣∣∣∣∣∣∣∣∣∣∣

σa1
σa1+1 σa1+2 . . . σa1+k−1

σa2−1 σa2
σa2+1 . . . σa2+k−2

σa3−2 σa3−1 σa3 . . . σa3+k−3

...
...

. . .
...

σak−k+1 σak−k+2 σak−k+3 . . . σak

∣∣∣∣∣∣∣∣∣∣∣
Thus, for example, we have

σ2,1 =

∣∣∣∣σ2 σ3

σ0 σ1

∣∣∣∣ = σ2σ1 − σ3,

which we can then use in conjunction with Pieri to evaluate, for example,
σ2

2,1. Note that Giambelli’s formula also reproduces some formulas we’ve
derived already by other means: for example, in case a1 = a2 = 1 it gives

σ1,1 =

∣∣∣∣σ1 σ2

σ0 σ1

∣∣∣∣ = σ2
1 − σ2,

or in other words, σ2
1 = σ2 + σ1,1.

In fact, as the last two examples suggest, we can deduce Giambelli’s
formula from Pieri’s. For example, in the 2 × 2 case, if we know Pieri’s
formula then for any a ≥ b we can expand the determinant and apply Pieri
to arrive at∣∣∣∣ σa σa+1

σb−1 σb

∣∣∣∣ = σaσb − σa+1σb−1

= (σa,b + σa+1,b−1 + · · ·+ σa+b)− (σa+1,b−1 + · · ·+ σa+b)

= σa,b.

In general, given Pieri, we can prove Giambelli inductively by expanding the
determinant in Proposition 3.12 by cofactors along the right-hand column;
Exercise 3.42 asks the reader to do this in the 3× 3 case.

One word of warning. In theory, Giambelli and Pieri in tandem give us
an algorithm for calculating the product of any two Schubert cycles: use
Giambelli to express either as a polynomial in the special Schubert cycles,
and then use Pieri to evaluate the product of this polynomial with the
other. In practice, though, except in low-dimensional examples this is an
absolutely terrible idea: as you can see from the determinantal form of Gi-
ambelli’s formula, the number of calculations involved increases extremely
rapidly with k and n. Nor can this method be used to prove qualitative
results about products of Schubert cycles: for example, it’s not even clear
from this approach that such a product is necessarily a nonnegative lin-
ear combination of Schubert cycles. The algorithms of Coskun and Vakil
referred to earlier are far, far better.
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A final note: Giambelli’s formula implies that the Chow ring A(G) of a
Grassmannian is generated, as a ring, by the special Schubert classes. It’s
natural to ask, then, what the relations are among these generators. There’s
a very nice (and succinct!) answer to this, which we’ll give in Section 7.4,
based on the fact that the special Schubert cycles are exactly the Chern
classes of the universal bundles on the Grassmannian.

3.7 Exercises

Exercise 3.13. Suppose that ϕ : Λ→ V is an inclusion of a k-dimensional
vector space Λ into an n-dimensional vector space V and let ψ : V → Λ′ =
V/ϕ(Λ) be the quotient map, so that

0 - Λ
ϕ- V

ψ- Λ′ - 0

is exact. Choose bases, so that ϕ and ψ are represented by matrices. Show
that there is a nonzero scalar λ such that the k × k minor of ϕ involving
rows with indices i1 < · · · < ik is equal to λ times the (n−k)×(n−k) minor
of ψ involving the complementary set of column indices j1 < · · · < jn−k.
Conclude that the set-theoretic isomorphism G(k, V ) ∼= G(n−k, V ∗) taking
a subspace of V to its annihilator in V ∗ is an algebraic isomorphism as well.

Exercise 3.14. Complete the proof of Corollary 3.2 without invoking
duality—that is, prove directly that σkn−k is the class of a point in G(k, n).

Exercise 3.15. Use the description of the points of the Schubert cells given
in Theorem 3.1 to show that Theorem 3.3 holds at least set-theoretically.

Exercise 3.16. Use the description of the Chow ring A(G(1, 4)) given in
Section 3.3 to answer the question: given 6 general 2-planes in P4, how
many lines meet all 6? Note that this number is the same as the degree of
the Grassmannian G(1, 4) = G(2, 5) in the Plücker embedding.

Exercise 3.17. Let S ⊂ P4 be a surface of degree d, and ΓS ⊂ G(1, 4) the
variety of lines meeting S.

(a) Find the class γS = [ΓS ] ∈ A1(G(1, 4)).

(b) Use this to answer the question: if S1, . . . , S6 ⊂ P4 are surfaces of
degrees d1, . . . , d6, how many lines in P4 will meet all six?

Exercise 3.18. Let C ⊂ P4 be a curve of degree d, and ΓC ⊂ G(1, 4) the
variety of lines meeting C.

(a) Find the class γC = [ΓC ] ∈ A2(G(1, 4)).

(b) Use this to answer the question: if C1, C2 and C3 ⊂ P4 are curves of
degrees d1, d2 and d3, how many lines in P4 will meet all three?
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Exercise 3.19. Let S ⊂ Pn be a smooth surface of degree d whose general
hyperplane section is a curve of genus g, and T1(S) ⊂ G(1, n) the variety
of lines tangent to S. Find the class of the cycle T1(S).

Exercise 3.20. Let Z ⊂ G(k, n) be a variety of dimension m, and consider
the variety X ⊂ Pn swept out by the linear spaces corresponding to points
of Z: that is,

X =
⋃

[Λ]∈Z

Λ ⊂ Pn.

For simplicity, assume that a general point x ∈ X lies on a unique k-plane
Λ ∈ Z.

(a) show that Z has dimension k +m and degree the intersection number
deg(σm · [Z]).

(b) Show that this is not in general the degree of X.

Exercises 3.21-3.24 deal with the geometry of the surface described in
Keynote Question (b), whose degree we worked out in Section 3.2.2: the
surface X ⊂ P3 swept out by the lines corresponding to a general twisted
cubic C ⊂ G(1, 3).

Exercise 3.21. To start, use the fact that the dual of G(1, 3) ⊂ P5 has
degree 2 to show that a general twisted cubic C ⊂ G(1, 3) lies on two
Schubert cycles Σ1(L) and Σ1(M) for some pair of skew lines L,M ⊂ P3

Exercise 3.22. Show that for skew lines L and M ⊂ P3, the intersection
Σ1(L) ∩Σ1(M) is isomorphic to L×M via the map sending a point [Λ] ∈
Σ1(L) ∩ Σ1(M) to the pair (Λ ∩ L,Λ ∩M) ∈ L ×M , and that it is the
intersection of G(1, 3) with the intersection of the hyperplanes spanned by
Σ1(L) and Σ1(M).

Exercise 3.23. Finally, suppose that C ⊂ Σ1(L)∩Σ1(M) is a twisted cubic
curve. Using the fact that its bidegree in Σ1(L)∩Σ1(M) ∼= L×M ∼= P1×P1

(possibly after switching factors) is (2, 1), show that for some degree 2 map
ϕ : L→ M , the family of lines corresponding to C may be realized as the
locus

C = {pϕ(p) | p ∈ L}.

Show correspondingly that the surface

S =
⋃

[L]∈C

L ⊂ P3

swept out by the lines of C is a cubic surface double along a line, and that
it’s the projection of a rational normal surface scroll X1,2 ⊂ P4.

Exercise 3.24. For what special twisted cubic curves C ⊂ G(1, 3) will the
conclusion of the preceding exercise be false?
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Exercise 3.25. Now let G = G(1, 3) ⊂ P5 be as in the preceding Exercise,
and let C ⊂ G be a general rational normal quartic curve. Can you describe
the surface S swept out by the lines of C? In particular, what is the singular
locus of S?

In Section 3.3 we calculated the number of lines meeting four general
n-planes in P2n+1. In the following two exercises, we’ll see another way to
do this (analogous to the alternative count of lines meeting four lines in P3

given in Exercise ??), and a nice geometric sidelight.

Exercise 3.26. Let Λ1, . . . ,Λ4
∼= Pn ⊂ P2n+1 be four general n-planes.

Calculate the number of lines meeting all four by showing that the union of
the lines meeting Λ1,Λ2 and Λ3 is a Segre variety S1,n = P1×Pn ⊂ P2n+1

and using the calculation of Section 1.2.3 for the degree of S1,n.

Exercise 3.27. By the preceding exercise, we can associate to a general
configuration Λ1, . . . ,Λ4 of k-planes in P2k+1 an unordered set of k+1 cross-
ratios. Show that two such configurations {Λi} and {Λ′i} are projectively
equivalent if and only if the corresponding sets of cross-ratios coincide.

The next two exercises deal with the example of dynamic specialization
given in Section 3.3.1, and specifically with the family Φ of cycles described
there.

Exercise 3.28. Show that the support of Φ0 is all of Σ2,2(P )∪Σ3,1(p0, H0).

Exercise 3.29. Verify the last assertion made in the calculation of σ2
2 ; that

is, show that Φ0 has multiplicity 1 along each component. [Hint: argue that
by applying a family of automorphisms of P4 we can assume that the plane
Ht is constant and use the calculation of the preceding chapter.]

Exercise 3.30. A further wrinkle in the technique of dynamic specializa-
tion is that to carry out the calculation of an intersection of Schubert cycles
we may have to specialize in stages. To see an example of this, use dynamic
specialization to calculate the intersection σ2

2 in the Grassmannian G(1, 5).
[Hint: you have to let the two 2-planes specialize first the a pair intersecting
in a point, then to a pair intersecting in a line.]

Exercise 3.31. Suppose that the Schubert class σa =∈ A(G(k, n)) corre-
sponds to the Young diagram Y in a k × (n− k) box B. Show that under
the duality G(k, n) ∼= G(n − k, n), the class σa is taken to the Schubert
class σb corresponding to the Young diagram Z that is the transpose of
Y , that is, the diagram obtained by flipping Y around a 45◦ line running
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northwest-southeast. For example if

σ3,2,1,1 ∈ A(G(4, 7)) ←→

then the corresponding Schubert cycle in G(3, 7) is

σ4,2,1 ∈ A(G(3, 7)) ←→

Exercise 3.32. Show that the map i∗ : Ad(G, (k, n+1))→ Ad(G(k, n)) is a
monomorphism if and only if n−k ≥ d, and that i∗ : Ad(G, (k+1, n+1))→
Ad(G(k, n)) is a monomorphism if and only if k ≥ d. (Thus, for example,
the formula

σ2
1 = σ2 + σ11,

which we established in A(G(1, 3)), holds true in every Grassmannian.)

Exercise 3.33. Let C ⊂ Pr be a smooth, irreducible, nondegenerate curve
of degree d and genus g, and let S1(C) ⊂ G(1, r) be the variety of chords to
C, as defined in Section 2.4.3 above. Find the class [S1(C)] ∈ A2(G(1, r)).

Exercise 3.34. Let Q ⊂ Pn be a smooth quadric hypersurface, and let
Tk(Q) ⊂ G(k, n) be the locus of planes Λ ⊂ Pn such that Λ∩Q is singular.
Show that

[Tk(Q)] = 2σ1.

Exercise 3.35. Let Q, Q′ and Q′′ be three general quadrics in P8. How
many 2-planes lie on all three? (Try first to do this without the tools in-
troduced in Section ??.)

Exercise 3.36. Find the expression of σ2
2,1 as a linear combination of

Schubert classes in A(G(3, 6)). This is the smallest example of a product of
two Schubert classes where another Schubert class appears with multiplicity
> 1.

Exercise 3.37. Give an alternative proof of Pieri’s formula for intersec-
tions with σ1 using the method of specialization.

Exercise 3.38. More generally, use Pieri to identify the degree of σ
k(n−k)
1

with the number of standard tableaux: that is, ways of filling in k× (n−k)
matrix with the integers 1, . . . , k(n− k) in such a way that every row and
column is strictly increasing. Then use the “hook formula” (see for example,
Fulton [1997]) to show that this number is(

k(n− k)
)
!

k−1∏
i=0

i!

(n− k + i)!
,
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Exercise 3.39. Using Pieri’s formula, determine all products of Schubert
classes in the Chow ring of the Grassmannian G(1, 4), and compare this
with the result of Proposition 3.8.

Exercise 3.40. Using Pieri’s formula, determine all products of Schubert
classes in the Chow ring of the Grassmannian G(2, 5). [Note: an extra step
will be required, specifically to find the square (σ2,1)2.]

Exercise 3.41. Give a statement of Pieri’s formula in terms of Young
diagrams.

Exercise 3.42. Deduce Giambelli’s formula in the 3×3 case—that is, the
relation ∣∣∣∣∣∣

σa σa+1 σa+2

σb−1 σb σb+1

σc−2 σc−1 σc

∣∣∣∣∣∣ = σa,b,c

for any a ≥ b ≥ c—by assuming Giambelli in the 2× 2 case, expanding the
determinant by cofactors along the last column and applying Pieri.



This is page 156
Printer: Opaque this



This is page 157
Printer: Opaque this

4

Chow Groups

Keynote Questions

(a) Let S ⊂ Pn be a surface, and π : S → P1 a morphism. Is it possible
that one fiber of π is a line in Pn while another fiber is a conic? (Answer
on page 173)

(b) Let L,Q ⊂ P3 be a line and a nonsingular conic in P3. Are the schemes
(P3 \ L) and (P3 \Q) isomorphic? (Answer on page 171)

In this chapter and the next, we’ll give a reasonably self-contained ac-
count of the main results of classical intersection theory, with Chow groups
in this chapter and intersections and projective pullbacks in the next. We
will refer to Chapter ?? for a few definitions and examples, but by and large
the development given in this chapter and the following one is independent
of what has come before.

The most important and useful results of this Chapter, Theorems 4.15
and 4.17, say that the Chow groups are functorial for projective morphisms,
and allow us to compute the maps on Chow groups in the finite case.
These depend in turn on a beautiful and elementary result in commutative
algebra, the Determinant Lemma, Theorem 4.19.

We also show that the Chow groups are contravariant functors with
respect to flat maps. The important result that they are also contravariant
functors for projective morphism among smooth quasiprojective varieties
will be treated in Chapter 5.



158 4. Chow Groups

4.1 Chow groups and basic operations

One of the areas where algebraic geometry is most successful is the study of
subvarieties of codimension 1—the theory of divisors. (The fact that there
are only subvarieties of codimension 1 on an algebraic curve is one of the
things that makes the theory of curves so tractable.) The idea of cycles,
and the rational equivalence of cycles is the very useful extension of the
notion of divisors that underlies all of intersection theory.

Let X be any algebraic variety or scheme. The group of cycles on X,
denoted Z(X), is the free abelian group generated by the symbols 〈V 〉
where V is a subvariety (reduced irreducible subscheme) of X (most of
the time we will write V in place of 〈V 〉, since there will be no danger of
confusion.) The group Z(X) is graded by dimension: we write Zd(X) for
the group of cycles that are formal linear combinations of subvarieties of
dimension d. The elements of Zd(X) will be called d-cycles of X.

A cycle Z =
∑
i niYi is called effective if the coefficients ni are all non-

negative. A divisor is a cycle whose components all have codimension 1.
Note that Z(X) = Z(Xred); that is, Z(X) is insensitive to whatever non-
reduced structure X may have.

We define an effective cycle 〈Y 〉 ∈ Z(X) associated with any closed
subscheme Y ⊂ X by summing the irreducible components of Y , each with
a multiplicity defined using the following algebraic idea:

If A is any commutative ring then we say that an A-module M has finite
length if it has a finite composition series; that is, a sequence of submodules
M = M0 ) M1 ) · · · ) Ml = 0 such that each factor module Mi/Mi+1 is
a simple A-module. The Jordan-Hölder Theorem asserts that the number
of times a given simple A-module appears as a factor Mi/Mi+1 does not
depend on the composition series chosen; in particular, the length l of a
composition series for M , written lengthA(M), depends only on A and M .

Consider again a subscheme Y ⊂ X. Since our schemes are assumed
to be of finite type over a field they are Noetherian. In particular, Y has
finitely many (reduced) irreducible components Y1, . . . , Ys, and each local
ring OY,Yi has finite length, say li. We define the cycle 〈Y 〉 associated to
Y to be the formal combination

∑
i liYi.

We will next define the relation of rational equivalence between cycles.
Our goal is to make two subvarieties rationally equivalent if there is ratio-
nally parametrized “family” of subvarieties of which they are both mem-
bers. In Exercise 4.34 the reader will see that the relation we define re-
stricts to the classical notion of linear equivalence in the case of divisors on
a smooth variety.
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X

w0

↖
w∞
↙

w0

↖w∞
↙

P10 ∞··
FIGURE 4.6. Rational equivalence between two cycles ω0 and ω∞ on X

To emphasize the analogy with ordinary cohomology theory we introduce
a “boundary” map ∂X : Z(X × P1)→ Z(X) defined on free generators as
follows: Let W be a subvariety of X × P1. If the projection π : W → P1

on the second factor is not dominant—that is, if W ⊂ X × {t} for some
t ∈ P1—we set ∂X(W ) = 0. On the other hand, ifW → P1 is dominant then
we set W0 = π−1(0) ⊂ X ×{0} = X and W∞ = π−1(∞) ⊂ X ×{∞} = X,
and define ∂X(W ) = 〈W0〉 − 〈W∞〉. We write Rat(X) ⊂ Z(X) for the
image ∂(Z(X × P1)), the subgroup generated by all the cycles of the form
〈W0〉 − 〈W∞〉.

Definition 4.1. Two cycles A and B are rationally equivalent, written
A ∼ B, if their difference lies in Rat(X).

A rational equivalence from A to B is an element C ∈ Z(P1 ×X) such
that ∂C = A−B.
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The Chow group A(X) is the group of rational equivalence classes,

A(X) : = Z(X)/Rat(X)

= coker
(
∂X : Z(X × P1)→ Z(X)

)
.

With this terminology, Ratd(X) is the group of d-cycles rationally equiv-
alent to 0.

Example 4.2 (Lines). To start with the simplest of all such equivalences,
let L,L′ ⊂ P2 be two lines, intersecting at a point p. The set of lines in
P2 passing through p is itself a line in the dual plane: explicitly, if we take
p = [0, 0, 1], L = V (X0) and L′ = V (X1), we can write the family of lines
Lt in P2 through p as

{Lt = V (t0X0 − t1X1)}t=[t0,t1]∈P1 .

If we then set

W = {(X, t) ∈ P2 × P1 | t0X0 − t1X1},

the subvariety W ⊂ P2×P1 is a rational equivalence between W0 = L and
W∞ = L′. Note that by taking chains of such equivalences, we see more
generally any two lines in Pn are rationally equivalent.

Similarly, any two hypersurfaces F = 0 and G = 0 of the same degree in
Pn are rationally equivalent via the scheme W ⊂ Pn × P1 defined by the
bihomogeneous equation t0F (x)− t1G(x) = 0.

Note that if W ⊂ P1 ×X is a subvariety of dimension d+ 1 dominating
P1 then by Krull’s Principal Ideal Theorem 0.1 each Wi is a subscheme of
dimension d. Thus Rat(X) is generated by homogeneous elements in the
grading by dimension, and it follows that the Chow group A(X) is also
graded by dimension, that is, A(X) = ⊕dAd(X), with

Ad(X) = Zd(X)/∂X(Zd+1(X × P1)).

We will use the notation [Y ] for the class modulo rational equivalence
of the cycle Y ; for simplicity, if Y ⊂ X is any subscheme we will write [Y ]
(instead of [〈Y 〉]) for the class of the cycle associated to the subscheme Y .
Also, we will write ∂ in place of ∂X when X is clear from the context.

It is often convenient to look for rational equivalences using a subvariety
W ′ of U×X where U is A1 or some other open subset of P1. In this setting,
it’s still true that any two fibers W ′p = W ′∩{p}×X and Wq = W ′∩{q}×X
are rationally equivalent: in order to apply the definition above, we could
replace W ′ by its closure in P1 ×X, and move the points p, q to 0,∞ by
an automorphism of P1.

A hidden complexity in the definition of a rational equivalence Z from
A to B is that, writing Z =

∑
miZi with irreducible Zi, we may have
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cancellation among the components of the various Zi ∩ {0} × X or Zi ∩
{∞}×X. Thus it is hard to conclude anything about the varieties Zi from
a knowledge of A and B. However, if Z is itself an irreducible variety then
a lot is preserved. Here is the case of rational equivalence on projective
space:

Proposition 4.3. If Z ⊂ P1 × X is a closed subvariety dominating P1,
then the fibers of Z at the points of P1 all have the same Hilbert polynomial;
that is, χ(OZp(l)) = χ(OZq (l)) for any points p, q ∈ P1 and any integer l.

Proof. Let (t0, t1) be coordinates on P1. We may assume that p = 0 and
q =∞. Consider the sequences

0 - OW (0,−1)
t0- OW - OZ∞ - 0

0 - OW (0,−1)
t1- OW - OZ0

- 0,

where OW (0,−1) denotes the pullback to W ⊂ P1 × Pn of OP1(−1). The
sequences are exact because W is irreducible.

Twisting by the pullback to P1 × Pn of any line bundle OPn(l) on Pn,
and using the additivity of the Euler characteristic, we see that

χ(OZ∞(l)) = χ(OZ0
(l)) for every integer l,

and in particular the Hilbert polynomials of Z0 and Z∞ are the same.

Thus, for example, if Z ⊂ P1×P3 is an irreducible surface dominating P1,
then the fibers Z0 and Z∞ will be one-dimensional subschemes of P3 having
the same degree and arithmetic genus. Nonetheless, curves C and C ′ ⊂ P3

of the same degree d but different genera will be rationally equivalent, as
we’ll see in Theorem 4.4 below; an explanation of this phenomenon will be
given following the proof of Theorem 4.4 and illustrated in Example 4.8
and Exercises ??-??.

For any subscheme Y ⊂ Pn we define the degree of Y to be the leading
coefficient of the Hilbert polynomial l 7→ χ(OY (l)), multiplied by (dimY )!.
This is of course related to the degree map degA0(Pn)→ Z by the formula
degree Y = deg[L ∩ Y ] where L is a general linear space of complemen-

tary dimension n − dimY (or, as we’ll see in ??, if Y is Cohen-Macaulay,
any linear space L of complementary dimension that meets Y in a zero-
scheme). We can extend this definition to any cycle Z =

∑
imi〈Xi〉 of pure

dimension m by setting

degree Z =
∑
i

mi degree Xi

If Y is any scheme, then from the definition and the additivity of the Euler
characteristic we see that degree Y = degree 〈Y 〉. We can now prove
Theorem ??:
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Theorem 4.4. The m-th Chow group of Pn is

Am(Pn) ∼= Z,

generated by the class of a plane L of dimension m. The class of any cycle
of pure dimension m and degree d is d[L].

Proof. We already know from Proposition 1.19 that the class [L] of a plane
L of dimension m generates Am(Pn) (see the first part of the proof of The-
orem 1.20). If X,X ′ are cycles that are rationally equivalent by a rational
equivalence Z =

∑
mi〈Zi〉, where the Zi ⊂ P1 × Pn are irreducible subva-

rieties dominating P1, then for each i the fibers (Zi)0 and (Zi)∞ have the
same Hilbert polynomial, and thus the same degree. Since degree is addi-
tive, and defined on the associated cycle, we get degree X = degree X ′.
We must have [X] = d[L] and [X ′] = e[L] for some d, e and this shows that
d = e. In particular, if d[L] = 0, then d = 0.

Given the constancy of Hilbert polynomials in Proposition 4.3, it may
seem odd that the only properties of a variety in Pn preserved by rational
equivalence are its dimension and degree. For example, as we observed
above if Z ⊂ P1×P3 is an irreducible surface dominating P1 then the fibers
Z0 and Z∞ will be one-dimensional subschemes C,C ′ ⊂ P3 having not only
the same degree, but also the same arithmetic genus—but Theorem 4.4
asserts that two curves C and C ′ of the same degree but different genera
will be rationally equivalent. The reason is that both can be deformed, in
family parametrized by P1, to schemes C0, C ′0 supported on a line L ⊂
P3 and having multiplicity d, so that as cycles 〈C〉 ∼ 〈C0〉 = d〈L〉 and
likewise for C ′. The difference in the genera of C and C ′ will be reflected
in two things: the scheme structure along the line in the flat limits C0 and
C ′0, and the presence and multiplicity of embedded points in these limits.
For an example of the first, note that the schemes C0 = V ((x, y)2) and
C ′0 = V (x, y3) are both supported on the line L = V (x, y), and both have
multiplicity 3; but the arithmetic genus of C0 is 0, while that of C ′0 is 1
(after all, it’s a plane cubic!). But the mechanism by which we associate
a cycle to a scheme doesn’t see the difference in the scheme structure; we
have 〈C0〉 = 〈C ′0〉 = 3〈L〉. Similarly, a twisted cubic curve C ⊂ P3 can
be deformed to a scheme generically isomorphic to either C0 or C ′0; the
difference in the arithmetic genus is accounted for by the fact that in the
latter case the limiting scheme will necessarily have an embedded point.
But again, rational equivalence doesn’t “see” the embedded point; we have
〈C〉 = 3〈L〉 regardless.

We will see an example of this worked out in detail in Example 4.8, and
more examples in Exercises 4.38-4.41.
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4.1.1 Dynamic projection

As we have seen, rational equivalence in projective space is rather trivial:
two equidimensional cycles are rationally equivalent if and only if they have
the same dimension and degree. More concretely put: any variety of dimen-
sion m and degree d in Pn is rationally equivalent to the union of d distinct
m-planes. In this section we will give an explicit construction of such ra-
tional equivalences by a technique called dynamic projection that will be
central to our proof of the Moving Lemma (and thus to our construction
of intersection products) in the next chapter.

The general idea is that if X is a variety and {ψt}t∈A1\{0} is any arc
inside the automorphism group of Pn with ψ1 the identity, then the closure
Z of ∪tψtX will be a rational equivalence betweet ψ1(X) = X and the
variety obtained as the flat limit of the ψt(X) as t → 0, as constructed
below. There are many fascinating questions about the flat limits of such
families, as described in Exercises 4.39-4.42.

We will use a special case of this limit construction, called dynamic pro-
jection. Consider a pair of disjoint spaces A = V (x0, . . . , xr) (the attractor)
and R = V (y0, . . . , ya) (the repellor) in Pn that together span Pn, so that,
(x0, . . . , xa, y0, . . . , yr), which we write as (x, y), is a system of homogeneous
coordinates on Pn. We may think of the projection map

πR : Pn \R→ A

: (x, y) 7→ (0, y)

as the “limit”, as t goes to 0, of the family of automorphisms

ψt : (x, y) 7→ (tx, y); t ∈ K∗,
of Pn. (The ψt form a 1-parameter subgroup of Aut(Pn), but we will not
need this.)

It is clear that the points of A ∪ R remain fixed under each ψt. On
the other hand we can say intuitively that a point not in A or R will
“flow toward A” as t approaches zero. More precisely, note that any point
p /∈ A ∪ R lies on a unique line that meets both A and R. (The span
pA, being an (a+ 1)-plane, must meet R. Since A and R are disjoint, pA
can meet R only in a single point q ∈ R. The line p q is the unique line
containing p and meeting A and R.) This line is the closure of the set
{ψt(p)} In particular, any point in Pn \R has a well-defined limit in A as
t approaches zero.

If X is any scheme in Pn then we can also define the limit of the ψt(X)
as a scheme: set

Z◦ = {(t, p) ∈ K∗ × Pn | p ∈ ψt(X)}.
Let Z ⊂ A1 × Pn be the closure of Z◦, and define the limit of the schemes
ψt(X) to be the fiber X0 of Z over 0 ∈ A1—see Figures 4.2 and 4.3. The
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FIGURE 4.2. Dynamic projection of a conic in P3 from a line to a line

limit terminology is justified by the fact that Z is flat over A1, and there
is a unique flat limit of any one-parameter flat family of subschemes; see
for example Eisenbud and Harris [2000] Chapter ****.

We call X0 the dynamic projection of X from R. The construction is
illustrated in Figures 4.2 and 4.3. As with ordinary projection, the choice
of A does not affect the isomorphism class of X0, but in our application of
this construction in the next chapter the position of X0 in Pn relative to
other schemes, will be important, and this does depend on A.

The following properties of the limit X0 make it easy to analyze some
interesting cases:

Proposition 4.5. Let A,R be disjoint planes that span Pn defined by the
vanishing of the sets of coordinates x = (x0, . . . , xr) and y = (y0, . . . , ya)
respectively, and for t ∈ K∗ let ψt be the automorphism ψt(x, y) = (tx, y)
of Pn. Let X ⊂ Pn be a subscheme, and let X0 be the flat limit of the
schemes ψt(X) as t goes to 0.

(a) The Hilbert polynomial of X0 is the same as the Hilbert polynomial of
X; in particular, dimX0 = dimX and degX0 = degX.

(b) If the irreducible components of X all have the same dimension, then
the same is true of X0.

(c) ψt(X0) = X0 for all t ∈ K∗.

(d) X0 ∩R = X ∩R.

(e) (X0)red is contained in the cone over X0 ∩ R with base A (in case
X0 ∩R = ∅, we take this to mean (X0)red ⊂ A.)
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Statement d is perhaps the least obvious, but it is intuitively reasonable,
at least on a set-theoretic level: we’re saying that since points in Pn \ R
flow away from R as t → 0, the only way a point p ∈ R can be a limit of
points ψt(pt) is if it’s there all along, that is, p ∈ X ∩R.

Proof. (a): This is a special case of Proposition 4.3.

Now let Z be the closure in A1 × Pn of the set {(t, p) | p ∈ ψt(X)}, so
that X0 is the fiber of Z over 0 ∈ A1.

(b): X0 is a Cartier divisor Z. If the irreducible components of X have the
same dimension, then this is also true of Z, and thus of X0 as well.

(c): Consider the automorphisms of A1 × Pn given by

ϕt : (s, p)→ (ts, ψt(p)); t ∈ K∗.

Each ϕt carries Z to itself and the fiber {0} × Pn to itself, so it carries X0

to itself. But it acts on the fiber {0}× Pn via the action Ψ above; thus X0

is invariant under Ψ.

(d): One inclusion is immediate: since R is fixed pointwise by the automor-
phisms ψt, we have

P1 × (X ∩R) ⊂ Z

and hence X ∩ R ⊂ X0 ∩ R. To prove the other inclusion, we must show
that the ideal I(X∩R)/Pn ⊂ I(X0∩R)/Pn . Since IX∩R/Pn is generated by the
yi together with functions that are independent of the yi, it suffices to prove
that if f ∈ I(X∩R/R) then f ∈ I(X0∩R)/R. We may write

f(x) = g(x, 0) for some g(x, y) ∈ IX/Pn .

Observe that

IZ/Pn ⊃ {f(x, ty) : f ∈ IX/Pn}

so h(t, x, y) = g(x, ty) ∈ IZ/Pn . Setting t = 0, we see that g(x, 0) ∈ IX0/Pn ,
so f ∈ I(X0∩R)/R) as required.

(e): note that the Gm orbit of any point not contained in R∪A is a straight
line joining a point of R to a point of A. Since X0 is stable under Gm, it is
the union of such lines, together with any points of A ∪R it contains.

Here is a special case that we shall use in the next Chapter:

Corollary 4.6. Let X ⊂ Pn be a subvariety of dimension m and degree d.
Let R be a general plane of dimension n−m, and let A be any (m−1)-plane
disjoint from R. The limit X0 of the dynamic projection of X with repellor
plane R and attractor plane A consists of the reduced union of d disjoint
m-planes containing A, plus embedded components.
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FIGURE 4.3. Dynamic projection of a twisted cubic in P3 from a point to a
plane. The limit is a cuspidal plane cubic with an embedded point at the cusp.

Proof. By part (b) of Proposition 4.5 the irreducible components of the
schemes (X0)red ⊂ X0 all have dimension m. By part (e), (X0)red is con-
tained in the union of the d distinct m-planes that are the cones with base
A over the d = degree X points of X ∩ R = X0 ∩ R. By part (d), X0

contains these d points, so X0 is the union of these d planes. It follows that
X0 has the same degree as X, so they are generically equal.

Example 4.7. We can also make an equivalence from a variety X of di-
mensionm and degree d to a d-fold multiple plane in this way. let A ⊂ Pn be
any m-dimensional subspace, and choose an n−m−1-plane R ⊂ Pn disjoint
from D and from A, to which to apply Proposition 4.5. Since X ∩ R = ∅
we see that X0 ∩ R = ∅ as well, and it follows that (X0)red ⊂ A. Since
dimX0 = dimX = dimA, we see that the support of X0 is exactly A, and
computing the degree we have 〈X0〉 = d〈A〉, as claimed.

Example 4.8 (Twisted cubics). When we carry out dynamic projection,
the limiting scheme X0 may have embedded components. To see how these
arise, we’ll work out an example explicitly; other examples can be found
in Exercises 4.39-4.41, and in Exercises 2.50-2.52; also see Chapter 2 of
Eisenbud and Harris [2000].

Let X ⊂ P3 be a twisted cubic curve. Let A be any 2-plane in P3,
and let R /∈ A ∪ X be a point on some tangent line to X. We will show
that applying the construction of Proposition 4.5, the scheme X0 will be
generically reduced, with support equal to the cubic curve with a cusp that
is the projection of X from R to P2. Since this cuspidal curve has genus 1,
while X has genus 0, the scheme X0 cannot be reduced. In fact, it has an
embedded point not contained in the plane, located at the cusp of (X0)red.
See Figure 4.3
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In this case, we can compute everything:

We may take the equations of X to be the three 2 × 2 minors of the
matrix

M :=

(
x0 x1 x2

x1 x2 x3

)
.

We choose the repelling plane R to be the point x0 = x1 = x3 = 0 and the
attracting plane A to be the 2-plane x2 = 0, so that the equations of tX,
for t ∈ Gm, are the minors of

Mt :=

(
tx0 tx1 x2

tx1 x2 tx3

)
.

As usual we write Z ⊂ A1×P3 for the corresponding rational equivalence.

Dividing each of the three 2 × 2 minors of Mt by the biggest possible
power of t, we see that the ideal of W contains the polynomials

f1 =x0x2 − tx2
1,

f2 =tx0x3 − x1x2,

f3 =x2
2 − t2x1x3.

Since I(Z) contains the polynomial x1f1 + x2f2 = t(x2
0x3 − x3

1), it also
contains the polynomial

g = x2
0x3 − x3

1.

(A Gröbner basis computation shows that the polynomials fi and g gener-
ate the ideal of W—see Eisenbud [1995], Chapter 15—but we will not need
this.)

By setting t = 0 we see that the fiber X0 of Z over 0 ∈ A1 is contained
in the subscheme X ′0 ⊂ P3 defined by the ideal

(x0x2, x1x2, x
2
2, g).

The form g alone defines the cone in P3 over a reduced irreducible cubic
curve D = {g = x2 = 0}, lying in the plane x2 = 0 and having a cusp at
the point x0 = x1 = x2 = 0. The rest of the equations

(x0x2, x1x2, x
2
2) = x2(x0, x1, x2) = (x2) ∩ (x0, x1, x

2
2)

define the union of the plane x2 = 0 and an embedded point at x0 = x1 =
x2 = 0. Thus X ′0 is the non-reduced scheme consisting of the reduced,
irreducible cuspidal plane cubic curve together with an embedded point at
the cusp, not contained in the plane.

Now the fiber X0 of Z must be one-dimensional, and it follows that it
must at least contain the cuspidal cubic D and be contained in X ′0. Since
the arithmetic genus of X0 must agree with that of X, which is 0, while
the arithmetic genus of D is 1, we must have D ( X0 ⊂ X ′0. But since the
multiplicity of the embedded point of X ′0 is only 1, it follows that X0 = X ′0.
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On the other hand, since the cycle associated to X0 is insensitive to the
embedded points, we have

[X] ∼ [X0] = [D],

as claimed.

There are many other interesting examples of flows ψt for which we
could make similar constructions, such as the one-parameter subgroups
Gm ⊂ Aut(Pn). Since every representation of the multiplicative group Gm
can be diagonalized over an algebraically closed field, one can write such
an action, in suitable coordinates, in the form

Gm 3 t : (x0, . . . , xn) 7→ (tw0x0, . . . , t
wnxn)

for some integral weights wn. An example is given in Exercise 4.42.

4.2 Rational equivalence through divisors

Another important way to construct rational equivalences is by using ra-
tional functions on subvarieties of X (in fact, Corollary 4.18 shows that
this method can be used to construct all rational equivalences, and thus
gives an alternate presentation of A(X).) ****insert picture**** To set
the stage, we review the definition of the divisor associated to a nonzero
rational function on an arbitrary variety.

Consider first the affine case, and the divisor associated to a nonzero
principal ideal in a domain. Let U be an affine variety with coordinate ring
A, and let f ∈ A be a nonzero function. Krull’s Principle Ideal Theorem 0.1
asserts that each irreducible component Y of the subscheme V (f) defined
by f is of codimension 1 in X. Thus the local ring R = OU,Y of the generic
point of Y is 1-dimensional, so, as above, the factor ring R/(f) is of finite
length. We define the order of f at Y to be this length, for which we will
write ordR(f) or ordY/U (f), so that

ordR(f) = ordY/U (f) = length OU,Y /fOU,Y .

We define the divisor of f to be the divisor of the subscheme defined by f ,

Div(f) :=
∑

{Y |Y is a
component of V (f)}

ordY (f) · Y.

Note that, by Krull’s Principal Ideal Theorem all the components of V (f)
have codimension exactly 1 in U .

What makes the case of a principal ideal special is that the association
f 7→ Div(f) turns multiplication into addition: that is,
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Proposition 4.9. If f, g are nonzerdivisors in a local Noetherian ring R
of dimension 1, then

DivX(fg) = Div(f) +Div(g).

Proof. Since g is a nonzerodivisor, multiplication by g defines an isomor-
phism R/(f)→ (g)/(fg). The resulting exact sequence

0 - R/(f)
g- R/(fg) - R/(g) - 0,

gives ordR(fg) = ordR(f) + ordR(g).

This additivity has a crucially important consequence: we can define
the divisor not just of a regular function, but also of a rational function.
Suppose that α ∈ K(X) is a rational function on a (not necessarily affine)
variety X, and Y is any codimension 1 subvariety in X, then we can choose
nonzero f, g ∈ R := OX,Y such that α = f/g. The number ordR(f) −
ordR(g) does not depend on the choice of f and g, since if f/g = f ′/g′ we
will have fg′ = f ′g, whence by additivity ordR(f)+ordR(g′) = ordR(f ′)+
ordR(g), so that ordR(f) − ordR(g) = ordR(f ′) − ordR(g′). Thus we can
unambiguously define ordY (α) = ordR(f)− ordR(g).

We claim that, for any nonzero rational function α, there are only finitely
many codimension 1 subvarieties Y ⊂ X such that ordY (α) 6= 0. To see
this, take a finite covering by affine open subsets Ui. For each i, write
α|Ui = fi/gi with fi, gi ∈ OX(Ui). If Y appears with a nonzero coefficient
in Div(α), and Ui is one of the open sets such that Y ∩ Ui is dense, then
Y ∩ Ui must be among the finitely many irreducible components of V (fi)
or V (gi). This leaves only finitely many possibilities for Y .

Proposition 4.10. Let X be a variety of dimension n. There is a homo-
morphism of groups

Div : K(X)∗ → Ratn−1(X) ⊂ Zn−1(X)

taking α ∈ K(X)∗ to

Div(α) =
∑

{Y |Y is a
codimension 1

subvariety of X.}

ordY (α)Y.

Proof. The argument above shows that the map Div : K(X)∗ → Zn−1(X)
is well-defined. To see that its image is in Ratn−1(X), let α be a rational
function on X. The element α defines a rational map ϕ : X → P1 and the
graph of ϕ is a subset of X × P1 birational to X. What we have called
Div(α) is, under this isomorphism, precisely ϕ−1(0)− ϕ−1(∞).
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Example 4.11. Let P ⊂ P3 be a plane. Any two curves D,D′ ⊂ P, both
of degree d, are rationally equivalent in P and thus in P3: for if g = 0 and
g′ = 0 are the equations of D and D′ respectively, then the ratio α = g/g′

is a rational function on P because g and g′ are homogeneous of the same
degree. Further, Div(α) = [D]− [D′].

Here are some observations that will help us with further examples:

Proposition 4.12. Let X be a scheme.

(a) A(X) = A(Xred).

(b) If X is a variety of dimension d, then Ad(X) ∼= Z, with generator [X],
called the fundamental class of X. More generally, if X is reduced, then
Ad(X) is the free abelian group on the classes [Xi] of the irreducible
components of X that have dimension d.

(c) If Y ⊂ X is a closed subscheme and U = X \ Y is the complementary
open subscheme, then there is a right-exact sequence

A(Y )
β- A(X)

α- A(U) - 0.

(d) If X1, X2 are closed subschemes of X, then there is a right exact se-
quence

A(X1 ∩X2) - A(X1)⊕A(X2) - A(X1 ∪X2) - 0.

Proof of Proposition 4.12. (a) By definition the generators of Z(X) are
varieties in X, and since they are reduced they are contained in Xred. The
same argument shows that Z(X × P1) = Z(Xred × P1), so the cokernel of
∂ is unchanged if we replace X by Xred.

(b) Since X×P1 is the only subvariety of X×P1 of dimension d+ 1, the
map ∂X : Zd+1(X × P1)→ Zd(X) is zero, so Ad(X) = Zd(X) = Z · [X].

For the second statement, let X1, . . . , Xm be the distinct irreducible
components of X of dimension d. By definition, Ad(X) is generated by
[X1], . . . , [Xm]. Any relation among the [Xi] comes from a variety W ⊂
X × P1 dominating P1 and containing Xi × {0}.

Since W =
⋃
i(W ∩ (Xi × P1)) and W is irreducible, we must have

W ⊂ Xi × P1. Since W dominates P1, it is strictly larger than Xi × 0, so
dimW ≥ 1+dimXi = dim(Xi×P1). Thus W = Xi×P1. Thus the relation
on Ad(X) provided by W is of the form [Xi] = [Xi]—the trivial relation.
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(c) There is a commutative diagram

0 - Z(Y × P1) - Z(X × P1) - Z(U × P1) - 0

0 - Z(Y )

∂Y
?

- Z(X)

∂X
?

- Z(U)

∂U
?

- 0

A(Y )
?

- A(X)
?

- A(U)
?

0
?

0
?

0
?

where the map Z(Y ) → Z(X) takes the class [A] ∈ Z(Y ), where A is a
subvariety of Y , to [A] itself, considered as a class in X, and similarly for
Z(Y ×P1)→ Z(X×P1). The map Z(X)→ Z(U) takes each free generator
[A] to the generator [A ∩ U ], and similarly for Z(X × P1) → Z(U × P1).
The two middle rows and all three columns are evidently exact. A diagram
chase shows that the map A(X)→ A(U) is surjective, and the bottom row
of the diagram above is right exact, yielding part (c).

(d) Let Y = X1 ∩ X2. We may assume X = X1 ∪ X2. We may argue
exactly as before from the diagram

0 - Z(Y × P1) - Z(X1 × P1)⊕ Z(X2 × P1) - Z(X × P1) - 0

0 - Z(Y )

∂
?

- Z(X1)⊕ Z(X2)

∂ ⊕ ∂
?

- Z(X)

∂
?

- 0

A(Y )
?

- A(X1)⊕A(X2)
?

- A(X)
?

- 0

where, for example, the map Z(Y ) - Z(X1) ⊕ Z(X2) takes a gener-
ator [A] ∈ Z(Y ) to ([A],−[A]) ∈ Z(X1) ⊕ Z(X2) and the map Z(X1) ⊕
Z(X2) - Z(X) is addition.

Proposition 4.12 allows us to answer Keynote Question (b) in the nega-
tive. Indeed, we can generalize as follows.

Corollary 4.13. If X ⊂ Pn is a variety of dimension m and degree d,
then Am(Pn \X) ∼= Z/(d), while if m < m′ ≤ n then Am′(Pn \X) = Z. In
particular, m and d are determined by the isomorphism class of Pn\X.

Proof. Part (c) of Proposition 4.12 shows that there are exact sequences
Ai(X)→ Ai(Pn → Ai(Pn\X → 0. Furthermore Am(X) = Z by Part ?? of
Proposition 4.12, while Am′(X) = 0 for m < m′ ≤ n. By Theorem 1.20 we



172 4. Chow Groups

have Ai(Pn) = Z for 0 ≤ i ≤ n, and the image of the generator of Am(X)
in Am(Pn) is d times the generator of Ai(Pn) . The results of the Corollary
follow.

4.3 Proper push-forward

To get much further we need stronger tools. One of them is very compactly
expressed below by saying that A(X) behaves like a covariant functor with
respect to proper maps, and this preserves the grading by dimension. This
can be used to prove, for example, that the class of a given cycle is non-
zero—we just exhibit a proper map that takes it to a cycle whose class we
already know to be nonzero. We will see examples of this below.

If f : X → X ′ is a proper map of schemes, then the image of a subvariety
Y ⊂ X is a subvariety f(Y ) ⊂ X ′. This would make it possible to define
a push-forward map f∗ on cycles by taking any subvariety to its image.
However, this map gives no information about the Chow groups because it
does not preserve rational equivalence (see Exercise ??). But if we introduce
certain multiplicities, rational equivalence will be preserved, and we get a
map on Chow groups. Here is how this is done:

Definition 4.14. Let f : X → X ′ be a proper map of schemes, and let
Y ⊂ X be a subvariety.

(a) If f(Y ) has lower dimension than Y , then we define f∗(〈Y 〉) = 0.

(b) If dim f(Y ) = dimY , then the map f |Y : Y → f(Y ) is generically
finite. If n := [K(Y ) : K(f(Y ))] is the degree of the extension of fields
of rational functions, we say that f is generically a cover of degree n,
and we define f∗〈Y 〉 = n〈f(Y )〉.

(c) If z =
∑
ni〈Yi〉 ∈ Z(X) is a formal Z-linear combination of subvari-

eties, then we define f∗(z) =
∑
nif∗〈Yi〉.

Theorem 4.15. If f : X → X ′ is a proper map of schemes, then the map
f∗ : Z(X) → Z(X ′) defined above preserves rational equivalence, and thus
induces a map f∗ : A(X)→ A(X ′).

We will prove Theorem 4.15 and the closely related Theorem 4.17 below
after developing an important algebraic tool in Lemma 4.19.

Before starting the proof of Theorem 4.15 we discuss some geometric
consequences. A first hint of the importance of the apparently bland state-
ment of the theorem is that it makes possible the existence of a degree
function A0(X) → Z when X is projective over a field. In particular, it
allows us to prove that A0(PnK) = Z · [p] for any closed K-rational point
p ∈ Pn, something we could not prove in the last section.
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a+ b+ c ∼ d+ e+ f ∼ 2g + h

a

b

c d

e

f

g

h

a′ b′ c′ d′ g′ h′

X

X ′

a′ + b′ + c′ ∼ 3d′ ∼ 2g′ + h′

FIGURE 4.4. Pushforwards of equivalent cycles are equivalent

Corollary 4.16. Let K be a field, and let X be a scheme that is proper
over SpecK. There is a map A0(X) → Z that sends the class [Y ] of a
zero-dimensional subscheme Y ⊂ X to deg Y := dimK OY . In particular
A0(X) 6= 0.

Proof. First, the definition of deg : Z0(X) → Z makes sense because any
zero-dimensional scheme, proper over SpecK, is finite over SpecK. Let
f : X → SpecK be the constant map. If p is a closed point of X then,
by definition, f∗(〈p〉) = dimK κ(p) · 〈SpecK〉, so deg(〈p〉) = deg f∗(〈p〉) =
dimk κ(p). By Theorem 4.15, the map deg ◦f∗ is well-defined on A0(X).

The idea of this proof also shows that we cannot drop the assumption of
properness in Theorem 4.15: for example, if we could define f∗ on A0(AnK)
when f : AnK → SpecK, we would deduce, as above, that A0(Ank ) 6= 0 and
we have already seen that A0(AnK) = 0. See Exercises 4.29 and 4.30 for
further examples.

The statement of Theorem 4.15 is obvious when f is a closed immer-
sion since in this case any rational equivalence in Z(X) is also a rational
equivalence in Z(X ′). But already in this case, we can use the result to
answer Keynote Question (a) in the negative: If X ⊂ P3 is a surface with
a map π : X → P1 then the fibers of π are rationally equivalent in X. By
Theorem 4.15 they are also rationally equivalent in P3. By Theorem 4.4
this implies that they have the same degree as projective curves.

We can sharpen Theorem 4.15, in the generically finite case, by giving an
explicit formula for the push-forward of the divisor of a rational function.
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a′

a

σa

σ

〈a′〉 = π∗〈a〉

〈a〉+ 〈σa〉 = π∗N〈a〉

FIGURE 4.5. The pushforward of the divisor of a function is the divisor of its
norm

Theorem 4.17. Let f : X → Y be a proper, dominant, generically fi-
nite morphism of varieties, and let α be a rational function on X. If
N : K(X)→ K(Y ) denotes the norm function,

N(α) := detK(Y )

[
K(X)

α- K(X)
]

then f∗(Div(α)) = Div(N(α)) ∈ Z(Y ). In particular, the push-forward of
the divisor of a rational function under a generically finite morphism is
again the divisor of a rational function.

We saw (just before Proposition 4.12) that if W is a subvariety of X
and α is a rational function on W , then Div(α), regarded as a cycle on X,
is rationally equivalent to zero. As a consequence of Theorem 4.17 we can
show that the divisors of rational functions suffice to generate the relation
of rational equivalence:

Corollary 4.18. For any scheme X, the kernel of the map Z(X)→ A(X)
is generated by the divisors of the form Div(α) where α ranges over rational
functions on subvarieties of X.

Proof of Corollary 4.18. We already know that such Div(α) are in the ker-
nel. On the other hand, the kernel is generated by elements of the form
〈V0〉 − 〈V∞〉 where the Vi are subschemes of X such that there exists a
variety V ⊂ X × P1 generically finite over its image in X, and dominating
P1, with V ∩X × {0} = V0 and V ∩X × {∞} = V∞. As a cycle on V we
have 〈V0 × {0}〉 − 〈V∞ × {∞}〉 = Div(α), where α is the rational function
corresponding to the projection map V → P1.
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Let V ′ be the image of V in X, and note that V ′ is a subvariety. As
cycles on X we have V0 = f∗(〈V0 × {0}〉), and similarly for V∞. Thus
〈V0〉 − 〈V∞〉 = f∗(Div(α)) = Div(N(α)), the divisor of a rational function
on V ′, completing the argument.

4.3.1 The determinant of a homomorphism

The proof of Theorems 4.15 and 4.17 rely on a fundamental result in com-
mutative algebra relating a homomorphism to its determinant.

Suppose that R is a domain with quotient field K. If M is a finitely-
generated torsion-free R-module and ϕ : M → M is an endomorphism,
then ϕ ⊗R K is an endomorphism of the finite dimensional vector space
M⊗RK. We define the determinant det(ϕ) of ϕ to be the usual determinant
of ϕ⊗R K, an element of K.

For example, if r ∈ R and ϕ is multiplication by r, then detϕ = rrankM ;
this is because the endomorphism ϕ ⊗R K of M ⊗R K = KrankM is also
multiplication by r, represented by a diagonal matrix

r 0 . . . 0
0 r . . . 0

. . .

0 0 . . . r


Lemma 4.19 (Determinant Lemma). Suppose that R is a 1-dimensional
local Noetherian domain, and let ϕ : M → M be an endomorphism of
a finitely generated torsion-free R-module M . If detϕ is nonzero, then
coker ϕ is a module of finite length, and its length is equal to ordR(detϕ).
In particular, if r ∈ R and M has rank n, then

length(M/rM) = n · length(R/rR).

The Lemma implies, in particular, that ordR detϕ ≥ 0, even when detϕ
is not in R. This comes about because detϕ is always in the integral closure
of R (use, for example, Eisenbud [1995], Corollary 4.6).

When M is free and the endomorphism is defined by a diagonal matrix,
the result says that

length R/(
∏
i

xi) =
∑
i

length R/(xi),

an easy special case of Proposition 4.9. The idea of the proof we will give
is to reduce to this situation by moving to the integral closure of R and
then localizing so that R becomes a discrete valuation ring. We can then
use the structure of matrices over such rings.
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Proof of Lemma 4.19. The second statement follows from the first because,
taking ϕ to be multiplication by r on M , the remark just before the lemma
shows that detϕ = rn.

In the remainder of the proof we will assume that the domain R is a
localization of an algebra finitely generated over a field, so that the integral
closure R′ of R is a finite R-module. This suffices for the applications we
will make. See the remarks after the proof for various ways of removing
this restriction and generalizing the lemma further.

Let ϕ : M → M be an endomorphism with nonzero determinant D.
Since R has dimension 1, the cokernel of ϕ is a module of dimension zero,
and thus finite length. Let R′ be the integral closure of R in its quotient
field K, and let M ′ = M ⊗R R′/(torsion), so that M ⊂M ′ ⊂ K ⊗RM (in
fact, M ′ is the image of M ⊗R R′ in M ⊗R K).

We will use three properties of this construction. First, the endomor-
phism ϕ extends to ϕ⊗1 : M ⊗RR′ →M ⊗RR′, and preserves the torsion
submodule, so it induces a map ϕ′ : M ′ →M ′ extending the map ϕ on M .
Second, since M ′ ⊂ M ⊗R K, the quotient M ′/M is torsion, and thus of
finite length. Of course ϕ′ induces an endomorphism of M ′/M , which we
will call ϕ′. Finally, since M ⊗R K = M ′ ⊗R K = M ⊗R′ K, the maps ϕ
and ϕ′ have the same determinant D = detϕ = detϕ′. We will reduce to
the case where R = R′, and then use the structure theorem for modules
over a principal ideal domain.

With these points in mind, consider the diagram

0 0 Kerϕ′

0 - M
?

- M ′
?

- M ′/M
?

- 0

0 - M

ϕ
?

- M ′

ϕ′
?

- M ′/M

ϕ′
?

- 0

coker ϕ
?

- coker ϕ′
?

- coker ϕ′
?

- 0.

A diagram chase (the “Snake Lemma”) yields an exact sequence

0→ Ker ϕ′ → coker ϕ→ coker ϕ′ → coker ϕ′ → 0,

from which we deduce that

length coker ϕ′ − length coker ϕ

= length coker ϕ′ − length Kerϕ′.
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But from the exact sequence

0→ Ker ϕ′ →M ′/M
ϕ′- M ′/M → coker ϕ′ → 0,

we similarly deduce that

0 = length M/M ′−length M/M ′

= length coker ϕ′ − length Ker ϕ′,

proving that length coker ϕ = length coker ϕ′.

As a special case, we may take M = R, and we see that length R/D =
length R′/D. Thus it suffices to prove the lemma in the case R = R′;
that is, we may assume that the 1-dimensional ring R is integrally closed.
By the Chinese Remainder Theorem, any R-module of finite length is the
direct sum of its localizations at various maximal ideals, so we may further
assume that R is a discrete valuation ring, with parameter π, say.

Any finitely-generated torsion-free module over such a ring R is free, so
the endomorphism ϕ is defined by a square matrix of elements of R. After
row and column operations, we can reduce this matrix to a diagonal matrix
with powers of π on the diagonal,

ϕ =

π
a1 · · · 0
...

. . .
...

0 · · · πam

 .

Since length(R/πa) = a, we see that

length coker ϕ = length

m⊕
i=1

(R/πai) =

m∑
i=1

ai

while

length R/(detϕ) = length R/(

m∏
i=1

πai) =

m∑
i=1

ai

as required.

As we remarked in the beginning of the proof, the restriction to algebras
“essentially of finite type over a field,” made in order to guarantee the
finiteness of the integral closure, is unnecessary. One way to avoid it is
to pass to the completion, and use the result that the integral closure of
any complete local Noetherian ring is finite. This is the path taken by
Grothendieck [1967] 21.10.17.2. There is an attractive direct proof along
very different lines in Fulton [1984], Appendix A1–A3. But the result given
here and in these references is actually a special case of a far more general
story involving multiplicity: the essential point is that two modules with
the same multiplicity will have the same length after factoring out a regular
sequence modulo which they have finite length. This idea can be used to
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show, for example that if ϕ : Rp → Rq is a map over a Cohen-Macaulay
ring R of dimension p− q + 1 and the cokernel of ϕ has finite length, then
its length is the same as that of R/I, where I is the ideal generated by all
the q× q minors of ϕ; our Lemma 4.19 contains the case p = q. This result
is attributed in Bruns and Vetter [1986] to Angeniol and Giusti, though
the paper by Angeniol and Giusti seems never to have appeared. In any
case the result is generalized in the cited paper. The proof by multiplicities
and specialization was given by Hochster and Huneke (also unpublished).

Example 4.20. The second statement of Lemma 4.19 is already interesting
when the rank n is 1; a good example is the case where M = K[t], R =
K[t2, t5] and r = t5. In this case the length is simply the dimension as a
K-vector space. It is easy to see that the length of

M/rM = K[t]/ < t5, t6, t7, · · · >

is 5. The reader may check that the quotient

R/rR = K[t2, t4, t5, t6, . . . ]/ < t5, t7, t9, t10, t11, · · · > .

is generated as a vector space by 1, t2, t4, t6, and t8, so the length is 5 in
this case too, though the two vector spaces are not related in a very obvious
way.

Proof of Theorem 4.15. It suffices to show that the diagram

Z(X × P1)
(f × 1)∗- Z(X ′ × P1)

Z(X)

∂X
? f∗ - Z(X ′)

∂X′
?

commutes. To this end, suppose W ⊂ X × P1 is a subvariety dominating
P1, and let W ′ = (f × 1)(W ). Since f is proper, W ′ is a subvariety of
X ′ × P1. Of course the projection W → P1 factors through W ′, so W ′

dominates P1 if and only if W does. Write W0 and W ′0 for the preimages of
0 ∈ P1 in the varieties W and W ′. We may think of W0 as a subvariety of
X = (X × P1)0 and similarly for W ′0 and X ′, and from this point of view,
W0 = f−1(W ′0) as schemes.

****insert picture****

Suppose first that W ′ has strictly smaller dimension than W , so that
(f × 1)∗〈W 〉 = 0. By the Principal Ideal Theorem, every component of
W0 or of W∞ has dimension one less than that of W , and similarly the
components of W ′0 and W ′∞ have dimension one less than that of W ′, so
f∗(〈W0〉 − 〈W∞〉) = 0 as well.

Thus we may assume that dimW ′ = dimW , so that W →W ′ is generi-
cally finite. Write n for its degree, so that (f × 1)∗〈W 〉 = n〈W ′〉.
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Let V ′ be an irreducible component of W ′0, and suppose that 〈V ′〉 ap-
pears in the cycle associated to W ′0 with multiplicity p. We will show that
〈V ′〉 appears in the cycle f∗(〈W0〉) with multiplicity np. Summing over the
contributions of all the components of W ′0 we see that f∗(〈W0〉) = n〈W ′0〉.
The same argument will of course apply to W∞, proving the Theorem.

Since f induces a surjective mapW →W ′, and V ′ ⊂W ′ has codimension
1, the map W →W ′ must be finite over the generic point of V ′ (otherwise
the preimage of V ′ would have dimension at least that of W , so W would
be reducible). Because the map f is proper, the induced injection

f∗ : R′ := OW ′,V ′ → f∗OW ⊗OW ′ OW ′,V ′ = OW,f−1V ′ =: R′

is finite.

Both R′ and R have dimension 1. Saying that V ′ occurs with multiplicity
p in W ′0 means that p = lengthR′(R

′/xR′), where x is a coordinate on P1

that vanishes at 0. Since f × 1 : W → W ′ has degree n, the ring R has
rank n as an R′-module. The Determinant Lemma tells us that

lengthR′(R/xR) = n · lengthR′(R
′/xR′) = np.

The maximal ideals m1, . . . ,mk of R correspond precisely to the subvari-
eties V1, . . . , Vs ⊂W0. If the multiplicity of x at mi is ei, then the Chinese
Remainder Theorem shows that lengthR′R/xR =

∑
i eini, where ni is the

degree of the field extension K(Vi) : K(V ′). From the definition of f∗ we
see that f∗(〈Vi〉) = ni〈V ′〉. Putting this together we compute that the
multiplicity of 〈V ′〉 in f∗(〈W0〉) is

f∗(
∑
i

ei〈Vi〉) =
∑
i

eini〈V ′〉 = np〈V ′〉

as required.

Proof of Theorem 4.17. Write Div(α) =
∑
ai〈Vi〉, where the Vi are subva-

rieties. The cycle f∗(Div(α)) is the sum of the terms aif∗(〈Vi〉). By defi-
nition, such a term is zero unless dim f(Vi) = dim(Vi), in which case the
restriction f |Vi is generically finite. Since the dimension of X is the same
as that of Y , the subset of X over which f has finite fibers must contain
an open set of any codimension 1 component of Y . Thus we may restrict
to this set and assume, without loss of generality, that f is finite.

The components of f∗(Div(α)) and Div(N(α)) are all of codimension 1,
so it suffices to prove the equality of the theorem at the generic point of
a codimension 1 subvariety V ′ ⊂ Y . That is, we may suppose that Y is
the spectrum of a one-dimensional local ring R = OY,V ′ with quotient field
K(Y ). Since X is finite over Spec(R) it is also affine, say X = Spec(S),
where S = OX,f−1(V ′) is a one-dimensional ring with quotient field K(X),
finite over R.
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We may write α = r/s for some elements r, s ∈ S. Since the norm is mul-
tiplicative, N(α) = N(r)/N(s). Further, since Div takes multiplication to
addition, it suffices to show that f∗(Div(x)) = Div(N(x)) for any element
x ∈ S.

The components Vi of Div(x) that map onto V ′ correspond to the maxi-
mal ideals Pi of S that contain x, and f∗〈Vi〉 = [K(Vi) : K(V ′)]〈V ′〉. By the
Chinese Remainder Theorem, S/xS = ⊕iSPi/xSPi , so lengthR(S/xS) =∑

ordVi(x)′[K(Vi) : K(V ′)]. Thus f∗Div(x) = lengthR(S/xS)〈V ′〉.
We can now apply Lemma 4.19 to the endomorphism of S given by

multiplication by x. The determinant of this map is N(x), and we see
that lengthR(S/xS) = lengthR(R/N(x)), which is the coefficient of V ′ in
〈Div(N(x))〉, as required.

4.4 Flat pullback

In this section we will study and apply a different sort of functoriality of
the Chow groups:

Theorem 4.21 (Flat Pullback). If f : Y → X be a flat map of equidimen-
sional schemes, then there is a unique group homomorphism f∗ : A(X)→
A(Y ) satisfying

f∗([A]) = [f−1(A)]

for any variety A ⊂ X. This homomorphism preserves codimension.

In the next chapter we will define an intersection product on the Chow
ring of a smooth quasiprojective variety, and it will follow from the methods
there that flat pullback between such varieties preserves products (Corol-
lary 5.5).

We will use Theorem 4.21 in the next subsections to analyze affine and
projective bundles. It will also be useful as a step in the proof of existence
of pullbacks along arbitrary proper morphisms of smooth quasiprojective
varieties, a topic of Chapter 5.

Proof of Theorem 4.21. We first prove that the flat pullback preserves codi-
mension. Suppose that W ⊂ X is a subvariety, and that V is an irreducible
component of f−1(W ).

Suppose that y ∈ V is a closed point not belonging to any other com-
ponent of f−1(W ), and x = f(y), which is again a closed point by the
Nullstellensatz. Because f |V : V → W is flat in a neighborhood of y, the
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dimension of V at y is equal to the dimension of the image of V plus the
dimension at y of the fiber of f through y; that is

dimV = dimW + dimOf−1(x),y

(see for example Eisenbud [1995] Theorem 10.10). Since the same is true
of the map f : Y → X itself, we have,

dimV − dimW = dimOf−1(x),y = dimY − dimX,

as required.

We next show that f−1 preserves rational equivalence. By Corollary 4.18
the relation of rational equivalence is generated by the divisors of rational
functions on irreducible subvarieties. Thus it suffices to show that if X ′ ⊂ X
is a subvariety and α is a rational function on X ′ then f∗(Div(α)) is the
divisor of the rational function α ◦ f on f−1(X ′). The flatness of f implies
the flatness of f |f−1(X′) : f−1(X ′)→ X ′, so we may begin by replacing X
with the variety X ′ and Y with f−1(X ′), and assume that X is irreducible
and α is a rational function on X. Of course we can no longer assume that
Y is irreducible, or even reduced, but because f is flat, the function α ◦ f
can be written, locally near any point y ∈ Y , in the form a/b where a and
b are nonzerodivisors on OY,y, so [Div(α ◦ f)] ∈ A(Y ). Thus proving that

f∗(Div(α)) = Div(α ◦ f)

will show that f∗ preserves rational equivalence.

Let V ⊂ Y be any codimension 1 subvariety, and let W ⊂ X be the
closure of f(V ). We must show that if W has codimension 1 in X, then
the coefficient of [V ] in Div(α ◦ f) is equal to the coefficient of [W ] in
in Div(α) times the coefficient of [V ] in [f−1(W )]. This can be checked
after localizing at V and W ; that is, we may replace the original f by its
restriction f : Spec(OY,V ) → Spec(OX,W ) corresponding to the flat, local
map of 1-dimensional local rings

S := OX,W
−◦f- OY,V := R.

To simplify the notation we set S := OX,W and R := OY,V . Let m be the
maximal ideal of S, which corresponds to the subvariety W .

Since X is a variety, S is a domain. Since R is flat over S the map S → R
is an inclusion, and we will identify S with its image in R. Writing α = a/b
for a, b ∈ S, we have Div(α) = Div(a)−Div(b), so it suffices to treat the
case α = a ∈ S.

We now write:

• p for the coefficient of [W ] in Div(a), so p := length(S/aS);

• q for the coefficient of [V ] in f∗[W ] = [f−1(W )], so q := length(R/mR);

• r for the coefficient of [V ] in Div(a ◦ f), so r := length(R/aR).
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We must show that pq = r. Let

aS ⊂M1 ⊂ · · · ⊂Mp = S

be a chain of inclusions, where each Mi+1/Mi a simple module, witnessing
the fact that p := length(S/aS). Since S is local, it has only one simple
module, namely Mi+1/Mi

∼= S/m. Tensoring this module with R we get
the R-module R/mR, whose length is q. Since R is flat over S, the chain
of inclusions above gives rise to a chain of inclusions

aR ⊂ R⊗S M1 ⊂ · · · ⊂ R⊗S Mp = R.

Since each quotient R⊗Mi+1/R⊗Mi has length q, we deduce that r = pq
as required.

Remark. The proof of Theorem 4.21 extends easily to a slightly more
general class of flat maps: we can allowX to be any scheme, but assume that
there is a fixed integer n such that for each irreducible component X ′ ⊂ X
the preimage f−1(X ′) is equidimensional of dimension n + dimX ′. When
this condition is satisfied, we will say that f has constant relative dimension
n. Each part of the proof of Theorem 4.21 reduced to the consideration of
what happened over some subvariety of X, and thus it extends at once to
the more general case.

4.4.1 Affine space bundles

We have seen in Proposition 1.17 that the Chow groups of an affine space
are trivial: A(AnK) = Z · [An]. One way to interpret this formula is to say
that the flat pullback map f∗ : ASpecK → A(AnK) is surjective. We can
extend this result to any affine space bundle; that is, to a map such that
X is covered by open affine subsets Ui such that f−1(Ui) ∼= An × Ui, and
f |f−1(Ui) corresponds under this isomorphism to the projection onto the
second factor. Since flatness is a local property, any affine space bundle is
flat, so we can use Theorem 4.21. (By the remark following the proof of
that theorem, this would work over any base scheme.)

Theorem 4.22. If X is a variety and f : Y → X is an affine space bundle,
then the map f∗ : A(X)→ A(Y ) is surjective. In particular, if the relative
dimension of f is d, then Am(Y ) = 0 for m < d.

Proof. We may begin by replacing X with the subvariety that is the closure
of f(V ), and Y with f−1f(V ), and thus assume that X is a variety and f
is dominant. We do induction on the dimension of X; the case dimX = 0
is precisely Proposition 1.17.

Now suppose that dimX > 0 and let U be an open affine subset of X
such that f−1(U) ∼= An × U . We have a commutative diagram with exact
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rows given by Proposition 4.12:

A(Y \ f−1(U)) - A(Y ) - A(f−1U) - 0

A(X \ U)

f∗
6

- A(X)

f∗
6

- A(U)

f∗
6

- 0.

By induction the right hand vertical map is onto, so by a diagram chase
(the “5-lemma”) it suffices to show that the left-hand vertical map is onto.
Thus we are reduced to the case where X is an affine variety, Y ∼= An×X,
and f is the projection. Since the projection f : An × X → X factors
through projections

An ×X → An−1 ×X → · · · → X,

we can also assume that n = 1.

Our situation is now that X = SpecS for some affine domain S and
Y = SpecS[t]. The variety V ⊂ Y corresponds to a prime ideal P ⊂ S[t].
Because f |V is dominant we have P ∩S = 0. Let K be the field of fractions
of S. Since K[t] is a principal ideal domain we may write PK[t] = (a) for
some polynomial a, and clearing denominators we may assume a ∈ S[t].

If a = 0 then V = Y , so [V ] = f∗[X] as required. Else we may consider
the divisor of a, and we have Div(a) = [V ]+[V ′], where V ′ is not dominant.
Since the closure of the image of V ′ has lower dimension than X, we see by
induction that [V ′] is in the image of f∗, and we are done. (The reader may
also see directly that V ′ has the form A1×V ′′, so that [V ′] = f∗([V ′′]).)

As a taste of what is to come, we can strengthen Theorem 4.22 in the
case when Y is the total space of a vector bundle over X, or more generally
when f admits a section, simply by using the existence of an intersection
product (Theorem 5.3).

Corollary 4.23. Suppose that X is a smooth quasiprojective variety. If
f : Y → X is an affine space bundle, and f admits a section σ : X → Y ,
then the map f∗ : A(X)→ A(Y ) is an isomorphism.

The result holds even without the hypothesis on X; this follows from the
existence of a pullback along the “regular embedding” σ. See Fulton [1984]
Chapter 6.

Proof. Suppose that V ⊂ X is a subvariety, so that f∗[V ] = [f−1(V )].
By Theorem 5.3 there is an intersection product that preserves rational
equivalence such that [f−1(V )][σ(X)] = [f−1(V ) ∩ σ(X)]. But the map f
restricted to σ(X) is an isomorphism, so f∗([f

−1(V ) ∩ σ(X)]) = [V ]. Thus
the composite

A(X)
f∗- A(Y )

f∗([σ(X)]·−)- A(X)
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is the identity. By Theorem 4.22, the left hand map is a surjection, so both
maps are isomorphisms.

4.5 Exercises

Exercise 4.24. Let Pm ⊂ Pn be a linear subspace. Find the Chow groups
of the complement Pn \ Pm.

Exercise 4.25. Let C ⊂ Pn be a rational normal curve. Find the Chow
groups of the complement Pn \ C.

Exercise 4.26. Let S ⊂ P5 be the quadratic Veronese surface. Find the
Chow groups of the complement P5 \ S. Would the answer be different if
we took S to be a quartic surface scroll?

Exercise 4.27. Let X be a variety, and let f : Y → X be a finite flat
map, so that both f∗ and f∗ are well defined. Let d := (K(Y ) : K(X))
be the degree of f . Show that the composition f∗ ◦ f∗ : A(X) → A(X) is
multiplication by d.

Exercise 4.28. Show that rational equivalence is the finest equivalence
relation that is defined by graded subgroups R∗(Y ) ⊂ Z(Y ) with the fol-
lowing properties:

(a) R∗(Y ) ⊂ Z(Y ) is defined for all schemes algebraic over a field K.

(b) R∗(Y ) is preserved by proper push-forward and flat pull-back.

(c) R∗(P1) contains 〈0〉 − 〈∞〉.

Exercise 4.29. The following example shows that the assertion of Theo-
rem 4.15 can fail if f is an open immersion: Let C be a conic in P2, and
let U be the open set P2 \ C in P2. Show that U is an affine variety, with
Chow groups A0(U) = 0, A1(U) = Z/(2), A2(U) = Z. There is a map
on cycles α : Z(U) → Z(P2) taking the class of a curve in U to the class
of its closure in P2. If this induced a map α : A1(U) → A1(P2), it would
split the surjection A(P2)→ A(U) defined in Proposition 4.12(c). Give an
example of two rationally equivalent cycles Z1, Z2 on U such that α(Z1) is
not rationally equivalent to α(Z2).

Exercise 4.30. Show by example that Theorem 4.15 is false without the
hypothesis “proper” even when f is a birational map between smooth
curves.

Exercise 4.31. Show that if L is a line bundle on a quasi-projective scheme
X, then L may be embedded as a subsheaf of the total quotient sheaf κ(X)
of X as a subsheaf locally generated by one non-zerodivisor. (The result
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is true much more generally, but there are subtleties in the most general
setting—see Kleiman [1979].)

Exercise 4.32. Suppose that X is quasi-projective and reduced. Show
that if L and M are two line bundles on X embedded in κ(X) as above,
and ϕ : L → M is an isomorphism, then ϕ extends to an isomorphism
κ(X) → κ(X), and that such an isomorphism is given by multiplication
with a rational function. Conclude that Pic(X) is the same as the group
of Cartier divisors modulo “principal” Cartier divisors—those defined by
invertible rational functions on X.

Exercise 4.33. Suppose that X is quasi-projective and reduced. Krull’s
Principal Ideal Theorem 0.1 implies that in a Noetherian ring every prime
ideal minimal over the ideal generated by a non-zerodivisor has codimension
1. Extend this idea to define a map from the multiplicative group of Cartier
divisors on X to the group of codimension 1 cycles Z1(X), to make a
commutative diagram

O∗X - κ(X)∗ - {Cartier Divisors on X} - Pic(X) - 0

κ(X)∗
?

- Zn−1(X)
?

- An−1(X) - 0

with exact rows. Conclude that there is a natural map Pic(X)→ An−1(X).

Exercise 4.34. Suppose that X is quasi-projective and normal. Using the
result from commutative algebra that a normal domain is the intersection
of discrete valuation rings (see for example Eisenbud [1995] §11.2), show
that the map from the group of Cartier divisors to the additive group of
one-cycles on X is a monomorphism. Conclude that the map Pic(X) →
An−1(X) is a monomorphism in this case.

Exercise 4.35. Suppose that X is quasi-projective and regular—that is,
that every local ring of X is a regular local ring (it would be enough that
every local ring of X is factorial.) Show that the map Pic(X)→ An−1(X)
is an isomorphism.

Exercise 4.36. Let X consist of three concurrent, but not coplanar, lines
in P3. Show that A1(X) = Z but Pic(X) = Z3. (Hint: Use the isomorphism
PicX = H1(O∗X), where O∗X is the sheaf of invertible functions on X.)

Exercise 4.37. Let X be the cone over a smooth plane conic C. Prove that
the natural comparison map Pic(X) = Z → Z = A1(X) is multiplication
by 2.

Exercises 4.38-4.42 deal with some properties and examples of, and varia-
tions on, the construction of dynamic projection introduced in Section 4.1.1
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Exercise 4.38. Show that the dynamic projection of X from R to A is
independent of the choice of A, in the sense that if A′ is any other r-plane
disjoint from R and we carry out the same process to arrive at a limit X ′0,
there will be an isomorphism A ∼= A′ carrying X0 to X ′0.)

Exercise 4.39. Let C ⊂ P3 be a twisted cubic curve, and L and M ⊂
P3 two general lines. Choose coordinates (x0, x1, y0, y1) on P3 with L =
V (x0, x1) and M = V (y0, y1), and let ψt : P3 → P3 be the automorphism
given by ψt : (x0, x1, y0, y1) 7→ (tx0, tx1, y0, y1). Show that the flat limit
of the curves Ct = ψt(C) ⊂ P3 is the scheme V (((x0, x1)2) defined by the
square of the ideal of the line L, without embedded points.

Exercise 4.40. In the situation of Exercise 4.39, suppose we let ψt : P3 →
P3 be the automorphism given by ψt : (x0, x1, y0, y1) 7→ (t2x0, tx1, y0, y1).
Show that the flat limit of the curves Ct = ψt(C) ⊂ P3 is now the union of
a planar triple line (the zero locus V (x1, x23)) with an embedded point.

Exercise 4.41. Let C ⊂ P3 be an irreducible, nondegenerate quartic
curve, and let H ⊂ P3 and p ∈ P3 be a general hyperplane and point.
Let C0 be the dynamic projection of C from H to p. Show that if C has
genus 1, then C0 is reduced; but if C has genus 0 then C0 will have an
embedded point at p.

Exercise 4.42. Consider the Gm action on Pn given by

ϕt : (x0, . . . , xn) 7→ (tw1x1, . . . , t
wnxn)

for t ∈ Gm, with weights w0 > w1 > · · · > wn ∈ Z. Let X ⊂ Pn be a
subvariety. Prove analogs for each part of Proposition 4.5 for each pair of
spaces R = {x0 = · · · = xi = 0} and A = {xi+1 = · · · = xn = 0}. If X has
dimension m, and the coordinate system is chosen general with respect to
X, then show that the limit of tX as t approaches 0 is supported on the
m-plane xm+1 = · · ·xn = 0.

Hint for Exercise 4.42: Show as in Proposition 4.5 that for any point not
in R or A has Gm orbit closure meeting both of these.

Exercise 4.43. There are two isomorphism classes of subschemes X ⊂ P3

with Hilbert polynomial pX(m) = 3m+ 1 consisting of a planar triple line
and an embedded point p: one where the embedded point is spatial (that
is, dimTpX = 3), such as

X = V (x2
0, x0x1, x0x2, x

3
1);

and one where the embedded point is planar (that is, dimTpX = 2), such
as

X = V (x0, x
3
1, x

4
1).

Show that the former is a flat limit of twisted cubics, and that the latter
is not.
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5

Intersection Products and Pullbacks

5.1 The Chow ring

In this chapter we will work with quasi-projective varieties over an alge-
braically closed field. This setting makes possible a direct and intuitive
approach to intersection theory.1 The reader who needs a more general
case will find pointers below and a full treatment in Fulton [1984].

We wish to define a ring structure on the Chow group of a variety X.
To give back geometric information about transverse intersections, such a
product should satisfy the requirement that the intersection product be
“geometric” in the simplest case:

(*) If subvarieties A,B of X intersect transversely at a general point of
each component of A ∩ B, then the product of their classes should be
the class of their intersection,

[A][B] = [A ∩B].

This is not so simple: in fact, as we’ll see in Section 5.5, no ring structure
with property (*) can exist on the Chow groups of an arbitrary projective
variety X! (This problem remains even if we replace the hypothesis (*)

1One word of warning: when we say “direct and intuitive,” we are referring to the

statements of the main results, principally Theorems 5.3, 5.4, 5.8 and 5.9, all of which
are in Section 5.1. The actual proofs are another matter entirely.
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with the weaker requirement that [A][B] = [A ∩ B] whenever A and B
meet everywhere transversely, as the reader will see in Example 5.19). The
goal of this chapter is to show the existence and uniqueness of the ring
structure when X is smooth, and to prove certain functoriality properties
that make it even more useful.

It is natural to ask whether the equality in (*) holds under the weaker
hypothesis that codim(A ∩ B) = codimA + codimB. The answer is no in
general, but there are special cases where it does hold and ways to correct
the formula in general, as we shall see in Section 5.2.

The situation is analogous to that in algebraic topology. The Chow
groups are like the homology groups of a space. For singular spaces the
cohomology groups form a ring and homology groups do not. However, for
smooth orientable manifolds, Poincaré duality allows one to identify ho-
mology and cohomology (interchanging dimension and codimension) and
thus transport the ring structure to homology. Even for singular varieties
one can define a ring (from Fulton-Macpherson’s “bivariant theory” Ful-
ton [1984] Chapter 17; see also Totaro [to appear]) that acts on the Chow
groups much as the cohomology ring of a topological space acts on the
homology via cap product, but we will not pursue this construction here.

5.1.1 Products via the Moving Lemma

To describe the path we will take, we use the following terminology:

Definition 5.1. (a) Irreducible subschemes A and B of a variety X are
dimensionally transverse if for every component C of A ∩ B we have
codimC = codimA+ codimB.

(b) Subvarieties A and B of a variety X are transverse at a point p ∈ X
if X,A and B are smooth at p and their tangent spaces at p satisfy
TpA+ TpB = TpX.

(c) Subvarieties A and B of a variety X are generically transverse if every
irreducible component of A ∩ B contains a point p at which A and B
are transverse.

(d) Two cycles
∑
miAi and

∑
njBj are dimensionally (respectively gener-

ically) transverse if Ai, Bj are dimensionally (respectively generically)
transverse for every i, j.

(e) If A =
∑
miAi and B =

∑
njBj ∈ Z(X) are dimensionally transverse

cycles on X, we define the intersection cycle A ∩B to be the cycle

A ∩B =
∑

minj〈Ai ∩Bj〉.

The meaning of generic transversality may be clarified by the following
easy result:
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Proposition 5.2. Subvarieties A and B of a variety X are generically
transverse if and only if they are dimensionally transverse and each ir-
reducible component of A ∩ B is reduced and contains a smooth point of
X.

Proof. First suppose that A and B are generically transverse, so that for
each irreducible component C of A∩B there is a smooth point p ∈ X such
that A and B are smooth and transverse at p. It follows that C is smooth
at p, and thus is generically reduced.

To prove the converse, let C be an irreducible component of A ∩ B.
Since C is reduced there is a smooth point p ∈ C. The Zariski tangent
space to C at p is the intersection of TpA and TpB in TpX. By hypothesis,
dimC = dimA + dimB − n, and since dimTpC = dimC, it follows that
dimTpA = dimA and dimTpB = dimB, proving that A and B are smooth
at p as well.

It is important to note that for subvarieties of a smooth variety, the
codimension of a component of an intersection can only be too small, not
too large; this is the Generalized Principle Ideal Theorem 0.2.

The first main result of this chapter asserts the existence of an intersec-
tion product satisfying (*):

Theorem 5.3. If X is a smooth quasiprojective variety then there is a
unique bilinear product structure on A(X) that satisfies

[A][B] = [A ∩B]

whenever A and B are subvarieties that are generically transverse. This
structure makes A(X) into an associative, commutative ring graded by codi-
mension.

We will call A(X) with its ring structure the Chow ring of X.

To show that the Chow groups form a ring we must understand how to
define the product of two cycles that intersect in an arbitrary way. Since
the structure is to be bilinear, the problem reduces immediately to con-
structing a cycle representing the class of a product [A][B] where A and B
are subvarieties of X, of dimensions a and b respectively. Since the Chow
ring is to be graded by codimension, this should be a cycle of codimension

codimA+ codimB

We cannot define [A][B] to be [A ∩B] always: this may not have the right
codimension, and even when it has the right codimension, [A ∩ B] is not
always determined by the rational equivalence classes [A] and [B] (see Ex-
ample 5.13).

Instead we will define [A][B] via a strong Moving Lemma:
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Theorem 5.4 (Moving Lemma). Let X be a smooth quasiprojective vari-
ety.

(a) If α ∈ A(X) is any Chow class and B ∈ Z(X) any cycle, then there ex-
ists a cycle A ∈ Z(X) such that [A] = α and A intersects B generically
transversely.

(b) If A and B ∈ Z(X) are cycles that intersect generically transversely,
the class [A ∩B] depends only on the classes [A] and [B].

Note that as a consequence, if α ∈ A(X) is any class and B1, . . . , Bk ⊂ X
any finite collection of subvarieties, there exists a cycle A ∈ Z(X) such
that [A] = α and A is generically transverse to each of the Bi. For other
treatments of various versions of the Moving Lemma, see Roberts [1972a]
and Hoyt [1971].

Given the Moving Lemma, we can prove Theorem 5.3:

Proof of Theorem 5.3. For any α, β ∈ A(X) we define the product αβ to
be the class [A ∩ B] ∈ A(X), where A and B are any cycles representing
the classes α and β and intersecting generically transversely. The first part
of the Moving Lemma 5.4 asserts the existence of such cycles, while the
second part of the Moving Lemma assures us that this is well-defined.

The product is obviously commutative. To prove that the product is
associative, let α, β, γ ∈ A(X). We claim that there are cycles A,B and C
representing α, β and γ, and such that

(αβ)γ = [A ∩B ∩ C] = α(βγ).

First, we may choose cycles B =
∑
njBj and C =

∑
olCl representing β

and γ and such that the Bj are generically transverse to the Cl; and then
choose A =

∑
miAi representing α so that the Ai are generically transverse

to the Bj ∩ Cl and to all the Bj . Since Ai is generically transverse to
Bj∩Cl, it follows that Ai∩Bj∩Cl is generically reduced and of codimension
equal to the sum of the codimensions of Ai, Bj and Cl, so Ai ∩ Bj is
generically transverse to Cl as well. Associativity of the intersection product
now follows from that of ordinary intersections. Thus the product we have
defined makes

A(X) =
⊕
k

Ak(X)

into a commutative graded ring.

Note that even if α and β are the classes of effective cycles, we can’t
necessarily choose A and B effective in the Moving Lemma. For instance,
in Example ?? the class e represents an effective divisor, but e2 = −η is
the negative of an effective class, and by degree considerations cannot be
represented in the form

∑
minj [Ai∩Bj ] with the mi and nj non-negative.
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In the case of a flat morphism f we have already defined a group homo-
morphism f∗ : A(X)→ A(Y ) by f∗([A]) = [f−1(A)] (Theorem 4.21). This
definition clearly satisfies the condition for uniqueness in Theorem 5.8 so
Theorem 4.21 implies that f∗ is a ring homomorphism in this case. Using
the Moving Lemma (and, again under the unnecessary hypothesis of gener-
ical separability) we will show directly that, if f is flat, then the map f∗ is
a ring homomorphism in the quasiprojective case:

Proposition 5.5. If f : Y → X is a generically separable flat morphism
of smooth quasi-projective varieties, then the pullback f∗ : A(X) → A(Y )
is a ring homomorphism.

The assertions above will be proven in Section 5.7.

Proposition 5.5 implies that the inclusion of a closed subvariety of a
projective variety defines an ideal in the Chow ring:

Corollary 5.6. Let ι : X ′ ⊂ X be the inclusion of a closed subset. If X
is a smooth projective variety, then the subgroup ι∗(A(X ′)) ⊂ A(X) is an
ideal in the Chow ring.

Proof. Set U = X \X ′. By Proposition 4.12, Part c there is a right exact
sequence of Chow groups

A(X ′)
ι∗- A(X)

kU- A(U) - 0.

The scheme U is a smooth quasiprojective variety, and the restriction map
kU : A(X)→ A(U) is the same as flat pullback; thus it is a ring homomor-
phism. This implies that the image of (ιX)∗ is an ideal.

5.1.2 From intersections to pullbacks

Theorem 5.3 can be made much more powerful by recasting it as a func-
toriality statement. The idea is that intersections are the simplest sorts of
pullbacks. Thus we are led to try to generalize the inclusion B ⊂ X to be
a morphism f : Y → X , and to generalize the intersection product [A][B]
to be a class, which we will call f∗([A]), in A(Y ).

Even in the case where f is the inclusion map of Y = B in X, this gives
something new, since the class [A][B] was defined above in A(X), not in
A(B). The two classes will be related by the formula

f∗(f
∗([A]) = [A][B] ∈ A(X).

(Fulton’s theory of refined intersection products (Fulton [1984], Chapter
****) actually gives more: it yields a well defined class in A(A∩B), which
is not accessible via our Moving Lemma-based approach.)
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A naive attempt at a definition of the pullback would be to take f∗([A])
to be the class [f−1(A)] of the preimage of A in Y . As in the simpler case
of intersections, this can’t work all the time: given a subvariety A ⊂ X,
the preimage f−1(A) need not have the expected codimension. But by
analogy with the case of intersections, we can make it a requirement that
the pullback be geometric in the simplest case. We start with a definition
that generalizes the definition of generic transversality for a subscheme
A ⊂ X and an inclusion Y ⊂ X.

Definition 5.7. Let f : Y → X be a projective map of quasiprojective
varieties. A subvariety A of X of codimension c is said to be generically
transverse to f : Y → X if:

(a) f−1(A) is generically reduced of codimension c.

(b) Y is smooth at a general point q of each irreducible component of
f−1(A) and X and A are smooth at f(q).

A cycle A =
∑
miAi on X is said to be generically transverse to f if

every component Ai is; in this case, we define the pullback cycle to be
f∗A =

∑
mi〈f−1(Ai)〉

In these terms, we can state the second main theorem of this chapter,
analogous to Theorem 5.3:

Theorem 5.8. Let f : Y → X be a generically separable map of smooth
quasiprojective varieties, and assume that X is projective.

(a) There exists a unique ring homomorphism f∗ : A(X)→ A(Y ) with the
property that if A is a subvariety of X generically transverse to f then
f∗([A]) = [f−1(A)].

(b) (Push-Pull Formula) If we make A(Y ) into an A(X) module via the
ring homomorphism f∗, then the map f∗ : A(Y ) → A(X) is a map of
modules; as it is often written,

f∗
(
f∗(α)β

)
= αf∗(β).

(Recall that a morphism f : Y → X is generically separable if the field
extensionK(Y )/K(X) is separable; in other words, there is a transcendence
base {xi}i∈I for K(Y ) over K(X) such that K(Y ) is finite and separable
over K(X)({xi}i∈I).)

By introducing multiplicities, one can drop the assumption that f is
generically separable, and f∗ can be defined as a homomorphism of Chow
groups even when Y is singular and X is only quasiprojective (but still
smooth). For these refinements see Fulton [1984].

We will prove Theorem 5.8 by an analog of the Moving Lemma:
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Theorem 5.9 (Moving Lemma for morphisms). Let f : Y → X be a
generically separable morphism of smooth quasiprojective varieties.

(a) If α ∈ A(X) is any Chow class, then there exists a cycle A ∈ Z(X)
such that [A] = α and A is generically transverse to f .

(b) If A ∈ Z(X) is a cycle that is generically transverse to f , the class
[f−1A] depends only on the class [A].

As in the case of intersections, the first part of Theorem 5.8 follows
immediately from the Moving Lemma for morphisms 5.9; the second part
follows by using the Moving Lemma for morphisms to reduce the problem
to the set-theoretic equality f

(
f−1(A) ∩ B

)
= A ∩ f(B) for A ⊂ X and

B ⊂ Y .

5.2 Intersection multiplicities

5.2.1 Dimensionally transverse intersections and pullbacks

We have defined intersection products by moving the intersecting cycles
until they are generically transverse. But this is not always necessary. If
A and B are subvarieties of a smooth quasiprojective variety X that are
dimensionally transverse in the sense of Definition 5.1 above then it is
possible to assign to each irreducible component Z of A∩B an intersection
multiplicity mZ(A,B) in such a way that

[A][B] =
∑
Z

mZ(A,B)[Z].

For example, when A and B are generically transverse, Theorem 5.3 asserts
that we can take all mZ(A,B) = 1. More generally, if A,B are smooth, or
locally complete intersections in X, or even just locally Cohen-Macaulay
at a general point of each component Z, we can take mZ(A,B) to be the
multiplicity of the subscheme A∩B along Z. This can be expressed in the
following attractive form:

Theorem 5.10. Let X be a smooth quasiprojective variety. If A,B are
subvarieties on X that meet dimensionally transversely, and are locally
Cohen-Macaulay at the generic point of every component of A ∩B, then

[A][B] = [A ∩B].

For example, since plane curves are complete intersections, we have:
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Corollary 5.11 (Strong Bézout). If C and D ⊂ P2 are any two plane
curves of degrees d and e with no common components, then∑

p∈C∩D
mp(C,D) = de;

that is, the degree of the scheme C ∩D is de.

There is a natural analogue of Theorem 5.10 in the more general setting
of pullbacks:

Theorem 5.12. Let f : X → Y be a morphism of smooth projective
varieties, and A ⊂ Y a subscheme such that codim(f−1(A)) = codim(A).
If A is locally Cohen-Macaulay, then

f∗[A] = [f−1(A)].

We will defer the proofs of Theorems 5.10 and 5.12 until Section 5.8.

5.2.2 Intersection multiplicities

In Theorem 5.10, if we do not assume that A and B are Cohen-Macaulay,
the conclusion of the theorem may not hold; that is, the multiplicitymZ(A,B)
may not be equal to the multiplicity of the scheme A ∩ B along Z, as in
the following example.

Example 5.13. Let X = P4, and let V1, V2 be general planes and let
A = V1 ∪ V2.

Consider the intersection of A with some 2-planes. Let p = V1∩V2 be the
point where the two planes meet and let B1 be a 2-plane that does not pass
through p, and meets each of V1, V2 in a single (necessarily reduced) point.
Let B2 be a 2-plane that passes through p and does not meet A anywhere
else. The cycles [B1] and [B2] are rationally equivalent in P4. The cycle
[B1∩A] consists of two reduced points, the intersections of B1 with V1 and
with V2, so deg[B1 ∩A] = 2 (see Figure 5.10).

By contrast, it’s not hard to see that deg[B2 ∩ A] ≥ 3: since the Zariski
tangent space to the scheme A = V1 ∪ V2 at the point p is all of Tp(P4),
the tangent space to the intersection B2 ∩ A at p must be all of Tp(B2).
In other words, B2 ∩ A must contain the “fat point” at p in the plane B2

(that is, the scheme defined by the square of the ideal of p in B2), and so
must have degree at least 3.

Since the degree function is well-defined on rational equivalence classes
of zero-cycles, this implies that [B1 ∩ A] is not rationally equivalent to
[B2 ∩A].
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FIGURE 5.10. The degree of the product [B2][V1 + V2] in A(P4) is 2, but the
length of the local ring of B2 ∩ (V1 + V2) is 3 ****B in the figure should be
B2****

In fact, we can see that the degree of B2 ∩ A is exactly 3, by a local
calculation. Since B2 meets A only at the point p, we have to show that
the length of the artinian ring OP4,p/(I(B2) + I(A))OP4,p is 3. Let S =

k[x0, . . . , x4] be the homogeneous coordinate ring of P4. We may choose
V1, V2 and B2 to have homogeneous ideals:

I(A) = (x0, x1) ∩ (x2, x3) = (x0x2, x0x3, x1x2, x1x3),

I(B2) = (x0 − x2, x1 − x3).

Modulo I(B2) we can eliminate the variables x2, x3 and the ideal I(A)
becomes (x2

0, x0x1, x
2
1). Passing to the affine open subset where x4 6= 0,

this is the square of the maximal ideal corresponding to the origin in the
plane B2. Thus OP4,p/(I(B2)+I(A))OP4,p has basis {1, x0/x4, x1/x4}, and
thus its length is 3, as claimed.

Given that we sometimes have [A ∩ B] 6= [A][B], it is natural to look
for a correction term. In the example above the set-theoretic intersection
is a point, so this comes down to looking for a formula that will predict
the difference in multiplicities 3 − 2 = 1. Of course the correction term
should reflect non-transversality, and one measure of non-transversality is
the quotient (I(A)∩ I(B2))/(I(A) · I(B2)). In the case above one can com-
pute this and one finds that the quotient is a finite dimensional vector
space of length 1—just the correction term we need. Now for any pair of
ideals I, J in any ring R the quotient (I∩J)/(I ·J) = TorR1 (R/I,R/J) (see
Exercise 5.32). With this information (and knowing a special case proven
earlier by Auslander and Buchsbaum), if you happened to be Jean-Pierre
Serre, you might come up with the following result:
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Serre [2000], originally published in 1957:

Theorem 5.14 (Serre’s Formula). Suppose that A,B ⊂ X are dimension-
ally transverse subschemes of a smooth scheme X, and Z is an irreducible
component of A ∩B. The intersection multiplicity of A and B along Z is

mZ(A,B) =

dimX∑
i=0

(−1)ilengthOA∩B,Z (Tor
OX,Z
i (OA,Z ,OB,Z))

The first term of the alternating sum in Serre’s Formula is

lengthOA∩B,Z Tor
OX,Z
0 (OA,Z ,OB,Z) = lengthOA∩B,ZOX,Z/(IA + IB)

which is precisely the multiplicity of Z in the subscheme A ∩ B. The rest
of the terms are zero in the Cohen-Macaulay case, explaining the form of
Theorem 5.10.

A different description of intersection multiplicities is given in Fulton
[1984], Chapter 7.

5.3 Kleiman’s Transversality Theorem

There is an easy proof of the Moving Lemma—in an even stronger form—
when there is an affine algebraic group G acting transitively on X.

The basic statement is this: if A and B ⊂ X are two subvarieties of X,
then the intersection of the general translate gA of A with B is dimen-
sionally transverse, and, if the characteristic is 0, then this intersection is
generically transverse as well; moreover, the cycle [A] is rationally equiva-
lent to [gA]. It turns out that the same proof establishes a statement that
is stronger in a very useful way:

Theorem 5.15 (Kleiman [1974]). Let ϕ : Y → X be a morphism of
quasiprojective varieties over an algebraically closed field, and let G be an
algebraic group acting transitively on X. If A ⊂ X is a subvariety, then for
general g ∈ G the preimage ϕ−1(gA) had the same codimension as A. If
the characteristic is 0, then ϕ−1(gA) is generically smooth as well.

Proof. Let the dimensions of X, A, Y and G be n, a, b and m respectively.
Set

Γ = {(x, y, g) ∈ A× Y ×G | gx = ϕ(y)}.
Because the group action is transitive, the projection π : Γ → A × Y is
surjective. Its fibers are the cosets of stabilizers of points in X, and hence
have dimension m− n. It follows that Γ has dimension

dim Γ = a+ b+m− n.
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A = g0A A

g1A

a

b

c

d

[A]2 = [A] [g1A] = [a+ b+ c+ d]

FIGURE 5.7. The cycle A meets a general translate of itself generically trans-
versely. ****To be consistent with the text, in Figure 5.7 delete “= g0A” in
upper left, and replace g1 by g below figure.****

On the other hand, the fiber over g of the projection Γ→ G is isomorphic
to ϕ−1(gA). Thus either this intersection is empty for general g, or else it
has dimension a+ b− n, as required.

Note that, since G acts transitively, the variety X must be smooth. Now
suppose that the ground field has characteristic 0. Since any algebraic group
in characteristic 0 is smooth, the fibers of the projection to A× Y are also
smooth, so Γ itself is smooth over Asm × Ysm. Sard’s Theorem then tells
us that the general fiber of the projection of Γ to G is smooth outside the
singular locus Γsing of Γ. If the projection of Γsing to G is not dominant,
then ϕ−1(gA) is smooth for general g.

To complete the proof of generic transversality, we may assume that
the projection Γsing → G is dominant Again invoking the smoothness of
algebraic groups in characteristic 0, each point of G is locally a complete
intersection. By the Principal Ideal Theorem, every component of every
fiber of Γ → G has codimension ≤ dimG, and thus every component of
the general fiber has codimension exactly dimG in Γ. Since Γsing → G
is dominant, its general fiber has dimension dim Γsing − dimG < dim Γ −
dimG, so no component of a general fiber can be contained in Γsing. Thus
ϕ−1(gA) is generically smooth for general g ∈ G.

Theorem 5.15 is particularly useful to us in the case when X is Pn or
G(k, n) and the group G is GL(n) acting in the standard way because
replacing A with a general translate does not change the class of the cycle:
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Theorem 5.16. Suppose that A ⊂ X is a subvariety of a quasiprojective
variety X. If G = GL(n) acts on X then A ∼ gA for any g ∈ G.

Proof. We may regardG as an open set in the vector space of n×nmatrices.
The union of hA, for all h in the intersection of this open set with the line
joining g to the identity gives a rational equivalence.

Theorem 5.16 actually holds for any affine group G, because any point
of G can be connected to the origin by a rational curve C (see Borel [1991],
Theorem 18.2). It is not true, however, for more general groups; for ex-
ample, if G is the group of points on an elliptic curve X, then G acts
transitively on X but it is not true that any two points of X are rationally
equivalent.

In Kleiman [1974] the main point is a result extending this Theorem to
positive characteristic, under the stronger hypothesis that the group action
is transitive on both points and nonzero tangent vectors. This stronger
hypothesis is necessary, even in the case of the Grassmannian (where the
automorphism group acts transitively on points, but preserves the rank of
a tangent vector; see Exercise 2.27); examples can be found in Kleiman
[1974] and Roberts [1972b]. Kleiman’s theorem may seem to be applicable
only in relatively special circumstance. But in fact we use it quite often.

Theorem 5.15 invokes the general fact that a connected, affine algebraic
group is rationally connected. This is not an easy statement to prove in gen-
eral; however, the following special case will suffice for all the applications
we will make in this book.

Proposition 5.17. Suppose that a group of the form G = GLn1
×· · ·GLnp

acts algebraically on a scheme X, and let g ⊂ G. If V ⊂ X is a subvariety
then gV is rationally equivalent to V .

Proof. We consider G as an open subset of the affine space of p-tuples of
matrices. As such we may connect g ∈ G to the identity e ∈ G by a family
of tuples of matrices gt = (1 − t)e + tg with t in an open subset U of the
affine line A1 containing 0 and 1. Let Γ ⊂ U × X be the closure of the
variety consisting of pairs (t, x) | x ∈ gt(V ). Evidently, Γ dominates U and
Γ0 = V while Γ1 = gV .

5.4 Linkage

There is a different construction, called linkage, that is sometimes useful for
“moving” a cycle A ⊂ X in the special case that it is regularly embedded,
which means that each component of A is locally a complete intersection
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in X. Suppose that A ⊂ X is a regularly embedded subvariety, and let B
be any cycle in X. Choose n− a general hypersurfaces Z1, . . . , Zn−a ⊂ PN
containing A, and write

Z1 ∩ · · · ∩ Zn−a ∩X = A ∪A′.
By Lemma 5.21, the intersection Z1∩· · ·∩Zn−a∩X is rationally equivalent
to a multiple of a general linear space section E of X, so we can write

A ∼ d · E −A′.
The reader should be warned that, in general, A′ ⊂ X may not be a regular
embedding, so continuing the linkage process becomes complicated.

While the Moving Lemma provides us with assurance that intersection
products are well defined in A(X), it is rarely used in practice to calculate
products in the Chow ring. Exercises 5.29–?? give examples of this: in each,
we have to find cycles representing a given class and intersecting another
cycle transversely; but in each the cone construction is not the easiest way
to do it.

5.5 Intersections on singular varieties

In this section we discuss the problems of defining intersection products on
singular varieties.

To begin with, the Moving Lemma (5.4) may fail if X is even mildly
singular:

Example 5.18. (Figure 5.8)

Let C ⊂ P2 ⊂ P3 be a smooth conic and let X = pC ⊂ P3 be the cone
with vertex p /∈ P2. Let L ⊂ X be a line (which necessarily contains p). We
claim that every cycle on X that is rationally equivalent to L has support
containing p, and thus the conclusion of the first part of the Moving Lemma
does not hold for X.

To see this, note first that the degree function is well defined on rational
equivalence classes of curves in X: for if i : X → P3 is the inclusion, then
for any curve D on X we have

degD = deg(ζ · i∗([D]))

where ζ is the class of a hyperplane in P3. It follows that we have a function
deg : A1(X)→ Z that takes the class of each irreducible curve to its degree.

If D ⊂ X is a curve that does not pass through p, then the projection
from p is a finite map from D to C, and it follows that the degree of D is
even. Thus any cycle of dimension 1 on X whose support does not contain
p has even degree, and cannot be rationally equivalent to L.
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FIGURE 5.8. The degree of intersection of two lines on a quadric cone is 1/2

Continuing with the notation of Example 5.18, one might hope to define
an intersection product on A(X) anyway. It seems natural to think that
since two distinct lines L,L′ through p meet in the reduced point p, we
would have [L][L′] = [p]. However, if ζ is the class of a general hyperplane
section H ∩X of X through p, then (since such a hyperplane meets each L′

transversely in one point) we might also expect ζ[L′] = [p]. We can’t have
both these things, for, if we did then

[p] = ζ[L′] = 2[L][L′] = 2[p]

since ζ is rationally equivalent to the union of two lines through p. This
contradicts the fact that the degree map is well defined on A0(X).

In some sense the problem here is that the intersection of the lines L
and L′, though reduced, takes place at a singular point of X. Note that in
our requirement (*) of Section 5.1 we only insisted that [A][B] = [A ∩ B]
when the generic points of the intersection were smooth points of X. And
in fact we can define at least a numerical intersection product on A(X) for
any normal surface, satisfying (*), as long as we allow intersection numbers
to be rational rather than integral. In the example above, for instance, we
could have defined the intersection number of two lines through the p to be
1/2 instead of 1, and everything would have worked. See (Example 8.3.11
of Fulton [1984]) for a general statement.

In higher dimensions, however, the situation becomes truly intractable,
as the following example shows.

Example 5.19. Let Q ⊂ P3 be a smooth quadric surface and let X = pQ
be the cone in P4 with vertex p /∈ P3. The quadric Q contains two families
of lines {Mt} and {Nt}, and the cone X is correspondingly swept out by
the two families of 2-planes {Λt = pMt} and {Γt = pNt}; see Figure 5.9.
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FIGURE 5.9. Cycles whose intersection product cannot be defined

Now, any line L ⊂ X not passing through the vertex p maps, under
projection from p, to a line of Q; that is, it must lie either in a plane Λt
or in a plane Γt; lines on X that do pass through p lie on one plane of
each type. Note that since lines Mt and Mt′ ⊂ Q of the same ruling are
disjoint for t 6= t′, while lines Mt and Nt′ of opposite rulings meet in a
point, a general line M ⊂ X lying in a plane Λt is disjoint from Λt′ for
t 6= t′ and meets each plane Γs transversely in a point, so that if there were
any intersection product on A(X) satisfying the fundamental condition (*)
of Section 5.1, we would have

[M ][Λt] = 0 and [M ][Γt] = [q]

for some point q ∈ X. Likewise, for a general line N ⊂ X lying in a plane
Γt, the opposite would be true; that is, we would have

[N ][Λt] = [r] and [N ][Γt] = 0.

But the lines M and N—indeed, any two lines on X—are rationally
equivalent! Specifically, the line M can be rotated in the plane Λt until it
passes through the point p, at which point it also lies in a plane Γs; it can
then be rotated to an arbitrary line in Γs. Since by Corollary 4.16 a point
cannot be rationally equivalent to zero on X, we have a contradiction.

How much can one recover from these problems? The current state of the
art is to define an intersection product [A][B] for subvarieties of a singular
variety only when one of A,B is “regularly embedded,” or in other words
“locally a complete intersection” in X. This leads to a notion of Chow
cohomology groups A∗(X), which play a role relative to the Chow groups
analogous to that of cohomology relative to homology in the topological
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context: we have intersection products

Ac(X)⊗Ad(X)→ Ac+d(X)

and

Ac(X)⊗Ak(X)→ Ak−c(X)

analogous to cup and cap products in topology. In the present volume we
will avoid all this by sticking for the most part to the case of intersections
on smooth varieties, where we can simply equate Ac(X) = AdimX−c(X);
for the full treatment, see Fulton [1984] Chapters 6, 8 and 17, and, for a
visionary account of what might be possible, Srinivas [to appear].

5.6 Proof of the Moving Lemma

5.6.1 Preliminaries

Ambient cycles. In the proof of the Moving Lemma, we will make use of
a class of cycles on X that are easy to move:

Definition 5.20. Let X ⊂ PN be a smooth quasiprojective variety. An
ambient cycle on X is a cycle expressible as a linear combination D =∑
mi〈D̃i ∩ X〉, where D̃i is a subvariety of PN that meets X generically

transversely.

Since the subvarieties D̃i ⊂ PN can be moved around by applying au-
tomorphisms of PN , we can find lots of representative cycles for the class
[D] of an ambient cycle. In particular, we can apply the construction of
dynamic projection (Corollary 4.6) to obtain the following:

Lemma 5.21. Let X ⊂ PN be a quasiprojective variety of dimension n.
If D̃ ⊂ PN is a subvariety of dimension m and degree d that is generically
transverse to X, then the ambient cycle D := 〈D̃∩X〉 is rationally equiva-

lent in X to a cycle of the form
∑d
i=1〈Li〉 where the Li are the intersections

of X with distinct m-planes L̃i, and ∪di=1L̃i is generically transverse to X.

Proof. If n + m < N then, since D̃ is generically transverse to X we will
have D̃ ∩X = ∅. In this case the result is trivial, so we will assume that
n+m ≥ N .

Let A,R ⊂ PN be general planes of dimension m− 1 and N −m respec-
tively. Dynamic projection (Corollary 4.6) produces an irreducible family
Z ⊂ P1 × PN that is a rational equivalence between D̃ and L̃ := ∪di=1L̃i,
where the L̃i are the spans of A with the points of the intersection R ∩ D̃.
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We will show that L̃ is generically transverse to X. Given this, Lemma 5.27
implies that D is rationally equivalent to the cycle 〈L̃ ∩X〉 =

∑d
i=1〈Li〉.

It remains to show that L̃ and X are generically transverse when A ∈
G(m−1,PN ) and R are chosen generally. To this end let D̃◦ = D̃\(D̃∩X)
and consider the incidence correspondence Λ defined by

Λ = {(A, p, x) ∈ G(m− 1,PN )× D̃◦ ×X | q ∈ Ap}

The fiber of Λ over a point (p, x) ∈ D̃◦ × X is the set of (m − 1)-planes
meeting the line p x, an irreducible subvariety of the Grassmannian, so Λ
is irreducible.

Since D̃ is generically transverse to X, a general point of D̃ (and thus
also of D̃◦) is not contained in the tangent plane to a general point x of X.
Thus for such a point p, and a general choice of (m − 1)-plane A meeting
the line p x, the span Ap is transverse to X at q. It follows that the subset

Λ′ = {(A, p, x) ∈ Λ | Ap is not generically transverse to X at x}

has smaller dimension than Λ. Let VA be the set of points p ∈ D̃◦ such that
the fiber of Λ over (A, p) is contained in Λ′. The inequality of dimensions
shows that for general A the set VA is contained in a proper closed subset
of D̃◦. If we choose the repelling plane R generally then it will meet D̃ in
only finitely many points, and will miss both D̃∩X and VA. Thus for every
point pi ∈ D̃ ∩ R the plane L̃i = Api is generically transverse to X, as
required.

Re-embedding X. As suggested in the discussion of ambient cycles, we’ll
be considering intersections of X ⊂ PN with other subvarieties of PN . It
will be convenient to begin by making sure that X is embedded in a good
way in projective space, using the next Lemma. See Exercise 5.31 for a
natural generalization.

Lemma 5.22. Let ν3 : PN → PM be the third Veronese map. If X ⊂ PN
is a smooth variety, then no three points of ν3(X) are collinear, and the
tangent spaces to X at distinct points of ν3(X) are disjoint.

Proof. We may as well assume that X = Pn. We claim first that any finite
subscheme Y of degree m ≤ 4 in PN imposes independent conditions on
cubics. In terms of the homogeneous coordinate ring SY of Y , this means
that the component (SY )3 of degree 3 has dimension m. To see this, note
that if l is a linear form on PN not vanishing on Y , then R := SY /(l) is a
homogeneous algebra of vector space dimension

∞∑
d=0

dimK Rd = m ≤ 4.
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If Rd = 0 for some particular d ≥ 1, then Re = 0 for all e ≥ d, because R
is generated as an algebra in degree 1. Thus the infinite sum above can be
truncated after the 4-th term,

3∑
d=0

dimK Rd = m.

From the exact sequence

0→ SY (−1)→ SY → R→ 0

we see by an induction starting from e = 0 that

dimK(SY )e =
∑
d≤e

dimK Rd.

In particular, dimK(SY )3 = m as required.

Since linear forms on PM pull back to cubics on PN , it follows that
subschemes of length m ≤ 4 of ν3(PN ) impose independent conditions on
linear forms. In particular, no subscheme of ν3(PN ) of length ≥ 3 can be
contained in a line, and no subscheme of length ≥ 4 can be contained in a
2-plane.

If the tangent spaces to ν3(PN ) at points p, q met in some point r, then
the lines L1 = p r and L2 = q r would be contained in a 2-plane, and this
plane would contain the subscheme (L1 ∩ Y ) ∪ (L2 ∩ Y ). This scheme has
length at least 4, a contradiction.

Standing Hypothesis: Henceforth in this section we will assume that
X ⊂ PN is a smooth, quasiprojective variety of dimension n, that no three
points of X are collinear in PN , and that any two tangent planes to X at
distinct points, regarded as n-dimensional projective subspaces of PN , are
disjoint.

5.6.2 Part (a) of the Moving Lemma

To prove the first part of the Moving Lemma, it will turn out to suffice to
start with an arbitrary pair of subvarieties A,B ⊂ X and construct a cycle
A′ that intersects B generically transversely and is rationally equivalent
to A. (As we’ll see in the course of the proof, if we can construct an A′

generically transverse to one subvariety B, we can find one generically
transverse to any given finite collection of subvarieties.)

In the course of the proof of Part (a) of the Moving Lemma we will
actually prove a slightly stronger statement. We record it here:

Theorem 5.23 (Sharp Moving Lemma, Part (a)). If A,B are subvarieties
of a smooth quasiprojective variety X, with A of dimension a, then 〈A〉 can
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be written as 〈D〉−〈A′〉 where 〈D〉 is an ambient k-cycle and where A′ is a
scheme that is generically transverse to B such that A′∩B does not contain
any component of A ∩B.

The essential ingredient in our proof of the Moving Lemma is a process
called the cone construction, due originally to Severi and used in every
proof (and attempted proof) of the Moving Lemma we know of. The cone
construction expresses the cycle 〈A〉 on X as a difference 〈D〉 − 〈A′〉 of
an ambient cycle 〈D〉 and a “residual” cycle 〈A′〉 that is better situated
with regard to B; iterating this process, we’ll arrive at the statement of the
Sharp Moving Lemma.

The cone construction itself is straightforward: we take Γ ∼= PN−n−1 ⊂
PN a general (N −n− 1)-plane, and let D̃Γ = ΓA be the cone over A with
vertex Γ. As we’ll see in Lemma 5.24 , the intersection

DΓ = D̃Γ ∩X

will be generically reduced of pure dimension a, so that 〈DΓ〉 will be an
ambient cycle. (We can also express DΓ in terms of the projection from Γ:

DΓ = π−1
Γ (πΓ(A)),

where πΓ denotes the projection with center Γ.) Since DΓ has pure dimen-
sion a, A will be an irreducible component of DΓ and we can write

〈DΓ〉 = 〈A〉+ 〈A′Γ〉

with A′Γ ⊂ X the union of the remaining irreducible components of DΓ.

The key here is to show that if A is not already generically transverse
to a given cycle B on X, the residual scheme A′Γ will be “more transverse
than A” to B; this is the content of Lemma 5.25 below, the heart of the
Moving Lemma. Further, the ambient cycle DΓ can be moved so as to
become transverse to B, using Lemma 5.21.

Most of the salient points in the arguments below are already present in
the very simplest case, with n = 2 and N = 3 (that is, X ⊂ P3 a smooth
surface), and A = B ⊂ X a (possibly) singular curve. The reader may want
to picture this case in going through the argument—see Figures 5.4 and
5.5.

We fix the following notation: Let A ⊂ X ⊂ PN be a proper subvariety of
dimension a. Let G = G(N−n−1,PN ) be the Grassmannian of N−n−1-
planes in PN , and let G∗ ⊂ G be the set of (N−n−1)-planes in PN that do
not meet X. For Γ ∈ G∗ we let πΓ : X → Pn be the linear projection with
projection center Γ. Set DΓ := π−1

Γ (πΓ(A) = X ∩ ΓA. The next Lemma
shows that,when Γ is general, DΓ is generically reduced, and thus defines
an ambient cycle on X.
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FIGURE 5.4. Cone Construction (not showing the cone)

Γ

A A′

X ⊂ P3

ΓA

ΓA ∩X = A+A′

FIGURE 5.5. The cone construction (in this case the cone is a plane.) ****Silvio:
Equation should be D = ΓA ∩X = A+A′****
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A A′

X
A+A′ ∼ E

FIGURE 5.6. Illustration of the Moving Lemma ****the dotted conic in the
middle should be labeled E AND this should be amalgamated with Fig 2.2****

Lemma 5.24. There is a dense open set of Γ ∈ G∗ such that DΓ :=
π−1

Γ (πΓ(A)) is generically reduced of pure dimension a.

Proof. By Theorem 0.2, the components of DΓ have codimension at most
the codimension of πΓ(A). Since πΓ is quasifinite, every irreducible compo-
nent of DΓ is of pure dimension a = dimA.

It suffices to show that there exists a plane Γ disjoint from X such that
DΓ is generically reduced. To find such a Γ, we first choose a general point
p of A; then we choose a general plane Σ of dimension N −n containing p;
and finally we take Γ to be a general hyperplane of Σ, so that Σ = Γ p.

Being a general (N − n)-plane through p, Σ meets X transversely at p;
and as it’s the intersection of n general hyperplanes through p, Bertini’s
Theorem 0.5 implies that Σ meets X transversely away from p. Thus Σ
meets X transversely and π−1

Γ (πΓ(p)) = Σ ∩ X is a finite collection of
reduced points.

Since dimA < codim Σ and Σ is a general plane through p we see that
Σ ∩ A = {p}, and TpA ∩ TpΣ = 0. It follows that the map πΓ|A : A → Pn
is one-to-one over πΓ(p) and that πΓ|A has injective differential at p. Thus
πΓ(p) is a smooth point of πΓ(A), and the tangent space to πΓ(A) at πΓ(p)
is the image of TpA under πΓ.

Since πΓ(A) is smooth at πΓ(p) and the fiber π−1
Γ (πΓ(p)) = Σ ∩ X is

reduced, DΓ = π−1
Γ (πΓ(A)) is smooth at each point q of π−1

Γ (πΓ(p)). We
claim that there is such a point on each component of DΓ. Since πΓ is
quasifinite and every component Ai of DΓ has the same dimension as A,
every component of DΓ dominates πΓ(A). Since πΓ(p) is a general point
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of πΓ(A), every component of DΓ must contain a point of π−1
Γ (πΓ(p)) as

claimed. Thus π−1
Γ (πΓ(A)) is generically reduced.

Lemma 5.24 implies that

〈A〉 = 〈DΓ〉 − 〈A′Γ〉

as cycles, where A′Γ is a generically reduced scheme of pure dimension a
that does not contain A, and DΓ is an ambient cycle.

Since the cycle DΓ produced in the cone construction is ambient, it is
rationally equivalent to a cycle of the form d[L], where L is a general plane
of appropriate dimension. By Bertini’s Theorem, L can be chosen transverse
to any finite collection of subvarieties of X.

Now let B ⊂ X be a fixed subvariety, and again suppose that A′Γ, DΓ

are produced from A ⊂ X ⊂ PN by the cone construction with respect
to a plane Γ ∈ G∗. The central argument of the proof of the Moving
Lemma is the next Lemma, which shows that, for general Γ, the scheme
A′Γ meets B “more transversely” than does A: although A′Γ ∩ B may still
have components where the intersection is non-transverse or of the wrong
dimension, they will at least be smaller than those of A ∩B.

Lemma 5.25 (Heart of the Moving Lemma). With notation and hypothe-
ses as above there is a dense open set of Γ ∈ G∗ such that:

(a) The irreducible components of A′Γ ∩ B that are contained in A have
dimension < dim(A ∩ B). In particular, if A is already dimensionally
transverse to B then no component of A′Γ ∩B is contained in A.

(b) The irreducible components of A′Γ ∩B that are not contained in A are
generically transverse intersections of A′Γ and B.

Proof. (a): By choosing Γ not to meet the tangent planes of X at one
chosen point of each component of A ∩ B, we can ensure that the map
πΓ : X → Pn is nonsingular at those points, and thus those points do not
lie in A ∩ A′Γ. It follows that A′Γ ∩ A ∩ B has codimension strictly greater
than A ∩B, proving the first statement of part (a).

If A and B are dimensionally transverse, then codim(A∩B) = codimA+
codimB. Since X is smooth, every component of A′Γ ∩B has codimension
≤ codimA+ codimB, proving the second statement of part (a).

(b): By Lemma 5.24, there is a dense open subset G′ ⊂ G∗ such that the
scheme A′Γ is generically reduced whenever Γ ∈ G′.

We will prove that for general Γ the scheme DΓ, or equivalently the
scheme A′Γ, is generically transverse to the scheme B∗ := B \A ∩B.

We can study the intersection A′Γ ∩B∗ through the incidence correspon-
dence that measures the set of pairs mapping to the same point under
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projection from Γ:

Ξ : =
{

(Γ, p, q) ∈ G′ ×A×B∗ | πΓ(p) = πΓ(q)
}

=
{

(Γ, p, q) ∈ G′ ×A×B∗ | Γ ∩ p q 6= ∅
}
.

The fiber of Ξ over any point Γ ∈ G′ is

FΓ := {(p, q) ∈ A×B∗ | πΓ(p) = πΓ(q)}.

Since πΓ is a finite map, the projection (p, q) 7→ q maps FΓ finite-to-one
onto A′Γ ∩ B∗. Since every component of A′Γ has dimension equal to the
dimension of A, and X is smooth, Theorem ?? shows that every component
of A′Γ ∩ B∗ has dimension ≥ dimA+ dimB − n, so the same goes for the
components of FΓ.

Of course if the image of Ξ in G′ were not dense, then the generic fiber
would be empty, so A′Γ∩B∗ would be empty for generic Γ, and there would
be nothing further to prove; thus we may assume the projection Ξ → G′
is dominant. To understand this case, we will compute the dimension of Ξ
and of its fibers over G′.

To do this, observe that the variety Ξ surjects to A × B∗ with fiber
over p, q equal to the Schubert cycle Σn(p q). By Theorem 3.1, Σn(p q) has
codimension n in the Grassmannian, so

dim Ξ = dimA+ dimB + dimG− n.

Since we’re assuming the projection Ξ → G′ has dense image, it follows
that

dimFΓ ≤ dimA+ dimB − n.

On the other hand, FΓ maps finite-to-one onto A′Γ ∩B∗, which has dimen-
sion at least dimA + dimB − n everywhere. Thus, after replacing G′ by
a dense open subset, we may assume that for Γ ∈ G′ every component of
DΓ ∩B∗ = A′Γ ∩B∗ has dimension exactly dimA+ dimB − n; that is, the
intersections are dimensionally transverse.

The next step is to characterize when a point q ∈ DΓ ∩ B∗ is a non-
transverse point of intersection; this is done in the following lemma.

Lemma 5.26. With πΓ : X → Pn and A,B,DΓ ⊂ X as above, suppose
that p ∈ A and q ∈ π−1π(p) ⊂ DΓ, with q /∈ A. If:

1) B is smooth at q;

2) π(A) is smooth at π(p); and

3) The three linear subspaces Γ, TpA and TqB together span PN ,

then the subvarieties DΓ and B meet transversely at q.
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Proof. Let EΓ be the cone over A with vertex Γ. Because q ∈ π−1π(p),
hypothesis 2 implies that EΓ is smooth of dimensionN−n+dimA at q, with
tangent space the span of Γ and TpA. By hypothesis 1, the tangent space
TqB has dimension dimB. By hypothesis 3, the span of TqEΓ and TqB
is all of PN , and so the intersection TqEΓ ∩ TqB has dimension dimEΓ +
dimB − N = dimA + dimB − n. On the other hand, DΓ ∩ B = EΓ ∩ B
has dimension dimA+ dimB− n at q; it follows that DΓ ∩B is smooth of
dimension dimDΓ + dimB− n = dimA+ dimB− n at q. Thus DΓ and B
meet transversely at q.

To prove that for generic Γ the intersections are in fact generically trans-
verse, we introduce the incidence correspondence of triples consisting of a
“bad” subspace Γ together with points p ∈ A and q ∈ B∗ that constitute
a “reason” why Γ is “bad.” That is, we set

Ψ : = {(Γ, p, q) ∈ G′ ×A×B∗ | πΓ(p) = πΓ(q)

and DΓ is not transverse to B at q}.

We must show that the image of Ψ in G′ is not dense, which we will do
by proving that dim Ψ < dimG′. Note that Ψ ⊂ Ξ, and that if Γ is in the
image of Ψ, then the fiber of Ψ over Γ is equal to the corresponding fiber
FΓ of Ξ. It thus suffices to show that dim Ψ < dim Ξ.

To this end, we let Ψi ⊂ G′, for i = 1, 2, 3, be the set of planes not
satisfying condition i of Lemma 5.26, so that Ψ ⊂ Ψ1 ∪Ψ2 ∪Ψ3. Thus, to
start with,

Ψ1 = {(Γ, p, q) ∈ Ξ | q ∈ Bsing}.

As for Ψ2, the image π(A) can be singular at π(p) only if at least one of
the following three things occurs:

(2a) q ∈ Γ p with p a singular point of A;

(2b) q ∈ Γ p for two or more distinct points p ∈ A; or

(2c) q ∈ Γ p, p ∈ Asm and Γ ∩ TpA 6= ∅.

Accordingly we set

Ψ2a = {(Γ, p, q) ∈ Ξ | p ∈ Asing}.

Ψ2b = {(Γ, p, q) ∈ Ξ | ∃p′ 6= p ∈ A with Γ ∩ p′ q 6= ∅}.

and

Ψ2c = {(Γ, p, q) ∈ Ξ | p ∈ Asm and Γ ∩ TpA 6= ∅}.

Finally, even if both DΓ and B are smooth at q, the intersection may
still fail to be transverse. When DΓ is smooth at q the tangent plane to the
cone AΓ at q is the span of Γ and the tangent space TpA. This span fails
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to intersect B transversely at q, only if the three linear spaces Γ, TpA and

TqB fail to span all of PN . From our hypothesis on the embedding of X
it follows that TpA and TqB are disjoint. Thus a necessary condition for
non-transversality at q in the case where DΓ and B are both smooth at q
is that Γ is not transverse to TpATqB. Since dimTpATqB = a+b+1 and
dim Γ = N − n, the relevant set is

Ψ3 =

(Γ, p, q) ∈ Ξ |
p ∈ Asm,

q ∈ Bsm; and

dim(Γ ∩ TpATqB) > a+ b− n ≥ 0


We can compute the dimension of Ψ1 and Ψ2a just as we computed the

dimension of Ξ itself. Since A and B are reduced, the sets Asing and B∗sing

have strictly smaller dimension than A and B∗. Since the fiber over (p, q)
of the projection Ξ→ A×B∗ is an open subset of a Schubert cycle Σn(p q),
it has codimension n in G so Ψ1 and Ψ2a have strictly smaller dimension
than Ξ.

The sets Ψ2c and Ψ5 dominate Asm×B∗, but with strictly smaller fibers
than Ξ: By our hypothesis on the embedding of X in PN we have q /∈ TpA.
Also p /∈ Γ. If Γ ∩ TpA 6= ∅ then, in addition to meeting the line p q in at
least a point, Γ must intersect the (a + 1)-plane TpAq in at least a line.
Similarly, a plane Γ in the fiber of Ψ3 over a point (p, q) ∈ Asm × B∗sm
not only belongs to Σn(p q) but also meets TpATqB in at least a line. By
Theorem 3.1, this implies in either case that that Γ belongs to a proper
closed subvariety of Σn(p q), as required.

To handle Ψ2b we introduce one more incidence correspondence. Set

Ψ̃2b =

(Γ, p, p′, q) ∈ G′ ×A×A×B∗ |
p 6= p′,

Γ ∩ p q 6= ∅, and

Γ ∩ p′ q 6= ∅


so that Ψ2b is the image of Ψ̃2b under projection to G′×A×B∗. It suffices
to show that dim Ψ̃2b < dim Ξ.

To estimate the dimension of Ψ̃2b, consider the projection to A×A×B∗.
By our hypothesis on the embedding of X in PN , three distinct points
p, p′, q ∈ X span a 2-plane containing p q. The intersection of Γ with p q
cannot occur at q, so Γ must meet this 2-plane in at least a line. Thus
the fiber over (p, p′, q) consists of planes Γ contained in Σn,n(p p′ q), which
has codimension n in Σn(p q). Comparing this situation with that in the
computation of the dimension of Ξ, we see that dim Ψ3 ≤ dim Ξ + a− n <
dim Ξ, completing the proof.
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This completes the proof of Lemma 5.25; from here on in the argument
is reasonably straightforward. To begin with, we can now deduce the Sharp
Moving Lemma, and hence the first part of Theorem 5.4.

Proof of Theorem 5.23. We may immediately reduce to the case where A
is reduced and irreducible. By Theorem 0.2 each A ∩ Bi has dimension at
least dimA+ dimB − n.

We do induction on the maximum of the “excess” dimensions,

m := max
i
{dim(A ∩Bi)− (dimA+ dimBi − n)} ≥ 0.

The cone construction, with general Γ, yields an expression

A = DΓ −A′Γ,

where DΓ is an ambient cycle. By Lemma 5.21, DΓ ∼ d[L∩X], where L is
a generic plane; in particular L ∩X is generically transverse to B.

Lemma 5.25 tells us that if m = 0 then A′Γ is generically transverse to
each Bi. Further, if m > 0, then the maximum of the excess dimensions for
the intersections of A′Γ with the Bi,

m′ := max
i
{dim(A′Γ ∩Bi)− (dimA′Γ + dimB − n)} < m,

so we are done.

5.6.3 Part (b) of the Moving Lemma

The second part of the statement of the Moving Lemma 5.4 may seem at
first to be the more mysterious, but in fact it will follow from the first part.
The key is to give a sufficient condition for a rational equivalence between
cycles A and A′ on X to “restrict” to a rational equivalence between the
intersection cycles A ∩B and A′ ∩B on a subvariety B ⊂ X, which is the
content of the following Lemma—see Figure 5.1.

Lemma 5.27. Let X be a quasiprojective variety, and let A and A′ be
pure dimensional cycles on X. Suppose that Z =

∑
miZi ∈ Z(P1×X) is a

linear combination of subvarieties Zi giving a rational equivalence between
A and A′; that is, such that Z ∩ ({0} ×X) = A and Z ∩ ({∞}×X) = A′.
If B is a subvariety of X that is generically transverse to Zi ∩ ({0} ×X)
and Zi ∩ ({∞}×X) for all i, then A∩B is rationally equivalent to A′ ∩B
as cycles on B (and hence also as cycles on X).

Proof of Lemma 5.27. We may harmlessly discard all the Zi except those of
dimension dimZi = 1+dimA. The schemes Zi∩({0}×B) and Zi∩({∞}×
B) are Cartier divisors on Zi∩(P1×B) and are reduced. It follows that there
is an open set U ⊂ P1 containing 0,∞ such that Zi∩ (U ×B) is generically
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FIGURE 5.1. Restriction to a smooth subvariety preserves rational equivalence
because the restriction of a transverse rational equivalence gives a rational equiv-
alence

reduced and of dimension 1 + dim(A ∩B). Thus
∑
mi(Zi ∩ (U × B)) is a

rational equivalence between A ∩B and A′ ∩B as cycles on B.

Note that even if B is dimensionally transverse to the cycle Z ∩ ({0} ×
X), it need not be dimensionally transverse to the individual intersections
Zi ∩ ({0} × X): there may be cancellation among the components of the
cycles Zi ∩ ({0} ×X), as illustrated in Figure ??. This is why we have to
require the stronger condition that Zi ∩ ({0} × X) and Zi ∩ ({∞} × X)
intersect B generically transversely for all i.

Proof of Theorem 5.4 Part (b). We must show that if A and A′ are ratio-
nally equivalent cycles on X and B is a cycle generically transverse to
both, then A ∩ B is rationally equivalent to A′ ∩ B. By definition, there
exists a rational equivalence Z =

∑
miZi ∈ Z(P1 ×X), a linear combina-

tion of subvarieties Zi dominating P1, such that Zi ∩ ({0} ×X) = A and
Zi∩({∞}×X) = A′. By Lemma 5.25, we may apply the cone construction
to B to get an ambient cycle D and a cycle B′ with [B] = [D] − [B′] and
such that B′ is generically transverse to Zi∩ ({0}×X) and Zi∩ ({∞}×X)
for all i. By Lemma 5.21, D is equivalent to a cycle d〈L〉, where L is a gen-
eral linear section of X and is thus generically transverse to Zi ∩ ({0}×X)
and Zi ∩ ({∞} ×X) for all i. Applying Lemma 5.27 twice, we get

[A ∩B] = [A ∩D]− [A ∩B′]
= d[A′ ∩ L]− [A′ ∩B′]
= [A′ ∩B].

This completes the proof of the Moving Lemma.
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FIGURE 5.2. S ∪ T defines a rational equivalence between the cycles A and
A′+B−C, and Z ∪B is transverse to A, but (S ∪T )∩ (Z ∪B) does not restrict
to an equivalence between A ∩ (Z ∪B) and A′ ∩ (Z ∪B).

5.7 Transversality for morphisms

The following result, in conjunction with the Moving Lemma, will show
that, in the presence of separability, we can “move” cycles to be generically
transverse to maps (see Figure 5.3).

Lemma 5.28. Let f : Y → X be a generically separable morphism of
quasiprojective varieties. There is a finite collection of subvarieties Bi of
X such that if a cycle A on X is generically transverse to each Bi, then A
is generically transverse to f .

Proof. We begin by making the subvarieties Bi explicit: We will show that
A is generically transverse to f as long as it is generically transverse to
f(Y ) and dimensionally transverse to the loci where the fibers of f or the
fibers of the restriction of f to the singular set of Y are “too large.”

More precisely, suppose that the fiber of f over a general point x ∈ f(Y )
has dimension k, so that dimY = k+ dim f(Y ). For each l > k, let Yl ⊂ Y
the the proper closed set

Yl := {y ∈ Y | dim f−1(f(y)) ≥ l},
which is closed in Y by the semicontinuity of fiber dimension, and let
Φl ⊂ f(Y ) be the closure in X of f(Yl).

Let U ⊂ X be the open set X \ Φk+1, and let YU = f−1(U), so that
every irreducible component of every fiber of f |YU has dimension exactly
k. Further, set

sing(f) := {y ∈ YU | y is a singular point of f−1(f(y))},
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FIGURE 5.3. The Moving Lemma allows us to make a subvariety transvserse to
a map

which is a closed subset of YU because it is the locus where the map of
vector bundles TYU → (f∗TX)|YU drops rank. Finally, consider the closed
subset

(sing(f))k = {y ∈ Y | dim(sing(f)) ∩ f−1(f(y)) ≥ k}

and let Ψ be the closure in U of f((sing(f))k).

Suppose that A is generically transverse to f(Y ) and dimensionally trans-
verse to each Φl and Ψ. With this hypotheis, we claim that A is generically
transverse to f . Since each of f(Y ), f(Yl) and Ψ are constructible in X
(Eisenbud [1995] Corollary 14.5) each contains an open set of its closure,
so the statement that A meets one of the closures dimensionally trans-
versely or generically transversely is easy to interpret.

We may assume that A is the cycle associated to a reduced closed sub-
scheme of X. To simplify the notation, we may further replace X by f(Y ),
and (by generic transversality) assume again that A is the cycle associated
to a reduced subscheme.

To prove the claim, we first show that Φl has codimension ≥ l − k + 1.
This is because, for l > k,

Yl = {y ∈ Y | dim f−1(x) ≥ l}

is a proper closed subset, so dim Φl + l < dimY = dimX + k,

Next we note that if the fiber over a point x ∈ U has a nonreduced
component, then the fiber is singular all along this component, which has
dimension k; thus x ∈ Ψ. Further, sing(f) is a proper closed subset of YU
because f is generically separable. Since YU is irreducible, dim sing(f) <
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dimYU . Thus the generic fiber of f |sing(f) has dimension < k, so Ψ is a
proper subset of U .

Now suppose that A is dimensionally transverse to each of the subva-
rieties Φl and Ψ, and let A′ be a component of A. We must show that
f−1(A′) has dimension k + dimA′ and is generically reduced. For the di-
mension statement we use the estimate on the codimension of A′ ∩Φl. For
l > k this yields

dim(A′ ∩ Φl) ≤ dimA′ − l + k − 1,

from which it follows that

dim
(
f−1(A′ ∩ Φl)

)
≤ dimA′ + k − 1.

Since every component of f−1(A′) will have dimension at least dimA′+ k,
it follows that no component of f−1(A′) is contained in f−1(Φl) for l > k,
and hence

dim f−1(A′) = dimA′ + k,

as required.

Let B ⊂ f−1(A′) be an irreducible component, and let fB be the re-
striction of f to B. We must show that B is generically reduced. Since
B 6⊂ f−1(Φl) for l > k, the general fiber of fB has dimension k, so the
image f(B) has the same dimension as A′, and thus f(B) contains a dense
subset of A′.

Let b ∈ B be a general point; we will show that B is smooth at b. We see
from the previous paragraph that f(b) is a general point of A′; in particular,
f(b) is a smooth point of A′. Further, by dimensional transversality, f(b)
is not contained in Ψ. Thus b is a smooth point of f−1f(b), and the kernel
of the differential

TB,b → TA′,f(b)

has dimension k. Since dimTA′),f(b) = dimA′ we see that dimTB,b ≤ k +
dimA′ = dimB, so b ∈ B is a smooth point.

Proof of Theorem 5.8 Part (a). By the Moving Lemma and Lemma 5.28,
the classes of subvarieties A that are generically transverse to f generate
A(X) as an abelian group, so there is at most one group homomorphism
f∗ : A(X)→ A(Y ) such that f∗[A] = [f−1(A)] for such subvarieties.

Let Γf ⊂ Y ×X be the graph of f and consider the projections

Γf ⊂ Y ×X

Y
� πY

X.

π
X -
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Since πX is flat and πY is proper, there are group homomorphisms (πY )∗
is as in Theorem 4.15 and (πX)∗ is as in Theorem 4.21. We define f∗ by
pulling back a class via πX , multiplying with the class of Γf and then
pushing forward via πY , that is,

f∗[A] := (πY )∗((π
∗
X [A]) [Γf ]).

We begin by checking that f∗ has the desired form f∗[A] = [f−1(A)]
when A is generically transverse to f . In general we have

f−1(A) = πY (π−1
X (A) ∩ Γf ),

and since the restriction of πY to Γf is an isomorphism, this yields

[f−1(A)] = πY ∗[π
−1
X (A) ∩ Γf ].

If A is generically transverse to f then π−1(A) is generically transverse to
Γf , so

[π−1
X (A) ∩ Γf ] = [π−1

X (A)] [Γf ],

and thus

[f−1(A)] = (πY )∗([π
−1(A)] [Γf ]) = f∗[A],

as required.

To show that f∗ is a ring homomorphism, let α, β ∈ A(X). We claim that
α and β can be represented by cycles A and B that are generically trans-
verse to one another such that, in addition, A,B and A∩B are generically
transverse to f . Indeed, let {Bi} be, as in Lemma 5.28, a finite collection
of cycles such that a cycle is generically transverse to f if it is generically
transverse to each Bi. By the Moving Lemma we can choose a cycle A
representing α and generically transverse to each Bi. Again by the Moving
Lemma we can then choose B generically transverse to A, to all the Bi and
to all the cycles A ∩ Bi. It follows that A ∩ B is generically transverse to
each Bi as claimed.

With these choices f−1(A) and f−1(B) intersect generically transversely
and hence

(f∗α)(f∗β) = [f−1(A)][f−1(B)]

= [f−1(A) ∩ f−1(B)]

= [f−1(A ∩B)]

= f∗(αβ).

This completes the proof of Part (a) of Theorem 5.8

Part (b) The definition of the pullback map allows us to reduce state-
ments about intersection products to statements about the intersections of
subsets. For example, the push-pull formula

f∗
(
f∗(α)β

)
= αf∗(β)
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corresponds to the set-theoretic equality

f(f−1(A) ∩B) = A ∩ f(B),

for subsets A ⊂ X and B ⊂ Y . Of course to prove the equality of cycles that
corresponds to the push-pull formula, we need to have enough transversality
(which is possible through the Moving Lemma) and to take care of degrees.

To carry this out, note first that the formula is linear in β, so we can
immediately reduce to the case where β is the class of an irreducible sub-
variety B. We may assume by the Moving Lemma that B is generically
transverse to the generic fiber of f and thus is generically separable over
its image in X (of course this is automatic in characteristic 0). Using the
Moving Lemma and linearity, together with Lemma 5.28, we may assume
further that α = [A] where A ⊂ X is a variety generically transverse to f
to f |B , and to f(B). Because A is generically transverse to f |B we see that
f−1(A) is generically transverse to B.

Suppose now that B is generically finite of degree d over f(B). Because
A is transverse to f |B the cycle f−1(A) ∩ B is also generically finite, and
of the same degree d, over its image A ∩ f(B). In this case, the proof is
concluded by the series of equalities below, whose justifications are given
on the right.

f∗(f
∗(α)β) = f∗([f

−1(A)]β) A generically transverse to f

= f∗([f
−1(A) ∩B]) f−1(A) generically transverse to B

= d[f(f−1(A) ∩B)] definition of f∗

= d[A ∩ f(B)] set-theoretic equality

= [A ∩ f∗(B)] definition of f∗

= αf∗(β) A generically transverse to f(B).

If on the other hand B is not generically finite over f(B), then by the
semi-continuity of fiber dimension, f−1(A)∩B is not generically finite over
A ∩ f(B). Thus the chain of equalities above is valid with d = 0.

Proof of Proposition 5.5. As in the last part of the proof of part a) of The-
orem 5.8, we see from Lemma 5.28 that any classes α, β ∈ A(X) may be
represented by cycles A,B such that A,B are generically transverse and
A,B and A ∩ B are generically transverse to f . It follows that f−1(A)
is generically transverse to f−1(B), so while αβ is represented by A ∩ B
f∗(α)f∗(β) is represented by f−1(A) ∩ f−1(B) = f−1(A ∩B).
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5.8 Multiplicity in the Cohen-Macaulay case

The notion of ambient cycle, introduced in the proof of the Moving Lemma,
is a generally useful one; as an application, we can give proofs of Theo-
rems 5.10 and 5.12 on intersections and pullbacks with multiplicities.

Proof of Theorem 5.10. By Theorem 5.23 there is an equality of cycles
〈A〉 = 〈D〉 − 〈A′〉 where D is an ambient cycle and A′ is a scheme that is
generically transverse to B and does not contain any component of A∩B.
Since A′ is generically transverse to B, the intersection A′ ∩ B is gener-
ically Cohen-Macaulay. Because of this we do not change the associated
cycle D ∩ B by removing from X the closed subset of D ∩ B where it is
not Cohen-Macaulay. Thus, we may assume from the outset that D ∩B is
Cohen-Macaulay.

Since D is ambient there is a subscheme D ⊂ P1 × X whose fiber D0

over 0 ∈ P1 is D and whose fiber over a general t ∈ P1 is generically
transverse to B. Consider the subscheme B := D ∩ (P1 ×B). The fiber B0

of B over 0 ∈ P1 is D ∩ B. Since B0 is a Cartier divisor in B, it follows
that B is Cohen-Macaulay in a neighborhood of B0, and thus flat over a
neighborhood of 0 ∈ P1. Thus B is a rational equivalence between [B0] and
[Bt] for generic t ∈ P1.

It follows that

[A ∩B] + [A′ ∩B] = [B0] = [Bt] = [Dt ∩B].

By generic transversality,

[Dt ∩B] = [Dt][B] = [D0][B] = [A][B] + [A′][B].

Again by generic transversality [A′∩B] = [A′][B], concluding the proof.

Proof of Theorem 5.12. Essentially the same construction as in the proof
of Theorem 5.10 applies here as well: there is an equality of cycles 〈A〉 =
〈D〉−〈A′〉 on Y where D is an ambient cycle and A′ ⊂ Y is a scheme that is
generically transverse to the map f . This yields as before a family of cycles
A ⊂ P1×Y with A0 = A and At generically transverse to f . Given that A is
Cohen-Macaulay and the condition codim(f−1(A)) = codim(A) is satisfied,
it follows that f−1(A) ⊂ X is also Cohen-Macaulay, and hence that the
pre-image B := f−1(A) ⊂ P1 × X is Cohen-Macaulay in a neighborhood
of its fiber B0. The family B thus gives a rational equivalence between
[Bt] = [f−1(At)] = f∗[A] and [f−1(A)], as desired.
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5.9 Exercises

Exercise 5.29. Let S ⊂ P3 be a smooth surface of degree d, and L ⊂ S a
line. Find the degree of the self-intersection [L]2 ∈ A2(S) by applying the
cone construction (in other words, considering the intersection of S with a
general plane containing L).

Exercise 5.30. Let Q ⊂ P3 be a smooth quadric surface, and C a twisted
cubic curve lying on Q; let c ∈ A1(Q) be its class. Use the moving lemma
construction to find the self-intersection c2 in the Chow ring of Q.

Exercise 5.31. Show that if νd : Pn → PN is the d-th Veronese mapping
and L ⊂ PN is a linear subspace of dimension e < d, then the length of the
scheme L ∩X is at most e+ 1.

Exercise 5.32. Let R be a commutative ring, and let P,Q be ideals of R.
Show that TorR1 (R/P,R/Q) = (P ∩Q)/(P ·Q).

Hint: Consider the long exact sequence obtained by applying the functors
TorR∗ (R/P,−) to the short exact sequence

0→ Q→ R→ R/Q→ 0.

Exercise 5.33. In Example 5.13, calculate the length of the Tor modules
in Serre’s formula, and verify that the correct multiplicity mp(A,B2) is
2. (Hint: this can be calculated directly, using the fact that all the ideals
involved are monomial; alternatively, we can take the Koszul resolution of
B2 and tensor with OA,p.)

Exercise 5.34. Let f : Y → X be a generically finite surjective morphism
of smooth projective varieties. Show that the composition

f∗f
∗ : Ak(X)→ Ak(X)

is multiplication by the degree of f ; deduce in particular that the map
f∗ : Q ⊗ Ak(X) → Q ⊗ Ak(Y ) is injective. Show by example that f∗f∗α
may not be a multiple of α, so no analogous statement holds.
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Interlude: Vector Bundles and Direct
Images

We will now introduce some ideas that are of the utmost usefulness in in-
tersection theory, and in algebraic geometry generally: vector bundles and
direct images. We will use these ideas to solve enumerative problems by lin-
earizing them: replacing a polynomial equation with a family of systems of
linear equations, that is, a family of linear maps between families of vector
spaces parametrized by the points of a variety B. It is not an exaggera-
tion to say that in the rest of this book the different chapters are organized
around the treatment of problems using different families of vector bundles.

After introducing the main idea with an example, we review the ideas
of vector bundles and pullbacks. Then we present the notion of the direct
image in a more systematic and leisurely way.

6.1 How vector bundles arise in intersection theory

****Make sure that normal bundles are mentioned. Say that they play
a role in the description of excess intersections and are basic to blowups,
both done in Ch 15 – excess intersections and blowups.****

For the purpose of this section we will assume that the reader is familiar
with the language of vector bundles; we will review the necessary material
later in this Chapter.



222 6. Interlude: Vector Bundles and Direct Images

As an example, we will consider the problem of finding the number of
lines on a smooth cubic surface in P3. We will pursue results of this type
further in Chapter 8. To solve the problem by linearizing, we consider the
Grassmannian B = G(1, 3) of lines L in P3, and for each such L we let EL
be the space of homogeneous cubic polynomials on L. A cubic form f on P3

gives, by restriction, a cubic form fL on each L, that is, a family of elements
of the EL. The element fL is zero if and only if the form f vanishes on the
line L; that is, if and only if L is contained in the cubic surface f = 0 in
P3. Thus the number of lines on the cubic surface can be computed as the
number of points L ∈ B such that the element fL vanishes.

So far we have really only renamed the problem. The next step is the
crucial one: it is to “put the EL together” into a vector bundle E on B
whose fiber over the point corresponding to L is EL, in such a way that
the elements fL become an algebraic section. As we shall see in Chapter 7,
the theory of Chern classes will then make it easy to analyze the number of
zeros of a section of a vector bundle. With it we can immediately compute
the number 27.

To construct the vector bundle E we first note that the spaces EL are
themselves related to vector bundles: they are the spaces of global sections
of the line bundles OL(3) of cubic forms on the lines L, that is EL =
H0(L,OL(3)). Moreover, OL(3) is itself the restriction of the bundle OP3(3)
from P3 to L. We can make this more useful by considering the incidence
correspondence

X = {(L, p) ∈ B × P3 | p ∈ L},

and the projections πB : X → B and πP3 onto the two factors. The bundle
OL(3) appears here as the restriction of the vector bundle π∗P3(OP3(3)) to

the fiber L = π−1
B ([L]) of the map πB .

Stated in this way, the problem fits into a general framework: given a map
π : X → B of varieties and a vector bundle (or, more generally, a coherent
sheaf) F on X, we would like to construct a vector bundle or sheaf G on
B whose fiber Gb := κ(b) ⊗OB G at a point b ∈ B is H0(F|π−1(b))? Does
such a coherent sheaf exist? The answer is “no” in general, but “yes” in a
range of useful cases, including the one above.

In general, there is a bundle π∗F on B that “best approximates” F (in
the sense that there is a map π∗π∗F → F with a universal property); it is
called the direct image of F . For example, if B is a point, then π∗F is the
space of global sections H0(F) (and this is true more generally when B is
an affine scheme.

We will give the definition in Section 6.5, after we review the notion
of vector bundles and the simpler idea of pulling back a bundle. There
we will also state a condition under which π∗F is a vector bundle with
fiber (π∗F)b equal to the space of of global sections H0(F|π−1(b)). This
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condition depends crucially on the notion of flatness, so we review the
geometric content of that notion in Section 6.4.

6.2 Vector bundles and locally free sheaves

We will review some basic definitions and their consequences. For a more
complete treatment, see for example Hartshorne [1977].

• A vector bundle of rank n on a scheme X is a scheme E and a morphism
π : E → X with a section σ : X → E called the zero section, such
that, for some open affine cover {Ui} of X there are isomorphisms
αi : EUi := π−1(Ui)→ AnUi = V × Ui, where Vi is a vector space, and

such that for each x ∈ Ui∩Uj the induced map αi(x)α−1
j (x) : An → An

is a linear isomorphism. A section of E (really of the pair (E, π)) over
U ⊂ X is a map σ : U → π−1(U) such that πσ = 1U .

The definition looks a little simpler in the case of a scheme X of finite type
over an algebraically closed field K, the case treated in this book: in this
case we may identify the closed points of the affine space AnUi with the
points of V × Ui, where V is an n-dimensional vector space over K.

Sometimes—for example in the definition of the tangent bundle of a
smooth variety—we don’t give E and π globally, but only give the EUi =
Vi ×Ui, with πi : EUi → Ui defined as the projection. In this case we need
to give isomorphisms

Vj × Uj
βi,j- Vi × Ui

(which, in our previous construction were βi,j = αiα
−1
j ) such that for each

x ∈ Ui ∩Uj the induced map βi,j(x) : Vj → Vi is linear; put informally, the
βi,j(x) are regular functions from Ui ∩Uj to the vector space Hom(Vj , Vi)
with values in the set of isomorphisms. These maps must satisfy a compat-
ibility condition on triple overlaps:

βi,jβj,k = βi,k on Ui ∩ Uj ∩ Uk.

Given this compatibility, we could construct the scheme E as the quotient
of the disjoint union of the Vi × Ui by the equivalence relation generated
by the βi,j .

• A locally free sheaf of rank n on a scheme X is a coherent sheaf E on X
such that for some open affine cover {Ui} of X there are isomorphisms
E|Ui ∼= OX(Ui)

n. A section of E over U is an element of E(U).

Note that we are only dealing with vector bundles of finite rank, and locally
free sheaves that are coherent. Nothing prevents the extension of these
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notions to the infinite rank/quasicoherent case, but we will never need
this, and we will assume finite rank or coherence throughout.

A locally free sheaf E can be made from a vector bundle E by taking the
sheaf of sections: E(U) := H0(E|U ). A vector bundle E can be made from
a locally free sheaf E by setting E = Spec Sym(E∗), the global spectrum of
the symmetric algebra of the dual of E .

This construction becomes clearer if we work locally: on an affine open
set U of X where E is free we have E|U = OX(U)n. Thus (E|U)∗ = E∗|U
may be thought of as the linear functions on the fibers of the trivial vector
bundle over U , U ×Kn, with coefficients that are regular functions on U .
Thus Sym(E∗)|U = Sym((E|U )∗) is the ring of polynomial functions on the
fibers with coefficients that are regular functions on U , as required.

These identifications, which are inverse to one another, show that the
notions of “vector bundle” and “locally free coherent sheaf” are equivalent.
From now on we will use the terms and the notation interchangeably.

The category of vector bundles on a scheme X is closed under the func-
tors Hom and ⊗X , interpreted fiberwise (in the first description) or, equiv-
alently, as operations on coherent sheaves. However, the category of vector
bundles is not generally an abelian category: the quotient E/F of locally
free sheaves may not be locally free. From the vector bundle point of view,
a map ϕ : E → F of vector bundles over X (that is, a morphism of schemes
that commutes with the projection to X and is linear on each fiber), may
have the same rank (as a linear transformation) on all the fibers; in this
case we say that ϕ has constant rank, and its fiberwise kernel and cokernel
are again vector bundles. But it may also have ranks that vary with the
fibers; then its kernel and cokernel can be regarded as coherent sheaves,
but not as vector bundles. We say that E is a subbundle of F if E → F has
constant rank equal to the rank of E, and similarly for a quotient bundle.

Vector bundles are often described informally through what one might
call the “Principal of Naturality”. One starts with a space X and a “nat-
ural” way of describing a vector space of dimension r for each point of
the space. If the description is natural enough, these spaces turn out to
be identified with the fibers of a vector bundle over X; one feels that it
simply could not be otherwise. This observation is experiential rather than
mathematical, but the reader will see many examples below. The rigorous
treatments usually involve direct images and the Theorem on Cohomology
and Base Change, treated in Section 6.5.
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6.3 Pullbacks

For a detailed treatment of the ideas in this section see Hartshorne [1977]
Section II.5.

Given a morphism of varieties π : X → B and a vector bundle or coherent
sheaf G on B, we wish to define a natural vector bundle F = π∗G on X,
called the pullback of G under the map π, whose fiber at a closed point
p ∈ X is the same as the fiber of G at π(p).

In fact, given a (quasi)coherent sheaf G on B, there is a (quasi)coherent
sheaf π∗G on X characterized by the property that for each pair of open
affine sets U ⊂ X and V ⊂ B such that π(U) ⊂ V we have (π∗G)(U) =
OX(U)⊗OB(V ) G(V ) as OX(U) modules. Existence is proven by observing
that the module (π∗G)(U) defined above is independent of the choice of
V , and glues appropriately along open coverings. For example, it follows
at once from the definitions that if π : X → B is a morphism of schemes,
then π∗OB = OX .

To check that this construction implies the desired property for vector
bundles, note that the fiber of π∗G at a closed point x ∈ U is by definition
OX,x/mX,x ⊗OX,x π∗G(U), and

OX,x/mX,x ⊗OX,x π∗G(U)

= OX,x/mX,x ⊗OX,x OX(U)⊗OB(V ) G(V )

= OX,x/mX,x ⊗OB(V ) G(V ).

Since X and B are varieties, and we are always assuming that the ground
field K is algebraically closed, the Nullstellensatz shows that

OB,π(x)/mB,π(x) = K = OX,x/mX,x
and since the map induced by π is K-linear,

OX,x/mX,x ⊗OB(V ) G(V ) = OB,π(x)/mB,π(x) ⊗OB(V ) G(V );

that is, the fiber at x of π∗G is the same as the fiber of G at π(x).

6.4 Flatness

We define a family of schemes is simply a morphism π : X → B. But for the
fibers to have much “family resemblance” some condition is necessary. We
could guarantee a very strong resemblance by assuming that π is locally a
product over B in some sense1 but for many purposes in algebraic geometry

1Perhaps in the analytic topology, if we were working over C, or in the étale topology
generally.
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this notion is too restrictive; for example it eliminates families in which
smooth varieties degenerate to singular varieties, such as the family of plane
curves of a given degree. Serre introduced a very algebraic but much more
flexible notion that has proven itself in countless applications: flatness.

We say that X is flat over B or, more precisely, that π is a flat morphism,
if for every point x ∈ X the local ring OX,x is a flat module over the local
ring OB,π(x) via the map OB,π(x) → OX,x taking a germ h of a function
on B to the germ h ◦ π on X. This means that for every monomorphism
M ′ →M of OB,π(x)-modules, the induced map OX,x⊗M ′ → OX,x⊗M is
again a monomorphism.

To give some insight into this opaque definition, we will briefly review
some basic results about flatness. For a more extended discussion with
proofs of most of the assertions below, see for example Eisenbud and Harris
[2000].)

If X → B is any morphism, with B smooth and one-dimensional, then X
is flat over b0 as long as no component of X (either irreducible or embedded)
is supported on the fiber Xb0 .

Suppose that π : X → B is an arbitrary morphism from a variety X to a
1-dimensional smooth variety B, and b ∈ B is a point. We define the limit
limb→b0 Xb of the family

X \ π−1(b)→ B \ {b}

to be the fiber over b in the closure Y = X \ π−1(b). In these terms,
the statement above says that a morphism X → B to any smooth, one-
dimensional target B is flat if and only if every fiber Xb0 is equal to the
limit limb→b0 Xb.

It is crucial for the definition of limit that the base B be a smooth curve;
otherwise the limit may fail to exist. For example, the normalization map
X → B of a reduced curve B that is singular at a point b ∈ b is never flat
at b, and there is no way to define the limitlimb→b0 Xb as a subvariety of
X. Again, if X → P2 is the blowup of a point p, then the limit limb→pXb

will not exist because if we approach p along different smooth curves in
P2 the (well-defined) limit along the curve will depend on the direction of
approach.

It is useful to observe that flatness is preserved by base change. That is,
if

X ′ - X

B′

π′
?

- B

π
?
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is a pull-back diagram of schemes, and π is flat, then so is π′. This follows
at once because if M is a flat module over a ring R and R′ is an R algebra,
then R′ ⊗M is a flat R′ module.

Using base change we can extend the characterization above to higher-
dimensional targets B: one can show that a morphism X → B to any
reduced scheme Y is flat if and only if for any morphism ι : B′ → B
with B′ smooth and one-dimensional, the pullback X×B B′ → B′ is flat—
that is, limb→b0 Xι(b) = Xι(b0); see Eisenbud and Harris [2000], Lemma
II-30, for a proof. The algebraic definition of flatness given above extends
this very geometric notion to the general setting of morphisms to possibly
nonreduced schemes B.

This characterization makes clear that flatness is not a special condition,
but rather one we would expect to hold in general. This is borne out by
the generic flatness theorem of Grothendieck, which says that if one has
any reasonable family of schemes f : X → B over a reduced base, then
there is an open dense subset U ⊂ B such that the restricted family f :
f−1(U)→ U is flat (here “reasonable” includes, for example, any family of
subschemes of a fixed affine or projective space). See for example Eisenbud
[1995] Section 14.2.

The condition of flatness has nontrivial implications, the most striking
of which is the preservation of the Hilbert polynomial : if f : X ⊂ B×Pn is
a flat family of projective schemes over B, then the Hilbert polynomial of
the fibers Xb is locally constant. One consequence of this is the observation
that if f : X → B is flat then the fiber dimension must be locally constant.
(This can also be seen directly in general: if the fiber Xb0 over b0 ∈ B has
dimension strictly greater than dimXb for general b, then for a general arc
∆ → B through b0, the fiber Xb0 will be an irreducible component of the
pullback X ×B ∆.)

Under mild hypotheses, the preservation of the Hilbert polynomial is
actually equivalent to flatness:

Proposition 6.1. If B is reduced, and X ⊂ B×Pn any closed subscheme,
then the projection π : X → B is flat if and only if the Hilbert polynomial
of the fiber Xb is locally constant.

See Eisenbud and Harris [2000], Theorem III-56 for the most important
special case, or Hartshorne [1977], Theorem 9.9, for the general case.

Flatness is closely connected to the Cohen-Macaulay condition as well: if
B is smooth and f : X → B any morphism with constant fiber dimension,
then f is flat if and only if X is Cohen-Macaulay (Hartshorne [1966]).
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FIGURE 6.1. Not flat at (0, y): the preimage of the origin (0, 0) is the whole
y-axis Spec k[x, y]/(x)

6.4.1 Examples of nonflat morphisms

The most visible way in which a morphism may fail to be flat is if the
dimensions of the fibers are not locally constant. The simplest example
of this is the blow-up of the plane A2 = Spec k[a, b] at a point; here the
general fiber is just one point, while the fiber over the blown up point is a
line.

Morphisms with constant fiber dimension can still fail to be flat if the
Hilbert polynomial of the fiber is nonconstant. For example, a finite map
f : X → Y will fail to be flat if the degrees of the fibers f−1(q) ⊂ X is
nonconstant. Perhaps the simplest example of this is the normalization of
a singular curve: in the case of the nodal curve C = V (b2 − a2(a + 1) ⊂
A2 = Spec k[a, b], for example, this would be the map A1 → C sending
x to (x2 − 1, x(x2 − 1)), as shown in Figure 6.2. Here the preimage of a
general point in C is just one reduced point, but the fiber over the origin
p = (0, 0) ∈ C consists of two points; the map correspondingly cannot be
flat over the origin. Another way to see this is to observe that if we pull
the family back via the map f itself—that is, we consider the morphism
A1 ×C A1 → A1—we see that the fiber product consists of the diagonal in
A1 × A1 plus the two isolated points (1,−1) and (−1, 1), and so can’t be
flat over A1.

The normalization A1 → C of a cuspidal plane cubic is another non flat
example; even though the map is set-theoretically 1-1, the fiber over the
cusp is a nonreduced point, so the fiber degree is higher there. Again we
can see nonflatness in another way: the pullback A1 ×C A1 → A1 can’t
be flat because the fiber product A1 ×C A1 has an embedded point at the
point lying over the cusp. In fact no desingularization ν : X̃ → X of a
singular variety X is flat, since the map is generically an isomorphism but
there are fibers that have larger degree or dimension.
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FIGURE 6.2. Not flat at (0,±1): the preimage of the origin (0, 0) is the pair of
points Spec k[x]/(x2 − 1)

FIGURE 6.3. Not flat at (0,±1): the fiber product A1 ×C A1 has isolated points



230 6. Interlude: Vector Bundles and Direct Images

FIGURE 6.4. Not flat at (0, 0): the preimage of (0, 0, 0) is the fat point
Spec k[x, y]/(x2, xy, y2); the preimage of any other point is two reduced points

Another example is the map f from the plane A2 = Spec k[x, y] to its
quotient by the involution τ : (x, y) 7→ (−x,−y). The quotient is the
quadric cone Q = Spec k[x2, xy, y2] ∼= Spec k[a, b, c]/(ac − b2); the map
is depicted in Figure 6.4. Here the preimage of any point in Q other than
the origin is two reduced points, while the preimage of the point (0, 0, 0) is
the fat point V (x2, xy, y2) ⊂ A2, which has degree 3; thus the map can’t
be flat.

Another way to interpret the non-flatness of f in this case is to think
of the quotient Q as the space parametrizing subschemes of A2 consisting
of a pair of antipodal points {(x, y), (−x,−y)}, and A2 as the universal
family over this parameter space. The point is, the flat limit of the scheme
{(x, y), (−x,−y)} as (x, y) → (0, 0) could be any scheme of degree 2 sup-
ported at the origin, depending on the direction of approach; the actual
fiber must therefore contain the union of all such subschemes, which is to
say the fat point.

A final example of this phenomenon is the family of degree 2 subschemes
of the plane A2 = Spec k[x, y], consisting of the union of the origin (0, 0)
and a second point (a, b). This is a family parametrized by the plane A2 =
Spec k[a, b], with equation

Σ = V
(
(x, y)(x− a, y − b)

)
⊂ A2 × A2;

the map is depicted (crudely) in Figure 6.5.

As intended, the fiber of the projection Σ → A2
a,b over a point (a, b) 6=

(0, 0) is just the reduced subscheme {(0, 0), (a, b)} ⊂ A2
x,y. But the fiber

over the origin is the fat point V (x2, xy, y2) ⊂ A2
x,y, which has degree 3;

thus the map is not flat at that point. This reflects the fact that there is no
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FIGURE 6.5. Not flat at (0, 0, 0, 0): the preimage of (0, 0) is the fat point
Spec k[x, y]/(x2, xy, y2)

well-defined limit of the schemes {(0, 0), (a, b)} ⊂ A2
x,y as (a, b)→ (0, 0). If

(a, b) approaches (0, 0) along a line b = λa, the limiting scheme is the degree
2 subscheme V (x2, xy, y2, y−λx). But that depends on λ, so that the actual
fiber of Σ over (0, 0) has to contain the union of all these schemes—that is,
the fat point.

Note that in this last case, the source is singular, while the target is
smooth; in the preceding example, the reverse was true. But the principle
in both cases is the same: since the limit of the fibers depends on the
direction of approach, the map can’t be flat.

6.4.2 Flatness for sheaves

It is useful to extend the definition of flatness to sheaves on the total space
of a family. If π : X → B is any morphism of schemes and F is a coherent
sheaf on X, then we say that F is flat over B if for every point x ∈ X the
stalk Fx is a flat module over the local ring OB,π(x) via π.

One of the nice consequences of flatness, which we will prove in Sec-
tion 6.7, is that the restrictions of a flat sheaf to different fibers have the
same Euler characteristic:

Theorem 6.2. Let π : X → B be a projective morphism of schemes, with
B connected, and let F be a coherent sheaf on X that is flat over B. The
Euler characteristic

χ(F|π−1(b)) =
∑
i

(−1)i dimHi(F|π−1(b))

is independent of the closed point b ∈ B.
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If B is reduced and π is a projective morphism, that is, the projection
of X ⊂ PnB to B, then the constancy of the Euler characteristic for all(
F ⊗ OPnB (d)

)
|π−1(b) is actually necessary and suffient for flatness; see for

example Eisenbud and Harris [2000] III-56, where the result is proved in
the special case F = OX ; the proof in general follows exactly the same
lines. We will not need this fact.

6.5 Direct images

Much of the material in this section is derived from Mumford [2008].

Suppose that we are given a family of varieties and a family of sheaves
on them—in other words, a morphism X → B and a sheaf F on X (we
remind the reader of our global convention that “sheaf” means coherent
sheaf unless otherwise stated). For many purposes in this book we would
like to define a sheaf G on B whose fiber at each point b ∈ B is the space
H0(F|Xb) of global section of F on the fiber Xb of X over b, and such that
algebraic families of elements of H0(F|Xv) give rise to sections of G in a
way that is compatible with the identification of Gb with H0(F|Xb). If all
the H0(F|Xb) have the same dimension, and B is a variety, then such a
sheaf would be a vector bundle, and this will be an important source of
vector bundles.

Does such a sheaf exist?

Often the answer is “yes”. It is reasonable to interpret the phrase “alge-
braic family of elements” in the description above to mean “section defined
over an open set of B”, and this idea leads naturally to a construction of
the sheaf, called the direct image of F , that is the best hope:

Definition 6.3. Given a morphism of schemes π : X → B and a sheaf F
on X, we define the direct image π∗F of F to be the quasicoherent sheaf
on B that assigns to each open subset U ⊂ B the space of sections of F on
the open set XU = π−1(U).

A priori the definition defines a presheaf, but it is easy to see that π∗F
is actually a sheaf, and also that, for an open set U ⊂ X, we have

H0(π∗(F)) = π∗(F(B)) = F(π−1(B)) = H0(F).

We also see that there is a natural map π∗π∗F → F which, restricted to the
preimage of an open set U ⊂ B, is the tautogical map OXU ⊗H0(F|XU )→
F .

In this section we will explain conditions under which π∗F has the de-
sired fibers. These are encapsulated in various forms of the “theorem on
cohomology and base change”, and we pause to explain this name.
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We may think about the fiber Xb of π as coming from the pull-back
diagram

Xb
ρ′ - X

{b}

π′
? ρ - B

π
?

and from the definition of π′∗ we see that π′∗(F|Xb) = H0(F|Xb). Thus
we will have succeeded in finding a sheaf with the desired fibers if we can
produce a family of isomorphisms

ϕb : (π∗F)b → π′∗(F|Xb) = H0(F|Xb).

We shall see that there are natural maps ϕb, but that they are not always
isomorphisms—nor are π′∗(F)|b and π′∗(F|Xb) always isomorphic.

More generally, for any map ρ : B′ → B, we can consider the pullback

X ′
ρ′ - X

B′

π′
? ρ - B

π
?

of the family X → B to B′. This gives us a morphism

π′ : X ′ = X ×B B′ → B′

and a pullback sheaf

F ′ = ρ′∗F

on X ′. In these circumstances we say that the new map π′ : X ′ → B′

and sheaf F ′ are obtained from the map π : X → B and sheaf F by base
change. As in the special case we shall see that there are natural maps

ϕB′ : ρ∗π∗F → π′∗ρ
′∗(F)

and we ask under what conditions they are isomorphisms. In other words,
does the formation of the direct image of F commute with base change?

There is an easy result of this sort: If ρ is a flat map, then the maps ϕB′

are always isomorphisms. Unfortunately, the inclusion of a point {b} ⊂ B
is never a flat map in cases of interest, so this result is not very useful.
(The stated result is an easy consequence of Theorem 6.10 that we will
not have occasion to apply. See Hartshorne [1977] Proposition III.9.3 for
a simple proof.) The more interesting cases—when ρ is not flat—are ad-
dressed by versions of the “theorem on cohomology and base change” such
as Theorem 6.14.

If X = SpecT and B = SpecS are affine, we can represent the sheaf
F as the sheafification of the T -module H0(F), and it follows that π∗F
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is the same module—but now regarded as an S-module via the map π∗ :
S → T . In particular, if T is not finite over S, then even π∗OX , which
is the quasicoherent sheaf on B associated to the S-module T will not be
coherent.

By contrast, a fundamental result of Serre, proved below (Theorem 6.9)
shows that when π : X → B is a projective morphism (that is, factors as
the inclusion of X as a closed subset of some Pn×B and the projection to
B) and F is a coherent sheaf, then π∗F is coherent. In particular this is true
whenever both X and B are projective varieties. Thus our applications will
be to projective morphisms X → B. With a little more effort, the results
can all be extended to proper morphisms; see Grothendieck [1963] Theorem
3.2.1.

By construction, a section of F over an open set U ⊂ B gives rise to a
section of π∗F over U , fulfilling one of our desiderata, and doing so in the
most efficient way. In general the fiber π∗F at a point b ∈ B will not be
H0(F|Xb), but at least we get a natural map: for any point b ∈ B and any
neighborhood U of b in B there is a restriction map

π∗F(U) = F(XU ) → H0(F|Xb).

The map π∗F(U) = F(XU ) → H0(F|Xb) induces a map from the fiber of
π∗F at b to H0(F|Xb), and thus a map

ϕb : (π∗F)|b → H0(F|Xb).

It follows from the definition that the image of ϕb consists of those sections
of F|Xb that extend to sections of F|XU for some neighborhood U of b ∈ B,
while the kernel consists of sections of defined in some small neighborhod
U of π−1(b) that vanish on π−1(b), but cannot be expressed in terms of
functions pulled back from any small neighborhood of b and vanishing at
b.

Example 6.4. Let L ⊂ P2 be a line, and let q, r ∈ P2 be two points not
lying on L. Let X = L× P2, and write π : X → L and α : X → P2 for the
two projections. Let Γ = Γ1 ∪ Γ2 ⊂ X where

Γ1 = L× {q, r} and Γ2 = {(p, p) : p ∈ L}.

Let F = α∗OP2(1) ⊗ IΓ, and let p0 be the unique point in L that lies on
the line in P2 spanned by q, r (see Figure 6.6.)

The sheaf F|π−1(p) has a global section if and only if p = p0, and
h0(F|π−1(p)) = 1. Since this global section does not extend to a neigh-
borhood of the fiber over p0, we have π∗F = 0, and in particular the map
ϕp0

is not an isomorphism.

We will be particularly interested in cases where we can show that π∗(F)
is a vector bundle. To get an idea what to expect, consider the simplest
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FIGURE 6.6. The fiber of Γ over p ∈ L is the set {p, q, r} ⊂ {p} × P2

case, where the map π is finite (and thus projective). In this simple situation
it will always be the case that ϕb is an isomorphism for every b, and we
can say just when π∗(F) is a vector bundle—that is, M is a locally free
S-module:

Proposition 6.5. If π : X → B is a finite morphism of affine varieties,
and F is a coherent sheaf on X, then the maps ϕb : (π∗F)|b → H0(F|Xb)
are isomorphisms for all closed points b ∈ B. Moreover, the following are
equivalent:

(a) π∗F is a vector bundle on B.

(b) F is flat over B.

(c) The dimension of H0(F|Xb) as a vector space over the residue class
field κ(b) is independent of the closed point b ∈ B.

For an application of direct images for finite maps see Section 6.8.

Proof. Let X = SpecR and B = SpecS, and let M = H0(F) be the
R-module corresponding to F . Because the varieties are affine, π∗F is rep-
resented by M regarded as a module over S via the map π∗ : S → R. The
ring R is, by hypothesis, a finitely generated S-module, so M is finitely
generated S-module as well. The maps ϕb are isomorphisms because, writ-
ing mb ⊂ S for the maximal ideal corresponding to b, both (π∗F)|b and
H0(F|Xb) may be identified canonically with M/mbM . The equivalence of
parts a) and c) is proven in Proposition 6.15 below. The equivalence of a)
and b) is Eisenbud [1995] Exercise 6.2.

In case we suppose only that π is a projective morphism, not necessarily
finite, neither condition b) nor c) of Proposition6.5 alone will imply either
that π∗F is a vector bundle nor that the maps ϕb are isomorphisms. But
conditions b) and c) together do imply both of these conclusions. This
result is the most useful special case of the “Theorem on Cohomology and
Base Change”, Theorem 6.14.
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Theorem 6.6 (Cohomology and Base Change—version 1). Let π : X → B
be a projective morphism of varieties, and let F be a coherent sheaf on X
that is flat over B. If the dimension of H0(F|π−1(b)) is independent of
the closed point b ∈ B, then π∗(F) is a vector bundle of rank equal to
h0(F|π−1(b)), and the comparison map

ϕb : π∗(F)|b → H0(F|π−1(b))

is an isomorphism for every closed point b ∈ B. More generally, if ρ : B′ →
B is any morphism of schemes, and

X ′
ρ′ - X

B′

π′
? ρ - B

π
?

is a pullback diagram, then the natural map

ϕB′ : π′∗ρ
′∗F → ρ∗π∗F .

is an isomorphism.

We note that although we allow B′ to be an arbitrary scheme, it is
necessary to assume that B is a variety (being reduced would be enough).

Using Theorem 6.6 we can derive some results about line bundles on fam-
ilies of varieties that are particularly useful in the case of projective bundles
(Chapter 11). We will make use of the following natural “adjunction” maps,
defined for any morphism π : X → B of schemes:

(a) If F is a quasicoherent sheaf on X there is a natural map

ε : π∗π∗F → F ,

which, on the preimage of an affine set U ⊂ B agrees with the map

OX(π−1(U))⊗OY (U) H
0(F|U ) - F(π−1(U))

sending each section to itself. This is well-defined because F(π−1(U))
is an OX(π−1(U))-module.

(b) Given a quasicoherent sheaf G on B, there is a natural map

η : G → π∗π
∗G,

which, on any open set U ⊂ B, agrees with the map

G(U) = OB(U)⊗G(U)
π∗⊗1- OX(π−1(U)⊗OB(U) G(U)

= π∗(G)(π−1(U) = (π∗π
∗G)(U)

Corollary 6.7. Suppose π : X → B is a flat, projective morphism, and
that all the fibers of π are reduced and connected.
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(a) π∗OX = OB.

(b) If L,L′ are line bundles on X, then L|π−1(b)
∼= L′|π−1(b) for all b ∈ B

if and only if L and L′ differ by tensoring with a line bundle pulled
back from B.

Remark. The result fails without flatness, for example in the case when
π is the embedding of a proper closed subscheme of B.

Proof. To say that X is flat over B means that OX is flat over B. Since
flatness is a local property, this implies that any line bundle on X is flat
over B, so we may apply Theorem 6.14 to line bundles on X.

(a): We will show that the natural map π∗ : OB → π∗OX = OB is an
isomorphism. Because X is flat, 1 ∈ π∗OX is not annihilated by any (local)
section of OB . The map π∗ takes 1 ∈ H0(OB) to 1 ∈ H0(π∗OX) so the
map π∗ : OB → π∗OX is injective.

To show surjectivity we use Theorem 6.6. Since H0
(
(OX)|π−1(b)

)
=

H0(Oπ−1(b)) is 1-dimensional for every b ∈ B, the sheaf π∗OX is a line bun-
dle with fiber H0(Oπ−1(b)). Thus π∗ is onto fiber by fiber. By Nakayama’s
Lemma, π∗ : OB → π∗OX is surjective as desired.

(b): If M is a line bundle on B then
(
π∗(M) ⊗ L

)
|π−1(b) = Mb ⊗(

(OX)|π−1(b)

) ∼= ((OX)|π−1(b)

)
.

For the converse we may replace L by L−1⊗L′, and it suffices to consider
the case where L|π−1(b) is trivial for each b ∈ B. Our hypothesis implies
that H0(L|π−1(b)) is 1-dimensional for every b ∈ B, so by Theorem 6.14,
π∗L is a line bundle.

We will complete the proof by showing that the natural map ε : π∗π∗L →
L is an isomorphism. Since both sheaves are line bundles, it suffices to show
that ε is surjective, and for this we may, by Nakayama’s Lemma, restrict
to a fiber. By Theorem 6.6, the fiber of π∗L at a point b is H0(L|π−1(b)), so
(π∗π∗L)|π−1(b) is the trivial line bundle of rank 1, generated by any nonzero
global section of L|π−1(b). Since the latter is also a trivial line bundle of rank
1, we are done.

For examples of higher direct images in situations where the dimension
of H0(F|π−1(b)) jumps, see Exercises 6.18 and 6.19

6.6 Higher direct images

The direct image functor is a generalization of the functor sending a sheaf
to its vector space of global sections. The higher direct images have the
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same relation to the higher cohomology. Just as the higher cohomology
of a sheaf is usually used to derive information about global sections, we
will use the higher direct image sheaves to shed light on the direct image
itself. The higher direct image functors are also useful in their own right.
In Theorem 6.14 we shall give a sufficient condition for one of them to be
a vector bundle, and we shall give an application to “jumping lines” in
Chapter 16.

We will deal both with the cohomology of sheaves and with the homology
of complexes. To keep from confusion, we will use Hi to denote the i-
th Zariski cohomology functor, while Hi denotes the i-th homology of a
complex.

Suppose that π : X → B is a projective morphism if F is a sheaf on X,
then since (by definition) π factors through an inclusion X ⊂ Pn ×B as a
closed subvariety, we may regard F as a sheaf on P := Pn × B. We write
P = Proj(S), where S is the sheaf of graded algebras OB [x0, . . . , xn].

Let Ui be the open subscheme xi 6= 0, and let

C• :
⊕
i

OP |Ui -
⊕
i,j

OP |Ui∩Uj - · · ·

be the Čech complex on P. If F is a quasicoherent sheaf on X we define
Riπ∗F to be the degree zero part of the homology of the complex F⊗OP C•,
that is,

Riπ∗F :=
(
Hi(F ⊗OP C•)

)
0
.

What makes this somewhat technical definition useful is that

(F ⊗OP |Ui)0

is the sheaf of modules over

OB [x0, . . . , xi−1, x̂i, xi+1, . . . , xn]

corresponding to the restriction of the sheaf F to the open set Ui = AnB .
This and the assumption that F is a sheaf shows that R0π∗F = π∗F . Also,
when U ⊂ B is affine, so that each Ui ∩ π−1(U) is affine, we get

Riπ∗F|π−1(U) = Hi(F|π−1(U)).

Since any sheaf is determined by its restriction to affine open subsets, this
property characterizes Riπ∗F and shows that the definition is independent
of the embedding X ⊂ PnB that we chose.

If b ∈ B is a point (closed or not) then

Hi(F|b) = Hi
(
κ(b)⊗F ⊗ C•

)
,

but this is generally not equal to the fiber

(Riπ∗F)b = κ(b)⊗Hi(F ⊗ C•)
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of the higher direct image. However, if z is a cycle or boundary in F ⊗ C•
then 1⊗z is a cycle or boundary in κ(b)⊗F⊗C• so we get maps (Riπ∗F)→
Hi(F|Xb) that in turn induce comparison maps

ϕib : (Riπ∗F)|b → Hi(F|Xb).

We ask under what circumstances these are isomorphisms. We will give a
partial answer to this question in the next section, but first we prove some
basic properties of the Riπ∗.

Proposition 6.8. Let π : X → B be a projective morphism.

(a) Restriction to open sets Let U ⊂ B be an open subset, and let
π′ : π−1(U) → U be the restriction of π. If F is any quasicoherent
sheaf on X, then (Riπ∗F)|U = Riπ′∗(F|π−1(U)).

(b) Long Exact Sequence: The functor π∗ is left exact, and the functors
Riπ∗ are the right derived functors of π∗. In particular, if

ε : 0 - F α- G β- H - 0

is a short exact sequence of quasicoherent sheaves on X, then there are
natural “connecting homomorphisms” ηi making the sequence

· · · - Riπ∗F
Riπ∗α- Riπ∗G

Riπ∗β- Riπ∗H
ηi- Ri+1π∗F - · · ·

exact.

(c) Push-Pull Formula: If E is a vector bundle on B and F is a quasi-
coherent sheaf on X, then

Riπ∗(π
∗E ⊗ F) ∼= E ⊗Riπ∗F .

Proof. (a): The since OU is flat over OB , the restriction to U commutes
with taking homology.

(b): The terms of the complex C• are flat, so when we tensor C• with
the short exact sequence ε we get a short exact sequence of complexes, and
thus a long exact sequence of homology sheaves. Taking the degree zero
part preserves exactness. Since the long exact sequence begins with

0→ π∗F → π∗G → · · ·

we see that π∗ is left exact.

To show that Riπ∗ is the i-th right derived functor of π∗ it now suffices
to show that Riπ∗F = 0 when F is injective (Eisenbud [1995] Appedix
A.3.9), or more generally flasque. It suffices to prove this after restricting
to an affine subset U ⊂ B. Since the restriction of a flasque sheaf to an
open subset is flasque, the result follows from the corresponding result for
cohomology.
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(c): The sheaf π∗E is also a vector bundle, and thus flat, so tensoring
with π∗E commutes with taking homology,

Hi(π∗E ⊗ F ⊗ C•) = π∗E ⊗Hi(F ⊗ C•).

Taking the degree zero part yields the desired formula.

The other foundational result we will use is Serre’s Coherence Theorem:

Theorem 6.9. If π : X → B is a projective morphism, and F is a coherent
sheaf on X, then Riπ∗F is coherent for each i.

The proof involves some useful ideas from homological commutative al-
gebra.

Proof. Since the formation of Riπ∗F commutes with the restriction to an
open set in the base, it suffices to treat the case where B = SpecA is affine.
The Čech complex C is the direct limit of the duals of the Koszul complexes
that are S-free resolutions of the of the ideals (xm0 , . . . x

m
n ) ⊂ S, and direct

limits commute with taking homology. Thus if M is any finitely generated
graded S = A[x0, . . . , xn]-module representing the sheaf F , the homology
of F ⊗ C• is

Riπ∗F = lim
m
ExtiS((xm0 , . . . , x

m
n ),M)0.

Write m for the “irrelevant” ideal (x0, . . . , xn) ⊂ S. For each m there is an
integer N(m) such that mN(m) ⊂ (xm0 , . . . , x

m
n ) ⊂ mm. It follows that

lim
m
ExtiS((xm0 , . . . , x

m
n ),M) = lim

m
ExtiS(mm,M).

Each term ExtiS(mm,M) of this limit is a finitely generated S-module, so
its degree 0 part is a finitely generated A-module, and it suffices to show
that the natural map

ExtiS(mm,M)0 → ExtiS(mm+1,M)0

is an isomorphism for large m. From the long exact sequence in ExtS ,
and the fact that mm/mm+1 is a direct sum of copies of A(−m) (the free
A-module of rank 1 with generator in degree m) we see that it is enough
to prove that ExtiS(A(−m),M)0 = 0 when m is large. Disentangling the
degree shifts, we see that

ExtiS(A(−m),M)0 = ExtiS(A,M)(m)0 = ExtiS(A,M)m.

However, A is annihilated (as an S-module) by m, so ExtiS(A,M) is an-
nihilated by m. Since it is a finitely generated S-module, it can only be
nonzero in finitely many degrees, whence, indeed, ExtiS(A,M)m = 0 when
m is large.
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We remark that, using the notion of Castelnuovo-Mumford regularity it
is possible to bound the degree m for which ExtiS(A,M)m = 0 in terms of
the data in a free resolution of M (similar to Smith [2000]), so the proof just
given allows effective computation of the functors Riπ∗(F). For a different
proof see Hartshorne [1977] Theorem III.8.8.

6.7 Cohomology and base change

In this section we will study how the i-th cohomology of a sheaf can vary
as the sheaf varies in a family. In particular, we will give a basic criterion
for the family of i-th cohomology spaces to “fit together” to form a vector
bundle, or more generally to be the fibers of a coherent sheaf.

For example, suppose that π : X → B is a projective morphism, and that
F is a sheaf on X, flat over B, which we view as a family of sheaves F|b
on the fibers Xb := π−1(b). Suppose for simplicity that B is connected. An
obvious necessary condition for the cohomology groups Hi(F|b) to be the
fibers of a vector bundle E onB is that they all have the same dimension. We
will show, under some commonly satisfied hypotheses, that this is enough,
and that E = Riπ∗(F).

Here is the result that is the key to such questions. To simplify the
notation, we will identify quasicoherent sheaves over an affine scheme B =
SpecA with their modules of global sections.

Theorem 6.10. Let π : X → B be a projective morphism to an affine
scheme B = SpecA, and let F be a sheaf on X that is flat over B. Suppose
that the maximum dimension of a fiber of π is n. There is a complex

P• : · · · - P 0 - · · · - Pn - 0

of finitely generated projective A-modules such that

(a) Riπ∗(F) ∼= Hi(P•) for all i.

(b) For every map b ∈ B there is an isomorphism

Hi(F|π−1(b)) ∼= Hi(κ(b)⊗A P•),
and more generally for every pull-back diagram

X ′
ρ′ - X

B′

π′
? ρ - B

π
?

with B′ = SpecA′

Riπ′∗ρ
′∗(P•) ∼= Hi(A′ ⊗A P•).
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Moreover, if B is reduced, then we may choose P• so that P i = 0 for i < 0.

See Example 6.13 for a simple case.

The complex P• in Theorem 6.10 is not unique up to isomorphism, but
it is unique up to the equivalence relation, called quasi-isomorphism, that
is generated by maps of complexes that induce isomorphisms on homology
(when B is affine, this comes down in our case to homotopy equivalence). Its
class, modulo quasi-isomorphism, is called the total pushforward, Rπ∗F . It
is usually treated as an element of the derived category of (left-bounded)
complexes of coherent sheaves on B. We say that P• represents Rπ∗F .
The second statement of (b) could be improved to say that ρ∗Rπ∗F is
quasi-isomorphic (or, equivalently, isomorphic in the derived category) to
Rπ∗ρ

′∗F . Abstract as this result may seem, the construction of Rπ∗F can
be performed explicitly in examples of modest size, for instance by the
computer algebra package Macaulay2.

We postpone the proof and state two Corollaries through which Theorem
6.10 is used.

Corollary 6.11. Let π : X → B be a projective morphism of schemes and
let F be a sheaf on X that is flat over B. For each i the dimension function

B 3 b 7→ dimκ(b)H
i(F|b)

is a semicontinuous function (that is, takes its smallest value on an open
set.) Moreover the Euler characteristic

χ(F|π−1(b)) :=
∑
i

(−1)i dimκ(b)H
i(F|b)

is constant on each connected component of B.

Proof. It suffices to prove the results in the case where B is affine and
connected, say B = SpecA. Let P• be a complex of finitely generated pro-
jective A-modules with the properties given in Theorem 6.10. Restricting to
some possibly smaller open set of B, we may assume that P• is a complex of
finitely generated free modules. For each b ∈ B we get a complex of vector
spaces by taking the fiber of P• at b. The maps ϕi : P i → P i−1 in P• are
given by matrices with entries in A, and thus the rank of ϕib := κ(b)⊗A ϕi
is a semicontinuous function of b. It follows that

dimκ(b) Hi(P•|b) = dimκ(b) P
i|b − rankϕi+1

b − rankϕib

is a semicontinuous function of b. Further, the Euler characteristic

χ(F|b) =
∑

(−1)i dimκ(b) Hi(P•|b)

=
∑

(−1)i dimκ(b)(P
i|b)

=
∑

(−1)i rankP i
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is a constant function of b.

Here is an example showing that the hypothesis of flatness is essential:

Example 6.12. Let B = A2, let π : X → B be the blowup of B at the
origin. Let P1 ∼= E ⊂ X be the exceptional divisor, and let F be the line
bundle O(E). Note that F is not flat over B. We have χ(F|b) = 1 for b 6= 0,
but F|0 = OP1(−1), so the dimension of H0(F|b) is not semicontinuous.and
the Euler characteristic χ(F|b) is not constant.

We can sometimes deduce the structure of the Riπ∗, and even of the
complex P• of Theorem 6.10, from the behavior of the cohomology, as in
the following example.

Example 6.13. Let B be a curve of genus 1 over k, and let p ∈ B be
a point. Let X = B × B, and let π : X → B the the projection onto
the first factor. Let ∆ be the diagonal in X, and consider the line bundle
F = OX(∆−B×p), so that F|B×{b} = OB(b−p). Note that F is flat over
B. At any point b 6= p we have H0(F|B×{b}) = 0, so π∗F = 0, a vector
bundle. However, the natural map H0(F|p) is 1-dimensional, so the natural
map H0(F|p)→ κ(p)⊗R0π∗(F) is not an isomorphism.

In this case, R1π∗(F) = H0(F|B×{b}) is a torsion sheaf, supported at p.
Let

P• : 0→ P 0 → P 1 → 0

be the complex of Theorem 6.10. We claim that any complex of the form

0→ L(−p)→ L → 0

represents Rπ∗F .

With just a little more work Theorem 6.10 yields much more refined
statements:

Corollary 6.14 (Cohomology and Base Change). Let π : X → B be a
projective morphism of schemes, with B connected, and let F be a coherent
sheaf on X.

(a) If B is reduced then there is a dense open set U of points b ∈ B such
that Riπ∗F|U is a vector bundle, and such that for b ∈ U the fiber
(Riπ∗F|U )b is equal to Hi(F|π−1(b)).

(b) Suppose that F is flat over B. If, for some i, Hj(F|π−1(b)) = 0 for all
j > i and all closed points b ∈ B, then for every closed point b ∈ B the
comparison map

ϕib : Riπ∗(F)|b → Hi(F|π−1(b))
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is an isomorphism.

(c) Suppose that F is flat over B and B is reduced. If, for some i, the
function b 7→ dimκ(b)H

i(F|π−1(b)) is constant, then Riπ∗(F) is a vec-
tor bundle of rank equal to dimκ(b)H

i(F|π−1(b)), and for every closed
point b ∈ B the comparison maps

ϕib : Riπ∗(F)|b → Hi(F|π−1(b))

ϕi−1
b : Ri−1π∗(F)|b → Hi−1(F|π−1(b))

are isomorphisms.

We postpone this proof as well to develop some basic techniques.

6.7.1 Tools from commutative algebra

The proofs of the results in the previous section require two tools from
commutative algebra. First, a fundamental method for proving that a sheaf
is a vector bundle (that is, is locally free):

Proposition 6.15. A coherent sheaf G on a reduced scheme B is a vector
bundle if and only the dimension of the κ(b)-vector space G|b is the same
for all points b ∈ B; if B is quasi-projective, then it even suffices to check
this for closed points. These conditions are satisfied, in particular, if G has
a resolution

P• : · · · - P−1 - P 0 - G - 0

by vector bundles of finite rank that remains a resolution when tensored
with κ(b) for every b ∈ B.

Proof. If G is a vector bundle, then it has constant rank because B is
connected, and this rank is the common dimension of G|b over κ(b).

To prove the converse, and also the last statement of the Proposition,
we note that the problem is local, so we may assume that B = SpecA,
where A is a local ring with maximal ideal m corresponding to the closed
point b0 ∈ B, and that G = G̃, where G is a finitely generated A-module.
By Nakayama’s Lemma, a minimal set of generators of G corresponds to
a map f : F → G from a free A-module F such that the induced map
(A/m)⊗F → (A/m)⊗G is an isomorphism. In particular, the rank of the
free module F is dimA/m(A/(m)⊗G = dimκ(b) G|b.

Let K = Kerϕ, and let P be a minimal prime of A. Since A is reduced,
AP is a field. Localizing at P , we get an exact sequence of finite dimensional
vector spaces

0→ KP → FP → GP → 0,
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whence rankF = dimAP GP + dimAP KP . By hypothesis, dimAP GP =
dimA/m P/mP = rankF , soKP = 0. SinceA is reduced, the only associated
primes of F are the minimal primes of A, and thus K ⊂ F itself must be
zero.

For the last statement, suppose that G has a resolution P• with the given
property. Since B is the spectrum of the local ring A, we may identify P•
with a free resolution of G. Since a minimal free resolution is a summand of
any resolution (Eisenbud [1995] Theorem 20.2) the minimal free resolution
P ′• of G has the same property. But after tensoring with the residue class
field κ(b0) the differentials in P ′• become zero. Since by hypothesis the
resolution remains acyclic, we must have P ′0 = G, so G is free.

The proof of Theorem 6.10 requires one more tool, a way of approximat-
ing a complex by a complex of free modules with good properties.

Proposition 6.16. Let A be a noetherian ring, and let

K• : · · · d- Ki d- Ki+1 d- · · ·

be a complex of (not necessarily finitely generated) flat A-modules whose
homology modules are finitely generated and such that Km = 0 for m� 0.
There is a complex of finitely generated free A-modules P• with Pm = 0
for m � 0, and a map of complexes r : P• → K• such that, for every
A-module M , the map

r ⊗AM : P• ⊗AM - K• ⊗AM

induces an isomorphism on homology.

Proof. We will construct a complex of finitely generated free modules P•
with a map r to K• inducing an isomorphism on homology without the
assumption of flatness; and then we will use the flatness hypothesis to
show that any such r : P• → K• induces an isomorphism on homology
after tensoring with the arbitrary module M .

We will construct the complex P• by a downward induction. Suppose
that for some i a map of complexes

Ki+1 di+1
- Ki+2 di+2

- · · ·

P i+1

ri+1

6

ei+1
- P i+2

ri+2

6

ei+2
- · · ·

inducing isomorphisms Hj(P•) → Hj(K•) for all j ≥ i + 2 has been con-
structed, with the additional property that the composite map Ker ei+1 →
Ker di+1 → Hi+1(K•) is surjective.
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If i is sufficiently large that that Km = 0 for all m ≥ i + 1, then the
choice Pm = 0 and rm = 0 for m ≥ i + 1 satisfies these conditions, giving
a base for the induction.

To make the inductive step from i+ 1 to i, we choose P i to be the direct
sum of two projective modules, P i = P i1 ⊕ P i2 where P i1 is chosen to map
onto the kernel of the composite Ker ei+1 → Ker di+1 → Hi+1(K•), and
P i2 is chosen to map onto Hi(K•). We define the differential ei to be the
given map on P i1 and zero on P i2. Also, we define ri on P i2 by lifting the
chosen map P i2 → Hi(K•) to a map P i2 → Ker di and composing with the
inclusion Ker di ⊂ Ki. On the other hand, since ri+1 carries the image of
P i1 to the kernel of the map Ker di+1 → Hi+1(K•), which is by definition
Im di, we may define ri on P i1 to be the lifting of this map P i1 → Im di to
a map P i1 → Ki.

This gives a map of complexes

Ki di- Ki+1 di+1
- Ki+2 di+2

- · · ·

P i = P i1 ⊕ P i2

ri
6

ei- P i+1

ri+1

6

ei+1
- P i+2

ri+2

6

ei+2
- · · ·

It is clear from the construction that the ri induce isomorphisms Hj(P•)→
Hj(K•) for all j ≥ i+1 and that the composite map Ker ei+1 → Ker di+1 →
Hi+1(K•) is surjective, so the induction is complete.

We now use the hypothesis that the Ki are flat, and suppose that we
have proven that rj induces an isomorphism Hj(P• ⊗M)→ Hj(K• ⊗M)
for every j > i and for every module M . This is trivial in the range where
Kj and P j are both zero, so again we can do a downward induction.

Choose a surjection F → M from a free A-module, and let L be the
kernel, so that

0→ L→ F →M → 0

is a short exact sequence. Since all the Ki and the P i are flat, we get short
exact sequences of complexes by tensoring with P• and K•, from which we
get two long exact sequences by applying the higher direct image functors.
and the comparison map r : P• → K• induces a commutative diagram

H
i
(K• ⊗ L) - H

i
(K• ⊗ F ) - H

i
(K• ⊗M) - H

i+1
(K• ⊗ L) - H

i+1
(K• ⊗ F )

H
i
(P• ⊗ L)

ri ⊗ L
6

- H
i
(P• ⊗ F )

ri ⊗ F ∼=
6

- H
i
(P• ⊗M)

ri ⊗M
6

- H
i+1

(P• ⊗ L)

ri+1 ⊗ L ∼=
6

- H
i+1

(P• ⊗ F )

ri+1 ⊗ F ∼=
6

where, for any module N , we have written ri ⊗ N to denote the map
Hi(P• ⊗ N) → Hi(K• ⊗ N) induced by ri. The maps marked “∼=” are
isomorphisms: ri⊗F and ri+1⊗F are isomorphisms because F is free, while
ri+1⊗L is an isomorphism by induction. A diagram chase (sometimes called



6.7 Cohomology and base change 247

the “five-lemma”) immediately shows that the map ri ⊗M is a surjection.
Since the module M was arbitrary, ri ⊗ L is a surjection as well. Using
this information, a second diagram chase shows that ri ⊗M is injective,
completing the induction.

Proof of Theorem 6.10. Since π is projective we may write X ⊂ P := PnA
for some n, and we let Ui, i = 0, . . . , n be the standard open covering of P
as in Section6.6. Let C• be the Čech complex defined there. Since F is flat
and (F ⊗OUi∩Uj∩···)0 is the module corresponding to the restriction of F
to the affine open set Ui ∩Uj ∩ · · · , the modules of the complex (F ⊗ C•)0

are flat. By Theorem6.9 the homology of this complex is finitely generated,
so we may apply Proposition6.16 and obtain a complex P• whose i-th
homology is Riπ∗F . Taking M = κ(b) in the Proposition, we see that P•
has the second required property as well.

Finally, to show that we may choose P• with P i = 0 for i < 0, note that
for any choice of P• satisfying the Proposition the homology Hi(P•) = 0
for i < 0. The last statement of Proposition 6.15 shows that P ′0 :=
coker(P−1 → P 0) is projective. The map r0 induces a map P ′0 → coker(K−1 →
K0), and since P ′0 is projective we may lift this to a new map r′0 : P ′0 →
K0. It follows from the construction that

· · · - K−1 - K−1 - K0 - K1 - · · ·

· · · - 0

0
6

- 0

0
6

- P ′0

r′0
6

- P 1

6

- · · ·
again induces an isomorphism on homology.

6.7.2 Proof of the theorem on cohomology and base change

Proof of Corollary 6.14 . (a): Removing the intersections of the compo-
nents of X, and then passing to a connected component, we may harm-
lessly assume that X is integral. By the Generic Flatness Theorem (see
Eisenbud [1995] Section 14.2) there is an open set U1 ⊂ B over which F is
flat. Replacing X by this set, we may assume that F is flat and within that
set the set U of points b ∈ U1 where dimκ(b)H

i(F|b) takes on its smallest
value is open by part (a) of the Theorem. The rest follows from part (b) of
the Theorem.

(b): Let P• be the complex guaranteed by Theorem 6.10. The hypothesis
implies that Hi(P•|b) = 0 for all j > i. If m is the greatest integer for
which Pm 6= 0, and m > i, then Nakayama’s Lemma implies that the map
Pm−1 → Pm is surjective, and thus split. Consequenly we can build a quasi-
isomorphic complex P ′• by replacing Pm−1 by P ′m−1 := Ker(Pm−1 → Pm
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and truncating the complex there:

P ′• : · · · - Pm−2 - P ′m−1 - 0

· · ·

P• : · · · - Pm−2
?

- Pm−1
?

- Pm - 0

Continuing in this way, we may assume that Pj = 0 for all j > i. Thus

Hi(F|π−1b) = coker(Pi−1
b → Pib)

= (coker(Pi−1 → Pi)b
= (Riπ∗F)b.

(c): Suppose that the rank of the differential dib is constant. Since taking
fibers commutes with taking images, the fibers of the sheaf Im di have
constant rank. By Proposition 6.15, the module Im di is projective, and
the short exact sequence

0→ Ker di → P i → Im di → 0

splits. We deduce that (Ker di)b = Ker(dib), and it follows that the map

Riπ∗(F)b = Hi(P•)b
ϕib- Hi(P•b) = Hi(F|π−1(b))

is an isomorphism.

Now suppose that dimκ(b)H
i(Fπ−1(b)) is constant. Since the ranks of the

differentials di−1
b and dib are lower semicontinuous, they must both constant

as well, and we see that both displayed maps in the statement of Part (b)
of the Theorem are isomorphisms. Of course then dimκ(b)R

iπ∗(F)b is con-
stant, and it follows from Proposition 6.15 that Riπ∗(F) is a vector bundle.
The Proposition also assures us that it suffices to check the constancy of
the rank at closed points in the quasi-projective case.

Remark. Suppose that π : X → B is a projective morphism and F is a
coherent sheaf on X, flat over B, as in Theorem 6.14, and suppose that
b ∈ B is a point at which dimκ(b)H

i(Fb) “jumps”—that is, is larger than
it is for some points in any open neighborhood of b. From the constancy of
the Euler characteristic χ(Fπ−1(b)) it follows that some dimκ(b)H

j(Fb) with
j 6= i mod 2 must jump too. But the proof above gives a tiny bit more: since
the rank of dib or of di−1

b must have gone down, either dimκ(b)H
i+1(Fb) or

dimκ(b)H
i−1(Fb) must jump at b.
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6.8 Double covers

Not every application of direct images requires the machinery described
above. Here is a case where the computation of the direct image along a
finite morphism is quite illuminating.

By a double cover of a variety B we mean a finite flat map π : X → B
from a reduced scheme X. We can make this description more concrete
as follows: the hypotheses imply that if U is an affine open subset of X
then OX(π−1(U)) = π∗(OX)(U) is a free module of rank 2 over OB(U).
Since the section 1 is nonzero locally everywhere we see that π∗(OX)(U)
is generated as a module, and thus as a ring, by 1 together with one more
element z. It follows that X|U ⊂ U ×A1, and is defined there by a monic,
quadratic equation z2 + py+ q = 0 with p, q ∈ OX(U). If the characteristic
is not 2, then changing variable to y = z+p/2 we may rewrite the equation
in the form y2 − f = 0 with f ∈ OX(U). Since we have assumed that X is
reduced, f 6= 0. Conversely, any scheme that given, locally on each affine
subset of B by an equation of the form y2 − f = 0 with 0 6= f ∈ OB(U)

For simplicity, we assume from now on that the characteristic is not 2.

If p ∈ X, and the cover restricts on an affine neighborhood U of p to
one given by an equation y2 − f = 0, then the fiber π−1(p) consists of
two distinct points when f(p) 6= 0 and one double point when f(p) = 0.
Thus the set of points p where f vanishes is determined by the map π.
But in fact, even the divisor of zeros of f is determined. To see this, we
compute the pushforward to U of the relative cotangent sheaf (the sheaf of
differentials) Ωπ−1(U)/U . To simplify the notation we set V = π−1(U).

From embedding V ⊂ B × A1 we see that ΩV/U = OV dy/2y. Pushing
this forward, we get

π∗ΩV/U = π∗OV dy/2y = coker

(
π∗OV

π∗(2y)- π∗OV
)
,

where π∗(2y) denotes the pushforward of the endomorphism of OV that is
multiplication by 2y. Now OV is a free OU -module on the generators 1, y,
and writing the endomorphism in this basis we get

π∗ΩV/U ∼= coker

(
OU ⊕OUy

0 2f
2 0


- OU ⊕OUy

)
∼= OU/(2f).

Taking into account the fact that 2 is a unit, we see that the ideal (f) is
determined by the map π, as claimed. Since the construction we have just
made commutes with restriction to smaller affine open sets, we get a well
defined divisor on all of B, called the branch divisor of π. We will denote
it ∆. (In general, for a finite flat map X → B of varieties one defines the
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branch divisor to be the 0-th Fitting ideal of π∗(ΩX/B ; see Eisenbud [1995]
Section ****.)

Because the element 1 ∈ π∗OX is nonzero locally everywhere, and π∗OX
is locally free of rank 2, the quotient

L :=
π∗OX
OX · 1

is a line bundle locally generated by the element we called y above. But in
fact, π∗OX decomposes as a direct sum. Indeed any degree 2 field extension
in characteristic not 2 is Galois, and restricting to an open set V as above,
we see that the Galois group is generated by the map σ : y 7→ −y, which
fixes OX inside its quotient field, and has ring of invariants equal to OU .
Thus

1

2
(1 + σ) : π∗OX → π∗OX

is an OB-linear retraction of π∗OX onto OB · 1, proving that

π∗OX = OB ⊕ L.

Since L is locally generated by a section y whose square is a defining equa-
tion of the divisor ∆, we get

L2 ∼= OB(−∆),

It turns out that this data is enough to recover the double cover:

Proposition 6.17. Let B be any variety over a field of characteristic 6= 2.
There is a one-to-one correspondence between double covers π : X → B
of B, and pairs (L,∆) consisting of a line bundle L on B and a divisor
∆ ∈ |L−2|.

Figures 6.7 and 6.8 illustrate the point that the branch divisor must be
divisible by 2.

Proof. We have seen the correspondence in one direction: the double cover
π : X → B determines both the branch divisor ∆, and L = π∗OX/OB · 1.

Conversely, given (L,∆) as above, the divisor ∆ is the vanishing locus
of a section α ∈ L−2. The section α defines a nonzero homomorphism
σ̃ : L2 → OB . Using α we make the locally free sheaf

E = OB ⊕ L

into a sheaf of OB-algebras: multiplication of the summand OB by itself
and by L is the obvious one, while products of sections of the summand L
map to OB via the map σ̃. We define the corresponding double cover to be
X = Spec E . To see that these descriptions are inverse, one computes what
they mean in terms of the local description of the cover over an affine open
set U ⊂ B.
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FIGURE 6.7. The unramified double cover of the circle by the circle induces a
ramified double cover of the two-sphere (∼= P1

C). Note that there are 2 branch
points—an even number

In this situation the base change maps ϕb : (π∗OX)|b → H0(OX |Xb) are
isomorphisms for every b. This is clear in case b /∈ ∆ is not in the branch
divisor, so that the fiber Xb consists of two reduced points; and only slightly
less clear when b ∈ ∆, in which case Xb consists of a single point of degree
2.

6.9 Exercises

Exercise 6.18. Let p ∈ C be a point on a nonsingular projective curve C
of genus 1, and let X = C × C. Let ∆ ⊂ X be the diagonal, and let D be
the divisor C × p. Let F be the line bundle OX(∆ −D). Let π : X → C
be the projection to the first factor.

Compute π∗(F) and R1π∗(F). How do these sheaves reflect the values
of the cohomology Hi(Fπ−1(p′)) as p′ varies over C?

Exercise 6.19. 6.4 in the text, we showed that π∗F = 0. Compute R1π∗F .
How does the answer relate to the result that χ(F|π−1(p) is constant?
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FIGURE 6.8. Double cover of a 2-sphere by a 2-torus. Note that there are 4
branch points—an even number ****the purple line should not be there!****
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Vector Bundles and Chern Classes

Keynote Questions

(a) Let S ⊂ P3 be a smooth cubic surface. How many lines L ⊂ P3 are con-
tained in S? Does a general quartic surface contain any lines? (Answer
on page ??)

(b) Let {St ⊂ P3}t∈P1 be a general pencil of quartic surfaces—that is,
let F and G be general homogeneous polynomials of degree 4 in four
variables, and set St = V (t0F + t1G) ⊂ P3 . How many members St of
the pencil contain a line? (Answer on page ??)

(c) Let {Ct ⊂ P2}t∈P1 be a general pencil of plane curves of degree d—
that is, let F and G be general homogeneous polynomials of degree d
in three variables, and set Ct = V (t0F + t1G) ⊂ P2. How many of the
curves Ct will be singular? (Answer on page ??)

In this chapter we will introduce the machinery for answering these ques-
tions; the answers themselves will be found in Chapters 8 and 9.

7.1 Chern classes

We will begin by defining Chern classes of vector bundles generated by
their global sections, because in this case the Chern classes have a simple
geometrical interpretation that both motivates the definition and provides
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an insight into what should be true. In the following section, we’ll describe
the relations among Chern classes of bundles related by linear algebra con-
structions, and in Section 7.3 build up a vocabulary of bundles whose Chern
classes we know; in combination, these will allow us to calculate the Chern
classes of a wide range of bundles.

7.1.1 Chern classes as degeneracy loci

Let X be a smooth variety and E a vector bundle of rank r on X, which we
will for now assume is generated by its global sections. The Chern classes
of E are elements of the Chow ring A(X) that measure the twisting, or
non-triviality, of the bundle.

To arrive at the definition, we can reason this way: a bundle E of rank
r is trivial if and only if it has r everywhere independent global sections.
We break this down into a series of questions: does E have an everywhere
nonzero section σ1? Does E have two everywhere independent sections σ1

and σ2? and so on. We convert the first of these yes-or-no questions into
a quantitative measure of the non-triviality of E by taking any suitably
general section σ1 of E and associating to E the class of its zero locus. We
do the same for the second question by taking σ1 and σ2 suitably general
sections σ1 of E and associating to E the class of the locus where they fail
to be linearly independent, and so on.

Before we can convert this idea into a definition, we have to say what
the expected dimension of these loci are. Some notation: if σ1(p), . . . , σl(p)
are global sections of E , we define

V (σ1 ∧ · · · ∧ σl) = {p ∈ X | σ1(p), . . . , σl(p) are linearly dependent}.

We can give V (σ1 ∧ · · · ∧ σl) the structure of a closed subscheme of X in
a natural way: in any open subset U ⊂ X over which E is trivial, we can
represent each of the sections σi by an r-vector of regular functions on U ;
we take the defining equations of V (σ1∧· · ·∧σl) in U to be the l× l minors
of the l × r matrix formed by these functions.

In these terms, we have the basic

Lemma 7.1. Let E be a vector bundle of rank r on the smooth variety X.

(a) If σ1, . . . , σl are any sections of E, the locus V (σ1 ∧ · · · ∧ σl) ⊂ X has
codimension at most r − l + 1 everywhere.

(b) If W ⊂ H0(E) is a vector space of global sections that generates E and
σ1, . . . , σr ∈ W are general elements of W , then V (σ1 ∧ · · · ∧ σl) has
codimension r − l + 1 everywhere, for all l.



7.1 Chern classes 255

(c) In the situation of part (b), if we assume in addition that the charac-
teristic of our ground field K is 0, then V (σ1 ∧ · · · ∧ σl) is reduced for
all l.

Proof. For part (a), we start with the case l = 1 of a single section σ.
This is straightforward: since σ is locally defined by r equations, the Prin-
cipal Ideal Theorem says that every component of V (σ) has codimension
at most r. The general case follows similarly from a version of the Principal
Ideal Theorem (Macaulay’s “Generalized Unmixedness Theorem”, proven
in general by Eagon and Northcott—see for example Eisenbud [1995] Ex-
ercise 10.9), which shows that every component of V (σ1 ∧ · · · ∧ σl) has
codimension at most r − l + 1.

For parts (b) and (c), suppose that dimW = m. We have a surjection

W ⊗OX ∼= OmX → E → 0,

and correspondingly a map

ϕ = ϕW : X → G(m− r,W )

associating to each p ∈ X the subspace Wp ⊂ W of sections vanishing at
p (that is, the kernel of the map W → Ep sending τ ∈ H0(E) to τ(p)). If
the sections σ1, . . . , σl ∈W span the l-dimensional subspace Wl ⊂W , then
the locus V (σ1 ∧ · · · ∧ σl) ⊂ X will be simply the preimage ϕ−1(Σ) of the
Schubert cycle

Σ = Σr−l+1(Wl) = {Λ ∈ G(m− r,W ) | Λ ∩Wl 6= 0}

of m− r-planes in W meeting Wl nontrivially. Since Wl ⊂ W is a general
linear subspace, Σ is a general translate of a Schubert cycle, and part (b)
now follows from Kleiman’s Theorem 5.15. Part (c) likewise follows, albeit
in two steps: Kleiman assures us that V (σ1∧· · ·∧σl) is generically reduced,
and Macaulay’s Unmixedness Theorem implies that it has no embedded
components.

Note as a special case of this Lemma that if W ⊂ H0(E) generates E, and
rank(E) = r > dimX, then a general element σ ∈ W ⊂ H0(E) is nowhere
zero. We will see one important geometric consequence of this statement
in Section 7.1.3 below.

Given Lemma 7.1, we can define the Chern classes of any globally gen-
erated vector bundle:

Proposition-Definition 7.2. Let E be a globally generated vector bundle
of rank r on X. For k = 1, . . . , r, if σ1, . . . , σr−k+1 ∈ H0(E) are sections
such that the degeneracy locus V (σ1 ∧ · · · ∧ σr−k+1) ⊂ X has codimension
k everywhere then the class

ck(E) =
[
V (σ1 ∧ · · · ∧ σr−k+1)

]
∈ Ak(X)
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is independent of the choice of σi, and is called the kth Chern class of E .

Lemma 7.1 assures us that a globally generated bundle E will indeed have
such collections of sections, and so this (once we have proved independence
of the choice of σi) defines the Chern classes for any such bundle.

By convention, we take the zeroth Chern class c0(E) to be the funda-
mental class 1 ∈ A(X), and the Chern classes cl(E) to be zero when l > r.
By the total Chern class, or simply Chern class, of E we will mean the sum

c(E) = 1 + c1(E) + · · ·+ cr(E).

Proof. We start with the case k = r of the top Chern class. If σ and τ
are two sections of E whose zero loci are of codimension r, then we can
interpolate between V (σ) and V (τ) with the family

Φ = {
(
[s, t], p

)
∈ P1 ×X | sσ(p) + tτ(p) = 0}.

This gives a rational equivalence between V (σ) and V (τ): since Φ has codi-
mension at most r everywhere, components of Φ intersecting the fibers over
0 or ∞ ∈ P1 must dominate P1, and taking the union of these components
we get a rational equivalence between the class of the zero locus of σ and
that of τ .

The same argument works in the general case: if σ1, . . . , σr−k+1 and
τ1, . . . , τr−k+1 are collections of sections with degeneracy loci of the ex-
pected codimension k, we set

Φ = {
(
[s, t], p

)
∈ P1 ×X | p ∈ V (sσ1 + tτ1 ∧ · · · ∧ sσr−k+1 + tτr−k+1)};

again, the components of Φ dominating P1 give a rational equivalence be-
tween V (σ1 ∧ · · · ∧ σr−k+1) and V (τ1 ∧ · · · ∧ τr−k+1).

There is an equivalent way to characterize the Chern classes of a globally
generated bundle that is often useful. If W ⊂ H0(E) is any vector space of
sections generating E , there is a morpshism

ϕ = ϕW : X → G(m− r,W )

sending p ∈ X to the kernel of the evaluation map W → Ep.

Proposition 7.3. Let E be a vector bundle of rank r on the smooth,
quasiprojective variety X and W ⊂ H0(E) an m-dimensional vector space
of sections generating E. If ϕ : X → G(m − r,W ) is the associated mor-
phism, then the kth Chern class ck(E) is the pullback

ck(E) = ϕ∗(σk)

of the Schubert class σk ∈ Ak(G(m− r,W )).
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Proof. Suppose taht σ1, . . . , σr−k+1 ∈ W is a general collection of r − k +
1 sections, and let Wr−k+1 ⊂ W be the subspace they span. The locus
V (σ1 ∧ · · · ∧ σr−k+1) ⊂ X is the preimage ϕ−1(Σ) of the Schubert cycle

Σ = Σk(Wl) = {Λ ∈ G(m− r,W ) | Λ ∩Wr−k+1 6= 0}

of m−r-planes in W meeting Wr−k+1 nontrivially. By Kleiman’s Theorem,
codim(ϕ−1(Σ) ⊂ X) = codim(Σ ⊂ G(m− r,W )).

To conclude that ck(E) = ϕ∗(σk), we use Theorem 5.12. The necessary
result that the Schubert cycle Σk(Wl) is Cohen-Macaulay is implied by
the Cohen-Macaulay property of generic determinantal ideals, proved for
example in Bruns and Herzog [1993], Theorem 7.3.1 (a). In fact all Schu-
bert varieties are Cohen-Macaulay, and this is implied by part (b) of that
Theorem, although Schubert varieties are not explicitly mentioned; see for
example De Concini et al. [1982] Section 11, where the connection is made
explicit.

7.1.2 Remarks

• So far we’ve defined Chern classes only for globally generated bundles.
Looking ahead, we’ll fix this in Section 7.2.6: any bundle on a quasiprojec-
tive variety will be generated by its global sections after twisting with a
sufficiently ample line bundle, and we will use this to extend our definition
to arbitrary bundles. Specifically, in Section 7.2.5 we establish a relation-
ship between the Chern classes of a bundle and the Chern classes of its
tensor product with a line bundle, and in Proposition-Definition 7.11 we
use this to define the Chern classes of an arbitrary bundle E in terms of
those of c(E ⊗ L) for sufficiently ample L.

• There is another important characterization of Chern classes, given in
Theorem 11.9, which is often used as a definition. The advantage of that
approach is that it has nothing to do with generation by global sections,
and thus avoids the passage through Proposition-Definition 7.11. We have
adopted the definition here because it is geometric and intuitive, and be-
cause it is close in spirit to the applications we’ll make. See Section ?? for
a discussion of some other definitions of Chern classes.

• In case X is smooth and projective, the notion of Chern classes can be
extended even further, to arbitrary coherent sheaves on X; this is described
in Chapter ??.

• Instead of taking l ≤ r sections of a globally generated bundle E and
asking where they fail to be linearly independent, we could take m ≥ r
sections and look at the loci where they fail to span E . The resulting classes
are called the Segre classes sk(E); the relationship between these and the
Chern classes will be described in Chapter 12.
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7.1.3 Application: A strong Bertini theorem

Here is an application of Lemma 7.1.

Proposition 7.4 (Strong Bertini). Let X be a smooth, n-dimensional
quasiprojective variety and D a linear system of divisors on X whose base
locus

Z =
⋂
D∈D

D

is a smooth k-dimensional subscheme of X. If k < n/2, then the general
member of the linear system D is smooth.

Before proving this, note that the inequality k < n/2 is necessary, and in-
deed if we were to replace it by any strictly weaker inequality the statement
of the Proposition would be false. The simplest nontrivial example of this
would be to take X = P4 and Z = P2 a 2-plane in P4: if Y = V (F ) ⊂ P4 is
any hypersurface of degree d > 1 containing Z, the partial derivatives of F
must have a common zero somewhere along Z and so Y must be singular.
For some extensions of this example see Exercises 7.39 and 7.40.

Proof of Proposition 7.4. We start by passing to the blow-up π : X̃ =
BlZX of X along Z, with exceptional divisor E = π−1(Z). Let D̃ be the
proper transform in X̃ of the linear system D; that is,

D̃ = {π∗D − E : D ∈ D}.

(Note that a general D ∈ D will have multiplicity 1 along Z, so that
the corresponding element D̃ = π∗D − E ∈ D̃ will indeed be its proper
transform, but not every member of D̃ need be the proper transform of a
member of D.)

Now, by our hypothesis that the base locus of D is the smooth scheme
Z, the linear system D̃ has no base locus, and so by the classical Bertini
theorem the general member D̃ ∈ D̃ will be smooth. The question then
is, does the map π : D̃ → D ⊂ X introduce any singularities? Clearly it
doesn’t away from E.

As for what goes on along D̃ ∩ E, we observe first that the intersection
D̃ ∩ π−1(p) of D̃ with any fiber of π over a point p ∈ Z is a reduced
linear subspace of π−1(p) ∼= Pn−k−1, either a hyperplane in π−1(p) or all of
π−1(p). To see this, let D ∈ D be any divisor of the original linear series,
L = OX(D) the line bundle associated to D and σ ∈ H0(L) the section of
L defining D. The restriction to Z of the section σ then gives a section τ
of the tensor product (IZ/I2

Z) ⊗ L = N ∗Z/X ⊗ L of the conormal bundle

of Z in X with L; and the intersection D̃ ∩ π−1(p) is the zero locus, in
π−1(p) = P(NZ/X)p = P(NZ/X ⊗ L)p, of τ(p)—either a hyperplane in
π−1(p) if τ(p) 6= 0, or all of π−1(p) if τ(p) = 0. Moreover, we see from this
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that D will be smooth at p exactly when the former is the case, that is,
τ(p) 6= 0 and D̃ ∩ π−1(p) is correspondingly a proper subspace of π−1(p).

Now let V ⊂ H0(L) be the vector space of sections of L corresponding to
the linear system D, and let W ⊂ H0(N ∗Z/X ⊗L) be the associated vector
space of sections of N ∗Z/X⊗L. We know that, as linear forms on NZ/X⊗L,
the sections τ ∈ W have no common zeros, which is to say W generates
N ∗Z/X ⊗ L everywhere. Given that the rank n − k of N ∗Z/X ⊗ L is strictly
greater than dimZ = k, it follows from Lemma 7.1 that a general element
of W is nowhere zero.

This concludes the proof of Lemma 7.4: we see that for general D ∈ D,
the corresponding divisor D̃ = π∗D − E is smooth and contains no fibers
π−1(p) of E over Z, and so D is smooth.

7.2 Basic properties of Chern classes

Now comes the crucial part: we’re going to describe the basic properties
of Chern classes, and in particular the relations among the Chern classes
of bundles related by linear algebra constructions. This will serve two im-
portant purposes: first, these are the tools we will use to compute Chern
classes in practice; and second, this will allow us to extend the definition
of Chern classes to all vector bundles, not just those with enough sections.

7.2.1 Pullbacks

Probably the most fundamental aspect of Chern classes is how they behave
with respect to pullbacks: if f : Y → X is a morphism and E a vector bundle
of rank r of X, what is the relationship between c(E) and c(f∗E)?

The answer is the simplest possible. Suppose that E is generated by global
sections (so that f∗E will be generated by f∗H0(E)). If σ1, . . . , σr−k+1 ∈
H0(E) are general elements we have

ck(E) =
[
V (σ1 ∧ · · · ∧ σr−k+1)

]
∈ Ak(X)

and

ck(f∗E) =
[
V (f∗σ1 ∧ · · · ∧ f∗σr−k+1)

]
∈ Ak(Y ).

Note also that by definition

f−1(V (σ1 ∧ · · · ∧ σr−k+1)) = V (f∗σ1 ∧ · · · ∧ f∗σr−k+1).

Since

codim
(
f−1(V (σ1∧· · ·∧σr−k+1)) ⊂ Y

)
= codim

(
V (σ1∧· · ·∧σr−k+1) ⊂ X

)
,
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and the cycle V (σ1∧ · · ·∧σr−k+1) is Cohen-Macaulay ****reference****,
we can invoke Theorem 5.12 to arrive at the basic fact

ck(f∗E) = f∗ck(E).

We can also see this in terms of the alternative characterization of Chern
classes given in Proposition 7.3. Let W ⊂ H0(E) be any m-dimensional
space of sections generating E , and set V = f∗W ⊂ H0(f∗E); say dimV =
n. Note that we have a surjection π : W → V , whose kernel is simply the
subspace U ⊂ W of sections σ ∈ W vanishing identically on the image
f(Y ) ⊂ X of f .

The space V ⊂ H0(f∗E) generates the bundle f∗E everywhere, so that
we have maps

ϕW : X → G(m− r,W ) and ϕV : Y → G(n− r, V ).

Unpacking the definitions, we see that

ϕV = ι ◦ ϕW ◦ f

where ι : Σ→ G(n− r, V ) is the identification of the sub-Grassmannian

Σ = {Λ ∈ G(m− r,W ) | U ⊂ Λ} ∼= G(n− r, V )

sending Λ ∈ Σ to Λ/U ∈ G(n − r, V ). Since such inclusions of Grassman-
nians preserve Schubert classes, we have

ck(f∗E) = ϕ∗V (σk) = f∗ϕ∗W (σk) = f∗ck(E)

as before.

7.2.2 Line bundles

Note that in case r = 1—that is when E = L is a line bundle—our defini-
tion of Chern classes in general agrees with a special case of our previous
definition of the first Chern class c1(L): when L is generated by global
sections, c1(L) is the Chow class of the zero locus of any nonzero section.
Combining the two, we have defined Chern classes for globally generated
bundles of any rank and for arbitrary line bundles.

If L is an arbitrary line bundle, then we have defined its Chern class to
be

c1(L) = [D − E]

where D is the divisor of zeros of a rational section σ of E and E its polar
divisor. From this definition it follows that

c1(L∗) = −c1(L),
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and also that for any two line bundles L and M,

c1(L ⊗M) = c1(L) + c1(M).

(The first also follows from the second by takingM = L∗.) These relations
form the cornerstone of the calculus of Chern classes: we’ll use them, in
combination with the splitting principle and the Whitney formula below,
to derive all our relations among Chern classes of bundles in general.

Note that the pullback formula c(f∗L) = f∗c(L) holds for all line bun-
dles, not just those generated by global sections: we can always find a ra-
tional section such that the support of its divisor is generically transverse
to the map f .

There is a line bundle associated to any vector bundle E of rank r: its
top exterior power ∧rE , sometimes called the determinant bundle of E and
denoted det(E). Note that if E is globally generated and σ1, . . . , σr are
general sections, the wedge product σ1 ∧ · · · ∧ σr will be a global section of
det(E), with zero locus V (σ1 ∧ · · · ∧ σr); we see accordingly that

c1(det(E)) = c1(E).

We’ll see in Section 7.2.8 below that this relation holds for all vector bun-
dles.

7.2.3 The Whitney formula

Let X be as usual a smooth variety, and E and F vector bundles on X.
There is a fundamental formula relating the Chern class of the direct sum
E ⊕F to the Chern classes of E and F . This is the Whitney formula, most
conveniently expressed in terms of the total Chern classes:

Theorem 7.5 (Whitney formula for direct sums). If E and F are globally
generated vector bundles on a smooth, quasiprojective variety X, then

c(E ⊕ F) = c(E)c(F);

that is,

ck(E ⊕ F) =
∑

0≤l≤k

cl(E)ck−l(F).

for all k ≥ 0.

We will see below (Theorem ??) that the formula holds more generally
for extensions of F by E .

Proof. Denote the ranks of E and F by e and f respectively. We start by
remarking that the formula is most readily visible in the extreme cases: the
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first Chern class c1(E ⊕ F) and the top Chern class ce+f (E ⊕ F). In the
first of these cases, Whitney says

c1(E ⊕ F) = c1(E) + c1(F),

and we can see this directly: if σ1, . . . , σe ∈ H0(E) and τ1, . . . , τf ∈ H0(F)
are general sections, then the degeneracy locus of the e+ f sections

(σ1, 0), . . . , (σe, 0), (0, τ1), . . . , (0, τf ) ∈ H0(E ⊕ F)

is just the sum, as divisors, of the degeneracy loci V (σ1 ∧ · · · ∧ σe) and
V (τ1 ∧ · · · ∧ τf ). (Equivalently, we could just observe that

∧e+f (E ⊕ F) = ∧eE ⊗ ∧fF

and invoke the equality c1(det(E)) = c1(E) of the preceding section.)

Similarly, at the other end Whitney says that the top Chern class of
E ⊕ F is the product of the top Chern classes of E and F :

ce+f (E ⊕ F) = ce(E)cf (F).

To see this, let σ and τ be general sections of E and F respectively. The zero
locus V ((σ, τ)) of the section (σ, τ) ∈ H0(E ⊕F) is then the intersection of
the zero loci V (σ) and V (τ); by Lemma 7.1 applied to F|V (σ), it will have
the expected codimension e+ f and the equality above follows.

The general case is substantially more complicated; but it can be solved,
as can so many of life’s little problems, by Schubert calculus. We adopt
the alternative characterization of Chern classes of Proposition 7.3: if V ⊂
H0(E) is an n-dimensional subspace generating E , we have a map ϕV :
X → G(n − e, V ) sending p to the subspace Vp ⊂ V of sections vanishing
at p; the kth Chern class of E is then the pullback ϕ∗V σk of the Schubert
class σk ∈ Ak(G(n− e, V )).

Let V ⊂ H0(E) and W ⊂ H0(F) be generating subspaces, of dimensions
n andm; let ϕV and ϕW be the corresponding maps. The subspace V ⊕W ⊂
H0(E ⊕ F) is again generating, and gives a map

ϕV⊕W : X → G(n+m− e− f, V ⊕W )

Let

ϕv × ϕW : X → G(n− e, V )×G(m− f,W )

be the product map. We have

ϕV⊕W = η ◦ (ϕV × ϕW )

where η : G(n − e, V ) × G(m − f,W ) → G(n + m − e − f, V ⊕W ) is the
map sending a pair of subspaces of V and W to their direct sum. Given
this, the Whitney formula will follow from the next Lemma:
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Lemma 7.6. Let V and W be vector spaces of dimensions n and m. For
any s and t, let

η : G(s, V )×G(t,W )→ G(s+ t, V ⊕W )

be the map sending a pair (Λ,Γ) to Λ ⊕ Γ. If α and β are the projection
maps on G(s, V )×G(t,W ), then for any k,

η∗(σk) =
∑
i+j=k

α∗σi · β∗σj .

Note that Lemma 7.6 is a direct (and substantial) generalization of the
calculation, in Section 1.2.3, of the class of the diagonal ∆ ⊂ Pr × Pr.
Specifically, if V = W , m = n = r+1 and s = t = 1, then the diagonal ∆ ⊂
Pr×Pr is just the preimage, under the map η : PV ×PV → G(2, V ⊕V ), of
the Schubert cycle Σn(V ) of 2-planes intersecting the diagonal V ⊂ V ⊕V .
Thus Lemma 7.6 in this case yields the formula of Section 1.2.3.

Proof. As in the earlier calculation of the class of the diagonal in Pr ×
Pr, we will use the method of undetermined coefficients. Note that the
product G(s, V )×G(t,W ) can be stratified by products of Schubert cells,
so that the products α∗σa ·β∗σb span A(G(s, V )×G(t,W )). (In particular,
we have A0(G(s, V ) × G(t,W )) = Z). Moreover, intersection products in
complementary dimensions between classes of this type again has a simple
form: we have

deg
(
(α∗σaβ

∗σb)(α
∗σcβ

∗σd)
)

=

1
if ai + cs−i+1 = n− s for all i and

bj + dm−j+1 = m− t for all j

0 otherwise

From this, we see that A(G(s, V ) × G(t,W )) is freely generated by the
classes α∗σaβ

∗σb, and that the intersection pairing in complementary di-
mensions is nondegenerate. Thus, to prove the equality of Lemma 7.6 it
will be enough to show that both sides have the same product with any
class α∗σa ·β∗σb. Specifically, we need to show that for products α∗σa ·β∗σb
of dimension k—that is, with |a|+ |b| = s(n− s) + t(m− t)− k—we have

deg
(
η∗σk · α∗σa · β∗σb

)
=


1

if a = (n− s, . . . , n− s, n− s− i) and

b = (m− t, . . . ,m− t,m− t− j)
for some i+ j = k; and

0 otherwise

We start with the “otherwise” half. Note that, by the dimension condition
|a|+|b| = s(n−s)+t(m−t)−k, the condition a = (n−s, . . . , n−s, n−s−i)
and b = (m−t, . . . ,m−t,m−t−j) for some i+j = k is equivalent to saying
that the sum of the last two indices as and bt is as+ bt = n− s+m− t−k;
in all other cases it will be strictly greater.
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Start by choosing general flags V1 ⊂ · · · ⊂ Vn = V , W1 ⊂ · · · ⊂Wm = W
and U1 ⊂ · · · ⊂ Un+m = V ⊕W . Then

Σa(V) ⊂ {Λ ⊂ V | Λ ⊂ Vn−as}

and

Σb(W) ⊂ {Γ ⊂W | Λ ⊂Wm−at}

so

η
(
α−1Σa ∩ β−1Σb

)
⊂ {Ω ⊂ V ⊕W | Ω ⊂ Vn−as ⊕Wm−at}.

But

Σk(U) = {Ω ⊂ V ⊕W | Ω ∩ Un−s+m−t−k+1 6= 0}

and if as+bt > n−s+m−t−k, then (Vn−as⊕Wm−at)∩Un−s+m−t−k+1 = 0;
thus

η−1Σk ∩ α−1Σa ∩ β−1Σb = ∅

and the product of the corresponding classes is zero.

Similarly, in case a = (n− s, . . . , n− s, n− s− i) and b = (m− t, . . . ,m−
t,m − t − j) for some i + j = k, the intersection U = (Vn−as ⊕Wm−at) ∩
Un−s+m−t−k+1 will be one-dimensional. Since

Σa(V) =

{
Λ ⊂ V |

Vs−1 ⊂ Λ and

Λ ⊂ Vn−as

}
and

Σb(W) =

{
Γ ⊂W |

Wt−1 ⊂ Λ and

Λ ⊂Wm−at

}
we see that the intersection η−1Σk ∩ α−1Σa ∩ β−1Σb will consist of the sin-
gle point (Λ,Γ), where Λ ⊂ V is the span of Vs−1 and the projection π1(U)
and likewise Γ ⊂ W is the span of Wt−1 and the image π2(U). That the
intersection is transverse follows from Kleiman’s theorem in characteristic
0, and from direct examination of the tangent spaces in general.

Given Lemma 7.6, the Whitney formula follows: with ϕV , ϕW and ϕV⊕W
as above, we have

ck(E ⊕ F) = ϕ∗V⊕W (σk)

=
∑
i+j=k

ϕ∗V (σi)ϕ
∗
V (σj)

=
∑
i+j=k

ci(E)cj(F),

which concludes the proof of the Whitney formula for direct sums.

As indicated, the Whitney formula actually holds more generally:
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Theorem 7.7 (Whitney formula for extensions). If

0 - E - G - F - 0

is an exact sequence of globally generated vector bundles, then

c(G) = c(E)c(F).

Proof. We prove this by reducing the problem to the case where G ∼= E⊕F ;
that is, we will show that c(G) = c(E ⊕F) and invoke the Whitney formula
for direct sums.

Suppose that we are given the exact sequence of vector bundles on X:

0 - E α- G β- F - 0.

We define a vector bundle H on A1 ×X by

H :=
E ⊕ G

(t, α)(E)
.

where (t, α) denotes the map from E to E ⊕ G that is multiplication by t
from E to E and acts by α from E to G. We think of H as a family of vector
bundles on X, parametrized by t ∈ A1; for t 6= 0, the bundle Ht = H|{t}×X
is isomorphic to G, while for t = 0 it’s the direct sum E ⊕ F . (Those
familiar with the Yoneda construction of Ext will recognize this family as
the middle vector bundle in the extension that is t times the extension class
of the given exact sequence.)

Now, since we assumed E and G were globally generated, H will be as
well. We thus have a surjection

V ⊗OA1×X
∼= OmA1×X → H→ 0

for V ⊂ H0(H) a suitable m-dimensional vector space of sections of H, and
correspondingly a morphism

ϕ : A1 ×X → G(m− e− f, V ).

We think of ϕ as a family of morphisms ϕt = ϕ|{t}×X : X → G(m−e−f, V )

parametrized by t ∈ A1, with

ϕ∗0(σk) = ck(E ⊕ F) and ϕ∗t (σk) = ck(G) for t 6= 0.

We can then choose a cycle Σ in G(m− e− f, V ) representing the class σk
that is generically transverse to ϕ0, and hence also generically transverse to
ϕt for t in a neighborhood U of 0. The preimage ϕ∗(Σ) ∈ Z(A1 ×X) then
gives a rational equivalence between ϕ∗0(Σ) and ϕ∗t (Σ) for t ∈ U , showing
that ck(E ⊕ F) = ck(G) as desired.
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7.2.4 The splitting principle

A natural complement to the Whitney formula is the splitting principle,
which allows us to relate an arbitrary bundle to a direct sum of line bundles.
The combination of the splitting principle and the Whitney formula is a
powerful tool for calculating Chern classes, as we’ll see over and over in
the remainder of this text (and more immediately in Exercises 7.20-7.26
below).

Theorem 7.8 (Splitting principle). Let X be any smooth variety, E a
vector bundle of rank r on X. Then there exists a smooth variety Y and a
morphism ϕ : Y → X with two properties:

(a) The pullback map ϕ∗ : A(X)→ A(Y ) is injective; and

(b) The pullback bundle ϕ∗E on Y admits a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Er−1 ⊂ Er = ϕ∗E

by vector subbundles Ei ⊂ ϕ∗E with successive quotients Ei/Ei−1 locally
free of rank 1.

Given this, we can use the Whitney formula and our a priori definition of
the Chern class of a line bundle to describe the Chern class of the pullback:

c(ϕ∗E) =

r∏
i=1

c(Ei/Ei−1);

and by the first part of the Lemma this determines the Chern classes of E .

Proof. We will exhibit such a morphism Y → X explicitly, using the notion
of the projectivization of a vector bundle. This construction is described in
detail in Chapter 11.

To start, let π : PE → X be the projectivization of the bundle E , that
is, the variety

PE = {(x, ξ) | x ∈ X and ξ ⊂ Ex a 1-dimensional subspace}

with the map π : (x, ξ) 7→ x. We observe that the pullback bundle π∗E has
a tautological sub-line bundle S, defined by specifying its fiber over a point
(x, ξ) ∈ PE as

S(x,ξ) = ξ ⊂ Ex.

Now let Q be the quotient bundle π∗E/S on PE so that we have an exact
sequence

0→ S → π∗E → Q → 0.
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We can repeat this process, taking the projectivization PQ and introducing
the tautological sub-line bundle of the pullback of Q to PQ. Indeed, iter-
ating this r − 1 times we arrive at the flag bundle ϕ : FE → X, consisting
of all flags in the fibers of the original bundle E :

FE = {(x, ξ1, ξ2, . . . , ξr−1) | x ∈ X and ξ1 ⊂ ξ2 ⊂ · · · ⊂ ξr−1 ⊂ Ex};

and on FE we have the desired filtration

0 ⊂ S1 ⊂ S2 ⊂ · · · ⊂ Sr−1 ⊂ ϕ∗E

where Sk is the rank k subbundle of ϕ∗E defined by

(Sk)(x,ξ1,ξ2,...,ξr−1) = ξk.

It remains now to see that the pullback map ϕ∗ : A(X) → A(FE) is
injective. Note that it’s enough to prove the pullback map π∗ : A(X) →
A(PE) is injective, since ϕ is a composition of r − 1 such maps. This in
turn follows from a direct calculation:

Lemma 7.9. With X, E, π : PE → X and S as above,

π∗
(
c1(S∗)r−1

)
= [X].

Proof. The class on the left has dimension equal to dimX, so a priori we
have

π∗
(
c1(S∗)r−1

)
= c[X]

for some integer c; we just need to determine c. We do this as follows:
let x ∈ X be any point, and Pr−1 = PEx the fiber of PE over x. By the
push-pull formula and the functoriality of the first Chern class,

c =
(
[x] · π∗

(
c1(S∗)r−1

))
=
(
π∗[x] · c1(S∗)r−1

)
=
(
c1 (S∗|Pr−1)

)r−1
.

But the restriction of S∗ to Pr−1 is the bundle OPr−1(1), whose first Chern
class is just the class ζ of a hyperplane in Pr−1; thus

c = ζr−1 = 1.

Given this, Theorem 7.8 follows: by the push-pull formula in general we
have for any class α ∈ A(X)

α = π∗
(
π∗α · c1(S∗)n−1

)
and so in particular π∗α 6= 0 if α 6= 0.
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7.2.5 Tensor products with line bundles

As an application of the splitting principle, we’ll derive the relation between
the Chern classes of a vector bundle E of rank r on a variety X and the
Chern classes of the tensor product of E with a line bundle L.

To do this, let ϕ : Y → X be a morphism such that the pullback ϕ∗ :
A(X)→ A(Y ) is injective, and such that we have a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Er−1 ⊂ Er = ϕ∗E ;

letMi = Ei/Ei−1, i = 1, . . . , r, be the successive quotients in the filtration.
Let αi = c1(Mi) ∈ A1(Y ) be the first Chern class of Mi, and let β =
c1(ϕ∗L) = ϕ∗c1(L) be the first Chern class of the pullback of L. By the
Whitney formula, we have

r∏
i=1

(1 + αi) = c(ϕ∗E) = ϕ∗c(E),

so that the elementary symmetric polynomials in the αi are the pullbacks
of the Chern classes of E :

α1 + α2 + · · ·+ αr = ϕ∗c1(E)∑
1≤i<j≤r

αiαj = ϕ∗c2(E)

...

α1α2 . . . αr = ϕ∗cr(E).

On the other hand, tensoring the filtration above with ϕ∗L we arrive at a
filtration

0 = E0 ⊗ ϕ∗L ⊂ E1 ⊗ ϕ∗L ⊂ · · · ⊂ Er−1 ⊗ ϕ∗L ⊂ Er ⊗ ϕ∗L = ϕ∗(E ⊗ L)

with successive quotientsMi⊗ϕ∗L; since c1(Mi⊗ϕ∗L) = αi+β, we have

(7.1) ϕ∗c(E ⊗ L) =

r∏
i=1

(1 + αi + β).

Now, we can express the product on the right as a polynomial in the
elementary symmetric polynomials: for example, we have

ϕ∗c1(E ⊗ L) =

r∑
i=1

(αi + β) = ϕ∗c1(E) + rϕ∗c1(L)
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and likewise

ϕ∗c2(E ⊗ L) =
∑

1≤i<j≤r

(αi + β)(αj + β)

=
∑

1≤i<j≤r

αiαj + (r − 1)β

r∑
i=1

αi +

(
r

2

)
β2

= ϕ∗c2(E) + (r − 1)ϕ∗c1(E)ϕ∗c1(L) +

(
r

2

)
ϕ∗c1(L)2;

and by the injectivity of ϕ∗ we can drop the pullbacks and deduce the
corresponding relation in A(X).

In general we have:

Proposition 7.10. If E is a vector bundle of rank r and L is a line bundle,
and if E and E ⊗ L are globally generated, then

ck(E ⊗ L) =

k∑
l=0

(
r − l
k − l

)
c1(L)k−lcl(E)

=

k∑
i=0

(
r − k + i

i

)
c1(L)ick−i(E).

Proof. This is just a matter of collecting the terms in the expression (7.1)
of degree l in the αi and degree k − l in β: we write

r∏
i=1

(1 + αi + β) =
∑

1≤i1≤···≤il≤r

(1 + β)r−lαi1 · · ·αil

=
∑
l

cl(E)(1 + β)r−l

and the Proposition follows.

This is our first application of the splitting principle, and it is a template
for all that follow: to relate the Chern classes of tensor products of vector
bundles, or symmetric or exterior powers of a given bundle, we pull them
back to a suitable variety Y → X where they all split (or at any rate
admit filtrations with one-dimensional quotients); we use the relations for
the Chern classes of sums and products of line bundles to derive a relation
there and deduce the relation on X. A colloquial formulation of the splitting
principle is thus:

Any general relation among the Chern classes of bundles that can be proved
for direct sums of line bundles holds true in general.

We will often apply this argument without explicitly invoking the map
Y → X.
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7.2.6 Definition of Chern classes in general

We can now extend the definition of Chern classes to bundles that may not
be globally generated. If E is any bundle on the quasiprojective variety X,
we can find a line bundle L such that F := E ⊗L∗ is globally generated; we
can then use the formula of Proposition 7.10 to express the Chern classes
of E = F⊗L in terms of those of F and L. We express this as the following:

Proposition-Definition 7.11. Suppose that E is a vector bundle of rank
r on X, and L is a line bundle such that F := E ⊗L is globally generated.
Note that E = F ⊗ L∗. The classes

ck(E) :=

k∑
i=0

(
r − k + i

i

)
c1(L∗)ick−i(F)

are independent of the choice of L, and are called the Chern classes of E .

Before we prove this, we note one immediate and important consequence:
the Chern classes ck(E) are 0 for k strictly greater than the rank r of E .

Proof. Suppose that L and M are two line bundles such that F := E ⊗ L
and G := E ⊗M are globally generated; we have to show that

(7.2)

k∑
i=0

(
r − k + i

i

)
c1(M∗)ick−i(G) =

k∑
i=0

(
r − k + i

i

)
c1(L∗)ick−i(F).

Set N = L∗ ⊗M, so that G = F ⊗N ; write c1(L∗) = α and c1(N ∗) = β,
so that c1(M∗) = α + β. Since F and G are globally generated, we know
by Proposition 7.10 that their Chern classes are related by

ck(F) =

k∑
i=0

(
r − k + i

i

)
βick−i(G).

Plugging this into (7.2), we have to show that

k∑
i=0

(
r − k + i

i

)
(α+ β)ick−i(G)

=

k∑
j=0

(
r − k + j

j

)
αj

(
k−j∑
l=0

(
r − k + j + l

l

)
βlck−j−l(G)

)
.

To do this, just compare the coefficients of αjβlck−j−l(H): setting i = j+ l,
on the left we have(

r − k + j + l

j + l

)(
j + l

j

)
=

(r − k + j + l)! (j + l)!

(j + l)! (r − k)! j! l!
,
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while on the right we have(
r − k + j

j

)(
r − k + j + l

l

)
=

(r − k + j)! (r − k + j + l)!

j! (r − k)! (r − k + j)! l!
,

and after cancelling, these are visibly equal.

We remark here that, by the splitting principle, the basic properties of
Chern classes established so far for globally generated vector bundles hold
for bundles in general. For example, we have the fundamental

Proposition 7.12. If f : Y → X is a map of smooth projective varieties
and E is a vector bundle on X, then

ck(f∗E) = f∗ck(E)

for any k.

Proof. We have established this for line bundles, and for globally generated
vector bundles; the case of an arbitrary vector bundle E follows from these,
using Proposition-Definition 7.11.

Similarly, we see that the Whitney formula, established above for globally
generated bundles, holds for all vector bundles by applying Proposition-
Definition 7.11.

Finally, there is one last wrinkle we should mention in connection with
the extension of the definition of Chern classes from globally generated
bundles to arbitrary ones. In the applications of Chern classes we will gen-
erally have a vector bundle E on a variety X, and a collection of sections
σ1, . . . , σl of E whose degeneracy locus V (σ1 ∧ · · · ∧ σl) has the right codi-
mension, and we will want to identify the class of this locus as the Chern
class cr−l+1(E). Proposition-Definition 7.2 assures us that this is the case
when E is globally generated, but in fact it holds more generally. (In fact,
in all our applications, the bundle in question will indeed be globally gen-
erated, but it’s a pain to have to check this every time.) We state this as
the following Proposition:

Proposition 7.13. Suppose that σ1, . . . σk are global sections of a vector
bundle E of rank r on a smooth projective variety X. If the degeneracy
locus Y = V (σ1 ∧ · · · ∧ sk) has codimension r − k + 1 (or is empty), then
cr−k+1(E) = [Y ].

A proof for k = 1 is given in Corollary 11.20; the general case is treated
as a special case of Porteous’ Formula in Corollary 14.2.
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7.2.7 Dual bundles

As an immediate application of the splitting principle, we can express the
Chern classes of the dual E∗ of a vector bundle E in terms of those of E .
Briefly, if E were the direct sum

E =

n⊕
i=1

Li with c1(Li) = αi,

we would have

c(E) =

n∏
i=1

(1 + αi).

We would also have, by the same token,

E∗ =

n⊕
i=1

L∗i

and hence

c(E∗) =

n∏
i=1

(1− αi);

thus

ck(E∗) = (−1)kck(E).

The splitting principle then tells us that this formula holds for all vector
bundles, not just split ones.

7.2.8 Determinant of a bundle

By the determinant det E of a bundle E we mean the line bundle that is
the highest exterior power det E := ∧rank EE .

Proposition 7.14. If E is a vector bundle of rank r on a smooth variety
then c1(E) = c1(∧rE).

The formula is immediate from the definition in the case when E is glob-
ally generated. Here is an easy general proof illustrating the use of the
splitting principle.

Proof. By the splitting principle we may assume that E has a filtration
0 ⊂ E1 ⊂ · · · ⊂ E such that each Ei+1/Ei is a line bundle. It follows that
det E =

∏
i Ei+1/Ei, and thus c1(E) =

∑
c1(Ei+1/Ei) = c1(

∏
i Ei+1/Ei) =

c1(det E).
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7.2.9 Tensor product of two bundles

In theory, the Whitney formula and the splitting principle should yield a
formula for the Chern class of the tensor product of two bundles of any
rank. But, as the reader will see in Exercises 7.26-7.27, the formula in
general is complicated. One case we can handle, though, is the first Chern
class c1(E ⊗ F):

Proposition 7.15. If E ,F are vector bundles of ranks e and f respectively,
then

c1(E ⊗ F) = f · c1(E) + e · c1(F)

Proof. Suppose E =
⊕
Li and F =

⊕
Mi are direct sums of line bundles,

so that we can write

c(E) =

e∏
i=1

(1 + αi) and c(F) =

f∏
j=1

(1 + βj)

with c1(Li) = αi and c1(Mj) = βj ; note that c1(E) = α1 + . . . αe and
c1(F) = β1 + . . . βf . We have then

E ⊗ F =

e,f⊕
i,j=1,1

Li ⊗Mj

and correspondingly

c(E ⊗ F) =

e,f∏
i,j=1,1

(1 + αi + βj).

In particular, this gives

c1(E ⊗ F) =

e,f∑
i,j=1,1

(αi + βj)

= f

e∑
i=1

αi + e

f∑
j=1

βj

= fc1(E) + ec1(F).

We will also see, in Chapter 14, a formula for the top Chern class cef (E⊗
F) of a tensor product of bundles of ranks e and f .
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Is smoothness necessary?. There is one final remark to be made here.
Throughout this chapter, we have considered only vector bundles E on
smooth varieties X. In fact, this is needlessly restrictive: if X is any scheme
and E a vector bundle on X, we can define the Chern classes ck(E) ∈
AdimX−k(X). What’s more, all the basic properties of Chern classes—their
behavior under pullback and the Whitney formula, in particular—continue
to hold.

At first glance, this may not appear to make sense: Whitney’s formula,
for example, involves intersection products, which are not defined on the
Chow group A(X) of an arbitrary X. But in fact it is possible to define
products αβ of Chow classes α and β ∈ A(X) on an arbitrary scheme,
as long as at least one is a Chern class: we can define the intersection of
ck(E) with the class of an arbitrary closed subvariety A ⊂ X simply as the
kth Chern class ck(E|A) of the restriction of E to A (or, rather, its push
forward to X under the inclusion map A ↪→ X). Indeed, this observation is
a cornerstone of modern intersection theory; and of all the debatable choices
we have made in writing this book, the one that will probably cause Bill
Fulton to smack his forehead the hardest is this needless restriction of the
definition of Chern classes to bundles on smooth varieties.

7.3 Chern classes of some interesting bundles

There are a lot of different vector bundles, but some come up again and
again in geometric applications: the tautological bundles on projective
spaces and Grassmannians; tangent bundles; and normal bundles of sub-
varieties. We’ll analyze some examples of the first two types here (with
generalizations in chapters to come). Normal bundles will be used, for ex-
ample, in Chapter 8.

7.3.1 Universal bundles on projective space

We start with the most basic of all bundles: the bundle OPr (1) on projective
space Pr. We have

c1(OPr (1)) = ζ ∈ A1(Pr)

where ζ is the hyperplane class; and similarly

c1(OPr (n)) = n · ζ ∈ A1(Pr)

for any n ∈ Z.



7.3 Chern classes of some interesting bundles 275

This in turn allows us to compute the Chern class of the universal quo-
tient bundle Q on Pr: if Pr = PV , from the exact sequence

0→ S = OPr (−1)→ V ⊗OPr → Q→ 0

we have

c(Q) =
1

c(OPr (−1))

=
1

1− ζ
= 1 + ζ + ζ2 + · · ·+ ζr.

Note that we could also arrive at this directly from the description of Chern
classes as degeneracy loci of sections: an element v ∈ V gives rise to a
global section σ of the bundle Q; given k elements v1, . . . , vk ∈ V the
corresponding sections σ1, . . . , σk of Q will be linearly dependent at a point
x ∈ Pr exactly when x lies in the Pk−1 corresponding to the subspace
W = 〈v1, . . . , vk〉 ⊂ V spanned by the vi. Thus

cr−k+1(Q) = [Pk−1] = ζr−k+1 ∈ Ar−k+1(Pr).

7.3.2 Chern classes of tangent bundles

Chern classes in general are invariants of a pair (X, E) consisting of a variety
X and a vector bundle E on X. Since the tangent and cotangent bundles
of a smooth variety (or, more generally the sheaf of differentials on any
scheme) are intrinsically associated to that variety, their Chern classes are
intrinsic invariants of the variety alone, and they are indeed important ones.
On the whole, perhaps the most important things we can know about a
variety, after a description of its Chow or cohomology ring, are the Chern
classes of its tangent bundle. We will make some computations of these in
the next few sections.

7.3.3 Tangent bundles of projective spaces

We start by calculating the Chern classes of the tangent bundle TPn of
projective space. This is straightforward, given the Euler sequence of Sec-
tion 2.2.4: we have

0→ OPn → OPn(1)n+1 → TPn → 0

and hence

c(TPn) = (1 + ζ)n+1

where ζ ∈ A1(Pn) is the hyperplane class.
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We could also derive this from the identification T = Hom(S,Q) =
S∗ ⊗ Q, where S = OPn(−1) and Q are the universal sub- and quotient
bundles, by applying Proposition 7.10.

7.3.4 Tangent bundles to hypersurfaces

We can combine the formula above for the Chern classes of the tangent
bundle to projective space Pr and the Whitney formula to calculate the
Chern classes of the tangent bundle to a smooth hypersurface X ⊂ Pr of
degree d.

To do this, we use the standard normal bundle sequence

0→ TX → TPr |X → NX/Pr → 0

and the identification

NX/Pr = OPr (X)|X = OX(d).

Letting ζX denote the restriction to X of the hyperplane class on Pr, we
can write

c(TX) =
c(TPr )|X
NX/Pr

=
(1 + ζX)r+1

1 + dζX

=

(
1 + (r + 1)ζX +

(
r + 1

2

)
ζ2
X + . . .

)(
1− dζX + d2ζ2

X + . . .
)
.

There is a beautiful consequence for the topology of a smooth hypersur-
face over the complex numbers. In the classical, or analytic topology on X,
the Hopf Index Theorem **ref** says that the Euler characteristic of X is
equal to the degree of the top Chern class of its tangent bundle. Applying
the formula above, then, and remembering that deg(ζr−1

X ) = d, we have

χ(X) = cr−1(TX) =

r−1∑
k=0

(−1)k
(
r + 1

k + 2

)
dk+1.

In fact, we know more: the Lefschetz Hyperplane Theorem **ref** tells
us that the integral cohomology groups of X, except for the middle one
Hr−1(X), are all equal to the corresponding cohomology groups of projec-
tive space: in particular, the Betti numbers are 1 in even dimensions and
0 in odd. (In fact, the analogous statement is true for any smooth com-
plete intersection: all the cohomology groups except the middle are equal
to those of projective space.) Given that, knowing the Euler characteristic
determines the middle Betti number as well. In Table 7.1 we give the results
of this calculation in a few of the cases where it is actually used.
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variety χ middle Betti number

quadric surface 4 2

cubic surface 9 7

quartic surface 24 22

quintic surface 55 53

quadric threefold 4 0

cubic threefold −6 10

quartic threefold −56 60

quintic threefold −200 204

quadric fourfold 6 2

cubic fourfold 27 23

TABLE 7.1. Euler Characteristics of Favorite Hypersurfaces

Note that some of these we already knew: the quadric surface is isomor-
phic to P1×P1, from which we can see directly both the Euler characteristic
and the second Betti number; the quadric fourfold may also be viewed as
the Plücker embedding of the Grassmannian G(1, 3), whose cohomology
has as basis its six Schubert cycles, and whose middle cohomology in par-
ticular has basis given by the two Schubert cycles σ1,1 and σ2.

7.3.5 Bundles on Grassmannians

Let’s consider next the case of the Grassmannian G = G(k, n) of k-planes
in an n-dimensional vector space V , and its universal sub- and quotient
bundles S and Q.

We’ll start with Q, since this bundle is globally generated, so that we
can determine its Chern classes directly as degeneracy loci. Specifically,
elements v ∈ V give rise to sections σ of Q simply by taking their images
in each quotient of V : that is, for a k-plane Λ ⊂ V , we set

σ(Λ) = v ∈ V/Λ.

Now, given a collection v1, . . . , vm ∈ V , the corresponding sections will
fail to be independent at a point Λ ∈ G exactly when the corresponding
vi ∈ V/Λ are dependent, which is to say when Λ intersects the span W =
〈v1, . . . , vm〉 ⊂ V in a nonzero subspace—that is, when

PΛ ∩ PW 6= ∅.

We may recognize this locus as the Schubert cycle Σn−k−m+1(W ), from
which we conclude that the Chern class of Q is the sum

c(Q) = 1 + σ1 + σ2 + · · ·+ σn−k.
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UnlikeQ, the universal subbundle S doesn’t have nonzero global sections,
so we can’t use the characterization of Chern classes as degeneracy loci. But
the dual bundle S∗ does: if l ∈ V ∗ is a linear form, we can define a section
τ of S∗ by restricting l to each k-plane Λ ⊂ V in turn; in other words, we
set

τ(Λ) = l|Λ.
Now, if we have m independent linear forms l1, . . . , lm ∈ V ∗, the corre-
sponding sections of S∗ will fail to be independent at the point Λ ∈ G—that
is, some linear combination of the li will vanish identically on Λ—exactly
when Λ fails to intersect the common zero locus U of the li properly; that
is, when

dim(PΛ ∩ PU) ≥ k −m.
Again, this locus is a Schubert cycle in G, specifically the cycle Σ1,1,...,1(U);
and we conclude that

c(S∗) = 1 + σ1 + σ1,1 + · · ·+ σ1,1,...,1;

from this we can deduce in turn that

c(S) = 1− σ1 + σ1,1 + · · ·+ (−1)kσ1,1,...,1.

In theory, we should be able to use the identification of the Chern classes
c(S) and c(Q) to derive the Chern class of the tangent bundle TG, which
we saw in Section ?? is isomorphic to Hom(S,Q) = S∗ ⊗ Q. In general,
unfortunately, this knowledge remains theoretical: as we indicated in Sec-
tion 7.2.9, the formula for the Chern class of the tensor product of two
bundles of higher rank is complicated. But we can at least use Proposi-
tion 7.15 to give the first Chern class c1(TG): since c1(S∗) = c1(Q) = σ1,
we have

Proposition 7.16. The first Chern class of the tangent bundle of the
Grassmannian G = G(k, n) is

c1(TG) = n · σ1.

We see from this also that the canonical class KG of G is −nσ1. Note that
this agrees with our prior calculations in the case k = 1 of projective space
Pn−1, and in case k = 2 and n = 4, where the Grassmannian G(2, 4) may
be realized as a quadric hypersurface in P5 and we can apply the results of
Section 7.3.4.

7.4 Generators and relations for A(G(k, n))

We have seen in Corollary 3.5 that the Chow ring of the Grassmannian is
a free abelian group generated by the Schubert cycles. We will now show
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that it is generated multiplicatively by just the the special Schubert cycles,
which are the Chern classes of the universal subbundle. At the same time,
we will see that the Whitney formula and the fact that the Chern classes of
a bundle vanish above the rank of the bundle provide a complete description
of the relations among the special Schubert cycles, and that these form a
complete intersection.

Theorem 7.17. The Chow ring of the Grassmannian G(k, n) has the form

A(G(k, n)) = Z[c1, . . . , ck]/I

where ci ∈ Ai(G(k, n)) is the i-th Chern class of the universal subbundle S
and the ideal I is generated by the terms of total degree n− k+ 1, . . . , n in
the power series expansion

1

1 + c1 + · · ·+ ck
= 1−(c1 + · · ·+ck)+(c1 + · · ·+ck)2−· · · ∈ Z[[c1, . . . , ck]].

Moreover, I is a complete intersection.

For example, the Chow ring of G(3, 7) is Z[c1, c2, c3]/I where I is gener-
ated by the elements

c51 + 4c31c2 + 3c1c
2
2 + 3c21c3 + 2c2c3,

c61 + 5c41c2 + 6c21c
2
2 + c32 + 4c31c3 + 6c1c2c3 + c23,

c71 + 6c51c2 + 10c31c
2
2 + 4c1c

3
2 + 5c41c3 + 12c21c2c3 + 3c22c3 + 3c1c

2
3,

and these elements form a regular sequence.

The proof uses two results from commutative algebra, Proposition 7.18
and Lemma 7.19, which are variations on some frequently used results; the
reader may wish to familiarize himself with them before reading the proof of
Theorem 7.17. Recall that the socle of a finite dimensional graded algebra T
is the submodule of elements annihilated by all elements of positive degree.
In particular, if d is the largest degree such that Td 6= 0, then the socle of T
contains Td. For a somewhat different proof, and the generalization to Flag
bundles of arbitrary vector bundles, see Grayson and Stillman [≥ 2013].

Proof. Set A = A(G(k, n)) and write ti for the degree i part of the power
series expansion of 1/(1 + c1 + · · · + ck), so that t0 = 1, t1 = −c1, t2 =
c21 − c2, . . . . Let J = (tn−k+1, . . . , tn) and let R = Z[c1, . . . , ck]/J .

The Whitney formula (Theorem 7.7) applied to the tautological sequence
of vector bundles

0→ S → OnG(k,n) → Q→ 0

on G(k, n) shows that c(Q) = 1/c(S). Since Q has rank n− k, the classes
ci(Q) vanish for all i > n− k, and it follows that there is a ring homomor-
phism

ϕ : R→ A; ti 7→ ci(Q).
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Under this homomorphism the class ci goes to the Schubert cycle ci(S) =
σ1i (where the subscript denotes a sequence of i ones.) Recall from Corol-
lary 3.2 that σn−k

1k
is the class of a point.

We will show that for any field F the sequence tn−k+1, . . . , tn is a regular
sequence in R⊗Z F , and the induced map

R′ := R⊗Z F
ϕ′:=ϕ⊗ZF- A′ := A⊗Z F

is an isomorphism. Since A is a finitely generated abelian group, the sur-
jectivity of ϕ follows from this result using Nakayama’s Lemma and the
two cases F = Z/(p) and F =
CQ. On the other hand, by Corollary 3.5, A is a free abelian group so, as
an abelian group, ϕ(R) is free. Thus the kernel of ϕ is a summand of R,
so the injectivity of ϕ follows from the injectivity, for every choice of F , of
ϕ′. Using Lemma 7.19 inductively, it also follows that tn−k+1, . . . , tn is a
regular sequence, proving the Theorem.

To show that tn−k+1, . . . , tn is a regular sequence in R′ it suffices, since
the ti have positive degree, to show that

F [c1, . . . , ck]/J

has Krull dimension zero. Since F was arbitrary it suffices, by the Nullstel-
lensatz, to show that if fi ∈ F for the ci in such a way that tn−k+1 = · · · =
tn = 0, then all the fi are zero.

Indeed, after such a substitution we see that 1/(1 + f1x + f2x
2 · · · +

fkx
k) = p(x) + q(x) where p(x) is a polynomial of degree ≤ n− k and q(x)

is a rational function vanishing to order at least n+1 at 0. We may rewrite
this as

1− p(x)(1 + f1x+ f2x
2 · · ·+ fkx

k)

1 + f1x+ · · ·+ fkxk
= q(x).

However, the denominator of the left hand side is nonzero at the origin,
and the numerator has degree at most n. Since q(x) vanishes to order
at least n + 1 at the origin, both sides must be identically zero; that is
p(x) = 1, q(x) = 0, and thus all fi = 0 as required. (See Exercise 7.38 for a
more explicit version.)

Combining this information with Proposition ?? we get:

• The dimension of R′ (as a vector space over F ) is
(
n
k

)
;

• The highest degree d such that R′d 6= 0 is k(n− k).

• Since a complete intersection is Gorenstein (Eisenbud [1995] Theorem
****) every nonzero ideal of R′ contains R′k(n−k).

.

We now return to the map ϕ′. By Corollary 3.10, the rank of A(G(k, n))
is also

(
n
k

)
; thus to show that ϕ′ is an isomorphism, it suffices to show that
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its kernel is zero. We know that (σ1k)n−k is in the image of ϕ′, so Kerϕ′

does not contain Rk(n−k). Since R′k(n−k) is the socle of R′, the kernel of ϕ′

must be zero.

We have used the following two results from commutative algebra:

Proposition 7.18. Suppose that F is a field and that

T = F [x1, . . . , xk]/(g1, . . . , gk)

is a zero-dimensional graded complete intersection with degxi = δi > 0 and
deg gi = εi > 0. The Hilbert series of T is

HT (d) :=

∞∑
u=0

dimF Tud
u =

∏k
i=1(1− dεi)∏k
i=1(1− dδi)

The degree of the socle of T is
∑k
i=0 εi −

∑k
i=0 δi, and the dimension of T

is

dimF T =

∏k
i=1(εi − 1)∏k
i=1(δi − 1)

.

Proof. We begin with the Hilbert series. The polynomial ring F [x1, . . . , xk]
is the tensor product of the polynomial rings in 1 variable F [xi] so

HF [x1,...,xk](d) :=
1∏k

i=1(1− dδi )
.

We can put in the relations one by one using the exact sequences

0 - F [x1, . . . , xk]/(g1, . . . , gi)(−εi)
gi+1- F [x1, . . . , xk]/(g1, . . . , gi)

- F [x1, . . . , xk]/(g1, . . . , gi+1) - 0,

and using induction we see that

HT (d) = HF [x1,...,xk]/(g1,...,gk)(d) =

∏k
i=1(1− dεi)∏k
i=1(1− dδi)

.

A priori this is a rational function of degree s :=
∑k
i=1 εi −

∑k
i=1 δi. Since

we know from the computation above that T is a finite dimensional vec-
tor space over F , the Hilbert series must be a polynomial. Thus it is a
polynomial of degree s, so the largest degree in which T is nonzero is s.

The dimension of T is the value of HT (d) at d = 1. The product (1−d)k

obviously divides both numerator and denominator of the expression for
the Hilbert series above. After dividing, we get:

HT (d) =

∏k
i=1

∑εi−1
j=0 dj∏k

i=1

∑δi−1
j=0 dj

.

Setting d = 1 in this expression gives us the desired result.
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The other result from commutative algebra that we used is a version of
the fact that regular sequences in a local ring can be permuted (Eisenbud
[1995], Corollary 17.2). The same result holds in the local case when every
element of the regular sequence has positive degree, but the case we need
is slightly different, since one element of the regular sequence is an integer.
The result may also be viewed as a variation on the local criterion of flatness
(Eisenbud [1995]Section 6.4).

Lemma 7.19. Suppose that R is a finitely generated graded algebra over Z,
with algebra generators in positive degrees, and that f ∈ R is a homogeneous
element. If R is free as a Z-module and f⊗Z Z/(p) is a monomorphism for
every prime p, then f is a monomorphism and R/(f) is free as a Z-module
as well.

Proof. Since R is free, so is every submodule; in particular fR is free, and
the kernel K of multiplication by f is a free summand of R. It follows that
K ⊗Z Z/(p) ⊂ R ⊗Z Z/(p). Since this ideal is obviously contained in the
kernel of multplication by f on R ⊗ Z/(p), we see that K ⊗Z Z/(p) = 0.
Since K is free, this implies that K = 0 as well; that is, f is a nonzerodivisor
on R, and the diagram

0 - R(−1)
f - R - R/fR - 0

0 - R(−1)

p
? f - R

p
?

- R/fR

p
?

- 0

has exact rows. A diagram chase (the Snake Lemma) shows that p is a
nonzerodivisor on R/fR. Since p was an arbitrary prime, R/fR is a torsion
free abelian group. Since R is finitely generated and f is homogenous, R/fR
is a direct sum of finitely generated generated abelian groups, and torsion-
freeness implies freeness.

7.5 Exercises

Many of the following exercises give applications of the Whitney formula
and splitting principle. We will be assuming the basic facts that if

E =

e⊕
i=1

Li and F =

f⊕
i=1

Mi

are direct sums of line bundles, then

Symk E =
⊕

1≤11≤···≤ik≤r

Li1 ⊗ . . . · · · ⊗ Lik ;
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∧kE =
⊕

1≤11<···<ik≤r

Li1 ⊗ . . . · · · ⊗ Lik ; and

E ⊗ F =

e,f⊕
i,j=1,1

Li ⊗ CMj .

Exercise 7.20. Let E be a vector bundle of rank 3. Express the Chern
classes of ∧2E in terms of those of E by invoking the splitting principle and
the Whitney formula

Exercise 7.21. Verify your answer to the preceding exercise by observing
that wedge product map

E ⊗ ∧2E → ∧3E = det(E)

yields an identification ∧2E = E∗ ⊗ det(E), and applying the formula for
tensor product with a line bundle.

Exercise 7.22. Let E be a vector bundle of rank 4. Express the Chern
classes of ∧2E in terms of those of E .

Exercise 7.23. Let E be a vector bundle of rank 3. Express the Chern
classes of Sym2 E in terms of those of E .

Exercise 7.24. Let E be a vector bundle of rank 4. Express the Chern
classes of Sym2 E in terms of those of E .

Exercise 7.25. Let E be a vector bundle of rank 2. Express the Chern
classes of Sym3 E in terms of those of E .

Exercise 7.26. Let E and F be vector bundles of rank 2. Express the
Chern classes of the tensor product E ⊗ F in terms of those of E and F .

Exercise 7.27. Just to get a sense of how rapidly this gets complicated:
do the preceding exercise for a pair of vector bundles E and F of ranks 2
and 3.

Exercise 7.28. Apply the preceding exercise to find all the Chern classes
of the tangent bundle TG of the Grassmannian G = G(2, 4)

Exercise 7.29. Find all the Chern classes of the tangent bundle TQ of a
quadric hypersurface Q ⊂ P5.

Exercise 7.30. Check that your answers to the last two exercises agree!

Exercise 7.31. Calculate the Chern classes of the tangent bundle to a
product Pn × Pm of projective spaces

Exercise 7.32. Find the Euler characteristic of a smooth hypersurface of
bidegree (a, b) in Pm × Pn.
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Exercise 7.33. Using the Whitney formula, show that for n ≥ 2 the
tangent bundle TPn of projective space is not a direct sum of line bundles.

Exercise 7.34. An extension of the preceding exercise: show that for n ≥ 2
the tangent bundle TPn of projective space is not a nontrivial direct sum
of vector bundles of any positive rank.

Exercise 7.35. Find the Betti numbers of the smooth intersection of a
quadric and a cubic hypersurface in P4, and of the intersection of three
quadrics in P5. (Both of these are examples of K3 surfaces, which are
diffeomorphic to a smooth quartic surface in P3.)

Exercise 7.36. Find the Betti numbers of the smooth intersection of two
quadrics in P5. This is the famous quadric line complex, about which you
can read more in [GH], Chapter 6.

Exercise 7.37. Show that the cohomology groups of a smooth quadric
threefold Q ⊂ P4 are isomorphic to those of P3 (Z in even dimensions, 0
in odd), but its cohomology ring is different (the square of the generator
of H2(Q,Z) is twice the generator of H4(Q,Z)). (This is a useful example
if you’re ever teaching a course in algebraic topology.)

Exercise 7.38. With notation as in Theorem 7.17 and the convention that
ti = 0 for i < 0, show that for i ≥ 1

ti =

k∑
j=1

(−1)jcjti−j when i ≥ 1.

Deduce that J contains all tj with j > n− k (this is a little stronger than
the argument given in the text, which shows that these ti are in the radical
of J . Use this to show that if we substitute elements fi for the ci making
tn−k+1 = · · · = tn = 0 then the inverse of the polynomial in one variable
p(x) := 1 + f1x + · · · + fkx

k ∈ F [x] is itself a polynomial. It follows that
p(x) is constant, so all fi are zero.

Exercise 7.39. Let S ⊂ P4 be a smooth complete intersection of hyper-
surfaces of degrees d and e, and let Y ⊂ P4 be any hypersurface of degree
f containing S. Show that if f is not equal to either d or e, then Y is
necessarily singular.

(Hint: Assume Y is smooth, and apply the Whitney formula to the se-
quence

0→ NS/Y → NS/P4 → NY/P4 |S → 0

to arrive at a contradiction.)

Exercise 7.40. Let S ⊂ Pn be a smooth k-dimensional complete inter-
section of hypersurfaces of degrees d1, . . . dn−k, and let Y ⊂ Pn be any
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hypersurface of degree e containing S. Show that if k > n/2 and e 6= di for
any i, then Y is necessarily singular.
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8

Lines on Hypersurfaces

Keynote Questions

(a) Let X ⊂ P4 be a general quintic hypersurface. How many lines L ⊂ P4

does X contain?

(b) Let {Xt ⊂ P3}t∈P1 be a general pencil of quartic surfaces—that is,
let f and g be general homogeneous polynomials of degree 4 in four
variables, and set Xt = V (t0f + t1g) ⊂ P3. How many of the surfaces
Xt contain a line?

(c) Now let {Xt ⊂ P3}t∈P1 be a general pencil of cubic surfaces, and
consider the locus of all lines contained in some member of this pencil.
What is the degree of the surface swept out by these lines? What is
the genus of the curve parametrizing them?

(d) Can a smooth quartic hypersurface in P4 contain a 2-parameter family
of lines?

In this Chapter we will study the schemes parametrizing lines (and planes
of higher dimension) on a hypersurface. These are called Fano schemes.
There are two phases to the treatment. It turns out that the enumerative
content of the keynote questions above, and many others, can be answered
through a single type of Chern class computation. But there is another side
of the story, involving beautiful and important techniques for working with
the tangent spaces of Hilbert schemes, of which Fano schemes are examples.
These ideas will allow us to verify that the “numbers” we compute really
correspond to the geometry that they are meant to reflect. We will go even
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beyond these techniques and explore a little of the local structure of the
Fano scheme. There are many open questions in this area, and the chapter
ends with and exploration of one of them.

8.1 What to expect

For what n and d should we expect a general hypersurface X ⊂ Pn of degree
d to contain lines? What dimensional family of lines we would expect it to
contain? When the dimension is zero, how many lines will there be? In
this chapter e will treat such questions, and explain some cases where the
“expectations” are realized.

8.1.1 Definition of the Fano scheme

A projective space Pn∗ = PV ∗ may be thought of as parametrizing the
hyperplanes in Pn := PV , and more generally the Grassmannian G(k, n)
parametrizes the planes of any dimension k. Basic to this chapter is the fact
that for closed scheme X ⊂ Pn there is a natural subscheme of the Grass-
mannian G(k,Pn) whose points correspond to the k-planes contained in
X, called the Fano scheme Fk(X). Moreover, there is a “family of k-planes
in X” defined as a subvariety Φ(X, k) ⊂ X × G(k, n) with nice proper-
ties such that the fiber of Φ(X, k) over the point p of the Grassmannian
corresponding to a k-plane L is L× {p} ⊂ X × {p} = X.

The simplest example of such a family is perhaps the universal hyper-
plane

Φ = Φ(n− 1,Pn) ⊂ Pn ×G(n− 1, n) = Pn × Pn∗.

If we write Pn = PV , and choose dual bases {ai} and {zi} for V and V ∗

respectively, then Φ is defined by the equation
∑
i aixi = 0.

This description coincides with that of the universal (n− 1)-plane given
in Section ??. Recall that this was defined to be PS, where S is the universal
subbundle on G(n− 1, n) = Pn∗:

0 - S - On+1
P

(x0,...xn)- OPn∗(1) - 0

Indeed, the inclusion S - On+1
P gives an embedding

PS ⊂ POn+1
P = Pn × Pn∗,

and the exact sequence says precisely that the lines in PS are those whose
homogeneous coordinates (a0, . . . , an) satisfy

∑
aixi = 0. The name “uni-

versal family” will be justified in Section 8.3.2.
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The first nontrivial examples of Fano schemes are the schemes of lines
on smooth surfaces. The family of lines is a union of linear equivalence
classes, each isomorphic to a projective space. For instance the set of lines
on a nonsingular quadric in P3 is the disjoint union of two copies of P1.
We know already that the lines on a quadric cone in P3 form a single
1-dimensional family, which can also be parametrized by P1, though one
might suspect that, since the singular quadric is the limit of nonsingular
quadrics, this family of lines should count twice, and indeed, as a scheme,
we shall see that it has mulptiplicity two (Exercise 8.46).

We begin by giving a direct definition of this scheme that is local on
G(k, n). We will return to the definition twice later in this chapter to give
a global description and a universal property that justifies the idea that we
are taking the “right” scheme structure.

It will suffice to give the definition of the Fano scheme Fk(X) in case X
is a hypersurface in Pn; for an arbitrary scheme Y ⊂ Pn we define

Fk(Y ) =
⋂

Y⊂X⊂Pn
X is a hypersurface

Fk(X).

To define Fk(X) for a hypersurface X given by an equation G = 0 we use
the idea that a plane L lies on X if and only if the restriction of G to L is
zero. If we have a parametrization α : Pk → L of L, then we can pull back
G via α; the condition L ⊂ X is given by the vanishing of the coefficients
of α∗(G). However, this is not quite what we want: it gives the equations,
not for Fk(X), but for the variety of hypersurfaces containing L.

To turn this around, we use an incidence correspondence, described set-
theoretically by the formula

Φ = Φ(n, d, k) = {(X,L) | X is a hypersurface of degree d in Pn

and L ⊂ X is a k-plane}.

We will define Φ as a closed subscheme of PN × G(k,Pn) where PN =
P(H0(OPn(d)) is the projective space of hypersurfaces of degree d in Pn
(here N =

(
n+d
n

)
− 1). The scheme Φ itself will be quite useful in other

ways; we call it the universal Fano scheme of hypersurfaces of degree d in
Pn.

To do this it is enough to work over the sets U of the open cover of
G(k,Pn) defined in Section 2.2.2 of Chapter 2. Such an open set U is
defined as the set of all k-planes not meeting a fixed (n − k − 1)-plane. If
the latter is given by the vanishing of the first k + 1 coordinates, then U
may be identified with the affine space of (k + 1)× (n− k) matrices: Any
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k-plane L belonging to U is the row-space of a a matrix of the form

A =


1 0 · · · 0 a0,k+1 · · · a0,n+1

0 1 · · · 0 a1,k+1 · · · a1,n+1

· · · · · ·
0 0 · · · 1 ak,k+1 · · · ak,n+1


We can thus give a parametrization of L in the form

Pk 3 (s0, . . . , sk) 7→(s0 · · · sk)A =

(s0, · · · , sk,
∑
i

ai,k+1si, . . . ,
∑
i

ai,n+1si)

We now regard the ai,j as coordinates on U . If we substitute the n + 1
coordinates of the parametrization into a generic form of degree d in n+ 1
variables xi with coefficients zδ

g :=
∑
|δ|=d

zδx
δ

then we get a form g(s0, . . . , sk) of degree d in the si, and the coefficients
of this form are polynomials in the ai,j and zδ, homogeneous (of degree

1) in the latter. We define Φ ∩ PN × U to be the subscheme defined by
these polynomials. If we perform the same construction for a different basic
open set U ′ of G(k,Pn) then the two subschemes agree on the intersection
(U ∩ U ′)×G(k,Pn), and thus define a scheme

Φ = Φ(n, d, k) ⊂ PN ×G(k,Pn)

as required. It is not hard to check this agreement directly, and we soon
show that Φ is globally defined as the vanishing locus of a section of a
vector bundle in a way that will make the agreement on overlaps obvious.

Finally, we can give the rest of the definition: The Fano scheme Fk(X) ⊂
G(k, n) of a hypersurface X ⊂ Pn of degree d is the fiber of Φ(n, d, k) over
the point of PN corresponding to X.

8.1.2 Dimension of the universal Fano scheme

For any fixed k-plane L ⊂ Pn, the fiber of Φ over L is a linear subspace of
PN of codimension

(
k+d
k

)
, since it corresponds to the linear space of those

forms of degree d that restrict to zero on L ∼= Pk. This makes it easy to
analyze Φ:

Proposition 8.1. Let N =
(
n+d
d

)
− 1. The universal Fano scheme Φ =

Φ(n, d, k) ⊂ PN ×G(k,Pn) is a smooth irreducible variety of dimension

dim Φ(n, d, k) = N + (k + 1)(n− k)−
(
k + d

k

)
.
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Proof. Each fiber of the projection Φ → G(k,Pn) is a projective space of
dimension N −

(
k+d
k

)
.

Though Proposition 8.1 does not allow us to deduce the existence of
k-planes on a given hypersurface, it does imply a lower bound on the di-
mension of the family of such planes should there be any:

Corollary 8.2. (a) The dimension of any component of the family of k-
planes on any hypersurface of degree d in Pn is at least

ϕ(n, d, k) := (k + 1)(n− k)−
(
k + d

k

)
.

(b) If ϕ(n, d, k) < 0 then the general hypersurface of degree d in Pn con-
tains no k-planes.

(c) If ϕ(n, d, k) ≥ 0 and the general hypersurface of degree d contains any
k-planes, then every hypersurface of degree d contains k-planes, and
every component of the family of lines on a general hypersurface of
degree d has dimension exactly ϕ(n, d, k).

Proof. We use the notation of Proposition 8.1. (a): Since a fiber of Φ(n, d, k)
over PN is cut out by N equations, the Principal Ideal Theorem 0.1 gives
the desired lower bound.

(b): dim Φ(n, d, k) is the sum of the dimension of its image in PN and the
dimension of a general fiber. By part (a) the image cannot be of dimension
N in this case.

(c): If the general hypersurface of degree d contains a k-plane then Φ(n, d, k)
dominates PN , and since Φ(n, d, k) is projective, the map to PN is sur-
jective. Further, by the formula used in (b), the general fiber must have
dimension ϕ(n, d, k).

We shall eventually show (Corollary 8.32 and Theorem 8.28) that when
ϕ(n, d, k) ≥ 0 then, except in some cases where k > 1 and d = 2, the
general hypersurface actually does contain k-planes, so the results above
apply. For example, if d > 2n − 3, a general hypersurface of degree d in
Pn contains no lines, but the family of lines on a general hypersurface of
degree d ≤ 2n− 3 has dimension ϕ(n, d, 1) = 2n− 3− d.

An example already mentioned the case of quadrics in P3, where the
estimate above corresponds with the fact that a the Fano scheme of a
smooth surface has dimension 1 (the same is true for the cone over s smooth
conic; but the dimension jumps to 2 for the union of two planes, or a double
plane.)
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Corollary 8.2 shows that the general surface in P3 of degree d ≥ 4 con-
tains no lines. But we can say more, using the same sort of incidence cor-
respondence argument made above. For example, we’ll see in Exercise 8.47
that a general surface S ⊂ P3 of degree d ≥ 4 containing a line contains
only one. This implies that the locus Σ ⊂ PN of surfaces that do contain a
line has codimension d− 3.

Of course special hypersurfaces may well contain families of planes of
dimension > ϕ(n, d, k). We can easily give an upper bound on the possible
dimension:

Proposition 8.3. If X ⊂ Pn is an m-dimensional scheme, then

dimFk(X) ≤ (k + 1)(m− k) = dimG(k,Pm),

with equality if and only if X is an m-plane.

Note that this is not strong enough to answer keynote question (d), for
which smoothness is essential.

Proof. We may assume without loss of generality that X is nondegenerate.
Let U ⊂ Xk+1 be the open set consisting of (k + 1)-tuples of linearly
independent points, and let

Γ = {
(
(p0, . . . , pk), L

)
∈ U × F1(X) | pi ∈ L for all i}.

Via the projection Γ→ U , we see that dim Γ ≤ m(k + 1). Since the fibers
of the projection Γ → F1(X) have dimension (k + 1)2 we conclude that
dimF1(X) ≤ m(k + 1)− (k + 1)2 = (k + 1)(m− k) as required.

Equality of dimensions can hold only if the projection Ψ → U is domi-
nant, that is, X contains the plane spanned by any k+ 1 general points of
X, and this can happen only if X is a linear space.

In Section 8.8 we will discuss some open questions about these dimen-
sions.

8.2 Fano schemes and Chern classes

To get global information about the Fano scheme of a hypersurface we will
express it as the zero locus of a section of a vector bundle on the Grass-
mannian. To understand the idea, suppose that X ⊂ Pn is the hypersurface
g = 0, where g is a homogeneous form of degree d. As we have seen, the
condition that X contain a particular k-dimensional linear space L is that
g goes to 0 under the restriction map

H0(OPn(d))→ H0(OL(d)).
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To describe the scheme Fk(X) ⊂ G(k, n) of k-planes on X, we will realize
the family of vector spaces H0(OL(d)), with varying k-planes L as the
fibers of a vector bundle in such a way that the images of g in these vector
spaces are the values of a section σg of the bundle:

Proposition 8.4. Let V be an (n+1)-dimensional vector space, and let Let
S ⊂ V ⊗OG be the tautological rank k+ 1 subbundle on the Grassmannian
G := G(k,Pn) of k-planes in Pn. A form g of degree d on Pn = PV gives
rise to a global section σg of Symd S∗ whose zero locus is Fk(X), where X
is the hypersurface g = 0.

Thus when Fk(X) has “expected” codimension
(
k+d
k

)
= rank Symd S∗ in

G, we have

[Fk(X)] = c(k+d
k )(Symd(S∗)) ∈ A(G).

Since an empty scheme always has the “expected dimension” in this
sense, Corollary 8.32 and Theorem 8.28 could in principle be deduced from
this Proposition (together with a messy computation of symmetric func-
tions.)

Proof. The fiber of S over the point[L] ∈ G(k, n) representing the subspace
Pk ∼= L ⊂ PV is the corresponding (k+ 1)-dimensional subspace of V . The
fiber of the dual bundle S∗ at [L] is thus the space of linear forms on L,
that is to say H0(OPL(1)); and the dual map V ∗ ⊗OG → S∗ evaluated at
a point [L], takes a linear form ϕ ∈ V ∗, thought of as a constant section of
the trivial bundle V ∗ ⊗OG , to the restriction of ϕ to L. The vector space
of forms of degree d is on Pn is Symd V ∗ = H0(OPV (d)), and the induced
map on symmetric powers

Symd V ∗ → Symd S∗

evaluated at L takes a form g of degree d to its restriction to L, as required.

Let σg ∈ H0(Symd S∗) be the global section of Symd S∗ that is the image
of g. We claim that Fk(X) ⊂ G(k, n) is the zero locus of this section. It
is enough to check this locally on an open covering of G(k, n), and we use
the open covering by basic affine sets described in Chapter 2. Without loss
of generality we may assume that U is the open set of planes that are row-
spaces of matrices A as in Section 8.1.1. On this open set the bundle S is
trivial, with the inclusion

S|U = Ok+1
U → V ⊗OU

given by the transpose of the matrix A. It follows that the dual map

A∗ : H0(OPn(1))⊗OU = V ∗ ⊗OU → S∗|U
is the restriction of linear forms from Pn, and its d-th symmetric power is
the restriction of forms of degree d. Thus the value of σg at the point of U
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corresponding to a plane L is the restriction of g to L, or in other words
the result of the substitution given in Section 8.1.1, as required.

8.2.1 Counting lines on cubics

Let’s see how this will work for the case of lines on a cubic surface X ⊂ P3.
In the language above, we want to compute something about the Fano
scheme F1(X) in the Grassmannian G = G(1, 3). We saw in Section 7.3.5
that the Chern class of S∗ is

c(S∗) = 1 + σ1 + σ1,1.

Since S has rank 2, the rank of Sym3 S∗ is 4, so we want to compute
c4(Sym3 S∗). To do this, we will apply the splitting principle (Section 7.2.4),
which implies that to compute the Chern class we may pretend that S∗

splits into a direct sum of two line bundles L and M . Suppose that

c(L) = 1 + α and c(M) = 1 + β.

By the Whitney formula

c(S∗) = (1 + α)(1 + β)

so that

α+ β = σ1 and α · β = σ1,1.

If S∗ were split as above then the bundle Sym3 S∗ would split as well:

Sym3 S∗ = L3 ⊕ (L2 ⊗M)⊕ (L⊗M2)⊕M3

so that we have

c(Sym3 S∗) = (1 + 3α)(1 + 2α+ β)(1 + α+ 2β)(1 + 3β).

In particular, the top Chern class can be written

c4((Sym3 S∗) = 3α(2α+ β)(α+ 2β)3β

= 9αβ(2α2 + 5αβ + 2β2)

= 9αβ(2(α+ β)2 + αβ)

Re-expressing this in terms of the Chern classes of S∗ itself, we get

= 9σ1,1(2σ2
1 + σ1,1)

= 27σ2,2,

so

deg
(
c4((Sym3 S∗)

)
= 27.

The whole Chern class of Sym3 S∗ can also be computed by hand in this
way, or with the following commands in Macaulay2:
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loadPackage "Schubert2"

G = flagBundle({2,2}, VariableNames=>{s,q})

-- sets G to be the Grassmannian of 2-planes in 4-space,

-- and gives the names $s_i$ and $q_i$ to the Chern classes

-- of the sub and quotient bundles, respectively.

(S,Q)=G.Bundles

-- names the sub and quotient bundles on G

chern symmetricPower(3,dual S)

which returns the output

2 2

o4 = 1 + 6q + (21q - 10q ) + 42q q + 27q

1 1 2 1 2 2

QQ[][s , s , q , q ]

1 2 1 2

o4 : --------------------------------------------

(s + q , s + s q + q , s q + s q , s q )

1 1 2 1 1 2 2 1 1 2 2 2

The answer, on the first output line “o4” is written in terms of the Chern
classes qi := ci(Q), which generate the (rational) Chow ring of the Grass-
mannian, described on the second output line “o4”.

Since the class σ4 Sym3 S∗ is nonzero, we deduce that every cubic sur-
face must contain lines, and thus that a general cubic surface contains only
finitely many. Moreover, if a particular cubic surface X ⊂ P3 contains only
finitely many lines, then the number of these lines, counted with the appro-
priate multiplicity (that is, the degree of the corresponding component of
the zero-scheme of σg), is 27. As we will soon see, the Fano scheme F1(X)
of a smooth cubic surface X is necessarily of dimension zero and smooth, so
the actual number of lines is always 27. In the next section we will develop
a general technique that will allow us to prove this statement and much
more.

8.3 Definition and existence of Hilbert schemes

It was Grothendieck’s brilliant observation that the Grassmannian and the
Fano scheme are special cases of a very general construction, the Hilbert
scheme. Hilbert schemes are defined by a universal property that we will
explain in this section, after making the property explicit for the Grass-
mannian and Fano schemes.
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One of the useful consequences of being a Hilbert scheme is a general tech-
nique for determining tangent spaces that we will explain in the next sec-
tion. For more remarks about Hilbert schemes in general, see Section 10.4.1.

8.3.1 A universal property of the Grassmannian

Recall from Theorem 2.4 that the Grassmannian G := G(k + 1, V ) =
G(k,PV ) of k+ 1-planes in an (n+ 1)-dimensional vector space V , with its
tautological subbundle S ⊂ V ⊗OG, has the following universal property:
Given any scheme B and any rank k+ 1 subbundle F of the trivial bundle
V ⊗ OB , there is a unique morphism ϕ : B → G such that F = ϕ∗S. We
could, of course, just as well express this in terms of a universal property
of the quotient bundle Q = V ⊗OB/S, or of the (n− k)-subbundle Q∗ ⊂
V ∗⊗OB , which is the most convenient for what we will do in this section.

Similarly, if we think of G as parametrizing k-planes in PV , we can
introduce the universal k-plane in PV :

Φ = {(Λ, p) ∈ G× PV | p ∈ Λ}

This is a universal family of k-planes in PV in the following sense. For any
scheme B, we will say that a subscheme L ⊂ B × PV is a flat family of k-
planes in PV if the restriction π : L → B of the projection π1 : B×PV → B
is flat, and the fibers over closed points of B are linearly embedded k-planes
in PV . We have then

Proposition 8.5. If π : L ⊂ B × PV → B is a flat family of k-planes
in PV , then there is a unique map α : B → G such that L is equal to the
pullback of the family L via α:

L = B ×G Φ - Φ

B
?

α
-

π -

G(k, n).

π
?

Proof. We will prove the proposition by showing that the desired property
can be reduced to the universal property of Theorem 2.4. Though the re-
duction may appear technical, it is really just an application Theorem 6.6
together with the remark that the ideal of any k-plane in PV is generated
by n− k independent linear forms.

To simplify the notation we denote the ideal sheaves of Φ ⊂ G×PV and
L ⊂ B×PV respectively by I and J , and we write J (1) for J ⊗π∗OPV (1)
where π denotes the projection onto PV . We define I(1) similarly. For any
scheme B we denote the trivial bundle with fiber V ∗ and base B by V ∗B .
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The proof consists of the following steps: we will begin by showing that
π∗J (1) is a subbundle of V ∗B . Since Φ satisfies the same hypotheses as L,
the same reasoning will show that the sheaf π∗I(1) is a subbundle of V ∗G.
We will see that this subbundle is equal to the subbundle Q∗. It follows
that there is a unique map α : B → G such that

α∗(π∗I(1)) = π∗J (1).

Finally, we will show that this last equation is equivalent to the equality

L = B ×α Φ

as families of k-planes in PV , where B ×α L denotes the pullback B ×G L
defined using the map α.

The fact that π∗(J (1)) is a bundle follows from Theorem 6.6 and the
remark that the restriction of π∗(J (1)) to a fiber b is the n−k-dimensional
linear space of forms vanishing on the k-plane L′b ⊂ {b} × PV ∼= PV . The
natural map π∗J (1) → π∗OB×PV (1) = V ∗B is an inclusion on fibers, so
π∗J (1) is a subbundle as claimed.

To identify π∗I(1) with Q∗ we remark that both are subbundles of V ∗B ,
and at each point their fibers are the same subspace—namely, the space
of linear forms vanishing on L. It now follows from the universal property
of Theorem 2.4 that there is a unique morphism α : B → G such that
α∗π∗I(1) = π∗J (1) as subbundles of V ∗B .

We claim that this property of α implies the equality L = B ×α Φ.
To prove this, it suffices to show that J = (α × 1)∗I, or equivalently
J (1) = (α × 1)∗I(1). If we restrict L to the fiber over b ∈ B we get
a subspace of PV whose ideal is generated by the linear linear forms it
contains. For b ∈ B, Theorem 6.6 identifies this space of linear forms with
the fiber of π∗J (1) at b. Thus there is a surjection

π∗π∗J (1)→ J (1).

Similar remarks hold for I. Thus the commutative diagram

π∗π∗J (1) =π∗α ∗ π∗I(1)=(α× 1)∗π∗π∗I(1)

OB×P
�

-

shows that the ideal sheaves of L and B ×α Φ are equal.

Finally, we prove the uniqueness of α. Suppose that L = B ×α′ Φ for
some morphism α′. We will show that α′ = α by showing that π∗J (1) =
α′∗π∗I(1). But the hypothesis implies that J (1) = (α′×1)∗I(1). From the
definition of the pushforward we get a natural map

α′∗π∗I(1)→ π∗(α
′ × 1)∗I(1) = π∗J (1)

that is an isomorphism fiber by fiber, so we are done.
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8.3.2 A universal property of the Fano scheme

We realized the Fano scheme of a projective variety X as the subscheme of
the Grassmannian consisting of planes lying in X, and as such it inherits
a universal property :

Proposition 8.6. If X ⊂ Pn is a subscheme, then the scheme Fk(X) rep-
resents the functor of k-planes on X, in the sense that the correspondence
above induces a one-to-one correspondence between morphisms of schemes
B → Fk(X) ⊂ G(k, n) and families of k-planes L ⊂ B ×X ⊂ B × Pn that
are flat over B.

Proof. This is a corollary of the statement for the Grassmannian: Suppose
that Pn = PV and that X is defined by some homogeneous forms gi ∈
SymdiV

∗. Let S be the universal subbundle onG(k, n), so that the fiber of
S∗ at a point [L] ∈ G(k, n) is the space of linear forms on the corresponding
k-plane L ⊂ PV . Writing δgi for the section of Symdi S∗ that is the image
of the form gi, we see that gi vanishes on L if and only if the sections σgi
vanish at the point [L].

8.3.3 The Hilbert scheme and its universal property

Grothendieck’s idea was to ask, more generally: given any projective scheme
X and a subscheme Y , “how Y can move within X?” More precisely and
ambitiously: is there a flat family X × B ⊃ Y → B of subschemes of X,
universal in some sense, which contains Y ?

When B is reduced then a family Y as above is flat if and only if the
fibers all have the same Hilbert polynomial; in particular, any family over
a reduced base whose fibers are all k-planes is automatically flat. (See for
example Eisenbud and Harris [2000] Proposition III-56.) Gorthendieck’s
idea was to define “the family of all subschemes” of X with Hilbert poly-
nomial equal to PY (d), the Hilbert polynomial of Y ****check notation
for Hilbert poly.****.

We might worry that this goes too far to be a generalization of the Fano
scheme—could there be a subschemes of X that is not a k-plane but whose
Hilbert polynomial is equal to that of a k-plane? The following result shows
that all is well:

Proposition 8.7. A subscheme Y ⊂ Pn is a linearly embedded k-plane Pk
if and only if the Hilbert polynomial of Y is

P (d) =
(d+ k)(d+ k − 1) · · · (d+ 1)

k(k − 1) · · · 1
,
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Proof. Since the dimension of the d-th graded component of a polynomial
ring on k + 1 variables is

(
d+k
k

)
, the Hilbert polynomial of a linearly em-

bedded k-plane is P (d).

Conversely, suppose that Y has Hilbert polynomial P . From the degree
and leading coefficient of P we see that Y is is a scheme of dimension k
and degree 1. Thus L := Yred ⊂ Y is a linearly embedded k-plane. This
inclusion induces a surjection of homogeneous coordinate rings, SY → SL,
and the equality of Hilbert polyomials shows that it is an isomorphism
in high degrees. Since the inclusions L ⊂ Y ⊂ Pn can be recovered as
Proj(SL) ⊂ Proj(SY ) ⊂ Proj(S), where S is the homogeneous coordinate
ring of Pn, and since Proj(SY ) depends only on the high degree part of SY ,
this shows L ⊂ Y is actually an equality.

Here is the general definition and existence theorem for Hilbert schemes,
showing that there is a unique “most natural” scheme structure:

Proposition-Definition 8.8. Let X ⊂ Pn be a closed subscheme, and
let P (d) be a polynomial. There exists a unique scheme HP (X), called the
Hilbert Scheme of X for the Hilbert polynomial P , with a flat family

X ×HP (X) ⊃ Y π- HP (X),

of subschemes of X, called the universal family of subschemes of X with
Hilbert polynomial P , having the following properties:

• The fibers of π all have Hilbert polyomial equal to P (d).

• For any flat family

X ×HP (X) ⊃ Y ′ π- B

whose fibers have Hilbert polynomial P (d), there is a unique morphism
α : B → HP (X) such that Y ′ is isomorphic to the pullback of Y:

Y ′ ∼=B ×HP (X) Y - Y

B
?

α
-

π -

HP (X).

π
?

****fix the spacing of ∼= in the diagram****

A compact way of stating the existence of Y → HP (X) and its universal
property is to say that the contravariant functor from schemes to sets

FX,P : B 7→
{Flat families X ×B ⊃ Y ′ → B of subschemes of X ⊂ Pn

whose fibers over closed points all have Hilbert polynomial P}
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and maps B′ → B to the map of sets taking a flat family over B to its
pullback to a family over B′, is representable by the scheme HP (X) in the
sense that

FX,P ∼= Mor(−,HP (X))

as functors. The universal family in FX,P (HP (X)) then corresponds to
the identity map in Mor(HP (X),HP (X)). See for example Eisenbud and
Harris [2000] Chapter VI for more about this idea.

Proof of Uniqueness in Proposition 8.8. As with any object with a univer-
sal property, the uniqueness of a map π : Y → HP (X) with the given
properties is easy: Given another, π′ : Y ′ → B, the universal properties of
the two produce maps B → HP (X) and HP (X) → B whose composition
HP (X) → B → HP (X) is the unique map guaranteed by the definition
that corresponds to the family π : Y → HP (X) itself—that is, the identity
map—and similarly for the composite B → HP (X)→ B.

8.3.4 Sketch of the construction of the Hilbert scheme

The construction of HP (X) and the universal family is also relatively easy
to describe, though the proofs of the necessary facts are deeper. There
are several approaches, but the following (from the Thesis Bayer [1982] is
perhaps the most explicit.

We first treat the case when X = Pn, since (as in the case of the
Fano schemes) we shall see that the general case reduces to this. Let
S = K[x0, . . . , xn] be the homogeneous coordinate ring of Pn. The Hilbert
schemeHP (X) is constructed as a subscheme of the Grassmannian of P (d)-
dimensional subspaces of Sd, the space of homogeneous forms of degree d,
for suitably large d. The possibility of doing this is provided by the following
basic result from commutative algebra, which combines ideas of Macaulay
and Gotzmann (see Green [1989] for a coherent account.)

Theorem 8.9. With notation as above, there is an integer d0(P ) (explicitly
computable from the coeffcients of P ) such that if d ≥ d0(P ), the saturated
homogeneous ideal I of any subscheme of X with Hilbert polynomial P is
generated in degrees ≤ d, and dim(Sd/Id) = P (d). Further, a subspace
U ⊂ Sd of dimension P (d) generates an ideal with Hilbert polynomial P (d)
if and only if

dim(Sd+1/S1U) ≥ P (d+ 1),

in which case

dim(Sd+1/S1U) = P (d+ 1).
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Example 8.10. For example, if X is any hypersurface of degree s in Pn,
then the Hilbert function of SX is

dim(SX)d =

(
n+ d

n

)
−
(
n+ d− s

n

)
,

which is equal to a polynomial P (d) of degree n−1 for all d such that d ≥ s,
as one checks immediately. Conversely, given any scheme X ⊂ Pn with this
Hilbert polynomial, we see that dimX = n−1, so X is a hypersurface, and
the leading coefficient of the Hilbert polynomial tells us that degX = s.
It follows that the saturated ideal of X is generated by a single form of
degree s. In this case, every subspace U ⊂ Sd generates an ideal with this
Hilbert polynomial; the growth condtion of the Theorem is automatically
satisfied.

Given Theorem 8.9, we choose d ≥ d0(P ), and take HP (Pn) to be the
closed subscheme of the GrassmannianG := G(dimSd−P (d), Sd) equations
saying that, with U ∈ G, the vector space S1U has the smallest possible
dimension, which is dimSd+1 − P (d + 1). As such, it is defined by the
following determinantal condition: Writing S for the universal subbundle
of the trivial vector bundle Sd⊗OG on G, is defined by the condition that
the rank of the composite map

S1 ⊗ S → S1 ⊗ Sd ⊗OG → ⊗Sd+1 ⊗OG
has corank ≥ P (d+ 1).

Further, we can construct the universal family Y ⊂ Pn × HP (Pn) as
follows. Let

Pn �pi1 Pn ×G π2- G

be the projection maps, there is a natural map Sd⊗π∗1OPn(−d)→ OPn×G,
and composing this with the inclusion we get a map of sheaves

π∗2U ⊗OPn(−d)→ OPn×G.

Let Ỹ be the subscheme of Pn ×G defined by the image of this map, and
let Y → HP (Pn) be the restriction to HP (X) ⊂ G of the (non)flat family
given by the composite

Ỹ ⊂ Pn ×G π2- G.

The universal property (which we will not prove) shows that these con-
struction are (up to canonical isomorphism) independent of the choice of
d ≥ d0.

So far we have only defined HP (Pn), but we can use this to construct
HP (X) for any X ⊂ Pn. Let I = I(X) ⊂ S be the ideal corresponding
to X, and suppose that I is generated in degrees ≤ e. Given the Hilbert
polynomial P we choose d ≥ max(d0(P ), e). Then to define HP (X), we
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simply add equations toHP (Pn) implying that Id⊗π∗1OPn(−d) is contained
in U ⊗ π∗1OPn(−d). This can be translated into a rank condition on a map
of vector bundles, as before.

Example 8.11 (Example , continued.). The argument above shows that
the Hilbert scheme of a hypersurface of degree s in Pn is the projective
space PN of all homogeneous forms of degree s, and the universal family is
the universal hypersurface

X = {(x,X) ⊂ Pn × PN | x ∈ X}

as one would hope.

Here is one way to understand the integer d0(P ) that plays a central role
in the construction. Recall that the set of monomials of given degree d can
be ordered lexicographically, where

m := xe00 · · ·xenn < xf0

0 · · ·xfnn =: n

if ei > fi for the smallest i such that ei 6= fi—informally put, m involves
more of the lowest-index variables than n. A monomial ideal I ⊂ S is called
lexicographic if, whenever m < n are monomials of degree d and n ∈ I, then
m ∈ I too. It follows easily that the saturation of a lexicographic ideal is
lexicographic.

Proposition 8.12. Let S = K[x0, . . . , xn].

(a) If I is any homogeneous ideal of S then there is a lexicographic ideal J
such that the Hilbert function of S/J is the same as that of S/I.

(b) If P = PI is the Hilbert polynomial S/I, then there is a unique saturated
lexicographic ideal JP with Hilbert polynomial P .

The integer d0(P ) may be taken to be the maximal degree of a generator of
JP .

For example, if I is the principal ideal generated by a form of degree s
as in the example above, the Proposition gives d0 = s. See Green [1989] for
further information.

8.4 Tangent spaces to Fano and Hilbert schemes

In order to use the Chern class calculation of Section 8.2.1 to count the
number of distinct lines on a cubic surface, we need to know when the Fano
scheme is reduced. In the zero-dimensional case, this is the same as being
smooth, and can thus be approached through a computation of Zariski
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tangent spaces. Happily, we can give a simple description of the Zariski
tangent spaces of any Hilbert scheme.

We first state the main assertions for Fano schemes. They will allow
us to deduce the exact number of lines on a general hypersurface X ⊂
Pn of degree d = 2n − 3 and other geometric facts. We will then make
the computation of the tangent spaces in the general setting of Hilbert
schemes (Theorem 8.21). In section 8.7 below, we’ll show how to calculate
the multiplicity of F1(X) at L by writing down explicit local equations for
F1(X) ⊂ G(1, n).

8.4.1 Normal bundles and the smoothness of the Fano scheme

We will make use of the universal property of Fano schemes to give a
geometric condition for the smoothness of Fk(X) at a given point. Recall
that if Y ⊂ X is a smooth subvariety of the smooth variety X then the
normal bundle NY/X of Y in X is the quotient of the map of tangent

bundles NY/X = coker
(
TY → TX |Y

)
induced by the inclusion of Y ⊂ X.

Recall also that the Zariski tangent space of a scheme F at a point p is by
definition HomOp(mp/m

2
p,Op/mp), where mp is the maximal ideal of the

local ring Op of F at p.

The following Theorem is a special case of a general result on Hilbert
schemes, Theorem 8.21, which we will prove in the next section.

Theorem 8.13. Suppose that L ⊂ X is a k-plane in a smooth variety
X ⊂ Pn, and let [L] ∈ Fk(X) be the corresponding point. The Zariski
tangent space of Fk(X) at [L] is isomorphic to H0(NL/X) as vector spaces.

The result is intuitively plausible if we think of a section of NL/X as
providing an infinitesimal normal vector at each point in X, with a corre-
sponding infinitesimal motion of X.

For a case that is easy to understand, take k = 0. The Hilbert scheme
of points on a variety X is X itself, as one checks from the definition. The
tangent space at a point x ∈ X is thus the Zariski tangent space to X at
X, and this is—by definition—equal to HomOX (mX,x/m

2
X,x,Ox) = Nx/X .

Before introducing the general machinery of the proof, we explain how the
result can be used.

Corollary 8.14. Suppose that L ⊂ X is a k-plane in a smooth variety
X ⊂ Pn, and let [L] ∈ Fk(X) be the corresponding point. The dimension
of Fk(X) at [L] is at most dimH0(NL/X). Moreover, Fk(X) is smooth at
[L] if and only if equality holds.
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FIGURE 8.1. A tangent vector to the Fano scheme F1(X) at [L] corresponds to
a normal vector field along L in X.

Proof of Corollary 8.14. By the Principal Ideal Theorem the dimension of
the Zariski tangent space of a local ring is always at least the dimension of
the ring; and equality holds if and only if the ring is regular. See Eisenbud
[1995].

To apply Corollary 8.14 we need to be able to compute normal bundles,
and this is often easy. For example, we have:

Proposition-Definition 8.15. Suppose that Y ⊂ X are schemes.

(a) If X and Y are smooth varieties then NY/X = HomOY (IY /I2
Y ,OY ).

For arbitrary schemes Y ⊂ X we define NY/X by this formula.

(b) If Y ⊂ X ⊂ W are schemes, and X is locally a complete intersection
in W , then there is a left exact sequence of normal bundles

0 - NY/X - NY/W
α- NX/W |Y .

If all three schemes are smooth, then α is an epimorphism.

(c) If Y is a Cartier divisor on X then NY/X = OX(Y ). More generally, if
Y is the zero locus of a section of a bundle E of rank e on X, and Y
has codimension e in X, then

NY/X = E|Y .

Proof of Proposition 8.15. (a): For any inclusion of subschemes Y ⊂ X
there is a right exact sequence involving the cotangent sheaves of X and
Y :

IY/X/I2
Y/X

d- ΩX |Y - ΩY - 0,



8.4 Tangent spaces to Fano and Hilbert schemes 305

where d is the map taking the class of a (locally defined) function f ∈ IY/X
to its differential df ∈ ΩX |Y ; see for example Eisenbud [1995] Proposition
16.12. Since X and Y are smooth, Y is locally a complete intersection in X,
so IY/X/I2

Y/X is a locally free sheaf on Y of rank equal to dimX−dimY =

rank ΩX |Y − rank ΩY . If the left-hand map d were not a monomorphism,
then the image of d would have strictly smaller rank, so the sequence could
not be exact at ΩX |Y . Thus d is a monomorphism, and we have an exact
sequence

0 - IY/X/I2
Y/X

d- ΩX |Y - ΩY - 0,

of bundles. Since Y is smooth, ΩY is locally free, so dualizing preserves
exactness, and we get an exact sequence

0 � HomOY (IY/X/I2
Y/X ,OY ) � TX |Y � TY � 0,

where the right hand map is the differential of the inclusion Y ⊂ X, proving
that NY/X = HomOY (IY /I2

Y ,OY ).

(b): From the inclusions Y ⊂ X ⊂W we derive an exact sequence of ideal
sheaves

0→ IX/W → IY/W → IY/X → 0.

Applying the functor HomOW (−,OY ) gives a left exact sequnce

0→ NY/X → NY/W → Hom(IY/X ,OY ).

SinceHom(IY/X ,OY ) ∼= Hom(IY/X⊗OY ,OY ) and IY/X⊗OY ∼= IY/X/I2
Y/X ,

we get the desired sequence.

In the smooth case we start with the exact sequence

0→ TX → TW |X → NX/W → 0,

that defines NX/W . We restrict to Y and factor out the subbundle TY from
both TX and TW |X to get the required exact sequence

0→ NY/X → NY/W → NX/W |Y → 0.

(c) The first formula follows at once from Part (a), since in that case
IY/X = OX(−Y ), and taking the dual of a bundle commutes with restric-
tion.

For the second statement of Part (c) we first give a geometric argument
that works in the smooth case, and then a proof in general. Let Z be the
total space of the bundle E. The tangent bundle to Z restricted to the zero
section X ⊂ Z is TX ⊕ E.

Along the zero locus Y of σ, the derivative Dσ of σ is thus a map TX |Y →
TX |Y ⊕EY . Since the component of Dσ that maps TX |Y to EY is zero along
Y , the composite

TY - TX |Y
Dσ- TX |Y ⊕ EY - EY
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FIGURE 8.2. The tangent bundle to Z along the zero section is TX ⊕ E

is zero. Locally at each point y ∈ Y the image of (TX)y in (TX)y ⊕ Ey is
the tangent space to σ(X) ⊂ Z. Since Y is smooth of codimension equal to
the rank of E the manifold σ(X) meets the zero locus X ⊂ Z transversely.
This means that (TX)y projects onto Ey, and tells us that the composite
map of bundles

TX |Y
Dσ- TX |Y ⊕ EY → EY

is surjective. Considering the ranks, it follows that the sequence

0 - TY - TX |Y - EY - 0

is exact; that is, NY/X = EY .

With a more algebraic approach we can avoid the hypothesis that X or
Y is smooth. We may think of σ as defining the map OX → E that sends
1 ∈ OX to σ ∈ E. Dualizing, the statement that Y is the zero locus of
σ means that the ideal sheaf IY/X is the image of the map σ∗ : E∗ →
OX . Since the codimension of Y is e we see that Y is locally a complete
intersection. Thus the kernel of σ∗ is generated by the Koszul relations;
that is, the sequence

· · · ∧2 E∗
κ- E∗ - IY/X - 0

is exact, where κ(e ∧ f) = σ∗(e)f − σ∗(f)e. Because the coefficients in the
map κ lie in IY/X they become zero on tensoring with OY = OX/IY , so
we we get the right exact sequence

· · · ∧2 E∗|Y
0- E∗|Y - IY/X/I2

Y/X
- 0.

This shows that E∗|Y ∼= IY/X/I2
Y/X , whence E = E∗∗ = NY/X .
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In the special case where Y is a complete intersection of X with divisors
on Pn of degrees di the normal bundle is NY/X = ⊕OX(di), so the last
statement of Proposition 8.15 takes a particularly simple form. We can
make it even more explicit when both X and Y are complete intersections:

Corollary 8.16. Suppose that Y ⊂ X ⊂ Pn are (not necessarily smooth)
complete intersections of hypersurfaces with homogeneous ideals

IX = (g1, . . . gs) ⊂ IY = (f1, . . . , ft); gi =
∑
j

ai,jfj .

If deg fi = ϕi and deg gi = γi, then

NY/Pn =

t⊕
i=1

OY (ϕi); NX/Pn =

s⊕
i=1

OX(γi)

and NY/X is the kernel of the induced map α : NY/Pn → NX/Pn |Y given
by the matrix (aj,i), where aj,i denotes the restriction of aj,i to Y .

Proof. The complete intersectionX is the zero locus of the section (g1, . . . , gs)
of the bundle OPn(γ1)⊕· · ·⊕OPn(γs) and similarly for Y . Using the formula
of Part(c) we see that

NX/Pn =

s⊕
i=1

OX(γi),

and similarly for Y . The identification of α follows at once from Part (a).

As an immediate application we can finally show that there are exactly
27 distinct lines on every smooth cubic surface (of course pending the proof
of Theorem 8.13):

Corollary 8.17. If X ⊂ P3 is a smooth surface of degree d ≥ 3. If F1(X) 6=
∅, then F1(X) is smooth and zero-dimensional. In particular, X contains
at most finitely many lines, and if d = 3 then X contains exactly 27 distinct
lines.

See Corollary 8.27 for a strengthening.

Proof. Suppose L ⊂ X is a line. By Corollary ??, the self-intersection
number of L on X is negative, so the normal bundle NL/X is a line bundle
of negative degree. It follows that dimH0(NL/X) = 0, and Corollary 8.14
now implies that L is isolated and F1(X) is smooth at [L].

In particular, in the case of the cubic surface, the fact that the class of
the Fano scheme is 27 points implies, with this result, that the Fano scheme
actually consists of 27 reduced points.
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FIGURE 8.3. The tangent planes to a smooth quadric surface along a line wind
once around the line; but in the case of a smooth cubic surface they wind around
twice.

We can also see Corollary 8.17 geometrically, via the Gauss map GX :
X → P3∗ sending p ∈ X to the tangent plane TpX ⊂ P3. The restriction
of GX to a line L ⊂ X ⊂ P3 sends L to the dual line

L⊥ = {H ∈ P3∗ | L ⊂ H},

and this map, being given by the partial derivatives of the defining equation
of X, has degree d − 1. Thus, for example, as we travel along a line on a
smooth quadric surface Q, the tangent planes to Q rotate once around the
line; on a smooth cubic surface X, by contrast, they wind twice around the
line (see Figure 8.3). But if L̃ is a first-order deformation of L in P3, the
direction of motion of a point p ∈ L—that is, the 2-plane spanned by L
and the normal vector σ(p), where σ is the section of the normal bundle
NL/P3—is linear in p. It is thus impossible to find a first-order deformation
of L on X, or on any smooth surface of higher degree.

Note that if X is singular at a point of L, the partial derivatives of the
defining equation of X have a common zero along L, and so the degree of
GX : L→ L⊥ will be less than d−1. Thus, for example, the tangent planes
to a quadric cone are constant along a line of its ruling; and if L ⊂ X is a
line on a cubic surface with an ordinary double point on L the Gauss map
will have degree 1 on L. In this case, there will exist first-order deformations
of L on X—as we’ll see shortly in Section 8.7
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8.4.2 First-order deformations as tangents to the Hilbert
scheme

The proof of Theorem 8.13 and its generalization involves the idea of a
first order deformation of a subscheme, which is the main content of this
section. Suppose that Y is a closed subscheme of a scheme X, defined over
the field K. By a deformation of Y ⊂ X over a scheme T we mean a
flat family Y → T having a distinguished closed fiber over SpecK that is
isomorphic to Y , and represented as a closed sub-family of a trivial family
X × T → T :

Y ⊂ - Y ⊂ - X × T

SpecK

α
?

⊂ - T.

β
?�

pro
jec

tio
n

We think of the image of SpecK ⊂ - T as a distinguished point of T , and
we will denote it by [Y].

A deformation is called first-order if its base, T , is the spectrum of a
local ring of the form Rm = K[ε1, . . . , εm]/(ε1, . . . , εm)2 for some m. We
set Tm := SpecRm. Note that this is a scheme with a unique closed point,
which we shall denote by 0. We think of it as a first-order neighborhood of
a point on a smooth m-dimensional variety.

It follows from the universal property of the Hilbert scheme that a first
order deformation of Y over Tm is the same thing as a morphism Tm → H
sending 0 to [Y ].

In general, we will denote the set of morphisms of Tm into a K-scheme
Z sending 0 to a point z ∈ Z by Morz(Tm, Z), so we have

{Deformations of Y ⊂ X over Tm} = Mor0(Tm, H).

For simplicity we restrict ourselves for a while to the case m = 1, and
consider deformations over T1.

The identification of first order deformations with morphisms from T1

to H is the key to identifying the tangent space of H (and thus, in our
case, of the Fano scheme.) Indeed, for any closed K-rational point z on
any scheme Z we can identify the set Morz(T1, Z) with the Zariski tangent
space to Z at z. To describe the identification, recall that for any morphism
t : T1 → Z sending 0 to z we have a pullback map on functions denoted
t∗ : OZ,z → R1. Restricting this map to mZ,z we get

t∗|mZ,z : mZ,z → mT,0 = Kε ∼= K.

Since t∗ sends m2
Z,z to zero, we may identify t∗|mZ,z with the induced map

t∗|mZ,z : mZ,z/m
2
Z,z → mT,0 = Kε ∼= K.
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Lemma 8.18. Let z ∈ Z be a K-rational point on a K-scheme. The map

Morz(T1, Z)→ Tz/Z = HomK(mz/Z/m
2
z/Z ,K),

sending a morphism t to the restriction of the pullback map on functions
t∗|mZ,z , is bijective.

Proof. Giving a morphism t : T1 → Z is equivalent to giving the local
map of K-algebras t∗ : OZ,z → R1 that induces the identity map K ∼=
OZ,z/mZ,z → R1/(ε1) = K. Thus t∗ is determined by the induced map of
vector spaces mZ,z/m

2
Z,z → (ε1) ⊂ R1.

Conversely, any map mZ,z/m
2
Z,z → (ε) extends to a local algebra homo-

morphism t∗ : OZ,z → K[ε]/(ε2) = R1.

As we have explained, the universal property of the Hilbert scheme of
Y ⊂ X also allows us to identify Mor[Y ](T1, H) with the set of first order
deformations of Y ⊂ X over T1. Such deformations admit another very
concrete description.

Theorem 8.19. Suppose that Y ⊂ X are schemes. There is a one-to-one
correspondence between flat families of subschemes of X over the base Tm
with central fiber Y and homomorphisms of OY -modules IY /I2

Y → OnY . In
particular, flat families of deformations of Y in X over T1 correspond to
global sections of the normal sheaf of Y in X.

We will use the following characterization of flatness over Tm:

Lemma 8.20. If M is a (not necessarily finitely generated) module over
the ring Rn, then M is flat if and only if the map

Mn (ε1,...,εn)- M

induces an isomorphism (M/(ε1, . . . , εn)M)n ∼= (ε1, . . . , εn)M .

Proof. The general criterion of Eisenbud [1995] Proposition 6.1 says that
M is flat if and only if the multiplication map µI : I ⊗R M → IM is an
isomorphism for all ideals I. But every nontrivial ideal of R is a summand of
(ε1, . . . , εn) = (ε); and since (R/(ε))n ∼= (ε), the map µ(ε) may be identified
with the given map (M/(ε)M)n → (ε)M .

Proof of Theorem 8.19. The problem is local, so we may assume that X
and Y are affine. Since any homomorphism IY → OmY must annihilate I2

Y ,
we may identify a homomorphism

ϕ : IY /I2
Y

(ϕ1,...,ϕm)- OnY
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with the composition IY → IY /I2
Y → OmY . Let Iϕ ⊂ OX⊗Rm be the ideal

Iϕ := ({g +
∑
j

gjεj | g ∈ IY and gj ≡ ϕj(g) mod IY }),

and note that Iϕ ⊃
∑
j εjIY = (ε)IY .

From Iϕ we construct the family

Y ⊂ - YTm
⊂ - X × Tm

SpecK

α
?

⊂ - Tm

β
?�

pro
jec

tio
n

where YTm is defined by Iϕ. If we set all εj = 0, then Iϕ becomes equal to
IY , so α is indeed the pullback of β.

We may identify Iϕ/((ε)IY ) with the graph of ϕ : IY → OnY in

IY ⊕OnY ∼= IY ⊕
⊕
OY εj

⊂ OX ⊕
⊕
OY εj

= OX [ε]/((ε)2 + (ε)IY ).

Thus Iϕ ∩ (ε)OX = (ε)IY , and it follows that

(ε)(OX/Iϕ) = (ε)OX/Iϕ ∩ (ε)OX
= (ε)OX/(ε)IY
∼= (OX/IY )n ∼= OnY .

By Lemma 8.20, OX/Iϕ is flat over Rm.

Conversely, given an Rm-algebra of the form

S := OX [ε]/((ε)2 + I),

the statement that YTm := SpecS has Y as its pullback over SpecK ⊂ Tm
means that I is congruent to IY modulo (ε). Multiplying by (ε) and using
(ε)2 = 0 we see that I ⊃ (ε)IY . If S is flat over R then by Lemma 8.20
we must have I ∩ (ε) = (ε)IY . Putting these facts together, we see that
I/(ε)IY is the graph of a homomorphism IY → (ε)OX/(ε)IY ∼= OnY , and
this is the inverse of the construction above.

These results already identify both the Zariski tangent space T[Y ],H of
the Hilbert scheme H of Y ⊂ X at the point corresponding to Y , and also
the vector space of global sections of the normal sheaf with the set of first
order deformations of Y in X, identified with the set Mor[Y ](T1, H). But
our goal is to compute the dimension of one of these two vector spaces in
terms of the other! So we must ensure that the identification preserves the
vector space structure.
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Theorem 8.21. Suppose that Y ⊂ X is a subscheme of a K-scheme X ⊂
Pn, and let H be the Hilbert scheme of Y . If [Y ] ∈ H denotes the point
corresponding to Y , then

T[Y ]/H
∼= H0

(
HomOY (IY/X/I2

Y/X ,OY )
)

as vector spaces.

Theorem 8.13 is the special case where Y is a k-plane in X.

Proof of Theorem 8.21. We will show how to introduce a vector space struc-
ture directly into the set of morphisms T1 → H, and prove that this third
structure is compatible with the bijections we have already given.

The definitions for addition and for scalar multiplication in the set Mor[Y ](T1, H)
are similar, and the one for addition is more complicated, so will define addi-
tion, and check that it is compatible with the identifications of Lemma 8.18
and Theorem 8.19. We leave the analogous treatment of scalar multiplica-
tion to the reader.

As before we set Rm = K[ε1, . . . , εm]/(ε1, . . . , εm)2 and Tm = SpecRm
(we will only use the cases m = 1 and m = 2). A morphism of schemes Ψ :
T2 → H sending the closed point to [Y ] corresponds to a homomorphism
ψ : mH,[Y ] → Kε1⊕Kε2 or, equivalently, a pair of homomorphisms ψ1, ψ2 :
mH,[Y ] → K, or a pair of morphisms Ψ1,Ψ2 : T1 → H (in fancy language:
T2 is the coproduct of T1 with itself in the category of pointed schemes).
Moreover the embedding

T1
(plus)- T2

that corresponds to factoring out ε1 − ε2 from R2, has the property that
Ψ ◦ (plus) : T1 → H is the morphism corresponding to the sum ψ1 + ψ2 :
mH,[Y ] → K.

Let Yϕi be the family obtained by pulling back the universal family along
Ψi, and let ϕi : IY /I2

Y → OY be the homomorphism corresponding to this
flat family. We have a pullback diagram

Yϕ1
- Y2

� Yϕ2

T1

?
- T2

?
� T1

?

of flat families, where Y2 → T2 is the family obtained by pulling back along
Ψ. It suffices to show that the pullback of Y2 along the map + : T1 → T2

is the family Yϕ1+ϕ2 .

Let ϕi : IY /I2
Y → O2

Y be the homomorphism corresponding to Y2,
so that the ideal of Y2 is the graph of the corresponding homomorphism
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IY → OY ε1 ⊕OY ε2. Reducing mod ε2 gives us the map corresponding to
ϕ1, and similarly for ε1 and ϕ2, so ϕ is in fact the map

IY /I2
Y

ϕ1

ϕ2


- O2

Y .

Thus if we pull back along the map +, that is, factor out ε1 − ε2, the
resulting algebra corresponds to the the map ϕ = ϕ1 +ϕ2 as required.

Associated to any family

Y ⊂ X ×B π- B

of subschemes of X is the union of the schemes in the family, defined to
be the image of Y under the projection to X. In this spirit, if Y ⊂ X are
projective schemes, and B is a subscheme of the Hilbert scheme of Y in
X, then the subscheme swept out by B to be the union Y ′ = Y ′B of the
schemes in the restriction to B of the universal family over H.

We can now give a bound on the Zariski tangent spaces to Y ′ in the
case where Y and X are smooth. Suppose that p ∈ Y is a point of one of
the schemes Y represented by points of B. The tangent space to Y ′ at p
obviously contains the tangent space to Y at p, so it is enough to bound
the image of TpY

′ in TpX/TpY , which is the fiber at p of the normal bundle
(NY/X)p of Y in X.

Intuitively, the amount the tangent space TpY “moves” as Y moves in
B is measured by the tangent space to B at [Y ], although some tangent
vectors to B may produce trivial motions of TpY . Of course T[Y ]B ⊂ T[Y ]H,
and by Theorem 8.21 this last is H0(NY/X). Let ϕp,Y be the evaluation
map

ϕp,Y : H0(NY/X)→ (NY/X)p = TpX/TpY.

Proposition 8.22. Let Y ⊂ X be smooth projective schemes, and let
B ⊂ H be a closed subscheme of the Hilbert scheme of Y in X containing
the point [Y ]. If p ∈ Y and Y ′ is the subscheme swept out by B, then

TpY
′/TpY ⊂ ϕp,Y (T[Y ]B).

Proof. ???? ****this was supposed to prove the d = 4 case of deBarre-
deJong, in the last section; but at the moment we can only use it in char
0, since we need to know that generically every tangent vector from the
union of the deformed schemes lifts to a tangent vector on the abstract
deformation, and this is at least generically true in char 0.****

Lemma 8.23. Let Z ⊂ Y be closed subschemes of a scheme X, and let
Zσ, Yτ ⊂ SpecK[ε]/(ε2) × X be first-order deformations of Z and Y in
X corresponding to the sections σ ∈ H0(NZ/X) and τ ∈ H0(NY/X). The
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FIGURE 8.4. σi(Z) ≡ τ(Z) modulo the tangent line T to Y at Z, so each
of the deformations of the point Z corresponding the the σi keep it inside the
deformation of Y corresponding to σ.

scheme Zσ is contained in Yτ if and only if the images of σ and τ are equal
under the maps

σ ∈ H0(NZ/X) = HomOX (IZ/X ,OZ)

HomOX (IY/X ,OZ)
?

τ ∈ H0(NY/X) = HomOX (IY/X ,OY )

6

induced by the inclusion IY/X ⊂ IZ/X and the projection OY → OZ .
If Y and X are smooth, or more generally Y ⊂ X is locally a complete
interesection, then HomOX (IY/X ,OZ) ∼= NY/X |Z .

See Figurer̃effig8-2-A.

Proof. The statement is local, so we can assume Z, Y and X are affine. We
regard the global sections σ and τ as module homomorphisms IZ/X → OZ
and IY/X → OY .

The schemes Zσ, Yτ ⊂ X × T1 are given by the ideals

Iσ = {f + εf ′ | f ∈ IZ/X and f ′ ≡ σ(f) mod IZ/X}

and

Iτ = {g + εg′ : g ∈ IY/X and g′ ≡ τ(g) mod IY/X}

in OX ⊗R1 = OX ⊕OXε.
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Accordingly, we have Zσ ⊂ Yτ—that is, Iτ ⊂ Iσ—if and only if

σ(f) ≡ τ(f) mod IZ/X for all f ∈ IY/X ,

which is the statement of the Lemma.

8.4.3 Normal bundles of k-planes on hypersurfaces

In order to apply the description of the tangent space to a Fano scheme
Fk(X) of k-planes on a hypersurface X, we need to know something about
its normal bundle.

Suppose that L ⊂ X ⊂ Pn is a k-plane on a (not necessarily smooth)
hypersurface X of degree d in Pn. Choose coordinates so that the ideal of L
is IL = (xk+1, . . . , xn), and let IX = (g) ⊂ IL. There is a unique expression

g =

n∑
i=k+1

xigi(x0, . . . , xk) + h.

with h ∈ (xk+1, . . . , xn)2. Differentiating, we see that gi, as a form on L, is
the restriction to L of the derivative ∂g/∂xi.

Since the ideal of L ⊂ Pn is generated by n− k linear forms, the normal
bundle of L in Pn is On−kL (1), and, similarly, the normal bundle of X in
Pn is COX(d). Thus the restriction NX/Pn |L is OL(d), and the left exact
sequence of Part (b) of Proposition 8.15 takes the form

0 - NL/X - On−kL (1)
α=(gk+1,...,gn)- OL(d).

Proposition 8.24. With notation as above, let

α = (gk+1, . . . , gn) : On−kL (1)→ OL(d).

(a) The hypersurface X is smooth along L if and only if α is a surjection
of sheaves.

(b) The point [L] is a smooth point on Fk(X) and the dimension of Fk(X)
at [L] is equal to the “expected dimension” (k+1)(n−k)−

(
k+d
k

)
if and

only if α is surjective on global sections.

(c) The point [L] is an isolated reduced (that is, smooth) point of Fk(X) if
and only if α is injective on global sections.

Proof. (a): Since L ⊂ X the derivatives of g along L are all zero, so X is
smooth at a point p ∈ L if and only if at least one of the normal derivatives
gi = ∂g/∂xi, for i > k, is nonzero at p. This condition is the condition that
α is surjective as a map of sheaves.

(b): By Corollary 8.2 the dimension of Fk(X) at any point is at least
D := (k + 1)(n− k)−

(
k+d
k

)
, so Fk(X) is smooth of dimension D at [L] if
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and only if the tangent space T[L]Fk(X) = H0NL/X has dimension D. Since

dimH0(On−kL (1)) = (k+1)(n−k) and dimH0(OL(d)) =
(
d+k
k

)
, we see from

the exact sequence just before the Proposition that dimH0NL/X = D if
and only if α is surjective on global sections.

(c): The condition that [L] is an isolated reduced point of Fk(X) is the
condition that T[L]Fk(X) = H0NL/X = 0, and by the argument of part (b)
this happens if and only if α is injective on global sections.

We can unpack the conditions of Proposition 8.24 as follows: The condi-
tion of part (a) is equivalent to saying that the components gi of the map
α don’t all vanish simultaneously at a point of L. This gives another proof
of Corollary 8.26.

Using the exact sequence preceding the Proposition, and assuming that
X is smooth along L so that α is a surjection of sheaves, we see that the
condition of part (b) that α is surjective on global sections is equivalent
to the condition H1NL/X = 0. On the other hand, the global sections

x0, . . . , xk of the i-th summand OL(1) ⊂ On−1
L (1) map by α to the sections

x0gk+i, . . . , xkgk+i, so the condition of surjectivity on sections is also equiv-
alent to the condition that the ideal (gk+1, . . . , gn) contains every form of
degree d.

Similarly, it follows from the exact sequence that the condition of part c
is equivalent to the condition H0NL/X = 0. This means that there are no
maps OL to the kernel of α or, more concretely, that the gi have no linear
syzygies.

Although part (a) of Proposition 8.24 tells only about smoothness along
L, we can do a little better: Bertini’s Theorem 0.5 tells us that if the general
member of a linear series is not multiple, then it can only be singular along
the base locus of the series, and it follows that the general X with a given
map α is smooth except possibly along L. Thus if α : On−kL (1)→ OL(d) is
any surjective map of sheaves, there is smooth hypersurface X containing
L such that NL/X = Kerα.

Example 8.25. (Cubic Surfaces Again) The following gives another treat-
ment of Corollary 8.17. In the case of a cubic surfaces X ⊂ P3 we have
n = d = 3 and the expected dimension of F1(X) is D = 0. If we choose

g2 = x2
0, g3 = x2

1

then the conditions in all three parts of Proposition 8.24 apply: g2 and g3

obviously have no common zeros in P1; because g2 and g3 are relatively
prime quadratic forms, they have no linear syzygies; and since

(x0, x1)(x2
0, x

2
1) = (x3

0, x
2
0x1, x0x

2
1, x

3
1) ⊂ K[x0, x1, x2, x3],

the map α is surjective on global sections. Since the numbers of global
sections of the source and target of α are equal, the map α is injective
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on global sections as well. We can see this directly, too: because g2, g3 are
relatively prime quadratic forms, the kernel of α is

OL(−1)

−g3

g2


- OL(1)2.

so NL/X = OL(−1), and we see again that H0(NL/X) = 0

From all this we see that L will be an isolated smooth point of F1(X),
where X is the hypersurface defined by the equation x2

0x2 + x2
1x3 = 0.

Although this hypersurface is not smooth, Bertini’s theorem, as above,
shows that there are smooth cubics having the same map α. Since the rank
of a linear transformation is upper semicontinuous as the transformation
varies, this will also be true for the general cubic surface containing a line.
By Corollary 8.2, every cubic surface in P3 contains lines.

One special case of Proposition 8.24 shows that a smooth hypersurface
cannot contain a plane of more than about half its dimension:

Corollary 8.26. Let X ⊂ Pn be a hypersurface of degree d > 1. If L ⊂ X
is a k-plane on X, and X is smooth along L, then

k ≤ n− 1

2
.

For example, there are no 2-planes on a quadric surface in P4—even
though the “expected dimension” ϕ(4, 2, 2) is 0. This implies that all singu-
lar quadrics contain families of 2-planes of dimension ≥ 1 > 0 = ϕ(4, 2, 2)—
of course it is easy to see this directly.

Proof. If k > (n− 1)/2 then k+ 1 > n− k, so n− k forms on P k of strictly
positive degree must have a common zero, and we can apply Part (a) of
Proposition 8.24.

Remark. Corollary 8.26 is a special case of a Corollary of the Lefschetz
hyperplane theorem (see Appendix ??): if X ⊂ PnC is smooth and Y ⊂ X
is any subvariety of dimension k > (n− 1)/2, then

deg(X)|deg(Y ).

****we need a reference for the char p case.****

In the case of planes of the minimum dimension allowed by Corollary 8.26,
Proposition 8.24 gives us particularly sharp information: Note that this ap-
plies, in particular, to lines on surfaces in P3, and thus generalizes Corol-
lary 8.17.
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Corollary 8.27. Let X ⊂ Pn be a hypersurface of degree d ≥ 3 containing
a k-plane L with k = (n − 1)/2. If X is smooth along L then [L] is an
isolated smooth point of the Fano scheme Fk(X). If n = d = 3—that is,
X ⊂ P3 is a cubic surface—then the converse is also true.

If, in the setting of Proposition 8.24 we take an example where the gi
are general forms of degree d− 1 in k+ 1 variables vanishing at some point
of Pk with d = 2, k > 1 or d > 3, k ≥ 1 then the gi will have no linear
syzygies, so the corresponding L ⊂ X will be a smooth point on the Fano
scheme, though X is singular at a point of L. Thus the “converse” part of
the Corollary cannot be extended to these cases.

Proof of Corollary 8.27. If X is smooth along L, then, by Proposition 8.24,
the k + 1 forms gi of degree d − 1 have no common zeros. It follows that
they are a regular sequence, so all the relations among them are also of
degree d − 1 ≥ 2, so again by Proposition 8.24 [L] is a smooth point of
Fk(X).

In the case of a cubic surface, g2, g3 are quadratic forms in 2 variables.
If they have a zero in common then they have a linear common factor, so
they have a linear syzygy.

Despite the non-existence of 2-planes on quadric hypersurfaces X ⊂ P4

and other examples coming from Corollary 8.26, the situation becomes
uniform for hypersurfaces of degree d ≥ 3. The proof for the general case
is quite complicated, and we only sketch it. In the next section we give a
complete and independent treatment for the case of lines.

Theorem 8.28. Set D = (k + 1)(n− k)−
(
k+d
k

)
.

(a) If k = 1 or d ≥ 3 and D ≥ 0 then every hypersurface of degree d
contains k-planes, and the general hypersurface X of degree d in Pn
has dimFk(X) = D.

(b) If D ≤ 0 and X is a general hypersurface containing a given k-plane
L, then L is an isolated smooth point of Fk(X).

See Exercise 8.59 for an example that can be worked out directly.

Proof. (a): The first part follows from the second using Corollary 8.2. For
the second part we use Proposition 8.24. We must show that, under the
given hypotheses, a general (n − k)-dimensional vector space of forms of
degree forms of degree d− 1 generates an ideal containing all the forms of
degree d.
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On the other hand, for part (b) we must show that a general (n − k)-
dimensional vector space of forms of degree forms of degree d−1 generates
an ideal without linear syzygies.

These two statements together say that if gk+1, . . . gk+n is a general
collection of of n − k forms of degree d − 1 in k + 1 variables, then the
degree d component of the ideal (gk+1, . . . gk+n) has dimension equal to
min((k + 1)(n − k),

(
k+d
k

)
). This is a special case of the formula for the

maximal Hilbert function of a homogeneous ideal with generators in given
degrees conjectured in Fröberg [1985]. This particular case of Fröberg’s
Conjecture that was proven in Hochster and Laksov [1987], Theorem 1.

8.4.4 The case of lines

The case k = 1 of lines is special because, very much in contrast with the
general situation, we can classify vector bundles on P1 completely: we have
the

Theorem 8.29. Any vector bundle E on P1 is a direct sum of line bundles;
that is,

E =

r⊕
i=1

OP1(ei)

for some integers e1, . . . , er.

Note that the analogous statement is clearly false in general for bundles
on projective space Pn of dimension n ≥ 2 (see for example Exercise 8.53).

Proof. The proof uses the Riemann-Roch theorem for vector bundles on
curves. Riemann-Roch theorems in general will be discussed in Chapter 16,
where we will also discuss more aspects of the behavior of vector bundles
on P1. The reader may wish to glance ahead or, since we will not make
logical use of Theorem 8.29, defer reading this proof until then.

That said, we start with a basic observation: an exact sequence of vector
bundles

0 - E - F
α- G - 0

on any variety X splits if and only if there exists a map β : G → F such
that α ◦ β = IdG. This will be the case whenever the map Hom(G,F ) →
Hom(G,G) given by composition with α is surjective on global sections;
from the exactness of the sequence

0→ Hom(G,E)→ Hom(G,F )→ Hom(G,G)→ 0

this will in turn be the case whenever H1(Hom(G,E)) = H1(G∗⊗E) = 0.
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Now suppose E is a vector bundle of rank 2 on P1, with first Chern class
of degree d. By Riemann-Roch, we have

h0(E) ≥ d+ 2;

from this we may deduce the existence of a nonzero global section σ of E
vanishing at m ≥ d/2 points of P1, or equivalently of an inclusion of vector
bundles OP1(m) ↪→ E with m ≥ d/2. We thus have an exact sequence

0→ OP1(m)→ E → OP1(d−m)→ 0,

and since H1(Hom(OP1(d−m),OP1(m))) = H1(OP1(2m− d)) = 0 in this
case, we conclude that E ∼= OP1(m)⊕OP1(d−m).

The case of a bundle E of general rank r follows by induction: if we let
L ⊂ E be a sub-line bundle of maximal degree m, we get a sequence

0 - OP1(m) - E
α- F - 0

with F by induction a direct sum of line bundles Li ∼= OP1(ei). Moreover,
ei ≤ m for all i: if ei > m for some i, then α−1(Li) would be a bundle
of rank 2 and degree > 2m; by the rank 2 case, this would contradict the
maximality of m. Thus this sequence splits, and we’re done.

We should remark in passing that vector bundles on higher-dimensional
projective spaces Pn remain mysterious, even for n = 2, and open problems
regarding them abound. To mention just one, it is unknown whether there
exist vector bundles of rank 2 on Pn (other than direct sums of line bundles)
when n ≥ 6. Interestingly, though, Theorem 8.29 provides a tool for the
study of bundles on higher-dimensional projective spaces, via the notion of
jumping lines, which we’ll discuss in Section 16.5

To return to our discussion of linear spaces on hypersurfaces, suppose
that X ⊂ Pn is a hypersurface of degree d and L ⊂ X a line. We choose
coordinates so that L is defined by x2 = · · ·xn = 0. As before, we write
the equation of X in the form

n∑
i=2

xigi(x0, x1) + h,

with h ∈ (x0, . . . , xn)2, and we let α be the map (g2, . . . , gn) : On−1
L →

OL(d). In this situation, the expected dimension of the Fano scheme F1(X)
is D := 2n − 3 − d. We will make use of this notation throughout this
subsection.

We can say exactly what normal bundles of lines in hypersurfaces are
possible. Since any vector bundle on L ∼= P1 is a direct sum of line bundles,
we may write NL/X ∼= ⊕n−1

1 OP1(ei).
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Proposition 8.30. Suppose that n ≥ 3 and d ≥ 1. There exists a smooth
hypersurface X in Pn of degree d, and a line P1 ∼= L ⊂ X such that
NL/X ∼= ⊕n−1

i=1 OPn(ei) if and only if

ei ≤ 1 for all i and

n−2∑
i=1

ei = n− 1− d.

Proof. If the normal bundle is NL/X ∼= ⊕OP1(ei) then from the fact that

there is an inclusion NL/X → NL/Pn ∼= On−1
P1 (1) it follows that ei ≤ 1 for

all i. Computing Chern classes from the exact sequence of sheaves on P1

0→
n−2⊕
i=1

OP1(ei)→ On−1
P1 (1)→ OP1(d)→ 0

we get
∑
i ei = n− 1− d.

Conversely, suppose the ei satisfy the given conditions. To simplify the
notation, let F = ⊕n−2

i=1 OP1(ei) and let G = On−1
P1 (1). Let β : F → G

be any map, and let α be the map G → OP1(d) given by the matrix of
(n− 2)× (n− 2) minors of the matrix of β, with appropriate signs. 1 The
composition αβ is zero because the i-th entry of the composite matrix is
the Cauchy expansion of the determinant of a matrix obtained from β by
repeating the i-th column.

If we take β of the form

β =



x1−e1
0 0 0 · · · 0 0

x1−e2
1 x1−e2

0 0 · · · 0 0

0 x1−e3
1 x1−e3

0 · · · 0 0

0 0 x1−e4
0 · · · 0 0

...
...

...
. . .

. . .
...

0 · · · 0 0 x
1−en−3

1 x
1−en−3

0

0 · · · 0 0 0 x
1−en−2

1


****this matrix needs cosmetic work to make the diagonals line up!****
then the top (n − 2) × (n − 2) minor will be xd−1

0 and the bottom (n −
2) × (n − 2) minor will be xd−1

1 . This shows that the map α will be an
epimorphism of sheaves, so that the general hyperplane X containing L

1More formally and invariantly, α is the composite map

G ∼= OP1 (n− 1)⊗ ∧n−2G∗
OP1 (n−1)⊗∧n−2β∗- OP1 (n− 1)⊗ ∧n−2F ∗ ∼= OP1 (d).

where we have used an identification of G with OP1 (n− 1)⊗∧n−2G∗ corresponding to

a global section of OP1 = OP1 (−n+ 1)⊗ ∧n−1G.
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induced map α : NL → NX will be smooth. By Eisenbud [1995] Theorem
20.9, the sequence

0 - F
β- G

α- OP1(d) - 0

is exact, so NL/X ∼= F .

Corollary 8.31. If d ≤ 2n−3, then there exists a pair (X,L) with X ⊂ Pn
a smooth hypersurface of degree d and L ⊂ X a line such that F1(X) is
smooth of dimension 2n− 3− d in a neighborhood of [L].

Proof. Using Proposition 8.30: we observe that, if d ≤ 2n−3, we can choose
all the ei ≥ −1. With this choice dimH0(OP1(ei)) = ei + 1 for all i and
hence dimH0(NL/X) = 2n − 3 − d. Since F1(X) has dimension at least
2n− 3− d everywhere, the result follows.

Corollary 8.32. If d ≤ 2n− 3, then every hypersurface of degree d in Pn
contains a line.

Proof. The univeral Fano scheme Φ(n, d, 1) is irreducible, and has dimen-
sion N − d + 2n − 3. Moreover, Corollary 8.31 asserts that at some point
(X,L) ∈ Φ the fiber dimension of the projection Φ(n, d, 1) → PN is
2n− d− 3. It follows that this projection is surjective.

We have seen above that the Fano scheme of any smooth cubic surface
in P3 is reduced and of the correct dimension. We can now say something
about the higher-dimensional case as well:

Corollary 8.33. The Fano scheme of lines on any smooth hypersurface
of degree d ≤ 3 is smooth and of dimension 2n − 3 − d. But if n ≥ 4 and
d ≥ 4 then there exist smooth hypersurfaces of degree d in Pn whose Fano
schemes are singular or of dimension > 2n− 3− d.

Proof. We follow the notation of Proposition 8.30. If d ≤ 3 then for any
e1, . . . , en−2 allowed by the conditions of the Proposition we will have all
ei ≥ −1, and thus h0(NL/X) = χ(NL/X) = 2n− 3, proving that the Fano
scheme is smooth and of expected dimension at L.

On the other hand, if n ≥ 4 and d ≥ 4 then we can take e1 = · · · = en−3 =
1 and en−2 = 2− d ≤ −2. In this case h0(NL/X) = 2n− 6 > 2n− 3− d, so
the Fano scheme is singular or of “too large” dimension at L.

The first statement of Corollary 8.33 is an easy case of the conjecture of
Debarre and de Jong that we will discuss further in Section 8.8.
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8.5 Lines on quintic threefolds and beyond

We can now answer the first of the keynote questions of this Chapter: how
many lines are contained in a general quintic threefold X ⊂ P4? More
generally, we can now compute the number of distinct lines on a general
hypersurface X of degree d = 2n− 3 in Pn, the case in which the expected
dimension of the family of lines is zero.

The set-up is the same as that for the lines on a cubic surface: the
defining equation g of the hypersurface X gives a section σg of the bun-

dle Symd S∗ on the Grassmannian G(1, n); the zero locus of σg is then
the Fano scheme F1(X) of lines on X; and (assuming F1(X) has the ex-
pected dimension 0) the degree D of this scheme is the degree of the top
Chern class cd+1(Symd S∗) ∈ Ad+1(G(1, n)). If we can show in addition
that H0(NL/X) = 0 for each line L ⊂ X, then it follows as in the previous
section that the Fano scheme is zero-dimensional and reduced, so the actual
number of distinct lines on X is exactly D.

To calculate the Chern class we could use the splitting principle. The
computation is reasonable for n = 4, d = 5, the case of the quintic threefold,
but becomes successively more complicated for larger n and d. Schubert2
(in Macaulay2) instead deduces it from a Gröbner basis for the Chow ring.
Here is a Schubert2 script that computes the numbers for n = 3, . . . , 20,
followed by its output:

loadPackage "Schubert2"

grassmannian = (m,n) -> flagBundle({m+1, n-m})

time for n from 3 to 10 do(

G=grassmannian(1,n);

(S,Q) = G.Bundles;

d = 2*n-3;

print integral chern symmetricPower(d, dual S))

27

2875

698005

305093061

210480374951

210776836330775

289139638632755625

520764738758073845321

1192221463356102320754899

3381929766320534635615064019

11643962664020516264785825991165

47837786502063195088311032392578125
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231191601420598135249236900564098773215

1298451577201796592589999161795264143531439

8386626029512440725571736265773047172289922129

61730844370508487817798328189038923397181280384657

513687287764790207960329434065844597978401438841796875

4798492409653834563672780605191070760393640761817269985515

-- used 119.123 seconds

The following result gives a geometric meaning to these numbers beyond
the fact that they are degrees of certain Chern classes.

Theorem 8.34. If X ⊂ Pn is a general hypersurface of degree d ≥ 1,
then the Fano scheme F1(X) of lines on X is reduced and has the expected
dimension 2n− d− 3.

We now have the definitive answer to the keynote question (a)

Corollary 8.35. A general quintic threefold X ⊂ P4 contains exactly 2875
lines. More generally, the numbers in the table above are equal to the num-
ber of distinct lines on general hypersurfaces of degrees 3, 5, . . . , 37 and
dimensions 2, 3, . . . , 19.

We have seen that every smooth cubic surface has exactly 27 distinct
lines. By contrast, the hypothesis “general” in the preceding Corollary is
really necessary for quintic threefolds: by Corollary 8.33, the Fano scheme
of a smooth quintic threefold may be singular or positive-dimensional (we’ll
see in Exercises 8.68 and 8.74 that both possibilities actually occur).

The 2875 lines on a quintic threefold have played a significant role in al-
gebraic geometry, and even show up in physics. For example, the Lefschetz
Hyperplane Theorem (see Appendix ??) implies that all 2, 875 are homolo-
gous to each other, but one can show that they are linearly independent in
the group of cycles mod algebraic equivalence ****reference!****. On the
other hand, the number of rational curves of degree d on a general quintic
threefold, of which the 2, 875 lines are the first example, is one of the first
predictions of mirror symmetry (see for example Cox and Katz [1999].)

Proof of Theorem 8.34. We already know that for general X of degree d >
2n− 3 the Fano scheme F1(X) is empty, so we henceforward assume that
d ≤ 2n− 3. We have seen in Corollary 8.31 that there exists a pair (X,L)
with X ⊂ Pn a smooth hypersurface of degree d and L ⊂ X a line such
that dimTLF1(X) = 2n− 3− d—that is, F1(X) is smooth of the expected
dimension in a neighborhood of L. We now use an incidence correspondence
to deduce that for general X, an open dense set of L ∈ F1(X) have this
property (and in particular, if d = 2n − 3 then X will contain a finite
number of lines, every one of which will be a reduced point of F1(X)).
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Let PN be the projective space of forms of degree d in n + 1 variables,
whose points we think of as hypersurfaces in Pn. Consider the projection
maps from the universal Fano scheme Φ := Φ(n, d, k):

Φ = {(X,L) ∈ PN ×G(1, n) | L ⊂ X}

PN �
ϕ

G(1, n),

γ -

so that the fiber of ϕ over the point X of PN is the Fano scheme of X. As
we have seen in Proposition 8.1 Φ is smooth and irreducible of dimension
N + 2n − 3 − d. It follows that the fiber of ϕ through any point of Φ has
dimension ≥ 2n− 3− d.

The set of points of Φ where the fiber dimension is equal to 2n − 3 − d
is open; and within that the set of points U where the fiber is smooth is
also open. Corollary 8.31 shows that this open set is nonempty; given this,
Lemma 8.36 with B = Φ \ U shows that if X is a generic hypersurface of
degree d, then any component of F1(X) is generically smooth of dimension
D. Since F1(X) is defined by the vanishing of a section of a bundle of
rank d + 1, it is locally a complete intersection. Thus F1(X) cannot have
embedded components, and the fact that it is generically smooth implies
that it is reduced.

Lemma 8.36. Suppose that ϕ : X → P is a dominant morphism of (not
necessarily projective) varieties. If B ⊂ X is a closed subset that contains
a component of each fiber of ϕ over an open subset of P , then B = X. In
particular, the generic fiber is equidimensional.

Proof. We may suppose for simplicity that ϕ(X) = P . Let X ′ ⊂ X be the
subset of points x such that the dimension of ϕ−1(ϕ(x)) is minimal. By
the semicontinuity of fiber dimension X ′ is open, and for x ∈ X ′ we have
dimX = dimP + dimϕ−1(ϕ(x)). Since B contains a component of the
generic fiber, a similar computation shows that dimB ≥ dimX, proving
that B = X.

8.6 The universal Fano scheme and the geometry
of families of lines

In keynote question (c) we asked: what is the degree of the surface S in P3

swept out by the lines on a cubic surface as the cubic surface moves in a
general pencil? What is the genus of the curve C ⊂ G(1, 3) consisting of
the points corresponding to lines on the various elements of the pencil of
cubic surfaces? We can answer such questions by giving a “global” view of
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the universal Fano scheme as the zero locus of a section of a vector bundle,
just as we have done for Fano schemes of individual hypersurfaces.

We will compute the degree of S as the number of times S intersects a
general line. The task of computing this number is made easier by the fact
that a general point of the surface lies on only one of the lines in question
(Reason: a general point that lay on two lines would have to lie on lines
from different surfaces in the pencil, and thus would lie in the base locus of
the pencil, contradicting the assumption that it was a general point). Thus
the degree of the surface is the same as the degree of the curve C ⊂ G(1, 3)
in the Plücker embedding.

The incidence correspondence

Φ = Φ(n, d, 1) = {(X,L) ∈ PN ×G(1, n) | L ⊂ X}.

which we may call the universal or relative Fano scheme of lines on cubic
surfaces, was introduced in Section 8.1. We can learn about its global ge-
ometry by realizing it as the zero locus of a section of a bundle, just as
with the case of the Fano scheme of a given hypersurface.

We have seen that the maps of vector spaces{
homogeneous cubic
polynomials on P3

}
−→

{
homogeneous cubic
polynomials on L

}
for different L ∈ G(1, 3) fit together to form a bundle map

H0(OP3(3))⊗OG(1,3) → Sym3 S∗

on the Grassmannian G(1, 3). Also, if V = H0(OP3(3)) is the 20-dimensional
vector space of all cubic polynomials, then the inclusions

〈F 〉 ↪→ V

fit together to form a map of vector bundles on PV ∼= P19

T = OP19(−1)→ V ⊗OP19

where T is the universal subbundle on P19.

We will put these two constructions together to understand not only
Φ(n, d, 1) but its restriction to any linear space of forms M ⊂ PN . We
denote the restriction of the universal Fano scheme to M by Φ(n, d, 1)|M .

Theorem 8.37. The universal Fano scheme Φ(n, d, 1)|M of lines on a
general m-dimensional linear family M = Pm of hypersurfaces of degree d
in Pn is reduced and of codimension d+ 1 in the (2n− 2 +m)-dimensional
space Pm × G(2, n). It is the zero locus of a section of the rank d + 1
vector bundle E = π∗2SymdS

∗ ⊗ π∗1OPm(1) on that space, so its class is
cd+1(E).
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Proof. We will first show that the class of Φ(n, d, 1)|M is the zero locus of
the given section, and for this it suffices to treat the case M = PN , the
space of all forms of degree d.

Consider the product of P(Symd V ∗) and the Grassmannian G(1, n) and
its projections,

P(Symd V ∗) �
π1 P(Symd V ∗)×G(1, n)

π2- G(1, n),

On the product, we have both a universal rank 1 subbundleOP(Symd V ∗)(−1)

of the trivial bundle π∗1 Symd V ∗, and a universal k-subbundle S of the triv-
ial bundle π∗2V . We thus have maps

π∗1OP(Symd V ∗)(−1) - π∗1 Symd V ∗ ∼= π∗2 Symd V ∗ - π∗2 Symd S∗.

Restricted to the fiber over the point of P(Symd V ∗) corresponding to f the
composite map takes a generator of π∗1OP(Symd V ∗)(−1)|〈f〉 to σf . Thus the
zero locus of the composite map is the incidence correspondence Φ(n, d, 1).
Tensoring with π∗1OP(Symd V ∗)(1) we get a map

OP(Symd V ∗) → π∗2 Symd S∗ ⊗ π∗1OPn(1).

Let σ be the global section of the bundle

E := π∗2 Symd S∗ ⊗ π∗1OPn(1)

that is the image of 1 ∈ OP(Symd V ∗). The zero locus of the composite map
is the same as the zero locus of σ. Moreover, if we restrict to an open subset
of the Grassmannian over which the universal subbundle S is trivial, then
the vanishing of σ is given by the local equations we originally used to
define the scheme structure on Φ.

We must still show that Φ(n, d, 1)|M is reduced and of codimension
rankE = d + 1 in M × G(1, n). For the case when M is a point, this
is Theorem 8.34. On the other hand, the projection Φ(n, d, 1)|M → M is
surjective, so the fiber of Φ(n, d, 1) over a general point of M has codimen-
sion at least dimM in Φ(n, d, 1)|M . Moreover, this fiber is cut out by the
pullbacks of dimM linear forms on M . The fact that Φ(n, d, 1)|M has the
expected dimension now follows from the Generalized principal ideal the-
orem. The generic smoothness of the fiber also follows from a very general
result, given in the next Proposition, applied with R equal to the local ring
of Φ(n, d, 1)M at a general point.

Proposition 8.38. Suppose that R is a local ring with maximal ideal m,
and that x1, . . . , xc ∈ m. If R := R/(x1, . . . xc) is a regular local ring, and
dimR ≤ dimR− c, then in fact equality holds and R is regular.

Proof. The equality of dimensions follows from the Principal Ideal Theo-
rem. A ring is regular if and only if the number of generators of its maximal
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ideal is equal to the dimension of the ring. By the Principal Ideal Theorem,
the number of generators is always at least this large. Thus the minimal
number of generators of the maximal ideal of R is dimR, so the minimal
number of generators of m is at most c + dimR = dimR, and we are
done.

Theorem 8.37 immediately gives the answers to keynote questions (b)
and (c).

Corollary 8.39. The class of the universal Fano scheme Φ(3, 3, 1) of lines
on cubic surfaces in P3 is

[Φ(3, 3, 1)] = c4
(
π∗2Sym3S

∗ ⊗ π∗1OP1(1)
)

= 27σ2,2 + 42σ2,1ζ + (11σ2 + 21σ1,1)ζ2 + 6σ1ζ
3 + ζ4.

while the class of the universal Fano scheme Φ(4, 3) of lines on quartic
surfaces in P3 is

[Φ(3, 4, 1)] = c5
(
π∗2Sym4S

∗ ⊗ π∗1OP1(1)
)

= 320σ2,2ζ + 220σ2,1ζ
2 + (30σ2 + 55σ1,1)ζ3 + 10σ1ζ

4 + ζ5.

If C is the curve of lines on a general pencil of cubic surfaces then the
degree of C is 42 and the genus of C is 70. The number of quartic surfaces
that contain a line in a general pencil of quartic surfaces is 320.

Restricting to a point t ∈ P1, we see again that a particular cubic surface
Xt will contain

[Φ(3, 3, 1)] · ζ19 = 27

lines.

Proof of Corollary 8.39. The identifications of [Φ(3, 3, 1)] and [Φ(3, 4, 1)]
with the given Chern classes is part of Theorem 8.37.

For the explicit computations of the Chern classes one can use the split-
ting principle or appeal to Schubert2. Here is the computation, via the
splitting principle, for the case of Φ(3, 3, 1), the 4-th Chern class of the
bundle E on P19×G(1, 3). We will use use the symbol ζ for the pullback to
P19×G(1, 3) of the hyperplane class on P19; and we’ll use the symbols σi,j
for the pullbacks to P19×G(1, 3) of the corresponding classes in A(G(1, 3)).

Formally factoring the Chern class of ν∗S∗ as

c(ν∗S∗) = 1 + σ1 + σ1,1 = (1 + α)(1 + β),

we can write

c
(
µ∗OP19(1)⊗ ν∗ Sym3 S∗

)
=

(1 + 3α+ ζ)(1 + 2α+ β + ζ)(1 + α+ 2β + ζ)(1 + 3β + ζ)
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and in particular the top Chern class is given by

c4(µ∗OP19(1)⊗ ν∗ Sym3 S∗) =

(3α+ ζ)(2α+ β + ζ)(α+ 2β + ζ)(3β + ζ) ∈ A4(P1 ×G(1, 3)).

Evaluating, we first have

(3α+ ζ)(3β + ζ) = 9σ1,1 + 3σ1ζ + ζ2;

and then

(2α+ β + ζ)(α+ 2β + ζ) = 2σ2
1 + σ1,1 + 3σ1ζ + ζ2.

Multiplying out, we have

[Φ] = 27σ2,2 + 42σ2,1ζ + (11σ2 + 21σ1,1)ζ2 + 6σ1ζ
3 + ζ4.

Here is the corresponding Schubert2 code:

n=3

d=3

m=19

P = flagBundle({1,m}, VariableNames=>{z,q1})

(Z,Q1)=P.Bundles

V = abstractSheaf(P,Rank =>n+1)

G = flagBundle({2,n-1},V,VariableNames=>{s,q})

(S,Q) = G.Bundles

p = G.StructureMap

ZG = p^*(dual Z)

chern_4 (ZG**symmetricPower_d dual S)

Replacing the line “d = 3” with “d = 4” we get the corresponding result
for Φ(3, 4).

From the computation of [Φ(3, 3, 1)] we see that the number of lines on
members of our pencil of cubics meeting a given line is

[Φ] · σ1 · ζ18 = 42

from which we deduce that the degree of C, which is equal to the degree
of the surface swept out by the lines on our pencil of cubics, is 42. For
the genus g(C) of C we use Part (c) of Proposition 8.15 to conclude that
the normal bundle of C is the bundle E|C , where E is the restriction to
P1 × G(1, n) of the bundle π∗2Sym3S

∗ ⊗ π∗1OP1(1), whose section defines
Φ(3, 3, 1)P1 , as in Corollary 8.39. From the exact sequence

0→ TC → TP1×G(1,n)|C → NC/P1×G(1,n) → 0
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we deduce that the degree of TC , which is 2− 2g(C), is

deg TC = deg c1(TC) = deg
(
[C]c1(TP1×G(1,n))

)
− deg c1(NC/P1×G(1,n))

= c4(E)(4σ1 + 2ζ)− c4(E)c1(E),

where we have used the computation c1(TG(1,n)) = (n + 1)σ1 from Corol-
lary 7.15.****in Ch 5****. We can compute c1(E) by the splitting prin-
ciple or by calling

chern_1 (ZG**symmetricPower_d dual S)

and we get c1(E) = 6σ1 + 4ζ. Using the fact that ζ2 restricts to zero on
the preimage of a line in P19, this gives

2− 2g(C) = deg(27σ2,2 + 42σ2,1ζ)
(
4σ1 + 2ζ − 6σ1 − 4ζ

)
= deg(−138σ2,2ζ) = −138,

whence g = 70. Another view of this computation is suggested in Exer-
cise 8.57

Finally, the number of quartic surfaces that contain a line in a general
pencil of quartic surfaces is the number of lines that lie on some quartic
surface in the pencil, that is, the degree of Φ(3, 4, 1) ∩ P1. (If a line lay
on more than one element of the pencil, it would be a component of the
base locus—but the pencil being general, the base locus is smooth and
connected. ****we need to refer to the argument that a surface in the
pencil can’t contain more than one line!****) Writing σ again for the
section of π∗2 Sym4 S∗ ⊗ π∗1OP1(1) defined above, this is

deg ζ18c5
(
π∗2 Sym4 S∗ ⊗ π∗1OP1(1)

)
.

By the computation of [Φ(3, 4, 1)], this is 320.

The coefficients of higher powers of ζ in the class of Φ(3, 3, 1) computed
above have to do with the geometry of larger linear systems of cubics: for
example, we’ll see how to answer questions about lines on a net of cubics
in Exercise 8.55.

8.6.1 Lines on the quartic surfaces in a pencil

Here is a slightly different approach to keynote question (b). Given that
the set of quartic surfaces that contain some line is a hypersurface Γ in the
projective space P34 of quartic surfaces, we are asking for the degree of Γ.

To find that number we look again at the bundle E on the Grassmannian
G(1, 3) whose fiber over a point L ∈ G(1, 3) is the vector space

EL = H0(OL(4))
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—that is, the fourth symmetric power Sym4 S∗ of the dual of the universal
subbundle on G(1, 3). As before, the polynomials f and g generating the
pencil define sections σf and σg of the bundle E. The locus of lines L ⊂ P3

that lie on some element of the pencil is the locus where the values of the
sections σf and σg are dependent so the degree of this locus is the fourth
Chern class c4(E) ∈ A4(G(1, 3)) ∼= Z. As before this can be computed
either with the splitting principle or with Schubert2, and one finds again
the number 320.

We’ll see another way of calculating the genus of the curve Φ in the
following Chapter (after we’ve determined the number of singular cubic
surfaces in a general pencil), by expressing Φ as a 27-sheeted cover of P1

and using Hurwitz’ Theorem.

8.7 Lines on a cubic with a double point

Identifying the Fano scheme F1(X) as the Hilbert scheme of lines on X has
allowed us to give a necessary and sufficient condition for its smoothness,
and to show that it is indeed smooth in certain cases. But there are aspects
of geometry that we can’t get at in this way, such as the multiplicity of
F1(X) at a point L where it is not smooth. We might want to know, for
example, if we can find a smooth hypersurface X ⊂ Pn of degree 2n −
3 whose Fano scheme of lines includes a point of multiplicity exactly 2,
as in Harris [1979]; or we might ask, if X has an ordinary double point,
how does this affect the number of lines it will contain? To answer such
questions we must go back to the local equations of F1(X) introduced (in
more generality) at the beginning of this Chapter.

We will describe the lines on a cubic surface with one ordinary double
point. Other examples can be found in Exercise ??, where we’ll consider the
case of cubic surfaces with more than one double point; in Exercise 8.68,
where we’ll show that it’s possible to find a smooth quintic hypersurface
X ⊂ P4 whose Fano scheme contains an isolated double point, and in
Exercise 8.71, where we’ll look at a case of lines on higher-dimensional
singular hypersurfaces.

****Need to recall a bit of the local equations from 1.1.1 and the tan
space stuff from 1.3.3**** To this end we will adapt the notation of Section
8.1.1 to the case of cubic surfaces. We work in an open neighborhood U ⊂
G(1, 3) of the line

L : x2 = x3 = 0,
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where U consists of the lines not meeting the line x0 = x1 = 0. Any line in
U can be written uniquely as the row space of a matrix of the form

A =

(
1 0 a2 a3

0 1 b2 b3.

)
(so U ∼= A4, with coordinates a2, a3, b2, b3). Such a line has the parametriza-
tion

P1 3 (s0, s1)→ (s0, s1)A = (s0, s1, a2s0 + b2s1, a3s0 + b3s1) ∈ P3.

Now let X ⊂ P3 be a cubic surface containing L and suppose that the
point p = (1, 0, 0, 0) ∈ L an ordinary double point of X; that is, the tangent
cone to X at p is the cone over a smooth conic curve. We assume that X
has no other singularities along L.

We may suppose that the tangent cone to X at p is given by the equation
x1x3 + x2

2 = 0. With these choices, the defining equation g(x) of X can be
written in the form

g(x) = x0x1x3 + x0x
2
2 + αx2

1x2 + βx2
1x3 + γx1x

2
2 + δx1x2x3 + εx1x

2
3 + k,

where k ∈ (x2, x3)3. The condition that X be smooth along L except at p
says that α 6= 0; otherwise the coefficients α, . . . , ε are arbitrary.

As we saw in Section 8.4.3, the normal bundle NL/X can be computed
from the short exact sequence

0 - NL/X - O2
L(1)

(g2 g3)- OL(3) - 0.

where the g3, g3 are the coefficients of x2, x3 in the part of g that is not
contained in (x2, x3); that is, g2 = αx2

1 and g3 = x0x1 + βx2
1.

Since the polynomial ring in s, t has unique factorization, the syzygies
between these two forms are generated by the linear syzygy αx1g3 − (x0 +
βx1)g2 = 0, so NL/X ∼= OL, and the tangent space to the Fano scheme is
given by T[L]F1(X) = H0NL/X , which is 1-dimensional. In particular, the
Fano scheme is not “smooth of the expected dimension” at [L].

We can now write down the local equations of F1(X) near L: if we sub-
stitute the 4 coordinates from the parametrization of a line in U into g we
get

g(s, t, a2s+ b2t, a3s+ b3t) = c0s
3 + c1s

2t+ c2st
2 + c3t

3,

where the ci are the polynomial in the ai,j that define the Fano scheme
withing U . Writing this out, we find that

c0 = a2
2

c1 = a3 + 2a2b2 + γa2
2 + δa2a3 + εa2

3

c2 = b3 + αa2 + βa3 + b22 + 2γa2b2 + δ(a2b3 + a3b2) + 2εa3b3

c3 = αb2 + βb3 + γb22 + δb2b3 + εb23
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Examining these equations, we see that c1, c2 and c3 have independent
differentials at the origin a2 = a3 = b2 = b3 = 0; thus in a neighborhood
of the origin the zero locus of these three is a smooth curve. Moreover, the
tangent line to this curve is not contained in the plane a2 = 0, so that
c0 = a2

2 vanishes to order exactly 2 on this curve. Thus the component of
F1(X) supported at L is 0-dimensional, and is isomorphic to SpecK[ε]/(ε2).
In particular, it has multiplicity 2.

Having come this far, we can answer the question: if X ⊂ P3 is a cubic
surface with one ordinary double point p, and X is otherwise smooth, how
many lines will X contain? We have seen that the lines L ⊂ X passing
through p count with multiplicity 2, and those not passing through p with
multiplicity one. Since we know that the total count, with multiplicity, is
27, the only question is: how many distinct lines on X pass through p?

To answer this, take p = (1, 0, 0, 0) as above and expand the defining
equation g(x) of X around p. Since p is a double point of X, we can write

g(x0, x1, x2, x3) = x0A(x1, x2, x3) +B(x1, x2, x3)

where A is homogeneous of degree 2 and B homogeneous of degree 3.
The lines on X through p then correspond to the common zeros of A and
B. Moreover, if we write a line L through p as the span L = p q with
q = (0, x1, x2, x3), then by Exercise 8.63, the condition that X be smooth
along L\{p} is exactly the condition that the zero loci of A and B intersect
transversely at (x1, x2, x3). Thus there will be exactly 6 lines on X through
p. Summarizing:

Proposition 8.40. Let X ⊂ P3 be a cubic surface with an ordinary double
point p. If X is smooth away from p, it will contain exactly 21 lines: six
through p and 15 not passing through p.

****There’s something odd about this. It seems that we proved that the
equations given hold on U , and thus that within U there is only one line on
X through p. It’s true that we have 6 open sets to cover the Grassmannian,
but it seems unlikely that each contains exactly 1 line! What’s up? We
should add an explanation.****

(Compare this with the discussion in Chapter 4 of Griffiths and Harris
[1978]. ****Joe: just what did you have in mind? Ch 4 of GH is 200 pages
long. . . **** )

In Exercises 8.64-8.67 we’ll take up the case of cubics with more than
one singularity, arriving ultimately at the statement that a cubic surface
X ⊂ P3 can have at most four isolated singular points.

We have used the local equations of the Fano scheme only to describe
the locus of lines on a single hypersurface. A similar approach gives some
information about the lines on a linear system of hypersurfaces. As a sample
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application, we’ll see in Exercises 8.72 and 8.73 how to describe the singular
locus of and tangent spaces to the locus Σ ⊂ P34 of quartic surfaces in P3

that contain a line.

8.8 The Debarre–de Jong Conjecture

By Theorem 8.34, general hypersurfaces X ⊂ Pn of degree d all have Fano
schemes F1(X) of the “expected” dimension D = 2n− d− 3. On the other
hand, it is easy to find smooth hypersurfaces of degree > 3 whose Fano
schemes have dimension> D—any smooth surface of degree > 3 in P3 that
contains a line is such an example..

However, Corollary 8.33 shows that every smooth hypersurface of degree
≤ 3 has Fano scheme dimension D (that is, the open set of hypersurfaces for
which F1(X) has the expected dimension contains the open set of smooth
hypersurfaces when the degree is ≤ 3.) Further, it was shown by Harris
et al. [1998] that when d� n, every smooth hypersurface of degree d in Pn
has a Fano scheme of lines of the correct dimension—in fact, all the Fk(X)
have the expected dimension when both d and k are much smaller than n.
But the lower bound on n given there is very large, and examples are few.
In general, we have no idea what to conjecture for the true bound required!

There is a conjecture, however, for the Fano schemes of lines. To motivate
it, note that a general hypersurface X ⊂ P2m+1 that contains an m-plane
will be smooth (Exercise 8.75) and will contain a copy of the Grassmannian
of lines in the m-plane, a variety of dimension 2m−2. When d > 2m+1, this
is larger than the expected dimension D = 2d−3 of F1(X). Another family
of such examples is given in Exercise 8.74, but, just as in the examples
above, that construction requires d > n.

Conjecture 8.41 (Debarre–de Jong). If X ⊂ Pn is a smooth hypersurface
of degree d with d ≤ n, then the Fano scheme F1(X) of lines on X has
dimension 2n− 3− d.

One striking aspect of the Debarre-de Jong conjecture is that the in-
equality d ≤ n for a smooth hypersurface X ⊂ Pn is exactly equivalent to
the condition that the anticanonical bundle ω∗X is ample, though it’s not
clear what role this might play in a proof.

Conjecture 8.41 has been proven for d ≤ 5 by de Jong and Debarre, and
for d = 6 by Beheshti in Beheshti [2006]. One might worry that proving
the conjecture, even for small d, would involve high-dimensional geometry,
but as we will now show, it would be enough to prove the conjecture for
d = n.
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Proposition 8.42. If dimF1(X) = d−3 for every smooth hypersurface of
degree d in Pd, and d ≤ n, then dimF1(X) = 2n− d− 3 for every smooth
hypersurface of degree d in Pn.

Proof. We have already treated the case of quadrics (Proposition 3.11)
so we may assume that 3 ≤ d ≤ n. Suppose that X ⊂ Pn is a smooth
hypersurface and L ⊂ X a line. Let Λ be a general d-plane in Pn containing
L and let Y = Λ ∩X. By Lemma 8.43, below, Y is a smooth hypersurface
of degree d in Λ = Pd.

The Fano scheme F1(Y ) is the intersection of F1(X) with the Schubert
cycle Σm−n,m−n(Λ) ⊂ G(1,m); by the Generalized Principal Ideal Theo-
rem,

d− 3 = dimL F1(Y ) ≥ dimL F1(X)− 2(n− d),

whence dimL F1(X) ≤ 2n− d− 3 as required.

We have used a special case of the following extension of Bertini’s The-
orem:

Lemma 8.43. Let X ⊂ Pm be a smooth hypersurface and L ∼= Pk ⊂ X a
k-plane contained in X. If Λ ∼= Pn ⊂ Pm is a general n-plane containing
L, then the intersection Y = X ∩ Λ is smooth if and only if n− 1 ≥ 2k.

Proof. If n− 1 < 2k then Y must be singular by Corollary 8.26.

For the converse we may assume by an obvious induction that n = m−1.
Bertini’s Theorem implies that Y is smooth away from L. On the other
hand, the locus of tangent hyperplanes TpX to X at points p ∈ L is
a subvariety of dimension at most k in the dual projective space Pm∗,
while the locus of hyperplanes containing L will be the (m− k − 1)-plane
L⊥ ⊂ Pm∗. Thus, if n− 1 = m− 2 ≥ 2k, so that k < m− k − 1, then not
every hyperplane containing L is tangent to X at a point of L. It follows
that, for general Λ, the intersection Y = Λ ∩X is smooth.

****the proof for d = 4 below is incomplete! Maybe drop this case? We
need the reference to Debarre, in any case.****

We can now prove Conjecture 8.41 for d = 4, and thereby answer keynote
question (d) in the negative:

Theorem 8.44. If X ⊂ Pn is a smooth hypersurface of degree 4, then the
Fano scheme F1(X) has dimension 1.

Proof. The cases d ≤ 2 are trivial.

Proposition 8.42 shows that it is enough to consider the case n = 4.
Suppose F ⊂ F1(X) is an irreducible component with dimF ≥ 2, and
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let L ∈ F be a general point. By Proposition 8.30, the normal bundle
N = NL/X must be either OL ⊕OL(−1) or OL(1)⊕OL(−2). Either way,
all global sections of N take values in line bundle contained in N . It follows
that for any point p ∈ L the map H0(NL/X) → (NL/X)p = TpX/TpL has
rank at most 1.

(Since dimH0(N) ≥ dimTLF ≥ 2, the normal bundle must in fact be
OL(1)⊕OL(−2), but we don’t need this.)

Let Y ⊂ X be the subvariety swept out by the lines of F ⊂ F1(X).
By Proposition 8.22, Y can have dimension at most 2. But by hypothesis,
Y contains a two-dimensional family of lines. From Proposition 8.3 we
conclude that Y is a 2-plane. Corollary 8.26 tells us this is impossible, and
we’re done.

8.8.1 Further open problems

The Debarre-de Jong conjecture deals with the dimension of the family
of lines on a hypersurface X ⊂ Pn, but we can also ask further questions
about the geometry of F1(X): for example, whether it’s irreducible and/or
reduced. Exercises 8.77-8.80, in which we show that the Fano scheme F1(X)
of lines on the Fermat quartic hypersurface X ⊂ P4 is neither, shows that
the statement of Debarre/de Jong cannot be strengthened for all d ≤ n.
But—based on our knowledge of examples—it does seem to be the case
that the smaller d is relative to n, the better behaved F1(X) is for an arbi-
trary smooth hypersurface X ⊂ Pn of degree d. For example, the following
questions are open:

(a) Is F1(X) is reduced and irreducible if d ≤ n−1 and X ⊂ Pn is a smooth
hypersurface of degree d? (Assuming it has the expected dimension,
F1(X) is Cohen-Macaulay, ****explain!**** so reduced is equivalent
to generically reduced.)

(b) Can we bound the dimension of the singular locus of F1(X) in terms of
d? (The arguments above show that for d = 3, the Fano scheme F1(X)
is smooth. while for d ≥ n it may not be reduced. What about the
range 4 ≤ d ≤ n− 1?)

The analogous questions for Fk(X) with k > 1 are completely open.
We can ask, for example: given d and k, what is the largest n such that
there exists a smooth hypersurface X ⊂ Pn of degree d with dimFk(X) >
(k + 1)(n − k) −

(
k+d
d

)
? Again, Harris et al. [1998] says that such n are

bounded; but the bound given there is probably far too large.

Finally, we can ask: why the Fano schemes instead of other Hilbert
schemes? Why not look, for example, at rational curves of any degree e
on a hypersurface? Here the field is wide open. Specifically, we have an
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“expected” dimension: since a rational curve C ⊂ Pn is given paramet-
rically as the image of a map f : P1 → Pn, which is specified by n + 1
homogeneous polynomials of degree e on P1, and two such (n + 1)-tuples
have the same image if and only if they differ by a scalar or by an automor-
phism of P1, the space H of such curves has dimension (n+1)(e+1)−4. On
the other hand, it is ed+ 1 conditions on a hypersurface X ⊂ Pn of degree
d to contain a general such curve C, since if X = V (F ), the condition is
that f∗F = 0 ∈ H0(OP1(de)). Thus we’d expect the fibers of the incidence
correspondence

Ψ = {(X,C) ∈ PN ×H | C ⊂ X}

over H to have dimension N − (de + 1), and Ψ correspondingly to have
dimension

(n+ 1)(e+ 1)− 4 +N − (de+ 1) = N + (n− d)e+ n+ e− 4.

This leads us to:

Conjecture 8.45. If X ⊂ Pn is a general hypersurface of degree d, then
X contains a rational curve of degree e if and only if

λ(n, d, e) := (n− d)e+ n+ e− 4 ≥ 0;

and when this inequality is satisfied the family of such curves on X has
dimension λ(n, d, e).

We proved the conjecture in this chapter for e = 1, and it’s also known
when d is small enough relative to n and e ****reference!****.

Note that the analog of the Debarre-de Jong conjecture in this setting—
that the dimension estimate of Conjecture 8.45 holds for an arbitrary
smooth X ⊂ Pn of degree d ≤ n—is false; one counterexample is given
in Exercise 8.81. But it might hold when d satisfies a stronger inequality
with respect to n, perhaps for d ≤ n/e.

8.9 Exercises

****In the exercises, need to change homogeneous forms F to f and G to
g; also watch out for τG that should be σG and G(k, n) that should be
G(k, n).****

Exercise 8.46. Let U be the open set of G(1,P3) of lines that can be
written as the row-space of a matrix(

1 0 a b

0 1 c d

)
.
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Let Q be the smooth quadric x0x1 + x2x3 = 0 and let Q′ be the singular
quadric x0x1 + x2

2 = 0. Show using the equations defined in Section 8.1.1
that F1(Q)∩U is the union of two lines, while F1(Q′)∩U is a double line.

Exercise 8.47. Let PN be the space of all surfaces of degree d in P3.
Show that the set of surfaces of degree d containing two or more lines is a
subvariety of codimension 2d − 6 in PN . (Thus a general surface X ⊂ P3

of degree d ≥ 4 containing a line contains only one line, and no surface in
a general pencil of such surfaces will contain more than one line.)

Exercise 8.48. Show that the expected number of lines on a hypersurface
of degree 2n−3 in Pn is always positive, and deduce that every hypersurface
of degree 2n − 3 in Pn must contain a line. (This is just a special case of
Corollary 8.32; the idea here is to do it without a tangent space calculation.)

Exercise 8.49. Let X ⊂ P4 be a general quartic threefold. By Theo-
rem 8.44, X will contain a one-parameter family of lines. Find the class of
the Fano scheme F1(X), and the degree of the surface Y ⊂ P4 swept out
by these lines.

Exercise 8.50. Find the class of the scheme F2(Q) ⊂ G(2, 5) of 2-planes
on a quadric Q ⊂ P5. (Do the problem first, then ompare your answer to
the result in Proposition 3.11.)

Exercise 8.51. Find the expected number of 2-planes on a general quartic
hypersurface X ⊂ P7, that is, the degree of c15(Sym4 S∗) ∈ A(G(2, 7)).

Exercise 8.52. We can also use the calculation carried out in this Chapter
to count lines on complete intersections X = Z1 ∩ · · · ∩ Zk ⊂ Pn, simply
by finding the classes of the schemes F1(Zi) of lines on the hypersurfaces
Zi and multiplying them in A(G(1, n)). Do this to find the number of lines
on the intersection X = Y1 ∩ Y2 ⊂ P4 of two cubic hypersurfaces in P5

Exercise 8.53. Use Chern classes to prove that the following bundles are
not direct sums:

(a) The tangent bundle to Pn

(b) The universal subbundle on the Grassmannian G(k, n)

Exercise 8.54. Find the Chern class c3(Sym3 S∗) ∈ A3(G(1, 3)). Why is
this the degree of the curve of lines on the cubic surfaces in a pencil? Note
that this computation does not use the incidence correspondence Φ.

Exercise 8.55. Let {Xt = V (t0F + t1G+ t2H)} be a general net of cubic
surfaces in P3.

(a) Let p ∈ P3 be a general point. How many lines lying on some member
Xt of the net pass through p?
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(b) Let H ⊂ P3 be a general plane. How many lines lying on some member
Xt of the net lie in H?

Compare your answer to the second half of this question to the calculation
in Chapter 3 of the degree of the locus of reducible plane cubics!

Exercise 8.56. Let X ⊂ P3 be a surface of degree d ≥ 3. Show that if
F1(X) is positive-dimensional, then either X is a cone or X has a positive-
dimensional singular locus.

Exercise 8.57. Let X ⊂ P4 be a smooth cubic threefold, and

{St = X ∩Ht}t∈P1

a general pencil of hyperplane sections of X. What is the degree of the
surface swept out by the lines on the surfaces St, and what is the genus of
the curve parametrizing them?

Exercise 8.58. Prove Theorem 8.13 using the methods of Section 8.7, that
is, by writing the local equations of Fk(X) ⊂ G(k, n)

Exercise 8.59. Using the methods of Section 8.7, show that there exists
a pair (X,Λ) with X ⊂ P7 a quartic hypersurface and Λ ⊂ X a 2-plane
such that Λ is an isolated, reduced point of F2(X).

Exercise 8.60. Using the result of Exercise 8.59, show that the number of
2-planes on a general quartic hypersurface X ⊂ P7 is the number calculated
in Exercise 8.51.

The following two exercises use a theorem of Hochster, which says that

****add statement of theorem and reference****

Exercise 8.61. Use Hochster’s theorem above to prove the analog of Corol-
lary 8.31 for k-planes in general—that is, that if

(
k+d
d

)
≤ (k + 1)(n − k),

then there exists a pair (X,Λ) with X ⊂ Pn a smooth hypersurface of
degree d and Λ ⊂ X a k-plane such that Fk(X) is smooth of dimension
(k + 1)(n − k) −

(
k+d
d

)
in a neighborhood of Λ—using methods similar to

those of Exercise 8.59.

Exercise 8.62. Use the result of the preceding exercise (and the simple
estimate on the dimension of the incidence correspondence Φ(n, d, 1) intro-
duced in Section 8.1) to deduce Theorem 8.28

Exercise 8.63. To complete the proof of Proposition 8.40, let X ⊂ P3 is
a cubic surface with one ordinary double point p = (1, 0, 0, 0), given as the
zero locus of the cubic

F (Z0, Z1, Z2, Z3) = Z0A(Z1, Z2, Z3) +B(Z1, Z2, Z3)

where A is homogeneous of degree 2 and B homogeneous of degree 3. If we
write a line L ⊂ X through p as the span L = p q with q = (0, Z1, Z2, Z3),
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show that X is smooth along L \ {p} if and only if the zero loci of A and
B intersect transversely at (Z1, Z2, Z3).

Exercise 8.64. Extending the results of Section 8.7, suppose that X is a
general cubic surface having two ordinary double points p, q ∈ X. Describe
the scheme structure of F1(X) at the point corresponding to the line L =
p q, and in particular determine the multiplicity of F1(X) at L.

Exercise 8.65. Now let X ⊂ P3 be a cubic surface and P, q ∈ X isolated
singular points of X; let L = p q. Show that L is an isolated point of F1(X),
and that the multiplicity

multL F1(X) ≥ 4

Exercise 8.66. Let X ⊂ P3 be a cubic surface and p1, . . . , pδ isolated
singular points of X. Show that no three of the points pi are collinear.

Exercise 8.67. Use the result of the preceding two exercises to deduce
the statement that a cubic surface X ⊂ P3 can have at most four isolated
singular points.

Exercise 8.68. Show that there exists a smooth quintic threefold X ⊂ P4

whose scheme F1(X) of lines contains an isolated point of multiplicity 2.

Exercise 8.69. Using the result of the preceding exercise, show that there
exists a smooth quintic threefold whose scheme of lines consists of one
double point and exactly 2873 simple points (that is, which contains exactly
2874 lines in all).

Exercise 8.70. Let Φ be the incidence correspondence of triples consisting
of a hypersurface X ⊂ Pn of degree d = 2n−3, a line L ⊂ X and a singular
point p of X lying on L: that is,

Φ = {(X,L, p) ∈ PN ×G(1, n)× Pn | p ∈ L ⊂ X and p ∈ Xsing}.

Show that Φ is irreducible.

Exercise 8.71. Let Φ be as in the preceding exercise, and suppose that
(X,L, p) ∈ Φ is a general point. Find the multiplicity of the Fano scheme
F1(X) at L.

Exercise 8.72. Suppose F and G are two quartic polynomials on P3 and
{Xt = V (t0F + t1G)} the pencil of quartics they generate; let σF and σG
be the sections of Sym4 S∗ corresponding to F and G. Let Xt0 be a member
of the pencil containing a line L ⊂ P3.

(a) Find the condition on F and G that L is a reduced point of V (σF ∧
σG) ⊂ G(1, 3).

(b) Show that this is equivalent to the condition that the point (t0, L) ∈
P1 ×G(1, 3) is a simple zero of the map µ∗OP1(−1) −→ ν∗ Symd S∗.
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Exercise 8.73. Let Σ ⊂ P34 be the space of quartic surfaces in P3. In-
terpret the condition of the preceding problem in terms of the geometry of
the pencil D around the line L, and use this to answer two questions:

(a) What is the singular locus of Σ?

(b) What is the tangent hyperplane TXΣ at a smooth point corresponding
to a smooth quartic surface X containing a single line?

The following two exercises give constructions of smooth hypersurfaces
containing more than the expected families of lines.

Exercise 8.74. Let Z ⊂ Pn−2 be any smooth hypersurface. Show that
the cone pZ ⊂ Pn−1 over Z in Pn−1 is the hyperplane section of a smooth
hypersurface X ⊂ Pn, and hence that for d > n there exist smooth hyper-
surfaces X ⊂ Pn whose Fano scheme F1(X) of lines has dimension strictly
greater than 2n− 3− d.

Exercise 8.75. Take n = 2m + 1 odd, and let Λ ⊂ Pn be an m-plane.
Show that there exist smooth hypersurfaces X ⊂ Pn of any given degree
d containing Λ, and deduce once more that for d > n there exist smooth
hypersurfaces X ⊂ Pn whose Fano scheme F1(X) of lines has dimension
strictly greater than 2n− 3− d.

Note that the construction of Exercise 8.75 cannot be modified to provide
counterexamples to the de Jong/Debarre conjecture, since by Corollary 8.26
there do not exist smooth hypersurfaces X ⊂ Pn containing linear spaces
of dimension strictly greater than (n− 1)/2. The following exercise shows
that the construction of Exercise 8.74 is similarly extremal, but is harder: it
requires use of the Second Fundamental Form of a hypersurface (see Harris
[1992]).

Exercise 8.76. Let X ⊂ Pn be a smooth hypersurface of degree d > 2.
Show that X can have at most finitely many hyperplane sections that are
cones.

To see some of the kinds of odd behavior the variety of lines on a smooth
hypersurface can exhibit, short of having the wrong dimension, the follow-
ing series of exercises will look at the Fermat quartic X ⊂ P4, that is, the
zero locus

X = V (Z4
0 + Z4

1 + Z4
2 + Z4

3 + Z4
4 ).

The conclusion is that F1(X) has 40 irreducible components, each of which
is everywhere non-reduced! We start with a useful more general fact:

Exercise 8.77. Let S = pC ⊂ P3 be the cone with vertex p over a plane
curve C of degree d ≥ 2, and L ⊂ S any line. Show that the tangent space
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TLF1(S) has dimension at least two, and hence that F1(S) is everywhere
nonreduced.

Exercise 8.78. Show that X has 40 conical hyperplane sections Yi, each
a cone over a quartic Fermat curve in P2.

Exercise 8.79. Show that the reduced locus F1(Yi)red has class 4σ3,2.

Exercise 8.80. Using your answer to Exercise 8.49, conclude that

F1(X) =

40⋃
i=1

F1(Yi);

in other words, F1(X) is the union of 40 double curves.

Exercise 8.81. Show that

(a) There exist smooth quintic hypersurfaces X ⊂ P5 containing a 2-plane
P2 ⊂ P5; and

(b) For such a hypersurface X, the family of conic curves on X has dimen-
sion strictly greater than the number λ(5, 5, 2) of Conjecture 8.45.
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Singular Elements of Linear Series

Keynote Questions

(a) If F and G are general forms of degree d on P2, how many curves in
the pencil {Ct = V (t0F + t1G)}t=(t0,t1)∈P1 are singular?

(b) With F and G as above, let H be a third general form of degree d, and
consider {Ct = V (t0F+t1G+t2H)}t=(t0,t1,t2)∈P2 , a general net of plane

curves of degree d. What is the degree and genus of the curve Γ ⊂ P2

traced out by the singular points of members of the net? What is the
degree and genus of the discriminant curve D = {t : Ct is singular}?

(c) If C ⊂ P2
C (note that we are in characteristic 0) is a general plane curve

of degree d, then C has 3(d − 2)d flex lines (lines that have order of
contact at least 3 with C at some point); these are the intersections
of C with its Hessian, a curve of degree 3(d− 2). What about a curve
C ⊂ Pn? For example, is there a formula for the number of hyperplanes
that have order of contact at least n+ 1 with C at some point?

(d) If {Ct = V (t0F+t1G)}t∈P1 is a general pencil of plane curves of degree
d, how many of the curves Ct will have hyperflexes (that is, lines having
contact of order 4 with Ct)?

In this chapter we introduce the bundle of principal parts associated with
a line bundle. Its sections represent the Taylor series expansions of sections
of the line bundle up to a given order. We will use the techniques we’ve de-
veloped to compute Chern classes of this bundle, and the computation will
enable us to answer many questions about singular points and other special
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points of varieties in families. We’ll start out by discussing hypersurfaces
in projective space; but the techniques we develop are much more broadly
applicable to families of hypersurfaces in any smooth projective variety X,
and in Section 9.5.2 we’ll see how to generalize our formulas to that case.

In the last section we introduce a different approach to such questions,
the “topological Hurwitz formula”.

Since quadrics play a special role in our theory (see the definition of
ordinary double point, below, and its use in the proof of Proposition 9.1)
we will assume throughout this chapter that the characteristic of our ground
field is not 2 ; the case of characteristic 2 requires a more subtle treatment.

9.1 Singular hypersurfaces and the universal
singularity

Before starting on this path, we’ll take a moment out to talk about loci of
singular plane curves, and more generally hypersurfaces in Pn. Let PN =

P(d+n
n )−1 be the projective space parametrizing all hypersurfaces of degree

d in Pn. Our primary object of interest is the discriminant locus D ⊂ PN ,
defined as the set of singular hypersurfaces.

To establish some notation, we remind the reader that a hypersurface X,
locally defined as the zero locus of a function f(x), is singular at a point p
if f and all its first derivatives vanish at p. It will be useful for us to think
of this in terms of the Taylor expansion f at p. Changing coordinates so
that p is the origin 0, this takes the form

f(x) = f0 + f1(x) + f2(x) + · · · ,

where fi is a form of degree i. Of course f vanishes at 0 if f0 = 0, and is
then singular at 0 if f1(x) = 0. The projectivized tangent cone of X at p is
the variety in Pn−1 defined by the vanishing of the form fi, where i is the
smallest index for which fi 6= 0.

For example, the simplest possible singularity of a hypersurface X, gen-
eralizing the case of a node of a plane curve, is called an ordinary double
point. This is a point p ∈ X such that the equation of X can be written
in local coordinates with p = 0 as above with f0 = f1 = 0 and where
f2(x) is a non-degenerate quadratic form—that is, the projectivized tan-
gent cone to X at p is a smooth quadric. Indeed, examples are the cones
over smooth quadrics—see Figure 9.0. (Here is why we will assume that the
characteristic is not 2: a quadric in Pn−1 is smooth if the generator f2 of its
ideal, together with the derivatives of f2, is an irrelevant ideal; when the
characteristic is not 2, Euler’s formula 2f2 =

∑
xi∂f2/∂xi shows that it is
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FIGURE 9.0. Ordinary Double Points of Hypersurfaces of Dimension 0, 1, 2, 3.

equivalent to assume that the partial deriviatives of f2 are linearly inde-
pendent, and this is the property we will actually use. In characteristic 2 no
quadratic form in an odd number of variables has this property.) As with
nodes of plane curves, we shall see that the general singular hypersurface
has only one singularity, which is an ordinary double point.

A central role in this chapter will be played by the universal singular
point Σ = Σn,d of hypersurfaces of degree d in Pn, defined as follows:

Σ := {(Y, p) ∈ PN × Pn | p ∈ Ysing}
π2 - Pn

{hypersurfaces Y of degree d in Pn} = PN .

π1
?

If we write the general form of degree d on Pn as F =
∑
|I|=d aIx

I and

think of it as a bihomogeneous form of bidegree (1, d) in the coordinates
aI of PN and the coordinates x0, . . . , xn of Pn, then Σ is defined by the
bihomogeneous equations

F (x) = 0 and
∂F

∂xi
= 0 for i = 0, . . . , n,

so Σ is an algebraic set. Note that in characteristic 0 (or more generally in
characteristic prime to the degree d) the first of these equations is implied
by the others; given the dimension statement of Proposition 9.1 below, this
means that Σ is a complete intersection of n+ 1 hypersurfaces of bidegree
(1, d− 1) in PN × Pn.

The image D of Σ in PN is the set of singular hypersurfaces; it is called
the discriminant. The next proposition shows that D is a hypersurface, and
that Σ→ D is a resolution of singularities:
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Proposition 9.1. With notation as above, suppose that d ≥ 2.

(a) The variety Σ is smooth and irreducible of dimension N − 1 (that is,
codimension n+ 1); in fact, it is a PN−n−1-bundle over Pn.

(b) The general singular hypersurface of degree d has a unique singularity,
which is an ordinary double point. In particular, Σ is birational to the
discriminant D, which is its image in PN .

(c) D is an irreducible hypersurface in PN .

Proof. Let p ∈ Pn be a point, and let x0, . . . , xn be homogeneous co-
ordinates of Pn such that p = (1, 0 . . . , 0). Let f(x1/x0, . . . , xn/x0) =
x−d0 F (x0, . . . , xn) = 0 be the affine equation of the hypersurface F = 0.
For d ≥ 1 the n+ 1 coefficients of the constant and linear terms f0 and f1

in the Taylor expansion of f at p are equal to certain coefficients of F , so
the fiber of Σ over p is a projective subspace of PN of codimension n+ 1.
The first part of the Proposition follows from this, and implies that the
discriminant D = π1(Σ) is irreducible.

To prove the statements in the second part of the Proposition, note that
the fiber of Σ over a point p ∈ Pn contains the hypersurface that is the union
of d−2 hyperplanes not containing p with a cone over a nonsingular quadric
in Pn−1 with vertex p. This hypersurface has an ordinary double point at
p, and is generically smooth. By the previous argument, the hypersurfaces
corresponding to points of the fiber of Σ over p form a linear system of
hypersurfaces, with no base points other than p. Bertini’s Theorem ??
shows that a general member of this system is smooth away from p. Thus
the fiber of the map π1 : Σ → PN over a general point of PN consists
of just one point, showing that the map is birational onto its image, D.
Since smoothness is an open condition on a quadratic form, the the general
member has only an ordinary double point at p.

The fact that Σ, which has dimension N − 1, is birational to D shows
that D also has dimension N − 1, completing the proof.

The defining equation of D ⊂ PN is difficult to write down explicitly,
though of course it can be computed in principle by elimination theory.
There are determinantal formulas in a few cases: see for example Gelfand
et al. [2008] and Eisenbud et al. [2003], Even in very simple cases the
discriminant locus has a lot of interesting features, as even a picture of
the real points of the discriminant of a quartic f(a) = a4 + xa2 + ya + z
variables suggests:

****check this. Eqn of Swallowtail 0 = 256x3 − 27y4 − 128x2z2 +
144yxy2z+16xz4−4y2z3—from Donal O’Shea’s article in Contemp Math.
40: Singularities: proceedings of the IMA Participating Institutions Con-
ference, ed R. Randell.****
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FIGURE 9.4. Discriminant of a quartic polynomial.[[Note that the dotted line is
wrong]]

In view of Proposition 9.1, we can rephrase the first keynote question of
this chapter as asking for the number of points of intersection of a general
line L ⊂ PN with the hypersurface D; that is, the degree of D. How can
we determine this if we can’t write down the form?

There is an interpretation of the discriminant hypersurface in PN that re-
latesD to an object previously encountered in Chapter 1. The d-th Veronese
map νd embeds Pn in the dual PN∗ of the projective space PH0(OPn(d)),
in such a way that the intersection of νd(Pn) with the hyperplane corre-
sponding to a point F ∈ PN is isomorphic, via νd, to the corresponding
hypersurface F = 0 in Pn. Thus the discriminant is the set of hyperplanes
in PN∗ that have singular intersection with νd(Pn); or, equivalently, those
that contain a tangent plane to νd(Pn). This is the definition of the dual va-
riety to νd(Pn), which we first encountered in Section 1.2.2. Proposition 9.1
shows that the dual of νd(Pn) is a hypersurface, and that the general tan-
gent hyperplane is tangent at just one point, at which the intersection has
an ordinary double point.

9.2 Linear systems

The family of hypersurfaces of degree d on Pn is the simplest and most
concrete example of a linear system of divisors, a notion that permeates
algebraic geometry (see for example the book Lazarsfeld [2004]). The main
construction of this chapter, the bundle of principal parts, applies to any
linear system, and we will apply it in that generality, so we pause to review
the idea.
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Definition 9.2. By a linear system (also called a linear series) ****later
we seem often to use “series”. Also, though defined here, linear systems
occur starting in the Overture, and in many other places. Figure out the
right place for this.**** on a scheme X we mean a pair W = (L,W ),
where L is a line bundle on X and W ⊂ H0L is a vector space of global
sections of L. (It is sometimes convenient to consider the case where there
is simply a homomorphism W → H0L, but we will not need this version.)

If X is a variety, then each global section σ of a line bundle gives rise
to a Cartier divisor D = V (σ), the zero locus of σ. Moreover L can be
recovered from D as L ∼= I(D)∗ and σ is also determined by D up to a
nonzero scalar multiple. Thus we can recover (L,W ) from the set

W = |(L,W )| := {D = V (σ) | σ ∈W},
which is naturally identified with the projective space PW , and by abuse
of notation we often say that the linear system is this set of divisors.

We will follow classical usage, and define the dimension of a linear system
(L,W ) to be the dimension of P(W ). A linear system of dimension 1 is
called a pencil (presumably from the french pinceau, brush: the elelements
of the linear system are like the hairs of a flat brush.) A linear system
of dimension 2 is called a net, and (though we will not treat this case
specifically) a linear system of dimension 3 the system is called a web.
Pencils may be characterized as families of divisors parametrized by P1

such that a general point x ∈ X lies on a unique member of the family.

The most important examples of linear systems are those that arise from
embeddings X ⊂ Pn. Given such an embedding, we take |(L,W )| to be the
space of hyperplane sections of X. That is, L = OPn(1)|X and W is the
space of sections of OPn(1), restricted to X. (If X is contained in a hyper-
plane, we say that the embedding is degenerate, and then the restriction
map H0(OPn(1))→ H0(L) is not a monomorphism). A linear system that
corresponds to an embedding is said to be very ample.

Associated with any linear system W is its base locus, consisting of the
(scheme theoretic) intersection ⋂

D∈W
D.

Somewhat more general than very ample systems are those that are base-
point free—that is, where the base locus is empty. It is easy to see that W
is basepoint free if and only if W generates L as a sheaf. Basepoint free sys-
tems correspond to maps from X to projective spaces (set theoretically, the
map corresponding to W sends x ∈ X to the point of PW ∗ corresponding
to the hyperplane in W of sections that vanish at x.)

Other natural examples of linear systems are given by simply choosing
some forms g0 . . . , gr: we let L = OPn and we take W to be the subspace
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of global sections spanned by the gi. The elements of |(L,W )| are then the
hypersurfaces corresponding to linear combinations of the gi.

A basic result about linear systems is Bertini’s Theorem (Hartshorne
[1977] and Flenner [1977]), which says that, in characteristic 0, the general
element of a linear series on a smooth variety is nonsingular outside the
base locus. More precisely:

Theorem 9.3. If X ⊂ Pn is a smooth quasiprojective variety, then a
general hyperplane section of X is smooth and irreducible. More generally,
if (L,W ) is a linear system on any quasiprojective variety X, with base
locus B, and the morphism X \B → P(W ∗) defined by (L,W ) is separable,
then there is an open dense subset U ⊂ |(L,W )| such that the divisors
D ∈ U are singular at most along B and the singularities of X.

We can imitate the construction of the universal divisor, and the univer-
sal singularity, replacing the family of hypersurfaces of degree d on Pn by
any linear system, and we will pursue this idea in Section 9.5.2 below.

9.3 Bundles of principal parts

We can simplify the problem of describing the discriminant by linearizing
it. We ask not, “Is the hypersurface C = V (F ) singular?” but rather ask for
each point p ∈ Pn in turn the simpler question “Is C singular at p?” As in
the context of the problem of counting lines on hypersurfaces, this converts
a higher-degree equation into a family of systems of linear equations, which
we can then express as the vanishing of a section of a vector bundle.

For each point p ∈ Pn we have an (n+ 1)-dimensional vector space

Ep =
{germs of sections of OPn(d) at p}
{germs vanishing to order ≥ 2 at p}

.

This space should be thought of as the vector space of first-order Taylor
expansions of forms of degree d. We will see that the spaces Ep fit together
to form a vector bundle, called the bundle of first order principal parts,
which we will write as P1(OPn(d)). A form F of degree d will give rise to a
section τF of this vector bundle whose value at the point p is the first-order
Taylor expansion of F locally at p, and whose vanishing locus is thus the
set of singular points of the hypersurface F = 0.

An important feature of the situation is that each vector space Ep has
a naturally defined subspace, the space of germs vanishing at p. These
subspaces will, as we’ll see, glue together into a subbundle of P1. Using the
Whitney formula, this will help evaluate the Chern classes of the bundle.
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If we replace the forms of degree d by the space of sections of a line
bundle, or a subspace of the space of sections, we could again form the
bundle of Taylor series of germs of sections. But in fact we can work still
more generally with sections of a sheaf. Let L be a quasicoherent sheaf on
a K-scheme X, and write π1, π2 : X ×X → X for the projections onto the
two factors. Let I be the ideal of the diagonal in X ×X. We set

Pm(L) = π2∗

(
π∗1L ⊗OX×X/Im+1

)
,

which is a quasicoherent sheaf on X. We will parse and explain this rather
technical expression below; but first we list its very useful properties:

****We really should restrict to the case where L is a vector bundle, K
is algebraically closed, and perhaps even X is smooth.****

Theorem 9.4. The sheaves Pm(L) have the following properties:

(a) If p ∈ X is a K-rational point, then there is a canonical identification
of the fiber Pm(L)⊗κp of Pm(L) at p with the sections of the restriction
of L to the m-th order neighborhood of p; that is,

Pm(L)⊗ κp = H0(L ⊗OX,p/mm+1
X,p )

as vector spaces over κ(p) = OX,p/mX,p = K. In other words,

Pm(L)⊗ κp =
{germs of sections of L at p}

{germs vanishing to order ≥ m+ 1 at p}
.

(b) If F ∈ H0(L) is a global section, then there is a global section τF ∈
H0(Pm(L)) whose value at p is the class of F in H0(L⊗OX,p/mm+1

X,p )

(c) P0(L) = L, and for each m there is a natural right exact sequence

L ⊗ Symm(ΩX)→ Pm(L)→ Pm−1(L)→ 0,

where ΩX/K denotes the sheaf of K-linear differential forms on X.

(d) If X is smooth and of finite type over K and L is a vector bundle on
X, then Pm(L) is a vector bundle on X, and the right exact sequences
of part (c) are left exact as well.

Example 9.5. In the simplest and most interesting case, where m = 1,
X = Pn and L = OPn(d), this can be made very explicit. In characteristic
0,

P1(OPn(d)) ∼=

{
ΩPn ⊕OPn if d = 0

OPn(d− 1)n+1 if d 6= 0,

while in characteristic p the conditions are replaced by d ≡ 0 or d 6≡ 0 mod
p. This curious dichotomy is explained by the answer to a more refined
question: By Part (d) we have a short exact sequence

0→ ΩPn(d)→ P1(OPn(d))→ OPn(d)→ 0.
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and we can ask for its class in

Ext1
Pn(OPn(d),ΩPn(d)) ∼= Ext1

Pn(OPn ,ΩPn) = H1(ΩPn) = K.

More generally, for any line bundle L on a smooth variety X, the short
exact sequence in Part(d) gives us a class in

Ext1
X(L,ΩX ⊗ L) = H1(ΩX)

called the Atiyah class at(L) of L (Atiyah [1957a] and Illusie [1972].) The
formula for P1(OPn(d)) follows at once from the more refined and more
uniform result that

at(OPn(d)) = d · η,

where η ∈ Ext1
Pn(OPn ,ΩPn) is the class of the tautological sequence

0 - ΩPn - OPn(−1)n+1 (x0,...,xn)- OPn - 0.

See Perkinson [1996] 2.II, where the theorem is stated just for the charac-
teristic 0 case, but the technique works more generally, and Re [2011] for
an analysis of all the Pm.

We will not make use of these explicit computations below.

Proof of Theorem 9.4. Since the constructions all commute with restric-
tion to open sets, we may harmlessly suppose that X = SpecR is affine.
Thus also X × X = SpecS, where S := R ⊗K R. We may think of L as
coming from an R-module L, and then π∗1L := L⊗K R. Pushing a (quasi-
coherent) sheafM on X×X forward by π2∗ simply means considering the
corresponding S-module as an R-module via the ring map R→ S sending
r to 1⊗K r.

In this setting the sheaf of ideals I defining the diagonal embedding
of X in X × X corresponds to the ideal I ⊂ S that is the kernel of the
multiplication map S = R⊗K R→ R. If R is generated as a K-algebra by
elements xi, then I is generated as an ideal of S by the elements xi ⊗ 1−
1⊗ xi.

With this notation we see that the R-module corresponding to the sheaf
Pm(L) can be written as

Pm(L) = (L⊗K R)/Im+1(L⊗K R)

regarded as an R-module by the action f 7→ 1⊗ r as above.

Part (a) now follows: If the K-rational point p corresponds to the maxi-
mal ideal

m = Ker(R
ϕ- K); ϕ : xi 7→ ai.

then in R/m⊗RS ∼= R the class of xi⊗K 1−1⊗K xi is xi⊗K 1−1⊗K ai =
xi − ai. Thus

R/m⊗R Pm(L) = L/({xi ⊗K 1− 1⊗K xi})m+1L = L/({xi − ai})m+1L,
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FIGURE 9.0.5. The normal bundle of the diagonal ∆X ⊂ X ×X is isomorphic
to the tangent bundle of X.

as required.

Part (b) is similarly obvious from this point of view: the section τF can
be taken to be the image of the element F⊗K 1 in (L⊗KR)/Im+1(L⊗KR).
As the construction is natural, these elements will glue to a global section
when we are no longer in the affine case.

Part (c) requires another important idea: the module of K-linear differ-
entials ΩR/K is isomorphic, as an R-module, to I/I2, which has universal
derivation δ : R→ I/I2 given by δ(f) = f ⊗K 1−1⊗K f . This is plausible,
since when X is smooth one can see geometrically that the normal bundle
of the diagonal, which is Hom(I/I2, R), is isomorphic to the tangent bundle
of X, which is Hom(ΩR/K , R). See Eisenbud [1995], Section 16.8 for fur-
ther discussion and a general proof. Given this fact, the obvious surjection
Symm(ΩR/K) ∼= Symm(I/I2) → Im/Im+1 yields the desired right exact
sequence.

Finally, it is enough to prove part (d) locally at a point q ∈ X × X. If
q is not on the diagonal then, after localizing, I is the unit ideal, and the
result is trivial, so we may assume that q = (p, p). Locally at p the module
L is free, so it suffices to prove the result when L = R.

Write d : R → ΩR/K for the universal K-linear derivation of R. Since
X is smooth, ΩR/K is locally free at p, and is generated there by elements
d(x1), . . . , d(xn), where x1, . . . , xn is a system of parameters at p, and thus
Symm(ΩR/K) is the free module generated by the monomials of degree m
in the d(xi). Since R is a domain, I is a prime ideal.

Because Symm(ΩR/K) is free, it suffices to show that the map

Symm(ΩR/K)→ S/Im+1
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is a monomorphism after localizing at the prime ideal I. Since I/I2 ∼= ΩR/K
is free on the classes mod I2 of the elements xi⊗K1−1⊗Kxi that correspond
to the d(xi), Nakayama’s Lemma shows in the local ring SI , II is generated
by the images of the xi⊗K 1−1⊗K xi themselves, and it follows that these
are a regular sequence. Thus the associated graded ring SI/II⊕II/I2

I ⊕· · ·
is a polynomial ring on the classes of the elements xi ⊗K 1− 1⊗K xi, and
in particular the monomials of degree m in these elements freely generate
ImI /I

m+1
I . Consequently, the map SI ⊗S Symm(ΩR/K) → ImI /I

m+1
I is an

isomorphism as desired.

Remark. The name “bundle of principle parts,” first used by Grothendieck
and Dieudonné, was presumably suggested by the (conflicting) usage that
the “principal part” of a meromorphic function at a point is the sum of the
terms of negative degree in the Laurent expansion of the function around
the point—a finite power series, albeit in the inverse variables. It is not the
only terminology in use: Pm(L) would be called the bundle of m-jets of
sections of L by those studying singularities of mappings (see for example
Golubitsky and Guillemin [1973] II.2) and some algebraic geometers (for
example Perkinson [1996].) On the other hand, the m-jet terminology is in
use in another conflicting sense in algebraic geometry: the “scheme of m-
jets” of a scheme X is used to denote the scheme parametrizing mappings
from SpecK[x]/(xm+1) into X. So we have thought it best to stick to the
Grothendieck-Dieudonné usage.

9.4 Singular elements of a pencil

9.4.1 From pencils to degeneracy loci

Using the bundle of principle parts we can tackle a slightly more general
version of keynote question (a): how many linear combinations of general
polynomials F and G of degree d on Pn have singular zero loci? By Propo-
sition 9.1, none of the hypersurfaces Ct = V (t0F + t1G) of the pencil will
be singular at more than one point. Furthermore, no two elements of the
pencil will be singular at the same point since otherwise every member of
the pencil would be singular there. Thus, the keynote question is equivalent
to the question: For how many points p ∈ Pn is some element Ct of the
pencil singular at p? This, in turn, amounts to asking, at how many points
p ∈ Pn are the values τF (p) and τG(p) in the fiber of P1(OPn(d)) at p
linearly dependent, given that they are dependent at finitely many points?
We can do this with Chern classes, provided that the degeneracy locus is
reduced.

To see that this locus is reduced, consider the behavior of the sections
τF and τG around a point p ∈ Pn where they are dependent. At such a



354 9. Singular Elements of Linear Series

point, some linear combination t0F + t1G—which we might as well take
to be F—vanishes to order 2. If G were also zero at p, then the scheme
V (F,G) would have (at least) a double point at p. But Bertini’s Theorem
shows that a general complete intersection such as V (F,G) is reduced, so
this cannot happen.

To show that V (τF ∧ τG) is reduced at p, we restrict our attention to
an affine neighborhood of p where all our bundles are trivial. By Proposi-
tion 9.1 the hypersurface C = V (F ) has an ordinary node at p, so if we work
on an affine neighborhood where the bundle OPn(d) is trivial, and take p
to be the origin with respect to coordinates x1, . . . , xn we may assume that
the functions F and G have Taylor expansions at p of the form

f = f2 + (terms of order > 2)

g = 1 + (terms of order ≥ 1).

The sections τF and τG are then represented locally by the rows of the
matrix (

f ∂f
∂x1

· · · ∂f
∂xn

g ∂g
∂x · · · ∂g

∂xn

)
.

The vanishing locus of τF ∧ τG near p is by definition defined by the 2× 2
minors of this matrix, and to prove that it is a reduced point we need to
see that it contains n functions (vanishing at p) with independent linear
terms. Suppressing all the terms of the functions in the matrix that could
not contribute to the linear terms of the minors, get the matrix(

0 ∂f2/∂x1 · · · ∂f2/∂xn

1 0 · · · 0.

)
.

Thus there are 2× 2 minors whose linear terms are ∂f2/∂x1, . . . , ∂f2/∂xn,
and these are linearly independent because f2 = 0 is a smooth quadric and
the characteristic is not 2.

As usual, if we assign multiplicities appropriately we can extend the
calculations to pencils whose degeneracy locus V (τF ∧ τG) is nonreduced.
In Section 9.8.2 we’ll see one way to calculate these multiplicities.

9.4.2 The Chern class of a bundle of principal parts

Once again, let F,G be general forms of degree d on Pn. As we saw in the
previous section, the linear combinations t0F + t1G that are singular cor-
respond exactly to points where the two sections τF and τG are dependent.
The degeneracy locus of τF and τG is the n-th Chern class of the rank
n+ 1 bundle P1(OPn(d)), so we turn to the computation of this class. For
brevity, we’ll shorten P1(OPn(d)) to P1(d), but the reader should keep in
mind that this is not “a bundle P1 tensored with O(d)“”!
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Stated explicitly, if ζ ∈ A1(Pn) denote the class of a hyperplane in Pn,
we want to compute the coefficient of ζn in

c
(
P1(d)

)
∈ A(Pn) ∼= Z[ζ]/(ζn+1).

Parts c) and d) of Theorem 9.4 give us a short exact sequence

0→ ΩPn(d)→ P1(d)→ OPn(d)→ 0,

so c
(
P1(d)

)
= c

(
OPn(d)

)
· c
(
ΩPn(d)

)
. (See Proposition 9.7 for the other

Pm(d).) On the other hand, ΩPn fits into a short exact sequence

0→ ΩPn → OPn(−1)n+1 → OPn → 0.

Tensoring with O(d) we get an exact sequence

0→ ΩPn(d)→ OPn(d− 1)n+1 → OPn(d)→ 0

similar to the one involving P1(d). This doesn’t mean that P1(d) and
OPn(d− 1)n+1 are isomorphic (they are not), but by the Whitney formula
(Proposition ??) their Chern classes agree:

c
(
P1(d)

)
= c
(
OPn(d− 1)n+1

)
=
(
1 + (d− 1)ζ

)n+1
.

Putting this formula together with the idea of the previous section we
deduce:

Proposition 9.6. The degree of the discriminant hypersurface in the space
of forms of degree d on Pn is

deg cn(P1(d)) = (n+ 1)(d− 1)n,

and this is the number of singular hypersurfaces in a general pencil of hy-
persurfaces of degree d in Pn.

In particular this answers keynote question (a): a general pencil of plane
curves of degree d will have 3(d− 1)2 singular elements.

It is pleasant to observe that the conclusion agrees with what we get
from elementary geometry in the cases where it is easy to check, such as
those of plane curves (n = 2) with d = 1 or d = 2. For d = 1 the statement
c2 = 0 simply means that there are no singular lines in a pencil of lines.
The case d = 2 corresponds to the number of singular conics in a general
pencil {Ct} of conics. To see that this is really 3(d − 1)2 = 3, note that
the pencil {Ct} consists of all conics passing through the four (distinct)
base points, and a singular element of the pencil will thus be the union of
a line joining two of the points with the line joining the other two. There
are indeed three such pairs of pairs of lines (Fig. 9.1).

We could also get the number 3 by viewing the pencil of conics as given
by a 3 × 3 symmetric matrix M of linear forms on P2 whose entries vary
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FIGURE 9.1. A,B,C are the singular points of the pencil of plane conics con-
taining X and Y . [[SILVIO X and Y should be conics.]]

linearly with a parameter t; the determinant of M will then be a cubic
polynomial in t.

There is a simpler way to arrive at the formula of Propositions9.6, at
least when the characteristic of the ground field does not divide d. By the
Euler relation

d · F (Z0, . . . , Zn) =

n∑
k=0

Zk
∂F

∂Zk
,

the condition that the hypersurface V (F ) be singular at p is just that all
the partial derivatives of F vanish at p. Given a pencil {Xt = V (t0F+t1G)}
of such hypersurfaces, the locus of pairs (t, p) with p ∈ (Xt)sing is just the
simultaneous zero locus of the n+ 1 polynomials

Hk(t, Z) =
∂

∂Zk
(t0F + t1G).

Now, Hk is bihomogeneous of bidegree (1, d− 1), and so its zero locus is a
hypersurface in P1×Pn with class ζP1 +(d−1)ζPn . Assuming transversality,
then, the number of common zeros of the n+1 polynomials Hk is the degree
of the product(

ζP1 + (d− 1)ζPn
)n+1 ∈ A(P1 × Pn) = Z[ζP1 , ζPn ]/(ζ2

P1 , ζn+1
Pn ),

which is (n+ 1)(d− 1)n.

Why did we adopt the approach via principal parts, given this alterna-
tive? The answer is that, as we’ll see in Section 9.5.2, the principal parts
approach can be applied to linear series on arbitrary smooth varieties; the
alternative we’ve just given applies only to projective space.
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It is easy to extend the computation above to all the Pm(OPn(d)), and
this will be useful in the rest of this chapter:

Proposition 9.7. c
(
Pm(OPn(d))

)
=
(
1 + (d−m)ζ

)(n+m
n )

.

Proof. We will again use the exact sequences of Theorem 9.4. With the
Whitney formula they immediately give

c
(
Pm(OPn(d)

)
=

m∏
j=0

c
(

Symj(ΩPn)(d)
)
.

To derive the formula we need, we apply Lemma 9.8 below to the exact
sequence

0→ ΩPn → OPn(−1)n+1 → OPn → 0,

and the line bundle L := OPn(d). To simplify the notation, we set U =
OPn(−1)n+1. The Lemma yields

c
(

Symj(ΩPn)(d)
)

= c
(

Symj(U)(d)
)
· c
(

Symj−1(U)(d)
)−1

,

for all j ≥ 1. Combining this with the obvious Sym0(ΩPn)(d) = OPn(d),
we see that the product in the formula for c

(
Pm(OPn(d)

)
is

c
(
OPn(d)

)
·
c
(

Sym1(U)(d)
)

c
(
OPn(d)

) ·
c
(

Sym2(U)(d)
)

c
(

Sym1(U)(d)
) · · ·

which collapses to

c
(
Pm(OPn(d))

)
= c
(

Symm(U)(d)
)
.

But

c
(

Symm(U)(d)
)

=

c
(

Symm(OPn(−1)n+1)(d)
)

= c
(
OPn(−m)(

n+m
n )(d)

)
= c
(
OPn(d−m)(

n+m
n )
)

=
(
1 + (d−m)ζ

)(n+m
n )

yielding the formula of the Proposition.

Lemma 9.8. If

0→ A→ B → C → 0

is a short exact sequence of vector bundles on a projective variety X with
rank C = 1, then for any line bundle L on X and any j ≥ 1,

c
(
Symj(A)⊗ L

)
= c
(
Symj(B)⊗ L

)
· c
(
Symj−1(B)⊗ C ⊗ L

)−1
.
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Proof. For any right exact sequence of coherent sheaves

E → F → G → 0

the universal property of the symmetric powers (see for example Eisenbud
[1995], Proposition A.2.2.d) shows that there is for each j ≥ 1 a right exact
sequence

E ⊗ Symj−1(F)→ Symj(F)→ Symj(G)→ 0,

Since A,B and C are vector bundles the dual of the exact sequence in the
hypothesis is exact, and we may apply the result on symmetric powers with
G = A∗,F = B∗ and E = C∗.

In this case, since rank E = rank C = 1, the sequence

0→ E ⊗ Symj−1(F)→ Symj(F)→ Symj(G)→ 0

is left exact as well, as one sees immediately by comparing the ranks of the
three terms (this is a special case of a longer exact sequence, independent
of the rank of E , derived from the Koszul complex.)

Since these are all bundles, dualizing preserves exactness, and we get an
exact sequence

0→ Symj(A∗)∗ → Symj(B∗)∗ → Symj−1(B∗)∗ ⊗ C → 0.

Of course the double dual of a bundle is the bundle itself, and in charac-
teristic 0, or characteristic p > j, the dual of the j-th symmetric power is
naturally isomorphic to the j-th symmetric power of the dual, so in such
cases all the ∗s cancel. When this occurs, we need only tensor with L and
we can deduce the Lemma from the Whitney formula.

However, when the characteristic of the ground is less than j the bundles
Symj(A∗)∗ and Symj(A) are not in general isomorphic (thanks to Torsten
Ekedahl and Tom Goodwillie for showing us examples. ****the examples
aren’t so accessible to this audience. A footnote?****) Nevertheless the
corresponding equality of Chern classes is always true, and remains true if
we tensor with a line bundle.

To prove this, suppose thatH is any vector bundle (in any characteristic.)
We wish to show that

c
(

(Symm(H∗))∗ ⊗ L)
)

= c
(
Symm(H)⊗ L)

)
.

we again use the splitting principle, by which it suffices to do the case where
H has a filtration whose successive quotients are line bundles Li. In this
case Symm(H∗) has a filtration with successive quotients L−1

i1
⊗ · · · ⊗ L−1

im
,

so both Symm(H∗)∗⊗L and Symm(H∗)⊗L have filtrations with successive
quotients Li1⊗· · ·⊗Lim⊗L. By the Whitney formula, c

(
Symm(H∗)∗⊗L

)
and c

(
Symm(H)⊗ L

)
are equal. With the Whitney formula, and the fact

that Chern classes are invertible elements of the Chow ring, this yields the
conclusion of the Lemma.
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9.4.3 Triple points of plane curves

We can adapt the preceding ideas to compute the number of points of higher
order in linear families of hypersurfaces. By way of example we consider
the case of triple points of plane curves.

Suppose that C is a curve of degree d defined by the equation F = 0. We
say that F has a triple point at p if the Taylor expansion of the restriction
f of F to an affine space of which p is the origin has the form

f3 + f4 + . . .

with fi of degree i.

Let PN be the projective space of all plane curves of degree d, and let

Σ′ = {(C, p) | C has (at least) a triple point at p}.

The condition that a curve have a triple point at a given point p ∈ P2 is six
independent linear conditions on the coefficients of the defining equation
of C, from which we see that the fibers of the projection map Σ′ → P2

on the second factor are linear spaces PN−6 ⊂ PN , and hence that Σ′ is
irreducible of dimension N−4. It follows that the set of curves with a triple
point is irreducible as well. An argument similar to that for double points
also shows that a general curve F = 0 with a triple point has only one. In
particular, the projection map Σ′ → PN on the first factor is birational onto
its image. It follows in turn that the locus Φ ⊂ PN of curves possessing a
point of multiplicity 3 or more is an irreducible variety of dimension N−4.
We also see that if C is a general curve with a triple point at p then the
cubic term f3 of the Taylor expansion defines a smooth variety (3 reduced
points in P1)

We ask now for the degree of the variety of curves with a triple point, or,
equivalently, the answer to the question: if F0, . . . , F4 are general polynomi-
als of degree d on P2, for how many linear combinations Fa = a0F0 + · · ·+
a4F4 (up to scalars) will the corresponding plane curve Ca = V (Fa) ⊂ P2

have a triple point?

If we write τF for the section defined by F in P2(OP2(d)) then C has a
triple point at p if and only if τF vanishes at p. An argument analogous to
the one given in Section 9.4.1, together with the smoothness of the tangent
cone at a general triple point shows that the 5 × 5 minors of the map
O5

P2 → P2(OP2(d)) generate the maximal ideal locally at a generic point
where a linear combination of the Fi defines a curve with a triple point.

Thus the number of triple points in the family is the degree of the second
Chern class c2

(
P2(OP2(d))

)
. By Proposition 9.7,

c
(
P2(OP2(d))

)
= (1 + (d− 2)ζ)6 = 1 + 6(d− 2)ζ + 15(d2 − 4d+ 4)ζ2.
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Proposition 9.9. If Φ = Ψd,n ⊂ PN is the locus, in the space of all hyper-
surfaces of degree d in Pn, of hypersurfaces having a point of multiplicity
3 or more, then for d ≥ 2

deg(Φ) = 15(d2 − 4d+ 4).

In case d = 1, the number 15 computed is of course meaningless, because
the expected dimension N −4 of Φ is negative—any five global sections τFi
of the bundle P2(O(1)) are everywhere dependent. On the other hand, the
number 0 computed in the case d = 2, which is 0, really does reflect the fact
that no conics have a triple point. For d = 3 the computation above gives
15, a number we already computed as the degree of the locus of “asterisks”
in Section 1.2.5.

9.4.4 Cones

As we remarked, the calculation in the preceding section is a generalization
of the calculation, in Section 1.2.5, of the degree of the locus Φ parametriz-
ing triples of concurrent lines (“asterisks”) in the space P9 parametrizing
plane cubic curves, There is another generalization of this problem: we can
ask for the degree, in the space PN parametrizing hypersurfaces of degree
d in Pn, of the locus Ψ of cones. We are now in a position to answer that
more general problem, which we’ll do here.

We won’t go through the steps in detail, since they’re exactly analogous
to the last calculation; the upshot is that the degree of Ψ is the degree of
the nth Chern class of the bundle Pd−1(OPn(d)). By Proposition 9.7,

c
(
Pd−1(OPn(d))

)
=
(
1 + ζ

)(n+d−1
n )

.

and so we have the

Proposition 9.10. If Ψ = Ψd,n ⊂ PN is the locus of cones in the spave
of all hypersurfaces of degree d in Pn, then

deg(Ψ) =

((n+d−1
n

)
n

)
.

Thus, for example, in case d = 2 we see again that the locus of singular
quadrics in Pn is n+ 1; and in case d = 3 and n = 2 the locus of asterisks
has degree 15. Likewise, in the space P14 of quartic plane curves the locus
of concurrent fourtuples of lines has degree((5

2

)
2

)
=

(
10

2

)
= 45.

Compare this to the calculation in Exercises 1.93 and 1.94!
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9.5 Singular elements of linear series in general

Let X be a smooth projective variety of dimension n and let W = (L,W )
be a linear system on X. We think of the elements of PW as divisors in X,
and as in Section 9.1, we introduce the incidence correspondence

ΣW = {(Y, p) ∈ PW ×X | p ∈ Ysing}

with the projection maps π1 : Σ → PW and π2 : Σ → X. Also as in
Section 9.1, we denote by D = π1(Σ) ⊂ PW the locus of singular elements
of the linear series W, which we again call the discriminant.

As mentioned in the introduction to this chapter, the techniques devel-
oped so far apply as well in this generality. What’s missing is the analog
of Proposition 9.1: we don’t know in general that Σ is irreducible of codi-
mension n + 1; we don’t know that it maps birationally onto D (as we’ll
see more fully in Section 12.6, the discriminant D may have dimension
strictly smaller than that of Σ) and we don’t know that the general sin-
gular element of W has one ordinary double point as its singularity. Thus
the formulas we derive in this generality are only enumerative formulas, in
the sense of Section 2.1: they apply subject to the hypothesis that the loci
in question do indeed have the expected dimension, and even then only if
multiplicities are taken into account.

That said, we can still calculate the Chern classes of the bundle of prin-
ciple parts P1(L), and derive an enumerative formula for the number of
singular elements of a pencil of divisors (that is, the degree of D ⊂ PW , in
case D is indeed a hypersurface); we’ll do this in Section 9.5.1 below.

We note one interpretation of D in case the linear series PW is very
ample. When X ⊂ PN is a smooth variety, and W = (OX(1),W =
H0(OPN (1))|X) is the linear series of hyperplane sections of X then a sec-
tion in W is singular if and only if the corresponding hyperplane is tangent
to X. Thus the set of points in PW corresponding to such sections is the
dual variety to X, and the number of singular elements in a general pen-
cil of these sections is the degree of the dual variety. We will treat dual
varieties carefully in Section 12.6.

9.5.1 Number of singular elements of a pencil

Let X be a smooth projective variety of dimension n, and W = (L,W ) a
pencil of divisors on X (typically, a general pencil in a larger linear series).
We can use the Chern class machinery to compute the expected number of
singular elements of W. To simplify the notation, we will denote the first
Chern class of the line bundle L by λ ∈ A1(X), and the Chern classes of
the cotangent bundle ΩX of X simply by c1, c2, . . . , cn.
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From the exact sequence

0→ ΩX ⊗ L → P1(L)→ L → 0

and Whitney’s Theorem, we see that the Chern class of P1(L) is the Chern
class of L ⊗ (OX ⊕ ΩX). Since ci(OX ⊕ ΩX) = ci(ΩX) = ci, we may
apply the formula for the Chern class of a tensor product of a line bundle
(Proposition 7.10) to arrive at

ck(P1(L)) =

k∑
i=0

(
n+ 1− i
k − i

)
λk−ici.

In particular,

cn(P1(L)) =

n∑
i=0

(n+ 1− i)λk−ici

= (n+ 1)λn + nλn−1c1 + · · ·+ 2λcn−1 + cn.

As remarked above, this represents only an enumerative formula for the
number of singular elements of a pencil. But the calculations of Section 9.4.1
hold here as well: a singular element Y of a pencil corresponds to a reduced
point of the relevant degeneracy locus if Y has just one ordinary double
point as its singularity. Thus we have the following

Proposition 9.11. Let X be a smooth projective variety of dimension n.
If W = (L,W ) is a pencil of divisors on X such that each singular element
of W has just one ordinary double point not contained in the base locus of
the pencil, then the number of singular elements is the degree of the class

γ(L) = (n+ 1)λn + nλn−1c1 + · · ·+ 2λcn−1 + cn ∈ An(X),

where λ = c1(L) and ci = ci(ΩX).

Three remarks about this statement. First, if the degree in question is
negative, we may conclude that every element of the pencil is singular.
Moreover, if the class (n + 1)λn + nλn−1c1 + · · · + 2λcn−1 + cn 6= 0, then
any such pencil must have singular elements. Thus if W is a general pencil
of hyperplane sections of a projectively embedded X ⊂ PN , the degree of
γ(L) must be non-negative; and if it’s nonzero, then the dual variety X∗

of X is necessarily a hypersurface.

Finally, we will see in Section 9.8.2 below a way of calculating multi-
plicities of the relevant degeneracy locus topologically, so that even in case
the singular elements of W don’t satisfy the hypothesis of having only one
ordinary double point we can say something about the number of singular
elements. (The conclusions of Section 9.8.2 are stated only for pencils of
curves on a surface, but analogous statements hold in higher dimension as
well.)
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9.5.2 Pencils of curves on a surface

By way of an example, we’ll apply the results of Proposition 9.11 to pencils
of curves on surfaces.

Suppose that X ⊂ P3 is a smooth surface of degree d and that W is the
linear series of intersections of X with hypersurfaces of degree e, so that
L = OX(e). Letting ζ ∈ A1(X) denote the restriction of the hyperplane
class, we have c1(L) = eζ; and as we’ve seen,

c(TX) =
c(TP3)

c(NX/P3)

=
(1 + ζ)4

1 + dζ

= (1 + 4ζ + 6ζ2)(1− dζ + d2ζ2)

= 1 + (4− d)ζ + (d2 − 4d+ 6)ζ2.

Thus c1 = (d− 4)ζ and c2 = (d2 − 4d+ 6)ζ2. From formula (??) above we
see that

c2(P(L)) = (3e2 + 2(d− 4)e+ d2 − 4d+ 6)ζ2.

Finally, since deg(ζ2) = d, the number of singular elements in a general
pencil of plane sections of a smooth surface X ⊂ P3 of degree d is

(9.1) deg c2(P(L)) = d(3e2 + 2(d− 4)e+ d2 − 4d+ 6).

As explained above, this will be the degree of the dual surface of the e-th
Veronese image ν3(X) of X. For example, when e = 1 this reduces to

degX∗ = d(d− 1)2,

as calculated in Section 1.2.2.

When e = 2 we are computing the expected number singular points
in the intersection of X with a general pencil {Qt ⊂ P3}t∈P1 of quadric
surfaces in P3, and we find that it is equal to

d3 + 2d.

The reader should check the case d = 1 directly! We invite the reader to
work out some more examples, and to derive analogous formulas in higher
(and lower!) dimensions, in Exercises 9.22-9.29.

9.6 Inflection points of curves in Pn

The bundles of principal parts are very useful for studying maps of curves
to projective space. The connection with “singular elements of linear series”
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comes from the fact that a plane in projective space is tangent to a curve if
and only if its intersection with the curve—an element of the linear system
corresponding to the embedding—is singular. If the plane meets the curve
with a higher degree of tangency—think of the tangent line at a flex point
of a plane curve—then that will be reflected in a higher order singularity.
Thus the technique we developed in Section ?? will allow us to solve the
third of the keynote questions of this chapter: how to extend the notion of
flexes to curves in Pn, and how to count them.

Recall that if C ⊂ X is a reduced curve on a scheme X and D ⊂ X an
effective Cartier divisor not containing any component of C, then for any
closed point p ∈ D ∩ C we defined the multimplicity of intersection of C
with D at p to be the length (or the dimension over the ground field K,
which are the same since we are supposing that K is algebraically closed)
of OC,p/I(D) · OC,p. Thus for example when p /∈ C ∩D the multiplicity is
0, and the multiplicity is 1 if and only if C and D are both smooth at p
and meet transversely there.

For the purpose of this chapter it is convenient to expand this notion.
Suppose that C is a smooth curve, f : C → X is a morphism and D is any
subscheme of X such that f−1(D ∩ C) is a finite scheme. We define the
order of contact of D with C at p ∈ C to be

ordpf
−1(D) := dimκ(p)OC,p/f∗(I(D)).

Since we have assumed that C is smooth, the local ring OC,p is a discrete
valuation ring, so ordpf

−1(D) is the minimum of the lengths of the algebras
OC,p/f∗(g), where g ranges over the local sections of I(D) at p, or over
the generators of this ideal.

If f is the inclusion map of a smooth curve C ⊂ X = Pr, and D =
Λ ⊂ Pr is a linear subspace, then the order of contact ordpf

−1(Λ) is the
minimum, over the set of hyperplanes H containing Λ, of the intersection
multiplicity mp(C,H). (Note that the intersection multiplicity of a curve
with a subscheme of codimension at least 2 (for example the intersection
multiplicity of a curve and a line in 3-space) is always 0; the order of contact
is a very different quantity. )

For example, if p ∈ C ⊂ P2 is a smooth point of a plane curve and L ⊃ p
is any line through p then the order of contact of L with C at p is at least
1; L is tangent to C at p if and only if it is at least 2. The line L is called
a flex tangent if the order is at least 3, and in this case p is called a flex of
C. Carrying this further, we say that p is a hyperflex if the tangent line L
at p meets C with order ≥ 4. We adopt similar definitions in the situation
where f : C → P2 is a nonconstant morphism from a smooth curve. For a
curve in 3-space we can consider both the orders of contact with lines and
the orders of contact with hyperplanes.
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9.6.1 Vanishing sequences and osculating planes

We will systematize these ideas by considering a linear systemW := (L,W )
on a smooth curve C with dimKW = r + 1. Given a point p ∈ C and a
section σ ∈ W , the order of vanishing ordpσ of σ at p is defined to be the
length of the OC,p-module Lp/(OC,pσ). Again, because the ground field K
is algebraically closed we have κ(p) = K, so

ordpσ = dimK Lp/(OC,pσ).

Given p ∈ C, consider the collection of all orders of vanishing of sections
σ ∈W at p.

We define the vanishing sequence a(W, p) of the linear system W at p to
be the sequence of integers that occur as orders of vanishing at p of sections
in W , arranged in strictly increasing order:

a(W, p) := (a0(W, p) < a1(W, p) < · · · ),

Since sections vanishing to distinct orders are linearly independent, a(W, p)
has at most dimKW elements. On the other hand, we can find a basis for
W consisting of sections vanishing to distinct orders at p (start with any
basis; if two sections vanish to the same order replace one with a linear
combination of the two vanishing to higher order, and repeat.). It follows
that the number of elements in a(W, p) is exactly dimKW = r + 1,

a(W, p) = (a0(W, p) < · · · < ar(W, p)).

We call the associated weakly increasing sequence (α0(W, . . . , αr) with
αi = ai − i the ramification sequence of W at p. When the linear system
W or the point p we are referrring to is clear from context, we will drop
it from the notation and write ai(p) or just ai in place of ai(W, p), and
similarly for αi.

For example, p is a base point of W if and only if a0(p) = α0(p) > 0,
and more generally a0(p) is the order to which p occurs in the base locus
of W. If p is a base point of W then, since C is a smooth curve, we may
remove it; that is, W is in the image of the monomorphism H0(L(−a0p))→
H0(L), and we may thus consider W as defining a linear series W ′ :=
(L(−a0p),W ). Thus most questions about linear systems on smooth curves
can be reduced to the basepoint-free case.

When p is not a base point of W, so that W defines a map f : C → Pr
that is a morphism in a neighborhood of p, we have a1(p) = 1 if and only
if f is an embedding near p. If r = 2 and W is very ample, so that f is
an embedding, we thus have α0(p) = α1(p) = 0 for all p and α2(p) > 0 for
some particular p if and only if there is a line meeting the embedded curve
with multiplicity > 2 at p; that is, p is an inflection point of the embedded
curve. The geometric meaning of the vanishing sequence is given in general
by the next result.
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Proposition 9.12. Let W = (L,W ) be a linear series on a smooth curve
C, and let p ∈ C. If p is not a basepoint of W we let W ′ =W; in general,
let W ′ = (L(−a0(W, p)),W ).

(a) ai(W ′, p) = ai(W, p)− a0(W, p).

(b) Choose σ0, . . . , σr ∈ W such that σj vanishes at p to order aj(W ′, p),
and let Hj be the hyperplane in P(W ∗) corresponding to σj. The plane

Li = Hi+1 ∩ · · · ∩Hr

is the unique linear subspace of dimension i with highest order of con-
tact with C at p, and that order is ai+1(W, p).

The planes Li are called the osculating planes to f(C) at p. We always
have L0 = p. If f(C) is smooth at f(p) then L1 is the tangent line, and in
general it is the tangent cone to the branch of f(C) that is the image of an
analytic neighborhood of p ∈ C.

Proof. Part (a): A section (L(−d) that vanishes to order m as a section of
(L(−d) will vanish to order m+ d as a section of L.

Part(b): Writing f for the germ at p of the morphism defined by W ′, It
follows from the definitions that ordpLi = ai+1. If there were an i-plane L′

with higher order of contact, and we write

L′ = H ′i+1 ∩ · · · ∩H ′r
for some hyperplanes H ′r, then each H ′r would have order of contact with C
at p strictly greater than ai+1. But these would correspond to independent
sections in W , and taking linear combinations of these sections we would
get r− i sections with vanishing orders at p strictly greater than ai+1. This
contradicts the assumption that the highest r− i elements of the vanishing
sequence are ai+1, . . . , ar.

9.6.2 Total inflection: the Plücker formula

We say that p is an inflection point for a linear system (L,W ) of dimension
r if the ramification sequence (α0, . . . , αr) is not (0, . . . , 0), or equivalently,
if αr > 0, which is the same as ar > r. In case W arises from a morphism
f : C → Pr that is an embedding near p, the number ai(W,p) can be
computed from the orders of contact with which planes meet f(C) at q =
f(p): the equations of an i-plane L pulls back to a vector space of r − i
independent sections of W , and the order ordp(f

−1L) is the minimum of
the orders of vanishing of these sections at p. Thus for i ≥ 1,

ai = max{ordpf
−1L | L ⊂ Pr is a plane of dimension i− 1}.
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In particular, p is an inflection point of W if and only if some hyperplane
has contact ≥ r + 1 at p.

We define the weight of p ∈ C with respect to W to be

w(W, p) :=

r∑
i=0

αi.

This number is a measure of what might be called the “total inflection” of
W at p.

In characteristic 0 we can compute the sum
∑
p∈C w(W, p) as a Chern

class of the bundle of principal parts of L.

Theorem 9.13 (Plücker Formula). Let C be a smooth projective curve
of genus g over an algebraically closed field of characteristic 0. If W is a
linear system of degree d and dimension r on C then∑

p∈C
w(W,p) = (r + 1)d+ (r + 1)r(g − 1).

The result is false in positive characteristic because of the possible pres-
ence of wild ramification and inseparable maps. For a simple example,
consider the curve y− xp = 0 in the affine x, y-plane over a field of charac-
teristic p. The tangent line at the point (a, ap) is y−ap = 0, and this meets
the curve in a p-fold point; thus every point of the curve is a flex point, and
the sum in the Plücker formula is not even finite. See for example Laksov
[1984] and Osserman [2006] for more information.

Proof. The key observation is that both sides of the desired formula are
equal to the degree of the first Chern class of the bundle Pr(L). We can
compute the class of this bundle from Theorem 9.4 as

c
(
Pr(L)

)
=

r∏
j=0

c
(
Symj(ΩC)⊗ L

)
.

Since ΩC is a line bundle we have Symj(ΩC) = ΩjC , and thus c((Symj(ΩC)⊗
L) = 1 + jc1(ΩC) + c1(L). It follows that

c1
(
Pr(L)

)
= (r + 1)c1(L) +

(
r + 1

2

)
c1(ΩC).

Since the degree of ΩC is 2g − 2, the degree of this class is

deg c1
(
Pr(L)

)
= (r + 1)d+ (r + 1)r(g − 1),

the right hand side of the Plücker formula.

We may define a map ϕ : Or+1
C → Pr(L) by choosing any basis σ0, · · · , σr

of W and sending the i-th basis element of Or+1
C to τσi . We will complete

the proof by showing that for any point p ∈ C the determinant of the map



368 9. Singular Elements of Linear Series

ϕ vanishes at p to order exactly w(W,p), and that there are only finitely
many points w(W,p) where the determinant is nonzero.

To this end fix a point p ∈ C. Since the determinant of ϕ depends on the
choice of basis σ0, . . . , σr only up to scalar, we may choose the basis σi so
that the order of vanishing ordp(σi) = ai at p is ai(W,p). Trivializing L in
a neighborhood of p, we may think of the section σi locally as a function,
and ϕ is represented by the matrix

σ0 σ1 . . . σr

σ′0 σ′1 . . . σ′r
...

...
...

σ
(r)
0 σ

(r)
1 . . . σ

(r)
r

 .

where σ′i denotes the derivative, and σ
(r)
i the r-th derivative. Because σi

vanishes to order ≥ i p, the matrix evaluated at p is lower triangular, and
the entries on the diagonal are all nonzero if and only if ai = i for each i;
that is, if and only if p is not an inflection point for W .

We can compute the exact order of vanishing of detϕ at an inflection
point as follows. Denote by v(z) the (r + 1)-vector (σ0(z), . . . , σr(z)), so
that the determinant of ϕ is the wedge product

det(ϕ) = v ∧ v′ ∧ · · · ∧ v(r).

Applying the product rule, the nth derivative of det(ϕ) is then a linear
combination of terms of the form

v(β0) ∧ v(β1+1) ∧ · · · ∧ v(βr+r)

with
∑
βi = n. Now, v(β0)(p) = 0 unless β0 ≥ α0; similarly, v(β0)(p) ∧

v(β1)(p) = 0 unless β0 + β1 ≥ α0 + α1, and so on. We conclude that any
derivative of det(ϕ) of order less than w =

∑
αi vanishes at p; and the

expression for the wth derivative of det(ϕ) has exactly one term nonzero at
p, namely

v(α0) ∧ v(α1+1) ∧ · · · ∧ v(αr+r).

Since this term appears with nonzero coefficient (we have used character-
istic 0 here), we conclude that det(ϕ) vanishes to order exactly w at p.

It remains to show that not every point of C can be an inflection point
for W—that is, that detϕ is not identically zero. To prove this, suppose
that det(ϕ) does vanish identically, that is, that

(9.2) v ∧ v′ ∧ · · · ∧ v(k) ≡ 0

for some k ≤ r. Suppose in addition that k is the smallest such integer, so
that at a general point p ∈ C we have

v(p) ∧ v′(p) ∧ · · · ∧ v(k−1)(p) 6= 0;
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in other words, v(p), . . . , v(k−1)(p) are linearly independent, but v(k)(p) lies
in their span Λ. Again using the product rule to differentiate the expres-
sion 9.2, we see that

d

dz

(
v ∧ v′ ∧ · · · ∧ v(k−1) ∧ v(k)

)
= v ∧ v′ ∧ · · · ∧ v(k−1) ∧ v(k+1) ≡ 0;

so that v(k+1)(p) also lies in the span of v(p), . . . , v(k−1)(p). Similarly, taking
the second derivative of 9.2, we see that

d2

dz2

(
v ∧ v′ ∧ · · · ∧ v(k−1) ∧ v(k)

)
= v ∧ v′ ∧ · · · ∧ v(k−1) ∧ v(k+2) ≡ 0,

where are all the other terms in the derivative are zero because they are (k+
1)-fold wedge products of vectors lying in a k-dimensional space. Continuing
in this way, we see that v(m)(p) ∈ Λ for all m. Since we are in characteristic
0 it follows by integration that v(z) ∈ Λ for all z. This implies that the linear
system W has dimension k < r + 1, contradicting our assumptions.

Flexes of plane curves. The Plücker formula gives the answer to keynote
question (c). We don’t even need to assume C is smooth; if C is singular,
as long as it’s reduced and irreducible we view it as the image of the map
ν : C̃ → Pr from its normalization. If we apply the Plücker formula to this
linear system corresponding to this map, we see that C has

(r + 1)d+ r(r + 1)(g − 1) = 3d+ 6g − 6

flexes, where g is the genus of C̃, that is, geometric genus of C. If the curve
C is indeed smooth, then 2g − 2 = d(d− 3), and so this yields

3d+ 6g − 6 = 3d+ 3d(d− 3) = 3d(d− 2).

To be explicit, this formula counts points p ∈ C̃ such that for some line
L ⊂ P2, the multiplicity of the pullback divisor ν∗L at p is at least 3. In
particular:

(a) It does not necessarily count nodes of C, even though at a node p of
C, there will be lines having intersection multiplicity 3 or more with
C at p.

(b) It does count singularities where the differential dν vanishes, for exam-
ple cusps.

Some applications of the general Plücker formula will be given in Exer-
cises 9.43-9.45

We should mention that there is an alternative notion of a flex point of
a (possibly singular) curve C ⊂ P2: a point p ∈ C such that for some line
L ⊂ P2 through p, we have

mp(C · L) ≥ 3.
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In this sense, a node p of a plane curve C is a flex point, since the tan-
gent lines to the branches of the curve at the node will have intersection
multiplicity at least 3 with C at p. (The Plc̈ker formula, applied to the
linear system ν∗H0(OP2(1)) on the normalization ν : C̃ → C ⊂ P2, will
not in general count a node as a flex.) When we want to talk about flexes
in this sense, we’ll refer to them as Cartesian flexes, since they are defined
in terms of the defining equation of C ⊂ P2 rather than its parametrization
by a smooth curve.

There is a classical way to calculate the number of flexes of a plane
curve that does count Cartesian flexes. Briefly, if C is the zero locus of a
homogeneous polynomial F (X,Y, Z), we define the Hessian of C be be the
zero locus of the polynomial

H =

∣∣∣∣∣∣∣∣
∂2F
∂X2

∂2F
∂X∂Y

∂2F
∂X∂Z

∂2F
∂X∂Y

∂2F
∂Y 2

∂2F
∂Y ∂Z

∂2F
∂X∂Z

∂2F
∂Y ∂Z

∂2F
∂Z2

∣∣∣∣∣∣∣∣
For a smooth plane curve C, the flexes are exactly the points of intersection
of C with its Hessian, even counting multiplicity. This (and the behavior
of the Hessian when C is singular) will be explored in Exercises 9.46-9.48;
we’ll also see, in Exercise 9.41, what happens to the flexes on a smooth
plane curve when it acquires a node.

Hyperflexes. First, the bad news: we’re not going to answer keynote ques-
tion (c) here. The question itself is well-posed: we know that a general plane
curve C ⊂ P2 of degree d ≥ 4 has only ordinary flexes, and it’s not hard to
see that the locus of those curves that do is a hypersurface in the space PN
of all such curves (see Exercise 9.49). Surely the techniques we’ve employed
in this chapter will enable us to calculate the degree of that hypersurface?
Unfortunately, they don’t; and indeed the reason we included Question (c)
is so that we could point out the problem.

Very much by analogy with the analysis of lines on surfaces and sin-
gular points on curves, we’d like to determine the class of the “universal
hyperflex:” that is, in the universal curve

Φ = {(C, p) ∈ PN × P2 | p ∈ C},

the locus

Γ = {(C, p) ∈ Φ | p is a hyperflex of C }.

Moreover, it seems as if this would be amenable to a Chern class approach:
we’d define a vector bundle E on Φ whose fiber at a point (C, p) ∈ Φ would
be the vector space

E(C,p) =
{germs of sections of OC(1) at p}
{germs vanishing to order ≥ 4 at p}

.
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We would then have a map of vector bundles on Φ from the trivial bundle
with fiber H0(OP2(1)) to E; and the degeneracy locus of this map would
be the universal hyperflex Γ. We could conclude then that

[Γ] = c2(E).

As we indicated, though, there is a problem with this approach. The
description above of the fibers of E makes sense as long as p is a smooth
point of C, but not otherwise. Reflecting this fact, if we were to try to define
E by taking ∆ ⊂ Φ×PN Φ the diagonal and setting

E = π1∗
(
π∗2OP2(1)⊗OΦ×PNΦ/I4

∆

)
,

the bundle E would have fiber as desired over the open set of (C, p) with
C smooth at p, but would not even be locally free on the complement. The
fact that bundles of principal parts do not behave well in families (except,
of course, smooth families) is a real obstruction to carrying out this sort of
calculation; and while there are often other approaches, it would be very
desirable to have a theory of characteristic classes that would work in this
setting.

And now, the good news: there is another way to approach keynote
question (c), and we will explain it in Section ??.

9.6.3 The situation in higher dimension

Is there an analogue of the Plücker formula for linear series on varieties
of dimension greater than 1? Assuming that the linear series yields an
embedding X ⊂ Pr we might ask, for a start, what sort of singularities we
should expect the intersection X ∩ Λ of X with linear spaces Λ ⊂ Pr of a
given dimension to have at a point p, and ask for the locus of points that
are “exceptional” in this sense.

We do not know satisfying answers to these questions. One issue is that,
while the singularities of subschemes of a smooth curve are simply classified
by their multiplicity, there is already a tremendous variety of singularities
of subschemes of surfaces. Another is that the analogue of the the final step
in the proof of Theorem 9.13—showing that not every point on a smooth
curve C ⊂ Pr can be an inflectionary point—is false in general. By way
of illustrating this last point, we mention first (without proof) a positive
result, analogous to the statement that a general point of a smooth curve
C ⊂ P2 is not a flex:

Proposition 9.14. If S ⊂ P3 is any smooth surface of degree d ≥ 2, p ∈ S
a general point and H = TpS ⊂ P3 the tangent plane to S at p, then the
intersection H ∩ S has an ordinary double point at p.
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We invite the reader to prove this for a general surface S ⊂ P3 (Exer-
cise 9.51); to prove it for an arbitrary smooth S ⊂ P3 requires the use of the
second fundamental form of S, as described in Harris [1992] and Griffiths
and Harris [1979].

On the other hand, a dimension count might lead us to expect that for a
general point p on a smooth, nondegenerate surface S ⊂ P5, no hyperplane
H ⊂ P5 intersects S in a curve C = H ∩ S with a triple point at p; but
there are such surfaces for which this is false (see Exercises 9.31-9.32); we
do not know a classification of such surfaces.

We’ll revisit this question in Chapter ??, where we’ll describe the behav-
ior of plane sections of a general surface S ⊂ P3.

9.7 Nets of plane curves

We now want to consider larger families of curves, and in particular to
answer the second keynote question of this chapter. A key step will be to
compute the class of the universal singular point Σ = {(C, p) | p ∈ Csing}
as a subvariety of PN × P2 where PN = PH0(OP2(d)).

9.7.1 Class of the universal singular point

We can easily compute the class of

Σn,d,m = {(H, p) |H ⊂ Pn a hypersurface;

p ∈ H a singular point of order ≥ m}

as a class in PH0(OPn(d)) × Pn. To simplify the notation, we set W :=
H0(OPn(d)). Let

PW × Pn
π2 - Pn

PW

π1
?

be the projection maps.

Proposition 9.15. Σn,d,m is the zero locus of a section of the vector bundle

Pm := π∗1OPW (1)⊗ π∗2Pm
(
OPn(d)

)
which has Chern class

c(Pm) =
(
1 + (d−m)ζn + ζW

)(n+m
n )

,
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where ζn and ζW are the pullbacks of the hyperplane classes on Pn and
PW respectively. Thus the class of Σn,d,m in A(PW × Pn) is the sum of
the terms of total degree

(
n+m
n

)
in this expression. For example in the case

n = 2,m = 1 this is

[Σ] = ζ3
W + 3(d− 1)ζ2ζ

2
W + 3(d− 1)2ζ2

2ζW ∈ A3(PW × P2).

Proof. The computation is similar to the one used in the calculation of the
class of the universal line in Section 8.6. Since every polynomial F ∈ W
defines a section τF of Pm(OPn(d)), we have a map

W ⊗OPn → Pm(OPn(d))

of vector bundles on Pn. Likewise, we have the tautological inclusion

OPW (−1)→W ⊗OPW

on PW . We pull these maps back to the product PW × P2 and compose
them to arrive at a map

π∗1OPW (−1)→ π∗2Pm(OPn(d)),

or equivalently, a section of the bundle Pm. The zero locus of this map is
Σ ⊂ PW×Pn, so the class of Σn,d,m in A(PW×Pn) is the class of a section
of Pm as claimed.

To compute the Chern class of Pm we follow the argument of Proposi-
tion 9.7, pulling back the sequences

0→ Symi(ΩPn)(d)→ Pi(OPn(d))→ Pi−1(OPn(d))→ 0

and tensoring with the line bundle π∗1OPW (1) to get

c
(
Pm
)

=

m∏
j=0

c
(

Symj(π∗2ΩPn)⊗O(dζn + ζW )
)
.

where we have written O(dζn + ζW ) for the line bundle associated to the
pullback of d times the hyperplane section of Pn tensored with the pullback
of the hyperplane section of PW . Using the exact sequences

0→ Symi(ΩPn)→ Symi(OPn(−1))→ Symi−1(OPn(−1))→ 0

we get a collapsing product as before, yielding the desired formula for the
Chern class of Pm. To deduce the special case at the end of the Proposition
it suffices to remember that since ζ2 is the pullback from a 2-dimensional
variety we have ζ2

2 = 0.
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9.7.2 The discriminant of a net of plane curves

We will assume in this section that the characteristic of the ground field
is zero. ****Is there a reason why the map from the universal singular-
ity to the discriminant is separable in general? If so, we could avoid the
assumption.****

We return to the case of a net of plane curves of degree d, with notation
introduced at the beginning of Section 9.7. If W = H0(OP2(d)) and B ⊂
PW is a linear subspace of dimension 2, then the set of curves {C | C ∈ B},
or the 2-plane B, is called a net of curves.

Throughout this section we fix a general net of curves B. Let D ⊂ B be
the set of singular curves, called the discriminant curve of the net B. Since
D is the intersection of B with the discriminant hypersurface in PW , its
degree is degD = 3(d − 1)2 by Proposition 9.6. Next, let Γ ⊂ P2 be the
plane curve traced out by the singular points of members of the net, so
that if we set

ΣB := Σ ∩ (B × P2),

then the projection maps πi on Σ restrict to surjections

ΣB
π2|B - Γ

D.

π1|B
?

Since Σ is smooth of codimension 3, Bertini’s Theorem shows that ΣB is a
smooth curve in B × P2. Since the generic singular plane curve is singular
at only one point, the map ΣB → Γ is birational. Since the fiber of Σ over a
given point p ∈ P2 is a linear space of dimension N −3, the general 2-plane
B containing a curve singular at p will contain a unique such curve. Thus
the map ΣB → D is also birational, and ΣB is the normalization (resolution
of singularities) of each of Γ and D. In particular the geometric genus of D
and of Γ are the same as the genus of ΣB.

From the previous section we know that ΣB is the zero locus of a section
of the rank 3 bundle P1|B×P2 on B × P2. This makes it easy to compute
the degree and genus of ΣB, and we will derive the degree and genus of Γ,
answering keynote question (b).

Proposition 9.16. With notation as above, the map ΣB → Γ is an iso-
morphism, so both curves are smooth. The curve Γ has degree 3d − 3 and
thus has genus

(
3d−4

2

)
. When d ≥ 2 the curve D is singular.

We will see how the singularities of D arise, what they look like and how
many there are, in Chapter 13.
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Proof. We begin with the degree of Γ, the number of points of intersection
of Γ with a line L ⊂ P2. Since ΣB → Γ is birational, this is the same as the
degree of the product [ΣB]ζ2 ∈ A4(B × P2). (More formally, π2∗[ΣB] = Γ,
and π2∗[ΣB][L] = [ΣB]ζ2.) Write ζB for the restriction of ζW , the pullback
of the hyperplane section from PN , to B × P2. The degree of a class in
B × P2 is the coefficient of ζ2

2ζ
2
B in its expression in

A(B × P2) = Z[ζ2, ζB]/(ζ3
2 , ζ

3
B).

Since ζ3
B = 0 the last formula in Proposition 9.15 gives

deg(Γ) = deg ζ2
(
3(d− 1)ζ2ζ

2
B + 3(d− 1)2ζ2

2ζB
)

= deg 3(d− 1)ζ2
2ζ

2
B

= 3d− 3.

Since Γ is a plane curve, the arithmetic genus of the curve Γ is
(

3d−4
2

)
.

Next we compute the genus gΣB of the smooth curve ΣB. The normal
bundle of ΣB in P2 × B is the restriction of the rank 3 bundle P1, and
the canonical divisor on P2 ×B has class −3ζ2 − 3ζB so by the Adjunction
Formula (Hartshorne [1977] Proposition 8.20) the degree of the canonical
class of ΣB is is the degree of the line bundle obtained by tensoring the
canonical bundle of B×P2 with ∧3P1 and restricting the result to ΣB. This
is the degree of the class

(−3ζ2−3ζB + c1
(
P1))[ΣB ]

= (−3ζ2 − 3ζB + c1
(
P1)) · (3(d− 1)ζ2ζ

2
B + 3(d− 1)2ζ2

2ζB).

Substituting the value c1(P1) = 3((d − 1)ζ2 + ζW ) from Proposition 9.15
and taking account of the fact that ζW ζB = ζ2

B, this becomes

(3d− 6)ζ2 · (3(d− 1)ζ2ζ
2
B + 3(d− 1)2ζ2

2ζB) = (3d− 6)(3d− 3)ζ2
2ζ

2
B

with degree 2gΣB − 2 = (3d− 3)(3d− 6), and we see that

g(ΣB) =
(3d− 4)(3d− 5)

2
=

(
3d− 4

2

)
.

Since this coincides with the arithmetic genus of Γ computed above, we
see that Γ is smooth and the map ΣB → Γ is an isomorphism. On the other
hand the degree 3(d − 1)2 of D is different from that of Γ for all d ≥ 2,
so in these cases the arithmetic and geometric genuses of D differ, and D
must be singular, completing the proof.

Here is a different method for computing the degree of Γ: the net B of
curves, having no base points, defines a regular map

ϕB : P2 → Λ
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where Λ ∼= P2 is the projective plane dual to the plane parametrizing the
curves in the net B. This map expresses P2 as a d2-sheeted branched cover
of Λ, and the curve Γ ⊂ P2 is the ramification divisor of this map.

By definition,

ϕ∗OΛ(1) = OP2(d);

so that if we denote by ζΛ the hyperplane class on Λ, we have ϕ∗ζΛ = dζ.

The Hurwitz formula to the cover ϕ : P2 → Λ says that

KP2 = ϕ∗KΛ + Γ,

and since KΛ = −3ζΛ, this yields

−3ζ = −3dζ + [Γ]

or [Γ] = (3d− 3)ζ.

These ideas work on an arbitrary smooth projective surface S, as long
as we know the classes c1, c2 and λ and can evaluate the degrees of the
relevant products. See Exercise 9.39 for an example.

9.8 The topological Hurwitz formula

Over the complex numbers we can use the topological Euler characteristic
to give a different approach to the whole question of singular elements of
linear series. It sheds additional light on the formula of Proposition 9.6,
and is applicable in many circumstances in which Proposition 9.6 cannot
be used. In addition, it will allow us to describe the local structure of
the discriminant hypersurface (its tangent planes and tangent cones in
particular).

Suppose that X is a smooth projective variety over C, and Y ⊂ X a
divisor. Denoting the topological Euler characteristic (in the classical, or
analytic topology) by χtop we have

χtop(X) = χtop(Y ) + χtop(X \ Y )

This relation is not hard to prove: we apply the Mayer-Vietoris sequence
to the covering of X by U = X \ Y and a small open neighborhood V of
Y , and argue that, since Y is the zero locus of a section of a line bundle in
X, the Euler characteristic of the intersection U ∩ V is 0. (In fact, the for-
mula χtop(X) = χtop(Y ) +χtop(X \Y ) applies much more generally, to an
arbitrary subvariety Y of an arbitrary X. But this requires a much harder
result, that we can triangulate X in such a way that Y forms a subcom-
plex; even the statement that an arbitrary variety admits a triangulation
is difficult. See Hironaka [1975].)
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****insert something about tubular neighborhoods. Joe to ask Jun Li.
This is very standard for smooth subvarieties, less so for hypersurfaces or
locally complete intersections, still less for arbitrary singular subvarieties.
Is there a good reference in Milnor?****

Let X be a smooth projective variety and let f : X → B be a map to
a smooth curve B of genus g. This being characteristic 0, there are only a
finite number of points p1, . . . , pδ over which the fiber Xpi is singular. We
can apply the relation on Euler characteristics to the divisor

Y =

δ⋃
i=1

Xpi ⊂ X.

Naturally, χtop(Y ) =
∑
χtop(Xpi); and on the other hand the open set

X \ Y is a fiber bundle over the complement B \ {p1, . . . , pδ}, so that

χtop(X \ Y ) = χtop(Xη)χtop(B \ {p1, . . . , pδ})
= (2− 2g − δ)χtop(Xη)

where again η is a general point of B. Combining these, we have

χtop(X) = (2− 2g − δ)χtop(Xη) +

δ∑
i=1

χtop(Xpi)

= χtop(B)χtop(Xη) +

δ∑
i=1

(
χtop(Xpi)− χtop(Xη)

)
.

In this form, we can extend the last summation over all points q ∈ B. We
have proven:

Theorem 9.17 (Topological Hurwitz Formula). Let f : X → B be a
morphism from a smooth projective variety to a smooth projective curve;
let η ∈ B be a general point. Then

χtop(X) = χtop(B)χtop(Xη) +
∑
q∈B

(
χtop(Xq)− χtop(Xη)

)
.

In English: the Euler characteristic of X is what it would be if it were
a fiber bundle over B—that is, the product of the Euler characteristics of
B and the general fiber Xη—with a “correction term” coming from each
singular fiber, equal to the difference between its Euler characteristic and
the Euler characteristic of the general fiber.

To see why Theorem 9.17 is a generalization of the classical Hurwitz
formula (see for example Hartshorne [1977] Theorem *****), consider the
case where X is a smooth curve of genus h, and f : X → C a branched
cover of degree d. For each point p ∈ C, we write the fiber Xp as a divisor:

f∗(p) =
∑

q∈f−1(p)

mq · q.



378 9. Singular Elements of Linear Series

We call the integer mq − 1 the ramification index of f at q; we define the
ramification divisor R of f to be the sum

R =
∑
q∈X

(mq − 1) · q

and we define the branch divisor B of f to be the image of R (as a divisor,
not as a scheme!)—that is,

B =
∑
p∈C

bp · p where bp =
∑

q∈f−1(p)

mq − 1.

Now, since the degree of any fiber Xp = f−1(p) of f is equal to d, for each
p ∈ C the cardinality of f−1(p) will be d − bp, so its contribution to the
topological Hurwitz formula is −bp. The formula then yields

2− 2h = d(2− 2g)− deg(B),

the classical Hurwitz formula.

9.8.1 Pencils of curves on a surface, revisited

To apply the topological Hurwitz formula to keynote question (a), suppose
that {Ct = V (t0F+t1G) ⊂ P2} is a general pencil of plane curves of degree
d. The polynomials F and G being general, the base locus Γ = V (F,G) of
the pencil will consist of d2 reduced points, and the graph of the rational
map [F,G] : P2 → P1, which is

X = {(p, t) : t0F + t1G = 0} ⊂ P2 × P1,

is the blow-up of P2 along Γ. In particular, X is be smooth, so Theorem 9.17
can be applied to the map f : X → P1 that is the projection on the second
factor.

Since X is the blow-up of P2 at d2 points, we have

χtop(X) = χtop(P2) + d2 = d2 + 3.

Next, we know that a general fiber Cη of the map f is a smooth plane curve
of degree d; as we’ve seen in Section ?? and many times since, its genus is(
d−1

2

)
and hence

χtop(Cη) = −d2 + 3d.

We know from Proposition 9.1 that each singular fiber C appearing in
a general pencil of plane curves has a single node as singularity. Thus
its normalization C̃ will be a curve of genus

(
d−1

2

)
− 1 and hence Euler

characteristic −d2 + 3d+ 2. Since C is obtained from C̃ by identifying two
points, we have

χtop(C) = −d2 + 3d+ 1,
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so the contribution of each singular fiber of f to the topological Hurwitz
formula is exactly 1. It follows that the number of singular fibers is

δ = χtop(X)− χtop(P1)χtop(Cη)

= d2 + 3− 2(−d2 + 3d)

= 3d2 − 6d+ 3,

as we saw before.

This same analysis can be applied to a pencil of curves on any smooth
surface S. Let L be a line bundle on S with first Chern class c1(L) = λ ∈
A1(S), and let W = 〈σ0, σ1〉 ⊂ H0(L) be a two-dimensional vector space
of sections with

{Ct = V (t0σ0 + t1σ1) ⊂ S}t∈P1

the corresponding pencil of curves. We make—for the time being—two
assumptions:

(a) The base locus Γ = V ({σ}σ∈W ) of the pencil is reduced, that is, con-
sists of deg(λ2) points; and

(b) Each of the finitely many singular elements of the pencil has just one
node as singularity.

We also denote by ci = ci(ΩS) the Chern classes of the cotangent bundle
to S.

Given this, the calculation proceeds as before: we let X be the blow-up
of S along Γ, and apply the topological Hurwitz formula to the natural
map f : X → PW ∗ ∼= P1. To start, we have

χtop(X) = χtop(S) + #(Γ) = c2 + λ2.

(We’re omitting the “deg” here for simplicity.) Next, by the adjunction
formula, the Euler characteristic of a smooth member Cη of the pencil is
given by

χtop(Cη) = −deg(ωCη ) = −(c1 + λ) · λ = −λ2 − c1λ.

and we know that the Euler characteristic of each singular element of the
pencil is one greater than the Euler characteristic of the general one. In
sum, then, the number of singular fibers is

δ = χtop(X)− χtop(P1)χtop(Cη)

= λ2 + c2 − 2(−λ2 − c1λ)

= 3λ2 + 2λc1 + c2,

agreeing with our previous calculation.

We’ll see how this may be applied in higher dimensions in Exercises 9.56-
9.57



380 9. Singular Elements of Linear Series

9.8.2 Multiplicities of the discriminant hypersurface

One striking thing about this derivation of the formula for the number of
singular elements in a pencil is that it gives a description of the multiplici-
ties with which a given singular element counts that allows us to determine
these multiplicities at a glance. In the derivation of the formula, we assumed
that the singular elements of the pencil had only nodes as singularities. But
what if an element C of the pencil has a cusp? In that case the geomet-
ric genus of the curve—the genus of its normalization C̃—is again 1 less
than the genus of the smooth fiber, but this time instead of identifying
two points we’re just “crimping” the curve at one point. (In the analytic
topology, C and C̃ are homeomorphic.) Thus

χtop(C) = χtop(C̃) = χtop(Cη) + 2,

and the fiber C counts with multiplicity 2. Similarly, if C has a tacnode,
we have g(C̃) = g(Cη)− 2, so that χtop(C̃) = χtop(Cη) + 4; but we identify

two points of C̃ to form C so in all

χtop(C) = χtop(Cη) + 3,

and the fiber C counts with multiplicity 3. Again, if C has a triple point,
then g(C̃) = g(Cη)− 3, but we identify 3 points of C̃ to form C, so

χtop(C) = χtop(Cη) + 4,

and the fiber C counts with multiplicity 4. Moreover, if a fiber has more
than one isolated singularity, the same analysis shows that the multiplicity
with which it appears in the formula above is just the sum of the contri-
butions coming from the individual singularities.

In addition to giving us a way of determining the contribution of a given
singular fiber to the expected number, this approach tells us something
about the geometry of the discriminant locus D ⊂ PN . To see this, suppose
that C ⊂ P2 is any plane curve of degree d with isolated singularities. Let
D be a general plane curve of the same degree, and consider the pencil B of
plane curves they span—in other words, take B ⊂ PN a general line through
the point C ∈ PN . By what we’ve said, the number of singular elements of
the pencil B other than C will be 3(d− 1)2 − (χtop(C)− χtop(Cη)), where
Cη is a smooth plane curve of degree d; it follows that the multiplicity of
the intersection B ∩ D at C is χtop(C)− χtop(Cη). We deduce the

Proposition 9.18. Let C ⊂ P2 be any plane curve of degree d with isolated
singularities. Then

multC(D) = χtop(C)− χtop(Cη).

Thus, a plane curve with a cusp (and no other singularities) corresponds
to a double point of D; a plane curve with a tacnode is a triple point, and
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so on. Note also that a curve C with one node and no other singularities is
necessarily a smooth point of D.

9.8.3 Tangent cones of the discriminant hypersurface

Let PN be the projective space of plane curves of degree d. We can use
the ideas above to describe the tangent spaces and tangent cones to the
discriminant hypersurface D ⊂ PN . To do this, we have to remove the first
assumption in our application of the topological Hurwitz formula to pencils
of curves, and deal with pencils whose base locus is not reduced.

For example, suppose that a point in a line in the plane, say p ∈ L ⊂ P2

are given, and that F,G are general forms of degree d such that V (F ) and
V (G) pass through p and are tangent to L at p. Let Γ = V (F,G) be the
base locus of the pencil Ct = V (t0F + t1G), so that Γ consists of a scheme
of length 2 whose reduced scheme is p together with d2− 2 reduced points.
Since begin singular at p is one more linear condition on the elements of
the pencil, exactly one member C0 of the pencil will be singular at p, while
all the others are smooth at p and have a common tangent line at p.

Let X be the minimal smooth blow-up resolving the indeterminacy of the
map P2 → P1 associated to the pencil—that is, X is obtained by blowing
up P2 at Γred and then blowing up the resulting surface at the point p′ on
the exceptional divisor corresponding to the common tangent line L to the
smooth members of the pencil at p. (This is not the blow up of S along the
scheme Γ, which is singular! See for example Eisenbud and Harris [2000],
IV.2.3.)

The fiber of the map X → P1 corresponding to C0 is the union of the
proper transform of C0 and the proper transform E of the first exceptional
divisor, so that, for example, if C0 had a node at p the fiber is the union
of its normalization C̃0 and a copy of P1, meeting at the two points of C̃0

lying over the node p (Fig 9.2).

In sum, the Euler characteristic of the fiber is

χtop(C̃ ∪ E) = χtop(C̃) + χtop(E)− 2 = χtop(C̃) = χtop(Cη) + 2

and the fiber counts with multiplicity 2. We can use this to analyze the
tangent planes to D at its simplest points:

Proposition 9.19. Let C be a plane curve with a node at p and no other
singularities. The tangent plane TCD ⊂ PN is the hyperplane Hp ⊂ D of
curves containing the point p.

Proof. If C ⊂ P2 is a plane curve with one node p and no other singularities,
then by Proposition 9.18 C is a smooth point of D, so it suffices to show
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FIGURE 9.2. The morphism f : X → P1 coming from the pencil of conics tangent
to L at p [[SILVIO Cη should be a conic.]]

that Hp is contained in the tangent space to D. But if B ⊂ PN is a general
pencil including C and having p as a base point, B will meet D in exactly
3(d−1)2−1 points. By Bertini’s Theorem it can’t be tangent to D anywhere
except at C, and so it must be tangent at C.

The argument given shows that, more generally, if C is a plane curve with
a unique singular point p, the tangent cone to D at C will be a multiple of
the hyperplane Hp; and more generally still, if C has isolated singularities
p1, . . . , pδ the tangent cone TCD is supported on the union of the planes
Hpi .

There is also a sort of converse to Proposition 9.18:

Proposition 9.20. The smooth locus of D consists exactly of those curves
with a single node and no other singularity.

Proof. Proposition 9.18 gives one inclusion: if C has a node and no other
singularity, it is a smooth point of D. Moreover, if C has more than one
(isolated) singular point, then the projection map Σ → D is finite but
not one-to-one over C; it is intuitively clear (and follows from Zariski’s
Main Theorem) that D is analytically reducible and hence singular at C.
Moreover, we observe that if d ≥ 3 any curve with multiple components is a
limit of curves with isolated singularities and at least 3 nodes—just deform
each multiple component mC0 ⊂ C to a union of m general translates of
C0—so these must also lie in the singular locus of D.

It remains to see that if C is a singular curve having a singularity p
other than a node, then D is singular at C. This follows from an analysis
of plane curve singularities: if C has isolated singularities including a point
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p of multiplicity k ≥ 3, then as we saw in Section ** of Chapter ?? the
genus of the normalization C̃ is at most

g(D̃) ≤
(
d− 1

2

)
− k(k − 1)

2

and since at most k points of the normalization lying over p are identified
in C,

χtop(C) ≥ 2− 2g(C̃) + k − 1 ≥ −d(d− 3) + (k − 1)2.

As for double points p other than a node, we’ve already done the case of
a cusp; other double points will drop the genus of the normalization by 2
or more, and since we have at most two points of the normalization lying
over p, we must have χtop(C) ≥ −d(d− 3) + 3.

Finally, note that the techniques of this section can be applied in exactly
the same way in one dimension less! the result is the

Proposition 9.21. Assume the characteristic is 0. Let Pn = PH0(OP1(d))
be the space of polynomials of degree n on P1, and D ⊂ Pn the discriminant
hypersurface, that is, the locus of polynomials with a repeated root. If F ∈ D
is a point corresponding to a polynomial with exactly one double root p and
d − 2 simple roots, then D is smooth at F with tangent space the space of
polynomials vanishing at p.

We leave the proof via the Hurwitz formula as Exercise 9.62.

We should add that that there are many, many problems having to do
with the local geometry of D and its stratification by singularity type,
only a small fraction of which we know how to answer. The statements
above barely scratch the surface; for more, see ****insert a reference—
eg Brieskorn’s plane alg curves and/or Teissier, Hunting INvariants in the
geometry of discriminants. DE to ask Greuel.****.

9.9 Exercises

Exercise 9.22. Let S = P1×P1, and let {Ct ⊂ S}t∈P1 be a general pencil
of curves of type (a, b) on S. How many of the curves Ct are singular?
(Make sure your answer agrees with (9.1) in case (a, b) = (1, 1)!)

Exercise 9.23. Let S ⊂ P3 be a smooth surface of degree d, and let
{Xt ⊂ P3}t∈P1 be a general pencil of surfaces of degree e. How many of the
surfaces Xt are tangent to S? (Check your answer by comparing the case
d = 1 to the relevant case of Proposition 9.6.)
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Exercise 9.24. Let S ⊂ P3 be a smooth cubic surface, and L ⊂ S a line.
Let {Ct}t∈P1 be the pencil of conics on S cut out by the pencil of planes
{Ht ⊂ P3} containing L. How many of the conics Ct are singular? Use this
to answer to question: how many other lines on S meet L?

Exercise 9.25. Let p ∈ P2 be a point, and let {Ct ⊂ P2} be a general
pencil of plane curves singular at p—in other words, let F and G be two
general polynomials vanishing to order 2 at p, and take Ct = V (t0F +t1G).
How many of the curves Ct will be singular somewhere else?

Exercise 9.26. Let S = X1 ∩X2 ⊂ P4 be a smooth complete intersection
of hypersurfaces of degrees e and f . If {Ht ⊂ P4}t∈P1 is a general pencil
of hyperplanes in P4, how many of the hyperplane sections S ∩Ht will be
singular? (Equivalently: if Λ ∼= P2 ⊂ P4 is a general 2-plane, how many
tangent planes to S will intersect Λ in a line?)

Exercise 9.27. In case r = 1, show that Proposition 9.6 gives a special
case of the Hurwitz formula: if C is a smooth projective curve of genus g
and f : C → P1 a branched cover of degree d, the number b of branch
points of f is

b = 2d+ 2g − 2.

(In characteristic p > 0 we must as usual assume that f is tamely ram-
ified; that is, the characteristic does not divide any of the ramification
exponents.)

Exercise 9.28. Let X be a smooth projective threefold, and L a line
bundle on X. In analogy with the derivation of (??), find the Chern class
c3(P(L)).

Exercise 9.29. Let X ⊂ P4 be a smooth hypersurface of degree d. Using
the result of Exercise 9.28, find the number of singular hyperplane sections
of X in a pencil. Again, compare your answer to the result of Section 1.2.2.

Exercise 9.30. Let X ∼= P1 × P2 ⊂ P5 be the Segre threefold. Using the
result of Exercise 9.28, find the number of singular hyperplane sections of
X in a pencil. (Check: by Example ??, your answer should be 0.)

Exercise 9.31. Let S ⊂ Pr be a smooth surface, and W = H0(OPr (1))|S
the linear system cut by hyperplanes. Show that if S is ruled by lines, then

dim Σ3 > r − 4.

Exercise 9.32. Find an example of a smooth surface S ⊂ Pr with r ≥ 5
such that S is not ruled by lines, but such that if W = H0(OPr (1))|S is
the linear system cut by hyperplanes, then

dim Σ3 > r − 4.
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Exercise 9.33. Let X ⊂ Pr be a smooth n-fold and W = H0(OPr (l))|X
the linear series cut on X by hypersurfaces of degree l in Pr. Show that if
l ≥ m, then

dim Σm = dimPW + n−
(
m+ n− 1

n

)
.

Exercise 9.34. Let S = X1 ∩X2 ⊂ P4 be a smooth complete intersection
of hypersurfaces of degrees e and f . How many hyperplane sections of S
will have a triple point? (Check this in case e = f = 2!)

Exercise 9.35. Let (L,W ) be a linear series, and consider the “universal
m-fold point”

Σm = {(Y, p) ∈ PW ×X | multp Y ≥ m}.

We would expect that the fibers of π2 : Σm → X would have codimension(
m+n−1

n

)
in PW ∼= PN , and that Σm would correspondingly have dimen-

sion N +n−
(
m+n−1

n

)
. Actually, this may fail even when W is very ample.

The question of when the dimension estimate may fail is explored in Exer-
cises 9.31-9.33.

Assuming now that Σm has the expected dimension and that the pro-
jection Σm → PW is birational onto its image, show that the number
of elements Y in a general sub-linear series PW ⊂ PW of dimension
l =

(
m+n−1

n

)
− n that have an m-fold point is the degree of the Chern

class cn(Pm−1(L)).

Exercise 9.36. With notation as in Exercise 9.35 suppose that X is a
smooth surface with Chern classes c1, c2, and that the Chern class of L is
1 + λ. Show that

c2
(
P2(L)

)
= 15λ2 + 20c1λ+ 5c21 + 5c2,

by using the splitting principle to compute the class of Sym2(ΩS)⊗L, and
using the Whitney formula. This is our formula for the expected degree of
the locus π1(Σ3) ⊂ PW of curves with a triple point. For some applications,
see Exercises 9.34-13.19.

Exercise 9.37. An Eckhart point of a smooth cubic surface S ⊂ P3 is a
point p ∈ S where three lines of the cubic surface meet; that is, such that
S ∩ TpS consists of three concurrent lines.

(a) Show that a general cubic surface has no Eckhart points.

(b) Show that the locus Γ ⊂ P19 of cubic surfaces that do have an Eckhart
point is a hypersurface.

(c) Find the degree of Γ; that is, the number of cubic surfaces in a general
pencil that do have an Eckhart point.
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Exercise 9.38. How much of the analysis of Section 9.7.2 extends to the
case of an n-dimensional family Pn ⊂ P(OPn(d)) of hypersurfaces of degree
d in Pn?

Exercise 9.39. Let S ⊂ P3 be a general surface of degree d, and B a
general net of plane sections of S (that is, intersections of X with planes
containing a general point p ∈ P3. What are the degree and genus of the
curve Γ ⊂ S traced out by singular points of this net? What are the degree
and genus of the discriminant curve?

Exercise 9.40. Verify that for a general curve C ⊂ P2 of degree d the
number 3d(d− 2) is the actual number of flexes of C; that is, all inflection
points of C will have weight 1.

Exercise 9.41. Let {Ct = V (t0F + t1G)} be a general pencil of plane
curves of degree d ≥ 3; suppose C0 is a singular element of C (so that in
particular by Proposition 9.1, C0 will have just one node as singularity).
By our formula, C0 will have 6 fewer flexes than the general member Ct
of the pencil. Where do the other 6 flexes go? If we consider the incidence
correspondence

Φ = {(t, p) : Ct is smooth and p is a flex of Ct} ⊂ P1 × P2,

what is the geometry of the closure of Φ near t = 0?

Here are some special cases of the Plücker formula in higher-dimensional
space:

Exercise 9.42. Find the points on P1, if any, that are ramification points
for the maps

P1 3 (s, t) 7→ (s3, s2t, st2, t3 ∈ P3

and

P1 3 (s, t) 7→ (s4, s3t, st3, t4 ∈ P3.

Exercise 9.43. Show that the only smooth, irreducible and nondegenerate
curve C ⊂ Pr with no inflection points is the rational normal curve.

Exercise 9.44. Observe that in case g = 1 and d = r + 1—that is, the
curve is an elliptic normal curve E—the Plücker formula yields the number
(r + 1)2 of inflection points. Show that these are exactly the translates of
any one by the points of order r + 1 on E, each having weight 1.

Exercise 9.45. Let C be a smooth curve of genus g ≥ 2. A point p ∈ C
is called a Weierstrass point if there exists a nonconstant rational function
on C with a pole of order g or less at p and regular on C \ {p}.

(a) Show that the Weierstrass points of C are exactly the inflection points
of the canonical map ϕ : C → Pg−1; and
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(b) Use this to count the number of Weierstrass points on C.

For the following, let C ⊂ P2 be a plane curve and H ⊂ P2 its Hessian,
as defined in Section ??

Exercise 9.46. Let p ∈ C be a smooth point. Show that p is a flex of C
if and only if it’s a point of intersection of C with D.

Exercise 9.47. With p ∈ C as in the preceding exercise, show that the
weight of p as an inflection point is equal to the intersection multiplicity
mp(C · D), and deduce that a smooth plane curve has exactly 3d(d − 2)
flexes, counting weight.

Exercise 9.48. Now suppose C is a general singular curve, p ∈ C its node.
What is the intersection multiplicity of C with D at p? If C is special, under
what circumstances might mp(C ·D) be larger?

The following exercises deal with inflectionary points of weight greater
than 1. As we’ve asked you to verify in Exercise 9.40, a general plane curve
has only inflection points of weight 1. What about the curves that do have
a flex of order ≥ 2?

Exercise 9.49. Let PN be the space of all plane curves of degree d ≥ 4, and
let H ⊂ PN be the closure of the locus of smooth curves with a hyperflex.
Show that H is a hypersurface.

We’ll be able to calculate the degree of the hypersurface of Exercise 9.49
once we have developed the techniques of Chapter 13.

If we try to generalize these ideas, there are many open questions. For ex-
ample: Let H be any component of the Hilbert scheme parametrizing curves
in Pr whose general point corresponds to a smooth, irreducible nondegen-
erate curve C ⊂ Pr. Do all inflection points of C have weight 1?

Here is one case in which the answer is yes:

Exercise 9.50. Let C ⊂ Pr be a general complete intersection of hyper-
surfaces of degrees d1, . . . , dr−1 ≥ 2. Show that C has no inflection points
of weight 2 or more.

Exercise 9.51. Let S ⊂ P3 be a general surface of degree d ≥ 2, p ∈ S a
general point and H = TpS ⊂ P3 the tangent plane to S at p. Show that
the intersection H ∩ S has an ordinary double point at p.

Exercise 9.52. Let S = P1×P1, and let {Ct ⊂ S}t∈P1 be a general pencil
of curves of type (a, b) on S. Use the topological Hurwitz formula to say
how many of the curves Ct are singular. (Compare this with your answer
to Exercise 9.22.)
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Exercise 9.53. Let p ∈ P2 be a point, and let {Ct ⊂ P2} be a general
pencil of plane curves singular at p, as in Exercise 9.25. Use the topologi-
cal Hurwitz formula to count the number of curves in the pencil singular
somewhere else.

Exercise 9.54. Let S ⊂ P3 be a smooth surface of degree d, and let
{Xt ⊂ P3}t∈P1 be a general pencil of surfaces of degree e. Use the topo-
logical Hurwitz formula to count the number of surfaces Xt tangent to S.
(Compare this with your answer to Exercise 9.23.)

Exercise 9.55. Suppose now that {Ct ⊂ P2} is a pencil of plane curves
all of which are singular at a specific point p ∈ P2—in other words, let
F and G be two general polynomials vanishing to order 2 at p, and take
Ct = V (t0F + t1G). How many of the curves Ct will be singular somewhere
else?

Exercise 9.56. Let X ⊂ Pr be a general hypersurface of degree d, and
X0 ⊂ Pr a hypersurface of the same degree having one ordinary double
point as singularity. Show that

χtop(X0) = χtop(X) + (−1)r−1.

Exercise 9.57. Use the topological Hurwitz formula, and the preceding
exercise, to derive the formula of Proposition 9.6.

Exercise 9.58. Prove Proposition 9.18 directly in the case of a cusp and
a tacnode by analyzing the defining equations of the universal singular
point Σ ⊂ PN × P2 defined in Section 9.1. Can you deduce other cases of
Proposition 9.18 as well in this way?

Exercise 9.59. Similarly, prove Proposition 9.19 directly by analyzing the
equations of the universal singularity Σ ⊂ PN × P2.

Exercise 9.60. Let P5 be the space of conic plane curves, and D ⊂ P5

the discriminant hypersurface. Let C ∈ D be a point corresponding to a
double line. What is the multiplicity of D at C, and what is the tangent
cone?

Exercise 9.61. Let P14 now be the space of quartic plane curves, and D ⊂
P14 the discriminant hypersurface. Let C ∈ D be a point corresponding to
a double conic. What is the multiplicity of D at C, and what is the tangent
cone?

Exercise 9.62. Used the Hurwitz formula to prove Proposition 9.21: if Pn
is the space of polynomials of degree n on P1, D ⊂ Pn the discriminant
hypersurface and F ∈ D is a point corresponding to a polynomial with
exactly one double root pand d − 2 simple roots, show a general pencil
〈F,G〉 on P1 including F has b = 2d + 2g − 2 distinct branch points; and
that a general pencil of the form 〈F,G〉 with G(p) = 0 has exactly b− 1.
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Compactifying Parameter Spaces

Keynote Questions

(a) (Five Conic Problem): Given five general plane conics C1, . . . , C5 ⊂ P2,
how many smooth conics are tangent to all 5?

(b) Given 11 general points p1, . . . , p11 ∈ P2 in the plane, how many ratio-
nal quartic curves C ⊂ P2 contain them all?

All the applications of intersection theory to enumerative geometry ex-
ploit the fact that interesting classes of algebraic varieties—lines, hyper-
surfaces and so on—are parametrized by the points of an algebraic variety
themselves, the parameter space, and our efforts have all been toward count-
ing intersections on these spaces. But to use intersection theory to count
something, the parameter space must be projective (or at least proper) so
that we have a degree map, as defined in Chapter 1. In the first case we
treated in this book, that of the family of planes of a certain dimension in
projective space, the natural parameter space was the Grassmannian, and
the fact that it is projective is what makes the Schubert calculus so useful
for enumeration. When we studied the questions about hypersurfaces con-
taining lines, we were similarly concerned with parameter spaces that were
projective—either the projective space of hypersurfaces itself, or the uni-
versal hypersurface. These spaces have an additional feature of importance:
a universal family of the geometric objects we are studying, or what comes
to the same thing, the property of representing a functor we understand.
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This property is useful in many ways, first of all for understanding tangent
spaces, and thus transversality questions.

In many interesting cases, however, the “natural” parameter space for a
problem is not projective. To use the tools of intersection theory to count
something, we must add points to the parameter space to complete it to
a projective (or at least proper) variety. It is customary to call these new
points the boundary, although this is not a topological boundary in any
ordinary sense—the boundary points may look like any other point of the
space—and (more reasonably) to call the enlarged space a compactification
of the original space. If we are lucky, the boundary points of the compact-
ification still parametrize some sort of geometric object we understand. In
such cases we can use this structure to solve geometric problems. But as we
shall see, the boundary can also get in the way, even when it seems quite
natural. In such cases, we might look for a “better” compactification. . . but
just how to do this is a matter of art rather than of science.

Perhaps the first problem in enumerative geometry where this tension
became clear is the Five Conic Problem, which was solved in a naive way,
not taking the difficulty into account (and therefore getting the wrong an-
swer) by Steiner [1848], and again, with the necessary subtlety and correct
answers, by Chasles [1864]. In this case there is a very beautiful and clas-
sical construction of a good parameter space, the space of complete conics.
In this chapter we will explore the construction, and briefly discuss two
more general constructions: Hilbert schemes and Kontsevich spaces.

10.1 Approaches to the five conic problem

Conics in characteristic 2 are interesting, but rather different than conics in
characteristic not 2. For simplicity: We will assume throughout this chapter
that the characteristic of the ground field is not 2.

To reiterate the problem: Given five general plane conics C1, . . . , C5, how
many smooth conics are tangent to all five? Here is a naive approach:

(a) The set of plane conics is parametrized by P5. The locus of conics
tangent to each given Ci is an irreducible hypersurface Zi ⊂ P5, as one
sees this by considering the incidence correspondence

{(C, p) ∈ P5 × Ci | C a conic tangent to Ci at p}

Zi
� Ci,

π2

-
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and noting that the fibers of π2 are linear subspaces of P5 of codimen-
sion 3. (Here, “tangent to Ci at p” means mp(C · Ci) ≥ 2, that is, the
restriction to Ci of the defining equation of C vanishes to order at least
2 at p.)

(b) The degree of Zi is 6. To see this, we intersect Zi with a general line
in P5—that is, we take a general pencil of conics and count how many
are tangent to Ci. The conic Ci may be thought of as the embedding
of P1 in P2 by the complete linear system of degree 2. Thus a general
pencil of conics cuts out a general linear series on Ci of degree 4, and
the degree of the Zi is the number of divisors in this family with less
than 4 distinct points. The linear series defines a general map Ci → P1

of degree 4 with distinct branch points, and by Hurwitz’ theorem the
number of branch points of this map is 6.

(c) Thus the number of points of intersection of Z1, . . . Z5, assuming they
intersect transversely, will be 65 = 7, 776.

Alas, 7,776 is not the answer to the question we posed. The problem is
not hard to spot: so far from being transverse, the hypersurfaces Zi don’t
even meet in a finite set. To be sure, the part of the intersection within the
open set U ⊂ P5 of smooth conics (which is what we wanted to count) is
transverse, as we’ll verify below. The trouble is with the compactification:
we used the space of all (possibly singular) conics, and “excess” intersection
of the Zi takes place along the boundary.

In detail: the hypersurface Zi is the closure in P5 of the locus of smooth
conics C tangent to Ci. A smooth conic C is tangent to Ci exactly when
the defining equation F of C, restricted to Ci ∼= P1 and viewed as a quartic
polynomial on P1, has a multiple root. When we extend this characteri-
zation to arbitrary conics C we see that a double line is tangent to every
conic. Thus the five hypersurfaces Z1, . . . , Z5 ⊂ P5 will all contain the locus
S ⊂ P5 of double lines, which is a Veronese surface in the P5 of conics. As
we shall see, the intersection

⋂
Zi is the union of S and the finite set of

smooth conics tangent to the five Ci. The presence of this extra compo-
nent S means that the number we seek has little to do with the intersection
product

∏
[Zi] ∈ A5(P5).

There are at least three successful approaches to dealing with this issue:

Blowing up the excess locus. Suppose we are interested in intersections
inside some quasi-projective variety U , and we have a compactification V
of U ; in the example above U is the space of smooth conics, and V the
space of all conics. We could blow up some locus in the boundary V \ U
to obtain a new compactification. This is the classical way of separating
subvarieties of a given variety that we don’t want to meet. In the Five
Conic Problem we would blow up the surface S in P5 and consider the
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proper transforms Z̃i of the hypersurfaces Zi in the blow-up X = BlSP5.
If we are lucky (and in this case we are) we will have eliminated the excess
intersection—that is, the Z̃i will not intersect anywhere in the exceptional
divisor of the blow up ((If this were not the case we would have to blow up
the common intersection inside the first blowup again.) In our case the Z̃i
intersect transversely, and only inside U . To finish the argument, we could
determine the Chow ring A(X) of the blow-up, find the class ζ ∈ A1(X) of
the Z̃i, and evaluate the product ζ5 ∈ A5(X).

This approach has the virtue of being universally applicable, at least
in theory: any component of any intersection of cycles can be eliminated
by blowing up repeatedly. It is not too hard to carry out this attack in
the case of the the Five Conic Problem—see Griffiths and Harris [1979].
But often we cannot recognize the blowup as the parameter space of any
nice geometric objects, and this makes the computations less intuitive and
sometimes unwieldy. For example, if we look at cubics tangent to nine
curves rather than conics tangent to five, the problem analogous to the
Five Conic Problem, solved heuristically by Schubert in the 19th century
and rigorously in Aluffi [1990], requires multiple blow-ups of the space P9

of cubics and complex calculations. ****The following is really a variant
of the compactification argument!****

Excess intersection formulas. Excess intersection problems were al-
ready considered by Salmon in 1847, and were much generalized by Cayley
around 1868. The Excess Intersection Formula of Fulton and MacPherson
(Fulton [1984], Chapter 9) is a general formula that assigns to every con-
nected component of an intersection

⋂
Zi ⊂ X a class in the appropriate

dimension, in such a way that the sum of these classes (viewed as classes on
the ambient variety X via the inclusion) equals the product of the classes
of the intersecting cycles. The formula requires that all but at most one of
the subvarieties Zi are local complete intersections in X; in our case all are
hypersurfaces. We will give an exposition of the formula in Chapter 15, and
show in Section 15.6.1 how it may be applied to the five-conic problem, as
was originally carried out in Fulton and MacPherson [1978].

As a general method, excess intersection formulas are often an improve-
ment on blowing up. But, as with the blow-up approach, they require some
knowledge of the normal bundles (or, more generally, normal cones) of the
various loci involved.

Changing the parameter space. To understand what sort of compact-
ification is “right” for a given problem is, as we have said, an art. In the
case of the Five Conic Problem, we can take a hint from the fact that the
problem is about tangencies. The set of lines tangent to a nonsingular conic
is again a conic in the dual space (we will identify it explicitly below.) But
when a conic degenerates to the union of two lines or a double line, the dual
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conic seems to disappear!—the dual of a line is only a point. This leads us
to ask for a compactification of the space of smooth conics that preserves
information about limiting positions of tangents.

It turns out that a more general compactness argument can be used as
well, in cases (such as this one) where carefully chosen degenerations of the
data—in our case the conics Ci don’t cause the solutions to the problem
(in our case the conics tangent to all the Ci) to approach the “degenerate”
solutions that we are not interested in. ******For an approach related to
Schubert’s original ideas, which is capable of handling problems of tangency
and incidence for plane curves of any degree, see Fulton [1984] Section 10.4.)

There are at least two ways to make a compactification that encodes the
necessary information. One is to use the Kontsevich space. It parametrizes,
not subschemes of P2, but rather maps f : C → P2, with C a nodal curve of
arithmetic genus 0. This is an important construction, which generalizes to
a parametrization of curves of any degree and genus in any variety. We will
discuss it informally in the second half of this Chapter. But proving even
the existence of Kontsevich spaces requires a considerable development,
and we will not take this route; the reader will find an exposition in Fulton
and Pandharipande [1997].

The other way to describe a compactification of the space of smooth
conics that preserves the tangency information is through the idea of com-
plete conics. The space of complete conics is very well-behaved, and we
will spend the first half of this Chapter on this beautiful construction. It
turns out that the space we will construct is isomorphic to the Kontse-
vich space for conics (and, for that matter, to the blow-up BlSP5 of P5

along the surface of double lines), but generalizes in a different direction:
there are analogues for quadric hypersurfaces of any dimension, for linear
transformations (“complete colineations”) and more generally for symmet-
ric spaces (see De Concini and Procesi [1983], De Concini and Procesi
[1985], De Concini et al. [1988] and Bifet et al. [1990]), but not for curves
of higher degree or genus.

10.2 Complete conics

We begin with an informal discussion. Later in this section we will provide a
rigorous foundation for what we describe. Recall that the dual of a smooth
conic C ⊂ P2 is the set of lines tangent to C, regarded as a curve C∗ ⊂ P2∗.
As we shall see, C∗ is also a smooth conic (this would not be true in
characteristic 2.)
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10.2.1 Informal description

Degenerating the dual. Consider what happens to the dual conic as a
smooth conic degenerates to a singular conic—either two distinct lines or
a double line. That is, let C → B be a one-parameter family of conics with
parameter t, with Ct smooth for t 6= 0. Associating to each curve Ct the
dual conic C∗t ⊂ P2∗ we get a regular map from the punctured disc B \ {0}
to the space P5∗ of conics in P2∗. (If P2 = PV and P2∗ = PV ∗, the space
of conics on each are respectively P Sym2 V ∗ and P Sym2 V—in particular,
they’re naturally dual to one another, so if we write the former as P5 it
makes sense to write the latter as P5∗.) Since the space of all conics is
proper, this extends to a regular map on all of B—in other words, there
is a well-defined conic C∗0 = limt→0 C

∗
t . However, as we’ll see this limit

depends, in general, on the family C and not just on the curve C0: in other
words, the limit of the duals C∗t is not determined by the limit of the curves
Ct.

To provide a compactification of the space U of smooth conics that cap-
tures this phenomenon, we realize U as a locally closed subset of P5×P5∗:
as we’ll see in the following section, the map C 7→ C∗ is regular on smooth
conics, so U is isomorphic to the graph of the map U → P5∗ sending a
smooth conic C to its dual. In other words, we set

U = {(C,C∗) ∈ P5×P5∗ | C a smooth conic in P2 and C∗ ⊂ P2∗ its dual.}

The desired compactification, the variety of complete conics is the closure

X = U ⊂ P5 × P5∗.

The dual of the dual of a smooth conic is the original conic, as we shall soon
see (in fact the same statement holds for varieties much more generally, and
will be proven in Section 12.6) so the set U is symmetric under exchanging
P5 and P5∗. It follows that X is symmetric too. (As one consequence of
this symmetry, note that if (C,C∗) ∈ X and either C or C ′ is smooth, then
the other is too.) The set U ⊂ P5 of smooth conics is by definition dense
in X, and it follows that X is irreducible and of dimension 5 as well.

What happens when C is singular? Let’s first consider the case of a
family {Ct} of smooth conics approaching a conic C0 of rank 2, that is,
C0 = L∪M is the union of a pair of distinct lines; for example, the family
given (in affine coordinates on P2) as

C = {(t, x, y) ∈ B × P2 | y2 = x2 − t}

The picture makes it easy to guess what happens: any collection {Lt} of
lines with Lt tangent to Ct for t 6= 0 approaches a line L0 through the point
p = L∩M , and conversely any line L0 through p is a limit of lines Lt tangent
to Ct. (Actually, the second half follows from the first, given that the limit
C ′0 = limt→0 C

∗
t is one-dimensional.) Since C ′0 is by definition a conic, it
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FIGURE 10.1. Conics specializing to a conic of rank 2

must be the double of the line in P2∗ dual to the point p, irrespective of
the family {Ct} used to construct it, or of the positions of the lines L and
M .

Things are much more interesting when we consider a family of smooth
conics {Ct ⊂ P2} specializing to a double line C0 = 2L, and ask what the
limit limt→0 C

∗
t of the dual conics C∗t ⊂ P2∗ may be. One way to realize

such a family of conics is as the images of a family of maps ϕt : P1 → P2.
(We will see in Section ?? that any family of conics can be described in this
way locally in the étale or analytic topology on the base.) Such a family of
maps is given by a triple of polynomials (ft(x), gt(x), ht(x)), homogeneous
of degree 2 in x = (x0, x1), whose coefficients are regular functions in t. In
our present circumstances, our hypotheses say that f, g and h are linearly
independent (and so span H0(OP1(2))) for t 6= 0, but span only a two-
dimensional vector space W ⊂ H0(OP1(2)) for t = 0. For now, we’ll make
the additional assumption that the linear system W is base point free; the
case where it’s not will be dealt with below.

To see what the limit of the dual conics C∗t will be in this situation, let
u, v ∈ P1 be the ramification points of the map ϕW : P1 → P1 associated
to W (note that the map ϕ0 is just the composition of this map with
the inclusion of the target P1 as the line L ⊂ P2), and let p = ϕ0(u)
and q = ϕ0(v) ∈ L be their images. We claim that in this case the limit
limt→0 C

∗
t of the dual conics is the conic C∗0 = p∗ + q∗ ⊂ P2∗ consisting of

lines through p and lines through q.
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FIGURE 10.3. The family of conics y2 = t(x2 − 2y)

To prove this, let r ∈ P2 be any point not in L and not in all curves Ct,
and let πr : P2 → L be the projection from r to L. The composition πr◦ϕt :
P1 → L is the degree 2 map associated to a 2-dimensional vector space
Wt ⊂ H0(OP1(2)); let ut, vt ∈ P1 be the ramification points of this map
and pt, qt ∈ L the corresponding branch points. As t→ 0, the linear system
Wt approaches the linear system W ; correspondingly, the divisor ut + vt
approaches u+ v and pt + qt approaches p+ q. In other words, the tangent
lines to Ct passing through r—which are exactly the lines r ϕt(ut) = r pt
and r ϕt(vt) = r qt—approach the lines r p and r q, independently of r. Thus
every line through p or q is a limit of tangent lines to Ct, and conversely.

It is important to note that in this situation, unlike the case where C0

is the union of two distinct lines, the limit of the dual conics C∗t is not
determined by the conic C0. As we’ll see in Section ?? below, the points p
and q may be any pair of points of L, depending on the path along which
Ct approaches C0.

The remaining case to consider is when the branch points pt, qt ∈ L of the
maps πr ◦ ϕt approach the same point p ∈ L. (Typically, this corresponds
to the case where W has a base point: when W has a base point u, the
ramification of W is concentrated at this point, which must then be the
limit as t → 0 of both the ramification points ut and vt of Wt.) In this
case, the same logic shows that the limit of the dual conics C∗t will be the
double 2p∗ of the line p∗ ⊂ P2∗ dual to the image point p = ϕ0(u).
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Types of complete conics. In conclusion, there are four types of com-
plete conics, that is, points (C,C ′) ∈ X:

(a) C and C ′ are both smooth, and C ′ = C∗. We will call these smooth
complete conics.

(b) C = L∪M is of rank 2, and C ′ = 2p∗, where p∗ ⊂ P2∗ is the line dual
to p = L ∩M ;

(c) C = 2L is of rank 1, and C ′ = p∗ ∪ q∗ is the union of the lines in P2∗

dual to two points p, q ∈ L; or

(d) C = 2L is of rank 1, and C ′ = 2p∗ is the double of the line in P2∗ dual
to a point p ∈ L.

Note that the description is exactly the same if we reverse the roles of C
and C ′, except that the second and third types are exchanged. Note also
that the points of each type form a locally closed subset of X, with the
first open and the last closed; and all four are orbits of the action of PGL3

on P5 × P5∗.

As we have already explained, the locus of complete conics of type (a)
is isomorphic to U ; in particular, it has dimension 5. It is easy to see that
those of type (b) are determined by the pair of lines L,M , and thus form a
set of dimension 4. By symmetry (or inspection) the same is true for type
(c). Finally, those of type (d) are determined by the line L and the point
p ∈ L; thus these form a set of dimension 3, which is in fact the intersection
of the closures of the sets of points described in (b) and (c).

10.2.2 Rigorous description

Let’s now verify all these statements, using the equations defining the locus
X ⊂ P5 × P5∗. We could do this explicitly in coordinates, but it will save
a great deal of ink if we use a little multilinear algebra. The reader to
whom this is new will find more than enough background in Appendix 2
of Eisenbud [1995]. The multilinear algebra allows us to treat some basic
properties in all dimensions with no extra effort, so we begin with some
general results about duality for quadrics.

Duals of quadrics. Let V be a vector space. Recall that, since we are
assuming the characteristic of the ground field K is not 2, the following
three notions are equivalent:

• A symmetric linear map ϕ : V → V ∗;

• A quadratic map q : V → K;

• An element q′ ∈ Sym2(V ∗).
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Explicitly, if we start with a symmetric map ϕ : V → V ∗ then we take
q(x) = 〈ϕ(x), x〉, and the element q′ ∈ Sym2(V ∗) comes about from the
identification of Sym(V ∗) with the ring of polynomial functions on V .

Any one of these objects, if nonzero, defines a quadric hypersurface Q ⊂
PV , defined as the zero locus Q = V (q) of q, or equivalently the locus

{v ∈ P(V ) : 〈ϕ(v), v〉 = 0},

where we abuse notation and use the same symbol v to denote both a
nonzero vector v ∈ V and the corresponding point in PV . The quadric
Q ⊂ PV will be smooth if and only if ϕ is an isomorphism; more generally,
the singular locus of Q will be the (projectivization of the) kernel of ϕ.
The rank of Q is defined to be, equivalently, the rank of the linear map
ϕ, or n − dim(Qsing) (where we adopt, for the present purposes only, the
convention that dim(∅) = −1); another way to characterize it is to say
that a quadric of rank k is the cone, with vertex a linear space Qsing

∼=
Pn−k ⊂ Pn, over a smooth quadric hypersurface Q ⊂ Pk−1.

Now, recall from Section ?? that the dual of any variety X ⊂ Pn is
defined to be the closure, in Pn∗, of the locus of hyperplanes tangent to X
at a smooth point of X. (It is not, in particular, the set of H such that
H∩X is singular). Given the description in the last paragraph of a quadric
Q of rank k as a cone, we see that the dual of a quadric of rank k has
dimension k− 2. That said, we ask: what, in these terms, is the dual to Q?

To state the result, recall that if ϕ : V →W is any map of vector spaces
of dimension n + 1 then there is a cofactor map ϕc : W → V represented
by a matrix whose entries are signed n×n minors of ϕ, satisfying ϕ ◦ϕc =
det(ϕ)IdW and ϕc ◦ϕ = det(ϕ)IdV . In invariant terms, ϕc is the composite

W ∼= ∧nW ∗
∧nϕ∗- ∧n V ∗ ∼= V

where the identifications W ∼= ∧nW ∗ and ∧nV ∗ ∼= V are defined by choices
of nonzero vectors in the 1-dimensional spaces ∧n+1W and ∧n+1V ∗ respec-
tively. Note that when the rank of ϕ is < n the map ϕc is zero.

In the following we will abuse notation by using the same symbols for
nonzero vectors in V and the points of P(V ) that they represent.

Proposition 10.1. Let Q ⊂ P(V ) = Pn be the quadric corresponding to
the symmetric map ϕ : V → V ∗, and let v ∈ V be a nonzero vector such
that 〈ϕ(v), v〉 = 0, so that v ∈ Q. The tangent hyperplane to Q at v is

TvQ = {w ∈ P(V ) | 〈ϕ(v), w〉 = 0}.

The dual of Q is thus

Q∗ = {ϕ(v) ∈ P(V ∗) | v ∈ Q and ϕ(v) 6= 0}.
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In particular, if Q is nonsingular (that is, if the rank of ϕ is n + 1), then
Q∗ is the image ϕ(Q) of Q under the induced map ϕ : PV → PV ∗, and Q∗

is the quadric corresponding to the cofactor map ϕc.

On the other and, if the rank of Q is n, and Qc is the quadric corre-
sponding to the cofactor map ϕc, then Qc is the unique double hyperplane
containing Q∗; that is, the support of Qc is the hyperplane corresponding
to the annihilator of the singular point of Q.

Proof. For any w ∈ V , the line vw ⊂ PV spanned by v and w is tangent
to Q at v if and only if

〈ϕ(v + εw), v + εw〉 = 0 mod(ε2)

Expanding this out we get

〈ϕ(w), v〉+ 〈ϕ(v), w〉 = 0

and by the symmetry of ϕ and the assumption that we are not in charac-
teristic 2 this is the case if and only if

〈ϕ(v), w〉 = 0,

proving the first statement and identifying the dual variety as Q∗ = ϕ(Q).

Suppose the rank of Q is n or n + 1. Let ϕc be the matrix of cofactors
of ϕ, so that ϕcϕ = detϕ ◦ I, where I is the identity map. Since rankQ =
rankϕ ≥ n, the map ϕc is nonzero. The quadric Qc is by definition the set
of all w ∈ V ∗ such that 〈w,ϕc(w) = 0. If v ∈ Q then

〈ϕ(v), ϕcϕ(v)〉 = (detϕ)〈ϕ(v), v〉 = 0,

so ϕ(Q) is contained in Qc.

If rankϕ = n+1, so that ϕ is an isomorphism, then Q∗ = ϕ(Q) is again a
quadric hypersurface, and we must have Q∗ = Qc. If rankϕ = n then since
ϕcϕ = 0 the rank of ϕc is 1, and the associated quadric is a double plane.
On the other hand, Q is the cone over a nonsingular quadric in Pn−1, and
Q∗ is the dual of that quadric inside a hyperplane (corresponding to the
vertex of Q) in Pn∗. Thus Q∗ spans the plane contained in Qc.

The following easy consequence will be useful for the Five Conic Problem.

Corollary 10.2. If Q and Q′ are smooth quadrics, then Q and Q′ have
the same tangent hyperplane l = 0 at some point of intersection v ∈ Q∩Q′
if and only if Q∗ and Q′∗ have the common tangent hyperplane v = 0 at
the point of intersection l ∈ Q∗ ∩Q′∗. In particular, if D is a smooth plane
conic then the divisor ZD ⊂ X, which is the closure of the set of complete
conics (C,C ′) such that C is smooth and tangent to D is equal to the divisor
defined similarly starting from the dual conic D∗.
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Proof. Suppose that Q,Q′ correspond to symmetric maps ϕ and ψ. Since
the tangent planes at v are the same, Proposition 10.1 shows that ϕ(v) =
ψ(v) ∈ Q∗ ∩ Q′∗. Since v = ϕ−1(ϕ(v)) = ψ−1(ψ(v)) ∼ ψ−1(ϕ(v)), we see
that Q∗ and Q′∗ are in fact tangent at ϕ(v). (In addition to the fact that
the duality interchanges points and planes, we are really proving that the
dual of Q∗ is Q, and similarly for Q′. Such a thing is actually true for any
nondegenerate variety, as we will see in Section 12.6.)

The second statement follows at once from the first.

Equations for the variety of complete conics. We now return to the
case of conics in P2, and suppose that V is 3-dimensional.

Proposition 10.3. The variety

X ⊂ P(Sym2 V ∗)× P(Sym2 V ) = P5 × P5∗

of complete conics is smooth and irreducible. Thinking of (ϕ,ψ) ∈ P5×P5∗

as coming from a pair of symmetric matrices ϕ : V → V ∗ and ψ : V ∗ → V ,
the scheme X is defined by the ideal I generated by the 8 bilinear equations
specifying that the product ψ◦ϕ has its diagonal entries equal to one another
(two equations) and its off-diagonal entries equal to zero (6 equations).

(For the experts: It follows from the Proposition that the ideal I has codi-
mension 5, and that its saturation, in the bihomogeneous sense, is prime.
Computation shows that (in characteristic 0, anyhow) the polynomial ring
modulo I is Cohen-Macaulay. With the Proposition, this implies that I is
prime. In particular, I is preserved under the interchange of factors ϕ and
ψ, which does not seem evident from the form given.)

Proof. Let Y be the subscheme defined by the given equations. We first
show that Y agrees set-theoretically with X on at least the locus of those
points (ϕ,ψ) where rankϕ ≥ 2 or rankψ ≥ 2, that is, where ϕ or ψ
corresponds to a smooth conic or the union of two distinct lines. On the
locus of smooth conics, ϕ has rank 3 and (ϕ,ψ) ∈ Y if and only if ψ = ϕ−1

up to scalars, so Proposition 10.1 shows that the dual conic is defined by
ψ. Moreover, if the rank of ϕ is 2, and (ϕ,ψ) ∈ Y then we see from the
equations that ψ ◦ ϕ = 0. Up to scalars, ψ = ϕc is the unique possibility,
and again Proposition 10.1 shows that the corresponding conic C ′ is the
dual of C. To see the uniqueness (up to scalars) in terms of matrices, note
that in suitable bases

ϕ =

1 0 0

0 1 0

0 0 0

 ,
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and the symmetric matrices annihilating the image have the form

ψ =

0 0 0

0 0 0

0 0 a

 = aϕc.

The same arguments show that when rankψ ≥ 2 then ϕ = ψc and again
they correspond to dual conics. (Note that, since rankψc = 1 on this locus
we do not have ψ = ϕc there.)

Since X is defined as the closure of U , we see now in particular that
X ⊂ Y . We will show next that Y is smooth of dimension 5 locally at any
point (ϕ,ψ) ∈ Y where both ϕ and ψ have rank 1. We will use this to show
that Y is everywhere smooth of dimension 5.

To this end, suppose that (ϕ,ψ) ∈ Y and that both ϕ and ψ have rank 1.
The tangent space to Y at the point (ϕ,ψ) may be described as the locus
of pairs of symmetric matrices α : V → V ∗, β : V ∗ → V such that

(ψ + εβ) ◦ (ϕ+ εα) mod(ε2)

has its diagonal entries equal and its off-diagonal entries zero. Since both
ϕ and ψ have rank 1, the rank of ψ ◦ α + β ◦ ϕ is at most 2, so this is
equivalent to saying that

ψ ◦ α+ β ◦ ϕ = 0.

We must show that this linear condition on the entries of the pair (α, β) is
equivalent to 5 independent linear conditions. In suitable coordinates the
maps ϕ,ψ will be represented by the matrices

ϕ =

1 0 0

0 0 0

0 0 0

 , ψ =

0 0 0

0 1 0

0 0 0

 .

Multiplying out, we see that

ψ ◦ α =

 0 0 0

α2,1 α2,2 α2,3

0 0 0

 , β ◦ ϕ =

β1,1 0 0

β2,1 0 0

β3,1 0 0

 .

Thus the equation ψα+βϕ = 0 is equivalent to the equations α2,1+β2,1 = 0
and α2,2 = α2,3 = β1,1 = β3,1 = 0; five independent linear conditions, as
required.

To complete the proof of smoothness, note that Y is preserved scheme-
theoretically by the action of the orthogonal group G. (Proof: if (ϕ,ψ) ∈ Y
and α is orthogonal, then (αϕα∗, αψα∗) ∈ Y since α∗α = 1. Any closed
point on Y where rankϕ ≥ 2 degenerates under the action of G to a point
where rankϕ = 1. (Proof: If α is orthogonal, that is, αα∗ = 1, then the
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matrix ϕψ is diagonal if and only if αϕα∗αψα∗ = αϕψα∗ is diagonal. Thus,
in a basis for which ϕ is diagonal, stretching one of the coordinates will
make the correponding entry of ϕ approach zero, and ψ = ϕc moves at the
same time; a similar argument works when rankψ ≥ 2.) Consequently, if
the singular locus of Y were not empty it would have to intersect the locus
of pairs of matrices of rank 1, and we have seen that this is not the case.

To complete the proof that equal to X scheme-theoretically it is enough
to show that the open of Y where each of ϕ and ψ have rank 3, along which
Y is equal to X, is dense in Y . We use the fact that each point (ϕ,ψ) of
Y corresponds to a unique pair of quadrics (Q,Q′). When ϕ has rank 2, Q
corresponds to a pair of distinct lines, and Q′ is uniquely determined. Thus
this set is 4-dimensional. The same goes for the case when ψ has rank 2.
On the other hand, when both ϕ and ψ have rank 1, Q is the double of
a line L and Q′ is the double of a line corresponding to one of the points
of L; thus this set is only 3-dimensional. Since Y is everywhere smooth of
dimension 5, any component of Y must intersect the set where ϕ and ψ
have rank 3, as required.

The classification of the points of X into the four types above follows
from Proposition 10.3: if (ϕ,ψ) ∈ Y , then:

(a) (smooth complete conics) If ϕ is of rank 3, then ψ must be its inverse;

(b) If ϕ is of rank 2, then (since X is symmetric) the products ψ ◦ ϕ and
ϕ ◦ψ must both be zero; it follows that ψ is the unique (up to scalars)
symmetric map V ∗ → V whose kernel is the image of ϕ and whose
image is the kernel of ϕ;

(c) If ϕ is of rank 1, ψ may have rank 1 or 2; if the latter, it may be any
symmetric map V ∗ → V whose kernel is the image of ϕ and whose
image is the kernel of ϕ; and finally

(d) If ϕ and ψ both have rank 1, they simply have to satisfy the condition
that the kernel of ψ contains the image of ϕ and vice versa.

10.2.3 Solution to the five conic problem

Now that we’ve established that the space X of complete conics is smooth
and projective, we’ll show how to solve the Five Conics Problem. To any
smooth conic D ⊂ P2 we associate a divisor Z = ZD ⊂ X, which we define
to be the closure in X of the locus of pairs (C,C∗) ∈ X with C smooth
and tangent to D, and let ζ = [ZD] ∈ A1(X) be its class. We will address
each of the following issues:

Outline.
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(a) We have to show that in passing from the “naive” compactification P5

of the space U of smooth conics to the more sensitive compactification
X, we have in fact eliminated the problem of extraneous intersection: in
other words, that for five general conics Ci the corresponding divisors
ZCi ⊂ X intersect only in points (C,C ′) ∈ X with C and C ′ = C∗

smooth.

(b) We have to show that the five divisors ZCi are transverse at each point
where they intersect.

(c) We have to determine the Chow ring of the space X, or at least the
structure of a subring of A∗(X) containing the class ζ of the hypersur-
faces ZCi we wish to intersect;

(d) We have to identify the class ζ in this ring and find the degree of the
fifth power ζ5 ∈ A5(X).

Complete conics tangent to five general conics are smooth. We
begin by recalling that X is symmetric under the operation of interchanging
the factors P5 and P5∗.

Let’s start by showing that no complete conic (C,C ′) of type (b) lies in
the intersection of the divisors Zi = ZCi associated to five general conics
Ci. The first thing we need to do is to describe the points (C,C ′) of type
(b) lying in ZD for a smooth conic D. This is straightforward: if C = L∪M
is a conic of rank 2 which is a limit of smooth conics tangent to D, then C
also must have a point of intersection multiplicity 2 or more with D; thus
either L or M is a tangent line to D, or the point p = L ∩M lies on D.
(Note that by symmetry, a similar description holds for the points of type
(c): the complete conic (2L, p∗ + q∗) will lie on ZD only if L is tangent to
D, or p or q lie on D.)

We now show that no complete conic (C,C ′) of type (b) lies in the
intersection of the divisors Zi = ZCi associated to five general conics Ci.
Write C = L ∪ M , and set p = L ∩ M . We note that since the Ci are
general, no three are concurrent; this p can lie on at most two of the conics
Ci. We’ll proceed by considering the cases in turn

(a) p lies on none of the conics Ci. This is the most immediate case: since
the conics C∗i are also general, it is likewise the case that no three of
them are concurrent. In other words, no line in the plane is tangent to
more than two of the Ci; and correspondingly (L ∪M,p) ∈ ZCi for at
most 4 of the Ci.

(b) p lies on two of the conics Ci, say C1 and C2. Since C3, C4 and C5 are
general with respect to C1 and C2, none of the finitely many lines
tangent to two of them passes through a point of C1 ∩C2; thus L and
M can each be tangent to at most one of the conics C3, C4 and C5,
and again we see that (L ∪M,p) ∈ ZCi for at most 4 of the Ci.
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FIGURE 10.5.

(c) p lies on exactly one of the conics Ci, say C1. Now, since C1 is general
with respect to C2, C3, C4 and C5, it will not contain any of the finitely
many points of pairwise intersection of lines tangent to two of them.
Thus L and M can’t each be tangent to two of the conics C2, . . . , C5,
and once more we see that (L ∪M,p) ∈ ZCi for at most 4 of the Ci.

Thus no complete conic of type (b) can lie in the intersection of the ZCi ;
and by symmetry no complete conic of type (c) can either.

It remains to verify that no complete conic (C,C ′) of type (d) can lie in
the intersection

⋂
ZCi , and again we have to start by characterizing the

intersection of a cycle Z = ZD with the locus of complete conics of type
(d).

To do this, write an arbitrary complete conic of type (d) as (2M, 2q∗),
with q ∈ M . If (2M, 2q∗) ∈ ZD, then there is a one-parameter family
(Ct, C

′
t) ∈ ZD with Ct smooth and C ′t = C∗t for t 6= 0, and with (C0, C

′
0) =

(2M, 2q∗); let pt ∈ Ct ∩D be the point of tangency of Ct with D and set
p = limt→0 pt ∈M . The tangent line TptCt = TptD to Ct at pt will have as
limit the tangent line L to D at p so L ∈ q∗. Thus both p and q are in both
L and M . If p = q then in particular q ∈ D. On the other hand, if p 6= q
then we must have M = p q = L, so M ∈ D∗. We conclude, therefore, that
a complete conic (2M, 2q∗) of type (d) can lie in ZD only if either q ∈ D
or M ∈ D∗.

Given this, we see that the first condition (q ∈ Ci) can be satisfied for at
most two of the Ci, and the latter (M ∈ C∗i ) likewise for at most two; thus
no complete conic (2M, 2q∗) of type (d) can lie in ZCi for all i = 1, . . . , 5.
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Transversality. In order to prove that the cycles ZCi ⊂ X intersect trans-
versely when the conics C1, . . . , C5 are general we need a description of the
tangent spaces to the ZCi at points of ∩ZCi . We have just shown that
such points are represented by smooth conics, and the open subscheme
parametrizing smooth conics is the same whether we are working in P5 or
in the space of complete conics, so we may express the answer in terms of
the geometry of P5.

Lemma 10.4. Let D ⊂ P2 be a smooth conic curve, and Z◦D ⊂ P5 the
variety of smooth plane conics C tangent to D.

(a) If C has a point p of simple tangency with D and is otherwise transverse
to D, then Z◦D is smooth at [C]; and

(b) In this case, the projective tangent plane T[C]Z
◦
D to Z◦D at [C] is the

hyperplane Hp ⊂ P5 of conics containing the point p.

Proof. First, identify D with P1 and consider the restriction map

H0(OP2(2))→ H0(OD(2)) = H0(OP1(4)).

This map is surjective, with kernel the one-dimensional subspace spanned
by the section representing D itself. In terms of projective spaces, the re-
striction induces the linear projection map

πD : P5 = PH0(OP2(2))→ PH0(OP1(4)) = P4

from the point D ∈ P5 to P4. The closure Z◦D in P5 is thus the cone, with
vertex D ∈ P5, over the hypersurface D ⊂ P4 of singular divisors in the
linear system |OP1(4)|; and Lemma 10.4 will follow directly from the

Proposition 10.5. Assume the characteristic is not 2. Let Pn = PH0(OP1(d))
be the space of polynomials of degree n on P1, and D ⊂ Pn the discrim-
inant hypersurface, that is, the locus of polynomials with a repeated root.
If F ∈ D is a point corresponding to a polynomial with exactly one double
root p and d−2 simple roots, then D is smooth at F with tangent space the
space of polynomials vanishing at p.

Proof. Note that we have already seen this statement: it’s the content of
Proposition 9.21 (proved in Exercise 9.62). For another proof, in local co-
ordinates and more general characteristic, we can introduce the incidence
correspondence

Ψ = {(F, p) ∈ Pn × P1 | ordp(F ) ≥ 2},

and write down its equations in local coordinates (a, x) in Pn × P1: Ψ is
the zero locus of the polynomials

R(a, t) = xn + an−1x
n−1 + · · ·+ a1x+ a0
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and

S(a, t) = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ 2a2x+ a1.

Evaluated at a general point (a, x) where a1 = a0 = x = 0, all the partial
derivatives of R and S vanish except ∂R

∂a1

∂R
∂a0

∂R
∂x

∂S
∂a1

∂S
∂a0

∂S
∂x

 =

0 1 0

1 0 2a2

 .

The fact that the first 2×2 minor is nonzero assures us that Ψ is smooth at
the point, and the fact that a2 6= 0 and the characteristic is not 2 assures
us that the differential dπ : T(a,0)Ψ → TaPn of the projection π : D → Pn
is injective, with image the plane a0 = 0. Finally, the fact that π is one-
to-one at such a point tells us the image D = π(Ψ) is smooth at the image
point.

Getting back to the statement of Lemma 10.4, if C =⊂ P2 is a conic
with a point p of simple tangency with D and is otherwise transverse to D,
then by Lemma 10.5 D is smooth at the image point in P4, with tangent
space the space of polynomials vanishing at p. Since ZD is the cone over D
it follows that ZD is smooth at C; the tangent space statement follows as
well.

In order to apply Lemma 10.4, we need to establish some more facts
about a conic tangent to five general conics:

Lemma 10.6. Let C1, . . . , C5 ⊂ P2 be general conics, and C ⊂ P2 any
smooth conic tangent to all five. Each conic Ci is simply tangent to C at a
point pi and otherwise transverse to C; and the points pi ∈ C are distinct.

Proof. Let U be the set of smooth conics and consider incidence correspon-
dences

Φ =
{

(C1, . . . , C5;C) ∈ (U5 × U) | each Ci is tangent to C
}

⊂ Φ′ =
{

(C1, . . . , C5;C) ∈ ((P5)5 × U) | each Ci is tangent to C
}

The set Φ is an open subset of the set Φ′. Since U is irreducible of dimension
5 and the projection map Φ′ → U on the last factor has irreducible fibers
(ZC)5 of dimension 20, we see that Φ′, and thus also Φ, is irreducible of
dimension 25.

There are certainly points in Φ where the conditions of the Lemma are
satisfied: just choose a conic C and five general conics Ci tangent to it.
Thus the set of (C1, . . . , C5;C) ∈ Φ where the conditions of the Lemma are
not satisfied is a proper closed subset, and as such it can have dimension at
most 24, and cannot dominate U5 under the projection to the first factor.
This proves the Lemma.



10.2 Complete conics 407

To complete the argument for transversality, let [C] ∈ ∩ZCi be a point
corresponding to the conic C ⊂ P2. By Lemma 10.6 the points pi of tan-
gency of C with the Ci are distinct points on C. Since C is the unique conic
through these five points, the intersection of the tangent spaces to ZCi at
[C] ⋂

T[C]ZCi =
⋂
Hpi = {[C]}

is zero-dimensional, proving transversality.

10.2.4 Chow ring of the space of complete conics

Having confirmed that the intersection
⋂
ZCi indeed behaves well, let us

turn now to computing the intersection number. We start by describing the
relevant subgroup of the Chow group A(X).

First, let α and β ∈ A1(X) be the pullbacks to X ⊂ P5 × P5∗ of the
hyperplane classes on P5 and P5∗. These are respectively represented by
the divisors

Ap = {(C,C∗) : p ∈ C}

(for any point p ∈ P2), and

BL = {(C,C∗) : L ∈ C∗}

(for any point L ∈ P2∗).

Also, let γ, ϕ ∈ A4(X) be the classes of the curves Γ and Φ that are the
pullbacks to X of general lines in P5 and P5∗. These are the classes of the
loci of complete conics (C,C∗) such that C contains four general points in
the plane, and such that C∗ contains four lines.

Lemma 10.7. The group A1(X) of divisor classes on X has rank 2, and is
generated over the rationals by α and β. The intersection number of these
divisors with Γ and Φ are given by the table

(α β

γ 1 2
ϕ 2 1

)
Proof. We first show that the rank of A1(X) is at most two. The open
subset U ⊂ X of pairs (C,C∗) with C and C∗ smooth is isomorphic to the
complement of a hypersurface in P5, and hence has torsion Picard group:
any line bundle on U extends to a line bundle on P5, a power of which is
represented by a divisor supported on the complement P5 \U . Thus, if L is
any line bundle on X, a power of L is trivial on U and hence represented
by a divisor supported on the complement X \ U . But the complement of
U in X has just two irreducible components, the closures D2 and D3 of the
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loci of complete conics of type (b) and (c). Any divisor class on X is thus
a rational linear combination of the classes of D2 and D3, from which we
see that the rank of the Picard group of X is at most 2.

Since passing through a point is one linear condition on a quadric we
have deg(αγ) = 1 and dually deg(βϕ) = 1. Arguing as for the degree of the
divisor ZCi above, we get deg(αϕ) = 2 and again by duality deg(βγ) = 2.
Since the matrix of intersections between α, β and γ, ϕ is nonsingular, we
conclude that α and β generate Pic(X)⊗Q.

The class of the divisor of complete conics tangent to C. It follows
from Lemma 10.7 that we can write ζ = pα + qβ ∈ A1(X) ⊗ Q for some
p, q ∈ Q. To compute p and q we use the fact that, restricted to the open
set U ⊂ X, the divisor Z is a sextic hypersurface; it follows that deg ζγ =
p+ 2q = 6, and since ζ is symmetric in α and β we get deg ζγ = q+ 2p = 6
as well. Thus

ζ = 2α+ 2β ∈ A1(X)⊗Q.

From this we see that deg(ζ5) = 32 deg(α+β)5, and it suffices to evaluate
degα5−iβi ∈ A5(X) for i = 0 . . . 5. By symmetry, it’s enough to do this for
i = 0, 1 and 2.

We will use the fact that the projection of X ⊂ P5 × P5∗ onto the first
factor is an isomorphism on the set of pairs U1 consisting of the pairs
of quadrics (Q,Q′) such that rankQ ≥ 2. Since all conics passing through
three given general points have rank ≥ 2, the intersections needed will occur
only in U1. Since the degree of a zero-dimensional intersection is equal to
the degree of the intersection scheme, this implies that we can make the
computations on P5 instead of on X. For this we will use Bézout’s theorem.

i=0: Passing through a point is a linear condition on quadrics. There is a
unique quadric through 5 general points, and the intersection of five
hyperplaces in P5 has degree 1, so deg(α5) = 1.

i=1: The quadrics tangent to a given line form a quadric hypersurface in
P5. Since not conics in the 1-dimensional linear space of conics through
4 general points will be tangent to a general line, deg(α4β) = 2.

i=2: Similarly, we see that the conics passing through three given general
points and tangent to a general line form a conic curve in U1 ⊂ P5. Not
all these conics are tangent to another given general line. (For example,
after fixing coordinates we may think of circles as the conics passing
through the points ±

√
−1 on the line at ∞. Certainly there are circles

through a given point and tangent to a given line that are not tangent
to to another given line.) It follows that deg(α3β2) is the degree of the
zero-dimensional intersection of a plane with two quadrics, that is, 4.
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Thus

deg((α+ β)5) =

(
5

0

)
+ 2

(
5

1

)
+ 4

(
5

2

)
+ 4

(
5

3

)
+ 2

(
5

4

)
+

(
5

5

)
= 1 + 10 + 40 + 40 + 10 + 1

= 102

and correspondingly,

ζ5 = 25 · 102 = 3264.

This proves:

Theorem 10.8. There are 3264 plane conics tangent to five general plane
conics.

Of course, the fact that we are imposing the condition of being tangent
to a conic is arbitrary; we can use the space of complete conics to count
conics tangent to five general plane curves of any degree, as Execises 10.10
and 10.11 show; and indeed we can extend this to the condition of tangency
with singular curves, as Exercises 10.12-10.14 indicate.

10.3 Complete quadrics

There are beautiful generalizations of the construction of the space of com-
plete conics to the case of quadrics in Pn and more general bilinear forms or
homomorphisms. The paper Laksov [1987] gives an excellent account and
many references. Here is a sketch of the beginning of the story. As usual
we restrict ourselves the the case where the ground field has characteristic
6= 2.

As in the case of conics, we represent a quadric in Pn = P(V ) by a
symmetric transformation ϕ : V → V ∗, or equivalently a symmetric bilinear
form in Sym2(V ∗). To this transformation we associate the sequence of
symmetric transformations

ϕi : ∧iV → ∧i(V ∗) = (∧iV )∗ for i = 1, . . . , n.

Here the identification ∧i(V ∗) = (∧iV )∗ is canonical—see for example
Eisenbud [1995], Section ****.

We think of ϕi as an element of Sym2(∧i(V ∗), and we define the variety
of complete quadrics in Pn, which we will denote by Φ, to be the closure in

n∏
i=1

P(Sym2(∧i(V ∗))

of the image of the set of smooth quadric under the map ϕ 7→ (ϕ1, . . . , ϕn).
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The space P(∧i(V ∗)) in which the quadric corresponding to ϕi lies is the
ambient space of the Grassmannian Gi of (i− 1)-planes in Pn, and in fact
an (i − 1)-plane Λ ⊂ Pn is tangent to Q if the point [Λ] ∈ Gi lies in this
quadric.

From the definition we see that Φ has an open set U isomorphic to the
open set corresponding to quadrics in the projective space of quadratic
forms on Pn. As with the case of complete conics, there is a beautiful
description of the points that are not in U .

To start, let Pn = PV and consider a flag V of subspaces of V of arbitrary
length r and dimensions k = {k1 < · · · < kr}:

0 ⊂ Vk1
⊂ Vk2

⊂ · · · ⊂ Vkr ⊂ V.

Now consider the variety Fk of pairs (V, Q) where V is a flag as above, and
Q = (Q1, . . . , Qr+1), with Qi a smooth quadric hypersurface in the projec-
tive space P(Vki/Vki−1

); this is an open subset of a product of projective
bundles over the variety of flags V. We have then

Proposition 10.9. There is a stratification of Φ whose strata are the va-
rieties Fk, where k ranges over all strictly increasing sequences 0 < k1 <
· · · < kr < r.

One can also describe the limit of a family of smooth quadrics qt ∈ U =
F∅ when the family approaches a quadric q0 of rank n+ 1− k, as in

ϕt :=

(
t · Ik 0

0 In+1−k

)
.

The limit lies in the stratum F{k}, where the flag consists of one intermedi-
ate space 0 ⊂ Vk ⊂ V ; the k-plane Vk will be the kernel of ϕ0, the quadric
Q2 on P(V/Vk) will be the quadric induced by Q0 on the quotient, and Q1

the quadric on PVk associated to the limit

lim
t→0

ϕt|Vk
t

.

In general, the stratum Fk lies in the closure of Fl exactly when l ⊂ k; the
specialization relations can be defined inductively, using the above example.

10.4 Parameter spaces of curves

So far in this chapter we have been studying parameter spaces of smooth
conics. The most obvious is perhaps P5, which we can identify as the space
of all subschemes of P2 having pure dimension 1 and degree 2 (and thus
arithmetic genus zero), and we have shown how the compactification by
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complete conics was more useful for dealing with tangencies. Here we have
used the fact that the dual of a smooth conic is again a smooth conic.
It would have been a different story if the problem had involved twisted
cubics in P3 rather than conics in P2—if we had asked, for example, for
the number of twisted cubic curves meeting each of 12 lines, or tangent to
each of 12 planes, or, as in one classical example, the number of twisted
cubic curves tangent to each of 12 quadrics. In that case it is not so clear
how to make any parameter space and compactification at all!1

In this section, we’ll discuss two general approaches to constructing pa-
rameter spaces for curves in general: the Hilbert scheme of curves and the
Kontsevich space of stable maps. Each of these has advantages, as we’ll see.

10.4.1 Hilbert schemes

Recall from Section 8.3 that the Hilbert scheme HP (m)(Pn) is a parameter
space for subschemes of Pn with Hilbert polynomial P (m); in the case of
curves (one-dimensional subschemes) this means all subschemes with fixed
degree and arithmetic genus.

The Hilbert scheme of twisted cubics. We saw in Section 8.3 that
the Hilbert scheme of hypersurfaces of degree s was just the projective
space of all forms of degree s. The next simplest case is the Hilbert scheme
containing twisted cubic curves in P3 (that is, parametrizing subschemes
of P3 with Hilbert polynomial H(m) = 3m + 1). It has one component
of dimension 12 whose general point corresponds to a twisted cubic curve,
but it has a second component, whose general point corresponds to the
union of a plane cubic C ⊂ P2 ⊂ P3 and a point p ∈ P3. Moreover, this
second component has dimension 15 (the choice of plane has 3 degrees of
freedom; the cubic inside the plane 9 more; and the point gives an additional
3). These two components meet along the 11-dimensional subscheme of
singular plane cubics C with an embedded point at the singularity, not
contained in the plane spanned by C. See Piene and Schlessinger [1985]

Report card for the Hilbert scheme. The Hilbert scheme is from some
points of view the most natural parameter space that is generally available
for projective schemes. Among its advantages: As shown in Section 8.3,
it represents a functor that is easy to understand. There is a useful co-
homological description of the tangent spaces to the Hilbert scheme, and,
beyond that, a deformation theory that in some cases can describe its local
structure. It was proven by Hartshorne (in characteristic 0) and (with some

1Though this does not seem to have slowed down Schubert, who found the correct
number ** in his work
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elaboration) by Bigatti, Hulett Reeves and Pardue in general that it is con-
nected, and the graph of its connected components is small—the radius of
the graph is at most the dimension of the varieties being parametrized.
And, of course, associated to a point on the Hilbert scheme is all the rich
structure of a homogenous ideal in the ring K[x0, . . . , xn] and its free res-
olution.

However, as a compactification of the space of smooth curves, the Hilbert
scheme has drawbacks that sometimes make it difficult to use:

(a) It has extraneous components, often of differing dimensions.
We see this phenomenon already in the case of twisted cubics, above.
Of course we could take just the closure H◦ in the Hilbert scheme
of the locus of smooth curves, but we would lose some of the nice
properties, like the description of the tangent space. Thus while it is
relatively easy to describe the singular locus of H, we don’t know how
to describe the singular locus of H◦ along the locus where it intersects
other components.
In fact, we don’t know for curves of higher degree how many such ex-
traneous components there are, or their dimensions: for r ≥ 3 and large
d the Hilbert scheme of zero-dimensional subschemes of degree d in Pr
will have an unknown number of extraneous components of unknown
dimensions, and this creates even more extraneous components in the
Hilbert schemes of curves.

(b) No one knows what’s in the closure of the locus of smooth
curves. If we do choose to deal with the closure of the locus of smooth
curves rather than the whole Hilbert scheme—as it seems we must—
we face another problem: Except in a few special cases, we can’t tell
if a given point in the Hilbert scheme is in this closure. That is, we
don’t know how to tell whether a given singular 1-dimensional scheme
C ⊂ Pr is smoothable.

(c) It has many singularities. The singularities of the Hilbert scheme
are, in a precise sense, arbitrarily bad: Vakil [2006b] has shown that
the completion of every affine local K-algebra appears (up to adding
variables) as the completion of a local ring on a Hilbert scheme of
curves.

10.4.2 The Kontsevich space

In the case of curves in a variety, the Kontsevich space is an alternative
compactification. A precise treatment of this object is given in Fulton and
Pandharipande [1997]; here we will treat it informally, sketch some of its
properties, and indicate how it is used, with the hope that this will give
the interested reader a taste of what to expect.
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The Kontsevich space Mg,0(Pr, d) parametrizes what are called stable
maps of degree d and genus g to Pr. These are morphisms

f : C → Pr

with C a connected curve of arithmetic genus g having only nodes as singu-
larities, such that the image f∗[C] of the fundamental class of C is equal to
d times the class of a line in A1(Pr), and satisfying the one additional con-
dition that the automorphism group of the map f—that it, automorphisms
ϕ of C such that f ◦ ϕ = f—is finite. (This last condition is automatically
satisfied if the map f is finite; it’s relevant only for maps that are con-
stant on an irreducible component of C, and amounts to saying that any
smooth, rational component C0 of C on which f is constant must intersect
the rest of the curve C in at least three points.) Two such maps f : C → Pr
and f ′ : C ′ → Pr are said to be the same if there exists an isomorphism
α : C → C ′ with f ′ ◦ α = f . There’s an analogous notion of a family
of stable maps, and the Kontsevich space Mg,0(Pr, d) is a coarse moduli
space for the functor of families of stable maps. Note that we’re taking the
quotient by automorphisms of the domain, but not of the image, so that
Mg,0(Pr, d) shares with the Hilbert scheme Hdm−g+1(Pr) a common subset
parametrizing smooth curves C ⊂ Pr of degree d and genus g.

There are naturally variants of this: the space Mg,n(Pr, d) parametrizes
maps f : C → Pr with C a nodal curve having n marked distinct smooth
points p1, . . . , pn ∈ C. (Here an automorphism of f is an automorphism of
C fixing the points pi and commuting with f ; the condition of stability is
thus that any smooth, rational component C0 of C on which f is constant
must have at least three distinguished points, counting both marked points
and points of intersection with the rest of the curve C.) More generally, for
any projective variety X and numerical equivalence class β ∈ Num1(X), we
have a space Mg,n(X,β) parametrizing maps f : C → X with fundamental
class f∗[C] = β, again with C nodal and f having finite automorphism
group.

It is a remarkable fact that the Kontsevich space is proper: in other
words, if C ⊂ D × Pr is a flat family of subschemes of Pr parametrized by
a smooth, one-dimensional base D, and the fiber Ct is a smooth curve for
t 6= 0, then no matter what the singularities of C0 there is a unique stable
map f : C̃0 → Pr which is the limit of the inclusions ιt : Ct ↪→ Pr. Note
that this limiting stable map f : C̃0 → Pr depends on the family, not just
on the scheme C0; the import of this in practice is that the Kontsevich
space is often locally a blow-up of the Hilbert scheme along loci of curves
with singularities worse than nodes. (This is not to say we have in general
a regular map from the Kontsevich space to the Hilbert scheme; as we’ll
see in the examples below, the limiting stable map f : C̃0 → Pr doesn’t
determine the flat limit C0 either.) We’ll see how this plays out in four
relatively simple cases:
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FIGURE 10.6. Stable maps of degree 2 with image a line

Plane conics. One indication of how useful the Kontsevich space can be
is that, in the case of M0(P2, 2) (that is, plane conics), the Kontsevich
space is actually equal to the space of complete conics:

To begin with, if C ⊂ P2 is a conic of rank 2 or 3—that is, anything
but a double line—then the inclusion map ι : C ↪→ P2 is a stable map;
thus the open set W ⊂ P5 of such conics is likewise an open subset of the
Kontsevich space M0(P2, 2).

But when a family C ⊂ D × P2 of conics specializes to a double line
C0 = 2L, the limiting stable map is a finite, degree 2 map f : C → L,
with C either isomorphic to P1, or two copies of P1 meeting at a point.
Such a map is characterized, up to automorphisms of the domain curve,
by its branch divisor B ⊂ L, a divisor of degree 2. (If B consists of two
distinct points, C ∼= P1, while if B = 2p for some p ∈ L, the curve C will
be reducible.)

Thus we have a birational morphism

π : M0(P2, 2)→ H2m+1(P2) = P5

from the Kontsevich space to the Hilbert scheme, with 2-dimensional fibers
over the locus in P5 corresponding to double lines.

Conics in space. By contrast, there is not a regular map in either di-
rection between the Hilbert scheme of conics in space and the Kontsevich
space M0(P3, 2). Of course there is a common open set: its points corre-
spond to reduced curves of degree 2 embedded in P3 (such a curve is either
a smooth conic in a plane or the union of two coplanar lines). To see that
the identification of this open set does not extend to a regular map in ei-
ther direction, note first that, as before, if C ⊂ D×P3 is a family of conics
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specializing to a double line C0, the limiting stable map is a finite, degree
2 cover f : C → L, and this cover is not determined by the flat limit C0

of the schemes Ct ⊂ P3. Thus there is no map from the Hilbert scheme to
the Kontsevich space. On the other hand the scheme C0 is contained in a
plane—the limit of the unique planes containing the Ct. Since it has degree
2, the plane containing it is unique. But this plane is not determined by
the data of the map f . Thus there is no map from the Kontsevich space to
the Hilbert scheme.

The birational equivalence between the Hilbert scheme and the Kontse-
vich space is of a type that appears often in higher-dimensional birational
geometry: the Kontsevich space is obtained from the Hilbert scheme H by
blowing up the locus of double lines, and then blowing down the exceptional
divisor along another ruling. (The blow-up of H along the double line locus
can be described as the space of pairs (H; (C,C∗)), where H ⊂ P3 is a
plane and (C,C∗) a complete conic in H ∼= P2.)

Plane cubics. Here, we do have a regular map from the Kontsevich space
M1(P2, 3) to the Hilbert scheme H3m(P2) ∼= P9, and it does some interest-
ing things: it blows up the locus of triple lines, much as in the example of
plane conics, and the locus of cubics consisting of a double line and a line
as well. But it also blows up the locus of cubics with a cusp, and cubics
consisting of a conic and a tangent line, and these are trickier: the blow-up
along the locus of cuspidal cubics, for example, can be obtained either by
three blow-ups with smooth centers, or one blow-up along a nonreduced
scheme supported on this locus.

But what we really want to illustrate here is that the Kontsevich space
M1,0(P2, 3) is not irreducible—in fact, it’s not even 9-dimensional! For
example, maps of the form f : C → P2 with C consisting of the union of an
elliptic curve E and a copy of P1, with f mapping P1 to a nodal plane cubic
C0 and mapping E to a smooth point of C0 form a 10-dimensional family
of stable maps; in fact, these form an open subset of a second irreducible
component of M1(P2, 3), as illustrated in Figure 10.7.

And there’s also a third component, whose general member is illustrated
in Figure 10.8.

Twisted cubics. Here the shoe is on the other foot. The Hilbert scheme
H = H3m+1 has, as we saw, a second irreducible component besides the
closure H0 of the locus of actual twisted cubics, and the presence of this
component makes it difficult to work with. For example, it takes quite a
bit of analysis to see that H0 is smooth, since we have no simple way
of describing its tangent space; see **Piene-Schlessinger** for details. By
contrast, the Kontsevich space is irreducible, and has only relatively mild
(finite quotient) singularities.
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FIGURE 10.7. A typical point in the 10-dimensional component of M1,0(P2, 3)

FIGURE 10.8. General member of a third component of M1,0(P2, 3)
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Report card for the Kontsevich space. As with the Hilbert scheme,
there are difficulties in using the Kontsevich space:

(a) It has extraneous components. These arise in a completely different
way from the extraneous components of the Hilbert scheme, but they’re
there. A typical example of an extraneous component of the Kontsevich
space Mg(Pr, d) would consist of maps f : C → Pr in which C was
the union of a rational curve C0

∼= P1, mapping to a rational curve
of degree d in Pr, and C1 an arbitrary curve of genus g meeting C0

in one point and on which f was constant; if the curve C1 does not
itself admit a nondegenerate map of degree d to Pr, this map can’t be
smoothed.
So, using the Konsevitch space rather than the Hilbert scheme doesn’t
solve this problem, but it does provide a frequently useful alterna-
tive: there are situations where the Kontsevich space has extraneous
components and the Hilbert scheme not—like the case of plane cubics
described above—and also situations where the reverse is true, such as
the case of twisted cubics.

(b) No one knows what’s in the closure of the locus of smooth
curves. This, unfortunately, remains an issue with the Kontsevich
space. Even in the case of the space Mg(P2, d) parametrizing plane
curves, where it might be hoped that the Kontsevich space would pro-
vide a better compactification of the Severi variety than simply taking
its closure in the space PN of all plane curves of degree d, the fact
that we don’t know which stable maps are smoothable represents a
real obstacle to its use.

(c) It has points corresponding to highly singular schemes, and
these tend to be in turn highly singular points of Mg(Pr, d). Still
true; but in this respect, at least, it might be said that the Kontsevich
space represents an improvement over the Hilbert scheme: even when
the image f(C) of a stable map f : C → Pr is highly singular, the fact
that the domain of the map is at worst nodal makes the deformation
theory of the map relatively tractable.

Finally, we should mention one other virtue of the Kontsevich space: it
allows us to work with tangency conditions, without modifying the space
and without excess intersection. The reason is simple: if X ⊂ Pr is a smooth
hypersurface, the closure ZX in Mg(Pr, d) of the locus of embedded curves
tangent to X is contained in the locus of maps f : C → Pr such that the
preimage f−1(X) is nonreduced or positive-dimensional. Thus, for example,
a point in Mg(P2, d) corresponding to a multiple curve—that is, a map
f : C → P2 that is multiple-to-one onto its image—is not necessarily in
ZX .
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10.5 How the Kontsevich space is used: rational
plane curves

One case in which the Kontsevich space is truly well-behaved is the case
g = 0. Here the space M0(Pr, d) is irreducible—it has no extraneous
components—and moreover its singularities are at worst finite quotient
singularities (in fact, it’s the coarse moduli space of a smooth, Deligne-
Mumford stack). Indeed, the use of the Kontsevich space has been phe-
nomenally successful in answering enumerative questions about rational
curves in projective space. We’ll close out this chapter with an example
of this; specifically, we’ll answer the second keynote question, and more
generally: how many rational curves C ⊂ P2 of degree d are there passing
through 3d− 1 general points in the plane?

Since we have not even defined the Kontsevich space, this analysis will
be far from complete. The paper Fulton and Pandharipande [1997] provides
enough background to complete it.

Before starting the calculation, let’s check that we do in fact expect a
finite number. Maps of degree d from P1 to P2 are given by triples [F,G,H]
of homogeneous polynomials of degree d on P1 with no common zeros; since
the vector space of polynomials of degree d on P1 has dimension d+ 1, the
space U of all such triples has dimension 3d + 3. Now look at the map
U → PN from U to the space PN of plane curves of degree d, sending such
a triple to the image (as divisor) of the corresponding map P1 → P2. This
has four-dimensional fibers (we can multiply F , G and H by a common
scalar, or compose the map with an automorphism of P1), so we conclude
that the image has dimension 3d − 1. In particular, we see that there are
no rational curves of degree d passing through 3d general points of P2; and
we expect a finite number (possibly 0) through 3d − 1. We’ll denote the
number by N(d).

We will work on the space Md := M0,4(P2, d) of stable maps from curves
with 4 marked points. This is convenient because on Md we have a rational
function ϕ, given by the cross-ratio: at a point of Md corresponding to a
map f : (C; p1, p2, p3, p4)→ P2 with C ∼= P1 irreducible, it is the cross-ratio
of the points p1, p2, p3, p4 ∈ P1; that is, in terms of an affine coordinate z
on P1,

ϕ =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
,

where zi = z(pi). The cross-ratio takes on the values 0, 1 and ∞ only
when two of the points coincide, which in our setting corresponds to when
the curve C is reducible: for example, if C has two components C1 and
C2, with p1, p2 ∈ C1 and p3, p4 ∈ C2, then by blowing down the curve
C1 in the total space of the domain family we can realize (C, p1, . . . , p4)
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FIGURE 10.11. A family of maps that blows down C1.

as a limit of pointed curves (Ct, p1(t), . . . , p4(t)) with Ct irreducible and
limt→0 p1(t) = limt→0 p2(t) (see Figure 10.11). Thus ϕ has a zero at such a
point. Similarly, if three of the points pi, or all four, lie on one component
of C, then ϕ will be equal to the cross-ratio of four distinct points on P1,
and so will not be 0, 1 or ∞.

We now introduce a curve B ⊂Md on which we will make the calculation.
Fix a point p ∈ P2 and two lines L,M ⊂ P2 passing through p; fix two
more general points q, r ∈ P2 and a collection Γ ⊂ P2 of 3d − 4 general
points. We consider the locus

B =

f : (C; p1, p2, p3, p4)→ P2 |
f(p1) = q; f(p2) = r;

f(p3) ∈ L; f(p4) ∈M and

Γ ⊂ f(C)

 ⊂Md.

Since as we said the space of rational curves of degree d in P2 has dimension
3d− 1, and we’re requiring the curves in our family to pass through 3d− 2
points (the points q and r, and the 3d− 4 points of Γ), our locus B will be
a curve.

There may be points in B for which the domain C of the corresponding
map f : (C; p1, p2, p3, p4)→ P2 is reducible. But in these cases C will have
no more than two components. To see this, note that if the image of C has
components D1, . . . , Dk of degrees d1, . . . , dk, by the above the curve Di

can contain at most 3di − 1 of the 3d− 2 points Γ ∪ {q, r}. Thus

3d− 2 ≥
k∑
i=1

(3di − 1) = 3d− k,

whence k ≤ 2. And if the map f is nonconstant on at most two components,
by the stability condition it can’t be constant on any.

This argument also shows that there are only finitely many points in B
for which the domain C is reducible: if D = D1 ∪ D2 ⊂ P2, with Di a
rational curve of degree di, and Γ∪{q, r} ⊂ D, then by the above Di must
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contain exactly 3di − 1 of the 3d− 2 points Γ∪ {q, r}. The number of such
plane curves D is thus (

3d− 2

3d1 − 1

)
N(d1)N(d2).

Moreover, for each such plane curve D there are d1d2 stable maps f : C →
P2 with image D: we can take C the normalization of D at all but any one
of the points of intersection D1 ∩D2. (By Exercise 10.16, D1 and D2 will
intersect transversely.)

On with the calculation! We equate the number of zeros and the number
of poles of ϕ on B. To begin with, we consider points f : (C; p1, p2, p3, p4)→
P2 of B with C irreducible. Since f(p1) = q and f(p2) = r are fixed and lie
off the lines L and M , the only way any two of the points pi can coincide
on such a curve is if

f(p3) = f(p4) = p where L ∩M = {p}.

Such points are zeros of ϕ; the number of these zeros is the number of
rational plane curves of degree d through the 3d − 1 points p, q, r and Γ,
that is to say, N(d).

What about zeros and poles of ϕ coming from points

f : (C; p1, p2, p3, p4)→ P2

in B with C = C1 ∪ C2 reducible? As we’ve observed, we get a zero of ϕ
at such a point iff the points p1 and p2 lie on one component of C and
p3 and p4 on the other. How many such points are there? Well, letting
d1 be the degree of the component C1 of C containing p1 and p2, and
d2 = d− d1 the degree of the other component C2, we see that f(C1) must
contain q, r and 3d1−3 of the points of Γ, while C2 contains the remaining
3d− 4− (3d1 − 3) = 3d2 − 1 points of Γ. For any subset of 3d1 − 3 points
of Γ, the number of such plane curves is N(d1)N(d2), and for each such
plane curve there are d2 choices of the point p3 ∈ C2 ∩ f−1(L) and d2

choices of the point p4 ∈ C2 ∩ f−1(M), as well as d1d2 choices of the point
f(C1 ∩ C2) ∈ f(C1) ∩ f(C2). We thus have a total of

d−1∑
d1=1

d1d
3
2

(
3d− 4

3d1 − 3

)
N(d1)N(d2)

zeros of ϕ arising in this way.

The poles of ϕ are counted similarly. These can occur only at points
f : (C; p1, p2, p3, p4) → P2 in B with C = C1 ∪ C2 reducible, specifically
with the points p1 and p3 lying on one component of C and p2 and p4 on the
other. Again letting d1 be the degree of the component C1 of C containing
p1 and p3, and d2 = d − d1 the degree of the other component C2, we see
that f(C1) must contain q and 3d1−2 points of Γ, and f(C2) the remaining
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3d− 4− (3d1 − 2) = 3d2 − 2 points of Γ, plus r. For any subset of 3d1 − 2
points of Γ, the number of such plane curves is N(d1)N(d2), and for each
such plane curve there are d1 choices of the point p3 ∈ C2 ∩ f−1(L) and d2

choices of the point p4 ∈ C2 ∩ f−1(M), as well as d1d2 choices of the point
f(C1 ∩ C2) ∈ f(C1) ∩ f(C2). We thus have a total of

d−1∑
d1=1

d2
1d

2
2

(
3d− 4

3d1 − 2

)
N(d1)N(d2)

poles of ϕ arising in this way. Now adding up the poles and zeros, we
conclude that

N(d) =

d−1∑
d1=1

d1d2

[
d1d2

(
3d− 4

3d1 − 2

)
− d2

2

(
3d− 4

3d1 − 3

)]
N(d1)N(d2),

a recursive formula that allows us to determine N(d) if we know N(d′) for
d′ < d. To show that this gives the actual number of curves, we would have
to show that the the intersections described above occur with multiplicity
1, and we will not do this.

For example, there is a unique line through two points, and a unique
conic through 5 general points, so N(d1) = N(d2) = 1. Thus if we take
d = 3 we have

N(3) = 2

[
2

(
5

1

)
− 4

(
5

0

)]
+ 2

[
2

(
5

4

)
−
(

5

3

)]
= 12

as we’ve already seen.

Continuing to d = 4, we have

N(4)

= 3 · 12

[
3

(
8

1

)
− 9

(
8

0

)]
+ 4

[
4

(
8

4

)
− 4

(
8

3

)]
+ 3 · 12

[
3

(
8

7

)
−
(

8

6

)]
= 620.

Always ignoring the question of multiplicity, this answers Keynote Question
(b): there are 620 rational quartic curves through 11 general points of P2.

Exercises 10.19-10.19 suggest some additional problems that can be solved
using spaces of stable maps.

10.6 Exercises

Exercise 10.10. Let D ⊂ P2 be a smooth curve of degree d, and let Z ⊂ X
be the closure, in the space X of complete conics, of the locus of smooth
conics tangent to D. Find the class [ZD] ∈ A1(X) of the cycle Z.
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Exercise 10.11. Now let D1, . . . , D5 ⊂ P2 be general curves of degrees
d1, . . . , d5. Show that the corresponding cycles ZDi ⊂ X intersect trans-
versely, and using the result of the preceding exercise, find the number of
conics tangent to all five .

Exercise 10.12. Now let D ⊂ P2 be a curve of degree d with a node at a
point p ∈ D (and smooth otherwise), and let Z ⊂ X be the closure, in the
space X of complete conics, of the locus of smooth conics tangent to D at
a smooth point of D. Find the class [ZD] ∈ A1(X) of the cycle Z.

Exercise 10.13. Next, let {Dt} be a family of plane curves of degree d,
with Dt smooth for t 6= 0 and D0 having a node at a point p. What is the
limit of the cycles ZDt as t→ 0?

Exercise 10.14. Finally, here’s a very 19th century way of deriving the
result of Exercise 10.10 above. Let {Dt} be a pencil of plane curves of
degree d, with Dt smooth for general t and D0 consisting of the union of d
general lines in the plane. Using the description of the limit of the cycles
ZDt as t → 0 in the preceding exercise, find the class of the cycle ZDt for
t general.

Exercise 10.15. True or False: There are only finitely many PGL4 orbits
in the Kontsevich space M0(P3, 3).

Exercise 10.16. Let Γ1 and Γ2 be collections of 3d1−1 and 3d2−1 general
points in P2, and Di ⊂ P2 any of the finitely many rational curves of degree
di passing through Γi. Show that D1 and D2 intersect transversely.

Exercise 10.17. Let p1, . . . , p7 ∈ P2 be general points and L ⊂ P2 a
general line. How many rational cubics pass through p1, . . . , p7 and are
tangent to L?

Exercise 10.18. (Harder): More generally, let p1, . . . , pk ∈ P2 be gen-
eral points and L1, . . . , L8−k ⊂ P2 general lines. Given the result of Exer-
cise 10.19 below, how many rational cubics pass through all the points and
are tangent to all the lines?

Exercise 10.19. (a) Let M = M0(P2, d) be the Kontsevich space of ra-
tional plane curves of degree d, and let U ⊂M be the open set of im-
mersions f : P1 → P2 that are birational onto their images. For D ⊂ P2

a smooth curve, let Z◦D ⊂ U be the locus of maps f : P1 → P2 such
that f(P1) is tangent to D at a smooth point of f(P1), and ZD ⊂M its
closure. Verify the statement above: that is, show that ZD is contained
in the locus of maps f : C → Pr such that the preimage f−1(D) is
nonreduced or positive-dimensional.

(b) Given this, show that for D1, . . . , D3d−1 general curves the intersection
∩ZDi is contained in U .
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11

Projective Bundles and their Chow
Rings

Keynote Questions

(a) Given eight general lines L1, . . . , L8 ⊂ P3, how many plane conic curves
in P3 meet all eight?

(b) Can a ruled surface (that is, a P1-bundle over a curve) contain more
than one curve of negative self-intersection?

Many interesting varieties, such as scrolls, blowups of linear subspaces
of projective spaces, and some natural parameter spaces for enumerative
problems, can be described as projective bundles over simper varieties. In
this chapter we’ll investigate such varieties and compute their Chow rings.
This will allow us to answer the question above. It will also help us to
describe the Chow ring of a blowup, which we’ll do in Chapter 15.

11.1 Projective bundles and the tautological
divisor class

Definition. A projective bundle over a scheme X is a map π : Y → X such
that there is an open covering {Ui} of X with the property that, for all i,

π−1Ui ∼= Ui × Pr,

in such a way that π corresponds to the projection onto the first factor.
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One can make projective bundles from vector bundles as follows: First,
if E ∼= Or+1

X is a trivial vector bundle, then

X × Pr = Proj(OX [x0, . . . , xr]) = Proj(Sym(E∗)),

and the structure map OX → Sym(E∗) corresponds to the projection π :
X×Pr → X. By definition, any vector bundle E becomes trivial on an open
cover of X, so PE := Proj Sym(E∗)→ X is a projective bundle, called the
projectivization of E . In fact, every projective bundle can be written as PE
for some vector bundle E . Before we can prove this, we need to know a
little more about the schemes PE . 1

From the local description of P(E) as a product it follows that the points
of PE correspond to pairs (x, ξ) with x ∈ X and ξ a one-dimensional
subspace ξ ⊂ Ex of the fiber Ex of E . The bundle π∗E on PE thus comes
equipped with a tautological subbundle of rank 1, whose fiber at a point
(x, ξ) ∈ PE is the the subspace ξ ⊂ Ex of the fiber Ex corresponding to
the point ξ ∈ PEx. This subbundle is denoted OPE(−1) ⊂ π∗E . On an
open set U ⊂ X where E becomes trivial, so that π−1U = U × Pr, the
bundle OPE(−1) is the pullback of OPr (−1) from the second factor. We
write OPE(1) = Hom(OPE(−1),OPE) for the dual bundle. Dualizing the
inclusion of the tautological bundle we get a surjection π∗E∗ → OPE(1).

We can get an idea of the relation between PE and E from the case
where E is a line bundle. In this case PE is locally X×P0, so the projection
π : PE → X is an isomorphism. Identifying PE with X via π, we see that
π∗(E) = E , and moreover OPE(−1) = E .

From this example we see that the bundles E and OPE(−1) are not de-
termined by the scheme PE or even by the map π : PE → E—rather, the
bundle E is an additional piece of data that determines the bundleOPE(−1).
We shall soon see that, in general, the projective bundle PE → X alone
determines E up to tensor product with a line bundle (Proposition 11.3),
and that the line bundle OPE(−1) on PE determines E completely (Propo-
sition 11.2.

1There is a conflicting definition that is also in use. Some sources, following

Grothendieck, define the projectivization of E to be what we would call the projec-
tivization of E∗, that is, π : Proj(Sym E) → X. Its points correspond to 1-quotients of

fibers of E. We are following the classical tradition, which is also that adopted in Fulton

[1984]. Grothendieck’s convention is better adapted to the generalization from vector
bundles to arbitrary coherent sheaves, which we will not use.
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11.1.1 Example: rational normal scrolls

Before continuing with the general theory we pause to work out the case of
projective bundles over P1. Vector bundles on P1 are particularly simple:
each one is a direct sum of line bundles, ⊕ri=0OP1(ai).

Write P1 = P(V ), where V is a vector space of dimension 2, with homo-
geneous coordinates s, t ∈ V ∗. Recall that for a ≥ 1, the rational normal
curve of degree a is the image of the morphism

ϕ : P1 → Pa : (s, t) 7→ (sa, sa−1t, . . . , ta).

When a = 0 we take ϕ : P1 → P0 to be the constant map. More invariantly,
for a ≥ 0, we can think of ϕ as the map P(V )→ Pa = P(W ∗) given by the
complete linear series

|OP1(a)| :=
(
OP1(a),Wa

)
,

where Wa = H0(OP1(a)) = Syma(V ∗). Identifying P(OP1(−a)) with P1 via
the projection π, we can rephrase what we have just reviewed by saying
that for a > 0 the complete linear series |OPOP1 (a)(1)| embeds POP1(−a)
as the rational normal curve of degree a.

Now fix a sequence of r + 1 non-negative integers a0, . . . , ar. Let E =
⊕iOP1(−ai). We will analyze the projective bundle PE by embedding it in
a projective space PN using the line bundle OPE(1).

Set Vi = H0OP1(ai) and V := H0E∗ = ⊕iVi. and write

N = dimV − 1 =
∑
i

(ai + 1)− 1 = r +
∑
i

ai.

Inside PE we consider the r + 1 rational curves

Ci = P(OP1(−ai)) ∼= P1.

There are natural maps

V = H0E → H0π∗E∗ → H0OPE(1),

and from the commutative diagram

⊕iVi = V - H0OPE(1)

Vi = H0OP1(ai)

projection
? ∼=- H0OPOP1 (−ai)(1),

restriction to Ci
?

we see that V → H0OPE(1) is a monomorphism, and that its restriction
to Ci is the complete linear series |OP1(ai)|. Let ϕi : P1 → P(Vi) ⊂ P(V )
be the corresponding morphism, which embeds Ci as the rational normal
curve of degree ai as above.
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For each p ∈ P1, the restriction of the linear series W := (OPE(1), V ) to
the fiber Pr = π−1(p) is a sub-series of |OPr (1)|. Since the image contains
the r+ 1 linearly independent points ϕi(p), it is the complete linear series,
and this plane is mapped isomorphically to the Pr that is the linear span
of the points ϕi(p). Thus the linear series W is base point free, and defines
a morphism ϕ : PE → PN .

We define the rational normal scroll

S(a0, . . . , ar) ⊂ P(⊕iVi) = PN

to be the image ϕ(PE). It is the union of the r-dimensional planes spanned
by ϕ0(p), . . . , ϕr(p) as p runs over P1,

S := S(a0, . . . , ar) =
⋃
p∈P1

ϕ0(p) . . . ϕr(p).

Since each POP1(−ai) is embedded by the restriction ofW, and the distinct
ϕi(p) are linearly independent for every p ∈ P1, it is already clear that ϕ
is set-theoretically an injection.

In the next section we will show that W is the complete linear series
|OPE(1)|, and that when all ai > 0 the map ϕ induces an isomorphism
PE ∼= S. The ideal of forms vanishing on a rational normal scroll is also
easy to describe (Exercise 11.31).

We will also show that

P(⊕ri=0OP1(ai)) ∼= P(⊕ri=0OP1(bi))

if and only if there is an integer b such that bi = ai+b for all i; thus the de-
scription above can also be applied to describe the bundles P(⊕ri=0OP1(ai))
even when some of the ai are negative.

Some examples of this construction are already familiar. In the case r = 0
we have already noted that S(a0) is the rational normal curve of degree
a0 (or a point, if a0 = 0.) From the construction of S(1, 1) ⊂ P3 above as
the union of lines joining corresponding points on two given disjoint lines,
the images of ϕ0 and ϕ1, we see that S(1, 1) is the nonsingular quadric in
P3: the lines in the union are the lines in one of the two rulings, while the
images of ϕ0 and ϕ1 are two of the lines in the other ruling (see Figure
11.1).

If ar = 0 then from the construction we see that S(a0, . . . , ar) is a cone
over S(a0, . . . , ar−1), and similarly for the other ai. This remark allows us
to reduce most questions about scrolls to the case where all ai > 0 for all
i. For example, the quadric in P3 with an isolated singularity, that is, the
cone over a nonsingular conic in P2, can be described as S(2, 0) or S(0, 2).

To describe the first example beyond these, the scroll S(1, 2) ⊂ P4, we
choose an isomorphism between a line L and a nonsingular conic C lying
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FIGURE 11.1. S(1, 1), the union of lines joining corresponding points on the
parametrized lines L0 and L1, is a nonsingular quadric in P3.

in a plane disjoint from L. The scroll is then the union of the lines joining
the points of L to the corresponding points of C.

There is much more to say about the geometry of rational normal scrolls,
some of which will be deduced from the more general situation of projective
bundles in the next sections. For more information see Eisenbud and Harris
[1987] or Harris [1992] (look in the index under rational normal scrolls).

11.2 Maps to a projective bundle

Given a projective bundle π : Y → X we will choose an appropriate line
bundle L on Y , and show that Y ∼= PE , where E = π∗L, in such a way
that L = OPE(1). To construct the isomorphism Y → PE , we will then use
the following universal property, which generalizes the one for projective
spaces:

Proposition 11.1 (Universal Property of Proj). Commutative diagrams
of maps of schemes

Y
ϕ - PE

X
�

πp -

are in natural one-to-one correspondence with line subbundles L→ p∗E.

Proof. Given ϕ we pull back S → π∗E via ϕ and get ϕ∗S → ϕ∗π∗E =
p∗E . Conversely, given L → p∗E , we may cover X by open sets on which
E and L are trivial, and get a unique map over each of these using the
universal property of ordinary projective space. By uniqueness, these maps
glue together to give a map over all of X.
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To prepare for the next step we need, at the least, to know how to
reconstruct E from a line bundle on PXE . For future use, we will treat an
easy generalization. Write OPE(m) for the m-th tensor power of OPE(1).
Thus (for any integer m) the sheaf OPE(m) is the sheaf on Proj(Sym(E∗)
associated to the sheaf of Sym E∗-modules (Sym E∗)(m) on X, obtained by
shifting the grading of Sym(E∗). For any quasicoherent sheaf F on PE we
write F(m) to denote F ⊗OPE(m).

The surjection π∗E∗ → OPE(1), restricted to the fiber over a point
(x, ξ) ∈ PE , sends a linear form on Ex to its restriction to the subspace
ξ ⊂ Ex. Thus any global section σ of E∗ gives rise to a global section σ̃ of
OPE(1). The following result strengthens and extends this observation.

Proposition 11.2. If π : PE → X is a projectivized vector bundle on X,
then for m ≥ 0,

π∗OPE(m) = Symm E∗,

and Riπ∗OPE(m) = 0 for i > 0.

Taking m = 1 we see that the map π : PE → X, together with the
tautological line bundle OPE(1) (or OPE(−1)), determines E .

Proof. Suppose that E has rank r + 1. Over an affine open set U ⊂ X
where E|U ∼= Or+1

U , the natural maps H0(π∗ Symm E|U )→ H0(OPE(m)|U )
are isomorphisms, while Hi(OPE(m)|U ) = 0 for i > 0 so the Proposition
follows immediately from the definition of the direct image functors.

Remark. Proposition 11.2 is a direct generalization of the usual computa-
tion of H0(OPr (m)—the case when X is a point. Though we will not make
use of these facts, the rest of the computation of the cohomology of line
bundles on a projective space, and Serre duality, also generalizes, and one
can show that

Riπ∗OPE(m)) =


Symm E∗ for i = 0

0 for 0 < i < r − 1

Symm−r−1 E for i = r

As a part of our computation of the Chow ring of PE in the next section
we will see that every line bundle on PE has the form π∗L⊗OPE(m) for a
unique line bundle L on X and integer m; that is, Pic(PE) ∼= PicX ⊕ Z.
From the push-pull formula of Proposition 6.8, we get a computation of
the direct images of any line bundle:

Riπ∗(π
∗L ⊗OPE(m)) = L ⊗Riπ∗(OPE(m)).

SeeDieudonné [1969], p.308 for equivalent material, with references to EGA.

Serre duality also generalizes to a relative duality. For example, setting

ωP/B = ∧rE(−r − 1)
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we have Rrπ∗(ωP/B) = OB , and more generally

Rrπ∗(M) = Hom(π∗(ω ⊗M−1),OB)

for any line bundle M on P.

SeeAltman and Kleiman [1970], in particular Theorem 3.8, for most of
this.

Supposing that E∗ has a global section σ, the proof of Proposition 11.2
shows that the corresponding section σ̃ of OPE(1) vanishes on the locus of
pairs (x, ξ) such that σx vanishes on ξ; thus the divisor (σ̃) meets a general
fiber of π : PE → X in a hyperplane. It will not in general meet every
fiber of PE → X in a hyperplane, however; the section σ of E∗ may have
zeros x ∈ X; and the divisor (σ̃) ⊂ PE will contain the corresponding fibers
(PE)x = π−1(x).

Using these ideas we can characterize the schemes over X that are pro-
jective bundles:

Proposition 11.3. Let π : Y → X be a smooth finite type morphism of
projective schemes whose closed scheme-theoretic fibers are all isomorphic
to Pr. The following are equivalent:

(a) Y = PE is the projectivization of a vector bundle E on X.

(b) π : Y → X a projective bundle: that is, it is locally isomorphic to a
product in the Zariski topology on X.

(c) There exists a line bundle L on Y whose restriction to each fiber Yx ∼=
Pr of π is isomorphic to OPr (1).

(d) There exists a Cartier divisor D ⊂ Y intersecting a general fiber Yx ∼=
Pr of π in a hyperplane.

Proof. Condition (a) clearly implies (b) and (c): the projectivization of a
vector bundle is locally trivial in the Zariski topology, since a vector bundle
is, and comes with the line bundle OPE(1). We have already shown that (b)
implies (c). Also, it is easy to see that (c) and (d) are equivalent: if D is
a divisor as in (d), the line bundle L = OY (D) satisfies condition (c) and
conversely if L is a line bundle as in (c), tensoring with the pullback of an
ample line bundle from X we can assume the existence of a nonzero global
section of L, whose zero locus will be the divisor of part (d).

To complete the argument we take L as in part (c), and we must prove
that Y is as in part (a). For any p ∈ X we have H1(Lp) = H1OPr (1) = 0,
so Theorem ?? shows that E := π∗L is a vector bundle whose fiber at p is
H0(OPr (1)).

We claim that there is an isomorphism α : Y → PE such that π =
πEα. By Proposition 11.1 we can define the morphism α by giving a line
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bundle that is a subbundle of π∗(E), or equivalently a line bundle that is a
homomorphic image of π∗(E∗) = π∗π∗L.

There is a natural map π∗π∗L→ L coming from the definitions of π∗ and
π∗. Restricted to the fiber over a point p this map becomes the surjection
Ep ⊗ OP(Ep) → OP(Ep)(1), so π∗π∗L → L is surjective. Let α : Y → PE be
the corresponding morphism.

The map α is an isomorphism on each fiber of π because it restricts to
the map π−1(p) ∼= Pr → Pr given by the complete linear series |OPr (1)|.
This shows that α is a set-theoretic isomorphism.

To prove that α is a scheme-theoretic isomorphism we need to show
that if α carries y ∈ Y to a point q ∈ PE , then the map of local rings
α∗ : OPE,q → OY,y is an isomorphism. Of course it is enough to prove this
after completing both rings. Set p = π(y). By smoothness, the completions
of both local rings are isomorphic to ÔX,p[[z0, . . . zr]]. Since α commutes
with the projections, it induces the identity modulo the maximal ideal of
OX,p, and thus induces an isomorphism.

****We should think again what the right statement is! Y → Z is a
flat map of schemes over a scheme X, and Y → Z is an isomorphism on
scheme-theoretic fibers, is it an isomorphism?****

We can also use Proposition 11.1 to see when two vector bundles give
the same projective bundle:

Corollary 11.4. Let X be a scheme. Two projective bundles π : PE → X
and π′ : PE ′ → X are isomorphic (as schemes over X) if and only if there
is a line bundle L on X such that L⊗ E ′ = E. In this case the line bundle
OPE(−1) corresponds under the isomorphism to π∗(L)⊗OPE′(−1).

Proof. Let L be a line bundle and set E ′ = L⊗E . Tensoring the tautological
subbundle OPE′(−1) → π′∗E ′ = π′∗L ⊗ π′∗E with π′∗(L−1) we get a sub-
bundle π′∗(L−1)⊗OPE′(−1)→ π′∗E . By Proposition 11.1 this determines
a unique morphism of X-schemes ϕ : PE ′ → PE such that

ϕ∗OPE(−1) = π′∗(L−1)⊗OPE′(−1).

The inverse map is defined similarly. The proof that they are inverse to
each other is that the composite PE → P(L⊗ E)→ PE corresponds to the
original subbundle OPE(−1) ⊂ π∗E .

Conversely, suppose that E ′ is a vector bundle on X and let π′ : PE ′ → X
be the projection. If ϕ : PE ′ → PE is an isomorphism commuting with the
projections to X, then since any isomorphism from Pn to itself preserves the
bundle OPn(1), it follows that ϕ∗OPE(1) restricts on each fiber P(E ′x) ∼= Pn
to the bundle OPn(1). By Corollary 6.7, OPE′(1) = π′∗(L)⊗ ϕ∗OPE(1) for
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some line bundle L on X. Thus

E ′∗ = π′∗(OPE′(1)) = π′∗(π
′∗L⊗ ϕ∗OPE(1))

= L⊗ π′∗ϕ∗OPE(1)

= L⊗ π′∗ϕ−1
∗ OPE(1)

= L⊗ π∗OPE(1)

= L⊗ E∗.

and also ϕ∗OPE(−1) = π∗(L)⊗OPE′(−1), as claimed.

11.3 Ample vector bundles

Recall that a linear series on a scheme X is called very ample if it defines
an embedding very ample if the complete |L| is very ample for n � 0.
A vector bundle F on a scheme X is called very ample if the line bundle
OPF∗(1) very ample. We will show that a bundle is very ample if it can
be written as the tensor product of a bundle generated by global sections
and a very ample bundle line bundle. This implies, in particular that the
bundle ⊕iOP1(ai) on P1 is very ample (or, for that matter, ample) if ai > 0
for all i, since it can then be written as ⊕iOP1(ai − 1)⊗OP1(1). A general
criterion for a bundle to be very ample is given, with an application, in
Exercise 11.36.

There is also a useful relative notion: If π : Z → X is a morphism of
schemes and W is a base-point free linear series on Z whose restriction to
each fiber of π is very ample, then we say that W is relatively very ample.

Lemma 11.5. Suppose that π : Z → X is a morphism of projective
schemes. If W is a relatively very ample linear series on Z and W ′ is
a very ample linear series on X, then the series W(π∗W ′) is very ample
on Z.

Proof. Let W = (L,W ) and let W ′ = (L′,W ′), so that, by definition,

Wπ∗(W ′) = (L ⊗ π∗L′,Wπ∗(W ′)).

We must show that vanishing on any subscheme Y ⊂ Z of degree 2 imposes
two independent conditions on elements of Wπ∗(W ′). Let p ∈ Y
subsetZ be a reduced point. We consider two cases:

First if Y is contained in a fiber of π, then, since there is a section σ′ ∈W ′
that does not vanish on π(Y ), and a section σ ∈W that vanishes on p but
not on Y ; thus σπ∗(σ′) vanishes on p but not Y .

Next suppose that Y is not contained in a fiber of π. Since W is base
point free we can find a section σ ∈ W that does not vanish at p. Since Y
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is not contained in a fiber, the image πY in X is again a scheme of degree
2. Because W ′ is very ample there is a section σ′ ∈ W ′ that vanishes on
π(p) but does not vanish on π(Y ) and again sπ∗(σ′) vanishes on p but not
Y .

Proposition 11.6. If F is a vector bundle on a scheme X that is generated
by global sections, and L is a very ample line bundle on X, then L ⊗ F is
very ample. In particular, if L is an ample line bundle and G is any vector
bundle, then Ln⊗G is an ample vector bundle when n is sufficiently large.

Proof of Proposition 11.6. Since F is generated by global sections, so is
π∗F , and since this bundle surjects ontoOPE(1), this line bundle is also gen-
erated by global sections. Moreover, by Proposition 11.2 we have π∗OPE(1) =
F , so H0(OPE(1)) = H0F . Since F is generated by global sections, this
surjects onto each fiber Fp = H0OPE |π−1(p); thus the restriction of the com-
plete linear series |(OPE(1)| to any fiber of π is very ample. Lemma 11.5
completes the proof.

Example 11.7 (Elliptic Quintic Scrolls). The condition for ampleness in
Proposition 11.6 is sufficient but not necessary. A necessary and sufficient
condition is given in Exercise 11.36. With the theory of vector bundles on
an elliptic curve developed in Exercise 11.37, this yields the existence of
a famous class of projective surfaces, the elliptic quintic scrolls, which are
embeddings of varieties of the form PE where E is an indecomposable vector
bundle of rank 2 and degree 5 on an elliptic curve.

One of the many results suggesting that the definition of very ampleness
for vector bundles given above is the “right” one is the following.

Proposition 11.8. If E is a very ample vector bundle on X, then E is
generated by global sections.

For other evidence of this type see Hartshorne [1970].

Proof. By hypothesis, L := OPE(1) is very ample, so the restriction of
H0L to each fiber π−1(x) ∼= Pr of P(E) → X is a very ample linear series
of linear forms. It follows that H0(L) restricts to an r+1-dimensional space
of sections on π−1(x). There is an isomorphism

H0E → H0π∗L = H0L

induced by the composite isomorphism

E → π∗π
∗E → π∗L.

It follows that, under this isomorphism, any global section of E that van-
ishes at x ∈ X maps to a global section of L that vanishes along π−1(x), so
H0E/(H0(Ix/XE) has dimension at least r+1. As this group is contained in
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H0(Ex), and the latter has only dimension r+1, we see that they are equal;
that is, the global sections of E generate E at each point, as required.

11.4 Chow ring of a projective bundle

We now turn to the central problem of this Chapter: to describe the Chow
ring of a projective bundle Y = PE → X. We will see that the Chow groups
of Y depend only on the rank of E , but the ring structure reflects the Chern
classes of E .

As we mentioned in Section ?? the Künneth Theorem holds for the Chow
ring of the product of any smooth variety with a projective space. Thus if

Y = P(Or+1
Pr ) = X × Pr,

then
A(Y ) ∼= A(X)⊗Z A(Pr)

∼= A(X)⊗Z Z[ζ]/(ζr+1)

∼= A(X)[ζ]/(ζr+1).

where ζ is the pullback of the hyperplane class on Pr. In particular,

A(Y ) =

r⊕
i=0

ζiA(X)

as groups. Here and in what follows we think products of the form αβ with
α ∈ A(Y ) and β ∈ A(X) as meaning α(π∗β) ∈ A(Y ).

The general case is not much more complicated:

Theorem 11.9. Let E be a vector bundle of rank r + 1 on a smooth pro-
jective scheme X, and let ζ = c1(OPE(1)) ∈ A1(PE). Let π : PE → X be
the projection. The map π∗ : A(X) → A(PE) is an injection of rings, and
via this map

A(PE) ∼= A(X)[ζ]/
(
ζr+1 + c1(E)ζr + · · ·+ cr+1(E)

)
.

In particular, the group homomorphism A(X)⊕r+1 → A(PE) given by
(α0, . . . , αr) 7→

∑
ζiπ∗(αi) is an isomorphism, so that

A(PE) ∼=
r⊕
i=0

ζiA(X)

as groups.

It’s worth remarking that much of the statement of Theorem 11.9 re-
mains true without the assumption that X is smooth: if E is a vector
bundle of rank r + 1 over an arbitrary scheme X and PE = Proj(SymE∗)
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its associated projective bundle, then we have a well-defined line bundle
OPE(1) on PE such that ζ = c1(OPE(1) restricts to the hyperplane class
on each fiber, and we can show that

A(PE) ∼=
r⊕
i=0

ζiA(X)

just as in the smooth case (see Fulton [1984] Chapter 3). Indeed, the result
was inverted and used by Grothendieck to define the Chern classes of E as
the coefficients in the (unique) expression of ζr+1 as a linear combination
of the classes 1, ζ, . . . , ζr. As a definition, this has the advantage of not
depending on global sections (as in the definition we have chosen), but it
does not seem to us to shed much light on the properties and uses of the
Chern classes.

We isolate part of the proof that will be useful elsewhere:

Lemma 11.10. Let the hypotheses be as in Theorem 11.9. If α ∈ A(X)
then

π∗(ζ
iα) =

{
α if i = r

0 if i < r.

Proof. By the Push-Pull formula (Proposition 6.8), π∗(ζ
iα) = π∗(ζ

i)α. If
i < r, then π∗(ζ

i) is zero for dimension reasons. If i = r we see similarly
that π∗(ζ

r) must be a multiple m[X] ∈ A0(X) of the fundamental class of
X. Let η be the class of a point x ∈ X, and f = π∗(η) = [PEx] the class of
the fiber PEx ∼= Pr. Intersecting both sides of the equality π∗(ζ

r) = m[X]
with η and taking degrees, we have

m = deg(π∗(ζ
r) · η)

= deg(ζr · [Pr])
= 1

since the restriction of ζ to a fiber is the hyperplane class.

Proof of Theorem 11.9. Let ψ : A(PE)→ ⊕ri=0A(X)ζi be the map

β 7→
∑
i

π∗(ζ
r−iβ)ζi.

and let ϕ : ⊕ri=0A(X)→ A(PE) be the sum of the multiplications by powers
of ζ,

ϕ : (α0, . . . , αr) 7→
∑
i

ζiαi

By Lemma 11.10 the composite ψϕ is upper triangular with ones on the
diagonal; in particular, ϕ is a monomorphism.
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To prove the additive part of Theorem 11.9 it now suffices to show that
the subgroups ζiA(X) generate A(PE) additively. This is a relative version
of the fact that the linear subspaces of a projective space generate its
Chow ring, and the proof runs along the same lines. In the case of a single
projective space, we used the technique of dynamic projection to degenerate
a given subvariety Z ⊂ Pn to a multiple of a linear space; we do the same
thing here, but in a family of projective spaces.

We start with a definition. If Z ⊂ PE is a k-dimensional subvariety, we
say that Z has footprint l if the image W = π(Z) has dimension l, or
equivalently, if the general fiber of the map π : Z → W has dimension
k − l.

Lemma 11.11. If Z ⊂ PE is a subvariety of dimension k and footprint l
then

Z ∼ Z ′ +
∑

niBi

for some subvarieties Bi ⊂ PE such that:

(a) [Z ′] = ζr−k+lα for a class α ∈ A(X); and

(b) each Bi has footprint strictly less than l.

Applying the Lemma repeatedly, we can express the class of an arbi-
trary subvariety as a sum of classes of the form ζiα, establishing the group
isomorphism A(PE) ∼= ⊕ζiA(X).

Proof of Lemma 11.11. By Proposition 11.6 the bundle E∗ will become
very ample if we tensor it with a sufficiently ample line bundle L. By
Corollary 11.4, this does not change PE but has the effect of replacing the
class ζ by ζ + c1(π∗L), so it doesn’t affect the truth of our assertion. Thus
we may assume from the outset that E∗ is very ample. By Proposition 11.8,
E is generated by its global sections.

This done, we choose a point x ∈ π(Z) ⊂ X and a general collection
τ0, . . . , τr of global sections of E∗, making sure that the τi satisfy two con-
ditions:

(a) τ0(x), . . . , τr(x) are independent, that is, span the fiber Ex; and

(b) The zero locus (τ0(x) = · · · = τk−l(x) = 0) ⊂ PEx is disjoint from the
fiber Zx = Z ∩ PEx of Z over x.

These are both open conditions; let U ⊂ X be the locus of x ∈ X where
they hold. Note in particular that by the first condition, the bundle PE is
trivial over U , the sections τ0, . . . , τr giving an isomorphism PEU ∼= U×Pr.



436 11. Projective Bundles and their Chow Rings

Now consider the one-parameter group of automorphisms At of PEU ∼=
U × Pr given, in terms of this trivialization, by the matrix(

Ik−l+1 0

0 t · Ir−k+l

)
.

Let Z̃ = Z ∩ PEU be the preimage of U in Z; let Zt be the closure of the
image At(Z̃) and let Z0 be the limiting cycle, as t→ 0, of the subvarieties
Zt. In other words, let Φ̃ ⊂ A1 × PE be the incidence correspondence

Φ̃ = {(t, p) ∈ A1 × PE | t 6= 0 and p ∈ At(Z̃)};
let Φ be the closure of Φ̃ and let Z0 be the fiber of Φ over t = 0.

What does Z0 look like? Over the open subset U ⊂ X the original cycle
Z has been flattened to a multiple of the zero locus τk−l+1 = · · · = τr = 0.
There is thus a unique component Z ′ of Z0 dominating W = π(Z), and it
is the closure of the intersection of the common zero locus τk−l+1 = · · · =
τr = 0 with the preimage π−1(W ∩ U).

Now, the zero loci τi = 0 in PE are zero loci of general sections of
OPE(1), and since we have arranged that OPE(1) is very ample, we may re-
gard these as general hyperplane sections of PE in a projective embedding.
Thus the common zero locus τk−l+1 = · · · = τr = 0 of r − k + l of them
intersects the subvariety π−1(W ) generically transversely, in an irreducible,
k-dimensional subvariety of PE with class [W ] · ζr−k+l; in sum,

[Z ′] = m[W ] · ζr−k+l

for some multiplicity m.

To complete the proof we note that we don’t need to know what happens
over the complement of U ∩W in W , because any component of Z0 not
dominating W necessarily has footprint smaller than l.

From this description of the Chow groups we see that we can write ζr+1

as a linear combination of products of (pullbacks of) classes in A(X) with
lower powers of ζ—that is, ζ satisfies a monic polynomial f of degree
r + 1 over A(X). Thus the ring homomorphism A(X)[ζ] → A(PE) fac-
tors through the quotient A(X)[ζ]/(f). Since A(X)[ζ]/(f) ∼= ⊕ζiA(X) as
groups, it follows that the map A(X)[ζ]/(f) → A(PE) is an isomorphism
of rings.

It remains to identify the polynomial f . Let S = OPE(−1), and let Q
be the cokernel of the natural inclusion S → π∗E, a bundle of rank r. We
have an exact sequence

0→ S → π∗E → Q→ 0.

Identifying A(X) with π∗(A(X)) as before, we have

c(S) · c(Q) = c(E)
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by the Whitney formula, Proposition ??.

We defined the class ζ to be the first Chern class of the line bundle
OPE(1), which is the dual of S; thus c(S) = 1− ζ and we can write this as

c(Q) = c(E) · c(S)−1(11.1)

= c(E)(1 + ζ + ζ2 + . . . ).(11.2)

Since Q is a vector bundle of rank r, we conclude that

0 = cr+1(Q) = ζr+1 + c1(E)ζr + c2(E)ζr−1 + · · ·+ cr(E)ζ + cr+1(E),

so the polynomial f is given by the formula in the Theorem.

If L is a line bundle on X then Corollary 11.4 shows that PE ∼= P(E⊗L),
but the class ζ is different in the two representations; the two classes differ
by multiplication with the pull-back of L. The relation between the two
resulting descriptions of the Chow ring is addressed in Exercises 11.32 and
11.33.

Using Theorem 11.9 we can immediately compute the degrees of rational
normal scrolls, or more generally of any projectivized vector bundle PE over
a curve X, embedded by |OPE(1)| :

Corollary 11.12. If a0, . . . , ar are positive integers then the degree of the
rational normal scroll S(a0, . . . , ar) is

∑
i ai. More generally, if X is a

smooth curve, and E is a very ample vector bundle on X, then the degree
of the image of PE under the embedding given by |OPE(1)| is −deg c1E.

Note that degree and codimension of a scroll S satisfies the equation

degS = 1 + codimS.

This is the minimal degree for any subvariety of projective space not con-
tained in a hyperplane. The Veronese surface in P4, and any cone over
it, also satisfy this equation, but these are the only “varieties of minimal
degree”. See Harris [1992] Theorem 19.19.

Proof. if the rank of PE is r + 1 then the dimension of PE is r + 1, so
the degree of the image of PE under the embedding given by |OPE(1)|
is deg ζr+1. Since X is a 1-dimensional we have ciE = 0 for i > 1, so
ζr+1 = −c1E . If X = P1 and

E = OP1(−a0)⊕ · · · ⊕ OP1(−ar),

then c1E = −
∑
i ai and S(a0, . . . , ar) is the embedding of P(E) by OPE(1).
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11.4.1 The universal k-plane over the Grassmannian G(k, n)

In this section and the next, we’ll use Theorem 11.9 to give a description
of the Chow ring of some varieties that arise often in algebraic geometry:
the universal k-plane over the Grassmannian G(k, n), and the blowup of
Pn along a linear space.

For the first of these, let G = G(k,PV ) be the Grassmannian parametriz-
ing k-planes Λ ⊂ PV in the projectivization of an (n+1)-dimensional vector
space V , and let Φ be the universal plane

Φ =
{

(Λ, p) ∈ G× PV | p ∈ Λ
}

We can recognize Φ, via the projection π : Φ→ G on the first factor, as the
projectivization PS of the universal subbundle on G, and use Theorem 11.9
to describe A(Φ). We’ll use the notation introduced above: we’ll identify
A(G) with its image in A(Φ) via the pullback map π∗, and denote the first
Chern class of the tautological bundle OPS(1) by ζ ∈ A1(Φ).

Note that a linear form l ∈ V ∗ on V gives rise to a section of S∗ by
restriction in turn to each subspace of V , hence to a section of π∗S, and
ultimately to a section of OPS(1) via the surjection π∗S∗ → OPS(1) dual
to the tautological inclusion OPS(−1) ↪→ π∗S. Simply put, if we think of
Φ = PS as the variety of pairs (Λ̃, ξ) with Λ̃ ⊂ V a (k + 1)-dimensional
subspace and ξ ⊂ Λ̃ a one-dimensional subspace, then we can define a
section σl of OPS(1) by setting

σl(Λ̃, ξ) = l|ξ.
In particular, we see that the zero locus of the section σl is just the locus
of (Λ̃, ξ) such that ξ is contained in the hyperplane Ker(l) ⊂ V , and hence
the tautological class ζ = c1(OPS(1) ∈ A1(Φ) is just the pullback of the
hyperplane class on PV via the projection map η : Φ → PV on the second
factor.

Recalling the calculation of the Chern classes of the universal bundles on
G(k, n) from Section 7.3.5 and applying Theorem 11.9, we conclude the

Proposition 11.13. Let G = G(k, n) be the Grassmannian of k-planes in
Pn and Φ ⊂ G × Pn as above the universal k-plane, with π : Φ → G and
η : Φ→ Pn the projection maps. We have then

A(Φ) = A(G)[ζ]/(ζk+1 − σ1ζ
k + σ1,1ζ

k−1 + · · ·+ (−1)k+1σ1,1,...,1),

where ζ ∈ A1(Φ) is the tautological class, or equivalently the pullback via η
of the hyperplane class in Pn.

The two special cases occurring most commonly are the cases k = n− 1
of the universal hyperplane, and the case k = 1 of the universal line. In the
first case,

Φ =
{

(H, p) ∈ Pn∗ × Pn | p ∈ H
}
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and if we let ω be pullback to Φ of the hyperplane class in Pn∗, we have

A(Φ) = Z[ω, ζ]/(ωn+1, ζn+1, ζn − ωζn−1 + · · ·+ (−1)nωn)

We have written the ideal of relations in this way to emphasize the sym-
metry, but it’s redundant: we could drop either ωn+1 or ζn+1. Note that
when a+ b = dim(Φ) = 2n− 1 we have

deg(ωaζb) =

{
1, if (a, b) = (n, n− 1) or (n− 1, n)

0 otherwise,

which we could also see from the fact that Φ ⊂ Pn∗ × Pn is a hypersurface
of bidegree (1, 1).

The universal line will also come up a lot in the following chapters; in
this case we have

A(Φ) = A(G(1, n))[ζ]/(ζ2 − σ1ζ + σ1,1).

We’ll leave it to the reader to calculate the degrees of monomials σa1σ
b
1,1ζ

c

of top degree a+ 2b+ c = dim(Φ) = 2n− 1 in Exercise 11.40.

11.4.2 The blowup of Pn along a linear space

In Chapter 1 we saw how to describe the Chow ring of the blowup of
projective space at a point. We can now analyze much more generally and
systematically the Chow ring of the blowup Z = BlΛPn of projective space
Pn = PV along any linear subspace Λ ∼= Pr−1. The key is to realize Z as
the total space of a projective bundle.

To understand the picture, first recall that the blowup is the graph of
the rational map πΛ : Pn → Pn−r given by projection from Λ. Thus Z ⊂
Pn×Pn−r. We will show that the projection Z → Pn−r to the second factor
makes Z into a projective bundle. Certainly, each fiber of the projection
is an r-dimensional projective space (see Figure 11.2). Concretely, if we
choose an (n− r)-plane Γ ⊂ Pn disjoint from Λ, we can write

Z = {(p, q) ∈ Pn × Γ | p ∈ Λ q}.

The fiber over a point q ∈ Γ is thus the linear subspace Λ q ∼= Pn−r+1 ⊂
Pn. If we write Pn as P(V ), then Λ corresponds to an r-dimensional linear
subspace V ′ ⊂ V and Γ corresponds to a complementary (n − r + 1)-
dimensional subspace W . The fiber of Z over q ∈ Γ corresponds to the
subspace spanned by V ′ and the one-dimensional subspace q̃ corresponding
to q in W . Here V ′ is fixed, while the one-dimensional subspace varies over
all such subspaces of W . This suggests that Z is the projectivization of the
bundle OPn−r (−1)⊕ V ′ ⊗OPn−r , which we will now prove.
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FIGURE 11.2. The fiber over a point under the projection of P3 from the line Λ.

Proposition 11.14. Let V ′ ⊂ V be an r-dimensional subspace of an (n+
1)-dimensional vector space V , and let

E = OPn−r (−1)⊕ (V ′ ⊗OPn−r ),

so that E is a vector bundle of rank (r + 1) on Pn−r = P(V/V ′). The
blowup Z of P(V ) along the (r − 1)-dimensional subspace P(V ′), together
with its projection to Pn−r, is isomorphic to the projective bundle π : PE →
Pn−r. Under this isomorphism the blowup map Z → Pn corresponds to the
complete linear series |OPE(1)|.

Proof. Choose a complement V/V ′ ∼= W ⊂ V to V ′, so that V = W ⊕ V ′.
With E as in the Proposition, the natural inclusion OPW (−1) ⊂ (W⊗OPW )
induces an inclusion

E ⊂ (W ⊗OPW )⊕ (V ′ ⊗OPW ) = V ⊗OPW .

The dual map, which is a surjection, induces an isomorphism V ∗ → H0E∗ =
V ′∗ ⊕W ∗. Thus E∗ is generated by its global sections and the complete
linear series |OPE(1)| corresponds to a map PE → PV .

The fiber of E over a point q ∈ PW is, as a subspace of V , equal to V ′ q̃,
whose projectivization is the fiber over q of the blowup Z of PV ′ in PV
. Thus, together with the projection map π : PE → PW we get a closed
immersion ϕ : PE → PV × PW , that maps the fiber of PE isomorphically
to Z.

Corollary 11.15. Let Z ⊂ Pn × Pn−r be the blowup of an (r − 1)-plane
Λ in Pn. Writing α, ζ ∈ A1(Z) for the pullbacks of the hyperplane classes
on Pn−r and Pn respectively, we have

A(Z) = Z[α, ζ]/(αn−r+1, ζr+1 − αζr).

With this notation the class of the exceptional divisor E ⊂ Z, the preimage
of Λ in Z, is

[E] = ζ − α.
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Proof. The Chern class of E = OPn−r (−1) ⊕ V ′ ⊗ OrPn−r , is 1 − α so the
formula for A(Z) follows at once from Theorem 11.9. Since ζ is the class
of the preimage of a hyperplane H ⊂ Pn (which could contain Λ), and α
is represented by the proper transform of a hyperplane containing Λ, we
have [E] = ζ − α as claimed.

For example, in the case of the blowup of the plane at a point we have

[E]2 = (ζ − α)2 = ζ2 − 2αζ + α2 = −ζ2,

that is, minus the class of a point, as we already knew. But we can now
compute deg([E]n) in general (Exercise 11.45).

11.5 Projectivization of a subbundle

If F ⊂ E are bundles on a variety X then PF is naturally a subscheme of
PE . Understanding its class is a crucial in understanding the Chow ring of
a blow-up (Section ??), and will allow us to answer Keynote Question (b).

Let π : PE → X be the projection and let OPE(−1) ⊂ π∗E be the
universal subbundle. A point p ∈ PE over a point x ∈ X corresponds to
the one dimensional space that is the fiber of OPE(−1) at p. Thus p ∈ PF if
and only if this space is contained in the fiber of F . In other words, p ∈ PF
if and only if the composite map

ϕ : OPE(−1)→ π∗E → π∗(E/F).

vanishes at p. We can view ϕ as a global section of the bundle

Hom(OPE(−1), π∗(E/F)) ∼= OPE(1)⊗ π∗(E/F)

If we write everything in local coordinates then we see that PF is scheme-
theoretically defined by the vanishing of ϕ. Since the codimension of PF
is the same as the rank of E/F , it follows that [PF ] ∈ A(PE) is given by a
Chern class, which we can compute using the formula for the Chern class
of the tensor product of a bundle with a line bundle (Proposition 7.10):

Proposition 11.16. If X is a smooth projective variety and F ⊂ E are
vector bundles on X of ranks s and r respectively, then

[PF ] = cr−s
(
OPE(1)⊗π∗(E/F)

)
= ζr−s+γ1ζ

r−s−1+· · ·+γr−s ∈ Ar−s(PE)

where ζ = c1(OPE(1)) and γk = ck(E/F).

An important reason to consider projectivized subbundles is suggested
by the following characterization of sections. Giving a section—that is, a
map α : X → PE such that π ◦ α is the identity—is the same as giving the
image the section; and we will therefore refer to the image as a section as
well.
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Proposition 11.17. If L ⊂ E is a line subbundle of a vector bundle E
on a variety X, then PL ⊂ PE is the image of a section X → PE of the
projection PE → X, and every section has this form.

Informally: giving a section is the same as specifying point of PE over
each point of X; that is, giving a 1-dimensional subspace of each fiber of
E .

Proof. By the universal property of π : PE → X, giving a map α : X → PE
that “commutes with” the identity map X → X is the same as given a line
subbundle of E .

11.5.1 Ruled surfaces

Recall that a ruled surface is by definition the projectivization of a vector
bundle of rank 2 over a smooth curve. We can now answer Keynote Question
(b):

Proposition 11.18. A ruled surface can contain at most one irreducible
curve of negative self-intersection.

Proof. Let X be a smooth curve, let π : PE → X be a ruled surface, and
suppose that C1, C2 ⊂ PE are two irreducible curves of strictly negative
self-intersection. A fiber π−1(x), satisfies [π−1(x)]2 = π∗([x]2) = 0, so the
induced maps π : Ci → X are finite. Let C ′1 → C1 be the normalization
of C1, and let α : C ′1 → C ⊂ X be the corresponding map. Consider the
pullback diagram

Pα∗E = C ′1 ×X PE
β - PE

C ′1

?

α
- X

π
?

The preimage β−1(C1) = C ′1×X C1 represents a cycle mΣ1 +D1, where Σ1

is a section, D1 has no component in common with Σ1, and m > 0. Hence

m2 deg[Σ1]2 = deg[Σ1][β∗C1]− deg[Σ1][D1]

≤ deg[Σ1][β∗C1]

= deg[β∗Σ][C1]

= deg[C1]2,

so deg[Σ1]2 < 0.

Since a section pulls back to a section with the same self-intersection, we
can repeat the process with a component of β−1C2 to arrive at a situation
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where we have two sections sections Σi of negative self-intersection. We can
analyze this case using Proposition 11.17. Suppose that Σi = PLi ⊂ PE .

By Theorem 11.9, we have

A(PE) = A(X)[ζ]/(ζ2 + c1(E)ζ),

where ζ = c1(OPE(1)). Now deg(c1(E)ζ) = deg π∗(c1(E)ζ) = deg c1(E)
because ζ meets each fiber of π in degree 1. It follows that deg ζ2 =
−deg c1(E). By Proposition 11.16,

[Σi] = ζ + c1(E)− c1(Li),
so

0 > deg[Σi]
2 = deg ζ2 + 2 deg c1(E)− 2 degLi.

Thus 2 degLi > deg c1(E). (Exercise 11.55 strengthens this conclusion
slightly.)

Supposing now that Σ1 6= Σ2, we get an exact sequence

0→ L1 ⊕ L2 → E → G → 0

where G is a sheaf with finite support, and it follows that deg E ≥ degL1 +
degL2 > deg E , a contradiction.

By contrast, it is possible for a (non-ruled) smooth projective surface
to contain infinitely many irreducible curves of negative self-intersection;
Exercises 11.50- 11.52 show how to construct an example. It is an open
problem (in characteristic 0) whether the self intersections of irreducible
curves on a surface S (in characteristic 0) are bounded below: that is,
whether a surface can contain a sequence C1, C2, . . . of irreducible curves
with (Cn ·Cn)→ −∞. (In characteristic p > 0, János Kollár has shown us
an example, described in Exercise 11.53.)

11.5.2 Self-intersection of the zero section of a vector bundle

As we explained in Chapter 6, a vector bundle E on a scheme X may itself
be considered as a scheme A(E) := Spec(Sym E∗) over X.

It is useful to have a compactification of A(E); that is, a variety proper
over X that includes A(E) as a dense open subset. It is natural to try to
compactify each fiber by putting it inside a projective space of the same
dimension, and we can do this globally by taking the projectivization of
the direct sum E ⊕ OX ; that is, we set

E := P(E ⊕ OX).

Let r be the rank of E . Since c(E ⊕ OX) = c(E), we have

A(E) = A(X)[ζ]/(ζr+1 + c1(E)ζr + · · ·+ cr(E)ζ),



444 11. Projective Bundles and their Chow Rings

In terms of coordinates, A(E) ⊂ E is “the locus where the last coordinate
is nonzero.” It’s complement is the divisor PE ⊂ P(E ⊕ OX), which we
therefore call the “hyperplane at infinity”. Since this is the locus where the
section of OE(1) corresponding to 1 ∈ OX ⊂ E ⊕OX vanishes, we get

ζ := c1(OE(1)) = [PE ].

(One can also see this from Proposition 11.16.)

The section POX ⊂ E is the locus where all the coordinates in E∗ van-
ish; it is thus the zero-section of A(E), which we will call Σ0. By Proposi-
tion 11.16 we have [Σ0] = ζr + c1(E)ζr−1 + · · · + cr−1(E)ζ + cr(E). More
generally, if τ is a global section of E , then (τ, 1) is a nowhere vanishing
section of E ⊕ OX , and the line subbundle it generates corresponds to a
section of E , which we will call Στ . Using Proposition 11.16 or the fam-
ily Σtτ , which is a rational equivalence between Στ and Σ0, we see that
[Στ ] = [Σ0]. If τ vanishes in codimension r then

π∗([Σ0]2) = π∗
(
[[Σ0][Στ ]]

)
= [(τ)0] = cr(E).

We claim that this formula holds in general:

Proposition 11.19. Let E be a vector bundle of rank r on a smooth variety
X, and let π : E = P(E ⊕ OX) → X be the projection, and let ι : X →
A(E) ⊂ E be the zero section, with image Σ0 = P(OX). We have

π∗([Σ0]2) = cr(E),

and, for any class α ∈ A(X),

ι∗ι∗α = αcr(E).

Proof. By Proposition 11.16,

[Σ0] = ζr + c1(E)ζr−1 + · · ·+ cr−1(E)ζ + cr(E).

Since Σ0 is disjoint from the hyperplane at infinity PE ⊂ P(E ⊕OX), which
has class ζ, we get [Σ0]ζ = 0. (This also follows from the computation of
A(E).)

Thus

[Σ0]2 = [Σ0]
(
ζr + c1(E)ζr−1 + · · ·+ cr−1(E)ζ + cr(E)

)
= [Σ0]cr(E) ∈ A(E)

From the push-pull formula we get π∗([Σ0]2) = (π∗[Σ0])cr(E) = cr(E),
proving the first assertion.

For the second assertion, we use the fact that π induces an isomorphism
from Σ0 to X, and thus ι∗β = π∗(β ∩ [Σ0]) for any cycle β on E . Thus

ι∗ι∗α = ι∗(ι∗α[Σ0]) = π∗(ι∗α[Σ0]2) = αcr(E),

as required.
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See Theorem 15.6 for a generalization.

In Chapter 7 we described the top Chern class of a vector bundle E as as
the zero locus of a general section in the case when the bundle had “enough
sections”, a condition that implies that the zero locus of the general section
is reduced and of the right codimension. We can now show that the top
Chern class is given by the zero locus of a section σ under the more general
and more natural hypothesis σ itself vanishes in the correct codimension:

Corollary 11.20. Let E be a vector bundle of rank r on a smooth projective
variety X. If σ is a global section of E such that the zero scheme V (σ) ⊂ X
has codimension r, then the class [V (σ)] ∈ Ar(X) is the top Chern class
cr(E).

Proof. Writing Σσ for the image of σ, and ι : X → Σ0 ⊂ E for the inclusion
of the zero-section, we have ι(V (σ)) = Σσ ∩ Σ0. Under the hypothesis of
the Corollary the intersection is dimensionally transverse so, by Proposi-
tion 11.19,

[V (σ)] = π∗([Σσ][Σ0]) = π∗[Σ0]2 = crE .

An analogous statement is proven for all the Chern classes of E in Corol-
lary 14.2.

11.6 Brauer-Severi varieties

A Brauer-Severi variety is a variety Y together with a smooth map π :
Y → X such that all the (scheme-theoretic) fibers of π are isomorphic to
Pr, for some fixed r. Thus any projective bundle π : Y → X is a Brauer-
Severi variety. But the converse is false. It is in fact the case that such a
morphism π will be trivial locally in the étale (or, in case the ground field
is C, the analytic topology) in the sense that every point x ∈ X will have
an étale or analytic neighborhood U such that π−1(U) ∼= U ×Pr. This is a
consequence of the fact that Pr has no nontrivial deformations. But it may
not be trivial in the Zariski topology. Here is an example.

Example 11.21. Let P5 be the space of conics in P2 = PV , and consider
the universal conic

P5 �π1
Φ = {(C, p) ∈ P5 × P2 | p ∈ C} π2- P2

with its projections πi to the two factors. We can realize Φ as the total space
of a P4-bundle over P2 via π2: Indeed, Φ is the projectivization of the rank
5 subbundle E ⊂ Sym2 V ∗ whose fiber Ep at a point p is the subspace
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FIGURE 11.3. Local Analytic Trivality of the Universal Family of Conics in the
Plane: Y |U ∼= C ∈ U × P1 via projection from qC ∈ C ∈ U .

of quadratic polynomials vanishing at p. (In particular, Φ is smooth.) In
these terms the tautological class ζ = c1(OPE(1)) ∈ A1(Φ) is the pullback of
the hyperplane class π∗1(OP5(1)). By Theorem 11.9, the divisor class group
A1(Φ) ∼= Z2 is generated by the pullbacks of the hyperplane classes from
P2 and P5. Note that these classes restrict to classes of degrees 2 and 0 on
any fiber of π1. Thus the intersection of the fiber of π1 with any divisor on
Φ has even degree.

We now consider the projection π1. To obtain a map whose fibers are
all isomorphic to P1 we let X ⊂ P5 be the open subset corresponding to
smooth conics, and let π : Y = ΦX → X be the restriction of π1 to the
preimage of X in Φ. By definition, the fibers of π are smooth conics, and
in particular isomorphic to P1, so X is a Brauer-Severi variety.

We claim that π : Y → X is not a projective bundle. Indeed, if there
were a nonempty Zariski open U ⊂ X ⊂ P5 such that π : YU → U were
isomorphic to the projection to U of the product U × P1 then we could
take a section of YU and take its closure in Φ, obtaining a divisor in Φ
meeting the general fiber of Φ → P5 in a reduced point. This contradicts
the computation above. Thus π : Y → X is not a projective bundle.

If we work over the complex numbers we can see directly that π is locally
trivial in the analytic topology (and the same argument would work more
generally for the étale topology): Let C0 ∈ X be a smooth conic. Choose
lines L,M ⊂ P2 such that L is transverse to C0 and M ∩ L ∩ C0 = ∅.
Over a sufficiently small analytic neighborhood U of C0 ∈ X we can solve
analytically for a point qC ∈ C∩L. The restriction of Y to U is isomorpphic
to U × P1 as U -schemes by the maps projecting a fiber C from qC to M
(see Figure 11.3).

The conclusion of this example may be interpreted as a theorem in poly-
nomial algebra: it says that there does not a exist a rational solution to the
general quadratic polynomial. In other words, there do not exist rational
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functions X(a, b, c, d, e, f), Y (a, b, c, d, e, f) and Z(a, b, c, d, e, f) such that

aX2 + bY 2 + cZ2 + dXY + eXZ + fY Z ≡ 0.

This is a generalization of the statement that the roots of a quadratic
polynomial in one variable are not expressible as rational functions of its
coefficients, though much stronger: polynomials in several variables have
many more solutions than polynomials in one variable! The same is true
of polynomials of any degree d > 1 in any number of variables (Exer-
cise 11.56).

The set of Brauer-Severi varieties over a given variety X, modulo an
equivalence relation that makes the projective bundles trivial, can be given
the structure of a group, called the Brauer group of X. There is another
avatar of this group, as the group of Azumaya algebras over OX modulo
those that are the endomorphism algebras of vector bundles. Understanding
the Brauer groups of varieties is an important goal of arithmetic geometry.
See for example ****find a good citation; maybe Serre’s article in the class
field theory book?****

11.7 Chow ring of a Grassmannian bundle

Suppose X is any variety, and E a vector bundle of rank n on X. Gener-
alizing the projective bundle associated to E we can form the Grassmann
bundle G(k,E) of k-planes in the fibers of E ; that is,

G(k,E) = {(x, V ) : x ∈ X; V ⊂ Ex}
π- X.

(As with a single Grassmannian, we can realize G(k,E) as a subvariety of
the projectivization P(∧kE).) There is a description of the Chow ring of
G(k,E) that extends both the description of the Chow ring of a projective
bundle above, and the description of the Chow ring of G(k, n) given in
Theorem ??; we’ll explain it here without proof.

As in the projective bundle case, there is a tautological subbundle S ⊂
π∗E defined on G(k,E); this is a rank k bundle whose fiber over a point
(x, V ) is the vector space V ⊂ Ex. Let Q = π∗(E)/S the tautological quo-
tient bundle. As in the case of projective bundles, the Chow ring A(G(k,E))
is generated as an A(X)-algebra by the Chern classes ci(S), and also by the
classes ci(Q). To understand the relations they satisfy, consider the exact
sequence

0→ S → π∗E → Q→ 0.

By the Whitney formula

c(Q) =
c(E)

c(S)
.
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Since Q has rank n−k, the Chern classes cl(Q) vanish for l > n−k, and as
in the projective bundle case (above) or the case of G(k, n) (Theorem ??)
this gives all the relations:

Theorem 11.22. Let X be a variety and let E be a vector bundle of rank
n on X. If G = G(k,E)→ X the bundle of k-planes in the fibers of E then

A(G) = A(X)[ζ1, . . . ζk]/

({
c(E)

1 + ζ + ζ2 + . . .

}
l

, l > dimG− n+ k

)
where ζ = ζ1+· · ·+ζk and {η}l denotes the component of η of codimension
l, an element of Al(G).

One can go further and, fixing a sequence of ranks 0 < r1 < · · · rm <
rankE, consider the flag bundle F(r1, . . . , rm, E) whose fiber over a point
of X is the set of all flags of subspaces of the given ranks in E . There is
again an analogous description of the Chow ring of this space. See Grayson
and Stillman [≥ 2013] for this result and an interesting proof that is in
some ways more explicit than the one we have given, even in the case of
A(G(k, n)). ****is there a published proof?****

11.8 Conics in P3 meeting eight lines

The family of conics contained in planes in P3 is naturally a projective
bundle, and we will now apply the theory above to compute the number of
such conics intersecting each of 8 general lines L1, . . . , L8 ⊂ P3.

We start by checking that we should expect a finite number. There is a
3-parameter family of planes in P3, and a five-parameter family of conics in
each. Since two distinct planes intersect only in a line, the space of conics,
whatever it is, should have dimension 3 + 5 = 8.

Next, the locus DL of conics meeting a given line L ⊂ P3 has codimension
1 in the space of conics: if C ⊂ P3 is the image of the map given by
(F0, F1, F2, F3), the condition that C meet the line Z0 = Z1 = 0 is that F0

and F1 have a common zero. More geometrically: a one-parameter family
of conics sweeps out a surface that meets L in a finite set, so a curve in the
space of conics will intersect the locus of conics meeting L a finite number
of times. It is reasonable, then, to ask whether there is only a finite number
of conics that meet each of 8 general lines and, if so, how many there are.

As a parameter space Q for conics in P3 we will use a projective bundle,
and this will allow us to use the theory developed earlier in this chapter to
calculate in its Chow ring. In particular, we will identify the class δ ∈ A(Q)
of the cycle DL ⊂ Q of conics meeting a given line L, and compute the
number deg δ8, our candidate for the number of conics meeting 8 given
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general lines Li. To prove that this number is correct, we must show that
the cycles DLi meet transversely.

We will then identify Q with the Hilbert scheme H = H2m+1 of sub-
schemes of P3 having Hilbert polynomial p(m) = 2m+1. We will prove the
necessary transversality by describing the tangent spaces to DL in terms of
the general description of the tangent spaces to Hilbert schemes from The-
orem 8.21; this is a special case of an important general principle explaine
in Exercise 11.66.

11.8.1 The Parameter space as projective bundle

Since the conics in a given plane naturally form a P5, and each conic is
contained in a unique plane, it is plausible that the set of all conics in P3

is a P5-bundle over P3∗, the projective space of planes in P3.

To make this structure explicit, consider the tautological exact sequence
on P3∗, which we may write as:

0 - S - O4
P3∗

(
x0 x1 x2 x3

)
- OP3(1)→ 0.

The projective bundle PS ⊂ P(O4
P3∗) = P3∗ × P3 is the family of 2-planes

in P3: the fiber of PS over a point a = (a0, . . . , a3) ∈ P3∗ is the plane
Ha ⊂ P3 defined by

∑
aixi = 0. The dual S∗a is thus the space of linear

forms on this plane, and, setting E := Sym2(S∗), the fiber of PE over a
may be identified with the set of conics in Ha. Thus there is a tautological
family of conics in P3

X ⊂ PE ×P3∗ PS ⊂ PE × P3

whose points are pairs consisting of a conic in 2-plane and a point on that
conic, with projections both to P3∗ and to P3.

From the dual of the exact sequence above we derive an exact sequence

0→ O4
P3∗ ⊗OP3∗(−1)→ Sym2(O4

P3∗)→ E → 0.

If we denote by ω the tautological class on P3∗ then Whitney’s formula
(Theorem ??), taking into account that ω4 = 0, yields

c(E) = 1/(1− ω)4 = 1 + 4ω + 10ω2 + 20ω3.

We can now apply Theorem 11.9 to describe the Chow ring of Q. Letting
ζ ∈ A1(Q) be the first Chern class of the tautological quotient OPE(1)) of
the pull-back of E∗ to Q we get

A(Q) = A(P3∗)[ζ]/(ζ6 + 4ωζ5 + 10ω2ζ4 + 20ω3ζ3)

= Z[ω, ζ]/(ω4, ζ6 + 4ωζ5 + 10ω2ζ4 + 20ω3ζ3)
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11.8.2 The class δ of the cycle of conics meeting a line

We next compute the class δ ∈ A1(Q) of the divisor D = DL using the
technique of undetermined coefficients. We know that δ = aω + bζ for
some pair of integers a and b, and restricting to curves in Q gives us linear
relations on a and b. Let Γ ⊂ Q be the curve corresponding to a general
pencil {Cλ ⊂ H} of conics in a general plane H ⊂ P3, let Φ ⊂ Q be the
curve consisting of a general pencil of plane sections {Hλ ∩ Q} of a fixed
quadric Q. We denote their classes in A1(Q) by γ and ϕ respectively.

We claim that the following table gives the intersection numbers between
our divisor classes ω, ζ, δ, and the curves Γ,Φ:

ω ζ δ

γ 0 1 1

ϕ 1 0 2

The calculation of the five intersection numbers other than ζϕ is easy,
and we leave to the reader the pleasure of working them out (Exercise
11.60).

We can compute ζϕ as the degree of the restriction of the bundle OPE(1)
to the curve Φ; equivalently, to show that ζϕ = 0 we must show that
T = OPE(−1) is trivial on Φ. To see this, recall that a point of Q is a
pair (H, ξ), with H a plane in P3 and ξ a one-dimensional subspace of
H0(OH(2)); the fiber of T over the point (H, ξ) is the vector space ξ. Now,
if F ∈ H0(OP3(2)) is the homogeneous quadratic polynomial defining Q, we
see that the restrictions of F to the planes Hλ give an everywhere nonzero
section of T over Φ, proving that T |Φ is the trivial bundle, as required.

Given the intersection numbers in the table above, we conclude that

δ = 2ω + ζ.

There is also a direct way to arrive at this class, which we’ll describe in
Exercise 11.61.

11.8.3 The degree of δ8

To compute δ8 we need to know the degreesof the monomials ωiζj of degree
8. To start with, we have ω4 = 0; and since ω3 is the class of a fiber of
Q → P3∗ and ζ restricts to the hyperplane class on this fiber, we have

deg(ω3ζ5) = 1.

To evaluate the next monomial ω2ζ6, we use the relation

ζ6 = −4ωζ5 − 10ω2ζ4 − 20ω3ζ3
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of Theorem 11.9, which gives

degω2ζ6 = degω2(−4ωζ5 − 10ω2ζ4 − 20ω3ζ3)

= −4.

The same idea yields

degωζ7 = 6; deg ζ8 = −4.

Putting these together we obtain

(2ω + ζ)8 = ζ8 + 2

(
8

1

)
ωζ7 + 4

(
8

2

)
ω2ζ6 + 8

(
8

3

)
ω3ζ8

= 92

Writing π : Q → P3 for the projection, the numbers ωiζj computed above
may be interpreted (via the push-pull formula) as the degrees of the classes
π∗ζ

k, which are called Segre classes of the bundle E . See definition 12.1
and, for an alternate computation, Proposition 12.3.

11.8.4 The parameter space as Hilbert scheme

If Q ⊂ Λ is a smooth plane conic then the Hilbert polynomial of Q is
p(m) = 2m + 1. Let H := H2m+1 be the Hilbert scheme of subschemes
of P3 with this Hilbert polynomial, and let C → H × P3 be the universal
family. We have already described the tautological family of plane conics
X → Q×P3, and by the universal property of the Hilbert scheme, there is
a unique map ψ : Q → H such that X = (ψ × 1)∗C.

Theorem 11.23. Q with its universal family X → Q× P3 is isomorphic
to H with its universal family C → H× P3 via the map ψ.

We postpone the proof to develop a few necessary facts about subschemes
C with Hilbert polynomial p(m) = 2m+1. To show that C is really a conic,
we first want to show that C is contained in a plane Λ—that is, there is a
linear form vanishing on C. Since the number of independent linear forms
on P3 is 4 = p(1)+1, it suffices to show that the Hilbert function of C, that
is the dimension (SC)1 of the degree 1 part of the homogeneous coordinate
ring of C, is equal to p(m).

Once this is established we must show that a nonzero quadratic form on
Λ vanishes on C, and it suffices, for similar reasons as above, to show that
dim(SC)2 = 5 = p(2). This is the idea behind the following result.

Proposition 11.24. Let C ⊂ Pn be a subscheme, let IC be its ideal sheaf,
and let SC = K[x0, . . . , xn]/I be its homogeneous coordinate ring.
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(a) If the Hilbert polynomial of SC is pC(m) = 2m + 1 then the Hilbert
function of SC is also equal to 2m+ 1.

(b) C is the complete intersection of a uniqe 2-plane and a (non-unique)
quadric hypersurface.

(c) H1(I(m)) = 0 for all m.

Proof. The form of the Hilbert polynomial implies that C has dimension 1
and degree 2. Thus a general plane section Γ = {x = 0}∩C is a subscheme
of degree 2 in the plane, either two distinct points or one double point. In
either case, the Hilbert function of Γ is hΓ(m) = 2 for all m ≥ 1. Writing
SC for the homogeneous coordinate ring of C we have a surjective map
SC → SΓ whose kernel contains xSC , whence

hC(m)− hC(m− 1) ≥ hΓ(m) = 2

for m ≥ 1. Since hC(0) = 1, it follows that hC(m) ≥ 2m+ 1 for all m ≥ 0
and that a strict inequality for any value of m implies the same for all
larger values. Since hC(m) = pC(m) = 2m + 1 for large m, the inequality
above must be an equality for all m ≥ 1, proving the first statement.

The second statement follows. From hC(1) = 3 we see that C is be
contained in a unique plane Λ. From hC(2) = 5 we see that C lies on five
linearly independent quadrics; since at most four of these can contain Λ,
we see that C lies on a quadric Q ⊂ P3 not containing Λ. The subscheme
C ′ := Λ ∩Q also has Hilbert function 2m+ 1 and C ⊂ C ′ they are equal.

To prove the last statement we use the long exact sequence in cohomol-
ogy,

0→ H0IC(m)→ H0OPn(m)→ H0OC(m)→ H1IC(m)→ H1OPn(m).

Since the last term is zero and the cokernel of the map H0IC(m) →
H0OΛ(m) is the component of degree m in SC , it suffices to show that
h0OC(m) = 2m + 1. But as C is defined in the plane by a quadratic hy-
persurface, we have also a sequence

0→ H0OP2(m− 2)→ H0OP2(m)→ H0OC(m)→ H1OP2(m− 2),

and since the twists of OP2 have no intermediate cohomology, we get

h0OC(m) = h0OP2(m)− h0OP2(m− 2) =

(
m+ 2

2

)
−
(
m

2

)
= 2m+ 1

as required.

Proof of Theorem 11.23. By Proposition 11.24, the fibers of C → H × P3

over closed points are precisely the distinct conics in P3. Since this is also
true for X → Q× P3, the map ψ : Q → H is bijective on closed points.
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Since Q is smooth, it now suffices to prove that H is smooth. From the
bijectivity of ψ we see that dimH = dimQ = 8, so it suffices, in fact,
to prove that the tangent space to H at each point [C] has dimension 8.
By Theorem 8.21 there is an isomorphism T[C]/H ∼= H0(NC/P3). Using
Proposition 11.24 again, we know that C is a complete intersection of a
linear form and a quadric. Thus NC/P3 = (OP3(1) ⊕ OP3(2))|C , and the

dimension of the tangent space is h0OC(1) + h0OC(2).

By Proposition 11.24, H1(IC/P3(m) = 0 for all m, so the desired value
is the sum of the values of the Hilbert function of C at 1 and at 2. Putting
this together we get

dimT[C]/H = (2 · 1 + 1) + (2 · 2 + 1) = 8

as required.

11.8.5 Tangent spaces to incidence cycles

To prove that the DLi intersect transversely we need to compute their
tangent spaces at the points of intersection. This task is made easier by the
fact that, for general Li, the intersection of the DLi takes place the locus
U of smooth conics, as we shall now prove:

Lemma 11.25. For a general choice of lines L1, . . . , L8 ⊂ P3, no singular
conic meets all 8.

Proof. The family of singular conics has dimension 7, and the family of
lines meeting a line, or a singular conic, has dimension 3. Thus the family
consisting of 8-tuples of lines meeting a singular conic has dimension 7 +
3 · 8 = 31, while the family of 8-tuples of lines has dimension 8 · 4 = 32.

Next we describe the tangent spaces to the cycles DL at points in U .
Again we use the computation of the tangent space to Q ∼= H at a point
[C] corresponding to a conic C as T[C]/H = H0(NC/P3).

Proposition 11.26. Let L ⊂ P3 be a line, and DL ⊂ H the locus of conics
meeting L. If C ⊂ P3 is a smooth plane conic such that C ∩ L = {p} is
a single, reduced point, then DL is smooth at [C], and its tangent space at
[C] is the space of sections of the normal bundle whose value at p lies in
the normal direction spanned by L; that is,

T[C]DL =
{
σ ∈ H0(NC/P3) : σ(p) ∈ TpL+ TpC

TpC

}
.
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FIGURE 11.4. If C is a conic meeting a line L at a point p, then a deformation
of C corresponding to a normal section σ remains in DL if and only if σ(p) is
tangent to L.

Proof. We prove Proposition 11.26 by introducing an incidence correspon-
dence: For L ⊂ P3 a line, we let

ΦL = {(p, C) ∈ L×H | p ∈ C}.
The image of ΦL under the projection π2 to the second factor is the cycle
DL ⊂ H of conics meeting L. By Lemma 8.23, the tangent space to ΦL at
the point (p, C) is

T(p,C)ΦL =
{

(ν, σ) ∈ TpL×H0(NC/P3) | σ(p) ≡ ν mod TpC
}
.

In particular, ΦL will be smooth at (p, C) and the projection π2 will carry
its tangent space injectively to the space of sections σ ∈ H0(NC/P3) such
that σ(p) ∈ (TpL + TpC)/TpC. Since the map π2 is one-to-one over p, it
follows that DL is smooth at [C] with this tangent space.

This argument applies to Hilbert schemes in a more general context; see
Exercise 11.66.

Corollary 11.27. Let C be a smooth conic in P3. If L1, . . . , L8 are general
lines meeting C at general points, then the cycles DL1

, . . . DL8
⊂ Q ∼= H

meet transversely at [C].

Proof. By Proposition 11.26 it suffices to show that the 8 linear conditions
specifying that a global section of the normal bundle of C lie in specified 1-
dimensional subspaces at 8 points of C are independent, for a general choice
of the points and the subspaces. Since the rank of the normal bundle is 2,
this is a special case of Lemma 11.28.

Next, we want to see that, for a given conic C and eight general lines
meeting C the corresponding subspaces of T[C]H = H0(NC/P3) intersect
transversely. This also follows from a more general statement. Note that
we are not yet quite proving the transversality statement we wanted—this
will be deduced in the next section.
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Lemma 11.28. Let E be a vector bundle on a projective variety X, and
let V ⊂ H0E be a space of global sections. If p1, . . . , pk ∈ X are general
points and Vi ⊂ Epi a general linear subspace of codimension 1 in the fiber
Epi of E at pi then the subspace W = {σ ∈ V | σ(pi) ∈ Vi has dimension

dimW = max{0, h0(E)− k}.

The obvious analog of this result fails if allow codimVi > 1; see Exer-
cise 11.59.

Proof. Proceeding inductively, it suffices to do the case k = 1, and note
that if the general section in V had value in every hyperplane Vi ⊂ Ep at a
dense set of points p ∈ X, then V = 0.

11.8.6 Proof of transversality

Proposition 11.29. If L1, . . . , L8 ⊂ P3 are eight general lines, then the
cycles DLi ⊂ Q intersect transversely.

Proof. To start, we introduce the incidence correspondence

Σ =
{

(L1, . . . , L8;C) ∈ G(1, 3)8 ×Q | C ∩ Li 6= ∅ ∀i
}
.

Since the locus of lines L ⊂ P3 meeting a given smooth conic C is an
irreducible hypersurface in the Grassmannian G(1, 3), we see via projection
to Q that Σ is irreducible of dimension 32.

Now, let Σ0 ⊂ Σ be the locus of (L1, . . . , L8;C) such that the cycles
DLi fail to intersect transversely at [C]; this is a closed subset of Σ. By
Corollary ?? Σ0 6= Σ, so dim Σ0 < 32. It follows that Σ0 does not dominate
G(1, 3)8, so for a general point (L1, . . . , L8) ∈ G(1, 3)8 the cycles DLi are
transverse at every point of their intersection.

In sum, we have proved:

Theorem 11.30. There are exactly 92 distinct plane conics in P3 meeting
eight general lines, and each of them is smooth.

As with any enumerative formula that applies to the general form of a
problem, the computation still tells us something in the case of 8 arbitrary
lines. For one thing, it says that if L1, . . . , L8 ⊂ P3 are any eight lines,
there will be at least one conic meeting all eight (here we have to include
degenerate conics as well as smooth); and if we assume that the number
of conics meeting all eight (again including degenerate ones) is finite, then
assigning to each such conic C a multiplicity (equal to the scheme-theoretic
degree of the component of the intersection ∩DLi ⊂ H supported at [C]),
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the total number of conics will be 92. In particular, as long as the number
is finite, there can’t be more than 92 distinct conics meeting all eight lines.

In Exercises 11.62-11.74 we’ll look at some other problems involving con-
ics in P3, including some problems involving calculations in A(H), some
other applications of the techniques we’ve developed here and some prob-
lems that require other parameter spaces for conics.

11.9 Exercises

Exercise 11.31. Equations for rational normal cuves. Choosing coordi-
nates x0, x1, . . . , xa on Pa to correspond to the monomials sa, sa−1, . . . , ta,
show that the 2× 2 minors of the matrix(

x0 x1 . . . xa−1

x1 x2 . . . xa

)
vanish identically on the rational normal curve S(a). Show that the map-
ping taking (s, t) to the point where each of the linear forms in the vector

(s, t)

(
x0 x1 . . . xa−1

x1 x2 . . . xa

)
= (sx0 + tx1, . . . , sxa−1 + txa

vanishes is an isomorphism. By working in local coordinates, show that the
ideal I generated by the minors defines the curve scheme theoretically. Find
a set of monomials that form a basis for the ring K[x0, x1, . . . , xa]/I, and
show that in degree d it has dimension ad+ 1. By comparing this with the
Hilbert function of P1, prove that I is the saturated ideal of the rational
normal curve.

Exercise 11.32. Let X be a smooth projective variety, E a vector bundle
on X and PE its projectivization. Let L be any line bundle on X; as we’ve
seen, there is a natural isomorphism PE ∼= P(E ⊗ L).

(a) How does the class c1(OP(E⊗L)(1)) relate to c1(OPE(1))?

(b) Using the results of Section 7.2.5, show that the two descriptions of
the Chow ring of PE = P(E ⊗ L) agree.

Exercise 11.33. Let π : Y → X be a projective bundle.

(a) Show that the direct sum decomposition of the group A(X) given in
Theorem 11.9 depends on the choice of vector bundle E with Y ∼= PE .

(b) Show that if we define group homomorphisms ψi : A(Y )→ A(X)⊕i+1

by

ψi : α 7→
(
π∗(α), π∗(ζα), . . . , π∗(ζ

iα)
)



11.9 Exercises 457

then the filtration of A(Y ) given by

A(Y ) ⊃ Ker(ψ0) ⊃ Ker(ψ1) ⊃ · · · ⊃ Ker(ψr−1) ⊃ Ker(ψr) = 0

is independent of the choice of E . (Hint: give a geometric characteriza-
tion of the cycles in each subspace of A(Y ).)

Exercise 11.34. Let X = SpecD, where D is a DVR, and let Q is the
quotient field of D. Set A = D ⊕ Q, and make A into a D-algebra by
declaring that the product of any two elements in the second factor is zero.
Show that the projectection Spec(D ⊕ Qε) → X is a flat map of finite
type and that the closed fiber is a reduced point. This example shows that
Proposition 11.3 requires something like the smoothness hypothesis.

Exercise 11.35. Show that the product of a base point free linear series
with a very ample linear series is very ample. (Hint: prove that the product
separates points and tangent vectors.)

Exercise 11.36. Let F be a vector bundle of rank r on a scheme X. Prove
that F is very ample if and only if, for exach finite subscheme Y ⊂ X of
length 2 we have

dimH0(F(−Y )) ≤ dimH0(F)− 2r, (in which case equality holds),

where H0(F(−Y )) denotes the space of sections of F that vanish on Y (the
section of the kernel of the map F → F/IY/XF .

Solution: Let E = F∗, and let π : PE → X be the projection. Since every
subscheme of length 2 in P(E) is contained in the preimage π−1Y = P(E|Y )
of some subscheme Y of length 2, the complete linear series |OPE(1)| is
very ample if and only if its restriction to such preimages is very ample.
Since every vector bundle on a finite scheme is trivial we have H0(F|Y ) =
OrY , so PEY = Y × Pr−1, and the restriction of OPE(1) to this scheme is
OY �OPr−1(1).

The complete linear series |OY �OPr−1(1)| is very ample(for example by
Proposition 11.6 where we take both L and F to be trivial bundles), and
has dimension 2r. Thus dimH0(F(−Y )) ≤ dimH0(F) − 2r if and only
if the map H0(F) → H0(F|Y ) is surjective (in which case the inequality
is an equality.) It thus suffices to show that no linear series of the form
OY � OPr−1(1),W , with W ( H0OY � OPr−1(1), can be very ample on
Y ×Pr−1. Equivalently: there is no embedding of Y ×Pr−1 in P2r−2 taking
Yred × Pr−1 to the disjoint union of (one or two) linear spaces.

Suppose, on the contrary, there were such an embedding. Since we as-
sume that the ground field K is algebraically closed, there are only two
possibilities for Y : two reduced points or one double point. If Y consists
of two reduced points, so that the image of Yred × Pr−1 is the union of
two linear spaces, we get a contradiction simply from the fact that any two
r − 1-dimensional varieties in Pr meet.
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On the other hand, if Y is a double point, Y = SpecK[ε]/(ε2), then
the normal bundle of Yred is Y is trivial, and thus the normal bundle of
Yred×Pr−1 in Y ×Pr−1 is trivial. This bundle is a subbundle of the normal
bundle of the linear space Yred×Pr−1 in P2r−2, so the top Chern class of this
bundle is trivial. However, this normal bundle is isomorphic toO(1)r−2, and
the degree of its top Chern class is actually 1, contradicting the existence of
the embedding. (We could state this argument without mentioning Chern
classes: the content is that any r − 2 linear forms on Pr−1 have a common
zero.)

Exercise 11.37 (Vector Bundles on Elliptic Curves). We will apply the
criterion of Exercise 11.36 to prove the existence of certain embeddings of
a scroll over an elliptic curve in Exercise ??. To do this we need some facts
about vector bundles on an elliptic curve from the rather complete theory
of Atiyah [1957b]. We invite the reader to prove what we will need:

(a) Show that there is a unique indecomposable vectore bundle E :=
E(2,L) of rank 2 on the genus 1 curve C with given determinant
L := ∧2E of degree 1, and that there is a short exact sequence

0→ OC → E → L → 0.

Similarly, show that there is a unique indecomposable rank 2 bundle
with determinant OC .

(b) Deduce that there is a unique indecomposable bundle E(2,L) of rank
2 with any given determinant L, and that for any line bundle L′ of
degree bdegL/2c there is an exact sequence

0→ L′ → E(2,L)→ L⊗L′−1 → 0.

If d > 0 then h0E(2,L) = d and h1E(2,L) = 0.

Solution to Exercise 11.37. (a) Since Ext1(L,OC) = H1(L−1) is 1-dimensional,
there is an extension of the form given, and the bundle E in the middle
is unique up to isomorphism. We define E(2,L) to be this bundle.
Suppose that E(2,L) were decomposable; say E(2,L) = L′ ⊕ L′′, with
L = L′⊗L′′. Since degL′+degL′′ = 1, at least one of the two bundles
has degree ≥ 1; suppose this is true of L′. From the exact sequence
defining E(2,L) we get an exact sequence

0→ Hom(L′,OC)→ Hom(L′, E(2,L))→ Hom(L′,L)→ · · · .

The first term vanishes for degree reasons, so the inclusion map induces
a nonzero homomorphism L′ → L. Since degL′ ≥ degL it follows that
L′ ∼= L. But this implies that the sequence defining E(2,L) is split, a
contradiction.
Conversely, given an indecomposable rank 2 bundle E with determinant
L of degree 1, The Riemann-Roch formula for vector bundles on a curve
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gives

h0E − h1E = deg E − (rank E)(1− g) = 1,

so E has at least one global section, σ. Let L′ be the preimage in E of
the torsion in E/OCσ. Since both L′′ := E/L′ and L′ are torsion free,
they are line bundles on C, and we have a short exact sequence

0→ L′ → E → L′′ → 0.

Taking determinants, we see that L′′ = L⊗L′−1. Since H0L′ contains
the section σ, we have degL′ ≥ 0, and degL′′ = degL − degL′ =
1 − degL′. Since we supposed E indecomposable, it follows that the
sequence above is not split; that is,

Ext1(L′,L′′) = H1(L′ ⊗ L′−1) 6= 0.

Since the degree of L′⊗L′−1 is degL′− (1−degL′) = 2 degL′− 1, we
must have degL′ = 0, so L′ = OC and L′′ = L as required. Thus E =
E(2,L).

(b) Let L′ be a bundle of degree e, and set L0 = L ⊗ L′−2, a bundle of
degree 1. Set E(2, d) = L′⊗E(2,L0), which is indecomposable, has rank
2 and determinant L. Given any other such bundle, the tensor product
with L′−1 would give another indecomposable bundle of rank 2 and
determinant L0; since we have shown that such a bundle is unique
up to isomorphism, it follows that E(2,L) is the only indecomposable
bundle with this rank and determinant. From the definitions there is
a short exact sequence

0→ L′ → E(2,L)→ L⊗L′−1 → 0.

In case d ≥ 2 the values for the hiE(2,L) follow at once from the
associated long exact sequence, using H1L′ = 0 = H1L ⊗ L′−1. If
d = 1 the we tensor the defining sequence for E(2,L) with a nontrivial
line bundle of degree 0 to get a sequence

0→ L′ → E(2,L)→ L⊗L′−1 → 0.

SinceH0L′ = 0 = H1L′, the desired result follows at once from the long
exact sequence. (Using similar ideas, one can show that h0(E(2,L) =
h1(E(2,L)) = 1 when L has degree 0.)

Exercise 11.38 (Elliptic Scrolls). Let L be a line bundle of degree d on
an elliptic curve C, and let E = E(2,L)∗. Show that OPE(1) is very ample
if and only if d ≥ 5. In particular, taking d = 5, deduce that there is an
embedding of PE in P4 as a smooth surface of degree 5, an elliptic quintic
scroll. (Hint: If d ≥ 5 then for every divisor D of degree 2 on C, we have
h0(E(2,L)(−D)) = d− 2 ∗ rank E = d− 4 by Exercise 11.37, so we can use
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the criterion of Exercise 11.36. On the other hand, if d = 4 or less then
there is some line bundle of degree 2 such that h0(E(2,L)(−D)) 6= d− 4.

One can decompose such a surface geometrically as follows. From Exer-
cise 11.37 it follows that every line bundle of degree -3 can be embedded in
E , and gives rise to a section of the scroll. Since deg E = 5 = 3 + 3− 1, any
two of these sections, say X1, X2 meet in a single point p, and in fact lie in
planes in P4 that meet only at p. The scroll S is the closure of the union of
the lines connecting corresponding points of these two sections other than
p. For more information see Lanteri [1980] and Ionescu and Toma [1997].

The elliptic quintic scrolls are closely related to the Horrocks-Mumford
bundle on P4; see for example Hulek [1995]. The homogeneous coordinate
rings of the scrolls are normal domains, and even nonsingular in codimen-
sion 2, but not Cohen-Macaulay (because H1 of their structure sheaves is
nonzero); in many ways they are the simplest examples of such rings.

Exercise 11.39. In Example 11.21 we used intersection theory to show
that there does not a exist a rational solution to the general quadratic poly-
nomial, that is, there do not exist rational functionsX(a, . . . , f), Y (a, . . . , f)
and Z(a, . . . , f) such that

aX2 + bY 2 + cZ2 + dXY + eXZ + fY Z ≡ 0.

To gain some appreciation of the usefulness of intersection theory, give an
elementary proof of this assertion.

Exercise 11.40. Let

Φ =
{

(L, p) ∈ G(1, n)× Pn | p ∈ L
}

be the universal line in Pn, and let σ1, σ1,1 and ζ be the pullbacks of the
Schubert classes σ1 ∈ A1(G(1, n)), σ1,1 ∈ A2(G(1, n)) and the hyperplane
class ζ ∈ A1(Pn) respectively. Find the degree of all monomials σa1σ

b
1,1ζ

c of
top degree a+ 2b+ c = dim(Φ) = 2n− 1.

Exercise 11.41. Consider the flag variety of pairs consisting of a point
p ∈ P3 and a line L ⊂ P3 containing p; that is,

F = {(p, L) ∈ P3 ×G(1, 3) | p ∈ L ⊂ P3}.

F may be viewed as a P1-bundle over G(1, 3), or as a P2-bundle over P3.
Calculate the Chow ring A(F) via each map, and show that the two de-
scriptions agree.

Exercise 11.42. By Theorem 11.9, the Chow ring of the product P3 ×
G(1, 3) is just the tensor product of their Chow rings; that is

A(P3 ×G(1, 3)) = A(G(1, 3))[ζ]/(ζ4).

In these terms, find the class of the flag variety F ⊂ P3 ×G(1, 3) of Exer-
cise 11.41.
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Exercise 11.43. Generalizing the preceding problem, let

F(0, k, r) = {(p,Λ) ∈ Pr ×G(k, r) | p ∈ Λ ⊂ P3}.

Find the class of F(0, 1, r) ⊂ Pr ×G(k, r).

Exercise 11.44. Generalizing Exercise 11.42 in a different direction, let

Φr = {(L,M) ∈ G(1, r)×G(1, r) | L ∩M 6= ∅}.

Given that, by Theorem 11.22 we have

A
(
G(1, r)×G(1, r)

) ∼= A
(
G(1, r)

)
⊗A

(
G(1, r)

)
,

find the class of Φr in A
(
G(1, r)×G(1, r)

)
(a) r = 3;

(b) r = 4; and

(c) for general r.

Exercise 11.45. Let Z be the blowup of Pn along an (r − 1)-plane, and
let E ⊂ Z be the exceptional divisor. Find the degree of the top power
en ∈ A(Z).

Exercise 11.46. Again let Z = BlΛPn be the blowup of Pn along an
(r− 1)-plane Λ. In terms of the description of the Chow ring of Z given in
Section 11.4.2, find the classes of the following:

(a) the proper transform of a linear space Ps containing Λ, for each s > r;

(b) the proper transform of a linear space Ps in general position with
respect to Λ (that is, disjoint from Λ if s ≤ n− r; and transverse to Λ
if s > n− r); and

(c) in general, the proper transform of a linear space Ps intersecting Λ is
an l-plane.

Exercise 11.47. Let Z = BlLP3 be the blowup of P3 along a line. In
terms of the description of the Chow ring of Z given in Section 11.4.2, find
the classes of the proper transform of a smooth surface S ⊂ P3 of degree d
containing L.

Exercise 11.48. Now let Z = BlLP4 be the blowup of P4 along a line,
and let S ⊂ P4 be a smooth surface of degree d containing L. Show by
example that the class of the proper transform of S in Z is not determined
by this data. For example, try taking S a cubic scroll, with L either

(a) a line of the ruling of S; or

(b) the directrix of S

and seeing that you get different answers.
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Exercise 11.49. Let Z = BlΛPn be the blowup of Pn along an (r − 1)-
plane Λ; that is,

Z = {(p, q) ∈ Pn × Γ | p ∈ Λ q}.

Using the description of the Chow ring of Z given in Section 11.4.2, find
the class of Z ⊂ Pn × Pn−r.

Exercise 11.50. Show that for very general t ∈ P1 (that is, for all but
countably many t), the line bundle OCt(p1−p2) is not torsion in Pic(Ct) =
A1(Ct).

Exercise 11.51. Now let S be the blow-up of the plane at the points
p1, . . . , p9—that is, the graph of the rational map P2 → P1 given by
(F,G)—and let E1, . . . , E9 be the exceptional divisors. Show that there
is a biregular automorphism ϕ : S → S that commutes with the projection
S → P1 and carries E1 to E2.

Exercise 11.52. Using the result of Exercise 11.50, show that the auto-
morphism ϕ of Exercise 11.51 has infinite order, and deduce that the surface
S contains infinitely many irreducible curves of negative self-intersection.

Exercise 11.53. Let C be a smooth curve of genus g ≥ 2 over a field
of characteristic p > 0; let ϕ : C → C be the Frobenius morphism. If
Γn ⊂ C × C is the graph of ϕn and γn = [Γn] ∈ A1(C × C) its class, show
that the self-intersection deg(γ2

n)→ −∞ as n→∞.

Exercise 11.54. An amusing enumerative problem: in the circumstances
of the preceding exercises, for how many t ∈ P1 will it be the case that
OCt(p1 − p2) is torsion of order 2—that is, that OCt(2p1) ∼= OCt(2p2)?

Exercise 11.55. Show that if E is a vector bundle of rank 2 and degree e
on a smooth projective curve X, and L and M sub-line bundles of degrees
a and b corresponding to sections of PE with classes σ and τ , then

στ = e− a− b

and

σ2 + τ2 = 2e− 2a− 2b.

In particular, if L and M are distinct then deg σ2+deg τ2 ≥ 0, with equality
holding if and only if E = L⊕M .

Exercise 11.56. Using the analysis of Example 11.21 as a template, show
that for d > 1 the universal hypersurface

Φd,n = {(X, p) ∈ PN × Pn | p ∈ X} → PN

admits no rational section.
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Exercise 11.57. Consider the flag variety of pairs consisting of a point
p ∈ P4 and a 2-plane Λ ⊂ P4 containing p; that is,

F = {(p, L) : p ∈ Λ ⊂ P4} ⊂ P4 ×G(2, 4).

F may be viewed as a P2-bundle over G(2, 4), or as a G(1, 3)-bundle over
P4. Calculate the Chow ring A(F) via each map, and show that the two
descriptions agree.

Exercise 11.58. Using the proof of Proposition 11.26 as a template, prove
Proposition ??. Show also that the conclusion of Proposition ?? may be
false if we replace Pn by an arbitrary smooth, projective variety of dimen-
sion n.

Exercise 11.59. Show that the analog of Lemma 11.28 is false if we allow
the Vi to have codimension > 1: in other words, Vi ⊂ Epi is a general linear
subspace of codimension mi, then the corresponding subspace W ⊂ H0(E)
need not have dimension max{0, h0(E)−

∑
mi}. (Hint: Consider a bundle

whose sections all lie in a proper subbundle.)

Exercise 11.60. Calculate the remaining five intersection numbers in the
table of intersection numbers in Section 11.8.2.

Exercise 11.61. To find the class δ = [DL] ∈ A1(H) of the cycle of
conics meeting a line directly, restrict to the open subset U ⊂ H of pairs
(H, ξ) ∈ H such that H does not contain L (since the complement of this
open subset of H has codimension 2, any relation among divisor classes
that holds in U will hold in H). Show that we have a map α : U → L
sending a pair (H, ξ) to the point p = H ∩L, and that in U the divisor DL

is the zero locus of the map of line bundles

T → α∗OL(2)

sending a quadric Q ∈ ξ to Q(p).

Exercise 11.62. Let ∆ ⊂ H be the locus of singular conics.

(a) Show that ∆ is an irreducible divisor in H.

(b) Express the class δ ∈ A1(H) as a linear combination of ω and ζ.

(c) Use this to calculate the number of singular conics meeting each of 7
general lines in P3; and

(d) Verify your answer to the last part by calculating this number directly.

Exercise 11.63. Let p ∈ P3 be a point, and Fp ⊂ H the locus of conics
containing the point p. Show that Fp is six-dimensional, and find its class
in A2(H)
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Exercise 11.64. Use the result of the preceding exercise to find the num-
ber of conics passing through a point p and meeting each of 6 general lines
in P3, the number of conics passing through two points p, q and meeting
each of 4 general lines in P3, and the number of conics passing through
three points p, q, r and meeting each of 2 general lines in P3. Verify your
answers to the last two parts by direct examination.

Exercise 11.65. Find the class in A3(H) of the locus of double lines (note
that this is five-dimensional, not four!)

Exercise 11.66. Suppose that X ⊂ Pn is a subscheme of pure dimension
l, and H a component of the Hilbert scheme parametrizing subschemes of
Pn of pure dimension k < n − l in Pn; let [Y ] ∈ H be a smooth point
corresponding to a subscheme Y ⊂ Pn such that Y ∩X = {p} is a single
reduced point, and suppose moreover that p is a smooth point of both X
and Y . Finally, let ΣX ⊂ H be the locus of subschemes meeting X.

Use the technique of Proposition 11.26 to show that ΣX ⊂ H is smooth
at [Y ], of the expected codimension n− k − l, with tangent space

T[Y ]ΣX =
{
σ ∈ H0(NY/Pn) : σ(p) ∈ TpX + TpY

TpY

}
.

The next few problems deal with an example of a phenomenon encoun-
tered in the preceding chapter: the possibility that the cycles in our pa-
rameter space corresponding to the conditions imposed in fact do not meet
transversely, or even properly.

Exercise 11.67. Let H ⊂ P3 be a plane, and let EH ⊂ H be the closure
of the locus of smooth conics C ⊂ P3 tangent to H. Show that this is a
divisor, and find its fundamental class β ∈ A1(H).

Exercise 11.68. Find the number of smooth conics in P3 meeting each
of 7 general lines L1, . . . , L7 ⊂ P3 and tangent to a general plane H ⊂ P3.
More generally, find the number of smooth conics in P3 meeting each of
8 − k general lines L1, . . . , L8−k ⊂ P3 and tangent to a k general planes
H1, . . . ,Hk ⊂ P4, for k = 1, 2 and 3.

Exercise 11.69. Why don’t the methods developed here work to calculate
the number of smooth conics in P3 meeting each of 8 − k general lines
L1, . . . , L8−k ⊂ P3 and tangent to a k general planes H1, . . . ,Hk ⊂ P4, for
k ≥ 4? What can you do to find these numbers? (In fact, we have seen how
to deal with this in Chapter 10)

Next, some problems involving conics in P4:

Exercise 11.70. Now let K be the space of conics in P4 (again, defined
to be complete intersections of two hyperplanes and a quadric). Use the
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description of K as a P5-bundle over the Grassmannian G(2, 4) to determine
its Chow ring.

Exercise 11.71. In terms of your answer to the preceding problem, find
the class of the locus DΛ of conics meeting a 2-plane Λ, and of the locus
EL of conics meeting a line L ⊂ P4.

Exercise 11.72. Find the expected number of conics in P4 meeting each
of 11 general 2-planes Λ1, . . . ,Λ11 ⊂ P4.

Exercise 11.73. Prove that your answer to the preceding problem is
in fact the actual number of conics by showing that for general 2-planes
Λ1, . . . ,Λ11 ⊂ P4 the corresponding cycles DΛi intersect transversely.

Finally, here’s a challenge problem:

Exercise 11.74. Let {St ⊂ P3}t∈P1 be a general pencil of quartic surfaces
(that is, take A and B general homogeneous quartic polynomials, and set
St = V (t0A+ t1B) ⊂ P3). How many of the surfaces St contain a conic?
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12

Segre Classes and Varieties of Linear
Spaces

Keynote Questions

(a) At how many points of Pn do 2n general tangent vector fields all an-
nihilate the same nonzero cotangent vector?

(b) If f is a general polynomial of degree d = 2k − 1 in one variable over
a field of characteristic 0, then there is a unique way to write f as a
sum of k dth powers of linear forms (Proposition ??). If f and g are
general polynomials of degree d = 2k in one variable, how many linear
combinations of f and g are expressible as a sum of k dth powers of
linear forms?

(c) If C ⊂ P4 is a general rational curve of degree d over a field of charac-
teristic 0, how many 3-secant lines does C have?

(d) If C ⊂ P3 is a general rational curve of degree d over a field of charac-
teristic 0, what is the degree of the surface swept out by the 3-secant
lines to C?

12.1 Segre Classes

Our understanding of the Chow rings of projective bundles makes accessible
the computation of the classes of another natural series of loci associated to
a vector bundle. Suppose that E is a vector bundle on a scheme X that can
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be generated by global sections. How many global sections does it take to
generate E? More generally, what sort of locus is it where a given number
of general global sections fail to generate E locally?

We can get a feeling for these questions as follows. First, consider the case
where E is a line bundle. In this case each section corresponds to a divisor
of class c1(E). If E is generated by its global sections, the linear series of
these divisors is base-point-free, so a general collection of i of them will
intersect in a codimension i locus of class c1(E)i. That is, the locus where
i general sections of E fail to generate E has “expected” codimension i and
class c1(E)i.

Now suppose that E has rank r > 1. It is clear that fewer than r sections
can never generate E locally anywhere. On the other hand, since we have
assumed that E is generated by global sections, we can choose r global
sections that are minimal generators of the fiber of E at a given closed point
p ∈ X, and by Nakayama’s Lemma (Eisenbud [1995] Theorem ***) these
sections will generate the stalk of E at p, and thus will generate E locally at
every point of an open set containing p. Of course for r sections to generate
E locally at a point p is the same as for the r sections to be independent
at p, so we know that the locus where this fails (for r general sections) is
the first Chern class, c1(E), as before; in particular it has codimension 1.

Given r general sections of E , let X ′ be the codimension 1 subset of E
consisting of points p where the sections do not generate E . One can hope
that at a general point of X ′ the sections have only one degeneracy relation,
so that on some open set U ⊂ X ′, they generate a co-rank 1 subbundle of
E ′ ⊂ E , and the quotient E/E ′ is a line bundle on U . The sections of E yield
sections of E/E ′, so if it is a line bundle they will vanish in codimension
1 in U ; that is, we should expect r + 1 general sections of E to generate
E away from a codimension 2 subset of X. Continuing in this way (and
assuming that n ≥ i), it seems that r + i− 1 sections of E might generate
E away from a codimension i locus. In particular, r+ dimX sections might
generate E locally everywhere.

A case that is beloved of algebraists is that in which E = (OPV (1))r. A
collection of r − i+ 1 general sections is a general map

Or−i+1
PV

ϕ- (OPn(1))r,

that is, a general r × (r − i + 1) matrix of linear forms. The locus where
the sections fail to generate is the support of the cokernel, which is defined
by the r × r minors of the matrix. By the “Generalized Principle Ideal
Theorem” of Eagon and Northcott (see Eisenbud [1995] Theorem ****), the
codimension of this locus is at most i, and in fact equality holds (as we shall
soon see) whenever n+1 ≥ i. In fact, the support of the cokernel is exactly
the scheme defined by the ideal of minors in this case (see Buchsbaum and
Eisenbud [1977].)
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It turns out that the construction of projective bundles gives us an effec-
tive way of reducing this question about vector bundles (and many others)
to the case of line bundles, passing from E to the line bundle OPE(1) on
PE . To relate this line bundle to classes on X, we push forward its self
intersections:

Definition 12.1. Let X be a smooth projective scheme; let E be a vector
bundle of rank r on X, and let ζ = c1(OPE(1)). The i-th Segre class of E
is the class

si(E) = π∗(ζ
r−1+i) ∈ Ai(X).

and the the (total) Segre class of E is the sum

s(E) = 1 + s1(E) + s2(E) + . . . .

(For a definition of the Segre classes in greater generality see Fulton
[1984] Chapter 4.)

The Segre classes give the answer to our question about generating vector
bundles:

Proposition 12.2. If E is a vector bundle of rank r that is generated by
global sections, and Xi is the locus where a given set of r+i−1 general global
sections fail to generate E, then every component of Xi has codimension
exactly i, and the i-th Segre class si(E∗) of E∗ is represented by a positive
linear combination of the components of Xi.

As we’ll see in a moment, the Segre classes of a bundle and its dual
satisfy the relation si(E∗) = (−1)isi(E). Thus the Proposition shows an
interesting parallel between the Chern classes and the Segre classes of a
bundle:

• The ith Chern class ci(E) is the locus of fibers where a suitably general
bundle map

O⊕r+1−i
X → E

fails to be injective.

• The ith Segre class si(E) is (−1)i times the locus of fibers where a
suitably general bundle map

O⊕r−1+i
X → E

fails to be surjective.

The Segre classes may seem to give a way of defining new cycle class
invariants of a vector bundle; but in fact they are essentially a different way
of packaging the information contained in the Chern classes. Postponing
the proof of Proposition 12.2 for a moment, we explain the remarkable
relationship. a special case of the Porteous formula (Chapter 14).
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Proposition 12.3. The Segre class and the Chern class of a bundle E on
X are reciprocals of one another in the Chow ring of X:

s(E)c(E) = 1 ∈ A(X).

Using the formula ci(E∗) = (−1)ici(E) we deduce that

si(E∗) = (−1)isi(E).

Also for any exact sequence 0 → E → F → G → 0 of vector bundles, the
Whitney formula gives c(F) = c(E)c(G), whence

s(F ) = s(E)s(G).

Proof of Proposition 12.3. If S and Q are the tautological sub- and quo-
tient bundles on PE , and ζ := c1(S∗ is the tautological class, then c(S) =
1− ζ so, by the Whitney formula (Theorem ??)

c(Q) =
c(π∗E)

c(S)
= c(π∗E)(1 + ζ + ζ2 + . . . ) ∈ A(PE).

We now push this equation forward to X. Considering first the left hand
side, we see that for i < r − 1 the Chern class ci(Q) is represented by a
cycle of dimension > dimX, so it maps to 0, while the top Chern class
cr−1(Q) maps to the fundamental class of X. Thus π∗(c(Q)) = 1 ∈ A(X).
On the other hand, the push-pull formula tells us that

π∗
(
c(π∗E)(1 + ζ + ζ2 + . . . )

)
= c(E) · π∗(1 + ζ + ζ2 + . . . )

= c(E)s(E),

completing the argument.

For example, if X = Pn and E = (OPn(1))r, then

s(E) =
1

c(E)
=

1

(1 + ζ)r
= 1− rζ +

(
r + 1

2

)
ζ2 −

(
r + 2

3

)
ζ3 + · · · .

Proof of Proposition 12.2. The locus Xi is given locally by the vanishing
of the r×r minors of an r×(r+ i−1) matrix. By the Generalized Principle
Ideal Theorem (see for example Eisenbud [1995] Theorem ****), the locus
Xi is either empty or everywhere of codimension at most i.

Now suppose that the section σi are general. To prove that the compo-
nents of Xi are all of codimension precisely i and support the cycle si(E∗),
we move to the projective bundle. Let π : PE∗ → X be the projection
morphism. Recall that the Theorem on Cohomology and Base Change,
Theorem 6.14, implies that the natural map π∗(E) → OPE∗(1) induces an
isomorphism E = π∗π

∗(E)→ π∗OPE∗(1), and thus also induces an isomor-
phism on global sections

H0(E)→ H0(OPE∗(1)).



12.1 Segre Classes 471

The fiber of π over a point p ∈ X is the projective space PE∗p , and the
points q ∈ π−1(p) correspond to the different one-dimensional quotients
of Ep. A collection of sections σi of E thus generates Ep if and only if the
corresponding sections σ′i of OPE∗(1) generate that line bundle at every
point q ∈ π−1(p). It follows that the locus in X where E is not generated
by the σi is the image of the locus Yi ⊂ PE∗ where OPE∗(1) is not generated
by the σ′i. This last is the intersection of the r − i+ 1 divisors

Di = {q ∈ PE∗ | σ′i(q) = 0}.

Since we have assumed that E is generated by global sections, the same
will be true for π∗(E), and thus of OPE∗(1). By the Principal Ideal Theorem,
every component of the intersection of j divisors corresponding to global
sections of OPE∗(1) will have codimension ≤ j in PE∗. Since the sections
σi are general, every component of Yi has codimension exactly r + i − 1,
and thus has dimension = n− i.

Each component Xi,j of Xi is the image of some component of Yi. Its
dimension is thus ≤ n− i, so its codimension is ≥ i. The argument at the
beginning of the proof gives the opposite inequality, so Xi,j has codimen-
sion exactly i. It follows that π induces generically finite maps from some
components of Yi onto each Xi,j , so π∗[Yi] is a positive linear combination
of the [Xi,j ] as required.

We remark that, with notation as in the proof above, the locus inX where
the fibers of the map Yr−1+i → Xr−1+i have dimension k is precisely the
locus in X where the rank of the map Or−1+i

X → E induced by the σi drops
rank by k.

We can now answer Keynote Question (a). A tangent vector field on Pn
is a section of TPn = Ω∗Pn , so the question can be rephrased as: at how
many points of Pn do 2n general sections of TPn fail to generate TPn? By
Proposition 12.2 this is (−1)n times the degree of the Segre class sn(TPn).
By Proposition 12.3, s(TPn) = 1/c(TPn). From the exact sequence

0→ OPn → OPn(1)n+1 → TPn → 0

and the Whitney formula (Theorem ??) we get c(TPn) = (1 + ζ)n+1, where
ζ is the hyperplane class on Pn. Putting this together,

s(TPn) =
1

(1 + ζ)n+1
= 1− (n+ 1)ζ +

(
n+ 2

2

)
ζ2 + · · · ,

so the answer is
(

2n
n

)
.
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12.2 Varieties swept out by linear spaces

We can use Segre classes to calculate the degrees of some interesting vari-
eties “swept out” by linear spaces in the following sense. Let B ⊂ G(k, n)
be a subvariety of dimension m in the Grassmannian, and let

X =
⋃
b∈B

Λb ⊂ Pn

be the union of the planes corresponding to the points of B. If we let S be
the universal subbundle on G(k, n), and

Φ = PS = {(Λ, p) ∈ G(k, n)× Pn | p ∈ Λ}
the universal k-plane, with projection maps

G(k, n) �
π

Φ
η- Pn,

then we can write

X = η
(
π−1(B)

)
.

Since the preimage π−1(B) ⊂ Φ is necessarily a variety of dimension m+k,
we see from this that X will be a subvariety of Pn of dimension at most
m + k. In case it has dimension equal to m + k—that is, the map ηB :
α−1(B) → X is generically finite of some degree d—we will say that X is
swept out d times by the planes Λb.

Assuming that dimX = m + k, the degree of X is the number of times
X meets a plane of dimension n − m − k. Recall that σ1m = σ1,1,...,1 ∈
Am(G(k, n)) is the class of the cycle of k-planes meeting a given n−m−k-
plane. Thus, if the map ηB has degree d, then the degree of X is 1/d times
deg(σ1m · [B]). The degree can also be conveniently expressed as the degree
of a Segre class:

Proposition 12.4. Let S be the tautological subbundle over G(k, n). Let
B ⊂ G(k, n) be a smooth subvariety of dimension m, and let E = SB be
the restriction of S to B. If

X =
⋃
b∈B

Λb ⊂ Pn

is swept out d times by the planes corresponding to points of B then

deg(X) = deg(sm(E))/d.

Proof. If L ∈ H0(OPn(1)) is a homogeneous linear form on Pn then L
defines a section of E∗ by restriction to each fiber of E = SB , and hence a
section σL of OPE(1). The preimage η−1

B (H) of the hyperplane H = V (L) ⊂
Pn given by L is the zero locus of σL. Thus the pullback of the hyperplane
class on Pn under the map ηB is the tautological class ζ = c1(OPE(1)) on
PE , and it follows that d ·deg(X) = deg ζm+k = deg sm(E) as required.
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12.3 Secant varieties

The study of secant varieties to projective varieties X ⊂ Pn is a rich one
with a substantial history and many fundamental open problems. In this
section, we’ll discuss some of the basic questions. In the following sections
we will use Segre classes to compute the degrees of some varieties of secants
of rational curves.

12.3.1 Symmetric powers

A k-secant m-plane to a variety X in Pr is a linear space of dimension
m that meets X in k points, so it will be useful to introduce a classical
construction of a variety whose points are (unordered) k-tuples of points
of X: the k-th symmetric power X(k) of X.

Formally, we define X(k) to be the quotient of the ordinary k-fold product
Xk of copies of X by the action of the symmetric group on k letters, Sk,
acting on Xk by permuting the factors. If X = SpecA is any affine scheme,
this means that

X(k) := Spec
(
(A⊗A⊗ · · · ⊗A)Sk

)
.

(We will use this construction only for varieties, but see Exercise 12.24 for
the case A = SpecK[t]/(tn).) When X is quasiprojective X(k) is defined by
patching together symmetric powers of affine open subsets of X. The main
theorem of Galois theory shows that, when X is a variety, the extension of
rational function fields K(Xk)/K(X(k)) is Galois, and of degree k!.

One can show that such quotients are categorical ; any morphism X(k) →
Y determines an Sk-invariant morphism Xk → Y , and this is a one-to-one
correspondence. Further, the closed points of X correspond naturally to the
effective 0-cycles on X: they are usually denoted additively as p1 + · · ·+pk,
where the pi ∈ X need not be distinct. For these results, see ****. ****
need a reference; Fogarty’s book on invariant theory??****

Since the natural map Xk → X(k) is finite, X(k) is affine (respectively,
projective) if and only if X is.

A familiar example is the case X = A1: then X = SpecK[t], so

(A1)(k) = Spec(K[t1, . . . , tk]Sk).

This ring of invariants is a polynomial ring on the k elementary symmetric
functions (see for example Eisenbud [1995] Theorem *** for an algebraic
proof), so (A1)(k) = Ak. Set-theoretically this is the statement that a
polynomial is determined up to scalars by the set of its roots, counting
multiplicity.
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A similar result holds for P1. We could deduce it from the case of A1,
but instead we give a geometric proof:

Proposition 12.5.

(P1)(k) ∼= PH0(OP1(k)) = Pk.

Proof. We think of P1 as PH0(OP1(1)) the space of linear forms in 2 vari-
ables, up to scalars. The product of k linear forms is a form of degree
k, which is independent of the order in which the product is taken. Thus
multiplication defines a morphism ϕ : (P1)k → PH0(OP1(k)) that is in-
variant under the group Sk. The morphism ϕ is finite and set-theoretically
k!-to-one. Thus it has degree ≥ k!. (In fact the degree is k! and the map
is separable, as one could show directly; but these things follow from the
argument in the next paragraph.)

Since ϕ is invariant it factors through a morphism ψ : (P1)(k) → Pk, and
since the degree of the quotient map (P1)k → (P1)(k) is k!, we see that
ψ is birational. Since Pk is normal and ψ is finite and birational, ψ is an
isomorphism.

The construction of X(k) is most useful when X is a smooth curve. One
reason is given by the following result.

Proposition 12.6. If X is a variety and k > 1, then X(k) is smooth if
and only if X is smooth and dimX ≤ 1.

Proof. If dimX = 0 then X consists of a single reduced point, and X(k) is
also a single reduced point. Thus we may assume that dimX > 0.

Away from the subsets where at least two factors are equal the quotient
map Xk → X(k) is an unramified covering. Thus if X is singular at a point
p and p, q1, . . . , qk−1 ∈ X are distinct points, then near p+q1+· · ·+qk−1 the
variety X(k) looks like the product Xk near (p, q1, . . . , qk−1); in particular,
it is singular.

Now suppose that X is smooth. Imitating the argument above, we see
that X(k) will be smooth if and only if points of the form k′p = p+ · · ·+ p
are smooth on Xk′ for all k′ ≤ k, so it suffices to show the smoothness of
X(k) for all k at a point kp when X is smooth and 1-dimensional, and the
singularity of X(2) when dimX > 1. Together with the following Lemma,
this leaves us with a problem in local algebra

Lemma 12.7. Suppose that R is a normal Noetherian local domain. If G
is a finite group of automorphisms of R, then the completion of the ring of
invariants RG is the ring of invariants of the completion of R under the
induced action of G; that is,

R̂G = (R̂)G.
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****is this true without normal? What’s a reference?****

Proof. It is obvious that R̂G ⊂ (R̂)G. The ring R is finite over RG, and

the quotient field extension K(R)/K(RG) has degree |G|. Thus K(R̂) =

R̂G⊗K(R) is of degree |G| over K(R̂G). It follows that K(R̂G) = K(R̂G).

Since R̂ = R⊗ R̂G is finite over R̂G, and R̂G is normal, we see that R̂G =
(R̂)G.

Continuing with the proof of Proposition 12.6, suppose first that dimX =
1. In this case we see from the Lemma that the completion of the local ring
at a point of the form kp is the ring of invariantsK[[x1, . . . , xk]]Sk . Since the
action preserves degrees, the ring of invariants is the completion of the ring
generated by the invariant homogeneous forms. This is is K[[σ1, . . . , σk]],
where the σi are the elementary symmetric polynomials. Since the num-
ber of generators is equal to the dimension, this is a regular local ring as
required.

On the other hand, if dimX = m > 1 then the completion of the local
ring of X(2) at 2p has the form

K[[x1,1, . . . , x1,m, x2,1, . . . , x2,m]].

Among the invariants are the 2m polynomials

{fi = x1,i + x2,i, gi = x1,ix2,i | i = 1, . . . ,m}

and also the polynomials hi,j = x1,ix2,j + x1,jx2,i for i 6= j.

Since the action is homogeneous, the ring of invariants is generated by
invariant homogeneous forms. It’s easy to see that the only invariant linear
forms fi,j . If the ring of invariants were smooth then its maximal ideal
would be generated by these and some m other forms. Modulo the fi we
may identify the two sets of variables, and write gi ≡ −x2

i , hi,j ≡ xixj .
Since these are independent, we see that X(2) is singular as claimed.

The symmetric powers of a smooth curve C are central to the analysis
of the geometry of C, as we’ll see illustrated in Chapter 17. We can think
of a point of C(k) as a subscheme D ⊂ C, and use notation such as D ∪D′
and D ∩D′ accordingly. In fact, C(k) is isomorphic to the Hilbert scheme
of subschemes of C with constant Hilbert polynomial k —that is, zero-
dimensional subschemes of degree d (see Arbarello et al. [1985] for a proof.)
When dimX > 1 a point on X(k) does not determine to a subscheme of
X, and the Hilbert schemes Hk(X) are often more useful.
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12.3.2 Secant varieties in general

Many results in the remainder of this chapter require that the ground field
K has characteristic 0. As usual we write Pr for PrK , and all our schemes
are quasi-projective K-schemes.

In this subsection we will prove a basic result related to the dimension
of secant varieties. Then we will state some general results that may help
to orient the reader, without proof. In the following two sections we will
prove a number of results about the secant varieties of rational curves.

Let X ⊂ Pr be a projective variety of dimension n, not contained in a
hyperplane. Since r general points of X are linearly independent, for any
m ≤ r we have a rational map

τ : X(m) → G(m− 1, r),

called the secant plane map, sending a general m-tuple p1 + · · · + pm to
the span p1 . . . pm ∼= Pm−1 ⊂ Pr. (In coordinates: if pi = (xi,0, . . . , xi,r),
then τ is given by the maximal minors of the matrix (xi,j).) The image
Σecm(X) ⊂ G(m − 1, r) of the rational map τ—that is, the closure in
G(m−1, r) of the locus of (m−1)-planes spanned by m linearly independent
points of X—is called the locus of secant (m− 1)-planes to X. Finally, the
variety

Secm(X) =
⋃

Λ∈Σec

Λ ⊂ Pr

is called the mth secant variety of X.

Caution: If Λ ∈ Σecm and Λ ∩X is finite, then deg(Λ ∩X) ≥ m, but the
converse is false; Exercise 12.25 suggests an example of this.

If n > 1 and m > 1 then the secant plane map τ : X(m) → G(m− 1, r)
is never regular: when a point p ∈ X on a variety of dimension 2 or more
approaches another point q ∈ X, the limiting position of the secant line
p q necessarily depends on the direction of approach. (When X is a curve
and q a smooth point of X, the limit is always the tangent line TqX.)
This illustrates the point that the Hilbert scheme Hm(X) may be a better
compactification of the space of unordered m-tuples of points on X than the
symmetric power: when m = 2, for example, the map τ̃ : H2(X)→ G(1, r)
sending a subscheme of length 2 to its span is always regular. Further, if
we fix m and replace the embedding X ⊂ Pr by a sufficently high Veronese
re-embedding, then every length m subscheme of X will span an m − 1
plane; so the map Hm(X) → G(m − 1, r) will be regular. In this chapter,
we will care only about the image of τ , so it doesn’t matter which we use.

We begin with the dimension of Secm(X).
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Proposition 12.8. Suppose that K has characteristic 0. If m ≤ r − n,
then the map τ is birational onto its image; in particular, Σecm(X) has
dimension dimX(m) = mn.

This is slightly more subtle than it might at first appear. The first case
would be the statement that if C ⊂ P3 is a nondegenerate curve then the
line joining two general points of C does not meet C a third time. Though
intuitively plausible, this is tricky to prove, and requires the hypothesis of
characteristic 0. For the proof we will use the following general position
result:

Lemma 12.9 (General Position Lemma). Suppose that K has charac-
teristic 0. If X ⊂ Pr is a nondegenerate variety of dimension n and
Γ ∼= Pr−n ⊂ Pr a general linear subspace of complementary dimension,
then the points of Γ∩X are in linear general position; that is, any r−n+1
of them span Γ.

We won’t prove this here; a good reference is the discussion of the Uni-
form Position Lemma in Arbarello et al. [1985].

Proof. The proposition amounts to the assertion that if p1, . . . , pm ∈ X are
general points, then the plane p1 . . . pm they span contains no other points
of X.

To prove this, let U ⊂ X(m) be the open subset of m-tuples of distinct,
linearly independent points, and consider the incidence correspondence

Ψ = {(p1 + · · ·+ pm,Γ) ∈ U ×G(r − n, r) | p1, . . . , pm ∈ Γ}.

Via projection on the first factor, we see that Ψ is irreducible, and by
Lemma 12.9 it dominates G(r−n, r); it follows that a general (r−n)-plane
Γ containing m general points p1, . . . , pm ∈ X is a general (n − r)-plane
in Pr, and applying Lemma 12.9 again we deduce that the (m − 1)-plane
p1 . . . pm contains no other points of X.

Consider the universal sub vector bundle S ⊂ over the Grassmannian
G(m, r + 1) = G(m− 1, r). Let

Φ = PS = {(Λ, p) ∈ G(m− 1, r)× Pr | p ∈ Λ}

be the universal projective (m− 1)-plane in Pr, with projection maps

Pr �η Φ
π- G(k, r).

Set

Φm(X) = π−1(Σecm(X)) and ηX = η|Φm(X)

so that the mth secant variety Secm(X) is the image of ηX . We’ll call
Φm(X) the abstract secant variety.
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Projection on the first factor shows that Φm(X) is irreducible of di-
mension mn + m − 1, so that dim Secm(X) ≤ mn + m − 1, with equal-
ity holding when a general point on Secm(X) lies on only finitely many
m-secant (m − 1)-planes to X. By way of language, if X ⊂ Pr has di-
mension n we’ll call min(mn + m − 1, r) the expected dimension of the
secant variety Secm(X); we’ll say that X is m-defective if dim Secm(X) <
min(mn+m− 1, r), and defective if it is m-defective for some m.

Everyone’s favorite example of a defective variety is the Veronese surface
in P5:

Proposition 12.10. The Veronese surface X := ν2(P2) ⊂ P5, given para-
metrically by

P2 3 (x0, x1, x2) 7→ (x2
0, x0x1, . . . , x

2
2) ∈ P5,

2-defective.

In fact (in any characteristic), the Veronese surface is the only 2-defective
smooth projective surface! This much more difficult theorem was asserted,
and partially proven, by Severi. The proof was completed by Moishezon in
characteristic 0; see Dale [1985] for a modern treatment that works in all
characteristics.

Proof. If we substitute xixj for zi,j in the generic symmetric 3× 3 matrix

M =

z0,0 z0,1 z0,2

z0,1 z1,1 z1,2

z0,2 z1,2 z2,2

 ,

we see that this matrix has rank 1 at any point of X. (A more careful
analysis would show that the 2 × 2 minors of M generate the ideal of X;
see for example ****give ref to Hartshorne’s exc or Joe’s book exc****.)
But if M has rank 1 at two points p, q ∈ P5, then M has rank at most 2 at
any point of the form λp+µq. Thus the determinant of M vanishes on the
whole line spanned by p and q, so the the cubic form detM vanishes on
secant locus Sec2(X). Thus dim Sec2(X) ≤ 5−1 = 4, not 2×2+1 = 5.

We can give a more geometric proof in characteristic 0 using a basic
result introduced by Terraccini [1911].

Proposition 12.11 (Terracini’s Lemma). Suppose that K has character-
istic 0. Let X ⊂ Pr be a variety and p1, . . . , pm ∈ X linearly independent
smooth points of X. If p ∈ Γ = p1 . . . pm is any point in their span not in
the span of any proper subset, then the image of the differential dηX at the
point (Γ, p) ∈ Φm(X) is the span

Im dηX = Tp1
X . . . TpmX
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of the tangent planes to X at the points pi. In particular, if X has dimension
n and r ≥ mn+m−1 then X is m-defective if and only if its tangent spaces
at m general points are dependent.

For a proof, see Landsberg [2012].****need reference in Landsberg.****

We can use Terracini’s Lemma to see that the Veronese variety X is
degenerate as follows: A hyperplane H contains the tangent plane to X at
a point p if and only if the curve H ∩ X is singular at p. Of course we
can consider H ∩X as a conic in P2 ∼= X, and, from the definition of the
Veronese we see that every conic appears in this way. Now two planes in
P5 are dependent if and only if they are both contained in hyperplane.
Putting this together with Terracini’s Lemma, we see that to show that X
is 2-defective we must show that, given any two points in P2, there is a
conic in P2 that is singular at both these points: and of course the double
line passing through the points is such a conic.

We can also use Terracini’s Lemma to show that (in characteristic 0)
there are no defective curves:

Proposition 12.12. Suppose that K has characteristic 0. If C ⊂ Pr is
a nondegenerate reduced irreducible curve, then dim Secm(X) = min(2m−
1, r) for every m.

Proof. By Teracini’s Lemma it suffices to show that If p1, . . . , pm ∈ C are
general points, then the tangent lines TpiC are linearly independent when
2m− 1 ≤ r, and span Pr when 2m− 1 ≥ r.

We have already seen in Section 9.6 that for a general point p ∈ C the
divisor (r + 1)p spans Pr; it follows that the divisor 2m · p spans a P2m−1

when 2m ≤ r+ 1 and spans Pr when 2m ≥ r+ 1. By upper-semicontinuity
of rank, it follows that for general p1, . . . , pm the divisor 2p1 + · · · + 2pm
has the same dimension span.

The general question of which nondegenerate varieties are defective is
a fascinating one, with a long history. Perhaps because of Proposition ??
the case of Veronese embeddings of projective spaces has attracted a great
deal of attention. Here is a result of Alexander and Hirschowitz [1995].
The proof was later simplified by Karen Chandler, and an exposition of
this version, with a further simplification, can be found in Brambilla and
Ottaviani [2008].

Theorem 12.13. Suppose that K has characteristic 0. The only Veronese
embeddings of projective spaces that are defective are:

• ν2(Pn) is 2-defective for any n;

• ν4(P2) is 5-defective;
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• ν4(P3) is 9-defective; and

• ν3(P4) is 7-defective.

• ν3(P4) is 14-defective.

12.4 Secant varieties of rational normal curves

We turn now from secant varieties in general to the special case of ra-
tional curves. Every rational curve is the projection of a rational normal
curve, and its secant varieties are correspondingly projections of the secant
varieties of the rational normal curve, so we’ll focus initially on that case.

12.4.1 Secants to rational normal curves

We begin with the observation that finite sets of points on a rational nor-
mal curve are always “as independent as possible”. This property actually
characterizes rational normal curves, as we invite the reader to show in
Exercise 12.31.

Lemma 12.14. Let C ⊂ Pd be the rational normal curve. If D ⊂ C is a
divisor of degree m ≤ d+ 1, then D is not contained in any linear subspace
of Pd of dimension < m− 1.

Informally: any finite subscheme D ⊂ C of length ≤ d + 1 is linearly
independent, in the sense that the map H0(OPd(1)) → H0(OD(1)) is sur-
jective. On an affine subset of P1 the parametrization of the rational normal
curve looks like t 7→ (1, t, t2, . . . td), so the independence of the images of
any d+1 points a0, . . . , ad is given by the nonvanising of the Vandermonde
determinant

det


1 a0 · · · ad0
...

... · · ·
...

1 ad · · · add

 =
∏
i 6=j

ai − aj .

Proof. If D were a subset of a linear subspace L of dimension n < d, then
adding d − n − 1 general points to d we would arrive at a divisor D′ ⊂ C
of degree m + d − n − 1 contained in a hyperplane H. Since C is not
contained in a hyperplane, the intersection H ∩ C is finite, and we deduce
the contradiction degC > d.
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In Section 12.3.2 we described the secant map as a regular map on an
open set, that is, as a rational map

τ : C(m) → G(m− 1, d)

One consequence of Lemma 12.14 is that the secant plane map has a natural
extension to an injective map of sets. It is not hard to show that τ is
actually an embedding (See exercises 12.35 and 12.32. In case d = m a
computation of dimensions then shows that τ : C(d) → G(d − 1, d) = Pd∗
is an isomorphism, giving another proof of Proposition 12.5.) We can thus
regard the restriction ΦC of the universal Pm−1 bundle over G(m − 1, d)
as a Pm−1-bundle over (P1)(m) = Pm, and Secm(C) is the image of this
bundle.

Proposition 12.15. Let C ⊂ Pd be a rational normal curve. When 2m−
1 ≤ d, the map ηC : Φm(C) → Pd is birational onto its image Secm(C);
more precisely, it is one-to-one over the complement of Secm−1(C) in Secm(C).

Proof. Suppose a point p ∈ Pd is the image of two different points of

Φm(C), say (Dp) and (D
′
p). Let k = dim(D∩D′); note that 0 < k < m−1.

Since the span of D and D
′

has dimension 2m − 2 − k, by Lemma 12.14
the union (as subschemes of C) of D and D′ can have degree at most
2m − k − 1. It follows that the intersection D ∩D′ (again, as subschemes

of C) has degree at least k + 1. Thus D ∩ D′ is a secant k-plane, and
p ∈ Sk(C) ⊂ Sm−1(C).

Proposition 12.15 is not particularly remarkable in case 2m − 1 < d: at
least in characteristic 0, all curves C ⊂ Pd have the property that when
2m − 1 < d a general point on the m-secant variety Secm(C) lies on a
unique m-secant (m − 1)-plane to C. ****Proof: Secm has right dim, so
a gen pt on the var lies only on proper secants. If the general point lay
on 2 m-secants, this would give too many 2m secant 2m-2 planes because
of the Castelnuovo lemma that a genl hyp does not contain special secant
planes.****

In case 2m−1 = d, however, it is striking. For example, the twisted cubic
curve C ⊂ P3 is the unique nondegenerate space curve whose secant lines
sweep out P3 only once (see Exercise 12.33).

12.4.2 Degrees of the secant varieties

Let C ⊂ Pd be a rational normal curve, and m any integer with 2m− 1 ≤
d. Since the secant plane map τ : C(m) → G(m − 1, d) is regular, and
ΦC → Secm(C) is birational, it is reasonable to hope that we can answer
enumerative questions about the geometry of the varieties Secm(C). We
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will do this in the remainder of this section and the next, starting with the
calculation of the degree of Secm(C).

There are a few cases that we can do without any machinery: For example
S1(C) = C, so degS1(C) = d. The variety S2(C) has dimension 3, so its
degree is the number of points in which it intersects a general (d−3)-plane
Λ. The points of the intersection correspond to the nodes of the image
of the projection of C from Λ to P2. Since a plane curve of degree d has
arithmetic genus N :=

(
d−1

2

)
, the number of nodes in the projection of C

is N , so degS2(C) = N . Finally, if d is odd and m = (d + 1)/2, then the
secant locus is all of Pd, so degSm(C) = 1.

In order to go further, we use the Segre class technique of Proposi-
tion 12.4. Now

Φm(C)
π- τ((P1)(m)) ∼= (P1)(m) ∼= Pm.

has the form PE where E is the restriction of the Tautological sub bundle
on G(m, d+1) to Pm. Thus we want to compute the Segre or Chern classes
of this bundle.

Let V = H0(OP1(d)), and let G = G(m, d + 1) be the Grassmannian of
m-dimensional subspaces of V ∗. By definition, the rational normal curve
is the image in P(V ∗) of the map sending a point p ∈ P1 to the functional
given by evaluation at p; that is, to the one dimensional space of linear
functionals on the 1-dimensional quotient H0O{p}(d) of V , considered as
linear functionals on V .

The bundle Φm(C) is the restriction to τ((P1)(m)) ⊂ G of the universal
Pm−1-bundle PS ⊂ G × P(V ∗). If D ⊂ P1 ∼= C is a divisor of degree
m ≤ d then H1ID(d) = H1OP1(d −m) = 0, so the restriction map V →
H0OD(d) is a surjection. Thus Φ = PE , where E is the restriction of S
to the subvariety of G whose points correspond to the spans of divisors
D ⊂ C. The fiber of E over the span of D is the space of linear functionals
on the quotient H0OD(d) of V , regarded as functional on V .

Theorem 12.16. If C ⊂ Pd is the rational normal curve of degree d, and
2m− 1 ≤ d then

deg Secm(C) =

(
d−m+ 1

m

)
.

Moreover, suppose that m ≤ d and let E be the restriction of the univer-
sal subbundle S on the Grassmannian G of m-dimensional subspaces of
(H0(OP1(d)))∗ to the subvariety X of G whose points correspond to spans
of divisors D ⊂ C of degree m. We have X ∼= Pm, and if ζ denotes the
hyperplane class on Pm, then

s(E) = (1 + ζ)d−m+1
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and

c(E) =
1

s(E)
=
∑
i

(−1)i
(
d−m+ i

i

)
ζi ∈ A(Pm).

Proof. We will deduce the first statement from the second, and the second
from the third. By Propositions 12.4 and 12.15, the degree of Secm(C) is
the degree of the m-th Segre class smE . According to the formula given in
the Theorem, this is

(
d−m+1
m

)
.

The formula for the Segre class follows from that for the Chern class,
together with the basic formula c(E)s(E) = 1.

Since ci(E) = (−1)ici(E∗), it suffices for the Chern class formula to prove
that ci(E∗) =

(
d−m+i

i

)
ζi. Any element F ∈ V , regarded as a section of the

trivial bundle, defines a section σF of E∗ by restriction. These sections
generate E∗. We will describe the Chern classes of E∗ as degeneracy loci of
appropriate collections of these global sections.

Let F1, . . . , Fm−i+1 ∈ H0(OP1(d)) be general polynomials of degree d.
The subscheme of Pm where the corresponding sections σF1

, . . . , σFm−i+1

of E are dependent (defined as the vanishing locus of the section σ := σF1
∧

· · ·∧σFm−i+1 of ∧m−i+1E) is supported on the set of divisors D of degree m
on C such that some nonzero linear combination of F1, . . . , Fm−i+1 vanishes
on D. If this scheme has codimension i, then the associated cycle represents
ci(E).

Since ci(E) ∈ Ai(Pm) is necessarily a multiple αζi of the ith power of
the hyperplane class ζ ∈ A1(Pm), the coefficient α is the degree of the
restriction of this cycle to an i-plane Λ ⊂ Pm. Rather than choosing Λ to
be a general i-plane, we will take p1, . . . , pm−i ∈ C general points, and use
the i-plane

Λ = {D ∈ Pm | p1, . . . , pm−i ∈ D}.

The intersection Λ ∩ V (σF1
∧ · · · ∧ σFm−i+1

) of this plane Λ with the
degeneracy locus of σF1

, . . . , σFm−i+1
is the locus of divisors D such that

(a) some nonzero linear combination
∑
ajFj of F1, . . . , Fm−i+1 vanishes

on D; and

(b) p1, . . . , pm−i ∈ D.

These two conditions imply that the sum
∑
ajFj vanishes at the points

p1, . . . , pm−i. But the points pα being general, there is, up to a scalar, only
one linear combination F =

∑
ajFj that vanishes on them all. We claim

that the divisor of F is a sum of d distinct points

(F ) = p1 + · · ·+ pm−i + q1 + · · ·+ qd−m+i.
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From this it follows that D is of the form

D = p1 + · · ·+ pm−i + qα1 + · · ·+ qαi ,

where {α1, . . . , αi} ⊂ {1, . . . , d−m+ i} is a subset of cardinality i.

Conversely, any divisor D of this form is a point of intersection of Λ
with the degeneracy locus of σF1 , . . . , σFm−i+1 . The cardinality of this set

is
(
d−m+i

i

)
, so to complete the proof we must verify that, for general points

p1, . . . , pm−i ∈ P1, general forms F1, . . . , Fm−i+1 ∈ H0(OP1(d)), and the
subspace Λ ⊂ Pm as above, two things are true:

(a) the scheme

Λ ∩ V (σF1 ∧ · · · ∧ σFm−i+1)

is reduced of dimension 0; and

(b) if F =
∑
ajFj is the unique linear combination of F1, . . . , Fm−i+1

vanishing at p1, . . . , pm−i, then the remaining zeros of F are all simple.

For part (a), we’ll do the case i = m, and leave the remaining cases as
Exercise 12.36. ****either add a good hint to the Exercise or actually do
the proof here! Can it be done as an exercise in GRR?**** Here we have
a single polynomial F = F1, which we’ll write in affine coordinates as

F =

d∏
i=1

(t− ai);

F being general, the ai are distinct. Now let D ∈ V (σF ) be a zero of σF ,
that is, a divisor contained in (F ); say, D = a1 + · · · + am. In an étale
neighborhood of D ∈ C(m), the coordinates a1, . . . , am are a system of
local coordinates. In terms of a suitable trivialization of E∗ the section σF
is given by

σF (a1 + · · ·+ am) = (F (a1), . . . , F (am)).

Now, the matrix of partial derivatives

∂F

∂ai
(aj) =

{
−
∏
m 6=i(am − ai), if i = j; and

0 otherwise

is diagonal, with nonzero entries on the diagonal, hence nonsingular; and
we can conclude that the scheme V (σF ) is zero-dimensional and reduced
at D.

Finally, for part (b), let ϕ : P1 → C ⊂ Pm−i be the map given by
the polynomials F1, . . . , Fm−i+1. The divisor V (F ) is then the preimage
ϕ−1(H) of the hyperplane H spanned by the points ϕ(p1), . . . , ϕ(pm−i) ∈
Pm−i. Since the plane spanned by m− i general points on a nondegenerate
curve C ⊂ Pm−i is a general hyperplane in Pm−i, the preimage ϕ−1(H) is
reduced.
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12.4.3 Expression of a form as a sum of powers

We now undertake to answer Keynote Question (b): if f and g are general
polynomials of degree d = 2m in one variable over a field of characteristic
0, how many linear combinations of f and g are expressible as a sum of m
dth powers of linear forms?

This question is related to secants of rational normal curves because, if
we realize Pd as the projective space of forms of degree d on P1, then (in
characteristic 0) the curve of pure d-th powers is isomorphic to the rational
normal curve. Indeed, this set is the image of the morphism

µ : P1 3 (s, t) 7→
(
sd, dsd−1t,

(
d

2

)
sd−2t, . . . , td

)
∈ Pd.

The map µ differs from the standard parametrization of the rational normal
curve by monomial by the diagonal map Pd → Pd multiplying the i-th
coordinate by the scalar

(
d
i

)
, an isomorphism in characteristic is 0 (or when

the characteristic doesn’t divide any
(
d
i

)
). (If, for example, d is equal to the

characteristic, then µ is a purely inseparable map whose image is a line!)

In this section we will henceforward assume that the characteristic of the
ground field K is zero, and we will consider the rational normal curve to
be the curve of pure d-th powers in P(H0(OP1(d)).

A point p ∈ Pd lies on the plane spanned by distinct points q1, . . . , qm ∈
C if and only if the homogeneous coordinates of p can be expressed as a
linear combination of the homogeneous coordinates of q1, . . . , qm. Thus a
form of degree d is a linear combination of m d-th powers of linear forms if
and only if the corresponding point in Pd lies in the union of the m-secant
(m−1)-planes to µ(P1), and questions about the expression of a polynomial
as a sum of powers become questions about the secants.

There is an important subtlety: it is not the case that every point of
Secm(C) corresponds to a polynomial that is expressible expressible as a
sum of m d-th powers! For example, the tangent lines to C are contained
in Sec2(C). If d ≥ 3 then no 2-plane in Pd meets the rational normal curve
in 4 points, so a tangent line to C cannot meet any other secant line at a
point off C. Thus the points on the tangent lines away from C are points
of Sec2(C) that cannot be expressed as the sum of two pure d-th powers.

(The points on the tangent lines do have an interesting characterization,
however: at the point corresponding to the polynomial f(t) = (t − λ)d is
the set of linear combinations of f and ∂f/∂t, or equivalently the set of
polynomials that have d− 1 roots equal to λ.)

By definition, Secm(C) has an open set consisting of points on the secant
(m − 1)-planes spanned by m distinct points of C. Further by Proposi-
tion 12.15, a point in the open subset Secm(C) \Secm−1(C of Secm(C) lies
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on the span of a unique divisor of degree m. Thus Theorem 12.16 yields
the answer to Keynote Question (b), and even a generalization:

Corollary 12.17. Suppose that the characteristic of K is zero. d ≥ 2m−1,
then the number of linear combinations of d−2m+2 general forms of degree
d that can be expressed as the sum of m pure d-th powers is degSecm(C) =(
d−m+1
m

)
.

12.5 Special secant planes

For a curve C ⊂ Pr other than a rational normal curve, it is interesting to
consider the subspaces that meet C in a dependent set of points; these are
called special secant planes. Examples of this that we’ll investigate below
include trisecant and quadrisecant lines to a curve C ⊂ P3, and trisecant
lines to a curve C ⊂ P4.

We start, as usual, with the question of dimension: when would we expect
a curve C ⊂ Pr to contain m points lying in a Pm−1−k-plane? What would

be the expected dimension of the locus C
(m)
k ⊂ C(m) of such m-tuples?

There are many ways to set this up. One would be to express the locus
of such m-tuples as a determinantal variety: if the coordinates of points
p1, . . . , pm ∈ C are the rows of the matrix

M =


x1,0 x1,1 . . . x1,r

...
...

. . .
...

xm,0 xm,1 . . . xm,r

 ,

then C
(m)
k is just the locus where this matrix has rank m− k or less. Now,

in the space of m × (r + 1) matrices, those of rank m − k or less have

codimension k(r + 1 −m + k), so we’d expect the locus C
(m)
k of m-tuples

spanning only a Pm−1−k have dimension

m− k(r + 1−m+ k) = (k + 1)(m− r − k) + r.

An alternative in the case C is a rational curve would be to express C as
the projection πΛ : C̃ → C of a rational normal curve C̃ ⊂ Pd from a plane
Λ ∼= Pd−r−1. The m-secant (m− 1−k)-planes to C then correspond to the
m-secant (m − 1)-planes to C̃ that intersect Λ in a (k − 1)-plane; that is,
the preimage under the secant plane map τ : C(m) → G(m − 1, d) of the
Schubert cycle

Σ(r+1−m+k)k(Λ) = {Γ ∈ G(m− 1, d) | dim(Γ ∩ Λ) ≥ k − 1}.

This Schubert cycle has codimension k(r+1−m+k), so again we’d expect
the preimage to have dimension m− k(r + 1−m+ k).
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The first three cases (with k > 0) are trisecants to a curve C ⊂ P3 (that
is, r = 3, m = 3 and k = 1), where we expect a one-parameter family;
quadrisecants to a curve C ⊂ P3 (that is, r = 3, m = 4 and k = 2), where
we expect finitely many, and trisecants to a curve C ⊂ P4 (that is, r = 4,
m = 3 and k = 1) where, again, we expect finitely many. We’ll show how to
count the quadrisecants to a general rational curve in P4 (That this is the
case for general rational curves is shown in Exercise 12.37, though it’s not
necessarily true of a general point on any component of the Hilbert scheme
of curves of higher genus, as shown in Exercise 12.38.) And we’ll determine
the degree of the trisecant surface of a general rational curve in P3. We leave
the case of quadrisecants to a rational curve in P3 to Exercise 12.39 for now;
it will also be a direct application of Porteous’ formula in Chapter 14.

12.5.1 The class of the locus of secant planes

In case the curve C is rational, the answers to all of the above questions
come directly from the answer to a question we haven’t yet addressed di-
rectly: if C ⊂ Pd is a rational normal curve, τ : C(m) ∼= Pm → G(m− 1, d)
the secant plane map and Σecm(X) ⊂ G(m− 1, d) the image of τ , what is
the class [Σecm(X)] ∈ Am(G(m− 1, d))?

We have all the tools to answer this question at hand: we know that the
pullback τ∗S∗ of the dual of the universal subbundle S on G(m − 1, d) is
the bundle E∗ whose Chern classes we gave in Section 12.4.2. We know that
ci(S

∗) = σ1i , so this says that

τ∗σ1i =

(
d−m+ i

i

)
ζi ∈ Ai(Pm)

where ζ as usual is the hyperplane class in C(m) ∼= Pm. Equivalently, since
we also know that the Segre class of S is s(S) = 1 + σ1 + σ2 + · · ·+ σd−m
we have

(12.1) τ∗σi =

(
d−m+ 1

i

)
ζi ∈ Ai(Pm).

Since the classes σi generate the Chow ring of G(m − 1, d) (and τ is an
embedding), this determines the class of the image. We’ll use this idea to
compute [Σecm(X)] explicitly in the cases below.

Trisecants to a rational curve in P4. How many trisecant lines does
a general rational curve of degree d in P4 possess? We already know the
answer in at least two cases: First, there are no trisecant lines to a rational
normal curve, the case d = 4. If d = 5, (Proposition ??) that a general
point p ∈ P5 lies on a unique 3-secant 2-plane to a rational normal curve
C̃ ⊂ P5, and thus the projection of that curve from a general point has just
one trisecant line.
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Using the tools above, we can treat the general case: A rational curve
C ⊂ P4 of degree d is the projection of a rational normal curve C̃ ⊂ Pd from
a (d− 5)-plane Λ; the trisecant lines to C correspond to 3-secant 2-planes
to C̃ of degree d that meet Λ. The trisecant lines to C, correspond to the
intersection of the Schubert cycle Σ3(Λ) ⊂ G(2, d) of 2-planes meeting Λ
with the cycle Σec3(C̃) ⊂ G(2, 3) of 3-secant 2-planes to C̃.

This gives the answer to Keynote Question (c):

Proposition 12.18. Suppose that the ground field K has characteristic 0.
If C ⊂ P4 is a general rational curve of degree d, then C has

(
d−2

3

)
trisecant

lines.

Proof. Since C is general, it is the projection of the rational normal curve
C̃ from a general (d − 5)-plane Λ. The number of trisecant lines is the
number of points in which Σ3(Λ) meets Σec3(C̃). By Kleiman’s transver-
sality Theorem this is the degree of the intersection class [Σecm(X)]σ3, or
equivalently the degree of the pullback τ∗σ3; by the above, this is

(
d−2

3

)
.

Trisecants to a rational curve in P3. We next turn to Keynote Ques-
tion (d): If C ⊂ P3 is a general rational curve of degree d, what is the
degree of the surface S ⊂ P3 swept out by the 3-secant lines to C?

Again we already know the answer in the simplest cases: 0 in the case
d = 3 (a rational normal curve has no trisecants); and 2 in the case d = 4,
since a rational quartic is a curve of type (1, 3) on a quadric surface Q ⊂ P3,
and the trisecants of C comprise one ruling of Q.

To set up the general case, let C be the projection πΛ(C̃) of a rational
normal curve C̃ ⊂ Pd from a general plane Λ ∼= Pd−4; let L ⊂ P3 be a
general line, and let Γ = π−1

Λ (L) ⊂ Pd be the corresponding the (d − 2)-
plane containing Λ. The points of intersection of L with S correspond to
3-secant 2-planes to C̃ ⊂ Pd that

(a) meet Λ; and

(b) intersect Γ in a line.

These are the points of intersection of Σec3(C̃) with the Schubert cycle
Σ2,1(Λ,Γ). In characteristic 0, Kleiman’s transversality theorem shows that
the cardinality of this intersection is the degree of the pullback τ∗(σ2,1).

To evaluate this we express σ2,1 as a polynomial in σ1, σ2, . . . and eval-
uate each term using (12.1). Giambelli’s formula ?? tells us that

σ2,1 =

∣∣∣∣∣σ1 σ0

σ3 σ2

∣∣∣∣∣ = σ1σ2 − σ3,
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(an equality we could readily derive by hand.) By (12.1),

deg τ∗(σ1σ2) =

(
d− 2

1

)(
d− 2

2

)
and deg τ∗(σ3) =

(
d− 2

3

)
.

Putting these things together, we have the answer to the question:

Proposition 12.19. If C ⊂ P3 is a general rational curve of degree d,
then the degree of the surface swept out by trisecant lines to C is(

d− 2

1

)(
d− 2

2

)
−
(
d− 2

3

)
= 2

(
d− 1

3

)
.

12.5.2 Secants to curves of positive genus

It is instructive to ask whether we could extend the computations of this
section and the preceding one to curves other than rational normal curves.
For nonsingular rational curves this is easy: any rational curve C ⊂ Pr of
degree d is the linear projection π(C̃) of a rational normal curve C̃ ⊂ Pd,
and its secant varieties Sk(C) are correspondingly the projections of the
corresponding Sk(C̃). If the center of projection doesn’t meet Sk(C̃), and
if the projection map π : Sk(C̃) → Sk(C) is birational, the formula above
for the degree of Sk(C̃) applies to C as well.

A more difficult problem arises with a curve C of positive genus. In the
case of g = 1 this is not too hard; it is the content of Exercises 12.47
and 12.48

But for the general case we must proceed differently. In treating rational
curves, we used the fact that the space of effective divisors of degree k on
P1 is the variety Pk, whose Chow ring we know. But when C is neither
rational nor elliptic, the Chow rings A(C(k)) of symmetric powers of C are
unknown.

Nevertheless one can describe a subring of the algebraic cohomology
ring in which a calculation analogous to the one above can be made. This
is explained in (Arbarello et al. [1985] Chapter 8), where there are explicit
formulas generalizing all the above formulas to arbitrary genus.

12.6 Dual varieties and conormal varieties

We next turn to a remarkable property of projective varieties called reflex-
ivity, which holds in characteristic 0 or, more generally, under a certain
separability hypothesis. A corollary of reflexivity is the deep fact that the
dual of the dual of a variety is the variety itself. See Kleiman [1986] for
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a comprehensive account of the history of these matters. Our account is
based on that in Kleiman [1984].

Let X ⊂ Pn be a subvariety of dimension k. If X is smooth, we define
the conormal variety CX ⊂ Pn × Pn∗ to be the incidence correspondence

CX = {(p,H) ∈ Pn × Pn∗ | p ∈ X and TpX ⊂ H}.

If X is singular, we define CX to be the closure in Pn × Pn∗ of the locus
CX◦ of such pairs (p,H) where p is a smooth point of X. Whatever the
dimension of X, the conormal variety CX will have dimension n− 1: it is
the closure of the locus CX◦, which maps onto the smooth locus of X with
fibers of dimension n−k−1. The dual variety X∗ ⊂ Pn∗ of X is the image
of CX under projection on the second factor.

****X → X is automatically smooth over smooth points, since CX is
defined by equations linear in the coeffs of H (dot with the partials of each
eqn of X it’s zero.)****

Theorem 12.20 (Reflexivity). Let X ⊂ Pn be any variety and X∗ ⊂ Pn∗
its dual. If the characteristic of the ground field is zero, or more generally
if the maps from CX → X∗ and C(X∗) → X are separable, then the
conormal variety CX ⊂ Pn × Pn∗ is equal to C(X∗) ⊂ Pn∗ × Pn with the
factors reversed. In such cases (X∗∗) = X—that is, the dual of the dual of
X is X.

If X is a plane curve in characteristic 0 then the statement X∗∗ = X says,
heuristically, that the family of tangent lines at points near a smooth point
x ∈ X (that is, the family of points of X∗ near the point y corresponding to
the tangent line of X) is, to first order, the family of lines through x. More
picturesquely put, the tangent lines to points near x ∈ X “roll” on the point
x. ****insert figure****. It is true more generally that the osculating k-
planes to a curve X ⊂ Pn at points near x ∈ X move, to first order, by
“rolling” on the osculating (k − 1)-plane to X at x. See ****reference? Is
this in G&H? or in Joe’s “Lectures”? Or should this be an exercise?****

This picture, for plane curves, can be made precise as follows. Observe
that if p ∈ X is a smooth point, then the tangent line TpX ⊂ P2 is the
limit of the secant lines p q as q ∈ X approaches p. Applied to the dual
curve X∗ ⊂ P2∗, this says that the tangent line TLX∗ ⊂ P2∗ to the curve
X∗ at a point L is the limit of the secant lines LM as M ∈ X∗ approaches
L. But the line LM ⊂ P2∗ joining two points L,M ∈ P2∗ corresponding
to lines L,M ⊂ P2 is the line in P2∗ dual to the point L ∩M in P2.

Now X∗∗ = X means that the tangent line to X∗ at the point L = TpX
corresponding to p ∈ X is p itself; this amounts to saying that the limit,
as q ∈ X approaches p, of the point of intersection r = TpX ∩ TqX is just
the point p itself, which is clear from Figure 12-7.
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FIGURE 12-7. The tangent line to X∗ ⊂ P2∗ at L = TpX is the line dual to p.

An immediate consequence of Theorem ?? is that the Gauss map of
a hypersurface in characteristic 0 is either birational map or has posi-
tive dimensional fibers: ****can we improve this to say “has connected
fibers”?****

Corollary 12.21. If X is a smooth hypersurface, or more generally a
hypersurface whose dual is also a hypersurface, and the characteristic of
the ground field is zero, then the Gauss map GX : X → X∗ is birational,
with inverse GX∗ : X∗ → X. Thus if X ⊂ Pn is a smooth hypersurface of
degree d then X∗ is a hypersurface of degree d(d− 1)n−1.

Proof of Corollary 12.21. By Section 1.2.2, the dual of a smooth hypersur-
face is always a hypersurface.

If X and X∗ are both hypersurfaces then both GX and GX∗ are well-
defined rational maps. Since the graphs of CX and C(X∗) are equal after
exchanging factors, the two rational maps are inverse to each other, and are
thus birational. As already noted in Chapter 1.2.2, the degree computation
follows from the birationality of GX .

One aspect of Theorem 12.20 may seem puzzling. The only way the
dual of a variety X ⊂ Pn can fail to be a hypersurface is if the map
CX → X∗ has positive-dimensional fibers—in other words, if every singular
hyperplane section of X has positive-dimensional singular locus. This is a
rare circumstance—as we’ll see in Exercise 12.42, it can never be the case
for a smooth complete intersection, and as we’ll see in Exercise 12.44 it
can only happen for X swept out by positive-dimensional linear spaces.
But if we have a one-to-one correspondence between varieties X ⊂ Pn
and their dual varieties, we seem to be suggesting that there are as many
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hypersurfaces as varieties of arbitrary dimension in Pn! The discrepancy
is due to the fact that the duals of smooth varieties tend to be highly
singular—see for example Exercise 12.45.

There are many fascinating results about the geometry of dual varieties
and conormal varieties. We recommend in particular Kleiman [1986], and
the surprising and beautiful theorems of Ein and Landman (Ein [1986])
and Zak (Zak [1991]). Ein and Landman prove, for example, that for any
smooth variety X ⊂ Pn of dimension d in characteristic 0, the difference
(n− 1)− dimX∗ is congruent to dimX modulo 2.

As we mentioned earlier, it’s relatively rare for the dual X∗ of a smooth
variety X ⊂ Pn to be other than a hypersurface. Exercises 12.43 and 12.46
give two circumstances where it does happen.

12.6.1 The universal hyperplane as projectivized cotangent
bundle

The proof of the reflexivity theorem will make use of the “universal hyper-
plane”, also called the Fano variety of hyperplanes in Pn = PV , which we
introduced in Section 8.1.1. We defined it there to be the divisor in Pn×Pn∗
defined by the equation xiyi = 0, where {xi} and {yi} are dual coordinate
systems; more invariantly, for a vector space V and its dual W := V ∗ we
can write:

Ψ = {(v, w) ∈ PV × PW | w(v) = 0.

It is obvious that the fiber of Ψ over a point w ∈ PW is the hyperplane
defined by the vanishing of w as a functional on v.

Write the tautological sequence on PV as

0→ OPV (−1)→ V ⊗OPV → Q→ 0.

Thus Q∗ ⊂ W ⊗ OPV . From the inclusion it follows that the line bun-
dle OPQ∗(−1) on PQ∗ is the restriction from Pn × Pn∗ of the bundle
π∗2OPn∗(−1). In Section 8.1.1 we observed that Ψ ⊂ PV × PW may be
regarded as the projectivization PQ∗ inside PW ⊗OPV = PV × PW .

To simplify the notation, we write πV , πW for the projections from Z :=
PV ×PW to PV and PW respectively, and we set OZ(a, b) := π∗VOPV (a)⊗
π∗WOPW (b). In this language, Ψ = π∗V (Q∗) and OPQ∗(−1) is the restriction
of OZ(0,−1). For our present purpose, we want to give a more symmetric
description.

Proposition 12.22. πV : Ψ→ PV may be described as the projectivization
of the cotangent bundle PΩPV of PV . The tautological subbundle

OPΩPV (−1) ⊂ π∗V (ΩPV )
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is the restriction to Ψ ⊂ PV × PW = Z of OZ(−1,−1).

Proof. The Euler sequence

0→ ΩPV →W ⊗OPV (−1)→ OPV → 0

that may be taken as the definition of ΩPV is the tautological sequence
twisted by OPV (−1), and in particular ΩPV = Q∗ ⊗ OPV (−1). By Theo-
rem ?? we have PQ∗ ∼= PΩ, with

OPΩ(−1) = OPQ∗ ⊗ π∗VOPV (−1)

and this is the restriction to Ψ of OZ(0,−1)⊗ π∗VOPV (−1) = OZ(−1,−1),
as required.

Proof of Theorem 12.20. If X ⊂ PV is any subvariety then, over the open
set whereX is smooth, the conormal variety CX ⊂ Ψ = PΩPV = Proj SymTPV
is the projectivized conormal bundle PK = Proj SymK∗, where

K := Ker
(
ΩPV |X → ΩX

)
.

The conormal variety of X itself is defined as the closure of this set. Over
the open set where X is smooth, K∗ is the cokernel of the map of bundles

TX → TPV |X
so SymK∗ is equal to SymTPV |X modulo the ideal generated by TX ,
thought of as contained in the degree 1 part TPV |X of the graded algebra
SymTPV |X . Sheafifying, this means that the ideal sheaf of CX in OPΩPV

is the image of the composite map u in the following diagram:

π∗V TX ⊗OΩPn (−1) - π∗V TPn ⊗OΩPn (−1)

OPΩPn ,
?u -

where the vertical map is the dual of

OPΩPn (−1)
∑
AidZi- π∗V ΩPn ,

the tautological inclusion, tensored with OΩPn(−1).

Having the equations, we can tell whether a given subvariety C of Ψ ∩
π−1
V (X) is a subset of CX. Let ι : C → Ψ be the inclusion. Set

v = u∗ ⊗OPΩPn (−1) : OPΩPn (−1)→ π∗V ΩX ,

and consider the diagram

OPΩPn (−1)|C
∑
AidZi- π∗V ΩPn |C

dπV- ΩΨ|C

π∗V ΩX |C
?

d(π1|C)
-

v|C -

ΩC .

dι
?
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From what we have said about the equations of the conormal variety we
see that C ⊂ CX if and only if v|C = 0. If the projection πV |C : C → X is
separable, then dπV |C is generically injective. Thus C ⊂ CX if and only if
the composition dπV |C ◦ v|C is zero.

We will show that if C is separable over X∗ then this condition is sym-
metric, so that C ⊂ CX if and only if C ⊂ C(X∗) (with the factors
reversed). Since Ψ is defined by a hypersurface of bi-degree (1, 1), we have
an exact sequence

0 - OPn×PW (−1,−1)
ϕ- ΩPn×PW |Ψ - ΩΨ

- 0.

In coordinates, using the decomposition

ΩPn×PW = π∗V (ΩPn)⊕ π∗W (ΩPW )

this becomes

0 - OPn×PW (−1,−1)|Ψ
∑
AidZi,

∑
ZidAi- π∗V (ΩPn)|Ψ ⊕ π∗W (ΩPW )|Ψ

(dπV ,dπW )- ΩΨ
- 0.

Noting that OPΩPn (−1) = OPn×PW (−1,−1)|Ψ, we see that if ι : C → Ψ is
the inclusion of any subvariety then the composition

OPΩPn (−1)
∑
AidZi- π∗V (ΩPn)

dπV- ΩΨ

is the negative of the composition

OPΩPn (−1)
∑
ZidAi- π∗W (ΩPW )

dπW- ΩΨ.

It follows that the composition

OPΩPn (−1)|C
∑
AidZi- π∗V ΩPn |C

dπV- ΩΨ|C

ΩC .

dι
?

is zero if and only if the composition

OPΩPW (−1)|C
∑
ZidAi- π∗WΩPW |C

dπW- ΩΨ|C

ΩC .

dι
?

is zero.

If C → X is separable and C ⊂ C(X∗) then the composite above is zero,
and it follows that C ⊂ CX. If C ⊂ Ψ and C → X∗ is also separable, then
C ⊂ CX if and only if C ⊂ CX ′. Applying this argument to C = CX and
C = C(X∗), we obtain the desired equality.
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12.7 Exercises

Exercise 12.23. Use the result of Exercise 11.43 (describing the class
of the universal k-plane in Pr × G(k, r)) to give an alternative proof of
Proposition 12.4.

Exercise 12.24. Let X be the scheme Spec k[t]/(tn), and X(k) its kth

symmetric power.

(a) Show that the Zariski tangent space to X(k) at its unique closed point
has dimension k.

(b) What is the degree of X(k)?

Exercise 12.25. Let X ⊂ Pr be a variety, and Σecm(X) ⊂ G(2, r) the
image of the secant plane map τ : X(m) → G(m− 1, r). Show by example
that not every (m−1)-plane Λ such that deg(Λ∩X) ≥ m lies in Σecm(X).
(For example, try X a curve in P5 with a trisecant line, with m = 3.)

Exercise 12.26. Prove Proposition 12.8 in the case of a nondegenerate
space curve C ⊂ P3—that is, that the line joining two general points of C
does not meet the curve a third time—without using the General Position
Lemma 12.9.

Exercise 12.27. Show that for p, q ∈ Pn, the subspace H0(I2
pI2

q (2)) ⊂
H0(OPn(2)) of quadrics singular at p and q has codimension 2n+ 1 (rather
than the expected 2n + 2). Deduce that any two tangent planes to the
quadratic Veronese variety ν2(Pn) meet, and thus that ν2(Pn) is 2-defective
for any n.

Exercise 12.28. Show that for any five points p1, . . . , p5 ∈ P2, there exists
a quartic curve double at all five; deduce that the tangent planes TpiS to
the quartic Veronese surface S = ν4(P2) ⊂ P14 are dependent (equivalently,
fail to span P14), and hence that S is 5-defective.

Exercise 12.29. Show that for any nine points p1, . . . , p9 ∈ P3, there
exists a quartic surface double at all nine; deduce that the tangent planes
TpiX to the quartic Veronese threefold X = ν4(P3) ⊂ P34 fail to span
P34), and hence that X is 9-defective.

Exercise 12.30. Finally, show that for any seven points p1, . . . , p7 ∈ P4,
there exists a cubic threefold double at all seven; deduce that the tangent
planes TpiX to the cubic Veronese fourfold X = ν3(P4) ⊂ P34 are de-
pendent (equivalently, fail to span P34), and hence that X is 7-defective.
(Hint: this problem is harder than the preceding three; you have to use the
fact that through seven general points in P4 there passes a rational normal
quartic curve.)
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Exercise 12.31. Show that the rational normal curve is the only nonde-
generate curve C ⊂ Pd with the property that every divisor of degree d on
C spans a hyperplane.

Exercise 12.32. Let C ⊂ Pd be a rational normal curve. Show that for
any m ≤ d the secant plane map

τ : C(m) → G(m− 1, d)

is actually an embedding, by verifying that the differential in injective
everywhere.

Exercise 12.33. Show that the twisted cubic curve is the unique nonde-
generate curve C ⊂ P3 such that a general point p ∈ P3 lies on a unique
secant line to C.

Exercise 12.34. Let C be a smooth curve, and C(d) its dth symmetric
power. Show that there is a universal family of divisors of degree on C
over C(d); that is, a subscheme D ⊂ C(d) × C, flat over C(d), whose fiber
over a point D ∈ C(d) is the subscheme D ⊂ C

Exercise 12.35. Let C ⊂ Pd be a rational normal curve, and for m ≤ d
let D ⊂ C(m) × C be the universal family of divisors of degree m on C
introduced in Exercise 12.34. Let α : C(m)×C → C(m) and β : C(m)×C →
C be the projections. Show that the map of sheaves on C(m) × C

β∗OC(1)→ β∗OC(1)⊗OD

pushes forward under α to give a surjective map of vector bundles from
the trivial bundle with fiber H0(OP1(d)) to a vector bundle of rank m; and
that this induces a regular map C(m) → G(m− 1, d) extending the secant
plane map.

Exercise 12.36. ****add a solid hint to this (or do the result in the
text!**** In the setting of Theorem 12.16, show in general that, for general
points p1, . . . , pm and general polynomials F1, . . . , Fm−i+1, the scheme

Λ ∩ V (σF1 ∧ · · · ∧ σFm−i+1),

where Λ = {D ∈ Pm | p1, . . . , pm−i ∈ D}, is reduced of dimension 0.

Exercise 12.37. Show that if C ⊂ Pr is a general rational curve, then the
locus of m-secant (m−k−1)-planes has the expected dimension m−k(r+
1−m+ k).

Exercise 12.38. By contrast with the preceding exercise, show that there
exist components H of the Hilbert scheme of curves in P3 whose gen-
eral point corresponds to a smooth, nondegenerate curve C ⊂ P3 with
a positive-dimensional family of quadrisecant lines, or with a quintisecant
line.
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Exercise 12.39. Compute the number of quadrisecant lines to a general
rational curve C ⊂ P3 of degree d (Hint: in the notation of Section 12.5, the
answer is the degree of the class deg τ∗(σ2,2) ∈ A4(P4). Express the class
σ2,2 in terms of the special Scubert classes σi and use (12.1) to evaluate
it.)

Exercise 12.40. Let C ⊂ P3 be a smooth curve of degree n and genus g,
and S and T ⊂ P3 two smooth surfaces containing C, of degrees d and e.
At how many points of C are S and T tangent?

Exercise 12.41. Show that the conclusion of Corollary 12.21 fails in char-
acteristic p > 0:

(a) Let K be a field of characteristic 2, and consider the plane curve

C = V (X2 − Y Z) ⊂ P2.

Show that C is smooth, but that the dual curve C∗ ⊂ P2∗ is a line, so
that C∗∗ 6= C.

(b) Now let K be a field of characteristic p, set q = pe and consider the
plane curve

C = V (Y Zq + Y qZ −Xq+1) ⊂ P2.

Show that C is smooth, and that the dual curve C∗∗ = C, but that
GC : C → C∗ is not birational!

Exercise 12.42. We saw in Section ?? that if X ⊂ Pn is a smooth hyper-
surface of degree d > 1 then the dual variety X∗ ⊂ Pn∗ must again be a
hypersurface. Show more generally that if X ⊂ Pn is any smooth complete
intersection of degree d > 1 then X∗ will be a hypersurface.

Exercise 12.43. Let X ⊂ Pn be a k-dimensional scroll, that is, a variety
given as the union

X =
⋃

Λb

of a one-parameter family of (k − 1)-planes {Λb ∼= Pk−1 ⊂ Pn}.

(a) Show that if H ⊂ Pn is a hyperplane containing the tangent plane
TpX to X at a smooth point p then the hyperplane section H ∩X is
reducible; and

(b) Deduce that dimX∗ ≤ n− k + 2.

Exercise 12.44. This is a sort of partial converse to Exercise 12.43 above.
Let X ⊂ Pn be any variety. Use Theorem 12.20 to deduce that if the dual
X∗ is not a hypersurface, X must be swept out by positive-dimensional
linear spaces.

Exercise 12.45. Let X ⊂ Pn be a smooth hypersurface of degree d > 2.
Show that the dual variety X∗ is necessarily singular.
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Exercise 12.46. Let X = G(1, 4) ⊂ P9 be the Grassmannian of lines in
P4, embedded in P9 by the Plücker embedding. Show that the dual of X
is again projectively equivalent to X itself!

Exercise 12.47. If E is a smooth elliptic curve (over an algebraically
closed field this means a curve of genus 1 with a chosen point), the addition
law on E expresses the kth symmetric power Ek as a Pk−1 bundle over E.
Verify this, and use it to give a description of A(Ek).

Exercise 12.48. Using the preceding exercise, find the degrees of the
secant varieties of an elliptic normal curve E ⊂ Pd.

Exercise 12.49. We saw in Chapter ?? that

Exercise 12.50. Using the preceding exercise, find the degrees of the
secant varieties of an elliptic normal curve E ⊂ Pd.
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13

Contact Problems and Bundles of
Relative Principal Parts

(a) Given a general quintic surface S ⊂ P3, how many lines L ⊂ P3 meet
S in only one point? (Answer on page 501)

(b) If D is a net of cubic plane curves, how many of the curves C ∈ D will
have cusps? (Answer on page 529)

(c) If {Ct = V (t0F+t1G) ⊂ P2} is a general pencil of quartic plane curves,
how many of the curves Ct will have hyperflexes? (Answer on page 517)

(d) If {Ct} is again a general pencil of quartic plane curves, what is the
degree and genus of the curve traced out by flexes of members of the
pencil? (Answer in Section 13.3.2)

Problems such as these are known as contact problems. They can often
be reduced to computations of the Chern classes of associated bundles. The
most important of the bundles involved is a relative version of the bundle
of principle parts introduced in Chapter 9, and described by Theorem 9.4.
We will begin with an illustration showing how these arise.

Two notes before we start. First, many of the results derived here are
characteristic-dependent: some hold only in characteristic 0; some if we
exclude specific characteristics (typically 2 and 3), and others hold in ar-
bitrary characteristic. In the interest of clarity, we will assume throughout
this chapter that the characteristic of the ground field is 0.

Secondly, we define the order of contact of a curve C ⊂ X with a Cartier
divisor D ⊂ X at p ∈ C to be the length of the scheme of intersection
C ∩D, or (equivalently) if ν : C̃ → C is the normalization, the sum of the
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orders of vanishing of the defining equation of D at points of C̃ lying over
p. If p is an isolated point of C ∩ D, this is the same as the intersection
multiplicity mp(C ·D), and we will use this to denote the order of contact;
but we’ll also adopt the convention that if C ⊂ D the order of contact is
∞, so that the condition mp(C ·D) ≥ m is a closed condition on C, D and
p.

13.1 Lines meeting a surface to high order

Consider a general quintic surface S ⊂ P3. A general line meets S in 5
points; to require them all to coincide is 4 conditions, and there is a 4-
dimensional family of lines in P3. Thus we would “expect” there to be just
finitely many lines meeting S in just one point. On this basis we would,
more generally, expect that for a general surface S ⊂ P3 of any degree
d ≥ 5 there will be a finite number of lines having a point of contact of
order 5 with S.

As we shall show, this expectation is fulfilled, and we can compute the
number. To verify the dimension statement, we introduce the flag variety

Φ = {(L, p) ∈ G(1, 3)× P3 | p ∈ L},

which we think of as the universal line over G(1, 3); we can also realize Φ
as the projectivization PS of the universal subbundle S on G(1, 3). Next,
we fix d ≥ 4 and look at pairs consisting of a point (L, p) ∈ Φ and a surface
S ⊂ P3 of degree d such that the line L has contact of order at least 5 with
S at p (or is contained in S):

Γ = {(L, p, S) ∈ Φ× PN | mp(S · L) ≥ 5},

where PN is the space of surfaces of degree d in P3.

The fiber of Γ over any point (L, p) ∈ Φ is a linear subspace of codi-
mension 5 in the space PN of surfaces of degree d. Since Φ is irreducible
of dimension 5 it follows that Γ is irreducible of dimension N , and hence
that the fiber of Γ over a general point [S] ∈ PN is finite. Note that this
includes the possibility that the fiber over a general point is empty, as in
fact will be the case when d = 4: any line with a point of contact of order 5
with a quartic surface S must lie in S, but as we’ve seen, a general quartic
surface contains no lines. In case d = 4, correspondingly, Γ projects with
one-dimensional fibers to the hypersurface Σ ⊂ P34 of quartics that do con-
tain a line. By contrast, we’ll see (as a consequence of Theorem 13.1) that
if d ≥ 5 then the projection Γ→ PN is generically finite, and surjective.
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To linearize the problem we consider, for each pair (L, p) ∈ Φ, the 5-
dimensional vector space

E(L,p) =
{germs of sections of OL(d) at p}
{germs vanishing to order ≥ 5 at p}

of germs of sections of OL(d) at p, modulo those vanishing to order at least
5 at p. To say that mp(S ·L) ≥ 5 means exactly that the defining equation
F of S is in the kernel of the map

H0(OP3(d))→ E(L,p)

given by restriction of F to a neighborhood of p in L.

To compute the number of lines with 5-fold contact, we will define a
vector bundle E on Φ whose fiber at a point (L, p) ∈ Φ is the vector space
E(L,p) = H0(OL(d)/m5

L,p(d)) above, so that a polynomial F of degree d on

P3 will give a global section σF of E by restriction in turn to each line L.
The zeros of the section σF will then be the points (L, p) ∈ Φ such that
mp(S ·L) ≥ 5, and—assuming that there are no unforeseen multiplicities—
the answer to our enumerative problem will be the degree of the top Chern
class c5(E) ∈ A5(Φ). The necessary theory and computation will occupy
the next two sections, and will prove:

Theorem 13.1. If S is a general quintic surface, then there are exactly 575
lines meeting S in only one point. More generally, if S ⊂ P3 is a general
surface of degree d ≥ 4 then there are exactly 35d3 − 200d2 + 240d lines
having a point of contact of order 5 with S.

Note that this does return the correct answer 0 in the case d = 4.

13.1.1 Bundles of relative principle parts

The desired bundle E on Φ is a bundle of relative principle parts associated
to the map

π : Φ→ G(1, 3); (L, p) 7→ [L].

The construction is a relative version of that of Section 9.3; the reader may
wish to review that section before proceeding. The facts we need are the
analogs of some of the properties spelled out in Theorem 9.4.

Suppose, more generally, that π : Y → X is a proper smooth map of
schemes, and let L be a vector bundle on Y . Set Z = Y ×X Y , the fiber
product of Y with itself over X, with projection maps π1, π2 : Z → Y , and



502 13. Contact Problems and Bundles of Relative Principal Parts

let ∆ ⊂ Z be the diagonal, so that we have a diagram

∆ - Z = Y ×X Y
π1 - Y

Y

π2
? π - X

π
?

The bundle of relative mth order principle parts PmY/X(L) is, by definition,

PmY/X(L) = π2∗
(
π∗1L ⊗OZ/Im+1

∆

)
.

Theorem 13.2. With π : Y → X and projections πi : Y ×X Y → Y as
above:

(a) The sheaf PmY/X(L) is a vector bundle on Y , and its fiber at a point
y ∈ Y is the vector space of germs of sections of L on the fiber Fy =
π−1(π(y)) ⊂ Y of π at y, modulo those vanishing to order at least
m+ 1. That is,

PmY/X(L)y =
{germs of sections of L|Fy at y}

{germs vanishing to order ≥ m+ 1 at y}
.

(b) We have an isomorphism π∗π∗L ∼= π2∗π
∗
1L.

(c) The quotient map π∗1L → π∗1L ⊗ OZ/Im+1
∆ pushes forward to give a

map

π∗π∗L ∼= π2∗π
∗
1L → PmY/X(L),

and the image of a global section G ∈ H0(L) is the section σG of
PmY/X(L) whose value at a point y ∈ Y is the restriction of G to a
neighborhood of y in Fy.

(d) P0
Y/XL = L. For m > 1 the filtration of the fiber of (PmY/X(L))y by

order of vanishing at y corresponds to a filtration of PmY/X(L) by sub-

bundles that are the kernels of surjections PmY/X(L) → Pm−1
Y/X (L). The

graded pieces of this filtration are identified by the exact sequences

(13.1) 0→ L⊗ Symm(ΩY/X)→ PmY/X(L)→ Pm−1
Y/X (L)→ 0.

The exact sequences (13.1) allow us to express the Chern classes of the
bundles PmY/X(L) in terms of the Chern classes of L and those of ΩY/X .
We will compute the latter in the case where Y is a projectivized vector
bundle over X in the next section, and this will allow us to complete the
answer to Keynote Question (a).

Proof. Part (a) is an application of the Theorem on cohomology and base
change, just as in the absolute case (Theorem 9.4).

For part (b), informally speaking the bundles π∗π∗L and π2∗π
∗
1L are

isomorphic because they are both “the bundle on Y whose fiber over a
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point y ∈ Y is the vector space H0(L|Fy ).” To make this rigorous, observe
first that the natural evaluation map π∗π∗L → L pulls back and pushes
forward to a map π2∗π

∗
1π
∗π∗L → π2∗π

∗
1L. But ππ1 = ππ2, so we can rewrite

the source of this map as π2∗π
∗
2π
∗π∗L; composing, we have a map

π∗π∗L → π2∗π
∗
2π
∗π∗L = π2∗π

∗
1π
∗π∗L → π2∗π

∗
1L.

By the theorem on cohomology and base change, this map is an isomor-
phism on each fiber, and hence an isomorphism of sheaves.

Part (c) is also a direct analog of the absolute case. For (d), consider the
diagonal ∆ := ∆Y/X ⊂ Y ×X Y , and its ideal sheaf I∆. As in the absolute
case we have π1∗(I∆/I2

∆) = ΩY/X (See Eisenbud [1995] Theorem *** for
the affine case, to which the problem reduces.) The sheaf ΩY/X is a vector
bundle on Y because π is smooth. Since ∆ is locally a complete intersection
in Y ×X Y , it follows that

Im∆ /Im+1
∆ = Symm(I∆/I2

∆).

The desired exact sequences are derived from this exactly as in the absolute
case.

13.1.2 Relative tangent bundles of projective bundles

To use the sequences (13.1) to calculate the Chern class of PmY/X(L) we need
to understand the relative tangent bundle TY/X . Recall first the definition:
if π : Y → X is a smooth map, then the differential dπ : TY → π∗TX is
surjective. Its kernel is called the relative tangent bundle of π, denoted Tπ
or, when there is no ambiguity, as TY/X ; its local sections are the vector
fields on Y that are everywhere tangent to a fiber. Thus, for example, if
x ∈ X then the restriction TY/X |π−1(x) is the tangent bundle to the smooth
variety π−1(x).

One special case in which we can describe the relative tangent bundle
explicitly is when π : Y = PE → X is a projective bundle (as was the case
in the example above); in this section we’ll show how.

Recall from Section 2.2.4 that if ξ ∈ PV is a point in the projectivization
PV of a vector space V , then we can identify the tangent space TξPV
with the vector space Hom(ξ, V/ξ). As we showed, these identifications fit
together to give an identification of bundles

TPV = Hom(S,Q),

where S = OPV (−1) and Q are the universal sub- and quotient bundles.

This identification extends to families of projective spaces. Explicitly,
suppose E is a vector bundle on X and PE its projectivization, with uni-
versal sub- and quotient bundles S = OPE(−1) and Q. At every point
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(x, ξ) ∈ PE , with x ∈ X and ξ ⊂ Ex, we have an identification TξPEx =
Hom(ξ, Ex/ξ) = Hom(S(x,ξ),Q(x,ξ)), and these agree on overlaps of such
open sets to give a global isomorphism:

Proposition 13.3.

TPE/X ∼= Hom(S,Q).

Proof. This is a special case of the statement that, with notation as in
the Theorem, the relative tangent bundle of the Grassmannian bundle
G(k, E)→ X is

TGr(k,E)/X = Hom(S,Q).

Over an open subset where E is trivial this is an immediate consequence of
the isomorphism described in Section 2.2.4 between the tangent bundle of
a Grassmannian and the bundle Hom(S,Q); and as in that setting the fact
that these isomorphisms are independent of choices says they fit together
to give the desired isomorphism TGr(k,E)/X = Hom(S,Q).

Using the exact sequence

0→ S → π∗E → Q → 0,

Proposition 13.3 yields an exact sequence

0→ OPE → π∗E ⊗ OPE(1)→ TPE/X → 0

Applying the formula for the Chern classes of the tensor product of a vector
bundle with a line bundle (Proposition 7.10), we arrive at the following
Theorem:

Theorem 13.4. If E is a vector bundle of rank r+1 on the smooth variety
X then the Chern classes of the relative tangent bundle TPE/X are

ck(TPE/X) =

k∑
i=0

(
r + 1− i
k − i

)
ci(E)ζk−i

where ζ = c1(OPE(1)) ∈ A1(PE), and we identify A(X) with its image in
A(PE) via the pullback map.

13.1.3 Chern classes of contact bundles

Returning to Keynote Question (a), we again let

Φ = {(L, p) ∈ G(1, 3)× P3 | p ∈ L},
be the universal line over G(1, 3). Via the projection π : Φ → G(1, 3) this
is the projectivization PS of the universal subbundle S on G(1, 3). Let E
be the bundle on Φ given by

E = P4
Φ/G(1,3)(β

∗OP3(d))
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where β : Φ → P3 is the projection (L, p) 7→ p on the second factor.
By the theorem on cohomology and base change (Theorem 6.6), this has
fiber E(L,p) = H0(OL(d)/m5

L,p(d)) at a point (L, p) ∈ Φ. Thus, counting
multiplicities, the number of lines having a point of contact of order at
least 5 with a general surface of degree d is the degree of the Chern class
c5(E).

To find the degree of c5(E), we recall first the description of the Chow
ring of Φ given in Section 11.4.1: since

Φ = PS → G(1, 3)

is the projectivization of the universal subbundle on G(1, 3), and

c1(S) = −σ1 and c2(S) = σ11,

Theorem 11.9 yields

A(Φ) = A(G(1, 3))[ζ]/(ζ2 − σ1ζ + σ11),

where ζ ∈ A1(Φ) is the first Chern class of the line bundle OPS(1). Recall
moreover that the class ζ can also be realized as the pullback ζ = β∗ω,
where β : Φ → P3 is the projection (L, p) 7→ p on the second factor, and
ω ∈ A1(P3) is the hyperplane class.

The relative tangent bundle TΦ/G(1,3) is a line bundle on Φ. By Theo-
rem 13.4, its Chern class is

c1(TΦ/G(1,3)) = 2ζ − σ1.

By Theorem 13.2 the bundle E = P4
Φ/G(1,3)(β

∗OP3(d)) has a filtration
with successive quotients

β∗OP3(d), β∗OP3(d)⊗ ΩΦ/G(1,3), . . . , β
∗OP3(d)⊗ Sym4 ΩΦ/G(1,3).

The bundle ΩΦ/G(1,3) is dual to the relative tangent bundle TΦ/G(1,3), so
its m-th symmetric power has Chern class

c(Symm ΩΦ/G(1,3) = 1 +m(σ1 − 2ζ).

With the formula c1(β∗OP3(d)) = dζ, this gives

c(β∗OP3(d)⊗ Symm ΩΦ/G(1,3) = 1 + (d− 2m)ζ +mσ1

and altogether

c(E) =

4∏
m=0

(
1 + (d− 2m)ζ +mσ1

)
.

In particular,

c5(E) = dζ ·((d−2)ζ+σ1) ·((d−4)ζ+2σ1) ·((d−6)ζ+3σ1) ·((d−8)ζ+4σ1).
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We can evaluate the degrees of monomials of degree 5 in ζ and σ1 by
using the Segre classes introduced in Section 12.1, and in particular Propo-
sition 12.3: we have

deg(ζaσb1) = deg π∗(ζ
aσb1)

= deg(sa−1(S)σb1)),

where sk(S) is the kth Segre class of S. Combining Proposition 12.3 and
the Whitney formula, we have

s(S) =
1

c(S)
= c(Q) = 1 + σ1 + σ2

and so we have

deg(ζσ4
1)Φ = deg(σ4

1)G(1,3) = 2; deg(ζ2σ3
1)Φ = deg(σ4

1)G(1,3) = 2; and

deg(ζ3σ2
1)Φ = deg(σ2σ

2
1)G(1,3) = 1.

The remaining monomials of degree 5 in ζ and σ1 are all zero: σ5
1 = 0

since the Grassmannian G(1, 3) is four-dimensional, while ζ4σ1 = ζ5 = 0
because the Segre classes of S vanish above degree 2 (alternatively, since
ζ = β∗ω is the pullback of a class on P3 we see immediately that ζ4 = 0).

Putting this together with the formula above for c5(E) we get

deg c5(E) =

deg
(
dζ((d− 2)ζ + σ1)((d− 4)ζ + 2σ1)((d− 6)ζ + 3σ1)((d− 8)ζ + 4σ1)

)
= deg

(
24dζσ4

1

+ d(50d− 192)ζ2σ3
1

+ d(35d2 − 200d+ 240)ζ3σ2
1

)
= 35d3 − 200d2 + 240d.

This is, assuming there are only finitely many and counting multiplicities,
the number of lines having a point of contact of order at least 5 with S.

To answer the keynote question we need to know in addition that for
a general surface S ⊂ P3 of degree d ≥ 5 all the lines having a point of
contact of order 5 with S “count with multiplicity 1”—that is, all the zeros
of the corresponding section of the bundle E on Φ are simple zeros. To do
this, we invoke the irreducibility of the incidence correspondence

Γ = {(L, p, S) : mp(S · L) ≥ 5} ⊂ Φ× PN

introduced earlier in the discussion. By virtue of the irreducibility of Γ,
it’s enough to show that at just one point (L, p, S) ∈ Γ the section of E
corresponding to S has a simple zero at (L, p) ∈ Φ: given this, the locus of
(L, p, S) for which this is not the case, being a proper closed subvariety of
Γ, will have strictly smaller dimension, and so cannot dominate PN . As for
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locating such a triple (L, p, S), Exercise 13.17 suggests one. We should also
check that for S general, no line has a point of contact of order at least 6
with S, or more than one point of contact of order at least 5; this is implied
by Exercise 13.18. This completes the proof of Theorem 13.1.

13.2 The case of negative expected dimension

In this section, we’ll describe a rather different application of the contact
calculus developed so far: we will use it—in characteristic 0—to bound the
maximum number of occurrences of some phenomena that occur in negative
“expected dimension.”

We begin by explaining an example. We don’t expect a surface S ⊂ P3

of degree d ≥ 4 to contain any lines. But some smooth quartics do contain
a line and some contain several. Thus we can ask: how many lines can a
smooth surface of degree d contain?

We observe to begin with that the number of lines a smooth surface of
degree d can contain is certainly bounded: If we let PN be the space of
surfaces of degree d ≥ 4, and write

Σ = {(S,L) ∈ PN ×G(1, 3) | L ⊂ S}

for the incidence correspondence, then the set of points of PN over which
the fiber of the map π : Σ→ PN has cardinality greater than m is a closed
subset of PN for any m. Since, as we saw in Section 1.4.2, a smooth surface
in P3 of degree > 2 cannot contain infinitely many lines, the cardinalities
of the fibers over the open set U ⊂ PN of smooth surfaces are bounded.
We can thus ask:

Question 13.5. What is the largest number M(d) of lines that a smooth
surface S ⊂ P3 of degree d can have?

Remarkably, we don’t know the answer to this in general!

The situation here is typical: there is a large range of quasi-enumerative
problems where the actual number is indeterminate because the expected
dimension of the solution set is negative. In general, almost every time
we have an enumerative problem there are analogous “negative-expected-
dimension” variants—how many conics in P2 can be tangent to each of 6
conics; how many conics in P3 can meet each of 9 lines, and so on. For
example, we can ask

Question 13.6. (a) How many isolated singular points can a hypersurface
X ⊂ Pn of degree d have?
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(b) How many tritangents can a plane curve C ⊂ P2 of degree d have?
How many hyperflexes?

(c) How many cuspidal curves can a pencil of plane curves of degree d
have? How many reducible ones? How many totally reducible ones (that
is, unions of lines)?

We can even go all the way back to Bezout, and ask:

Question 13.7. How many isolated points of intersection can n+k linearly
independent hypersurfaces of degree d in Pn have?

Here there is at least a conjecture, described in Eisenbud et al. [1996]
and proved in case k = 1 by Lazarsfeld (?]) ****wrote lazarsfeld to ask
him for a reference****. We’ll come back to this in subsection ??.

Another negative-expected-dimension variant of Bézout’s Theorem is the
question:

Question 13.8. How many isolated points of intersection can non degen-
erate curves in P3 of degrees d and e have? How about in Pn?

(There are known bounds in this case: see Diaz [1986] and Giuffrida
[1988].)

All of these problems are attractive (especially Question 13.7). But we
won’t pursue them here; rather, we’ll focus on the original problem of
bounding the number of lines on a smooth surface in P3, in order to il-
lustrate how we can use enumerative methods to find such a bound.

13.2.1 Lines on smooth surfaces in P3

Since the number of lines on a smooth surface S is variable, it cannot be the
solution to an enumerative problem of the sort we have been considering.
But we can still use enumerative geometry to bound the number. What we’ll
do is to find a curve F on S whose degree is determined enumeratively, and
such that F contains all the lines on S.

A natural approach is to relax the condition that a line L be contained
in S to the condition that L meets S with high multiplicity at some point
p ∈ S. We can adjust the multiplicity so that the set of points p for which
some line satisfies this condition has expected dimension 1, defining a curve
on the surface. Since this curve must contain all the lines lying on the
surface, its degree—which we can compute by enumerative means—is a
bound for the number of such lines. It turns out that the right multiplicity
is 4, as we shall now explain.
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First of all, we say that a point p ∈ S is flecnodal if there exists a line
L ⊂ P3 having contact of order 4 or more with S at p; let F ⊂ S be
the locus of such points. (The reason for the name comes from another
characterization of such points: for a general surface S, a general flecnodal
point p ∈ S will be one such that the intersection S ∩ TpS has a flecnode
at p, that is, a node with one branch of the node having a flex.) As we’ll
show in Proposition 13.9, the flecnodal locus F ⊂ S of a smooth surface of
degree d ≥ 3 will always have dimension 1.

As we have observed, any line lying in S is contained in the flecnodal
locus F . Of course when d = 3 any line meeting S with multiplicity ≥ 4
must lie in S, so the flecnodal locus is exactly the union of the 27 lines in
S. To describe the locus of flecnodes on S more generally, we again write
Φ for the incidence correspondence

Φ = {(L, p) ∈ G(1, 3)× P3 | p ∈ L};
and we let ζ and σ1 ∈ A1(Φ) be the pullbacks of the corresponding classes
on P3 and G(1, 3). Given a surface S, we wish to find the class of the locus

Γ = {(L, p) ∈ Φ | mp(L · S) ≥ 4}.
Since the flecnodal locus F ⊂ S is the image of Γ under the projection of
Φ to P3, knowledge of this class will determine in particular the degree of
F .

To compute the class of Γ, consider the bundle F = P3
Φ/G(1,3)(π

∗
2OP3(d))

of third order relative principal parts of π∗2OP3(d). It is a bundle of rank 4
on Φ whose fiber at a point (L, p) is the vector space of germs of sections
of OL(d) at p, modulo those vanishing to order at least 4 at p:

F(L,p) = H0(OL(d)/I4
p,L(d)).

If A ∈ H0(OP3(d)) is a homogeneous polynomial of degree d defining a
surface S, then the restrictions of A to each line L ⊂ P3 yield a global
section σA of the bundle F , whose zeros are the pairs (L, p) such that L
meets S with multiplicity ≥ 4 at p.

Since dim Φ = 5 and F has rank 4, the locus Γ (if not empty) is at
least one-dimensional; if it has dimension exactly 1 then its class is the top
Chern class

[Γ] = c4(F) ∈ A4(Φ).

We can calculate this class as before: we can filter the bundle F by order
of vanishing—that is, invoke the exact sequences (13.1)—and apply the
Whitney formula to arrive at

c4(F) = dζ · ((d− 2)ζ + σ1) · ((d− 4)ζ + 2σ1) · ((d− 6)ζ + 3σ1).

Of course, none of this will help us bound the number of lines on S if
every point of S is a flecnode! The following result is thus crucial for this
approach:
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Proposition 13.9. If S ⊂ P3 is a smooth surface of degree d ≥ 3 over a
field of characteristic 0, the locus

Γ = {(L, p) ∈ Φ | mp(L · S) ≥ 4}

has dimension 1. In particular, the general point of S is not flecnodal.

We’ll defer the proof of this proposition to the next section, and con-
tinue to derive our bound on the number of lines. By the proposition, the
flecnodal locus F ⊂ S of S is a curve, whose degree is the degree of the
intersection of Γ with the class ζ. We can evaluate this as before:

deg(F ) = dζ2 · ((d− 2)ζ + σ1) · ((d− 4)ζ + 2σ1) · ((d− 6)ζ + 3σ1)

= d(11d− 24).

Putting this together, we have proven a bound on the number of lines in
S:

Proposition 13.10. If the ground field has characteristic 0, then the max-
imum number M(d) of lines lying on a smooth surface S ⊂ P3 of degree
d ≥ 3 is at most d(11d− 24).

In the case d = 3 this gives the exact answer since d(11d− 24) = 27. But
for d ≥ 4 the bound is not sharp: Segre [1943] proves the slightly better
bound M(d) ≤ d(11d− 28) + 12. Even this is not sharp; for example with
d = 4 we have d(11d−28)+12 = 76, but Segre also shows that the maximum
number of lines on a smooth quartic surface is exactly M(4) = 64.

Of course, we can give a lower bound for M(d) simply by exhibiting a
surface with a large number of lines. The Fermat surface V (xd + yd + zd +
wd), for example, has exactly 3d2 lines (Exercise 13.26), whence M(d) ≥
3d2. This is still the record-holder for general d. More is known for some
particular values of d; Exercises 13.27 and 13.28 exhibit surfaces with more
lines in case d = 4, 6, 8, 12 and 20 (respectively, 64, 180, 256, 864, and 1600),
and Boissière and Sarti find an octic with 352 (the current champion!)
in Boissière and Sarti [2007].

13.2.2 The flecnodal locus

It remains to prove that for any smooth surface S ⊂ P3 of degree d ≥ 3,
the locus Γ ⊂ Φ of pairs (L, p) with mp(L · S) ≥ 4 has dimension 1.

Proof of Proposition 13.9. Suppose on the contrary that the locus Γ ⊂ Φ
has a component Γ0 of dimension 2 or more, and let (L0, p0) be a general
point of Γ0. Since the map Γ → S has fibers of dimension at most 1, and
only finitely many positive-dimensional fibers (Exercise 13.54), p0 will be
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a general point of S, and it follows (Exercise 13.55) that the tangent plane
section S ∩ Tp0

S has a node at p0.

We will proceed by introducing local coordinates on Φ, and writing down
the defining equations of the subset Γ. To start with, we can find an affine
open A3 ⊂ P3 and choose coordinates (x, y, z) on A3 so that the point p0

is the origin (0, 0, 0) ∈ A3, and the line L0 = {(x, 0, 0)} is the x-axis; we
can also take the tangent plane Tp0

S to be the plane z = 0, and, given
that the tangent plane section S ∩ Tp0

S has a node at p0, we can take the
tangent cone at p to the intersection S ∩Tp0S is the union V (z, xy) of the
x- and y-axes.

We can take coordinates (a, b, c, d, e) in a neighborhood U of (L0, p0) ∈ Φ
so that if (L, p) is the pair corresponding to (a, b, c, d, e), then

p = (a, b, c) and L = {(a+ t, b+ dt, c+ et)}.

Let f(x, y, z) be the defining equation of S in A3. If we write the restric-
tion of f to L as

f |L = f(a+ t, b+ dt, c+ et) =
∑
i≥0

αi(a, b, c, d, e)t
i,

the four functions α0, α1, α2 and α3 will be the defining equations of Γ
in U . We want to show their common zero locus has codimension 4 in Φ;
we’ll in fact prove the epsilonically stronger fact that their differentials at
(L0, p0) are independent.

By the specifications above of p0, L0, Tp0S and TCp0(S ∩Tp0S), we can
write

f(x, y, z) = z · u(x, y, z) + xy · v(x, y) + y3 · l(y) + x4 ·m(x).

Note that since S is smooth at p0 we have u(0, 0, 0) 6= 0, and since the
tangent plane section S∩Tp0

S has multiplicity 2 at p0 we have v(0, 0) 6= 0;
rescaling the coordinates, we can assume u(0, 0, 0) = v(0, 0) = 1. Note by
contrast that we may have m(0) = 0; this will be the case exactly when
mp0(L0 · S) ≥ 5.

Now, we can just plug (a + t, b + dt, c + et) in for (x, y, z) in this ex-
pression to write out f |L, and hence the coefficients αi(a, b, c, d, e). This is
potentially messy, but in fact it will be enough to evaluate the differentials
of the αi at (L0.p0)—that is, at (a, b, c, d, e) = (0, 0, 0, 0, 0)—and so we can
work modulo the ideal (a, b, c, d, e)2. That said, we have

f |L = f(a+ t, b+ dt, c+ et) = (c+ et)u

+ (a+ t)(b+ dt)v

+ (b+ dt)3l(b+ dt)

+ (a+ t)4m(a+ t)
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and thus

α0 ≡ c mod (a, b, c, d, e)2,

α1 ≡ e+ b mod (c) + (a, b, c, d, e)2,

α2 ≡ d mod (b, c, e) + (a, b, c, d, e)2

and finally

α3 ≡ 4a ·m(0) mod (b, c, d, e) + (a, b, c, d, e)2.

What we see from this is that the differentials of α0, . . . , α3 at (L0, p0) are
linearly independent, unless m(0) = 0; or in other words, if there is a 2-
dimensional family of pairs (L, p) such that mp(L · S) ≥ 4, then in fact we
must have mp(L · S) ≥ 5 for all such (L, p). But we can carry out exactly
the same argument again to show that if there is a 2-dimensional family of
lines having contact of order 5 or more with S, then all these lines in fact
have contact of order 6 or more with S, and so on. We conclude that if Γ
has dimension 2 or more, then S must be ruled by lines; in other words, S
must be a plane or a quadric.1

13.3 The Cartesian approach to flexes

In our initial discussion of flexes in Section 9.6, we gave the curve C ⊂ P2

in question parametrically—that is, as the image of a map ν : C̃ → P2 from
a smooth curve C̃, the normalization of C, to P2. We defined flexes as the
points p ∈ C̃ such that for some line L ⊂ P2 the multiplicity mp(ν

∗L) ≥ 3.

This definition does not work well in families of curves. As we shall
see, when a smooth plane curve degenerates to one with a node, a certain
number of the flexes approach the node; but according to the definition in
Section 9.6, the nodal point will generally not be a flex, since in general
neither branch of the node will have contact of order three or more with
its tangent line. (A node such that one branch is flexed is called a flecnode;
se Figure ??.) Thus to track the behavior of flexes in families we need a
different way of describing them. This necessitates a different name: we’ll
call the objects described here “flex lines” rather than flexes.

We define a flex line of C ⊂ P2 to be a pair (L, p) with L ⊂ P2 a line and
a point p ∈ L a point such that C and L intersect at p with multiplicity
≥ 3: that is, the set Γ of flex lines is the locus

Γ = {(L, p) ∈ P2∗ × P2 | mp(C · L) ≥ 3}.

1This argument was shown to us by Francesco Cavazzani
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Thus if C is the vanishing locus of a polynomial F , then (L, p) is a flex line
if and only if the scheme cut out by the restriction of F to L has multiplicity
at least 3 at p (or is equal to L). For example, if C is a general curve with a
node at p, the tangent lines to the two branches are flex lines at the node.
(We called this section the “Cartesian approach to flexes” because, as we
shall see below, the equation F of C plays the central role rather than the
parametrization.)

We hasten to remark that if C ⊂ P2 is smooth at p, then the two defini-
tions will coincide, since C is—locally near p—its own normalization.

To compute the number of flexes on a curve defined by a homogeneous
form F , we define Ψ to be the incidence correspondence

Ψ = {(L, p) ∈ P2∗ × P2 | p ∈ L},
thought of as the universal line over P2∗, and consider

E = P2
Ψ/P2∗(π∗2OP2(d)),

a rank 3 vector bundle on the three-dimensional variety Ψ, whose fiber at
a point (L, p) is

E(L,p) = H0(OL(d)/I3
p,L(d)).

The homogeneous polynomial F gives rise to a section σF of E and the zeros
of this section correspond to the flex lines of the corresponding plane curve
C = V (F ). Thus the number of flex lines—when this number is finite, as
is the case in characteristic 0 whenever C is reduced and does not contain
a line—is the degree of c3(E) ∈ A3(Ψ).

Since the projection on the first factor expresses Ψ as the projectivization

Ψ = PS → P2∗

of the universal subbundle S on P2∗, we can give a presentation of the
Chow ring exactly as in the case of the universal line Φ over G(1, 3) in
Section 13.1.3. Letting σ ∈ A1(P2∗) be the hyperplane class, we have

A(Ψ) = A(P2∗)[ζ]/(ζ2 − σζ + σ2),

where ζ ∈ A1(Φ) is the first Chern class of the line bundle OPS(1). Recall
moreover that the class ζ can also be realized as the pullback ζ = β∗ω,
where β : Φ → P2 is the projection (L, p) 7→ p on the second factor, and
ω ∈ A1(P2) is the hyperplane class.

We can also evaluate the degrees of monomials of degree 3 in ζ and σ as
before by using the Segre classes introduced in Section ??, and in particular
Proposition 12.3: we have

deg(ζσ2) = deg(ζ2σ) = 1; and deg(ζ3) = deg(σ3) = 0.

(We could also see these directly by observing that Ψ ⊂ P2∗ × P2 is a
hypersurface of bidegree (1, 1), and the classes σ and ζ are the pullbacks
of the hyperplane classes in the two factors.)
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We can now calculate the Chern classes of E by applying the exact se-
quences (13.1) and using Whitney’s Formula, and we get

c3(E) = dζ · ((d− 2)ζ + σ) · ((d− 4)ζ + 2σ).

Hence

deg(c3(E)) = 2d(d− 2) + d(d− 4) + 2d

= 3d(d− 2).

This shows that the number of flex lines, counted with multiplicity, is the
same in the singular case as in the smooth case, whenever the number is
finite. (Note that if F = 0 defines a non-reduced curve, or a curve containing
a straight line as a component, the section defined by F vanishes in the
wrong codimension.) The present derivation allows us to go further in two
ways, both having to do with the behavior of flexes in families. In particular,
it will permit us to solve Keynote Question (c) above.

13.3.1 Hyperflexes

We define a hyperflex line to a plane curve C similarly: it is a pair (L, p) such
that L and C meet with multiplicity at least 4 at p. As with ordinary flex
lines (and for the same reason) this definition is equivalent to the definition
of a hyperflex given in Section 9.6 when the point p is a smooth point of C,
but not in general: if a curve C ⊂ P2 has an ordinary flecnode at p (that
is, two branches, one not a flex and the other a flex that is not a hyperflex)
then the tangent line to the flexed branch of C at p will be a hyperflex
line, though p is not a hyperflex in the sense of Section 9.6. Since a general
pencil of plane curves will not include any elements possessing a flecnode
(Exercise 13.31), this won’t affect our answer to Keynote Question (c).

To describe the locus of hyperflex lines in a family of curves, we denote
by PN the space of plane curves of degree d, and consider the incidence
correspondence

Σ = {(L, p, C) ∈ Ψ× PN | mp(L · C) ≥ 4}.

When d ≥ 3, the fibers of the projection Σ → Ψ are linear spaces of
dimension N − 4, from which we see that Σ is irreducible of dimension
N − 1; in particular, it follows that a general curve C ⊂ P2 of degree d > 1
has no hyperflexes. Furthermore, since for d ≥ 4 the general fiber of the
projection Σ→ PN is finite (see Exercise 13.30) the locus Ξ ⊂ PN of curves
that do admit a hyperflex is a hypersurface in PN in this case. Keynote
Question (c) is equivalent to asking for the degree of this hypersurface in
case d = 4. We’ll actually compute it for all d.
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FIGURE 13.1. A flecnode is a node in which one branch has a flex at the node.

To do this we consider the three-dimensional variety Ψ ⊂ P2∗ × P2 as
above, and introduce the rank 4 bundle

H = P3
Ψ/P2∗(π∗2O2

P(d)),

whose fiber at a point (L, p) is

H(L,p) = H0(OL(d)/I4
p,L(d)).

With this definition in hand, we consider a general pencil λF + µG of
homogeneous polynomials of degree d on P2. The polynomials F,G give
rise to sections σF , σG of H, and the set of pairs (L, p) that are hyperflexes
of some element of our pencil is the locus where these sections fail to be
linearly independent. Thus the number of hyperflex lines, possibly counted
with some multiplicities, is the degree of c3(H) ∈ A3(Ψ).

We do this as before: filtering the bundle H by order of vanishing, we
arrive at the expression

c(H) =
(
1 + dζ

)(
1 + (d− 2)ζ + σ

)(
1 + (d− 4)ζ + 2σ

)(
1 + (d− 6)ζ + 3σ

)
.

Thus

c3(H) =
(
18d2 − 88d+ 72

)
ζ2σ +

(
22d− 36

)
ζσ2

= 18d2 − 66d+ 36

= 6(d− 3)(3d− 2).

This gives zero when d = 3, as it should: a cubic with a hyperflex is nec-
essarily reducible, and a general pencil of plane cubics won’t include any
reducible ones. We also remark that the number is meaningless in case
d = 1 or d = 2, since every point on a line is a hyperflex, and a pencil of
conics will contain a reducible conic equal to the union of two lines.
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To show that the actual number of elements of a general pencil possessing
hyperflexes is equal to the number predicted we have to verify that for
general polynomials F and G the degeneracy locus V (σF ∧ σG) ⊂ Ψ is
reduced. We do this, as in the argument carried out in Section 9.4.1, in
two steps: we first use an irreducibility argument to reduce the problem to
exhibiting a single pair F,G of polynomials and a point (L, p) ∈ Ψ such
that V (σF ∧ σG) is reduced at (L, p); then use a local calculation to show
that there do indeed exist such F,G and (L, p).

For the first, a standard incidence correspondence suffices: we let PN be
the space of plane curves of degree d, and G = G(1, N) the Grassmannian
of pencils of such curves, and consider the locus

Υ = {(D, L, p) ∈ G ×Ψ | some C ∈ D has a hyperflex line at (L, p)}.

The fiber of Υ over (L, p) is irreducible of dimension 2N − 5: it’s the Schu-
bert cycle Σ3(Λ) ⊂ G, where Λ = {C ∈ PN | mp(L · C) ≥ 4} is the

codimension 4 subspace of PN consisting of curves with a hyperflex line at
(L, p). It follows that Υ is irreducible of dimension 2N − 2 = dimG. Now,
if Υ′ ⊂ Υ is the locus of (D, L, p) such that V (σF ∧ σG) is not reduced of
dimension 0 at (L, p) (where D is the pencil spanned by F and G), then

Υ′ 6= Υ =⇒ dim Υ′ < 2N − 2

and it follows that Υ′ cannot dominate G.

Thus we need only exhibit a single F,G and (L, p) such that V (σF ∧σG)
is reduced at (L, p). We do this using local coordinates. Choose A2 ⊂ P2

with coordinates x, y so that p = (0, 0) is the origin and L ⊂ A2 is the line
y = 0. Set f(x, y) = F (x, y, 1) and g(x, y) = G(x, y, 1).

As local coordinates on Ψ in a neighborhood of the point (L, p) we can
take the functions x, y and b, where

p = (x, y) and L = {(x+ t, y + bt)}t∈K .

We can trivialize the bundle H in this neighborhood of (L, p), so that the
section σF of H is given by the first four terms in the Taylor expansion
of the polynomial f(x + t, y + bt) around t = 0. Thus, for example, the
section associated to the polynomial f(x, y) = y + x4 (that is, F (x, y, z) =
yzd−1 + x4zd−4) is represented by the first four terms in the expansion of
y + bt+ (x+ t)4:

σF = (y + x4, b+ 4x3, 6x2, 4x)

and the general polynomial g(x, y) =
∑
ai,jx

iyj gives rise to the section
σG represented by the vector

(a0,0+a1,0x+a0,1y+. . . , a1,0+a0,1b+a1,1y+2a2,0x+. . . , a2,0+. . . , a3,0+. . . ).
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(Here we’re omitting terms in the ideal (x, y, b)2.) The section σF ∧ σG is
given by the 2× 2 minors of the matrix(

y + x4 b+ 4x3 6x2 4x

a0,0 + . . . a1,0 + . . . a2,0 + . . . a3,0 + . . . .

)
We have minors with linear terms a1,0y − a0,0b, a3,0y − 4a0,0x and a3,0b−
4a2,0x, and for general values of the ai,j these are independent. This shows
that the section σF ∧ σG vanishes simply at p, as required. Thus:

Proposition 13.11. In a general pencil of plane curves of degree d, exactly
6(d− 3)(3d− 2) will have hyperflexes; in particular, in a general pencil of
plane quartic curves, exactly 60 members will have hyperflexes.

We remark that the approach to counting flexes on a plane curve C
taken in Chapter 9—introducing a bundle on C whose fiber at a point
p ∈ C is the space H0(OC(d)/I3

p,C(d))—cannot be directly adapted to
prove Proposition 13.11. We can certainly construct a relative version of
the sheaf used in Chapter 9—that is, a sheaf F on the total space

C = {(t, p) ∈ P1 × P2 | p ∈ Ct}

whose fiber at a point (t, p) ∈ C with Ct smooth at p is the space

F(t,p) = H0(OCt(d)/I4
p,Ct(d));

that would be the sheaf P3
C/P1(π∗2O2

P(d)). But this bundle isn’t locally free

at points (t, p) ∈ C where p is a singular point of Ct, and so we can’t use
this approach directly. There is a way around this problem: in Ran [2005a]
and Ran [2005b], Ziv Ran shows that F extends to a locally free sheaf on
a blow-up of C, realized as a subscheme of the relative Hilbert scheme of C
over P1. This yields an alternative treatment to the one given here.

13.3.2 Flexes on families of curves

We can also use the Cartesian approach to answer another question about
flexes in pencils, one that sheds some more light on how flexes behave in
families. Again, suppose that {Ct = V (t0F + t1G)}[t0,t1]∈P1 is a general
pencil of plane curves of degree d. The general member Ct of the pencil
will have, as we’ve seen, 3d(d− 2) flex points, and as t varies these points
will sweep out another curve B in the plane. We can ask: what are the
degree and genus of this curve? What is the geometry of this curve around
singular points of curves in the pencil? We will answer these questions in
this section and the next.

To this end, we again write

Ψ = {(L, p) ∈ P2∗ × P2 | p ∈ L},
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FIGURE 13.2. The singular elements of a pencil of conics are the pairs of lines
joining the four base points.

and set

Γ = {(t, L, p) ∈ P1 ×Ψ | mp(L · Ct) ≥ 3}.

We will describe Γ as the zero locus of a section of a rank 3 vector bundle
on the four-dimensional variety P1 ×Ψ. For d ≥ 2 we will show that Γ has
the expected dimension 1, and we will ask the reader to show that in fact Γ
is smooth by completing the sketch given in Exercise 13.34. This will allow
us to determine not only the class of Γ (which will give us the degree of its
image B under the projection P1 × Ψ → Ψ → P2) but its genus as well.
We will also describe the projection of Γ to P1, which tells how the flexes
may come together as the curve moves in the pencil.

The case of a pencil of conics, d = 2, is easy to analyze directly, and
already exhibits some of the phenomena involved. As we saw in Proposi-
tion 9.6 and the discussion immediately following, a general pencil of conics
will have 3 singular elements, each consisting of two of the straight lines
through 2 of the 4 base points of the pencil.

A smooth conic has no flexes, while the flex lines of a singular conic C
are the pairs (L, p) with p ∈ L ⊂ C. Thus the curve B, consisting of points
p ∈ P2 such that some (L, p) is a flex line, is the union of the singular
members of the pencil—that is, the union of the 6 lines joining two of
the four base points. As such it has degree 6, four triple points, and 3
additional double points. However, the points of the curve Γ “remember”
the flex line to which they belong, so Γ is the disjoint union of the six
lines—a smooth curve, which is the normalization of B. The singularities
of B are typical of the situation of pencils of curves of higher degree, as
we shall see: in general, B will have triple points at the base points of the
pencil, and nodes at the nodes of the singular elements of the pencil. In
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the case of conics, the projection map Γ → P1 has three nonempty fibers,
each consisting of one of the singular members of the pencil. For general
pencils of degree > 2 we shall see that the projection is a finite cover.

Returning to the general case, we again write E for the rank 3 vector
bundle

E = P2
Ψ/P2∗(π∗2OP2(d)).

Writing V for the two-dimensional vector space spanned by F and G, the
sections σF and σG define a map of bundles

V ⊗OΨ → E .

We now pull this map back to P1 ×Ψ via the projection ν : P1 ×Ψ→ Ψ.
If P1 = PV is the projective line parametrizing our pencil, we also have a
natural inclusion

OPV (−1) ↪→ V ⊗OPV

which we can pull back to the product P1×Ψ via the projection µ : P1×Ψ→
P1. Composing these, we arrive at a map

ρ : µ∗OP1(−1)→ V ⊗OP1×Ψ → ν∗E ;

over the point (t, L, p) ∈ P1×Ψ, this is the map that takes a scalar multiple
of t0F + t1G to its restriction to L (mod sections of OL(d) vanishing to
order 3 at p). In particular, the zero locus of this map is the incidence
correspondence Γ.

Tensoring with the line bundle µ∗OP1(1), we can think of ρ as a section
of the bundle µ∗OP1(1) ⊗ ν∗E ; the class of Γ is thus given by the Chern
class

[Γ] = c3
(
µ∗OP1(1)⊗ ν∗E

)
∈ A3(P1 ×Ψ).

Denote by η the clase of a point in A1(P1), or its pull back to P1 × Ψ.
Similarly, we use the notations η and σ, introduced as classes in A(Ψ)
above, to denote the pullbacks of these classes to P1×Ψ. With this notation
we have

c
(
µ∗OP1(1)⊗ν∗E

)
=
(
1+η+dζ

)(
1+η+(d−2)ζ+σ

)(
1+η+(d−4)ζ+2σ

)
.

Collecting the terms of degree 3 we get

c3(µ∗OP1(1)⊗ ν∗E) = (3d2 − 8d)ζ2σ + 2dζσ2

+ η
(
(3d2 − 12d+ 8)ζ2 + (6d− 8)ζσ + 2σ2

)
.

To find the degree of the curve B ⊂ P2 swept out by the flex points of
members of the family, we intersect with the (pullback of the) class ζ of a
line L ⊂ P2; we get

deg(B) = ζ · c3(µ∗OP1(1)⊗ ν∗E)

= 6d− 6
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Note that this yields the answer 6 in case d = 2, consistent with our previous
analysis.

We can use the same constructions to find the geometric genus of the
curve Γ. As we observed in Proposition 8.15, the normal bundle to Γ in the
product P1×Ψ is the restriction to Γ of the bundle µ∗OP1(1)⊗ ν∗E . Since

Ψ ⊂ P2∗ × P2 is a hypersurface of bidegree (1, 1), its canonical class is

−c1(TΨ) = KΨ = KP2∗×P2 + ζ + σ = −2ζ − 2σ;

it follows that

KP1×Ψ = −2η − 2ζ − 2σ.

By the calculation above,

c1(E) = 3η + (3d− 6)ζ + 3σ

and so we have

KΓ =
(
η + (3d− 8)ζ + σ

)
|Γ.

We’ve seen that the degree of η|Γ is 3d(d − 2), and deg(ζ|Γ) = 6d − 6;
similarly, we can calculate

deg(σ|Γ) = (3d2 − 12d+ 8) + (6d− 8) = 3d2 − 6d

Altogether, we have

2g(Γ)− 2 = deg(KΓ)

= 24d2 − 78d+ 48

and so

g(Γ) = 12d2 − 39d+ 25.

Note that when d = 2 this yields g(Γ) = −5, as it should: as we saw, in
this case Γ consists of the disjoint union of 6 copies of P1.

13.3.3 Geometry of the curve of flex lines

We will leave the proofs of most of the assertions in this section to Exer-
cises 13.35-13.39, simply outlining the main points of the analysis.

We begin with the geometry of the plane curve B traced out by the flex
points of the curves Ct—that is, the image of the curve Γ under projection
to P2. We have already seen that the degree of B is 6d− 6.

The singularities ofB can be located as follows: at each base point p of the
pencil, all members of the pencil are smooth. We will see in Exercise 13.35
that three members of the pencil have flexes at p, so that B has a triple
point at each base point of the pencil. The only other singularities of B
occur at points p ∈ P2 that are nodes of the curve Ct containing them.
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As we’ve seen, at such a point the tangent lines to the two branches are
each flex lines to Ct, so that map Γ → B is 2-1 there; as we’ll verify in
Exercise 13.36 the curve B will have a node there.

Since the projection Γ→ B is the normalization, these observations give
another way to derive the formula for the genus of Γ: There are in general
d2 base points of the pencil, and as we saw in Chapter 9 there will be
3(d− 1)2 nodes of elements Ct of our pencil, so that the genus of Γ is

g(Γ) = pa(B)− 3d2 − 3(d− 1)2

=
(6d− 7)(6d− 8)

2
− 3d2 − 3(d− 1)2

= 12d2 − 39d+ 25.

We can study the geometry of the curve Γ in another way as well, via the
projection Γ→ P1 on the first factor. Since a general member of our pencil
has 3d(d−2) flexes, Γ is a degree 3d(d−2) cover of the line P1 parametriz-
ing our pencil. Where is this cover branched? The Plücker formula of Sec-
tion 9.6.2 shows that if Ct is smooth it can fail to have exactly 3d(d − 2)
flexes only if it has a hyperflex, in which case the hyperflex counts as two
ordinary flexes. Such hyperflexes are thus ordinary ramification points of
the cover Γ→ P1.

That leaves only the singular elements of the pencil to consider, and this
is where it gets interesting. By the formula of Section 9.6.2, a curve of
degree d with a node has genus one less, and hence 6 fewer flexes (in the
sense of that section) than a smooth curve of the same degree. If Ct0 is a
singular element of a general pencil of plane curves then as t → t0 three
of the flex lines of the curves Ct approach each of the tangent lines to the
branches of Ct0 at the node (Exercise 13.39). Thus each of the tangent lines
to the branches of Ct0 at the node is a ramification point of index 2 of the
cover Γ→ P1.

We can put this all together with the Riemann-Hurwitz formula to com-
pute the genus of Γ yet again: since there are 6(d− 3)(3d− 2) hyperflexes
in the pencil, and 3(d− 1)2 singular elements,

2g(Γ)− 2 = −2 · 3d(d− 2) + 6(d− 3)(3d− 2) + 4 · 3(d− 1)2

and so

g(Γ) = −3d(d− 2) + 3(d− 3)(3d− 2) + 2 · 3(d− 1)2 + 1

= 12d2 − 39d+ 25.
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13.4 Cusps of plane curves

As a final application we will answer the second keynote question of this
chapter (in characteristic 0 only): How many curves in a general net of
cubics in P2 have cusps? This will finally complete our calculation, begun
in Section 1.2.5, of the degrees of loci in the space P9 of plane cubics
corresponding to isomorphism classes of cubic curves. Solving this problem
requires the introduction of a new class of vector bundles that represent a
further generalization of the idea of the bundles of principle parts.

We should start by saying what we mean by a cusp. Recall that an
ordinary cusp of a plane curve C over the complex numbers is a point p
such that in an analytic neighborhood of p in the plane, the equation of
C can be written as y2 − x3 = 0 in suitable (analytic) coordinates. If we
were working over an algebraically closed field K other than the complex
numbers, we could say instead that the completion of the local ring of C at
p is isomorphic to K[[x, y]]/(y2 − x3), and this is equivalent when K = C.
Similar generalizations can be made for many of the remarks below.

It is inconvenient to do enumerative geometry with ordinary cusps di-
rectly, because the locus of ordinary cusps in a family of curves is not closed:
ordinary cusps can degenerate to various other sorts of singularities (as in
the family y2 − tx3 + xn, as t → 0). For this reason we will define a cusp
of a plane curve to be point where the Taylor expansion of the equation of
the curve has no constant or linear terms, and where the quadratic term
is a square (possibly zero). As will become clearer in the next section, this
means that a cusp is a point at which the completion of the local ring of
the curve, in some local analytic coordinate system, has the form

ÔC,p = K[[x, y]]/(ay2 + terms of degree at least 3),

where a is a constant that may be equal to 0. From the point of view of a
general net of curves of degree at least 3, the difference between an ordinary
cusp and a general cusp, in our sense, is immaterial: Proposition 13.13 will
show that no cusps other than ordinary ones appear.

It is interesting to ask questions about curves on other smooth surfaces
besides P2. Most of the results of this section can be carried over to general
nets of curves in any sufficiently ample linear series on any smooth surface,
but we will not pursue this generalization.

13.4.1 Plane curve singularities

Before plunging into the enumerative geometry of cusps we pause to explain
a little of the general picture of curve singularities.
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Let p ∈ C be a point on a reduced curve. In an analytic neighbor-
hood of the point, C looks like the union of finitely many branches, each
parametrized by a one-to-one map from a disc. Over the complex numbers
these maps can be taken to be parametrizations by holomorphic functions
of one variable; in general, this statement should be interpreted to mean
simply that the completion ÔC,p of the local ring OC,p of C at p is reduced
and the normalization of each of its irreducible components (the branches)
has the form K[[t]], where K is the ground field (if our ground field were not
algebraically closed then the coefficient field might be a finite extension of
the ground field.) These statements are part of the theory of completions;
see Eisenbud [1995] Chapter ****.

It is a consequence of the Weierstrass preparation theorem that, over
the complex numbers, two reduced germs of analytic curves are isomorphic
if and only if the completions of their local rings are isomorphic, so we
will use the analytic language although we will work with the completions.
See Greuel et al. [2007] for more details.

The case of singularities of plane curves has an additional rich structure,
and we will now focus on this case.

We say that curve C ⊂ P2 has a double point at a point p if the com-
pletion ÔC,p of the local ring OC,p of C at p has the form K[[x, y]]/g(x, y)
where g has leading term of order exactly 2. Thus we will say that C has
a double point if C is defined locally analytically near p by an equation
with nonzero quadratic leading term. We will say that a double point is an
An-singularity if, locally analytically in suitable (analytic) coordinates, it
has equation y2 − xn+1 = 0.

In characteristic 0 double points are easy to classify:

Proposition 13.12. Over an algebraically closed field of characteristic 0
any double point of a plane curve C is an An singularity for some n ≥ 1.
If n = 2m+ 1 is odd, then C consists of two smooth branches meeting with
multiplicity m+ 1, while if n is even then C is analytically irreducible at p.

For example a double point p ∈ C is an ordinary node (C has two smooth
branches meeting transversely at p) if and only if it has, in suitable analytic
coordinates, equation y2− x2 = 0, and is thus an A1 singularity. Similarly,
an ordinary cusp is a point p ∈ C with local analytic equation y2 − x3 = 0
(A2 singularity), and an ordinary tacnode, is a point with local analytic
equation y2 − x4 = 0 (A3 singularity); this looks like two smooth curves
simply tangent to one another at p.

Proof. We work in the power series ring C[[x, y]], and we must show that
if a power series f has nonzero leading term then, after multiplication by
a unit of C[[x, y]] and a change of variables, it can be written in the form
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FIGURE 13.3. The simplest double points.

y2−xn. Since any nonzero quadratic form over C may be written as y2+ax2

with a ∈ CC, we may assume that f has the form f = y2 +g(x)+yg1(x)+
y2g2(x, y). Multiplying f by the unit 1 − g2(x, y), we reduce to the case
g2 = 0. Making a change of variable of the form y′ = y − g1(x) (called a
Tschirnhausen transformation) we can raise the order of vanishing of g1;
repeating this operation and taking the limit we may assume that g1 = 0
as well. But if g has order n, then by Hensel’s Lemma (Eisenbud [1995],
Theorem ****), g has an n-th root of the form x+ ax2 + . . . . We may take
this power series to be a new variable, and after this change of variables
we get f(x, y) = y2 − xn as required.

If n = 2m then f = (y − xm)(y + xm), so C is the union of two smooth
branches, and the multiplicity of their intersection, which may be defined
as the length of

C[[x, y]]/(y − xm, y + xm) = C[[x, y]]/(y, xm)

is m. On the other hand, if n is odd, then an elementary computation shows
that we cannot write f as the product of two power series: that is, C is
analytically irreducible.

There is much more to say about the classification of plane curve sin-
gularities over C: For example, the intersection of C with a small ball
B ⊂ C2 = R4 around p is, up to homeomorphism, a union of disks, one
for each branch of C. Moreover the boundary of B, the 3-sphere S3, meets
C transversely. Since the intersection C ∩ S3 is a 1-dimensional compact
manifold, it is a union of (knotted, linked) circles corresponding to the
branches of C. This union is called the link of C. The knotting of one of
the circles in the link is a measure of the singularity of the corresponding
branch; the linking number of two of the circles is the intersection number
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of the two corresponding branches. The links that can appear in this way
are precisely the iterated torus links satisfying a certain positivity condi-
tion coming from the canonical orientation of the complex numbers. The
set C ∩B is topologically embedded in B as the cone over the link, so the
link determines C topologically in a neighborhood of p. Plane curves with
a given topological type may still have analytic moduli, but these moduli
spaces are still only partly understood. For these stories and much more,
see for example Milnor [1968], Eisenbud and Neumann [1985] and Zariski
[1986].

Returning to the family of plane curves, we can estimate the dimension
of the locus of curves having certain types of singularities, at least when the
degree of the curves is large compared with the complexity of the singularity
(this is an open problem when the degree is small; see Greuel et al. [2007]
for more information):

Proposition 13.13. Let PN be the space of plane curves of degree d ≥ k.
The set ∆k ⊂ PN of curves with an Ak singularity has codimension k in
PN . Its closure is irreducible, and contains in addition the loci Φ ⊂ PN of
curves with a point of multiplicity 3 or more and Ξ ⊂ PN of curves with a
multiple component; in fact:

∆k = Φ ∪ Ξ ∪
⋃
l≥k

∆l.

Thus we expect to see nodes in codimension 1, cusps in codimension 2 and
tacnodes in codimension 3; all other singularities should occur in codimen-
sion 4 and higher.

The proposition explains the index k in the name Ak: plane curves of
large degree d with an Ak singularity have codimension k in the space of
all plane curves of degree d. There are also deep connections to the Dynkin
diagrams “Ak” (which appear, for example, when one makes a resolution
of singularities of the surface z2 = y2 − xk+1, which is a double cover
of the plane branched over a curve with an Ak singularity) and even a
direct connection to the family of Lie groups of the same name. Moreover,
these connections extend to other families of singularities (the “A,D,E”
singularities) and beyond. For the beginnings of this huge theory, see Greuel
et al. [2007].

13.4.2 Characterizing cusps

As in the case of the simpler problem of counting singular elements of a
pencil of curves, the first thing we need to do to study the cusps in a net of
plane curves is to linearize the problem. The difficulty arises from the fact
that even after we specify a point p ∈ P2, it’s not a linear condition on the
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curves in our linear system to have a cusp at p. It becomes linear, though,
if we specify both the point p and a line L ⊂ P2 through p with which
we require our curve to have intersection multiplicity at least 3. Thus we’ll
work on the universal line over P2∗

Ψ = {(L, p) ∈ P2∗ × P2 | p ∈ L},

which we used in Section 13.3 above. In the present circumstances, we
also want to think of Ψ as a subscheme of the Hilbert scheme H2(P2)
parametrizing subschemes of P2 of degree 2. Specifically, it’s the locus in
H2(P2) of subschemes of P2 supported at a single point: we associate to
(L, p) ∈ Ψ the subscheme Γ = ΓL,p ⊂ P2 supported at p with tangent line
TpΓ = TpL ⊂ TpP2.

For a given point (L, p) ∈ Ψ, we want to express the condition that the
curve C = V (σ) associated to a section σ of a line bundle L := OP2(d) on
P2 have a cusp at p with mp(C · L) ≥ 3. This suggests that we introduce
for each (L, p) the ideal JL,p of functions whose zero locus has such a cusp;
that is, we set

JL,p = m3
p + I2

Γ

where Γ = ΓL,p ⊂ P2 is the subscheme of degree 2 supported at p with
tangent line L.

We want to construct a vector bundle E on Ψ whose fiber at a point
(L, p) is

E(L,p) = H0(L/L ⊗ JL,p).

To do this, consider the product Ψ × P2, with projection maps π1 and
π2 to Ψ and P2. Let ∆ ⊂ Ψ × P2 be the graph of the projection map
Ψ ⊂ P2∗ × P2 → P2—in other words,

∆ = {((L, p), q) ∈ Ψ× P2 | p = q}.

Likewise, let Γ ⊂ B × P2 be the universal scheme of degree 2 over Ψ ⊂
H2(P2). We then take

E = π1∗

(
π∗2L/π∗2L ⊗ (I3

∆/Ψ×P2 + I2
Γ/Ψ×P2)

)
;

by the theorem on cohomology and base change (Theorem 6.6), this is the
bundle we want.

A global section of the line bundle L gives rise to a section of E by re-
striction. Given a net D corresponding to a three-dimensional vector space
V ⊂ H0(L) we get three sections of E , and the locus in B where they fail
to be independent—that is, where some linear combination is zero—is the
locus of (p, ξ) such that some element of the net has a cusp at p in the di-
rection ξ. In sum, observing that two elements of our net can’t have cusps
at the same point, and that a general cuspidal curve has a unique cusp,
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the (enumerative) answer to our question is the degree of the Chern class
c3(E). In the remainder of this section we’ll calculate this.

13.4.3 Solution to the enumerative problem

We start by recalling the description of the Chow ring A(Ψ) of Ψ ⊂ P2∗×P2

from Section 13.3: we have

A(Ψ) = A(P2∗)[ζ]/(ζ2 − σζ + σ2) = Z[σ, ζ]/(σ3, ζ2 − σζ + σ2)

where σ ∈ Ψ is the pullback of the hyperplane class in P2∗ and ζ is the
pullback of the hyperplane class in P2 (equivalently, if we view Ψ as the
projectivization of the universal subbundle S on P2∗, the first Chern class
of the line bundle OPS(1)). The degrees of monomials of top degree 3 in σ
and ζ are

deg(ζσ2) = deg(ζ2σ) = 1; and deg(ζ3) = deg(σ3) = 0.

Now, in order to find the Chern class of E we want to relate it to more
familiar bundles. To this end, we observe that the inclusions

m3
p ↪→ JL,p ↪→ m2

p

and the corresponding quotients

Lp
m2
pLp

→ Lp
JL,pLp

→ Lp
m3
pLp

globalize to give us surjections of sheaves

β∗P2
P2(L)→ E → β∗P1

P2(L)→ 0

and a corresponding inclusion

β∗P2
P2(L)

E
↪→

β∗P2
P2(L)

β∗P1
P2(L)

= β∗(Sym2 T ∗P2 ⊗ L).

What is the image? It’s the tensor product of L with the sub-line bundle
of β∗ Sym2 T ∗P2 whose fiber at each point (L, p) is the square of the linear

form on TpP2 vanishing on TpL ⊂ TpP2. In other words, the inclusion
TpL ↪→ TpP2 at each point (L, p) ∈ Ψ gives rise to a sequence

(13.2) 0→ N → β∗T ∗P2 → T ∗Ψ/P2∗ → 0

where N is the sub-line bundle of β∗T ∗P2 whose fiber at (L, p) is the linear

form on TpP2 vanishing on TpL ⊂ TpP2 (we can think of N as the “relative
conormal bundle” of the family Ψ ⊂ P2∗ × P2 → P2∗). We have then an
inclusion

Sym2N ↪→ β∗ Sym2 T ∗P2
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and correspondingly

Sym2N ⊗ β∗L ↪→ β∗(Sym2 T ∗P2 ⊗ L)

whose image is exactly β∗P2
P2(L)/E .

We can put this all together to calculate the Chern class c(E). To begin
with, we know the classes of the bundle P2

P2(L) from Proposition 9.7: we
have

c(β∗P2
P2(L)) = (1 + (d− 2)ζ)6 = 1 + 6(d− 2)ζ + 15(d− 2)2ζ2

Next, the Chern class of the line bundle N can be found from the se-
quence (13.2): we have

c1(N ) = c1(β∗T ∗P2)− c1(T ∗Ψ/P2∗)

= −3ζ − (−2ζ + σ)

= −σ − ζ.

where the equality c1(T ∗
Ψ/P2∗) = −2ζ + σ comes from Theorem 13.4. Thus

c(Sym2N ⊗ β∗L) = 1 + (d− 2)ζ − 2σ

and since β∗P2
P2(L)/E ∼= Sym2N , the Whitney formula gives

c(E) =
c
(
β∗P2

P2(L)
)

c(Sym2N )

=
1 + 6(d− 2)ζ + 15(d− 2)2ζ2

1− (2σ − (d− 2)ζ)

=
(
1 + 6(d− 2)ζ + 15(d− 2)2ζ2

) 3∑
k=0

(2σ − (d− 2)ζ)k.

In particular, the third Chern class c3(E) is

c3(E) = (2σ−(d−2)ζ)3+6(d−2)ζ(2σ−(d−2)ζ)2+15(d−2)2ζ2(2σ−(d−2)ζ)

and taking degrees we have

deg c3(E) = 30(d− 2)2 + 24(d− 2)− 24(d− 2)2 − 12(d− 2) + 6(d− 2)2

= 12d2 − 36d+ 24.

We have thus proven the enumerative formula:

Proposition 13.14. The number of cuspidal elements of a net D of curves
of degree d on P2, assuming there are only finitely many and counting
multiplicities, is

12d2 − 36d+ 24 = 12(d− 1)(d− 2)
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Of course, to answer Keynote Question (b), we have to verify that for
a general net there are indeed only finitely many cusps, and that they all
count with multiplicity 1. The first of these statements follows easily from
the dimension count of Proposition 13.13. The second can be verified by
explicit calculation in local coordinates, analogous to what we did to verify
for example that hyperflexes in a general pencil occur with multiplicity 1;
alternatively, we can use the method described in Section 13.4.4 below.

Note that the formula yields 0 in the cases d = 1 and 2, as it should.
And in case d = 3, we see that a general net of plane quartics will have 72
cuspidal members, answering Keynote Question (b). Equivalently, we see
that the locus of cuspidal plane cubics has degree 24 in the space P9 of all
plane cubics, completing the analysis begun in Section 1.2.5.

A similar analysis could be made for the number of cusps (possibly with
multiplicities) in a sufficiently general net of divisors associated to a suffi-
ciently ample line bundle L on any surface S, yielding the answer

deg(12λ2 − 12λc1 + 2c21 + 2c2)

where λ = c1(L) and ci = ci(TS). As always, this number is subject to
the usual caveats: it is meaningful only if the number of cuspidal curves
in the net is in fact finite; and in this case it represents the number of
cuspidal curves counted with multiplicity (with multiplicity defined as the
degree of the component of the zero-scheme of the corresponding section
of E supported at (p, ξ)).

13.4.4 Another approach to the cusp problem

There is another approach to the problem of counting cuspidal curves in a
linear system, one that gives a beautiful picture of the geometry of nets. It’s
not part of the overall logical structure of this book, so we’ll run through
the sequence of steps involved without proof; the reader who’s interested
can view supplying the verifications as an extended exercise.

To begin with, let S be a smooth projective surface and L a very ample
line bundle; let D ⊂ |L| be a general two-dimensional subseries, correspond-
ing to the 3-dimensional vector subspace V ⊂ H0(L). We have a natural
map

ϕ : S → P2 = PV ∗

to the projectivization of the dual V ∗; the preimages ϕ−1 ⊂ S of the lines
L ⊂ PV ∗ are the divisors C ⊂ S of the linear system D. If we want, we can
think of the complete linear system |L| as giving an embedding of S in the
larger projective space Pn = PH0(L)∗, and the map ϕ as the projection of
S corresponding to a general (n− 3)-plane.
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Now, the geometry of generic projections of smooth varieties is well-
understood in low dimensions; in this case, it’s the case ****need refer-
ence**** that

• The ramification divisor R ⊂ S of the map ϕ is a smooth curve; and

• The branch divisor B ⊂ PV ∗ is the birational image of R, and has only
nodes and ordinary cusps as singularities.

In fact, étale locally around any point p ∈ S, one of three things is true:
either

i. the map is étale (if p /∈ R);

ii. the map is simply ramified, that is, of the form (x, y) 7→ (x, y2) (if p
is a point of R not lying over a cusp of B); or

iii. the surface S is given, in terms of local coordinates (x, y) on PV ∗
around ϕ(p), by the equation

z3 − xz − y = 0.

(This is the picture around a point where 3 sheets of the cover come to-
gether; in a neighborhood of ϕ(p) the branch curve is the zero locus of the
discriminant 4x3 − 27y2, and in particular has a cusp at ϕ(p).)

The interesting thing about this set-up is that we have two plane curves
associated to it, lying in dual projective planes: we have

(a) the branch curve B ⊂ PV ∗ of the map ϕ, and

(b) in the dual space PV parametrizing the divisors in the net D, we have
the discriminant curve ∆ ⊂ PV , that is, the locus of singular elements
of the net.

What ties everything together is the observation that the discriminant
curve ∆ ⊂ PV is the dual curve of the branch curve B ⊂ PV ∗. To see
this, note that if L ⊂ PV ∗ is a line transverse to B (in particular, not pass-
ing through any of the singular points of B), then the preimage ϕ−1(L) ⊂ S
will be smooth: this is certainly true away from points of B, where the map
ϕ is étale; and at a point p ∈ L∩B we can take local coordinates (x, y) on
PV ∗ with L given by y = 0 and B by x = 0; at a point of ϕ−1(p) the cover
S → PV ∗ will either be étale or given by z2 = x. A similar calculation
shows conversely that if L is tangent to B at a smooth point, then π−1(L)
will be singular.

At this point, we invoke the classical Plücker formulas for plane curves.
These say that, if C ⊂ P2 is a plane curve of degree d > 1 and geometric
genus g having δ nodes and κ cusps as its only singularities, and the dual
curve C∗ has degree d∗ and δ∗ nodes and κ∗ cusps as singularities, then

d∗ = d(d− 1)− 2δ − 3κ; d = d∗(d∗ − 1)− 2δ∗ − 3κ∗, and
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g =
(d− 1)(d− 2)

2
− δ − κ =

(d∗ − 1)(d∗ − 2)

2
− δ∗ − κ∗.

See, for example, Griffiths and Harris [1978], page 277 and ff. Given these,
all we have to do is write down everything we know about the curves R, B
and ∆. To begin with, we invoke the Riemann-Hurwitz formula for finite
covers f : X → Y : if η is a rational canonical form on Y with divisor D, the
divisor of the pullback f∗η will be the preimage of D, plus the ramification
divisor R ⊂ X; thus

KX = f∗KY +R ∈ A1(X).

In our present circumstances, this says that

KS = ϕ∗KPV ∗ ⊗OS(R);

since the pullback ϕ∗OPV ∗(1) = L, we can write this as

KS = L−3(R),

or in terms of the notation c1 = c1(T ∗S ) and λ = c1(L), the class of R is

[R] = c1 + 3λ ∈ A1(S).

Among other things, this tells us the genus g of the curve R: since R is
smooth, by adjunction we have

g =
R · (R+KS)

2
+ 1

=
(c1 + 3λ)(2c1 + 3λ)

2
+ 1

=
9λ2 + 9λc1 + 2c21

2
+ 1.

It also tells us the degree d of the branch curve B = ϕ(R) ⊂ PV ∗: this is
the intersection of R with the preimage of a line, so that

d = λ(c1 + 3λ) = 3λ2 + λc1.

Finally, we also know the degree e of the discriminant curve ∆ ⊂ PV : this
is the number of singular elements in a pencil, which we calculated back in
Chapter 9; we have

e = 3λ2 + 2λc1 + c2.

We now have enough information to determine the number of cusps of
∆. Let δ and κ denote the number of nodes and cusps of ∆ respectively.
First off, the geometric genus of ∆ is given by

g =
(e− 1)(e− 2)

2
− δ − κ;

and the degree d of the dual curve is

d = e(e− 1)− 2δ − 3κ.
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Subtracting twice the first equation from the second yields

κ = 2g − d+ 2(e− 1)

= 9λ2 + 9λc1 + 2c21 + 2− (3λ2 + λc1) + 2(3λ2 + 2λc1 + c2 − 1)

= 12λ2 + 12λc1 + 2c21 + 2c2,

agreeing with our previous calculation. Note that this method also gives
us a geometric sense of when a cusp “counts with multiplicity one;” in
particular, if all the hypotheses above about the geometry of the map ϕ
are satisfied, the count is exact.

Note that this also gives us a formula for the number of curves C in the
net with two nodes. This is the number δ of nodes of the curve ∆, which we
get by subtracting three times the equation for g above from the equation
for d: this yields

δ = d− 3g − e(e− 1) +
3

2
(e− 1)(e− 2)

where d, e and g are given in terms of the classes λ, c1 and c2 by the
equations above.

Note that the formula returns 0 in case d = 1 and d = 2, as it should;
and in case d = 3 it gives 21—the degree of the locus of reducible cubics in
the P9 of all cubics, as calculated in Section 1.2.5.

Exercises 13.51-13.53 describe an alternative (and perhaps cleaner) way
of deriving the formula for the number of binodal curves in a net, via
linearization.

13.5 Exercises

Exercise 13.15. Let X ⊂ P4 be a general hypersurface of degree d ≥ 6.
How many lines L ⊂ P4 will have a point of contact of order 7 with X?

Exercise 13.16. Let S ⊂ P3 be a general surface of degree d ≥ 2. Using
the dimension counts of Proposition 13.13 and incidence correspondences,
show that

(a) For p in a dense open subset U ⊂ S, the intersection S ∩ TpS has an
ordinary double point (a node) at p;

(b) There is a one-dimensional locally closed locus Q ⊂ S such that for
p ∈ Q the intersection S ∩ TpS has a cusp at p;

(c) There will be a finite set Γ of points p ∈ S, lying in the closure of Q,
such that the intersection S ∩ TpS has a tacnode at p; and
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(d) S is the disjoint union of U,Q and Γ; that is, no singularities other
than nodes, cusps and tacnodes appear among the plane sections of S.

Exercise 13.17. Let Φ be the universal line over G(1, 3), and E the bundle
on Φ introduced in Section 13.1. Let L ⊂ P3 be the line X2 = X3 = 0,
and let p ∈ L be the point [1, 0, 0, 0]. By trivializing the bundle E in a
neighborhood of (L, p) ∈ Φ and writing everything in local coordinates,
show that the section of E coming from the polynomial X5

1 + X4
0X2 +

X2
0X

2
1X3 has a simple zero at (L, p).

Exercise 13.18. Let S ⊂ P3 be a general surface of degree d ≥ 4. Show
that for any line L ⊂ P3 and any pair of distinct points p, q ∈ L,

(a) mp(S · L) ≤ 5; and

(b) mp(S · L) +mq(S · L) ≤ 6

Exercise 13.19. A point p on a smooth surface S ⊂ P3 is called an Eckhart
point of S if the intersection S ∩ TpS has a triple point at p. Recall that
in Exercise 9.51 we saw that a general surface S ⊂ P3 of degree d has no
Eckhart points.

(a) Show that the locus of smooth surfaces that do have an Eckhart point

is an open subset of an irreducible hypersurface Ψ ⊂ P(d+3
3 )−1 in the

space of all surfaces.

(b) Show that a general surface S ⊂ P3 that does have an Eckhart point
has only one.

(c) Find the degree of the hypersurface Ψ.

Exercise 13.20. Consider a smooth surface S ⊂ P4. Show that we would
expect there to be a finite number of hyperplane sections H ∩ S of S
with triple points, and count the number in terms of the hyperplane class
ζ ∈ A1(S) and the Chern classes of the tangent bundle to S.

Exercise 13.21. Applying your answer to the preceding exercise, find the
number of hyperplane sections of S ⊂ P4 with triple points in each of the
following cases:

(a) S is a complete intersection of two quadrics in P4;

(b) S is a cubic scroll; and

(c) S is a general projection of the Veronese surface ν2(P2) ⊂ P5.

In each case, can you check your answer directly?

Exercise 13.22. Consider a smooth surface S ⊂ P5. Show that we would
expect there to be a one-dimensional family of hyperplane sections H∩S of
S with triple points, and determine (again in terms of the hyperplane class
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ζ ∈ A1(S) and the Chern classes of the tangent bundle to S) the degree
and genus of the curve C ⊂ S traced out by these triple points.

Exercise 13.23. For S ⊂ P3 a general surface of degree d, find the degree
of the surface swept out by the lines in P3 having a point of contact of
order at least 4 with S.

Exercise 13.24. Let S ⊂ P3 be a general surface of degree d.

(a) Find the first Chern class of the bundle F in Section 13.2.1.

(b) Show that the curve Γ is smooth, and that the projection Γ → C is
generically one-to-one.

(c) Using the preceding parts, find the genus of the curve Γ.

(d) Show, on the other hand, that the flecnodal curve of S is the intersec-
tion of S with a surface of degree 11d − 24, and use this to calculate
the arithmetic genus of C.

(e) Can you describe the singularities of the curve C? Do these account
for the discrepancy between the genera of Γ and of C?

Exercise 13.25. Let PN be the space of surfaces of degree d ≥ 4 and
Ψ ⊂ PN the locus of surfaces containing a line. Show that the maximum
possible number M(d) of lines on a smooth surface S ⊂ P3 of degree d
is at most the degree of Ψ, by considering the pencil spanned by S and
a general second surface T . Is this bound better or worse than the one
derived in Section 13.2.1?

Exercise 13.26. Show that for d ≥ 3 the Fermat surface Sd = V (xd +
yd + zd + wd) ⊂ P3 contains exactly 3d2 lines.

Exercise 13.27. For F (x, y) any homogenenous polynomial of degree d,
consider the surface S ⊂ P3 given by the equation

F (x, y)− F (z, w) = 0.

If α is the order of the group of automorphisms of P1 preserving the poly-
nomial F (that is, carrying the set of roots of F to itself), show that S
contains at least d2 + αd lines. Hint: if L1 and L2 are the lines z = w = 0
and x = y = 0 respectively, and ϕ : L1 → L2 any isomorphism carrying
the zero locus F (x, y) = 0 to F (z, w) = 0, consider the intersection of S
with the quadric

Qϕ =
⋃
p∈L1

pϕ(p).

Exercise 13.28. Using the preceding exercise, exhibit smooth surfaces
S ⊂ P3 of degrees 4, 6, 8, 12 and 20 having at least 64, 180, 256, 864 and
1600 lines respectively.
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Exercise 13.29. Verify that the Fermat quartic curve C = V (x4 + y4 +
z4) ⊂ P2 has 12 hyperflexes and no ordinary flexes.

Exercise 13.30. (a) Show that there exists a smooth curve with a hyper-
flex, and deduce that a general curve with a hyperflex has only finitely
many. (Used in Section 13.3.1)

(b) Show that in fact a general curve with a hyperflex has only one.

Exercise 13.31. Recall that a node p ∈ C of a plane curve is called a
flecnode if one of the branches of C at p has contact of order 3 or more
with its tangent line. Show that the locus, in the space PN of all plane
curves of degree d ≥ 4, of curves with a flecnode is locally closed and
irreducible of dimension N − 2.

Exercise 13.32. Verify that for a general pencil {Ct = V (t0F + t1G)} of
plane curves of degree d, if (L, p) is a hyperflex of some element Ct of the
pencil then

(a) mp(Ct · L) = 4; that is, no line has a point of contact of order 5 or
more with any element of the pencil;

(b) p is a smooth point of Ct; and

(c) p is not a base point of the pencil.

Using these facts, show that the degeneracy locus of the sections σF and
σG of the bundle H introduced in Section 13.3.1 is reduced.

Exercise 13.33. Let {Ct = V (t0F + t1G)} be a general pencil of plane
curves of degree d. If p ∈ P2 is a general point, how many flex lines to
members of the pencil {Ct} pass through p?

For Exercises 13.34-13.39, we let {Ct = V (t0F+t1G)} be a general pencil
of plane curves of degree d,

Ψ = {(L, p) ∈ P2∗ × P2 | p ∈ L}

the universal line and

Γ = {(t, L, p) ∈ P1 × Φ | mp(L · Ct) ≥ 3}.

Let B ⊂ P2 be the image of Γ under the projection Γ → Φ → P2; that is,
the curve traced out by flex points of members of the pencil.

Exercise 13.34. First, show that Γ is indeed smooth, by showing that the
“universal flex”

Σ = {(C,L, p) : mp(C · L) ≥ 3} ⊂ PN × Φ

(where PN is the space parametrizing all plane curves of degree d) is
smooth, and invoking Bertini. Can you give explicit conditions on the pencil
equivalent to the smoothness of Γ?
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Exercise 13.35. If p ∈ P2 is a base point of the pencil, show that exactly
three members of the pencil have a flex point at p, and that that the curve
B has an ordinary triple point at p.

Exercise 13.36. If a point p ∈ P2 is a node of the curve Ct containing it,
the tangent lines to the two branches are each flex lines to Ct, so that map
Γ→ B is 2-1 there. Show that the curve B has correspondingly a node at
p.

Exercise 13.37. Finally, show that the triple points and nodes of B de-
scribed in the preceding two exercises are the only singularities of B.

Exercise 13.38. Let Ct be an element of our pencil with a hyperflex
(L, p). Show that the map Γ → P1 is simply ramified at (t, L, p), and
simply branched at t.

Exercise 13.39. Let Ct be an element of our pencil with a node p; let
L1 and L2 be the tangent lines to the two branches of Ct at p. Show that
(t, p, Li) ∈ Γ, and that these are ramification points of weight 2 of the map
Γ→ P1 (that is, each of the lines Li is a limit of three flex lines of nearby
smooth curves in our pencil, and these three are cyclically permuted by the
monodromy in the family). Conclude that t is a branch point of multiplicity
4 for the cover Γ→ P1.

Exercise 13.40. Let {Ct} be a general pencil of plane curves of degree
d including a cuspidal curve C0. (That is, let C0 = V (F ) be a general
cuspidal curve, C∞ = V (G) a general curve and {Ct = V (F + tG)} the
pencil they span.) As t → 0, how many flexes of Ct approach the cusp of
C0? How about if C0 has a tacnode?

Exercise 13.41. How many elements of a general net of plane curves of
degree d will have flecnodes?

The following series of exercises (13.42-13.47) sketches a proof of Propo-
sition 13.13.

Exercise 13.42. Suppose that p ∈ C is an An singularity, for n ≥ 3. Show
that the blowup C ′ = BlpC of C at p has a unique point q lying over p,
and that q ∈ C ′ is an An−2 singularity. Conclude in particular that the
normalization C̃ → C of C at p has genus

pa(C̃) = pa(C)− bn+ 1

2
c.

Exercise 13.43. Let S be a smooth surface and C ⊂ S a curve with an
A2n−1 singularity at p.

(a) Show that there is a unique curvilinear subscheme Γ ⊂ S of degree n
supported at p such that a local defining equation of C ⊂ S at p lies
in the ideal I2

Γ.
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(b) If S̃ = BlΓS is the blow-up of S along Γ, show that the proper trans-
form C̃ of C in S̃ is smooth over p and intersects the exceptional divisor
E transversely twice at smooth points of S̃.

(c) Conversely, show that if D ⊂ S̃ is any such curve, then the image of D
in S has an A2n−1 singularity at p.

Exercise 13.44. Prove the analogue of Exercise 13.43 for A2n singularities.
This is the same statement, except that in the second and third parts that
phrase “intersects the exceptional divisor E transversely twice at smooth
points of S̃” should be replaced with “is simply tangent to the exceptional
divisor E at a smooth point of S̃ and does not meet E otherwise”.

Exercise 13.45. Let L be a line bundle on a smooth surface S, and assume
that for any curvilinear subscheme Γ ⊂ S of degree n supported at a single
point, we have

H1(L⊗ I2
Γ) = 0.

Show that the locus ∆k ⊂ PH0(L) of curves in the linear series |L| with an
Ak singularity is locally closed and irreducible of codimension k in PH0(L)
for all k ≤ 2n− 2

Exercise 13.46. Deduce from the above exercises the statement of Propo-
sition 13.13.

Exercise 13.47. Show that if L is the nth power of a very ample line
bundle, then the condition H1(L ⊗ I2

Γ) = 0 is satisfied for any curvilinear
subscheme Γ ⊂ S of degree n/2 or less. Conclude in particular that if
D ⊂ |L| is a general net in the complete linear series |L| associated to the
fourth or higher power of a very ample bundle then no curves C ∈ D has
singularities other than nodes and ordinary cusps.

Exercise 13.48. Let S be a smooth surface, and L a line bundle on S. Let
B = PTS be the projectivization of the tangent bundle of S, which we may
think of as a parameter space for subschemes Γ ⊂ S of degree 2 supported
at a single point. Construct a vector bundle E on B whose fiber at a point
Γ ∈ B may be naturally identified with the vector space

EΓ = H0(L/L⊗ I2
Γ)

Exercise 13.49. In terms of the description of the Chow ring A(B) of
B = PTS given in Section 13.4.2, calculate the top Chern class of the
bundle constructed in Exercise 13.48 above.

Exercise 13.50. Using the preceding two exercises, find an enumerative
formula for the number of curves in a 3-dimensional linear series D ⊂ |L|
that have a tacnode. If S ⊂ P3 is a smooth surface of degree d, apply this
to find the number of plane sections with a tacnode.
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The following three exercises describe a way of deriving the formula for
the number of binodal curves in a net via linearization. We begin by in-
troducing a smooth, projective compactification of the space of unordered
pairs of points p, q ∈ P2: we set

Φ̃ = {(L, p, q) : p, q ∈ L} ⊂ P2∗ × P2 × P2

and let Φ be the quotient of Φ̃ by the involution (L, p, q) 7→ (L, q, p). To
put it differently, Φ consists of pairs (L,D) with L ⊂ P2 a line and D ⊂
L a subscheme of degree 2; or differently still, Φ is the Hilbert scheme
of subschemes of P2 with Hilbert polynomial 2. (Compare this with the
description in Section 11.8.4 of the Hilbert scheme of conic curves in P3—
this is the same thing, one dimension lower.)

Exercise 13.51. Observe that the projection Φ → P2∗ expresses Φ as a
projective bundle over P2∗, and use this to calculate its Chow ring.

Exercise 13.52. Viewing Φ as the Hilbert scheme of subschemes of P2 of
dimension 0 and degree 2, construct a vector bundle E on Φ whose fiber at
a point D is the space

E(L,p,q) = H0(OP2(d)/I2
D(d)).

(What would go wrong if, instead of using the Hilbert scheme Φ as our
parameter space, we used the Chow variety—that is, the symmetric square
of P2?) Express the condition that a curve C = V (F ) ⊂ P2 be singular at
p and q in terms of the vanishing of an associated section σF of E on H at
(L, p, q)

Exercise 13.53. Calculate the Chern classes of this bundle, and derive
accordingly the formula for the number of binodal curves in a net.

The last two exercises can be done by using the second fundamental form
of a smooth variety X ⊂ Pn; for more on this, see Harris [1992].

Exercise 13.54. Let S ⊂ P3 be an arbitrary smooth surface. Show that
there can only be finitely many points p ∈ S such that the tangent plane
section S ∩ TpS has a point of multiplicity 3 or more at p.

Exercise 13.55. Let S ⊂ P3 be an arbitrary smooth surface and p ∈ S a
general point. Show that the tangent plane section S ∩ TpS has a node at
p

****last version before rewrite = 1099****
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14

Porteous’ Formula

Keynote Questions

(a) Let M ∼= Pef−1 be the space of e × f matrices, and let Mk ⊂ M the
locus of matrices of rank k or less. What is the degree of Mk?

(b) Let Z ⊂ Pef−1 be the Segre embedding of Pe−1×Pf−1.Andletπ : Z →
Pt be a general linear projection. For which t > dimZ is the image
π(Z) nonsingular? If t is the minimal such value, then the general
projection to Pt−1 will have only ordinary double points. How many?

(c) Let S be a smooth surface and f : S → P3 a suitably general map. At
how many points p ∈ S will the map f fail to be an immersion?

(d) Let C ⊂ P3 be a smooth rational curve of degree d. How many lines
L ⊂ P3 meet C four times?

14.1 Degeneracy loci

We saw in Chapters 7 and 12 that the Chern and Segre classes of a vector
bundle F on a variety X can be characterized, when F is generated by
global sections, as classes of the loci where a (suitably general) collection
of sections of F fail to be independent, or fail to span F . In other words,
they are the classes of loci where a bundle map

ϕ : O⊕eX → F
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determined by e general global sections of F fails to have maximal rank.

There are two ways to extend the usefulness of this characterization.
First, we can replace O⊕eX with an arbitrary vector bundle E and consider
a map ϕ : E → F . Second, instead of considering the locus where ϕ has
less than maximal rank, we can consider the locus Mk := Mk(ϕ) where ϕ
has rank ≤ k for some given k. Such loci are called degeneracy loci.

We give Mk(ϕ) the the structure of subscheme of X defined locally by
the vanishing of the (k + 1)× (k + 1) minors of a matrix representation of
ϕ. We will show that whenever the degeneracy locus has the “expected”
codimension—which we define to be (rank E − k)(rankF − k)—the class
of [Mk(ϕ)] does not depend on ϕ, but can be written as a polynomial in
the Chern classes of E and F in an elegant way. The result, from Porteous
[1971] and Kempf and Laksov [1974], is called Porteous’ Formula.

Because elements of positive degree are nilpotent in the Chow ring A(X),
the total Chern class c(E) = 1 + c1(E) + · · · is invertible. The formula is
written in terms of the components of the ratio c(F)/c(E) ∈ A(X), a fact
that we will explain below.

14.1.1 The general Porteous formula

Theorem 14.1 (Porteous’ formula). Let ϕ : E → F be a map of vector
bundles of ranks e and f on a smooth variety X, and write ci for the
degree i component of c(F)/c(E) ∈ A(X). If the scheme Mk(ϕ) ⊂ X has
codimension (e− k)(f − k), then its class is given by

[Mk(ϕ)] = det



cf−k cf−k+1 . . . ce+f−2k−1

cf−k1 cf−k . . . ce+f−2k−2

...
...

...
...

...
...

...
...

...

cf−e+1 . . . . . . cf−k


.

To see why there should be a formula for [Mk(ϕ)] in terms of the classes
of E and F we linearize the problem by introducing more data. To say
that the the map ϕx : Ex → Fx has rank ≤ k at a point x ∈ X means
that there is some k-dimensional subspace of Fx that contains the image.
If we introduce the Grassmannian π : G(k,F) → X, this means that,
at least set-theoretically, Mkϕ is the image under π of the locus where
π∗(ϕ) : π∗E → π∗F factors through the tautological rank k subbundle
Sk ⊂ π∗F ; equivalently, it is the locus of points x where the composite
map µ : π∗E → π∗F → Q := (π∗F)/Sk vanishes.
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To simplify notation we will simply write E ,F instead of π∗E , π∗F . The
composite map µ may be regarded as a section of the bundle E∗ ⊗ Q. If
µ vanishes in codimension equal to rank E∗ ⊗Q = e(f − k), then by ****
its zero locus will be the top Chern class of E∗ ⊗ Q. Since the dimension
of the Grassmannian is dimX + k(f − k), saying that the zero locus of
µ has codimension e(f − k) says that the dimension of the zero locus is
dimX+k(f−k)−e(f−k) = dimX−(e−k)(f−k), the expected dimension
of Mkϕ.

It follows that π∗
(
ce(f−k)(E∗ ⊗Q)

)
is at least supported on the same set

as [Mkϕ], and we will see that they are equal as cycles. We will also see, in
Section 14.2, how to compute the Chern class ce(f−k)(E∗ ⊗Q) in terms of
the Chern classes of E and Q, and thus in terms of the Chern classes of E∗
and F . In Section 14.3 we will explain how to push this expression down
from the Grassmann bundle G(k,F) to X. The result will be Porteous’
formula.

This argument does not make it clear why the formula for [Mk(ϕ)] de-
pends only on the components of c(F)/c(E), and doesn’t require a full
knowledge of c(E) and c(F). Indeed, in the proof we will give the formula
emerges rather magically in this form. However, there is a simple heuris-
tic explanation. Assume that the dual bundle E∗ is generated by global
sections and choose a surjection ψ∗ : OmX → E∗. It follows that

ϕ̃ : E

ψ
ϕ


- OmX ⊕F

is an injection of bundles. LetQ = coker ϕ̃, and note that c(Q) = c(F)/c(E)
by Whitney’s formula. The original map ϕ : E → F is the composition of
ϕ̃ with the projection to F , so it has rank ≤ k at the points where the
fiber of ϕ̃(E) meets the fiber of OmX in dimension ≥ m− k, or, equivalently,
where the induced map OmX → Q drops rank by at least m − k. By the
argument given above, the class of this locus depends only on the Chern
classes of the bundles OmX and Q—that is, only on the components of the
ratio c(F)/c(E).

There are two difficulties with the derivation of Porteus’ formula out-
lined above. The first is that even when the scheme Mkϕ has the expected
codimension the zero locus of the section σ may not. The second is that
Mkϕ is defined as the cycle associated to the scheme defined (locally) by
minors of a certain matrix, and it is far from clear why this gives the same
cycle class as the pushforward of the class of the zero locus of σ.

We will overcome both these difficulties by pulling everything back from
a “generic” situation, where both the scheme Mkϕ and the one defined by
σ = 0 are reduced and irreducible of the expected codimension, and where
the morphism between them is birational. To understand the passage to
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this generic situation, let

ϕ′ : E

1

ϕ


- E ⊕ F

be the map taking E onto the graph Γϕ ⊂ E ⊕ F of ϕ. The original map
ϕ is obviously the composition of ϕ′ with the projection to F . Since ϕ′

is an inclusion of bundles, the universal property of the Grassmannian
guarantees that there is a unique map α : X → G(e, E ⊕ F) such that the
pullback of the universal sub bundle Se ⊂ E ⊕ F on the Grassmannian is
E , and the map ϕ′ is the pullback under α of the map ψ : Se → F that is
the composite of the tautological inclusion Se → E ⊕F with the projection
E ⊕ F to F . Thus Mkϕ = α−1(Mkψ).

The map ψ is generic in the sense that over any open set in the base where
E and F are trivial the Grassmannian becomes the product of X with the
Grassmannian G(e, E ⊕ F ), where E,F are vector spaces of dimensions
e, f respectively. A basic open set of G(e, E ⊕ F ) as defined in Chapter 3
is itself isomorphic to an affine space of dimension ef , and the map ψ
is represented by a matrix whose entries are ef variables xi,j—a generic
matrix. In Section 14.4 we will explain the necessary facts about the ideals
of minors of such generic matrices.

The points of Mk(ψ) are the points x ∈ G(e, E ⊕ F) such that the fiber
of Se meets the subbundle E ⊂ E ⊕F , which is the kernel of the projection,
in dimension at least e− k. This is the global version of the Schubert cycle
Σ := Σ(e−k)f−k(E) in notation parallel to that of Chapter 3; it is defined
over any open subset of X where the bundles in question are trivial by
the same determinantal condition that defines the corresponding Schubert
cycle in the case of vector spaces, and a look at this formula shows that
α−1(Σ) = Mk(ϕ) as schemes.

We will see that we can apply Theorem 5.12, and conclude that [Mk(ϕ)] =
α∗[Σ]. Since elements of the Chow ring of the Grassmannian are polynomi-
als in the classes of the universal sub and quotient bundles, and these pull
back to E and F on X, there is a formula for Mk(ϕ) in terms of c(E) and
c(F) obtained by pulling back a universal formula from the Grassmannian.

Before proving Porteous’ formula, we thus need three items: a formula for
the top Chern class of a tensor product; a way of handling the pushforward
map to A(X) from the Chow ring of a Grassmann bundle over X; and
an understanding of generic determinantal varieties. Each of these items
is important in its own right, and we will spend the next three sections
exploring them. But first we pause to point out an important special case.
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14.1.2 Chern classes of a bundle with some sections

In Chapter 7, where we first defined Chern classes, we saw that if a bundle
E of rank r has enough global sections, and if σ1, . . . , σr−k+1 is a general
collection of r − k + 1 sections of E , then the kth Chern class ck(E) is the
class of the degeneracy locus V (σ1 ∧ · · · ∧ σr − k + 1) ⊂ X. We showed
more generally in Section ?? that if σ is any global section of E vanishing
in codimension r, the top Chern class cr(E) = [V (σ)]—we don’t need to
assume E has any other sections, or that the section σ itself is generically
transverse, as long as its zero locus has the expected dimension. Using
Porteous’ formula we can complete the story:

Corollary 14.2. If E is a bundle of rank k on X and if σ1, . . . , σr−k+1 is
any collection of sections of E such that the degeneracy locus V (σ1 ∧ · · · ∧
σr−k+1) ⊂ X has codimension k, then

ck(E) = [V (σ1 ∧ · · · ∧ σr−k+1)] .

An immediate extension tells us about the locus where a map ϕ : E → F
of bundles of rank e and f ≥ e respectively fails to be an inclusion of
bundles: that is, the locus Me−1(ϕ).

Corollary 14.3. Suppose that ϕ : E → F is a map of vector bundles on
a smooth variety X, with e := rank E ≤ rankF =: f . If ϕ fails to be a
monomorphism in the expected codimension f − e+ 1, then the degeneracy
scheme Me−1(ϕ) has class equal to the component of degree f − e + 1 of
the element

c(F)

c(E)
∈ A(X).

The formula in the Corollary is sometimes written as

[Me−1] =
[c(F)

c(E)

]
f−e+1

.

One way to interpret this formula is to note that if the degeneracy locus
was empty then F/E would be a vector bundle of rank equal to rankF −
rank E = f − e, so the (f − e+ 1)-st Chern class of F/E would be zero. By
the Whitney formula, this class is the component of degree f − e+ 1 of

cf−e+1(F/E) =

[
c(F)

c(E)

]
f−e+1

.

Thus we can think of this class Corollary as measuring the failure of F/E
to be a vector bundle, and Porteous’ formula identifies this measurement
as the class of the degeneracy scheme.
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14.2 The top Chern class of a tensor product

Let E ,F be vector bundles of ranks e, f on a smooth variety X as before.
To carry out the proof of Porteous’ formula we need a formula for the top
Chern class of the tensor product E ⊗ F . a If E =

∑
i Li and F =

∑
iMi

are sums of line bundles then E ⊗F is the sum of the Li⊗Mj . If we write
(̧Li) = 1 + ei and (̧Mi) = 1 + fi then c(Li ⊗Mj) = 1 + ei + fj so, by
Whitney’s formula

c(E ⊗ F) =
∏
i,j

(1 + ei + fj).

Using symmetric functions one could derive an expression for c(E ⊗ F)
terms of those of E and F alone, and, by the splitting principle, such an
expression must hold for general vector bundles E ,F as well.

After tensoring the Chow ring with the rational numbers we could re-
encode the Chern classes of E ,F in the Chern characters, ch(E), ch(F) and
ch(E ⊗F) = ch(E) · ch(F)—the Chern character has already absorbed the
work of the symmetric functions! However, to find the expressions directly,
without denominators, is quite complicated except when e or f is 1 (treated
already in Section ****) and in the cases of c1 and cef , the first and the
top Chern classes or

In the case of c1, the work is trivial: the degree 1 component of
∏
i,j(1 +

ei + fj is e(
∑
j fj)) + f(

∑
i ei), so

c1(E ⊗ F) = e · c1F + f · c1E .

The case of the top Chern class will occupy us for the rest of this section.

The key observation is that the degree ef component of

c(E ⊗ F) =
∏

1≤i≤e,1≤j≤f

(1 + ei + fj)

is also the degree ef component of
∏

1≤i≤e,1≤j≤f (ei+fj), and this vanishes
precisely when some fj is equal to some −ei. Thus we may think of the
expression as the condition that the two monic polynomials A =

∏e
i=1(x+

ei) and B =
∏f
j=1(x− fj) have a root in common.

This condition is given by the vanishing a single polynomial in the co-
efficients of A and B called the resultant, denoted R(A,B). The resultant
has been studied for a very long time—in fact Leibniz originally introduced
determinants in the 17th century in order to compute the resultant of two
quadratic polynomials. Moreover, the coefficients of B are the elementary
symmetric functions in the fi, which are the Chern classes of F . Similarly,
the coeffients of A are the negatives of the Chern classes of E (or equiv-
alently and conveniently for us, the Chern classes of the dual bundle E∗.
Thus R(A,B) = cef (E∗ ⊗F), at least up to a nonzero scalar.
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We will use the expression for the resultant given by Sylvester in 1840—
the “Sylvester determinant.” It is discussed—along with its significance for
elimination theory—at the beginning of Chapter 14 of Eisenbud [1995], and
in many other places. The idea is that polynomials A = xe + a1x

e−1 + · · ·
and B = xf + b1x

f−1 + · · · have a common factor if and only if they have
least common multiple of degree < e + f ; that is, if and only if the e + f
polynomials obtained by multiplying A by 1, x, . . . , xf−1 and multiplying
B by 1, x, . . . , xe−1 are linearly dependent. This condition (say over the
field of complex numbers) is given by the vanishing of the determinant of
the matrix

Syl =



1 a1 . . . . . . ae 0 0 . . . . . . 0

0 1 a1 . . . ae−1 ae 0 . . . . . . 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...

0 0 . . . . . . 1 a1 . . . . . . . . . ae

1 b1 . . . . . . bf−1 bf 0 0 . . . 0

0 1 b1 . . . bf bf−1 bf 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

0 0 . . . . . . . . . bf−e+1 . . . . . . . . . bf



.

Using the f×f identity block in the upper left corner we can simplify the
determinant. An efficient trick for doing this is to form the inverse power
series

1

A(x)
= 1 + d1x+ · · · ,

and then multiply Syl(A,B) on the right by the matrix

D =



1 d1 d2 d3 d4 . . . . . . de+f−1

0 1 d1 d2 d3 . . . . . . de+f−2

0 0 1 d1 d2 . . . . . . de+f−3

0 0 0 1 d1 . . . . . . de+f−4

...
...

...
...

...
...

...
...

...
...

...
...

0 0 . . . . . . 1 d1

0 0 . . . . . . 0 1


.
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obtaining

Syl ·D =



1 0 0 . . . 0 0 0 . . . 0

0 1 0 . . . 0 0 0 . . . 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...

0 0 . . . . . . 1 0 0 . . . 0

1 c1 . . . . . . . . . cf cf+1 . . . ce+f−1

0 1 c1 . . . . . . cf−1 cf . . . ce+f−2

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...

0 0 . . . . . . 0 cf−e+1 . . . . . . cf


where

∞∑
i=0

cix
i =

B(x)

A(x)

as formal power series. Since detD = 1, we see that R(A,B) may be written
as

∆e,f (c) := det



cf cf+1 . . . ce+f−1

cf−1 cf . . . ce+f−2

...
...

...
...

...
...

...
...

...

cf−e+1 . . . . . . cf


Thus

∆e,f (c) = λ
∏

1≤i≤e, 1≤j≤f

(ai + bj)

for some scalar λ; and comparing the coefficients of (
∏
i ai)

f we see that
λ = 1. Though we carried out the computation in the ring of power series
over some field, the formula above is an identity in Z[x], and thus is valid
for ai, bj in any ring; here the ci are interpreted as certain polynomials in
the symmetric functions of the ai and of the bj .

Putting all this together we have proven:

Theorem 14.4. If E and F are vector bundles of ranks e and f on a
variety X, then
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cef (E∗ ⊗F) = ∆f,e

(
c(F)

c(E)

)
= (−1)ef∆e,f

(
c(E)

c(F)

)
.

Here the second equality holds because F∗ ⊗ E = (E∗ ⊗ F)∗. If E ⊂ F
were a sub bundle then, by Whitney’s theorem, we have

c(
F
E

) =
c(F)

c(E)
,

For this reason the first of the formulas above is sometimes written as
cef (E∗ ⊗ F) = ∆f,e (c(F/E)), where now c(F/E) is simply defined as the
sequence of coefficients of c(F)/c(E) ∈ A(X).

14.3 The direct image of a cycle on a
Grassmannian bundle

For the proof of Porteous’ formula we also need to evaluate the map π∗ :
A(G(k,F))→ A(X). From Section 11.7 we have a description of the Chow
ring of the Grassmann bundle G:

A(G) = A(X)[ζ1, . . . ζk]/

([
c(F)

1 + ζ + ζ2 + . . .

]
l

, l > n− k
)

where ζ1, . . . , ζk are the Chern classes of the tautological subbundle S on
G. From this we can deduce the pushforward of any monomial in the ζi, in
much the same way as we did for projective bundles in the same chapter.
We only need a small part of this information:

Proposition 14.5. Let π : G = G(k,F) → X be a Grassmann bundle,
and ζi = ci(S) ∈ Ai(G) the Chern classes of the universal subbundle S on
G.

(a) If ζA = ζa1
1 · · · · · ζ

ak
k ∈ A(G) is a monomial of weighted degree

|A| =
∑

iai < k(n− k),

then π∗(ζ
A) = 0; and

(b) If ζA is a monomial of weighted degree |A| = k(n− k), then

π∗(ζ
A) = d · [X]

where d is the degree of the intersection of ζA with a fiber of π; that
is, the product σA of the corresponding Schubert cycles (σ1i)

ai in the
Grassmannian G(k, n).
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Proof. The first statement is clear from degree considerations: a cycle of
codimension less than k(n − k) in G has dimension strictly bigger than
dimX, so its pushforward is necessarily 0. Likewise, if α ∈ Ak(n−k)(G) is
any class of codimension equal to k(n− k), its pushforward can only be a
multiple of the fundamental class of X; and by the push-pull formula this
multiple is the degree of the restriction of α to a fiber of G→ X.

14.4 Generic determinantal varieties

In this section we present some facts about the commutative algebra of
minors of matrix. We will give specific references for the results we need.
For more on this rich subject, see for example de Concini et al. [1980],
Bruns and Vetter [1988], and Bruns and Herzog [1993].

We have defined the “expected” codimension of Mk(ϕ) to be (rank E−k+
1)(rankF −k+1). To explain this number, set e = rank E and f = rankF ,
and consider the “generic” f×e matrix Φ = (xi,j) defined over a polynomial
ring in e×f variables xi,j . We may think of Φ as defining the “generic map
of vector bundles”

Orank E
PN (−1)

Φ- OrankF
PN

with N = (rank E)(rankF)−1. The scheme Mk(Φ) is the scheme associated
to the ideal of (k + 1) × (k + 1) minors of Φ. In fact this ideal is prime,
and thus Mk(Φ) is a variety. It’s closed points over the algebraically closed
field K correspond to the set of matrices of rank ≤ k over K, so it is easy
to analyze set-theoretically, and as we’ll see below this immediately yields
its irreducibility and codimension:

****move the following to Ch 7? We should admit that the same proof
shows that all the Schubert cycles are CM****

Proposition 14.6. Let Φ = (xi,j) be a generic f × e matrix as above. For
each k = 1, . . . ,min(e, f) the ideal generated by the (k+1)× (k+1) minors
of Φ is prime of codimension (e − k)(f − k). If ϕ : E → F is any map of
vector bundles of ranks e and f respectively then the codimension of any
irreducible (isolated) component of Mk(ϕ) has codimension ≤ (e−k)(f−k).
If Mk(ϕ) has the expected codimension, (e − k)(f − k), and X is smooth
(or even Cohen-Macaulay) then Mk(ϕ) is Cohen-Macaulay.

Notes on the proof. We can easily see at least that Mk(Φ) is irreducible
and of the given codimension: Regarding it as the set of matrices of rank
≤ k, we see that it is the closure of the set of matrices of rank exactly k,
and is thus the closure of a single orbit of the group GL(e,K)×GL(f,K)
acting by left and right multiplication on the vector space of matrices. This
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shows that Mk(Φ) is irreducible. Moreover, a generic matrix in Mk(Φ) is
determined by it image, which is a subspace of Kf of dimension k—that is,
an element of the Grassmannian G(k, f), which has dimension k(f − k)—
together with an element of Hom(Ke,Kk), a space of dimension ek. It
follows that the dimension of Mk(Φ) is k(f −k) + ek = ef − (e−k)(f −k),
proving that Mk(Φ) has codimension k.

The proof that the scheme Mk(Φ) is reduced is harder. The simplest
proofs work by constructing a basis of the polynomial ring modulo I—see
for examplede Concini et al. [1980] or Bruns and Herzog [1993] ****give
Thm ref**** —and we will not reproduce them here The bound on the
codimension of the components of Mk(ϕ) follows from the ones before to-
gether with Serre’s Generalized Principle Ideal Theorem 0.2, but the orig-
inal proof, given by Eagon and Northcott [1962], is much simpler. A do-it-
yourself version with hints may be found in ??, Exercise 10.9.

The last statement, the Cohen-Macaulay property, is the deepest part of
the Proposition. It was first proven in Hochster and Eagon [1971] in the
context of invariant theory, but there is an easier proof using ideas related
to Gröbner bases; see for example De Concini et al. [1982].

The variety M1(Φ) defined by the 2× 2 minors of Φ is already familiar:
regarded as a projective variety, it is the Segre variety Z ⊂ Pef−1, the prod-
uct of Pe−1 and Pf−1 embedded by the line bundle L := π∗1(OPe−1(1)) ⊗
π∗2(OPf−1(1)). Indeed, as a projective variety, M1(Φ) has dimension (ef −
1)− (e− 1)(f − 1) = (e− 1) + (f − 1) = dimPe−1 × Pf−1, so it is enough
to show that M1(Φ) contains the Segre variety. But if y1, y2 are sections of
OPe−1(1) and z1, z2 are sections of OPf−1(1), then by commutativity

(y1 ⊗ z1)(y2 ⊗ z2) = y1y2 ⊗ z1z2 = (y1 ⊗ z2)(y2 ⊗ z1).

as sections of

L2 = L := π∗1(OPe−1(2))⊗ π∗2(OPf−1(2)).

Written in terms of the basis xi,j = yi⊗zj of H0(L), this gives the vanishing
on Z of the 2× 2 minor x1,1x2,2 − x1,2x2,1.

The other varieties Mk(Φ) have a related interpretation. A matrix of
rank exactly k can be written as the sum of k distinct rank 1 matrices (to
see this, choose bases so that the matrix is diagonal). Conversely, the sum
of k rank 1 matrices has rank at most k. But a sum of vectors vi, considered
as a point in projective space, represents a point in the linear span of the
vi. This shows that, set-theoretically at least, Mk(Φ) is the closure of the
union of the (k − 1)-secant k-planes to the Segre variety Z.

There is one more result about generic matrices that we will need.
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Proposition 14.7. If

Sr
B=(bi,j)- Sq

A=(ai,j)- Sp

are maps defined by matrices of indeterminates over a polynomial ring
S = K[{ai,j}, {bi,j}] then the entries of the product matrix AB generate
a radical ideal I, with irreducible components I + I(Mp′(A)) + I(Mq′(B)
where 0 ≤ p′ ≤ p, 0 ≤ r′ ≤ r, and p′+ r′ = q. In particular, after inverting
any p× p minor of A the ideal I becomes prime.

Notes on the proof. Note that this is clear set-theoretically: if A,B had
entries in the ground field K, and AB = 0, then rankA+ rankB ≤ q. The
variety defined by the condition AB = 0 (that is, by the ideal generated by
the entries of the matrix AB) is called a variety of complexes of length 2,
since, restricted to this variety, the sequence of modules in the Proposition
is the generic complex of free modules of the given ranks. For the full
statement see for example Tchernev [2001].

14.5 Proof of Porteous’ formula

Again let ϕ : E → F be a map of vector bundles of ranks e and f on
a smooth variety X, and suppose that the codimension of Mk(ϕ) is (e −
k)(f − k). Let ϕ′ : E → E ⊕F be the map sending E to the graph of ϕ, and
let α : X → G(e, E ⊕ F) be the unique section of the Grassmann bundle
such that ϕ′ is the pull-back of the inclusion of the tautological bundle
subbundle Se on G(e, E ⊕ F). Let ψ : Se → F be the composite of the
tautological inclusion Se ⊂ E ⊕ F with the projection E ⊕ F → F .

Since α∗(ψ) = ϕ we have α−1(Mk(ψ)) = Mk(ϕ), and since these are
Cohen-Macaulay varieties, it follows by Theorem 5.12 that α∗[Mk(ψ)] =
[α−1(Mk(ψ)]. Thus it suffices to prove Porteous’ formula for the class of
Mk(ψ) in the variety X := G(e, E ⊕F) with the same value of k as before.

We now consider the further Grassmann bundle π : G(k,F)→ X, and we
write Q for the tautological quotient bundle (of rank f−k) on G(k,F). Let
µ ∈ Hom(π∗E , Q) = E∗ ⊗Q be the section corresponding to the composite
of the map ψ pulled back to G(k,F) and the tautological map ν : F → CQ.
As explained in Section ??, the locus Mk(ψ) ⊂ X is the image π(Z) of the
scheme Z ⊂ G(k,F) defined by the vanishing of µ.

Since we are in the situation with X = G(e, E ⊕F), the map ψ is locally
given by a generic matrix, and thus Mk(ψ) is reduced and irreducible. and
the locus Mk−1(ψ) is a proper subvariety (it has codimension (e − k +
1)(f − k + 1) − (e − k)(f − k) = e + f − 2k in Mk(ψ).) Over a point x ∈
Mk(ψ)\Mk−1(ψ) there is a unique subbundle of rank k containing the image
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of ψ, and thus a unique point of Z lying over x. Since Mk(ψ) \Mk−1(ψ)
is dense in Mk(ψ), it follows that the map Z →Mk(ψ) is, set-theortically,
generically one to one. In particular, the codimension of Z is

dimG(k,F)− dimZ = dimG(k,F)− dimMk(ψ)

= dimG(k,F)− (dimX − (e− k)(f − k)

= dimX + k(f − k)− dimX + (e− k)(f − k)

= e(f − k)

= rank(E∗ ⊗Q).

Thus [Z] is ce(f−k)(E∗ ⊗Q), the top Chern class of this bundle.

We now wish to show that the variety Mk(ψ) has class equal to π∗[Z].
Since Mk(ψ) is reduced and irreducible, and the map π is generically one-
to-one on Z, it suffices to show that Z is reduced and irreducible.

If we restrict to an open subset of X over which the bundles E and F
become trivial, and then to an open subset U ∼= X × Ak(f−k), the map
ν : F → Q is given by a second generic k × (f − k) matrix with one of its
k × k minors inverted. By Proposition 14.7, the entries of the composite
matrix νψ define a reduced irreducible variety, proving that Mk(ψ) = π∗[Z]
as desired.

From Theorem 14.4 we see that

[Z] = ce(f−k)(π
∗E∗ ⊗Q)

= ∆f−k,e

(
c(Q)

c(π∗E)

)
= (−1)e(f−k)∆e,f−k

(
c(π∗E)

c(Q)

)
.

We must now evaluate π∗([Z]). At first glance this seems daunting: when
we expand either of the determinantal expressions above for z, we get mono-
mials of degree bigger than k(n−k) in the Chern classes of the tautological
bundles Sk ⊂ F and Q = F/Sk on G(k,F), and we have not given a com-
putation for their direct images, which is complicated. But we’re in luck:
the exact sequence

0→ Sk → π∗F → Q → 0

gives

c(Q) =
c(π∗F)

c(S)
,

and applying this to the second expression for [Z] above we have

z = (−1)e(f−k)∆e,f−k

(
c(π∗E)

c(π∗F)
c(S)

)
.
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The key observation is that this is the determinant of an (n − k) ×
(n− k) matrix, and each entry of the matrix is a linear combination, with
coefficients in A(X), of the Chern classes ζ1, . . . , ζk of S. When we expand
the determinant the degree of each product in A(X) is at most k(n − k).
Moreover, the term of degree k(n − k) comes from taking the ζk term in
each entry. By the first part of Proposition 14.5 any term of degree strictly
less than k(n − k) has direct image equal to zero in A(X); so only the ζk
term in each entry contributes to the direct image of the determinant.

If c ∈ A(X) we will write [c]m for the component of c of degree m. Also,
if B = (bi,j) is a square matrix, we will write |bij | for det(bi,j).

We can apply the push-pull formula π∗(π
∗α · β) = α · π∗β to write

π∗

∣∣∣∣∣∣∣∣∣∣∣∣∣

[
c(π∗E)
c(π∗F)c(S)

]
e

. . . . . .
[
c(π∗E)
c(π∗F)c(S)

]
e+f−k+1

... . . . . . .
...

... . . . . . .
...[

c(π∗E)
c(π∗F)c(S)

]
e−f+k+1

. . . . . .
[
c(π∗E)
c(π∗F)c(S)

]
e

∣∣∣∣∣∣∣∣∣∣∣∣∣

= π∗

∣∣∣∣∣∣∣∣∣∣∣∣∣

[
c(π∗E)
c(π∗F)

]
e−k

ζk . . . . . .
[
c(π∗E)
c(π∗F)

]
e+f−2k+1

ζk

... . . . . . .
...

... . . . . . .
...[

c(π∗E)
c(π∗F)

]
e−f+1

ζk . . . . . .
[
c(π∗E)
c(π∗F)

]
e−k

ζk

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

[
c(E)
c(F)

]
e−k

. . . . . .
[
c(E)
c(F)

]
e+f−2k+1

... . . . . . .
...

... . . . . . .
...[

c(E)
c(F)

]
e−f+1

. . . . . .
[
c(E)
c(F)

]
e−k

∣∣∣∣∣∣∣∣∣∣∣∣∣
· π∗(ζf−kk )

= ∆e−k,f−k

[
c(E)

c(F)

]
· π∗(ζf−kk ).

To evaluate π∗(ζ
f−k
k ), recall that the kth Chern class ck(S∗) of the dual

of the universal subbundle on a single Grassmannian G(k, f) is the class
σ1,1,...,1 of the Schubert cycle of k-planes lying in a hyperplane; the (f−k)th

power of this class is thus the class of a single point. By the second part of
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Proposition 14.5 we have

π∗(ζ
f−k
k ) = (−1)k(f−k)[X]

and we conclude finally that

π∗(z) = (−1)(e−k)(f−k)∆e−k,f−k

(
c(E)

c(F)

)
= ∆f−k,e−k

(
c(F)

c(E)

)
.

This is Porteous’ formula.

14.6 Geometric applications

14.6.1 Degrees of determinantal varieties

The primeness of the ideal of minors will be used in the proof of Porteous’
formula. But once proved, the formula allows us to compute the degree of
the Mk(Φ), and indeed to do so in a more general case:

Theorem 14.8. Let A be an e × f matrix of linear forms on Pr, and let
Mk := Mk(A) ⊂ Pr be the scheme defined by its (k + 1)× (k + 1) minors.
If Mk has the expected codimension (e− k)(f − k) in Pr, its degree is

deg(Mk) =

e−k−1∏
i=0

i!(f + i)!

(k + i)!(f − k + i)!
.

The formula telescopes in the case k = e− 1, with f ≥ e. In this case we
see that

deg(Me−1) =
0!(f)!

(e− 1)!(f − (e− 1))!
=

(
f

e− 1

)
.

Naturally, in case e = f we get f , the degree of the determinant.

The product also telescopes nicely in the case k = 1, recovering the
degree of the Segre variety (calculated by other means in Section 1.2.3: we
have

m−2∏
i=0

i!

(i+ 1)!
=

1

(m− 1)!

and
m−2∏
i=0

(n+ i)!

(n+ i− 1)!
=

(m+ n− 2)!

(n− 1)!
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so the formula yields

deg(M1) =
1

(m− 1)!
· (m+ n− 2)!

(n− 1)!
=

(
m+ n− 2

m− 1

)
.

Proof of Theorem 14.8. Multiplication by the matrix A defines a vector
bundle map

(OPr )
⊕e → (OPr (1))⊕f ,

and we are asking for the class of the locus where this map has rank k or
less. Letting ζ ∈ A1(Pr) be the hyperplane class, we have

c(F) = (1 + ζ)f =

f∑
r=0

(
f

r

)
ζr

from which we conclude that the class of Mk is given by

[Mk] =

∣∣∣∣∣∣∣∣
(
f

f−k
)
ζf−k . . .

(
f

f+e−2k−1

)
ζf+e−2k−1

...
...(

f
f−e+1

)
ζf−e+1 . . .

(
f

f−k
)
ζf−k

∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
(
f

f−k
)

. . .
(

f
f+e−2k−1

)
...

...(
f

f−e+1

)
. . .

(
f

f−k
)

∣∣∣∣∣∣∣∣ ζ
(e−k)(f−k).

The degree of Mk is thus the last determinant.

To verify the theorem, we simplify this expression. To begin with, we
make a series of column operations: first, we replace each column, starting
with the second, with the sum of it and the column to its left, to arrive at∣∣∣∣∣∣∣∣∣∣∣

(
f

f−k
) (

f
f−k+1

)
. . .

(
f

f+e−2k−1

)
...

...
...

...
...

...(
f

f−e+1

) (
f

f−e+2

)
. . .

(
f

f−k
)

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣

(
f

f−k
) (

f+1
f−k+1

)
. . .

(
f+1

f+e−2k−1

)
...

...
...

...
...

...(
f

f−e+1

) (
f+1
f−e+2

)
. . .

(
f+1
f−k
)

∣∣∣∣∣∣∣∣∣∣∣
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Now we do the same thing again, this time starting with the third column;
then again, starting with the fourth, and so on, to arrive at the determinant

∣∣∣∣∣∣∣∣∣∣∣

(
f

f−k
) (

f+1
f−k+1

)
. . .

(
f+e−k−1
f+e−2k−1

)
...

...
...

...
...

...(
f

f−e+1

) (
f+1
f−e+2

)
. . .

(
f+e−k−1
f−k

)

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣

f !
k!(f−k)!

(f+1)!
k!(f−k+1)! . . . (f+e−k−1)!

k!(f+e−2k−1)!

...
...

...
...

...
...

f !
(e−1)!(f−e+1)!

(f+1)!
(e−1)!(f−e+2)! . . . (f+e−k−1)!

(e−1)!(f−k)!

∣∣∣∣∣∣∣∣∣∣∣
We can pull a factor of f ! from the first column, (f+1)! from the second,

and so on; similarly, we can pull a k! from the denominators in the first
row, a (k + 1)! from the denominators in the second row, and so on. We
arrive at the product

e−k−1∏
i=0

(f + i)!

(k + i)!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
(f−k)!

1
(f−k+1)! . . . 1

(f+e−2k−1)!

...
...

...
...

...
...

1
(f−e+1)!

1
(f−e+2)! . . . 1

(f−k)!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Next, we multiply the first column by (f−k)!, the second by (f−k+1)!,
and so on, to arrive at the expression

e−k−1∏
i=0

(f + i)!

(k + i)!(f − k + i)!

∣∣∣∣∣∣∣∣∣∣
1 1 . . .

f − k f − k + 1 . . .

(f − k)(f − k − 1) (f − k + 1)(f − k) . . .
...

...

∣∣∣∣∣∣∣∣∣∣
Finally, we can recognize the columns of this matrix as the series of monic

polynomials 1, x, x(x−1), x(x−1)(x−2), . . . , of degrees 0, 1, 2, . . . ,m−k−1,
applied to the integers f − k, f − k+ 1, . . . , f + e− 2k− 1. Its determinant
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is thus equal to the van der Monde determinant∣∣∣∣∣∣∣∣∣∣
1 1 1 . . .

f − k f − k + 1 f − k + 2 . . .

(f − k)2 (f − k + 1)2 (f − k + 2)2 . . .
...

...
...

∣∣∣∣∣∣∣∣∣∣
,

which is equal to
∏e−k−1
i=0 i!. Putting this all together, we have established

Theorem 14.8.

14.6.2 Pinch points of surfaces

Let C ⊂ Pn be a smooth curve, and π = πΛ : C → P2 the projection
from a general (n − 3)-plane. It’s a standard exercise that the map π will
be an immersion, and that the image will have only ordinary nodes as
singularities.

Is there a similar description for surfaces? In other words, if π : S → P3

is a general projection of a smooth surface S ⊂ Pn to P3, can we say what
singularities occur on the image surface S0 = π(S)? The answer is yes (see
for example [GH] for a fuller discussion): what we find is that there will be
a curve in the image over which the map is 2-1, and at a general such point
on this curve the surface S0 is the union of two smooth sheets crossing
transversely. There will also be a finite number of points where the map
is 3-1, and at each such point the image surface will be the union of three
smooth sheets intersecting transversely.

There is only one additional type of singularity that π(S) can have. At
a finite number of points of S, the map π will fail to be an immersion, and
the images of these points are called pinch points. In suitable local analytic
coordinates the equation of π(S) near a pinch point is

z2 = xy2.

In these coordinates the double curve is be the x-axis, and the two sheets
at the point (x0, 0, 0) will have tangent planes z = ±√x0 · y. The geometry
of the map, and of the image, is beautiful: pinch points are points of the
double curve of S where the local monodromy interchanges the two sheets.

We now ask the enumerative question: in terms of the standard invariants
of the surface S ⊂ Pn, how many pinch points will S0 have? We can answer
this question with Porteous’ formula. The differential of the map π is a
vector bundle map

dπ : TS → π∗TP3

and the formula tells us that the number of points where this map fails
to be injective, counted with multiplicities, is the degree 2 piece of the



14.6 Geometric applications 557

quotient

c(π∗TP3)

c(TS)
.

Denote by ζ = c1(OS(1)) the pullback to S of the hyperplane class on P3

(equivalently, the restriction to S of the hyperplane class on Pn), and write
c1 and c2 for the Chern classes c1(T ∗S) and c2(T ∗S). We thus have

c(π∗TP3)

c(TS)
=

1 + 4ζ + 6ζ2

1− c1 + c2

= (1 + 4ζ + 6ζ2)(1 + c1 + (c21 − c2))

The degree 2 part of this expression gives our answer:

Proposition 14.9. The number of pinch points of a general projection of
a smooth surface S ⊂ Pn to P3, counted with multiplicities, is

6ζ2 + 4ζc1 + c21 − c2.

There is another way to interpret this last formula. Recall that, for a
smooth surface S ⊂ Pn, the tangential variety X of S is defined to be the
union of the tangent planes Tp(S) ⊂ Pn to S in Pn; if n ≥ 4 this is always
a fourfold ****proof or reference****. Now, if π = πΛ : S → P3 is the
projection from a general (n− 4)-plane Λ ⊂ Pn, the points where the map
fails to be an immersion are the points p such that Tp(S) ∩ Λ 6= ∅. If the
tangent planes to S sweep out the tangential variety X just once—that is, if
a general point on X lies on just one tangent plane to S—then the number
of such points is the degree of X. If the multiplicities with which the pinch
points occur are also equal to 1 then we can view the formula above as a
formula for the degree of the tangential variety of a surface S ⊂ Pn.

What about the singularities of a general projection of a smooth variety
X ⊂ Pn of dimension k to Pk+1? For k ≤ 14 powerful results of Mather
provide a complete picture, but for large k we don’t even know what the
maximum multiplicity of a point on the image X = π(X) ⊂ Pk+1 will be,
beyond the fact that it grows exponentially with k. One way to see this
is to use the logic suggested by Exercise 14.18: we expect that there will
be places where the corank of the differential dπ is roughly

√
k, and over

the image of such points the degree of the fiber of π will be at least on the

order of 2
√
k. For a recent discussion of such questions see Beheshti and

Eisenbud [2010].

14.6.3 Quadrisecants to rational curves

We come now to the last keynote problem: counting the quadrisecant lines
to a space curve. We start with a qualitative discussion. Consider a smooth,
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nondegenerate space curve C ⊂ P3, and ask: how would we expect lines
L ⊂ P3 to intersect C?

To begin with, a general line is disjoint from C, while the lines that do
meet C form an irreducible, 3-dimensional family (that is, an irreducible
divisor in the Grassmannian G(1, 3)). (We can see this by considering the
incidence correspondence Σ = {(L, p) : p ∈ L ∩ C} ⊂ G(1, 3) × C.) The
locus of secant lines—that is, lines such that deg(L ∩ C) ≥ 2—is likewise
an irreducible surface in G(1, 3), being the image of the product C × C
under the regular map (p, q) 7→ pq (this is at first glance defined only on
the complement of the diagonal in C × C; it extends to all of C × C by
sending (p, p) to the tangent line Tp(C)).

What about trisecant lines, which we define to be lines L such that
deg(L ∩ C) ≥ 3? By Exercise 14.19 the general secant line to C is not
trisecant, and we can deduce from this that the locus of trisecant lines to
C, if nonempty, has dimension 1. In fact, the locus is empty only in case C
is a twisted cubic or an elliptic quartic.

We remark that the locus of trisecant lines need not be irreducible; an
example where it’s not would be the intersection C = Q ∩ S of a smooth
quadric Q and a cubic surface S.

Continuing in this way, we might expect that there will be a finite number
of 4-secant lines to C, and no 5-secant lines. Neither of these statements
is true for an arbitrary curve, or even a general curve (meaning a curve
corresponding to a general point of a component of the Hilbert scheme):
look, for example, at complete intersections of quadric with quintic surfaces.
Nonetheless, we may ask: is there an enumerative formula for the number
of 4-secant lines to C, say in terms of the degree d and genus g of C?

We will derive such a formula in case C is smooth and rational by using
Porteous’ formula. We could derive the general case as well; we discuss
how to do this at the end of the subsection. But for now, we assume that
C ∼= P1.

The key idea is to turn the problem around: instead of looking at all
lines in P3 and imposing the condition of meeting C four times, we’ll look
at 4-tuples of points on C and impose the condition that they span only
a line. We will use the setup of Section 12.4.2: we identify the space of
subschemes of degree 4 in C ∼= P1 with the symmetric product C(4) ∼= P4

of C, and introduce the bundle E∗ on C(4) with fibers

E∗Γ = H0(OΓ(d)).

As in Section 12.4.2, a global section of OC(1) = OP1(d) gives rise to a
global section of E∗ by restriction to each subscheme of C in turn. The
restriction map

H0(OP3(1)) ↪→ H0(OP1(d)) −→ H0(OΓ(d))
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gives us a map ϕ : F → E∗ of vector bundles on C(4), where F is the trivial
bundle with fiber H0(OP3(1)); and we see that the locus M2(ϕ) ⊂ P4 of
subschemes Γ ⊂ P1 of degree 4 with dim Γ = 1 is the locus where the map
ϕ has rank 2. (Note that ϕ can never have rank < 2.) Porteous will then
give us a formula for the class of this locus, in case it has the expected
dimension

4− 2× 2 = 0.

To carry this out, recall from Proposition 12.16 the Chern classes of E∗
are

ci(E∗) =

(
d− 4 + i

i

)
ζi ∈ Ai(P4).

Now we apply Porteous’ formula, which tells us that the class of the locus
of subschemes Γ ⊂ P1 contained in a line is

[M2(ϕ)] =

∣∣∣∣∣∣∣
c2(E∗) c3(E∗)

c1(E∗) c2(E∗)

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
(
d−2

2

)
ω2

(
d−1

3

)
ω3

(
d−3

1

)
ω

(
d−2

2

)
ω2

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
(
d−2

2

) (
d−1

3

)
(
d−3

1

) (
d−2

2

)
∣∣∣∣∣∣∣ω4

=

(
(d− 2)2(d− 3)2

4
− (d− 1)(d− 2)(d− 3)2

6

)
ω4

=
(d− 3)2(d− 2)

12
(3(d− 2)− 2(d− 1))ω4

=
(d− 2)(d− 3)2(d− 4)

12
ω4.

This gives us the enumerative formula:

Proposition 14.10. If C ⊂ P3 is a rational space curve of degree d pos-
sessing only finitely many quadrisecant lines, the number of such lines,
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properly counted, is

(d− 2)(d− 3)2(d− 4)

12
.

Note as a check that this number is 0 in case d = 2, 3 or 4, as it should
be.

We will see in Exercise 14.22 a condition for a given quadrisecant line
to be simple, that is, to count with multiplicity one. We will also see in
Exercise 14.23 that for C ⊂ P3 a general rational curve of degree d—
that is, a general projection of a rational normal curve from Pd to P3—all
quadrisecants are simple, so this is the actual number of quadrisecant lines.

Quadrisecants to curves of higher genus If we try to generalize the
arguments above to the case where C has higher genus, a new issue arises.
The Hilbert scheme parametrizing subschemes of degree 4 in P1 is P4,
whose Chow ring we know, the space of subschemes of degree 4 of a smooth
curve C of higher genus (again, the fourth symmetric power C(4) of C) is
more complex; in particular, we don’t know its Chow ring explicitly. It is
possible, however, to say enough about the ring A(C(4)) to carry out the
same calculation there, and in fact we’ll derive the relevant information in
the final Chapter of this book. The most general formula, for the number
of d-secant (d− r − 1)-planes to a curve of degree n and genus g in Ps, is
derived in this way in Chapter 8 of Arbarello et al. [1985]; the formula is
on page 350 and the specialization to 4-secant lines on page 351.

We could also approach the problem of counting quadrisecant lines to a
space curve via the classical theory of correspondences. This is described
in Chapter 2 of Griffiths and Harris [1978].

14.7 Exercises

Exercise 14.11. Let A = (Pi,j) be a 2 × 3 matrix whose entries Pi,j
are general polynomials of degree ai,j on P3. Assuming that a1,j + a2,k =
a1,k+a2,j for all j and k—so that the minors of A are homogeneous—what
is the degree of the curve M1(A) where A has rank 1?

Exercise 14.12. In Exercise ?? of the first chapter, we introduced the
variety of triples of collinear points, that is,

Ψ = {(p, q, r) ∈ Pn × Pn × Pn | p, q and r are collinear in Pn}.

Calculate the class ψ = [Ψ] ∈ An−1(Pn×Pn×Pn) by applying Porteous to
the evaluation map E → F , where E is the trivial bundle on Pn × Pn × Pn
with fiber H0(OPn(1)) and

F = π∗1OPn(1)⊕ π∗2OPn(1)⊕ π∗3OPn(1),
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with πi : Pn × Pn × Pn → Pn projection on the ith factor.

Exercise 14.13. Verify Proposition 14.9 directly in case S is a smooth
surface in P3 to begin with.

Exercise 14.14. Verify Proposition 14.9 directly in case S ⊂ P4 is a cubic
scroll. What is the double curve of the image S0?

Exercise 14.15. Verify Proposition 14.9 directly in case S is the quadratic
Veronese surface. What does the double curve of S0 look like in this case,
and how many triple points will S0 have?

Exercise 14.16. Let S ⊂ Pn be a smooth surface.

(a) Show that we have a map from the projective bundle P(TS ⊕ OS) to
Pn with image the tangential variety X of S (specifically, carrying the
fiber over p to the tangent plane Tp(S));

(b) Show that the pullback of OPn(1) under this map is the line bundle
OP(TS⊕OS)(1)⊗OS(1); and

(c) Use this and our description of the Chow ring of the projective bundle
P(TS ⊕OS) to rederive the formula of Proposition 14.9 for the degree
of X.

Exercise 14.17. Let X ⊂ Pn be a smooth threefold, and π : X → P5 a
general projection. Find the number of points where the map π fails to be
an immersion.

Exercise 14.18. Let X ⊂ Pn be a smooth 6-fold, and π : X → P7 a
general projection. Find the number of points where the differential dπ has
rank 4 or less.

Exercise 14.19. Let C ⊂ P3 be an smooth, nondegenerate curve. Show
that the general secant line to C is not trisecant, and deduce that the locus
of trisecant lines to C, if nonempty, has dimension 1. (For extra credit, show
that it is empty only in case C is a twisted cubic or an elliptic quartic.)

Exercise 14.20. Check the conclusion of Proposition 14.10 in cases d = 5
and 6 by independently counting the number of quadrisecant lines to a
general rational quintic and sextic. (Hint: such curves will lie on smooth
cubic surfaces.)

Exercise 14.21. Let C ⊂ P4 be a smooth, nondegenerate rational curve
of degree d. Use similar methods to find the expected number of

(a) trisecant lines to C; and

(b) 6-secant 2-planes to C.
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Exercise 14.22. Let C ⊂ P3 be a smooth curve, L ⊂ P3 a line meeting
C in exactly 4 points p1, . . . , p4 and not tangent to C at any of them.
Suppose that the tangent lines Tpi(C) to C at the pi are independent mod
L (that is, they span distinct planes with L), and that the cross-ratio of the
four points p1, . . . , p4 ∈ L is not equal to the cross-ratio of the four planes
Tp1(C) +L, . . . ,Tp4(C) +L. Show that Γ = p1 + · · ·+ p4 ∈ P4 counts as a
quadrisecant line with multiplicity 1 (that is, the 3× 3 minors of a matrix
representative of ϕ near Γ generate the maximal ideal mΓ ⊂ OP4,Γ).

Exercise 14.23. Let C now be a general rational curve of degree d in P3.
(Note that the family of rational curves C ⊂ P3 of degree d is irreducible,
so this makes sense.)

(a) Show that C has no 5-secant lines.

(b) Show that if L ⊂ P3 is any quadrisecant line to C, then L meets C in
four distinct points.

(c) Finally, show that every quadrisecant line to C satisfies the conditions
of the preceding exercise, and deduce that the number of quadrisecant

lines to C is exactly (d−2)(d−3)2(d−4)
12 . (Note: the first two items are

straightforward dimension counts; this one is a little more subtle.)

Exercise 14.24. Let {Qµ ⊂ P3}µ∈P3 be a general web of quadrics in

P3; that is, the three-dimensional linear series corresponding to a general
four-dimensional vector space V ⊂ H0(OP3(2)).

(a) Find the number of 2-planes Λ ⊂ P3 that are contained in some quadric
of the net.

(b) A line L ⊂ P3 is said to be a special line for the web if it lies on a
pencil of quadrics in the web. Find the class of the locus Σ ⊂ G(1, 3)
of special lines.
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Excess Intersections and Blowups

Keynote Questions:

(a) Suppose that S, T and U ⊂ P3 are three surfaces, of degrees s, t and
u, whose intersection consists of the disjoint union of a reduced line L
and a zero-dimensional scheme Γ ⊂ P3. What is the degree of Γ?

(b) Suppose that S and T ⊂ P4 are two surfaces, whose intersection con-
sists of the disjoint union of a reduced line L and a zero-dimensional
scheme Γ ⊂ P4. In terms of the geometry of S and T , can we say what
is the degree of Γ? Can we say what the degree of Γ is in terms of the
degrees of S and T alone?

(c) Let Λ ∼= Pn−2 ⊂ Pn be a codimension 2 linear subspace, and let
Q1, . . . , Qk ⊂ Pn be k general quadric hypersurfaces containing Λ.
If we write the intersection ∩Qi as the union

k⋂
i=1

Qi = Λ ∪ Z,

what is the degree of Z?

(d) Let C ⊂ P3 be a smooth curve of degree d and genus g. If S, T ⊂ P3 are
smooth surfaces of degrees s and t containing C, at how many points
of C are S and T tangent?

The first three keynote questions of this Chapter are simple examples of
what are called excess intersection problems: situations in which we wish to
describe the intersection of cycles Zi on an ambient variety X, but where
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the intersection of those cycles has components of greater dimension than
the expected.

In these circumstances, knowledge of the Chow ring of the ambient space
X is seemingly irrelevant; intersection theory, on the face of it, tells us
something about the actual intersection of the cycles Zi only under the
hypothesis that the intersection has the expected dimension. But exam-
ples, like the one worked out in Section 15.1.2 below in response to keynote
question (a), suggest that even when the intersection of cycles has compo-
nents of too large a dimension, the class of the components that do have
the expected dimension is not arbitrary. The question is, can we in fact say
something about the class of these components?

One way to think about this question, which we’ll explore more fully in
Section 15.1.4 below, is to imagine that the cycles Zi we wish to intersect
are the limits of cycles Zi(t) that do intersect transversely. For example,
in case the expected dimension of the intersection is 0, we could rephrase
the question by asking: how many of the points of the nearby transverse
intersection ∩Zi(t) have limits in the components of positive dimension?
In general, can we say what is the class of those components of the limit
of the transverse intersection ∩Zi(t) that lie in the components of too
large dimension? Are these classes determined by some aspect of the local
geometry near the non-transverse intersection?

The answer is “yes,” in a remarkably strong sense: there is a very gen-
eral formula, called the excess intersection formula, which does exactly
this. More specifically, what the excess intersection formula does, under
relatively mild hypotheses on the singularities of the cycles being inter-
sected, is to associate to each connected component of the intersection a
cycle class of the correct dimension, in such a way that the sum of all the
classes indeed equals the product of the classes of the cycles.

This has two consequences, one practical and one foundational. The prac-
tical one is that it allows us to answer questions like the ones above: in both
of the first two keynote questions, the expected dimension of the cycles is
zero, so the excess intersection formula associates to the component of ex-
cess intersection—in each case, the line L—a cycle class of dimension 0. If
we then subtract the degree of this class from the product of the classes of
the cycles, what is left will be the degree of the zero-dimensional part of
the intersection.

The foundational consequence is that we can—in contrast to the ap-
proach taken here—use this to define intersection products. Traditionally,
intersection theory was based on the moving lemma of Chapter 5, which
says that for any two classes α, β ∈ A(X), we can find cycles A and B rep-
resenting those classes that intersected generically transversely, and that
the class of the intersection didn’t depend on the choice of representative



15.1 Examples of excess intersection formulas 565

cycles; we then define the product αβ ∈ A(X) to be the class of the in-
tersection A ∩ B. As an alternative to this, given the excess intersection
formula, we can say: for any pair of cycles A and B representing the classes
α and β (at least one of which is a linear combination of local complete
intersection subvarieties), take αβ to be the sum of the classes associated
to the various components of the intersection A ∩ B. This has aesthetic
virtues—since the moving lemma is onerous to prove and ultimately has
very little to do with how we calculate intersection products in practice,
it’s pleasing to be able to dispense with it—and also real ones: for exam-
ple, it allows us to define intersection products in their greatest possible
generality, in particular on singular varieties X.

In the present text, we have long ago committed to the traditional ap-
proach. Nevertheless, the excess intersection formula is a tool of tremendous
importance in modern intersection theory, and we want to take some time
here to describe its manifestations and applications. We also strongly urge
the reader to study Fulton’s book—for geometers who work in intersection
theory, as well as those for whom it’s simply a tool for use in the study of
other questions, this is without question the way things should be done.

What we’ll do here is to work out a few relatively simple examples,
including the keynote questions above; these will both illustrate approaches
to deriving excess intersection formulas and (hopefully) suggest why we
might expect such a formula to hold in the first place.

One warning before we start, though: given our approaches to the prob-
lem, we are going to require a number of hypotheses in each case about
the smoothness of the cycles we’re intersecting, and on their intersection.
In fact, almost none of these assumptions are actually necessary for the
existence of an excess intersection formula. (We’ll discuss the general form
of the excess intersection formula in Section 15.6.) To prove the excess
intersection formula in such generality, however, requires that we set up in-
tersection theory differently from the beginning, in the manner of Fulton’s
book Fulton [1984]. Thus we can only suggest that the reader who wants
to see the full strength of these formulas consult Fulton.

15.1 Examples of excess intersection formulas

15.1.1 Intersection of divisors and curves

Our first example is the simplest possible situation in which excess inter-
section can occur: we take X to be a smooth projective variety, D ⊂ X an
irreducible divisor and C ⊂ X an irreducible curve; we ask for the intersec-
tion number of D and C in X. If C intersects D transversely, this is just
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the cardinality of the intersection; and more generally as long as C is not
contained in D, this will be the sum, over all points p of the intersection
C ∩D, of the locally defined intersection multiplicity mp(C ·D). But what
if C is contained in D?

The answer in this case is not hard. Associated to the divisor D is a line
bundle L = OX(D) on X, which has first Chern class c1(L) = [D] ∈ A1(X)
the class of D. By the functoriality of Chern classes, then,

[D] · [C] = [D]|C = c1(L)|C = c1(L|C).

Now, we can write

L∗|C = OX(−D)|C
= (OX(−D)⊗OX/ID)⊗OX/IC
=
(
ID/I2

D

)
⊗OX/IC ;

and recognizing the term in parentheses in the last expression as the conor-
mal bundle of D in X, we conclude that L|C is the normal bundle of D
in X, restricted to C. Note that this makes sense even if D and X are
singular, as long as

(a) D is a Cartier divisor on X; and

(b) By the “normal bundle” ND/X we mean the sheaf Hom(ID/I2
D,OD)

(which is locally free of rank 1 in this case).

In sum, we have the

Proposition 15.1. Let X be smooth and projective; let D be a divisor
on X and C ⊂ X a curve in X contained in D. The intersection number
(C ·D) is the degree of the restriction to C of the normal bundle ND/X of
D in X. More precisely, the restriction to C of the class [D] ∈ A1(X) is
the first Chern class of the restriction of ND/X to C.

There is a geometric way of seeing this, at least in some cases, that will
suggest an approach to the more general problem. Suppose for the moment
that you could deform the divisor D ⊂ X—that is, you could find a flat
family of divisors D ⊂ ∆ × X, parametrized by a smooth rational curve
∆ with marked point 0 ∈ ∆, such that the special fiber D0 = D. Suppose
moreover that a general member Dλ of the deformation was transverse to
C; that is,

Dλ ∩ C = {p1(λ), . . . , pk(λ)} for λ 6= 0

with k = [Dλ] · [C] = [D] · [C]. Finally, suppose that the deformation is non-
trivial to first order: that is, its restriction to the scheme Spec k[ε]/(ε)2 ⊂ ∆
supported at 0 corresponds to a nonzero section σ of the normal bundle
ND/X .
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FIGURE 15.1. The limits of the points of intersection of C with the deformed
curve are zeros of the corresponding section of the normal bundle.

In this situation, we can ask: what are the limits as λ→ 0 of the points
{p1(λ), . . . , pk(λ)}? The answer, we claim, is that they are the zeros of the
section σ of the normal bundle. This in intuitively reasonable: in classical
language, away from zeros of σ, the deformation is moving D away itself
(and hence away from C), while the points where σ is zero are “staying
put,” at least to first order. This is easiest to visualize in case X is a surface
(so that D = C); higher-dimensional cases are essentially the same.

To see this explicitly, take local analytic coordinates (z1, . . . , zn) on X
such that

D = (zn = 0) and C = (z2 = · · · = zn = 0).

We can then write the family D ⊂ ∆×X as the zero locus of the function

zn + λf1 + λ2f2 + . . . ,

with f1 the corresponding section of the normal bundle. Restricting to
∆× C, this becomes

λ(f1)|C + λ2(f2)C + · · · = λ ((f1)|C + λ(f2)C + . . . ) ,

from which we see that a zero of f1 of order m will be a limit of exactly m
points of intersection of C with Dλ as λ→ 0.

Before we go on, note that the same logic that led us to Proposition 15.1
works for the intersection of any cycle with a divisor: by the same argument
as initially given above, if Z ⊂ X is any subvariety of codimension k and
D ⊂ X a divisor containing Z, then we have

Proposition 15.2. The restriction to Z of the class [D] ∈ A1(X) is the
first Chern class c1(ND/X |Z) ∈ A1(Z) of the restriction to Z of the normal
bundle of D in E; and correspondingly the product of [Z] and [D] in A(X)
is given by

[Z] · [D] = i∗c1(ND/X |Z) ∈ Ak+1(X)

where i : Z ↪→ X is the inclusion.
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15.1.2 Intersection of three surfaces in P3 containing a curve

Next, let’s consider the first of the keynote questions of this Chapter: we’re
given three surfaces S, T and U ⊂ P3, of degrees s, t and u, whose intersec-
tion consists of the disjoint union of a reduced line L and a zero-dimensional
scheme Γ; the problem is to find the degree of Γ.

We’ll start by approaching it naively, solving it the way it probably would
have been solved in the 19th century. To set up, we claim first that we can
take S to be smooth: after renaming, we can assume that the degree s of S
is the largest of the three integers s, t and u, and then replace S by the zero
locus of a general linear combination F +AG+BH, where F , G and H are
the defining equations of S, T and U respectively, and A and B are general
polynomials of degrees s − t and s − u. The surface S is then the general
element of a linear system in P3 whose base locus is smooth of dimension
less than 3/2, and by the amped up Bertini theorem (Proposition 7.4) it
follows that S is smooth.

Given this, consider the intersection of the two surfaces S and T , viewed
as a divisor on S; write it as

S ∩ T = L+D ∈ Z1(S)

for some divisor D on S. Similarly, write

S ∩ U = L+ E ∈ Z1(S)

for some divisor E on S. The subscheme Γ of the intersection S∩T ∩U will
then be the scheme of intersection of D and E. Moreover, all the points of
intersection of D and E occur away from L (if D and E met at a point
p ∈ L, the intersection S ∩ T ∩U would be singular at p). Thus the degree
of Γ is the intersection number of the classes of D and E in A(S), which
we’ll now compute.

We start by applying the adjunction formula to the curve L ⊂ S. This
says that

−2 = 2g(L)− 2 = (L · L)S + (L ·KS).

We know that KS = OS(s− 4), and so

(L ·KS) = s− 4;

it follows that

(L · L)S = 2− s.

Now, denote by H ∈ A1(S) the hyperplane class on S; since S ∩ T ∼ tH
and S ∩ U ∼ uH, we have

D ∼ tH − L and E ∼ uH − L ∈ A1(S).
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Thus, in A(S) we have

(D · E) = (tH − L) · (uH − L)

= tu(H ·H)− (t+ u)(H · L) + (L · L)

= stu− s− t− u+ 2,

and this is the answer to our first keynote question.

(As always, check! If s = t = u = 1, we should get zero, and we do; more
generally, if s = 1 the residual curves D and E are plane curves of degrees
t− 1 and u− 1 respectively, so we should get (t− 1)(u− 1), and we do.)

We should remark that the statement here is unnecessarily restrictive:
we can replace the line L by any smooth curve C of known degree d and
genus g, and apply exactly the same approach. We have (C ·KS) = d(s−4);
from adjunction, we deduce that

(C · C)S = 2g − 2− d(s− 4).

We have then

(D · E) = (tH − C) · (uH − C)

= tu(H ·H)− (t+ u)(H · C) + (C · C)

= stu− d(t+ u) + 2g − 2− d(s− 4)

= stu− d(s+ t+ u− 4) + 2g − 2.

There is another way to write this formula that may seem strange at
first, but generalizes to the excess intersection formula. Note that from the
exact sequence

0→ TC → TP3 |C → NC/P3 → 0

we see that

deg(NC/P3) = 4d+ 2g − 2,

so we can rewrite this in terms of degrees of normal bundles as

deg(Γ) = stu− deg(NS/P3 |C)− deg(NT/P3 |C)− deg(NU/P3 |C)(15.1)

+ deg(NC/P3).

Yet another way to express this, if S, T and U are all smooth, is as

deg(Γ) = stu+ deg(NC/S) + deg(NC/T ) + deg(NC/U )− 2 deg(NC/P3).

In any event, we have proved the

Proposition 15.3. Let S, T and U ⊂ P3 be surfaces of degrees s, t and
u, whose intersection consists of the disjoint union of a smooth curve C of
degree d and genus g and a zero-dimensional scheme Γ. In this situation,
the degree of Γ is given by

deg(Γ) = stu− d(s+ t+ u− 4) + 2g − 2

= stu− deg(NS/P3 |C)− deg(NT/P3 |C)− deg(NU/P3 |C) + deg(NC/P3).
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There’s a cute application of this formula to a qualitative question: if
C ⊂ P3 is a smooth curve, can C always be expressed as the (scheme-
theoretic) intersection of three surfaces? The question was answered in
Peskine and Szpiro [1974]; the solution here was given in Fulton [1984],
Example 9.1.2.

The answer can be shown to be “no” by an application of Proposi-
tion 15.3: by that formula, the degrees s, t and u of the three surfaces
would have to satisfy the equality

stu− d(s+ t+ u− 4) + 2g − 2 = 0

and we can find examples of smooth curves C of degree d and genus g
such that no solution of this equation exists in integers s, t and u among
the degrees of surfaces containing C. For example, if C is a elliptic quintic
curve, C lies on no planes or quadrics (this follows from the genus formula
for smooth curves on a plane and quadric, among other things); but the
quantity stu−5(s+t+u−4) is positive for all s, t, u ≥ 3. (In Exercise 15.16,
we’ll answer the corresponding question for quintic curves C ⊂ P3 of genus
0 and 2.)

15.1.3 Intersections of hypersurfaces in general

We want to go on and consider other approaches to excess intersection
situations. Before we do, though, it’s worth taking a moment out to discuss
in what generality the approach we just tried works.

Briefly, suppose that X is a smooth, n-dimensional projective variety and
D1, . . . , Dk a collection of hypersurfaces in X. If the intersection Y = ∩Di

is proper, then of course its class (if we assign to each component the
appropriate multiplicity) is the product

∏
δi ∈ Ak(X) of the classes δi =

[Di] of the divisors Di. But what if the intersection has mixed dimension—
that is, it has components of dimension strictly greater than n− k as well
as components of the expected dimension n−k. For example, suppose that

k⋂
i=1

Di = Φ ∪ Γ

with Φ and Γ smooth and disjoint, Φ of pure dimension n − k + m and
dim Γ = n − k. Can we find the class of the sum Γ of the components of
the expected dimension n− k?

In fact, we can, if we know something about the geometry of the divi-
sors Di and their intersection. What we want to do here is intersect the
hypersurfaces Di one at a time, and focus on the first stage where the
intersection fails to have the expected dimension; if we allow ourselves to
change the order of the divisors Di, we can assume that this occurs after
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we have intersected k−m+1 of the divisors, at which point Φ appears as a
component of excess intersection. The point is, if we back up one step, we
see that the previous intersection D1∩· · ·∩Dk−m must have been reducible:
if Γ 6= ∅, then we must have

D1 ∩ · · · ∩Dk−m = Φ ∪B0.

Now back up one further step, and consider the intersection S = D1 ∩
· · · ∩Dk−m−1, which has dimension n− k+m+ 1. We have an equation of
divisors on S:

Dk−m ∩ S = A+B0

and similarly we can write

Dk−m+α ∩ S = A+Bα

for each α = 0, . . . ,m. We can then express the cycle Γ as a proper inter-
section of m+ 1 divisors on the variety S:

Γ = B0 ∩ · · · ∩Bm
and if we know enough about the geometry of Φ—specifically, if we can
evaluate the products of powers [Φ]l ∈ Al(S) with products of the classes
[Dα]|S ∈ A1(S)—we can then evaluate the class of this intersection as

[Γ] =

m∏
α=0

([Dk−m+α]|S − [Φ]) ∈ Am+1(S)→ An−k(X).

To see some examples of this approach, try Exercises 15.17 and 15.18.

15.1.4 Intersection of two surfaces in P4 containing a curve

We come now to the second of our keynote questions: we’re given two
smooth surfaces S and T ⊂ P4, say of degrees d and e, whose intersection
consists of a reduced curve C and a collection Γ of reduced points; and we
ask, as before, for the degree of Γ. To answer this question, we’re going to
introduce a new approach. This approach, though it is furthest removed
from the methods developed in earlier chapters, gives the best geometric
picture of excess intersection, and is also the most broadly applicable; it is
also closest in spirit to the way in which Fulton’s general excess intersection
formula is derived.

The key to this approach is to deform the surfaces S and T in P4 to
ones that do intersect transversely: that is, find families {Sλ} and {Tλ},
parametrized by a smooth rational curve ∆, with S = S0 and T = T0,
and such that the intersection Sλ ∩Tλ is transverse for λ 6= 0. We can then
think of the intersection Sλ∩Tλ as a collection of de points p1(λ), . . . , pde(λ)
varying with the parameter λ, and the question becomes: as λ → 0, how
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FIGURE 15.2. Limits of points of intersection of the deformed surfaces Sλ, Tλ
are singular points of S ∩ T .

many of the points pi(λ) approach the curve C, and how many approach
Γ?

To set this up, note first that such families are easy to find: for example,
we could let A and B : ∆→ PGL5 be two general arcs in the group PGL5

of automorphisms of P4 with A(0) = B(0) = I the identity, and take Sλ
the image of S under the map Aλ : P4 → P4—that is,

S = {(λ, p) ∈ ∆× P4 | p ∈ Aλ(S)}
and

T = {(λ, p) ∈ ∆× P4 | p ∈ Aλ(T )}.
By Kleiman’s transversality theorem (Theorem 5.15), then, Sλ and Tλ will
intersect transversely in de points for λ 6= 0, at least in some neighborhood
of 0 ∈ ∆.

Consider now the intersection S ∩ T of the threefolds S and T in the
fivefold ∆× P4. We can express this intersection as a union

S ∩ T = Φ ∪D
where Φ is flat over ∆, consisting of the points of intersection Sλ ∩ Tλ for
λ 6= 0 and their limits—that is, the closure in ∆×P4 of the intersection of
S ∩ T with (∆ \ {0})× P4—and D = {0} × C is the positive-dimensional
component of the intersection S0 ∩ T0.

Now, we know that Φ ∩ ({0} × P4) is zero-dimensional, of degree de,
and consists of the union of the scheme Γ with the intersection Φ ∩D; to
find the degree of Γ, accordingly, we have to figure out the degree of the
intersection Φ ∩D.

How do we do this? Well, one way to characterize the points of Φ∩D is
to observe that they are singular points of the intersection S ∩ T ; in fact,
they are exactly the singular points of S ∩ T occurring along D. Now, if S
and T met transversely everywhere along D, we would have

TD = TS |D ∩ TT |D in T∆×P4 |D



15.1 Examples of excess intersection formulas 573

and hence a direct sum decomposition

ND/∆×P4 = NS/∆×P4 |D ⊕NT /∆×P4 |D.

In general, we see that we have a map

ND/∆×P4 → NS/∆×P4 |D ⊕NT /∆×P4 |D

between vector bundles of rank 4 on D, and the locus where this map fails
to be surjective is exactly the singular locus of S ∩ T along D.

To find the degree of this locus, note first that since D = {0} × C,

ND/∆×P4 = NC/P4 ⊕OC ,

and hence

c1(ND/∆×P4) = c1(NC/P4).

Next, since S0 is the transverse intersection of S with the fiber {0} × P4,

NS/∆×P4 |D = NS/P4 |C

and likewise

NT /∆×P4 |D = NT/P4 |C .

Putting this all together, we deduce that the degree of Φ∩D is the difference

deg(Φ ∩D) = c1(NS/P4 |C) + c1(NT/P4 |C)− c1(NC/P4)

and hence

deg(Γ) = de− c1(NS/P4 |C)− c1(NT/P4 |C) + c1(NC/P4).

Note the similarity with formula (15.1) in the previous case of three sur-
faces!

One restatement of this: from the sequence

0→ NC/S → NC/P4 → (NS/P4)|C → 0

we have

c1(NS/P4 |C) = c1(NC/P4)− c1(NC/S)

and similarly for T ; so we can rewrite this as

deg(Γ) = de+ c1(NC/S) + c1(NC/T )− c1(NC/P4).

If C has degree a and genus g, we can also write this as

deg(Γ) = de+ (C · C)S + (C · C)T − 5a− 2g + 2.

In particular, if we take C = L a line in P4, we arrive at the answer to our
second keynote question:

deg(Γ) = de+ (L · L)S + (L · L)T − 3.
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An immediate check: if S and T are 2-planes, this formula returns 0, as
it should. For other examples, see Exercise 15.19.

Note that, in contrast to the answer to our first keynote question, this
does not depend only on the degrees of S and T (that is, their classes in
A(P4)), but on their geometry; the simplest example of this is described in
Exercise 15.20 below.

15.2 The excess intersection formula in general
dimensions

As we indicated, one virtue of the last approach to excess intersection is
that it can be applied, with little change, to excess intersections in arbitrary
dimensions on arbitrary ambient spaces X (though, at least in our version,
we will still have to make some fairly strong smoothness hypotheses). To
set this up, we suppose the following:

• X will be a smooth, projective variety of dimension n;

• S and T ⊂ X will be smooth subvarieties of codimensions k and l re-
spectively;

• The intersection C = S ∩ T will be smooth, with connected components
Cα of codimension k + l −mα.

As in the examples above, we want to assign to each Cα a cycle class
γα ∈ Amα(Cα) of dimension k + l − n, which represents the contribution
of Cα to the total intersection S ∩ T ; that is, such that if we denote by
iα : Cα → X the inclusion, then∑

α

(iα)∗(γα) = [S] · [T ] ∈ Ak+l(X).

As in the last case, we’ll do this by imagining that we can deform S and T
to cycles Sλ and Tλ on X intersecting transversely, and ask for the limiting
position of the intersection Sλ∩Tλ as λ→ 0. We therefore suppose further
that we can find families S and T ⊂ ∆ ×X over a smooth rational curve
∆ such that

• S and T ⊂ ∆ ×X will be flat over ∆, with fibers S0 = S and T0 = T ,
and Sλ ∩ Tλ is transverse for λ 6= 0;

and from here on in the argument flows exactly as before. Specifically, we
can express the intersection S ∩ T of the (k + 1)- and (l + 1)-folds S and
T in the (n+ 1)-fold ∆×X as a union

S ∩ T = Φ ∪D
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where Φ is flat over ∆, consisting of the points of intersection Sλ ∩ Tλ for
λ 6= 0 and their limits—that is, the closure in ∆×X of the intersection of
S ∩ T with (∆ \ {0})×X—and D = {0} × C, as in Figure 15.2 above.

Now, we know that the cycle Ξ = Φ∩ ({0}×X) has dimension k+ l−n,
and has class [S] · [T ] ∈ Ak+l(X) as a cycle on X. Moreover, Ξ consists of
the sum of its intersections Ξα = Φ ∩Dα with the connected components
Dα = {0}×Cα of S ∩ T . To find the class [S] · [T ], accordingly, we have to
figure out the class of the intersection Φ∩Dα for each connected component.

Finally, as before one way to characterize the points of Φ ∩ Dα is to
observe that they are the points p ∈ Dα where the tangent spaces TpS and
TpT fail to intersect in TpDα. Now, if we had

TDα = (TS)|Dα ∩ (TT )|Dα in (T∆×X)|Dα
we would have a direct sum decomposition

NDα/∆×X = NS/∆×X |Dα ⊕NT /∆×X |Dα .

In general, we see that we have a map

NDα/∆×X → NS/∆×X |Dα ⊕NT /∆×X |Dα
between vector bundles on Dα of ranks k + l −mα + 1 and k + l, and the
locus where this map fails to be injective (as a map to vector bundles) is
exactly the cycle Ξα.

We have as before

c(NDα/∆×X) = c(NCα/X).

and

NS/∆×X |Dα = NS/X |Cα
and likewise

NT /∆×X |D = NT/X |Cα .

Now we can apply Porteous, to deduce that the class of Ξ = Φ ∩Dα is

γα = [Ξα] =

[
c(NS/X |Cα) · c(NT/X |Cα)

c(NCα/X)

]
mα

∈ Amα(Dα).

One restatement of this: from the sequence

0→ NCα/S → NCα/X → (NS/X)|Cα → 0

we have

c(NS/X |Cα) =
c(NCα/X)

c(NCα/S)

so we can rewrite this as

γα =

[
c(NT/X |Cα)

c(NCα/S)

]
mα

∈ Amα(Dα).
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Applying the same identity to the normal bundle to T in X we have another
alternative:

γα =

[
c(NCα/S) · c(NCα/T )

c(NCα/X)

]
mα

.

In sum, we have the

Proposition 15.4 (Excess intersection formula). Let S and T be smooth
subvarieties of the smooth n-dimensional variety X, of codimensions k
and l respectively. Suppose that the intersection S ∩ T is a disjoint union
of smooth varieties Cα, of codimension k + l − mα. Then subject to the
hypothesis above—that there exist deformations of S and T intersecting
transversely—we have

[S] · [T ] =
∑
α

(iα)∗

([
c(NS/X |Cα) · c(NT/X |Cα)

c(NCα/X)

]
mα

)

=
∑
α

(iα)∗

([
c(NT/X |Cα)

c(NCα/S)

]
mα

)

=
∑
α

(iα)∗

([
c(NCα/X)

c(NCα/S) · c(NCα/T )

]
mα

)
∈ Ak+l(X)

Finally (for now!), there is a formula analogous to Proposition 15.4 for
the intersection of more than 2 subvarieties of X:

Proposition 15.5. Let X be a smooth projective variety and let S1, . . . , Sl ⊂
X be subvarieties of codimensions ki; let k =

∑
ki be the expected codi-

mension of their intersection. If the intersection ∩Sα is a disjoint union of
smooth varieties Cα of codimension k −mα, then assuming the Sα admit
deformations intersecting transversely,∏

i

[Si] =
∑
α

(iα)∗

([∏
i c(NSi/X |Cα)

c(NCα/X)

]
mα

)

=
∑
α

(iα)∗

([
c(NCα/X)l−1∏
i c(NCα/Si)

]
mα

)
∈ Ak(X).

This, it should be said, is far from the definitive version of the excess
intersection formula; see Section 15.6 for a discussion of its extensions and
generalization.

15.2.1 Quadrics containing a linear space

As an application of Proposition 15.5, let’s do keynote question (c). To
recall, we’re given k general quadric hypersurfaces Q1, . . . , Qk ⊂ Pn con-
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taining a codimension 2 plane Λ ∼= Pn−2 ⊂ Pn; we write

k⋂
i=1

Qi = Λ ∪ Z,

and we ask for the degree of Z.

To start, we can reduce to the case k = n by intersecting with general
hyperplanes; this ensures that the hypothesis Λ∩X = ∅ is satisfied. Now,
letting ζ ∈ A1(Λ) be as usual the hyperplane class, we have

c(NQi/Pn |Λ) = 1 + 2ζ

and since the normal bundle NΛ/Pn ∼= OΛ(1)⊕2, we have

c(NΛ/Pn) = (1 + ζ)2.

Thus the contribution of the component Λ to the degree of the intersection
is given by

α = deg

[
(1 + 2ζ)n

(1 + ζ)2

]
n−2

∈ An−2(Λ) ∼= Z

To evaluate this expression, we may realize it as the residue at z = 0 of
the meromorphic differential

ω =
(1 + 2z)n

(1 + z)2

dz

zn−1

on the Riemann sphere. This is a differential with three poles: at z = 0, at
z = −1 and at z =∞; since the sum of the residues must be zero, in order
to calculate Res0(ω) it will suffice to find the residues at the other two
poles. This is simpler: at z =∞, in terms of the local coordinate w = 1/z
we can write

ω = − (w + 2)n

(w + 1)2

dw

w

from which we see that Res∞(ω) = −2n. Similarly, around the point z =
−1 we take u = z + 1 and write

ω =
(2u− 1)n

(u− 1)n−1

du

u2

= −(1− 2nu+ . . . )(1 + (n− 1)u+ . . . )
du

u2

= (−1 + (n+ 1)u+ . . . )
du

u2
,

from which we see that Res−1(ω) = n+ 1. Altogether, then, we have

α = 2n − n− 1,

and correspondingly

deg(Z) = 2n − α = n+ 1
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when k = n. In the general case, as we said, we can intersect with n − k
hyperplanes to reduce to the case dimZ = 0 and deduce the answer to
keynote question (c):

deg(Z) = k + 1.

As a check, we can describe the residual intersection Z of k quadrics
Qi ⊂ Pn containing an (n − 2)-plane Λ directly, as follows. Suppose Λ is
the zero locus of the linear forms X0 and X1. Then each of the quadrics
Qi can be written as the zero locus of a linear combination of X0 and X1:

Qi = V (Fi) where Fi = X0Li +X1Mi

for some linear forms Li and Mi. Now consider the 2× (k + 1) matrix

Φ =

(
X0 M1 M2 . . . Mk

X1 L1 L2 . . . Lk

)
.

Away from the locus Λ = V (X0, X1) where X0 and X1 both vanish, the
rank 1 locus of Φ is just the intersection of the quadrics Qi; in other words,

Z = {X ∈ Pn | rank(Φ(X)) ≤ 1}.

The degree of Z is then given by Porteous’ formula: as we worked out in
Section 14, this has degree k + 1.

Note, finally, one issue that we have swept under the rug here: if n ≥ 4,
no quadric Q ⊂ Pn containing an (n− 2)-plane can be smooth, and so the
quadrics Qi cannot satisfy the hypotheses of (15.5). In fact, given that the
Qi ⊂ Pn are local complete intersections, this hypothesis is not necessary,
as we’ll discuss in Section 15.6.

15.3 Intersections in a subvariety

There is a special case of the excess intersection situation that arises quite
frequently: when two cycles A and B on a smooth, projective variety X fail
to intersect properly because they happen to both be contained in a proper
subvariety. In this setting we can both state the theorem in a particularly
simple and useful form, and give a proof independent of the constructions
above.

To set this up, let X as usual be a smooth projective variety; suppose
i : Z ↪→ X is a smooth subvariety of codimension m, and A and B ⊂
Z subvarieties of codimensions a and b in Z respectively. We’ll assume
moreover that A and B intersect transversely in Z, so that the intersection
A∩B is smooth of codimension a+b in Z (and thus codimension a+b+m in
X). The question is, what can we say about the intersection product of the
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cycles A and B in X? Or, to put it differently, if α ∈ Aa(Z) and β ∈ Ab(Z)
are the classes of A and B as cycles in Z, how can we relate the product
αβ = [A ∩ B] ∈ Aa+b(Z) to the product i∗(α)i∗(β) ∈ Aa+b+2m(X)? The
answer is expressed in the following Theorem:

Theorem 15.6. Let i : Z → X be an inclusion of smooth projective vari-
eties of codimension m, and let N = NZ/X be the normal bundle of Z in
X.

(a) For any class α ∈ A(Z) we have

i∗
(
i∗α
)

= α · cm(N) ∈ Aa+m(Z); and

(b) If α ∈ Aa(Z) and β ∈ Ab(Z) then

i∗α · i∗β = i∗
(
α · β · cm(NZ/X)

)
∈ Aa+b+2m(X).

As we shall see, part (b) of Theorem 15.6 follows easily from part (a),
but the first one requires a new idea. Recall that we have already proven
the formula for the case when X is the total space of the compactification
P(NZ/X⊕OX) of the normal bundle of Z (Proposition 11.19). The intuition
behind part (a) of Theorem 15.6 in general is that a neighborhood of Z in
X “looks like” a neighborhood of Z in its normal bundle. Indeed, if we were
working with C∞ manifolds a neighborhood in the classical topology would
be C∞ equivalent to a neighborhood of Z in its normal bundle. This C∞
equivalence is, at least, enough to make i∗i∗ behave the same in homology.

This idea doesn’t give a proof of Theorem 15.6, even in the complex ana-
lytic case: rational equivalence is more subtle than homological equivalence,
and the tubular neighborhood theorem that we used is false in the category
of complex analytic or algebraic varieties. (For example, no analytic neigh-
borhood of a conic curve C ⊂ P2 is biholomorphic to any neighborhood
of the zero section in the normal bundle NC/P2 ; see Exercise 15.25). How-
ever, there is a way out: a construction called “deformation to the normal
cone” provides a flat degeneration from the neighborhood of Z in X to the
neighborhood of Z in its normal bundle. This is one of the beautiful and
important techniques integrated into the subject in Fulton [1984]. We first
explain the construction.

15.3.1 Deformation to the normal cone

Suppose that X is a smooth projective variety of dimension n, and Z ⊂ X
a smooth subvariety of codimension m. Let

µ : X = BlZ×{0}(X × P1)→ X × P1,

be the blowup of X × P1 along the subvariety Z × {0}, and write E ⊂ X
for the exceptional divisor. As a variety, E is the projectivization of the



580 15. Excess Intersections and Blowups

FIGURE 15.3. Deformation to the Normal Cone

normal bundle

NZ×{0}/X×P1 ∼= NZ/X ⊕OZ .

Thus E is the compactification of the total space of the normal bundle
N = NZ/X described in Section ??.

We think of X as a family of projective varieties over P1 via the compo-
sition π2 ◦ µ : X → X × P1 → P1. The fibers Xt of X over t 6= 0 are all
isomorphic to X, while the fiber X0 of X over t = 0 consists of two irre-
ducible components: the proper transform X̃ of X × {0} in X (isomorphic
to the blow-up BlZ(X)), and the exceptional divisor E ∼= P(N⊕OZ), with
the two intersecting along the “hyperplane at infinity” PN ⊂ P(N ⊕OX)
in E, which is the exceptional divisor in X̃ ∼= BlZ(X).

Now consider the subvariety Z × P1 ⊂ X × P1, and let Z be its proper
transform in X . Because Z × P1 intersects X × {0} transversely in Z ×
{0}, the intersection Z ∩ X0 consists exactly of the zero section N0 ⊂
|N | ⊂ P(N ⊕OZ) corresponding to the sub-line bundle OZ ⊂ N ⊕OZ . In
particular, all the fibers Zt of Z are isomorphic to Z, and Z goes nowhere
near the component X̃ of X0.

Also, let

ν = π1 ◦ µ : X → X

be the composition of the blow-up map µ : X → X×P1 with the projection
on the first factor. For t ∈ P1 other than 0, ν carries Xt isomorphically to
X. As for the fiber X0, on the component X̃ ⊂ X0 the map ν is the blow-
down map X̃ = BlZX → X, while on the component E the map ν is the
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composition i ◦ π of the bundle map π : E ∼= P(N ⊕ OZ) → Z with the
inclusion i : Z ↪→ X. The situation is summarized in Figure 15.3.

The point of this construction is that as t ∈ P1 approaches 0, the neigh-
borhood of Z in the fibers of the family X → P1 degenerates from the
neighborhood of Z in X to the neighborhood of Z in the total space of
its normal bundle in X. If we have a family {At}t∈P1 of cycles in X that
we’d like to intersect with Z, we can use this construction to transform the
intersection of A0 with Z into the intersection of the fiber of the proper
transform of A in X with the zero section in the compactified normal bun-
dle E ∼= P(N ⊕ OZ). We can use our knowledge of the Chow rings of
projective bundles to analyze this intersection.

The idea of the following proof is that under the deformation to the
normal cone the class i∗i∗α is deformed into the rationally equivalent class
i∗N iN∗α, where

iN : Z → P(NZ/X ⊕OZ) = E

is the section sending Z to the zero locus N0 ⊂ |N | ⊂ N := P(NZ/X⊕OZ).
By Proposition 11.19, i∗N iN∗α = α · cm(N)

Proof of Theorem 15.6. We will use the notation introduced in the con-
struction of the deformation to the normal cone, above.

We begin with the first formula of the Theorem. We may assume that α
is the class of an irreducible subvariety A ⊂ Z. Let A and Z be the proper
transforms of the subvarieties A × P1 and Z × P1. Since Z × P1 meets
X×{0} transversely, Z ∼= Z×P1 via the projection, and this isomorphism
also induces an isomorphism A ∼= A × P1. To simplify notation, we will
write At ⊂ Zt ⊂ Xt for the copies in the general fiber of X but we will
write A ⊂ Z ⊂ E instead of A0 ⊂ Z0 ⊂ E for the fibers A ⊂ Z contained
in E ⊂ X0.

By the moving lemma we can find a cycle C on X linearly equivalent to
A and generically transverse to Z, to Z, to E to Xt and to Zt. The family
A meets Xt and E generically transversely in At and A, respectively, so
the equality [C] = [A] ∈ A(X ) restricts to equalities i∗[At] = i∗[A ∩Xt] =
[C ∩Xt] ∈ A(Xt), and iN∗[A] = [C ∩ E] ∈ A(E). Since C meets Zt and Z
generically transversely as well, we have i∗i∗[At] = [C ∩Zt] and i∗N iN∗[A] =
[C ∩ E].

By generic transversality, neither Zt nor Z can be contained in C. It
follows that, after removing any components that do not dominate P1,
the cycle C in Z ∼= Z × P1 is a rational equivalence between i∗i∗[A] and
i∗N iN∗[A]. By Proposition 11.19, i∗N iN∗[A] = [A] · cm(N) as required.

Now it is easy to deduce the second formula of the Theorem. If β = [Z],
the formula follows from part (a) of Theorem 15.6 by taking the pushfor-
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ward i∗ of both sides. On the other hand, if β ∈ A(Z) is arbitrary, we can
use the push-pull formula: since

i∗(i∗α) = α · cm(N),

we can write

i∗
(
α · β · cm(N)

)
= i∗

(
β · i∗(i∗α)

)
= i∗α · i∗β.

15.4 Pullbacks

A variant of the excess intersection formula (more properly, a generalization
of it) is the following. Suppose we have a morphism f : X → Y of smooth
projective varieties, and A ⊂ Y a subvariety of codimension a. As we’ve
seen, if the preimage f−1(A) ⊂ X is generically reduced of codimension a
in X, then

[f−1(A)] = f∗([A]);

that is, the class of f−1(A) is the pullback of the class α = [A] ∈ A(X).
But what if f−1(A) has codimension strictly less than a in X?

Of course, the moving lemma tells us that in this case we can find a cycle
A′ rationally equivalent to A and such that f−1(A′) is generically reduced
of the expected dimension. But it will not surprise the reader to learn that
when f−1(A) has the wrong dimension, there is also a formula expressing
the pullback class f∗[A] in terms of the geometry of A and its preimage.

We’ll derive this formula, as usual, under the additional hypothesis that
both A and f−1(A) are smooth.

Now, our definition of the pullback f∗α in Chapter 2 was to take the
cycles X × A and Γf ⊂ X × Y , where Γf is the graph of f ; we took the
product of their classes in the Chow ring A(X × Y ) and defined f∗α to
be the pushforward of this product under the projection map X × Y → X
on the first factor. In that setting, if the cycles X × A and Γf failed to
intersect generically transversely—that is, if the preimage f−1(A) were not
generically reduced of codimension a—our prescription was to find another
cycle in X × Y rationally equivalent to X × A that did, intersect that
with Γf , and take the pushforward of that cycle. Given the content of this
chapter, however, we don’t need to: if we assume that A and f−1(A) are
smooth, we can apply the excess intersection formula to the intersection of
X ×A with Γf .

Specifically, suppose that B is any connected component of (X×A)∩Γf
(that is, via the identification Γf ∼= X, a connected component of f−1(A));
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suppose that the codimension of B in Γf ∼= X is a−m. We associate to B
the class

γB =

[
c(NX×A/X×Y )

c(NB/Γf )

]
m

=

[
c(f∗NA/Y )

c(NB/X)

]
m

∈ Am(B).

By the excess intersection formula, then, the sum of the classes γB (or
rather their images in A(X)) over all components B of f−1(A) will be the
pullback class f∗α. In other words, we have the

Proposition 15.7 (Excess intersection formula for pullbacks). Let f :
X → Y be a morphism of smooth projective varieties and A ⊂ Y a smooth
subvariety of codimension a. Assuming f−1(A) is smooth, we have

f∗[A] =
∑
B

i∗

[
c(f∗NA/Y )

c(NB/X)

]
a−codim(B⊂X)

∈ Aa(X)

where the sum is taken over all connected components B of f−1(A), and
i : B → X is the inclusion.

As with the excess intersection formula itself, we have proved this only
under the assumption that suitable deformations of A ⊂ Y exist; but the
formula holds without this hypothesis; likewise, suitably interpreted, it ap-
plies more generally to local complete intersection cycles A ⊂ Y .

A classic case of this (and one of the most commonly applied) is when
f : X → Y is a generically finite surjective map and we want to calculate its
degree. If we can find a point q ∈ Y such that f is étale over a neighborhood
of q—that is, such that the differential dfp is an isomorphism for all p ∈
f−1(q)—then all we have to do is to count the number of points in the fiber
f−1(q). More generally, if we can find a point q ∈ Y over which f is finite,
we can count the points of f−1(q) with multiplicity to arrive at the degree
of f . What we are saying now is that we can in fact express the degree of f
in terms of the local geometry of f around a fiber f−1(q), even when that
fiber is positive-dimensional: taking A = {q} in the above, we have

Corollary 15.8. Let f : X → Y be a generically finite surjective map
of smooth projective varieties. If q ∈ Y is any point such that f−1(q) is
smooth, then

deg(f) =
∑
B

sdimB(NB/X),

where the sum is over connected components of f−1(q) and s denotes the
Segre class.
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For example, suppose f : X = BlqY → Y is the blow-up of an n-
dimensional variety Y at a point q. Since the normal bundle to the excep-
tional divisor E = f−1(q) ∼= Pn−1 is OE(−1), we have

s(NE/X) =
1

1− ζ
= 1 + ζ + · · ·+ ζn−1;

we conclude the degree of f is 1.

It may seem unnecessary to use Proposition 15.8 in this case: after all,
if we were truly ignorant of the fact that a blow-up map has degree 1, we
could verify it immediately by looking at any point at all on the target other
than the one point we blew up. But in fact there are many cases in real
life where we know more about the geometry of a map in a neighborhood
of a special fiber than we do about a general one, and a formula like this
is essential. An absolutely beautiful example of this is the calculation by
Donagi and Smith (Donagi and Smith [1980]) of the degree of the Prym
map in genus 6. This is a map from the space R6 of unramified covers of
curves of genus 6 to the space A5 of abelian varieties of dimension 5 (both
of dimension 15) defined by the Prym construction; while it does not seem
possible to enumerate the points of a general fiber, Donagi and Smith are
able to calculate its degree by looking at a very special point (the Prym of
a double cover of a smooth plane quintic) over which the fiber has three
components: a point, a curve and a surface!

15.4.1 The double point formula

One particularly nice application of Proposition 15.7 is the double point
formula, a formula describing the locus where a map f : X → Y fails to be
one-to-one. The situation is this: we consider a map f : X → Y of smooth
projective varieties, with m = dimX ≤ n = dimY ; we assume that f
maps X birationally onto its image in Y . We’d expect the locus of pairs
p, q ∈ X with p 6= q but f(p) = f(q) to have dimension 2m − n (if this is
not apparent, it will be soon); we’d like to know its class if it does.

At very first glance, this may seem completely straightforward: the locus
Φ of pairs (p, q) ∈ X ×X such that f(p) = f(q) is the preimage, under the
map

f × f : X ×X → Y × Y,

of the diagonal ∆Y ⊂ Y × Y . The problem is, the preimage Φ = (f ×
f)−1(∆Y ) won’t have the expected dimension when m < n: it’s supposed
to have codimension n in X ×X, but contains the diagonal ∆X ⊂ X ×X
as a component of codimension m. We’re interested in the union of the
remaining components, that is, the closure Φ0 of the locus (f×f)−1(∆Y )∩
(X ×X \∆X).
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This is exactly the situation that Proposition 15.7 is designed to deal
with. The normal bundle of the diagonal ∆Y ⊂ Y × Y is just the tangent
bundle to ∆Y

∼= Y , and likewise for X. The class γ∆X
∈ An−m(∆X)

associated to the component ∆X of (f × f)−1(∆Y ) by Proposition 15.7 is
thus

γ∆X
=

[
f∗c(TY )

c(TX)

]
n−m

.

Assuming the union Φ0 of the remaining components of (f ×f)−1(∆Y ) are
generically reduced of the expected dimension 2m − n, then, we have the
double point formula:

[Φ0] = (f × f)∗(δY )−
[
f∗c(TY )

c(TX)

]
n−m

.

Let’s see how this plays out in a simple case: a map f from a smooth
curve C of genus g to a nodal plane curve C0 ⊂ P2 of degree d. (Here we
take X = C, Y = P2; hence m = 1 and n = 2.) Let ζ ∈ A1(P2) be the class
of a line. We have to begin with

deg(c1(TC)) = 2− 2g and deg(f∗c1(TP2)) = 3d.

We know the class δP2 of the diagonal ∆P2 ⊂ P2 × P2: it’s

δP2 = π∗1ζ
2 + π∗1ζπ

∗
2ζ + π∗2ζ

2,

and since f∗(ζ2) = 0, so that

deg
(
(f × f)∗(π∗i ζ

2)
)

= 0,

this reduces to

deg
(
(f × f)∗(δY )

)
= d2

Altogether, then, the number of pairs (p, q) ∈ C × C with p 6= q but
f(p) = f(q) is

deg(Φ0) = d2 − 3d+ 2− 2g

and the number δ of nodes of C0 is half that, that is

δ =

(
d− 1

2

)
− g.

There is an instructive alternative interpretation of this formula, based
on the two notions of the normal bundle. To begin with, since C0 ⊂ P2 is
a Cartier divisor, it has a normal bundle

N = NC0/P2 = Hom(IC0
,OC0

)∗ ∼= OC0
(d).

Sections ofN correspond to first-order deformations of C0 as a subscheme of
P2, and zeros of such sections correspond to points of intersection of C0 with
the deformed curve. (More precisely, if {Ct} is an arc in the space PN of all
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FIGURE 15.4. The deformed curve Cε meets C twice near the node p ∈ C, even
though the corresponding section of the normal bundle of the map is nonzero.

plane curves of degree d, the zeros of the section σ of N corresponding to the
restriction of this family to SpecK[t]/(t2) are the limit points limt→0(C0 ∩
Ct).) From this description, or just the fact that N ∼= OC0(d), we see that
the degree of N is d2.

On the other hand, we have the normal bundle Nf of the map f : this is
the line bundle on C defined as the cokernel of the differential df : TC →
f∗TP2 . From the exact sequence

0→ TC → f∗TP2 → Nf → 0

we conclude that the degree of Nf is

deg(Nf ) = c1(f∗TP2)− c1(TC) = 3d+ 2g − 2.

Now, sections of Nf correspond to deformations of the map f : C → P2,
and again the zeros of such a section correspond to points of intersection
of the deformed curve with C0. The difference is at the nodes of C0: if
we have a deformation of the map f corresponding to a section σ of Nf
nonzero at the points q, r ∈ C lying over a node p ∈ C0, the local picture
of the deformation is as shown in Figure (15.4). Specifically, the deformed
curve Cε intersects C0 twice in a small neighborhood of p0 even though σ
is nonzero at q and r; these two points of intersection count toward the
degree d2 = [C]2 of the normal bundle N = NC0/P2 , but not toward the
degree of Nf . The difference of the degrees is thus twice the number δ of
nodes on C0, from which we conclude that

2δ = d2 − 3d− (2g − 2)

as before.

This is in fact a general way of viewing the double point formula applied
to a map f : X → Y : for example, in case dimY = 2 dimX, so that we
expect a finite number δ of double points, this number will be one-half the
difference between the self-intersection of the image f(X) ⊂ Y , and the
top Chern class of the normal bundle of the map f .
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Finally, it’s interesting to see what happens when the map f isn’t an
immersion—for example, if f : C̃ → C0 is the normalization of a curve
C0 ⊂ P2 with a cusp p. What we see is that the scheme structure on the
preimage (f × f)−1(∆Y ) reflects the fact that f is not an immersion at
p: the scheme (f × f)−1(∆Y ) has an embedded point of multiplicity 2 at
(p, p).

A good way to see this is to realize f : C̃ → C0 as the limit of a one-
parameter family of maps ft : {C̃t → Ct} with Ct smooth ∀t, such that
for t 6= 0 the curve Ct has a node at a point pt, with limt→0 pt = p—for
example, the family of maps ft : P1 → P2 given in affine coordinates by

ft : λ 7→ (λ2 + t, λ3 + λt)

(The image curve Ct is the cubic y2 = x2(x− t).) Here, for each t 6= 0, the
scheme (ft×ft)−1(∆P2) contains the two points (

√
t,−
√
t) and (−

√
t,
√
t),

from which we see that (f × f)−1(∆P2) has an embedded point at (0, 0).

In fact, in this sort of situation it is still possible to define a “double point
scheme” in a way that both reflects the failure of f to be an embedding,
and such that its class (assuming it has the expected codimension) is given
by the formula above. We let π : Z = Bl∆X

(X × X) → X × X be the
blow-up along the diagonal, with E ⊂ Z the exceptional divisor—that is,
the inverse image of the diagonal. We now take the preimage W of ∆Y

under the composition π ◦ f , and since W contains E, we divide by the
ideal of E: that is, we take D̃f to be the scheme defined by the ideal

ID̃f = (IE , IW ).

The double point scheme Df of f is then defined to be the image of D̃f

under π. Moreover, the class of Df is, as we said, given by the double point
formula (see Fulton [1984] for a proof).

15.5 Chow ring of a blow-up

We now have all the necessary ingredients to describe the Chow ring of a
blow up—or at any rate the blow-up of a smooth projective variety along a
smooth subvariety. We start with a partial description—we’ll give a set of
generators for the Chow ring of a blow up, and say how to calculate their
products—and then illustrate this with some examples in Section 15.5.2.
Finally, in Section 15.5.3 we’ll complete our description by giving all rela-
tions among our generators.

We begin by establishing the notation we’ll use throughout the remainder
of this section. Let X be a smooth projective variety and Z ⊂ X a smooth
subvariety of codimension m; we’ll denote by i : Z ↪→ X the inclusion.
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Let π : W = BlZX → X be the blow-up of X along Z. We’ll denote
by E ⊂ W the exceptional divisor, and let j : E ↪→ W be the inclusion.
Finally, if N = NZ/X is the normal bundle of Z in X, then in terms of the
identification E ∼= PN we’ll let ζ ∈ A1(E) be as usual the first Chern class
of the line bundle OPN (1). Altogether, we have the diagram

W = BlZX �
j

E

X

π
?
� i

Z

πE
?

15.5.1 Preliminary description

We start with a couple basic facts about the geometry of the exceptional
divisor of a blow up:

Lemma 15.9. Let X,Z,W and E be as above. We have an identifiction

E = PNZ/X ,

and in terms of this we have

NE/W = OPNZ/X (−1).

In other words, the normal bundle of E in W is the tautological subbundle
on PNZ/Y .

Proof. We start by recalling the characterization of the blowup given in
Hartshorne [1977] or in Theorem IV-23 of Eisenbud and Harris [2000]: if
we let O = OX be the structure sheaf of X and I = IZ ⊂ OX the ideal
sheaf of Z, then the blowup W is Proj of the Rees algebra

A = O ⊕ I ⊕ I2 ⊕ . . . .

The preimage E of Z = V (I) ⊂ X is then

E = Proj(A⊗O/I) = Proj
(
O/I ⊕ I/I2 ⊕ I2/I3 ⊕ . . .

)
;

and if Z ⊂ X is smooth (or more generally a local complete intersection),
so that

Ik/Ik+1 = SymkN∗Z/X ,

this says that

E = Proj(SymN∗Z/X) = PNZ/X
as desired. Similarly, the conormal bundle

N∗E/W = IE/I2
E
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of E ∈W is the line bundle associated to the module

I/I2 ⊕ I2/I3 ⊕ · · · = OPNZ/X (1),

so that

N∗E/W = OPNZ/X (1)

as stated.

It’s also useful to see the statement of Lemma 15.9 on the level of vector
spaces. To do this, let p ∈ Z be a point, and let q ∈ π−1(p) be a point in
the fiber of E over p; let L ⊂ (NZ/Y )p be the one-dimensional subspace of
the normal space to Z at p corresponding to q. We claim that

(a) the differential dπq of π at q has rank exactly k + 1;

(b) the kernel of dπq is the tangent space Tq(π
−1(p)) ⊂ TqX to the fiber

of π through q, and

(c) the image of dπq is the subspace L̃ = L+ TpZ ⊂ TpY .

Given these, Lemma 15.9 follows, at least on the level of fibers: the image
dπq(TqE) of the tangent space to E is the tangent space TpZ ⊂ TpY ; and
taking the quotient by this the differential dπq induces an isomorphism
between the normal space (NE/X)q = TqX/TqE and the subspace L =

L̃/TpZ.

As for the claim, observe that since the tangent space Tq(π
−1(p)) ⊂ TqX

to the fiber of π through q is clearly in the kernel of dπq, the rank of dπq is
at most k+1; to prove the claim we need only show that its image contains
L̃. For this, simply take a smooth arc γ in Y passing through the point p,
with normal direction L to Z at p; the proper transform of the arc will then
pass through q and map isomorphically to γ, showing that L ⊂ Im(dπq).

We return to the description of the Chow ring of the blowup. With
X,Z,W and E still as above, let N = NZ/X be the normal bundle of Z in
X. In terms of the identification E ∼= PN let ζ ∈ A1(E) be the first Chern
class of the line bundle OPN (1), so that the first Chern class of the normal
bundle of E in W is −ζ. In these terms, we have the following preliminary
description of the Chow ring of W :

Proposition 15.10. The Chow ring A(W ) is generated by π∗A(X) and
j∗A(E), that is, classes pulled back from X and classes supported on E.
The rules for multiplication are:

π∗α · π∗β = π∗(αβ), for α, β ∈ A(X);

π∗α · j∗γ = j∗(γ · π∗Ei∗α), for α ∈ A(X) and γ ∈ A(E); and

j∗γ · j∗δ = −j∗(γ · δ · ζ), for γ, δ ∈ A(E)
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Proof. The first two multiplication formulas are elementary: the first simply
says that the pullback π∗ : A(X)→ A(W ) is a ring homomorphism, and the
second follows by choosing a cycle representing the class α and generically
transverse to Z. The only formula that may seem strange at first glance is
the third; and this is just Proposition 15.6, given that the normal bundle
of E in W has first Chern class c1(NE/W ) = c1(OPN (−1)) = −ζ.

As for the fact that A(W ) is generated by π∗A(X) and j∗A(E), suppose
that A ⊂ W is any irreducible subvariety not contained in E, with class
α; we claim that the difference α − π∗π∗α can be represented by a cycle
supported on E. To see this, invoke the moving lemma and let {Bt} be a
one-parameter family of cycles in X with B0 = π(A) and Bt generically
transverse to Z for t 6= 0. Let At = π∗Bt for general t, and let A0 be the
limit of the cycles At as t → 0. Since π is an isomorphism away from E
and Z, the cycle A0 agrees with A on W \E, so that the difference A−A0

is supported on E.

Given our knowledge of the Chow rings of projective bundles, Proposi-
tion 15.10 says that if we know four things—the Chow rings of X and Z,
the pullback/restriction map i∗ : A(X) → A(Z) and the Chern classes of
the normal bundle N = NZ/X—then we can calculate in the Chow ring of
W .

15.5.2 Example: the blowup of P3 along a curve

The first case of a blow-up of a positive-dimensional variety is already
interesting. For the following, let C ⊂ P3 be a smooth curve of degree d
and genus g, and let π : W → P3 be the blow-up of P3 along C. We’ll let E,
i and j be as in the general discussion above, so that we have the diagram

W = BlCP3 �j E ∼= PN

P3

π
?
� i

C

πE
?

In addition, we’ll let h ∈ A1(P3) be the class of a plane, and l = h2 ∈
A2(P3) the class of a line; we’ll denote by h̃ = π∗h ∈ A1(W ) and l̃ = π∗l ∈
A2(W ) their pullbacks to W . Finally, for D ∈ Z1(C) any divisor, we’ll
denote by FD = π∗ED ∈ Z1(E) the corresponding linear combination of
fibers of E → C, and similarly for divisor classes.

In these terms, we can describe A(W ) as follows. To begin with, A0(W )
and A3(W ) ∼= Z, generated by the fundamental class of W and the class
of a point, respectively. The group A1(W ) is also not hard to determine:
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it’s generated by the classes h̃ and e, which are independent (π∗ sends h̃ to
h and e to 0). Lastly, by Proposition 15.10, the group A2(W ) is generated
by the classes l̃ (the pullback of A2(P3)), and the classes j∗ζ and j∗FD for
D ∈ A1(C).

Proposition 15.10 also tells us how to multiply these generators. To begin
with, the intersection products on A1(W ) are given by

h̃2 = l̃, h̃ · e = j∗FH and e2 = −j∗ζ,

where H is the hyperplane divisor class on C. Note that the first two are
clear on a cycle level, if we represent the class h̃ by the preimage of a general
plane in P3; the third is less straightforward.

The pairing between A1(W ) and A2(W ) is similarly easy to write down:
we have

deg(h̃ · l) = 1; deg(h̃ · j∗fD) = 0

for any divisor class D on C, and

deg(h̃ · j∗ζ) = d.

(The first two can be seen on a cycle level; the last can be seen by observing
that π∗(j∗ζ) = [C] = dl ∈ A2(P3) and invoking push-pull.) Likewise,

deg(e · l) = 0; deg(e · j∗fD) = −degD

for any divisor class D on C, and

deg(e · j∗ζ) = −deg c1(NC/P3) = −4d− 2g + 2.

We can combine these to describe the triple products of the generators h̃
and e of A1(W ):

deg(h̃3) = 1;(15.2)

deg(h̃2e) = 0;

deg(h̃e2) = −d; and

deg(e3) = −4d− 2g + 2

Three surfaces in P3 revisited. As a first application of this description,
we want to go back and revisit the first keynote question of this chapter,
or rather its generalization to Proposition 15.3. To recall, we have three
surfaces S, T and U ⊂ P3, whose intersection consists of the disjoint union
of a smooth curve C of degree d and genus g, and a zero-dimensional scheme
Γ; we want to determine the degree of Γ.

Now, to a classical geometer, the problem of how to get rid of unwanted
components of the intersection of subvarieties of a given variety has an
immediate answer: blow up. In this case, that means blowing up the curve
C ⊂ P3, and indeed our hypotheses ensure that this works: if we let S̃,
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T̃ and Ũ be the proper transforms of the three surfaces we started with,
then the fact that the intersection S ∩ T ∩ U is reduced along C says that
the proper transforms S̃, T̃ and Ũ have no intersection along E. In other
words,

S̃ ∩ T̃ ∩ Ũ = π−1(Γ)

and in particular,

deg(Γ) = deg
(
[S̃] · [T̃ ] · [Ũ ]

)
.

Moreover, in terms of the generators of A(W ) above, we have

[S̃] = sh̃− e; [T̃ ] = th̃− e and [Ũ ] = uh̃− e

and so our answer is

deg(Γ) = deg
(
(sh̃− e)(th̃− e)(uh̃− e)

)
∈ A3(X)→ Z.

By our calculation (15.2) of triple products in A(W ), this yields

deg(Γ) = stu− d(s+ t+ u) + 4d+ 2g − 2

as before.

Tangencies along a curve. We can also use the setup here to answer
keynote question (d) of this chapter: if C ⊂ P3 is a smooth curve of degree
d and genus g, and S, T ⊂ P3 smooth surfaces of degrees s and t containing
C, at how many points of C are S and T tangent?

In fact, what we’re asking here is simply the intersection of the proper
transforms S̃ and T̃ with the exceptional divisor; and the intersection num-
ber is given by

deg
(
[S̃] · [T̃ ] · [E]

)
= deg

(
(sh̃− e)(th̃− e)e

)
= −(s+ t) deg(h̃e2) + deg(e3)

= (s+ t)d− 4d− 2g + 2.

Thus, for example, two planes meeting along a line are nowhere tangent;
but two quadrics Q1, Q2 containing a twisted cubic curve C will be tangent
twice along C—as we can see directly, since the intersection Q1 ∩ Q2 will
consist of the union of C and a line meeting C twice.

15.5.3 Complete description of the Chow ring of a blowup

At the outset of this section, we gave a set of generators for the Chow ring
of a blowup, and showed how to calculate their products. To complete our
description of the Chow ring, we’ll state the following:
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Theorem 15.11. Let i : Z → X be the inclusion of a smooth subvariety of
codimension m in a smooth variety X, π : W → X the blowup of X along
Z and E the exceptional divisor, with inclusion j : E → W . If Q is the
universal quotient bundle on E ∼= PNZ/X , there is a split exact sequence of
additive groups, preserving the grading by dimension:

0 - A(Z)

i∗
h


- A(X)⊕A(E)

(
π∗ j∗

)
- A(W ) - 0

where h : A(Z)→ A(E) is defined by h(α) = −cm−1(Q)π∗E(α).

Proof. Perhaps the most mysterious element in this statement at first
glance is the presence of the factor cm−1(Q) in the definition of h. In
fact, this comes from the excess intersection formula for pullbacks, that
is, Proposition 15.7: Q should be regarded as the the pull-back of the nor-
mal bundle of Z in X modulo the normal bundle OPE(−1) of E in W , and
m− 1 is the difference codimX Z − codimW E. Proposition 15.7 then tells
us exactly that the two maps in the exact sequence compose to zero. As
for the surjectivity of the right-hand map, this was part of our preliminary
description of A(W ) in Proposition 15.10.

Finally, to prove that the left-hand map is a split monomorphism, it
is enough to prove that h is a split monomorphism. We will show that
πE ◦h = 1 on A(Z). To this end, we compute the Chern class of Q in terms
of ζ and the Chern class of N :

c(Q) =
c(N)

1− ζ
; so cm−1(Q) = ζm−1 + c1(N)ζm−2 + · · ·+ cm−1(N),

where we are regarding the ci(N) as elements of A(E) via the ring homo-
morphism π∗E . Since cm−1(Q) is monic in ζ, Lemma 11.10 shows that

πE∗(h(α)) = α

as required.

15.6 The excess intersection formula in general

In Sections 15.1 and 15.2, we tried to indicate why we might hope that an
excess intersection formula exists, and why it should have the particular
form that it does. To do this, we made unnecessarily restrictive hypotheses,
such as the smoothness of the cycles intersected and their deformability. In
fact, suitably generalized it holds far more broadly; and while we are not
in a position to prove it in this generality we should at least discuss the
correct statement of the theorem.
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To begin, recall the situation of Proposition 15.5: we have a smooth pro-
jective variety X and smooth subvarieties S1, . . . , Sl ⊂ X of codimensions
ki; we let k =

∑
ki be the expected codimension of their intersection. We

suppose that the intersection ∩Sα is a disjoint union of smooth varieties Cα
of codimension k −mα; assuming the Sα admit deformations intersecting
transversely, we have

(15.3)
∏
i

[Si] =
∑
α

(iα)∗

([∏
i c(NSi/X |Cα)

c(NCα/X)

]
mα

)
.

To start with, one remarkable fact we can state immediately is that
this formula holds without the assumption that the cycles Si admit any
deformations in X.

Even more importantly, in the context of Proposition (15.5) we do not
need to assume that any of X, the Si or their intersection ∩Si are smooth.
This may seem a strange assertion for four reasons:

(a) The statement of Proposition (15.5) involves Chern classes of normal
bundles, which are not locally free for arbitrary subvarieties S ⊂ X.

(b) Even if the normal bundles of the subvarieties S ⊂ X are locally free,
we haven’t defined Chern classes for bundles on singular varieties.

(c) The products in the right hand side of this expression take place in the
Chow groups of the components Cα of the intersection; and as we’ve
pointed out (e.g., in Example 5.19), there is no intersection pairing on
the Chow groups of arbitrary varieties.

(d) The left hand side of this formula is a product of Chow classes in
A(X)—and, as we just pointed out, this is not defined when X is
singular.

Thus, to extend Proposition (15.5) to the more general setting, we need
first to say what we mean by the terms in the formula. We’ll consider each
issue in turn.

The first issue is resolved in part if we make the milder restriction that
the subvarieties Si being intersected are locally complete intersection sub-
varieties of X (so that, for example, if X is smooth they can be arbitrary
hypersurfaces). In this setting, we can define

NS/X = HomOS (IS/I2
S ,OS) = HomOX (IS ,OS),

a vector bundle of rank equal to the codimension of Si in X.

As for the second objection, this is simply a defect of our chosen def-
inition of Chern classes: in fact, it’s possible to extend the definition to
vector bundles on arbitrary schemes, without losing any of their essential
properties. For example, we could take the formula of Theorem 11.9 as a
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definition: that is, we prove first that if E is a vector bundle of rank r + 1
over an arbitrary scheme X and PE = Proj SymE∗ its associated projec-
tive bundle, then we have a well-defined line bundle OPE(1) on PE such
that ζ = c1(OPE(1)) restricts to the hyperplane class on each fiber, and we
can show that

A(PE) ∼=
r⊕
i=0

ζiA(X)

just as in the smooth case (see Fulton [1984] Chapter 3). We can then
use this result to define the Chern classes of E as the coefficients in the
expression of −ζr+1 as a linear combination of the classes 1, ζ, . . . , ζr.

Finally, what about the issue that on a singular variety, the Chow groups
do not form a ring? The answer here is that we are not multiplying arbitrary
classes, but only the Chern classes of vector bundles, and it’s possible to
define the intersection of the Chern classes of a bundle E on a scheme X
with the class of an arbitrary subvariety A ⊂ X simply as the Chern classes
of the restriction E|A.

Using these ideas we can make sense of formula (15.3) whenever the Si
and Cα are locally complete intersections. But even when the Si satisfy
this, there is usually no reason for the components Cα of their intersection
to do so, so it is worthwhile weakening the hypothesis on C. To do so,
we single out one of the Si, say S = Sl, and for each of the components
C = Cα of the intersection consider the fraction c(NS/X |C)/c(NC/X). If we
assume for a moment that S and C are both smooth, then from the exact
sequence

0 - IS/X - IC/X - IC/S - 0

we get an exact sequence of vector bundles on C,

0 - NC/S - NC/X - NS/X |C - 0,

whence
c(NS/X |C)

c(NC/X)
= 1/c(NC/S),

and we recall that this latter is the Segre class s(NC/S). Thus we could
modify formula (15.3) to read

∏
i

[Si] =
∑
α

(iα)∗

[ l−1∏
i=1

c(NSi/X |Cα)s(NCα,Sl)

]
mα

 .

This might be a pointless exercise in relabeling, but for one crucial fact:
the definition of the Segre class s(NC/S) of the normal bundle of C in S
can be generalized to any pair of schemes C ⊂ S.

The case where A is a projective variety will suffice for our purposes:
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Definition 15.12. Let C ⊂ S be a closed subscheme of a projective variety
S. Let W = BlCS be the blowup of S along C, and let E ⊂ W be the
exceptional divisor, so that

E = Proj
⊕
i≥0

IiC/S/I
i+1
C/S ,

with tautological line bundle OE(1). Let π : E → Z be the projection. The
Segre class s(C, S) of C in S is defined to be

s(C, S) =
∑
j

π∗
(
c1(OE(1))j

)
∈ A(C);

equivalently, if we denote by e the class of E in A(W ),

s(C, S) =
∑
j

π∗
(
(−1)j(e|E)j

)
∈ A(C).

The point is, even if C, S and E are singular, the powers of the first Chern
class of a line bundle on E are well-defined, as are their push-forwards.
(Note, however, that we can’t define the Chern class of the normal bundle
NC/S as the inverse of s(C, S): that would require taking products of the
graded pieces of s(C, S), and unless C is smooth we have no assurance that
we can do so.) Observe that in case C ⊂ S is locally a complete intersection,
the Segre class s(C, S) is indeed the reciprocal of the Chern class of the
normal bundle NC/S .

Segre classes of subschemes satisfy many of the relations that Chern
classes of normal bundles do, at least in situations where those relations
are well-defined. For example, if we have inclusions of schemes C ⊂ S ⊂ X
and S ⊂ X is locally a complete intersection, we have

s(C, S) = s(C,X)c(NS/X |C),

as would follow from Whitney’s formula in case C ⊂ S were locally a
complete intersection as well.

We have now arrived at something close to the form of the excess in-
tersection formula given in Fulton and MacPherson [1977] and Fulton and
MacPherson [1978]:

Theorem 15.13 (Excess intersection theorem—general version). Suppose
S1, . . . Sl−1 are locally complete intersection subvarieties of a projective va-
riety X, and let Sl be an arbitrary subvariety. Suppose that ∩li=1Si = ∪αCα
is a disjoint union of subschemes Cα. Write ια : Cα → X for the inclu-
sion morphism. If d is the “expected dimension” of the intersection (that

is, d = dimX −
∑l
i=1 codimSi), then

l∏
i=1

[Si] =
∑
α

(ια)∗

({(l−1∏
i=1

c(NSi/X |Cα)
)
s(Cα, Sl)

}
d

)
∈ Am(X),
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where for any Chow class γ ∈ A(X), we denote by {γ}d the part of γ
of dimension d. If, moreover, the subvariety Sl ⊂ X is locally a complete
intersection as well, we can write this as

l∏
i=1

[Si] =
∑
α

(ια)∗

({( l∏
i=1

c(NSi/X |Cα)
)
s(Cα, X)

}
d

)
∈ Am(X),

Note that the formula in Theorem 15.13 gives what is called a refined
intersection: that is, it expresses the intersection class

∏
[Si] as the push-

forward of a class defined on the actual intersection C = ∩Si. This is a
substantial improvement even when X is smooth and the dimension of C
is the expected dimension of the intersection.

Now, at the outset of this discussion we mentioned four problems with
the naive generalization of Theorem 15.5 to the intersection of arbitrary
subvarieties. We have addressed the first three, but not the fourth: if X is
singular, the right hand side of the formula in Theorem 15.13 is not even
defined a priori.

This is, as they say, not a bug but a feature! In fact, this idea can be used
to define intersection products with locally complete intersection cycles on
an arbitrary variety, and thence of any cycles on a smooth variety, without
the Moving Lemma. This is the approach taken in Fulton [1984], Chapters
6 and 8.

To understand how we can go from intersections with locally complete in-
tersection cycles on an arbitrary variety to intersections of arbitrary cycles
on a smooth variety X, note first that the intersection of subvarieties S, T
in X is the same as the intersection of the direct product S × T in X ×X
with the diagonal X ∼= ∆ ⊂ X ×X. Next observe that when X is smooth,
∆ is locally a complete intersection: for if dimX = n, then the comple-
tion of the local ring of X at a point p is isomorphic to K[[x1, . . . , xn]],
so the completion of the local ring of X × X at (p, p) is isomorphic to
K[[x1, . . . , xn, y1, . . . yn]] and the ideal of ∆ at this point is generated by
x1 − y1, . . . , xn − yn, a regular sequence. Putting this together, we get the
promised refined intersections:

Corollary 15.14. Suppose that X is a smooth projective variety, and S, T
are arbitrary subvarieties. Set d = dimX − codimS − codimT . The inter-
section product [S][T ] is the pushforward into Ad(X) of the class{

c(N∆/X×X |S∩T )s(S ∩ T, S × T )
}
m
∈ Ad(S ∩ T ).

Corollary 15.14 is essentially the definition of intersection products in
Fulton [1984].
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15.6.1 Application: the five conic problem revisited

As an application of the general form of excess intersection formula, we
revisit the five-conic problem of Chapter 10 and see another way to solve
it. (This was first done in Fulton and MacPherson [1978]; a short version
appears in Fulton [1984], p. 158.) Other applications of Theorem 15.13
appear in Exercises 15.32 and 15.38.

To recall briefly the circumstances, the problem asks how many conics
C ⊂ P2 are tangent to each of five given conics C1, . . . , C5. To answer it, we
may observe first that for any conic Ci, the set of conics tangent to it is a
sextic hypersurface Zi ⊂ P5 in the space P5 parametrizing all plane conics;
by Bezout, then, a naive first guess at the answer would be 65 = 7, 776.

This fails, however, because the hypersurfaces Z1, . . . , Z5 ⊂ P5 do not
intersect properly; rather, they all contain the Veronese surface S ⊂ P5

corresponding to double lines. In other words, if we let T be the component
of the (scheme-theoretic) intersection ∩Zi supported on S, we can write

5⋂
i=1

Zi = T ∪ Γ,

and the problem is to determine the cardinality of Γ. In Chapter 10, we
did this by replacing P5 by the space of complete conics. Now, however, we
might view this as an opportunity to apply the excess intersection formula,
and that’s what we’ll do here.

Of course, to apply Theorem 15.13 we need to know something about
the local structure of the varieties we’re intersecting. Here’s what we need
in this case:

(a) The Chern class of the restriction to S of the normal bundle of Zi ⊂ P5.
This is the easiest part: let ζ ∈ A1(S) be the hyperplane class in
S ∼= P2, and let η ∈ A1(P5) be the hyperplane class on P5; note that
the restriction of η to S is 2ζ. Since the Zi are sextic hypersurfaces,
NZi/P5 = OZi(6) and so

c(NZi/P5 |S) = 1 + 12ζ.

(b) The multiplicity of Zi along S. By Riemann-Hurwitz, a general pencil
of plane conics including a double line 2L will have 4 other elements
tangent to Ci, so that multS(Zi) = 2. (See Exercise 15.37.)

(c) The Chern classes of the normal bundle of S ⊂ P5. In terms of the
hyperplane classes η ∈ A1(P5) and ζ ∈ A1(S), we have

c(TS) = (1 + ζ)3 = 1 + 3ζ + 3ζ2,
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and

c(TP5 |S) = (1 + η)6|S
= 1 + 12ζ + 60ζ2.

Applying the Whitney formula to the sequence

0→ TS → TP5 |S → NS/P5 → 0,

we conclude that

c(NS/P5) =
1 + 12ζ + 60ζ2

1 + 3ζ + 3ζ2

= 1 + 9ζ + 30ζ2

and inverting this we have

s(NS/P5) = 1− 9ζ + 51ζ2.

(d) The scheme-theoretic intersection of the hypersurfaces Zi. This is easy
to state: the component of ∩Zi supported on S is exactly the scheme
T = V (I2

S/P5) defined by the square of the ideal IS/P5 . We won’t give

a proof here; given part (b) above, the statement is equivalent to the
statement that the proper transforms of the Zi in the blowup of P5

along S have no common intersection in the exceptional divisor, which
is proved in Chapter 6 of Griffiths and Harris [1978]. Alternatively,
via the isomorphism of the blowup with the space of complete conics
it’s tantamount to the statement, proved in Section ??, that every
complete conic tangent to each of C1, . . . , C5 is smooth.

Given part (d), the blowup of P5 along T is the same as the blowup along
S, but with the exceptional divisor doubled. Applying Definition 15.12, the
kth graded piece of the Segre class s(T,P5) is 2k+3 times the corresponding
graded piece of s(S,P5), so that

s(T,P5) = 8− 144ζ + 1632ζ2.

We have then that the contribution of S to the degree of the intersection
∩Zi is

deg
(∏

c(NZi/P5 |S) · s(T,P5)
)

= deg
(
(1 + 12ζ)5(8− 144ζ + 1632ζ2)

)
= 1632− 60 · 144 + 1440 · 8)

= 4512,

and the degree of Γ is correspondingly 7776− 4512 = 3264.
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15.7 Exercises

Exercise 15.15. Show that the formula of Proposition 15.3 applies more
generally if we replace P3 by an arbitrary smooth projective threefold X—
that is, under the hypotheses of the Proposition, we have

deg(Γ) = deg
(
[S] · [T ] · [U ]

)
− deg(NS/X |L)− deg(NT/X |L)

−deg(NU/X |L) + deg(NL/X).

Exercise 15.16. (a) Show that a smooth quintic curve C ⊂ P3 of genus
2 is the scheme-theoretic intersection of three surfaces in P3; and

(b) Show that a smooth rational quintic curve C ⊂ P3 is the scheme-
theoretic intersection of three surfaces in P3 if and only if it lies on a
quadric surface; conclude that some rational quintics are expressible as
such intersections and some are not.

Exercise 15.17. Let S, T , U and V ⊂ P4 be smooth hypersurfaces of
degrees d, e, f and g respectively, and suppose that the intersection

S ∩ T ∩ U ∩ V = C ∪ Γ

with C a smooth curve of degree a and genus g, and Γ a zero-dimensional
scheme disjoint from C. What is the degree of Γ?

Exercise 15.18. Let S, T , U , V and W ⊂ P5 be smooth hypersurfaces of
degrees d, and suppose that the intersection

S ∩ T ∩ U ∩ V ∩W = Λ ∪ Γ

with Λ a 2-plane and Γ a zero-dimensional scheme disjoint from C. What
is the degree of Γ?

Exercise 15.19. Check the answer to keynote question (b) given in Sec-
tion 15.1.4 in the following cases:

(a) S is a smooth surface of degree d in a hyperplane P3 ⊂ P4 containing
a line L, and T is a general 2-plane in P4 containing L; and

(b) S and T are smooth quadric surfaces.

Exercise 15.20. Let S = S(1, 2) ⊂ P4 be a cubic scroll, as in Sec-
tion 11.1.1. Show directly that a general 2-plane T ⊂ P4 containing a
line of the ruling of S meets S in one more point, but a general 2-plane
containing the directrix S(1) of S (that is, the line of S transverse to the
ruling) does not meet S anywhere else.

Exercise 15.21. Derive the formula of Proposition 15.5, by an argument
analogous to that given for Proposition 15.4

Exercise 15.22. Verify the formula of Proposition 15.5 by using it to
derive again the answer to the first keynote question of this chapter.
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Exercise 15.23. Let P8 be the space of 3× 3 matrices, and P5 ⊂ P8 the
subspace of symmetric matrices. Show that the Veronese surface in P5 is
the intersection of P5 with the Segre variety P2 × P2 ⊂ P8, and verify the
excess intersection formula in this case.

Exercise 15.24. Let X ⊂ P5 be a smooth hypersurface of degree d, and
Λ ∼= P2 ⊂ X a 2-plane contained in X. What is the degree of the self-
intersection [Λ]2 ∈ A4(X) of Λ in X? Check this in case d = 1 and 2.

Exercise 15.25. Let X = 2C ⊂ P2 be a double conic; that is, the sub-
scheme defined by the square of a quadratic polynomial whose zero locus is
a smooth conic curve C ⊂ P2. Show that the dualizing sheaf ωX ∼= OX(1),
and applying Riemann-Roch deduce that X is not hyperelliptic; that is,
it does not admit a degree 2 map to P1. Conclude that, as asserted in
Section 15.3, no analytic neighborhood of C in P2 is biholomorphic to an
anaytic neightborhood of the zero section in the normal bundle NC/P2 .
(See Bayer and Eisenbud [1995] for more about this.)

In Exercises (15.26)-(15.28), we adopt the notation of Section 15.5.2; in
particular, we let C ⊂ P3 be a smooth curve of degree d and genus g,
W = BlCP3 the blowup of P3 along C and E ⊂W the exceptional divisor.

Exercise 15.26. Let q ∈ P3 by any point not on the tangential surface of
C, and let Γ ⊂ E ⊂ W be the curve of intersections with E of the proper
transforms of lines pq for p ∈ C. Find the class of Γ in A(W ).

Exercise 15.27. Let B ⊂ P3 be another curve, of degree m, and suppose
that B meets C in the points of a divisor D. Show that the class of the
proper transform B̃ ⊂W of B is

[B̃] = ml − FD.

Exercise 15.28. Let S ⊂ P3 be a smooth surface of degree e containing
C, S̃ ⊂W its proper transform and ΣS = S̃ ∩E the curve on E consisting
of normal vectors to C contained in the tangent space to S. Find the class
[ΣS ] ∈ A(W ) of ΣS in the blow-up

(a) by applying Proposition ?? of Chapter 11; and

(b) by multiplying the class [ΣS ] by the class e = [E] in A(W ).

Exercise 15.29. In Section 11.4.2 of Chapter 11, we observed that the
blow-up X = BlPkP

n of Pn along a k-plane was a Pk+1-bundle over
Pn−k−1, and used this to describe the Chow ring ofX. We now have another
description of the Chow ring of X. Compare the two, and in particular

(a) Express the generators of A(X) given in this chapter in terms of the
generators given in Section 11.4.2; and thus

(b) Verify the relations among the generators given here.
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Exercise 15.30. Redo Exercise 15.17 by the method of Section 15.5.2, that
is, by blowing up the positive-dimensional component of the intersection.

Exercise 15.31. To generalize the solution to keynote question (c) given in
Section 15.2.1, let Λ ⊂ Pn be a k-plane, and suppose that Q1, . . . , Qn ⊂ Pn
are general quadrics containing Λ. If we write

n⋂
i=1

Qi = Λ ∪ Z,

what is the degree of Z?

Exercise 15.32. Consider a simpler version of the five-conic problem:
given 5 general lines L1, . . . , L5 ⊂ P2 in the plane, how many conics are
tangent to all 5? Answer this by applying the excess intersection formula
( 15.5) to the hypersurfaces Σi ⊂ P5 of conics tangent to the lines Li, whose
intersection consists of the union of the Veronese surface S and the locus
of actual solutions. (As we saw in Chapter 10, the answer is known to be
1—by passing to the dual plane, the problem translates into the question,
how many plane conics pass thought 5 general points?—but the point is to
see another application of formula (15.5.)

Exercise 15.33. Let Q ⊂ P3 be a quadric cone with vertex p, and X =
BlpQ ∼= F2 its blow-up at p. Let π : Q → P2 be a general projection, and
f : X → P2 the composition of the blow-up map with the projection. Find
the degree of f by looking at the fiber over q = π(p).

Exercise 15.34 (degree of the secant variety to a surface). Let X ⊂ Pn
be a smooth surface of degree d, with n ≥ 5; let ζ = c1(OX(1)) ∈ A1(X)
be the hyperplane class and ω and χ the first and second Chern classes of
the cotangent bundle T ∗X .

(a) Show that if the dimension of the secant variety S2(X) of X is 5,
as expected, its degree is the number of double points of a general
projection π : X → P4; and

(b) Use the double point formula to conclude that

degS2(X) =
1

2

(
d2 − 10d− 5ωζ − ω2 + χ

)
.

Exercise 15.35. Let f : X → Y be a map of smooth projective varieties,
with dimY = 2 dimX. Show that f is an embedding if and only if the
double point scheme Df = ∅.

Exercise 15.36. Prove that if Z ⊂ A is a locally complete intersection
subscheme inside the projective variety A, then s(Z,A) = s(NZ/A).
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Exercise 15.37. Let PN be the space of plane curves of degree d, and
X ⊂ PN the locus of d-fold lines dL. Let C ⊂ P2 be a smooth curve of
degree m, and let Σ ⊂ PN be the locus of curves tangent to C (that is,
intersecting C in fewer than dm distinct points).

(a) Let D ⊂ PN be a general line. Show that every curve D ∈ D is either
transverse to C or meets C in exactly dm−1 points, and use Riemann-
Hurwitz to conclude that

deg(Σ) = 2md+m(m− 3).

(b) Now suppose that D ⊂ PN is a general line meeting the locus X of
d-fold lines. Show that D meets Σ in 2md+m(m−3)−m(d−1) other
points, and conclude that

multX(Σ) = m(d− 1).

Exercise 15.38. Recall that a sphere Q ⊂ P3 is a quadric containing the
“circle at infinity” W = X2 + Y 2 + Z2 = 0. Let Q1, . . . , Q4 ⊂ P3 be four
general spheres, and let Si ⊂ G(1, 3) be the locus of lines tangent to Si.
Using Theorem 15.13 applied to the intersection ∩Si, find the number of
lines tangent to all 4.
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16

The Grothendieck-Riemann-Roch
Theorem

Convention: To simplify notation in this chapter we often identify a class
in A0(X) with its degree when X is a projective algebraic variety.

16.1 The Riemann-Roch formula for curves and
surfaces

16.1.1 Nineteenth century Riemann-Roch

Riemann-Roch formulas relate the dimension of the space of solutions of
an analytic or algebraic problem—typically realized as the space of global
sections of a coherent sheaf on a compact analytic or projective algebraic
variety—to topological invariants such as the topological Chern classes of
the sheaf. Our goal in this chapter is to state, explain and apply a version
of this theorem proved by Grothendieck. To clarify its context, we start this
chapter with a review of some classical versions. Although these were first
proven in an analytic context, we will stick with the category of projective
algebraic varieties.

The original Riemann-Roch formula deals with a smooth projective curve
C. It says in particular that the dimension h0(KC) of the space of regular
1-forms on C, an algebraic invariant, is equal to the topological genus
g(C) = 1 − χtop(C)/2. To express this in modern language and suggest
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the generalizations to come, we invoke Serre duality, which says that

h0(KC) = h1(OC),

and the Hopf index theorem for the topological Euler characteristic, which
says that χtop(C) = c1(TC). In these terms, we can state the Riemann-Roch
Theorem as the formula

χ(OC) := h0(OC)− h1(OC) =
c1(TC)

2
.

Once we know this, the usual Riemann-Roch formula for line bundles on a
curve follows: if L = OC(D) for some effective divisor D of degree c1(L) =
d, then from the sequence

0→ OC → L→ L|D → 0

we see that

χ(L) = c1(L) +
c1(TC)

2
= d+ 1− g.

(See Section 17.1.1 for a fuller discussion of this theorem and its conse-
quences.)

It’s not hard to go from this to the version for an arbitrary sheaf F on
C,

χ(F) = c1(F) + rank(F)
c1(TC)

2
:

any sheaf F of positive rank admits a sub-line-bundle L ⊂ F , and from the
relation

χ(F) = χ(L) + χ(F/L)

and an induction on rank(F), we are reduced to the case of rank 1. Here,
the cokernel F/L is supported on a finite set, and the relation follows.

To state a Riemann-Roch Theorem for a smooth projective surface S,
we start again from a special case,

χ(OS) =
c1(TS)2 + c2(TS)

12
,

usually referred to as Noether’s formula. From this, the prior Riemann-
Roch for curves, and sequences of the form

0→ L→ L(D)→ L(D)|D → 0

for smooth effective divisors D ⊂ S, we can deduce the version for line
bundles:

χ(L) =
c1(L)2 + c1(L)c1(TC)

2
+
c1(TS)2 + c2(TS)

12
.
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For example, from the sequence

0→ OS → OS(D)→ OS(D)|D → 0

we have

χ(OS(D)) = χ(OS) + χ(OS(D)|D)

=
c1(TS)2 + c2(TS)

12
+ χ(OS(D)|D).

To evaluate the last term, observe that OS(D)|D is a line bundle of degree
D ·D on the curve D, which by adjunction has genus

g(D) =
D ·D +D ·KS

2
+ 1;

by the Riemann-Roch for curves, then, we have

χ(OS(D)|D) = D ·D − D ·D +D ·KS

2

=
D ·D +D · c1(TS)

2

and the Riemann-Roch formula above follows for L = OS(D).

More generally if F is any coherent sheaf on S then

χ(F) =
c1(F)2 − 2c2(F) + c1(F)c1(TC)

2
+ rank(F)

c1(TS)2 + c2(TS)

12
.

An important step in the proof is to show that both sides of the formula
are additive on exact sequences. For the left hand side, this follows from
the long exact sequence in cohomology, and for the right hand side it comes
from the properties of Chern characters and Todd classes, which we’ll de-
scribe next.

Using this additivity, and resolving a sheaf by vector bundles, we re-
duce the proof to the case when F is a vector bundle. By the push-pull
formula for direct images from Proposition 6.8, the Euler characteristic
doesn’t change when we pull a sheaf back to a projective bundle, so (as
with the “splitting principle” we used to compute Chern classes) we can
use additivity again to reduce to the case of a line bundle.

16.2 The Chern character and the Todd class

In order to generalize the various Riemann-Roch theorems stated so far to
higher dimensions, we need to introduce two further invariants of vector
bundles/coherent sheaves on a smooth projective variety X: the Chern
character and the Todd class. These, it should be said, do not represent
new invariants of a vector bundle; rather, they’re ways of repackaging the
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data in the Chern class that are much more convenient for some purposes.
The first of these in particular will allow us to relate the Chow ring to the
Grothendieck K-ring of vector bundles on X, as described in section 16.2.3
below.

16.2.1 Chern character

To define the Chern character, suppose E is a vector bundle/locally free
sheaf of rank n on a smooth variety X, and formally factor its Chern class:

c(E) =

n∏
i=1

(1 + αi)

We define the Chern character to be

Ch(E) =

n∑
i=1

eαi ∈ A(X)⊗Q.

In other words, the kth graded piece
∑ αki

k! of the power series
∑
eαi is

symmetric in the variables α1, . . . , αn, and hence expressible uniquely as
a polynomial in the elementary symmetric polynomials in the αi; we take
the kth graded piece Chk(E) of the Chern character to be this polynomial,
applied to the Chern classes of E. We have immediately

Ch0(E) = rank(E)[X] and Ch1(E) = c1(E).

Further, it is not hard to compute that

Ch2(E) =
1

2

∑
α2
i

=
1

2

(
(
∑

αi)
2 − 2

∑
αiαj

)
=
c1(E)2 − 2c2(E)

2
.

Since the Chern roots of E∗ are the negatives of the Chern roots of E the
Chern character of E∗ satisfies a similar formula to the Chern class,

Chi(E
∗) = (−1)i Chi(E).

Because of the denominators in the power series for eα, the Chern char-
acter necessarily takes values in the tensor product A(X)⊗Q rather than
in A(X). In fact, since the power sums

∑
αki generate the ring of sym-

metric polynomials over Q, the Chern character encodes exactly the same
information as the rational Chern class—that is, the image c(E)Q of c(E)
under the map A(X)→ A(X)⊗Q.

Suppose that

0→ F → G→ H → 0
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is an exact sequence of sheaves. If we formally factor the Chern classes of
F and H:

c(F ) =

m∏
i=1

(1 + αi) and c(H) =

n∏
j=1

(1 + βj)

then the Chern class of G will be given by

c(G) =

m∏
i=1

(1 + αi)

n∏
j=1

(1 + βj).

Thus

Ch(G) =

m∑
i=1

eαi +

n∑
j=1

eβj .

It follows that the Chern characters satisfy the Whitney formula

Ch(G) = Ch(F ) + Ch(H)

(now the name is unambiguous!)

Unlike Chern classes, Chern characters behave in a simple way with
respect to tensor products of vector bundles: if the Chern classes of the
vector bundles F andH are formally factored as above then, by the splitting
principle,

c(F ⊗H) =

m∏
i=1

n∏
j=1

(1 + αi + βj).

Thus

Ch(F ⊗H) =
∑
i,j

eαi+βj ;

that is, the Chern character satisfies the identity

Ch(F ⊗H) = Ch(F ) Ch(H).

Since the Chern character is equivalent data to the rational Chern class,
this yields a formula for the rational Chern class of a tensor product. The
result is quite convenient for machine computation, but the conversion of
polynomials in the power sums to polynomials in the elementary symmetric
polynomials is complicated enough that it is not so useful for computation
by hand; see Exercise 16.8 for an example.

16.2.2 Chern classes and Chern characters of coherent
sheaves

Let X be a smooth projective variety, and F a coherent sheaf of X. By the
Hilbert Syzygy Theorem, we can resolve F by locally free sheaves: that is,
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we can find an exact sequence

0→ En → En−1 → · · · → E1 → E0 → F → 0

in which all the sheaves Ei are locally free, that is, sheaves of sections of
vector bundles Ei. We can in turn use this to extend the definitions of
Chern classes and Chern characters to all coherent sheaves.

If F were locally free, by the Whitney formula its Chern class would be
the alternating product of the Chern classes of the other bundles Ei in the
sequence, and we adopt this as our definition in general: we set

c(F) =

n∏
i=0

c(Ei)
(−1)i .

Similarly, we can appeal to the Whitney formula and define the Chern
character

Ch(F) =

n∑
i=0

(−1)i Ch(Ei).

We will suggest a proof that this is well-defined in Exercise 16.9.

Caution: If Y ⊂ X is a subvariety of codimension c of a smooth variety,
and we view its structure sheaf OY as a sheaf on X, then the Chern class
c(OY ) ∈ A(X) is in general not equal to 1 plus the cycle class [Y ]. In general
the Chern class of OY may have components of codimensions greater than
c, and even the component in Ac differs from [Y ] by a factor of (−1)c−1c!.
This is in fact a consequence of the Grothendieck Riemann-Roch Theorem
below; for examples, see Exercises 16.10-16.11.

16.2.3 K-theory

Let X be any variety. The Grothendieck ring of finite rank vector bundles
on X, written K0(X), is the group of formal finite linear combinations of
vector bundles of finite rank on X, modulo the relations E − F + G = 0
whenever there exists an exact sequence

0→ E → F → G→ 0.

The product in this ring is defined by setting the product of the classes of
bundles E and F equal to the class of the tensor product bundle E⊗F , and
extending by linearity. This operation preserves the equivalence relation
because tensoring with a vector bundle preserves exact sequences.

We define the Grothendieck group of coherent sheaves on X, written
K0(X), by taking formal combinations of coherent sheaves in place of vec-
tor bundles. Tensor product with a vector bundle preserves short exact
sequences, so the group K0(X) is a module over the ring K0(X). Since a



16.2 The Chern character and the Todd class 611

vector bundle of finite rank may be regarded as a coherent sheaf, there is
a natural map K0(X) → K0(X). If X is smooth and projective then any
coherent sheaf has a finite resolution by vector bundles, so this map is an
isomorphism.

In these terms, we can express the Whitney formula and the analogous
relation for the Chern character of a tensor product by saying that the
Chern character is a ring homomorphism from the K-ring K0(X) to the
rational Chow ring A(X). In fact, we can say much more:

Theorem 16.1 (Grothendieck). If X is a smooth projective variety, then
the map sending a bundle E to Ch(E), is an isomorphism of rings from
Q ⊗K0(X) to Q ⊗A(X).

See Fulton [1984] Theorem 15.2.16b.

Strikingly, there is an analogous statement in the category of differen-
tiable manifolds: If we define the topological K-group of a manifold M to
be the group of formal linear combinations of C∞ vector bundles, with ring
structure given as above by tensor products, then the Chern character gives
an isomorphism

Q ⊗ gr K(M) ∼= H2∗(X,Q)

where the term on the right is the ring of even-degree rational cohomology
classes (see Griffiths [1974]).

16.2.4 The Todd class

To define the Todd class, we proceed much as in the definition of the Chern
character: suppose E is a vector bundle/locally free sheaf of rank n on a
smooth variety X, and formally factor its Chern class:

c(E) =

n∏
i=1

(1 + αi).

We define the Todd character of E to be

td(E) =

n∏
i=1

αi
1− e−αi

,

written as a power series in the elementary symmetric polynomials ci(E)
of the αi. As with the Chern character, the nth Todd class tdn(E) of E is
just the nth graded piece of the Todd class.

To calculate the first few terms of the Todd class, write

1− e−α = α− α2

2
+
α3

6
− α4

24
+ . . .
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so
1− e−α

α
= 1− α

2
+
α2

6
− α3

24
+

α4

120
− . . . ;

inverting this, we get

α

1− e−α
= 1 +

α

2
+
α2

12
− α4

720
+ . . .

so

td(E) =

n∏
i=1

(1 +
αi
2

+
α2
i

12
− α4

i

720
+ . . . ).

Rewriting the first few of these in terms of the symmetric polynomials of
the αi—that is, the Chern classes of E—we get

td0(E) = 1,

td1(E) =
∑ αi

2
=
c1(E)

2

and

td2(E) =
1

12

∑
α2
i +

1

4

∑
i<j

αiαj

=
c21(E) + c2(E)

12
.

Note that by the first two cases of the Riemann-Roch theorem, the Euler
characteristics of the structure sheaves of a curve C and surface S are
just the degrees of the Todd classes td1(TC) and td2(TS) of their tangent
bundles. As we’ll see in a moment, this is true in general, and is the property
of Todd classes that led Todd to their definition (see Exercise 16.12).

16.3 Hirzebruch-Riemann-Roch

Much of the content of the formulas in Section 16.1 above was known to
19th century algebraic geometers, although the formulas were expressed
without cohomology, and only for line bundles (represented by divisors).
For curves, any cohomology group is either an H0, or dual to one; for
surfaces, what we would write as h2 was expressed in terms of the dual h0,
and h1 was left as an “error term,” yielding an inequality in place of the
equality. (The term h1(F) was called the superabundance of F , in view of
the fact that h0(F) could be that much greater than “expected.”)

In the 20th century these formulas were extended to sheaves on varieties
of arbitrary dimension. One key to this extension, of course, was the intro-
duction of cohomology groups in general, and the recognition that the left
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hand side of all the classical formulations of Riemann-Roch represented Eu-
ler characteristics of sheaves. Equally important was understanding how to
express the polynomials in the Chern classes that appear in the right hand
side of these formulas in a way that generalized to arbitrary dimensions.

The answer is beautifully simple: first, the Euler characteristic of the
structure sheaf of a smooth projective variety X of dimension n is given
by the formula

χ(OX) = Tdn(TX),

and, for an arbitrary coherent sheaf F :

Theorem 16.2 (Hirzebruch [1966]). If X is a smooth projective variety of
dimension n and F a coherent sheaf on X, then

χ(F) =
(
Ch(F) Td(TX)

)
n
.

This formula was first stated and proved in the setting of algebraic va-
rieties by Hirzebruch **ref**; it was then generalized to the differentiable
setting by Atiyah and Singer **ref**.

16.4 Grothendieck-Riemann-Roch

Grothendieck’s version of the Riemann-Roch Theorem introduces a funda-
mental new idea into the mix. Briefly, suppose we have a family {Xb}b∈B
of schemes, and a family of sheaves Fb on Xb—in other words, a morphism
π : X → B and a sheaf F on X. As we’ve seen, the vector spaces H0(Fb)
form, at least for b in an open subset U ⊂ B, the fibers of a sheaf on B;
this is the direct image π∗F . We can think of the “classical” Hirzebruch
Riemann-Roch theorem, applied to the sheaf Fb on the general fiber Xb,
as a formula for the dimension h0(Fb) (that is, the rank of the sheaf π∗F),
with “error terms” coming from the dimensions hi(Fb) of the higher coho-
mology groups (i.e., the ranks of the direct images Riπ∗F). Grothendieck
asks, reasonably enough, if we can say how the spaces H0(Fb) fit together
as b varies—in other words, can we describe the twisting of the sheaf π∗F ,
as measured by its Chern classes?

This is exactly what the Grothendieck-Riemann-Roch formula does: it’s
a formula for the Chern character of the direct image π∗F , with additional
terms coming from the Chern characters of the higher direct images Riπ∗F .

Theorem 16.3 (Grothendieck’s Riemann-Roch Formula). If π : X → B
is a projective morphism and F is a coherent sheaf on X then

n∑
i=0

(−1)i Ch(Riπ∗F) = π∗

[Ch(F) · Td(TX)

π∗Td(TB)

]
.
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A very readable proof can be found in Borel and Serre [1958].

Note that the Hirzebruch Riemann-Roch Theorem is simply the equality
of the degree 0 terms in the Grothendieck-Riemann-Roch. Equivalently,
Hirzebruch Riemann-Roch is the Grothendieck-Riemann-Roch in the spe-
cial case when B is a single point.

There are other, equivalent formulations of the Grothendieck-Riemann-
Roch. For example, using the push-pull formula we can rewrite it in the
form (

n∑
i=0

(−1)i Ch(Riπ∗F)

)
Td(TB) = π∗

[
Ch(F) · Td(TX)

]
.

Also, in case the map π is a submersion—that is, the differential dπ is
surjective everywhere—then from the short exact sequence

0→ T vX/B → TX → π∗TB → 0

for the relative tangent bundle of π and the multiplicativity of the Todd
class we have

Corollary 16.4. If π : X → B is a projective morphism and a submersion,
and F is a coherent sheaf on X, then

n∑
i=0

(−1)i Ch(Riπ∗F) = π∗

[
Ch(F) · Td(T vX/B)

]
.

When applying these formulas it is crucial to know when the sheaves
Riπ∗(F) have fibers at an arbitrary point b equal to Hi(F|π−1(b)). The
Theorem on Cohomology and Base Change proved in Chapter 6 gives con-
ditions under which this happens. Given this, it’s possible to use GRR to
calculate the Chern classes of many of the bundles we’ve encountered earlier
in the book, and whose Chern classes we calculated by ad hoc methods like
filtrations and the splitting principle. Indeed, virtually all of the bundles
we’ve introduced and analyzed in the preceding chapters are defined as di-
rect images, and consequently we can use the Grothendieck-Riemann-Roch
formula to calculate their Chern classes.

In the following subsection we’ll give an example of this, by way of illus-
trating the application of GRR in practice; other examples are suggested
in Exercises 16.14-16.16. One warning before we get started: while it’s nice
to have a systematic approach to these calculations, in practice the sort of
ad-hoc methods we used in earlier chapters are almost always easier and
faster than hauling out the GRR.

Following this example, the remainder of this chapter will be concerned
with two applications of GRR in situations where we don’t have alterna-
tive ways of calculating the Chern classes of the bundles in question. In
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Section 16.5, we’ll describe an application of GRR to the geometry of vec-
tor bundles on projective space; and in Section 16.6 an application to the
geometry of families of curves.

16.4.1 Example: the bundle Sym3 S∗ on G(1, 3)

Recall that in Chapter 8, where we wanted to find the number of lines on
a smooth cubic surface S ⊂ P3, we introduced a vector bundle E on the
Grassmannian G = G(1, 3) of lines in P3; informally, we described E by
saying that for each line L ⊂ P3, the fiber of E at the point [L] ∈ G was
the vector space of homogeneous cubic polynomials on L: that is,

E[L] = H0(OL(3)).

Back then, we calculated the Chern classes of E by realizing it as the third
symmetric power of the dual of the universal subbundle on G and using
the splitting principle. But as we saw in that chapter (and as is the case
with virtually every vector bundle we introduced, and whose Chern classes
we calculated), E may be realized as a direct image, and its Chern classes
calculated from the Grothendieck-Riemann-Roch formula. We’ll recall here
the setup, and then go on to see how Grothendieck-Riemann-Roch is ap-
plied in this instance.

To do this, we introduce the universal family of lines over G, that is, the
incidence correspondence

Φ = {(L, p) : p ∈ L} ⊂ G× P3;

we’ll let α : Φ → G and β : Φ → P3 be the projection maps. Now, we
want a vector bundle on G whose fiber E[L] is the space of global sections
of OL(3); this suggests that we find a line bundle on Φ whose restriction
to each fiber L of α is OL(3), and take its direct image. The first is easy:
we simply take the line bundle OP3(3) on P3, pull it back to the product
G× P3, and restrict to Φ—in other words, the line bundle L = β∗OP3(3).

What happens when we take the direct image of L? Well, things are
about as nice as they’re ever going to get. First of all, L is flat over G:
the projection α : Φ → G is flat, and L is a line bundle on Φ. Moreover,
all the higher cohomology of the restriction OL(3) of L to the fiber Φ[L] =
α−1([L]) = L vanishes, and the dimension of H0(L|Φ[L]

) is constant. Thus

the direct image α∗L is locally free, with fiber H0(OL(3)) at [L]. In short,
we can take

E = α∗L = α∗
(
β∗OP3(3)

)
.

Moreover, because of the vanishing of the higher cohomology of L on the
fiber of α, Grothendieck-Riemann-Roch gives us a complete description of
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the Chern class of E: we have

Ch(E) = α∗
(
Ch(L) · Td(T vΦ/G)

)
.

To evaluate this explicitly, we have to

(a) describe the Chow rings A(G) and A(Φ), and the Gysin map α∗ :
A(Φ)→ A(G);

(b) calculate the Chern classes of L and the relative tangent bundle T vΦ/G;

(c) convert these to the Chern character and Todd class, respectively;

(d) take the Gysin image of their product, to arrive at Ch(E); and finally

(e) convert this back into the Chern classes of E.

****consider stopping this section here!****

For the first, we’ve seen how to do this in Chapters ** and **: Φ = PS
is the projectivization of the universal subbundle on G, so that we have

A(Φ) = A(G)[ζ]/(ζ2 − σ1ζ + σ1,1)

where ζ = c1(OPS(1)). As for the Gysin map α∗ : A(Φ) → A(G), we have
α∗(ζ) = [G]; the Gysin image of higher powers of ζ may be evaluated via
applications of the relation ζ2 = σ1ζ − σ1,1 satisfied by ζ and the image
of any product of a power of ζ with the pullback of a class from G by the
push-pull formula. Explicitly, we have

α∗(ζ
2) = α∗(σ1ζ − σ1,1)

= σ1,

α∗(ζ
3) = α∗(σ1ζ

2 − σ1,1ζ)

= σ2
1 − σ1,1

= σ2,

and

α∗(ζ
4) = α∗(σ1ζ

3 − σ1,1ζ
2)

= σ1σ2 − σ1.1σ1

= 0.

(The last one is just a check: we know that ζ4 = 0 in A(Φ), since ζ is the
pullback of the hyperplane class on P3.)

One other remark we should make is that, since the fiber of the line
bundle OPS(1) at a point (L, p) ∈ Φ is just the dual of the one-dimensional
vector subspace of C4 corresponding to p, we also have

ζ = c1(OPS(1)) = β∗c1(OP3(1).
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In particular, it follows that

c1(L) = 3ζ

and so

Ch(L) = 1 + 3ζ +
9

2
ζ2 +

27

6
ζ3

(again, higher powers of ζ must vanish.

As for the relative tangent bundle of Φ over G, we will see how to find
its Chern classes in Section 13.1.2: if we denote by U the tautological sub-
bundle on Φ = PS, and by Q the tautological quotient bundle, we have

T vΦ/G = U∗ ⊗Q.

From the exact sequence

0→ U → α∗S → Q→ 0,

moreover, we see that

c1(Q) = c1(α∗S)− c1(U) = −σ1 + ζ

and hence

c1(T vΦ/G) = c1(U∗ ⊗Q) = ζ + c1(Q) = −σ1 + 2ζ.

Plugging this into the formula for the Todd class, we have

Td(T vΦ/G) = 1 +
2ζ − σ1

2
+

(2ζ − σ1)2

12
− (2ζ − σ1)4

720
.

Taking the product, we calculate

Ch(L) Td(T vΦ/G) = 1 +
8ζ − σ1

2
+

1

12

(
94ζ2 − 22σ1ζ + σ2

1

)
+

1

12

(
120ζ3 − 39σ1ζ

2 + 3σ2
1ζ
)

+
1

720

(
−2668σ1ζ

3 + 246σ2
1ζ

2 + 8σ3
1ζ − σ4

1

)
+

1

720

(
198σ2

1ζ
3 + 24σ3

1ζ
2 − 3σ4

1ζ
)

and applying the Gysin map we find that, by Grothendieck-Riemann-Roch,

Ch(E) = 4 + 6σ1 + (7σ2 − 3σ1,1)− 3σ2,1 +
1

3
σ2,2.

It remains to convert this to the Chern class of E. Once more, this can be
messy: we have

c1(E) = Ch1(E) = 6σ1
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and

c2(E) =
Ch1(E)2

2
− Ch2(E)

= 18σ2
1 − (7σ2 − 3σ1,1)

= 11σ2 + 21σ1,1.

Similarly,

c3(E) =
Ch1(E)3

6
− Ch1(E) Ch2(E) + 2 Ch3(E)

= 36σ3
1 − 6σ1(7σ2 − 3σ1,1)− 6σ2,1

= 72σ2,1 − 24σ2,1 − 6σ2,1

= 42σ2,1

and finally—the payoff, at last!—

c4(E) =
Ch1(E)4

24
− Ch1(E)2 Ch2(E)

2
+

Ch2(E)2

2
+ 2 Ch1(E) Ch3(E)− 6 Ch4(E)

= 54σ4
1 − 18σ2

1(7σ2 − 3σ1,1) +
1

2
(7σ2 − 3σ1,1)2 − 36σ1σ2,1 − 2σ2,2

= (108− 72 + 29− 36− 2)σ2,2

= 27σ2,2.

We have thus both calculated the number of lines on a cubic surface, and
illustrated a fact well-known to practicing algebraic geometers: one should
almost never use the Grothendieck-Riemann-Roch to calculate the Chern
classes of a bundle if there is any alternative.

16.5 Application: Jumping lines

In this section, we’ll describe the notion of jumping lines, an invariant
used to study the geometry of vector bundles on projective space. To keep
the notation relatively simple, we’ll deal here just with the case of vector
bundles of rank 2 on P2; but as indicated in Exercises 16.17-16.19, the
generalization to bundles on Pn is straightforward.

We start by recalling Theorem 8.29, which says that every vector bundle
E on P1 is a direct sum

E =
⊕
OP1(ai)

of line bundles, with ∑
ai = c1(E).
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Recall that analogous statement is clearly false in general for bundles on
projective space Pn of dimension n ≥ 2 (see Exercise 8.53 for some simple
examples).

Now, while the classification of bundles on P1 doesn’t generalize to Pn,
it does provide a useful tool for analyzing bundles on Pn, based on the
fact that while a bundle E on Pn may not split, its restriction to each
line L ⊂ Pn does. For every collection a = (a1, . . . , ar) of r = rank(E)
integers with

∑
ai = c1(E), then, we may define a subset Γa ⊂ G(1, n) of

the Grassmannian of lines in Pn by

Γa = {L ∈ G(1, n) : E|L ∼= ⊕OL(ai)}.

As we’ll see in a moment, these will be locally closed subsets of G(1, n).
In particular, the decomposition of E|L will be constant for L in an open
dense subset of G(1, n); the lines outside this open are called jumping lines.
Together the loci Σa give a stratification of G(1, n) whose geometry is an
important invariant of E; the closures of the strata Γa are called loci of
jumping lines.

At this point, we need to introduce some basic facts about how vector
bundles on P1 behave in families; we’ll do that in the following subsection
and then return to the discussion of jumping lines.

16.5.1 Families of vector bundles on P1

We’ll be dealing here with families of vector bundles on P1 over a connected
base B, by which we’ll mean a vector bundle E on the product B × P1;
we’ll denote by r and d the rank and degree deg c1(Et) of the restriction
Et of E to a fiber {t} × P1, which are independent of t ∈ B. The actual
decomposition Et ∼= ⊕OP1(ai(t)), however, may vary with t; we want to
describe here the possible variation.

We start by introducing a partial ordering on the set of sequences

a = (a1, . . . , ar) with a1 ≤ a2 ≤ · · · ≤ ar and
∑

ai = d :

we’ll say that

a ≤ b if

j∑
i=1

ai ≤
j∑
i=1

bi for all j = 1, . . . , r.

Thus, the “largest” sequence with given r and d is the most balanced; that
is, the unique sequence of the form (a, . . . , a, a+1, . . . , a+1), or equivalently
the unique such sequence with |ai − aj | ≤ 1 ∀ i, j. As a measure of the
deviation of a given sequence a from the most balanced, we’ll set

u(a) =
∑
i<j

min(aj − ai − 1, 0).
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Our main foundational result is the following theorem:

Theorem 16.5. Let E be as above a vector bundle on B × P1. If for each
sequence a we set

Γa = {t ∈ B | Et ∼= ⊕OP1(ai)},

then

(a) For each a, the locus

Γa =
⋃
a′≤a

Γa′ ⊂ B

is closed in B (so that in particular Γa is a locally closed subset of B);
and

(b) The codimension of Γa in B is at most u(a).

Proof. For the first part, consider the function on B

µ(t) = max{m | h0(Et(−m)) > 0}.

Since h0(Et(−m)) is upper semicontinuous in t, the function µ is as well;
this shows that the degree ar(t) of the largest summand of Et is upper
semicontinuous. Applying this to the bundle ∧k(Et), we see that the func-
tion

µk(t) = max{m | h0((

k∧
Et)(−m)) > 0} = ar(t) + · · ·+ ar−k+1(t)

is likewise upper semicontinuous, and correspondingly

d− µr−k(t) = a1(t) + · · ·+ ak(t)

is lower semicontinuous, establishing part (a).

The second part of the Theorem is more subtle; we’ll prove it here just in
the case r = 2 of bundles of rank 2 (which is where we’ll apply it). Suppose
then that E is such a bundle, and let t0 ∈ B be any point. The function
u(a) is invariant under the addition of a fixed quantity to all the ai, so
we can twist the bundle E by the pullback of a line bundle on P1 without
affecting the truth of the statement; after such a twist we can assume that
the bundle Et0

∼= OP1 ⊕OP1(n) for some n. Since h1(Et0) = 0, the section
(1, 0) of Et0 extends to a nowhere zero section of E in a neighborhood of
the fiber {t0}×P1. Replacing B by a suitably small open neighborhood of
t0 ∈ B, then, we have a sequence

0 - OB×P1 - E - OB×P1(n) - 0

.

Now, a sequence

0 - OP1 - E
α- OP1(n) - 0
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splits if and only if there exists a bundle map ϕ : OP1(n) → E such that
α ◦ ϕ is the identity on OP1(n). Accordingly, consider the exact sequence
of bundles on B × P1

0→ Hom(OB×P1(n),OB×P1)→ Hom(OB×P1(n), E)

→ Hom(OB×P1(n),OB×P1(n))→ 0

and the coboundary map

π∗
(
Hom(OB×P1(n),OB×P1(n))

) δ- R1π∗
(
Hom(OB×P1(n),OB×P1)

)
appearing in the associated long exact sequence of sheaves on B. If we let
σ = δ(id) be the image in R1π∗

(
Hom(OB×P1(n),OB×P1)

)
of the identity

section of π∗
(
Hom(OB×P1(n),OB×P1(n))

)
, then the zero locus (σ) ⊂ B of σ

will be contained in the stratum Γ(0,n); sinceR1π∗
(
Hom(OB×P1(n),OB×P1)

)
is locally free of rank n− 1, it follows that the codimension of Γ(0,n) in B
is at most u(0, n) = n− 1.

In general, given a family of vector bundles on P1, we think of u(a) as
the “expected” codimension of the locus Γa ⊂ B.

16.5.2 Bundles of rank 2 on P2

To keep the notation relatively simple, we’ll deal here just with the case of
vector bundles of rank 2 on P2; but as indicated in Exercises 16.17-16.19,
the generalizations to bundles on Pn is straightforward.

So: let E be a vector bundle of rank 2 on P2. As we’ll see, the locus of
jumping lines depends very much on the parity of c1(E) ∈ A1(P2) ∼= Z;
we’ll consider the case of c1(E) even and odd in turn.

Vector bundles with even first Chern class. Assume first that c1(E) =
2kα, where α ∈ A1(P2) is the class of a line. We want to think of the re-
strictions of E to each line in P2 in turn as a family of vector bundles on
P1, parametrized by the Grassmannian G(1, 2) (otherwise known as the
dual plane P2∗). To do this, we introduce the by now familiar universal line

Φ = {(L, p) : p ∈ L} ⊂ P2∗ × P2;

let π1 : Φ → P2∗ and π2 : Φ → P2 be the projections. We can view
π1 : Φ → P2∗ as the projectivization of the universal subbundle S on
P2∗ = G(1, 2); if we denote by

ζ = c1(OPS(1)) ∈ A1(Φ)

the tautological class, and by α both the hyperplane class on P2∗ and its
pullback to Φ, then the Chow ring of Φ is given by

A(Φ) = Z[α, ζ]/(α3, ζ2 − αζ + α2).
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Note that ζ can also be realized as the pullback of the hyperplane class from
A1(P2∗); we can see either from this or the representation of A(Φ) above
that ζ3 = 0. We see also that the pushforward map (π1)∗ : A(Φ)→ A(P2∗)
is given by

α2 7→ 0

αζ 7→ α

ζ2 7→ α

Now, to realize the restrictions of E to the lines in P2 as a family, we
want to consider simply the pullback bundle

F = π∗2(E)

on Φ. From Theorem 16.5, we would expect that, for an open dense subset
U of L ∈ P2∗, the restriction of F to the fiber over L would split evenly,
that is, as

E|L = F |π−1
2 (L)

∼= OL(k)⊕OL(k);

that there will be a curve C ⊂ P2∗ of lines L such that

E|L = F |π−1
2 (L)

∼= OL(k + 1)⊕OL(k − 1),

and that these are the only two splitting types that will occur. The first
question we might ask, then, is just: what is the degree of the curve C?

We’d like to answer this by applying the Grothendieck-Riemann-Roch
formula to the direct image of the bundle F under the map π1. It’s not
clear, though, what this will tell us: if k ≥ 0, the direct image (π1)∗F will
be the bundle on P2∗ whose fiber at each point L ∈ P2∗ is the space of
sections of E|L, and it’s not clear how knowing the Chern classes of this
bundle reflect the different possible splittings of E|L.

The trick, in fact, is to use the theorem on cohomology and base change.
If we replace E by E′ = E ⊗ OP2(−k − 1) and F by the corresponding
F ′ = π∗2E

′, then the restriction of the bundle E′ to L will split as

E′|L ∼=

{
OL(−1)⊕2 if L ∈ U , and

OL ⊕OL(−2) if L ∈ C.

The point is, we now have

h0(E′|L) = h1(E′|L) =

{
0 if L ∈ U , and

1 if L ∈ C.

What happens now when we take the direct image (π1)∗(F
′)? First of all,

the direct image itself will be 0: over the open subset U ⊂ P2∗ there are no
sections, and since (π1)∗(F

′) is torsion free, it follows that (π1)∗(F
′) = 0.

Where the jump in the cohomology groups Hi(E′|L) will be reflected is in
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the higher direct image R1(π1)∗(F
′); this will be a sheaf supported on the

curve C. It follows that

c1(R1(π1)∗(F
′)) = m[C]

for some multiplicity m; and the class c1(R1(π1)∗(F
′)) is something we can

calculate from Grothendieck-Riemann-Roch.

To set up, we first need the Todd class of the relative tangent bundle
of π1 : Φ → P2∗. In fact, we’ve already calculated the Chern class of this
bundle: we have, from Theorem 13.4,

c1(T vΦ/P2∗) = −α+ 2ζ

and correspondingly

Td(T vΦ/P2∗) = 1 +
−α+ 2ζ

2
+

(−α+ 2ζ)2

12

(note that since T v
Φ/P2∗ is a line bundle, there’s no cubic term). If we write

the Chern class of the bundle F ′ as

c(F ′) = −2ζ + eζ2

then we have

Ch(F ′) = rank(F ′) + c1(F ′) +
c21(F ′)− 2c2(F ′)

2

= 2− 2ζ + (2− e)ζ2.

Altogether, then, Grothendieck-Riemann-Roch tells us that

[C] = Ch1

(
R1(π1)∗(F

′)
)

= −(π1)∗

{(
2− 2ζ + (2− e)ζ2

)(
1 +
−α+ 2ζ

2
+

(−α+ 2ζ)2

12

)}
2

= −(π1)∗

(
(−α+ 2ζ)2

6
− ζ(−α+ 2ζ) + (2− e)ζ2

)
= (e− 1)ζ;

or, in other words, the degree of the curve of jumping lines is e− 1. Given
that E′ = E ⊗OP2(−k − 1), we have

e = c2(E′) = c2(E)− (k2 − 1)

and so for our original bundle E, we have

Proposition 16.6. If E is a vector bundle of rank 2 on P2 with even
first Chern class 2kα, and the restriction of E to a general line L ⊂ P2

is balanced (that is, E|L ∼= OL(k) ⊕ OL(k)), then the degree of the curve
of jumping lines, counted with appropriate multiplicity, is c2(E) − k2 =
c2(E)− c21(E)/4.
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Note that we have not described the multiplicity, or given conditions
for it to be 1; and indeed there may be bundles for which the curve of
jumping lines has multiplicity m > 1. (To give a precise formula for m
would require a discussion of Fitting ideals, which would take us too far
afield; see ****ref**** for a discussion.) Thus the formula remains a purely
enumerative one. Nonetheless, it has content: for example, we may deduce
that the degree of C is at most c2(E)−c21(E)/4, and if c2(E)−c21(E)/4 6= 0
we may conclude that the curve of jumping lines is nonempty.

Vector bundles with odd first Chern class. Assume now that c1(E) =
(2k + 1)α. The basic set-up is the same as in the preceding case, but here
our expectations are qualitatively different. As before, we would expect
that, for an open dense subset U of L ∈ P2∗, the restriction of F to the
fiber over L would split “as evenly as possible,” that is, as

E|L = F |π−1
2 (L)

∼= OL(k + 1)⊕OL(k).

But in this case we’d expect that the locus where the splitting is more
unbalanced—specifically, the set of lines L such that

E|L = F |π−1
2 (L)

∼= OL(k + 2)⊕OL(k − 1)—

will be not a curve but a finite set Γ of points. (Again, we’d expect that
these are the only two splitting types that will occur.) In this case we ask:
what is the degree of the finite set Γ?

Our approach to this problem starts out similarly: we begin by twisting
the vector bundle E so that the jump in splitting type is reflected in the
ranks of the cohomology groups of its restriction to lines. Specifically, we
replace E by E′ = E ⊗OP2(−k − 1), so that the restriction of the bundle
E′ to L will split as

E′|L ∼=

{
OL ⊕OL(−1) if L ∈ U , and

OL(1)⊕OL(−2) if L ∈ Γ.

The point is, we now have

h0(E′|L) =

{
1 if L ∈ U , and

2 if L ∈ Γ.

and

h1(E′|L) =

{
0 if L ∈ U , and

1 if L ∈ Γ.

As before, this means that the sheaf R1π∗(F
′) is supported on the ex-

ceptional locus, in this case Γ; and in the transverse case the analysis of
families of vector bundles shows that it is isomorphic to the structure sheaf
OΓ.
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The big difference is that the direct image π∗(F
′) is nonzero; in fact, away

from Γ it’s locally free of rank 1. In the transverse case, moreover, we’ve
seen that it’s also locally free in a neighborhood of a point p ∈ Γ ⊂ P2∗

corresponding to a line L ⊂ P2, though the comparison map

π∗(F
′)|p → H0(F ′|L)

is zero: none of the sections of F ′|L extend to a neighborhood of L. In other
words, we have

π∗(F
′) ∼= O(m)

for some m; the value of m will also emerge in the calculation.

We can now get to work and apply GRR. To begin with, write the Chern
class of the bundle E′ as

c(E′) = 1− ζ + eζ2;

the Chern character of E′, and of its pullback F ′ to Φ, is then

Ch(F ′) = 2− ζ + (
1

2
− e)ζ2.

The Grothendieck Riemann Roch formula then tells us that

Ch(π∗F
′)− Ch(R1π∗F

′)

= π∗

[(
2− ζ + (

1

2
− e)ζ2

)(
1 +
−α+ 2ζ

2
+

(−α+ 2ζ)2

12

)]
= 1− eα+

e

2
α2.

Now, from the isomorphism π∗(F
′) ∼= IΓ(m) we have

Ch(π∗F
′) = 1 +mα+

m2

2
α2;

since

Ch(R1π∗F
′) = Ch(OΓ) = [Γ] = γα2,

all in all we have

1− eα+
e

2
α2 = 1 +mα+ (

m2

2
− 2γ)α2.

From the degree 1 terms, we see that m = −e; and then equating the degree
2 terms we arrive at our answer: the degree of Γ is given by

γ =
e2 − e

2
.

Finally, to express this in terms of the Chern classes of our original bundle
E, we observe that by the splitting principle, for an arbitrary bundle E of
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rank 2 on P2 with first Chern class c1(E) = (2k + 1)ζ the degree of the
second Chern class of the twist E′ = E(−k − 1) is

e = c2(E)− (k + 1)c1(E) + (k + 1)2

= c2(E)− k(k + 1).

We thus have the

Proposition 16.7. Let E be a vector bundle of rank 2 on P2 with odd first
Chern class (2k + 1)α, and suppose that the restriction of E to a general
line L ⊂ P2 is balanced (that is, E|L ∼= OL(k) ⊕ OL(k + 1)). If the locus
Γ ⊂ P2∗ of jumping lines has dimension zero, then it has degree (e2− e)/2,
where e = c2(E)− k(k + 1).

As in the case of Proposition 16.6, this statement implicitly invokes a
scheme structure on Γ that we have not described; again, however, even
in the absence of this we can deduce that the number of jumping lines is
at most (e2 − e)/2, and if e2 − e 6= 0 we may conclude that the locus of
jumping lines is nonempty.

16.5.3 Examples

Some examples would be in order. We start with the simplest examples
of vector bundles of rank 2 on P2, the universal quotient bundle Q and
the tangent bundle TP2 ∼= Q(1). In either case, when we twist the bundle
to make the second Chern class equal to −ζ, the bundle E′ ∼= Q(−1) ∼=
TP2(−2) will have Chern class

c(E′) = 1− ζ + ζ2.

Our formula then says that these bundles will have no jumping lines, which
is clear in any event from homogeneity: since the automorphism group of
P2 carries each of these bundles to itself and acts transitively on lines, the
splitting type of their restrictions to lines can’t vary.

For another example, suppose now that F0, F1 and F2 are general homo-
geneous polynomials of degree d on P2. We can then define a vector bundle
of rank 2 on P2 by associating to each point p the quotient space

Ep = C3/〈(F0(p), F1(p), F2(p))〉;
in other words, this is the pullback of the universal quotient bundle Q by
the map P2 → P2 given by the triple [F0, F1, F2]. Since c(Q) = 1 + ζ + ζ2,
we have

c(E) = 1 + dζ + d2ζ2.

When the degree d = 2k is even, the bundle E′ = E(−k − 1) will have
Chern class

c(E′) = 1− 2ζ + (3k2 + 1)ζ2,
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and so the curve of jumping lines will have degree 3k2, or 3
4d

2. When the
degree d = 2k + 1 is odd, we have

c(E′) = 1− ζ + (3k2 + 3k + 1)ζ2,

so the number of jumping lines will be the binomial coefficient
(

3k2+3k+1
2

)
.

We’ll see how to verify this count in case d = 3 in Exercise 16.20.

16.6 Application: Invariants of families of curves

One of the most important applications of GRR is to the geometry of
algebraic curves, and we close this chapter by describing this application.

To set this up, consider one-parameter families of curves of genus g: that
is, flat morphisms f : X → B from a surface X to a curve B, with fibers
curves of genus g. The question we want to discuss is, How can we measure
how much the isomorphism class of Xb is varying with b ∈ B?

In order to address this meaningfully, we have to make some restrictions
of the type of curves that appear as fibers of f . For simplicity, in the present
discussion we’ll assume that X and B are smooth, and that the fibers Xb of
f are irreducible with at worst nodes as singularities. These conditions can
be relaxed—for example, we can drop the requirement that X and B be
smooth, and weaken the hypothesis that Xb be irreducible to require only
that Xb be stable—but our goal here is not to achieve maximal generality
but just to acquaint the reader with the basic ideas. A far more precise
version of this is given in Harris and Morrison [1998].

That said, there are three natural ways of quantifying the nontriviality
of the family:

(a) The number of singular fibers. A singular fiber is not isomorphic to a
smooth fiber; therefore, the presence of singular fibers is a reflection of
variation in the isomorphism class of Xb.

1 Thus, we can associate to a
family f : X → B as above the number δ(f) of nodes appearing in the
fibers of f .

(b) The degree of the Hodge bundle. To every smooth fiber Xb we can
associate the g-dimensional vector space H0(KXb), and over the open
set U ⊂ B where the fibers are smooth these vector spaces fit together

1This would not be true if we did not assume that the fibers were irreducible: you
could take a trivial family B × C → B and blow up a point in B × C to arrive at a

family of curves of constant modulus with one singular fiber. The logic would be valid

if we assumed all fibers to be stable curves; in the present context we avoid getting into
a discussion of this notion by assuming all fibers irreducible.
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into a vector bundle, called the Hodge bundle E of f . This bundle has
a natural extension to all of B, described in the following paragraph.
If the family were the trivial family B × C → B, this would be the
trivial bundle; so we can think of the twisting of the Hodge bundle, as
measured by its first Chern class, as a reflection of the nontriviality of
the family. Accordingly we take our second invariant of the family to
be

λ(f) = c1(E).

To extend the Hodge bundle over all of B, we have to introduce what’s
called the relative dualizing sheaf ωX/B of the family. This has many
characterizations (again, see Harris and Morrison [1998]); for our pur-
poses, though, it will suffice to define ωX/B to be the unique line bundle
on X whose restriction to the smooth locus X◦ of f—that is, the com-
plement of the finite set of nodes of fibers of f—is the vertical cotangent
bundle. (Any line bundle on an open subset U of a smooth variety X
can be extended to all of X; if the complement X \U has codimension
2 or more in X, this extension is unique.) More concretely, we have

ωX/B = KX ⊗ f∗K−1
B ,

since the sheaf on the right is locally free of rank 1, and agrees with the
vertical cotangent bundle on X◦. Having defined the relative dualizing
sheaf of f , we can then define the Hodge bundle E to be its direct
image

E = f∗(ωX/B).

(c) For our third invariant of f , we reason (if that’s the word) as follows:
again, if f were the trivial family X = B×C → B, the relative cotan-
gent bundle ωX/B would be simply the pullback of KC via projection
on the second factor; in particular, its self-intersection would be 0. We
may thus think of this self-intersection as measuring the variation in
the family, and accordingly we define our third invariant to be

κ(f) =
(
c1(ωX/B)

)2
We thus have three invariants of a family of curves as above, all of which

may be thought of as measuring the variation in the family {Xb} of curves.
The question we ask now is, what relations (if any) hold in general among
these three?

16.6.1 Examples

Before we launch into the answer, let’s consider some examples in genus 3,
to get an idea of what we might expect.
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Pencils of quartics in the plane. Let’s start with a family whose ge-
ometry we’ve already studied in earlier chapters: a general pencil {Ct =
V (t0F + t1G) ⊂ P2} of plane quartic curves. In this case, the total space
of the family is the locus

X = {(t, p) : p ∈ Ct} ⊂ P1 × P2.

We observe that X is smooth—the projection β : X → P2 on the second
factor expresses X as the blow-up of the plane at the 16 base points F =
G = 0 of the pencil. Moreover, we’ve already seen that every fiber Ct of
α : X → P1 is either smooth, or is irreducible with a single node; thus the
family α : X → P1 satisfies the conditions of our discussion.

What are the invariants δ, λ and κ of f? Well, one we’ve already calcu-
lated in Chapter 9: the number of nodes in the fibers of f is

δ(α) = 27.

As for κ, this is a straightforward calculation in the Chow ring of X. To
set it up, let L ∈ A1(X) be the pullback of the class of a line in P2, and let
E ∈ A1(X) be the sum of the classes of the 16 exceptional divisors of β.
In these terms, the class of the fibers Ct of the projection α—that is, the
pullback under α of the class η of a point in P1—is given by

[Ct] = α∗(η) = 4L− E.
In particular, this implies that

α∗KP1 = −2α∗(η) = −8L+ 2E.

On the other hand, from the blow-up map β : X → P2 we see that

KX = β∗(KP2) + E = −3L+ E.

Thus, the class of the relative dualizing sheaf ωX/P1 is

c1(ωX/P1) = KX − α∗KP1 = 5L− E
and the invariant κ(α) is given by

κ(α) =
(
c1(ωX/P1)

)2
= 25− 16 = 9.

Next, the Hodge bundle can be described explicitly: since 5L − E =
(4L− E) + L, we can write the dualizing sheaf as

ωX/P1 = OX(5L− E)

= α∗OP1(1)⊗ β∗OP2(1).

Now, the pushforward α∗(β
∗OP2(1)) is just the trivial bundle on P1 with

fiber H0(OP2(1)); we have then

α∗
(
ωX/P1

)
= α∗

(
α∗OP1(1)⊗ β∗OP2(1)

)
= OP1(1)⊗H0(OP2(1))

∼= OP1(1)3,
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and correspondingly

λ(α) = c1
(
α∗(ωX/P1)

)
= 3.

To see this more concretely, choose affine coordinates t on A1 ⊂ P1 and
(x, y) on A2 ⊂ P2. We write the equation of Ct as ft(x, y), where ft is a
quartic polynomial in x and y whose coefficients are linear in t. In these
terms, we can write down explicitly a basis for the space H0(KCt) of regular
differentials on Ct: we observe first that in the finite plane, the differential

ϕt =
dx

∂
∂yft(x, y)

is regular and nowhere zero on the smooth locus of Ct ∩ A2: since

dft =
∂ft
∂x

dx+
∂ft
∂y

dy ≡ 0 on C

and at a smooth point of Ct the partials ∂ft
∂x and ∂ft

∂y don’t simultaneously
vanish, the numerator vanishes to exactly the same order as the denomina-
tor. Moreover, changing coordinates on P2 we see that the differential ϕ will
have zeros at the points of intersection of Ct with the line L∞ = P2 \A2 at
infinity; so that the differentials xϕt and yϕt are also regular on Ct. Finally,
since ϕt, xϕt and yϕt are regular sections of the relative dualizing sheaf
ωX/P1 on the smooth locus of α over A1, they extend to regular sections of

ωX/P1 on all of XA1 . In sum, on A1, the sections

ϕ, xϕ and yϕ ∈ α∗(ωX/P1)(A1)

give a trivialization of ωX/P1 over A1.

What happens over t = ∞? If we look again at the expression above

for ϕt, we see that since the denominator ∂ft(x,y)
∂y is linear in t, the section

ϕ of α∗(ωX/P1) extends to a regular section of α∗(ωX/P1) over all of P1,
having a simple zero at t =∞, and the same is true of xϕ and yϕ as well.
Moreover, making a change of coordinates on P1, we see that the multiples
tϕ, txϕ and tyϕ form a frame for the bundle α∗(ωX/P1) over P1 \ {0}; so
that we have

α∗(ωX/P1) ∼= OP1(1)3

and correspondingly

λ(α) = c1
(
α∗(ωX/P1)

)
= 3.

To summarize, we have

δ(α) = 27, κ(α) = 9 and λ(α) = 3.
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Pencils of plane sections of a quartic surface. This is very similar
to the preceding example; we’ll just sketch the calculation. To set up, let
S ⊂ P3 be a general quartic surface, and {Ht ⊂ P3}t∈P1 a general pencil of
planes; we let Ct = S ∩Ht. As we saw in Chapter 9, the curves Ct are all
either smooth or irreducible with a single node; as we also saw there , the
number of singular elements of the pencil {Ct} is the degree of the dual
surface S∗ ⊂ P3∗, which is

δ = 36.

To calculate the other invariants, note first that the total space of our
family is

X = {(t, p) : p ∈ Ct} ⊂ P1 × S.

Via the projection β : X → S, this is the blow-up of S at the four base
points of the pencil. We’ll let H and E ∈ A1(X) be the pullback of the
hyperplane class on S and the sum of the classes of the exceptional divisors,
respectively; we note that

H2 = 4, HE = 0 and E2 = −4.

Since the canonical bundle KS is trivial by adjunction, we have

KX = E;

and since the fibers Ct of the projection map α : X → P1 on the first factor
have class H − E, we have

c1(ωX/P1) = KX − f∗KP1 = E − (−2(H − E)) = 2H − E.

It follows that

κ(f) = (2H − E)2 = 12.

To determine λ(f), we use a variant of the method used above in the
case of a pencil of plane quartics. Writing 2H−E = (H−E) +H, we have

ωX/P1 = OX(2H − E)

= α∗OP1(1)⊗ β∗OS(1).

Now, if P3 is the projectivization of a four-dimensional vector space V ,
and we think of the pencil of planes {Ht} as a line P1 ↪→ P3∗ in the
dual projective space P3∗ = P(V ∗), the pushforward α∗(β

∗OS(1)) is just
the restriction to P1 of the universal quotient bundle Q. As we’ve seen
many times, the first Chern class of the Q is the hyperplane class, whose
restriction to a line P1 ⊂ P3∗ has degree 1; it follows that

α∗
(
ωX/P1 = OX(2H − E)

)
= OP1(1)⊗ α∗

(
β∗OS(1)

)
= OP1(1)⊗Q.
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Finally, applying our formula for the Chern class of a tensor product, we
have

λ(α) = c1(α∗
(
ωX/P1) = 4.

In sum, then, we have

δ(α) = 36, κ(α) = 12 and λ(α) = 4.

Families of hyperelliptic curves. Finally, for a change let’s consider a
family of curves of genus 3 all of which are hyperelliptic. Such families are
easy to write down: a hyperelliptic curve of genus 3 has equation

y2 = f(x),

with f of degree 8; and we can vary the coefficients of f any way we like—
for example, we can take them to be quadratic polynomials of a parameter
t ∈ P1. In modern language, we are taking the double cover X → P1 ×
P1 branched over a general curve B ⊂ P1 × P1 of bidegree (2, 8), and
considering the composition

η : X → P1 × P1 → P1

with the projection on the first factor. We note that X is smooth if B is;
and if B has no more than simple tangency with any fiber of P1 × P1 over
P1 the singularities of the fibers of η will be no worse than nodes; both
conditions are satisfied for B general.

The numerical invariants of the family η : X → P1 can be calculated
readily. To begin with, the number of singular fibers is just the number of
branch points of the projection B → P1 on the first factor. By adjunction,
the genus of B is

g(B) = (2− 1)(8− 1) = 7,

so by Riemann-Hurwitz the number of branch points of the 8-sheeted cover
B → P1 is

δ = 2d+ 2g − 2 = 28.

Alternatively, if we think of the defining equation f(t, x) as an octic poly-
nomial in x whose coefficients are quadratic polynomials in t, and recall
that the discriminant of a polynomial of degree n is a polynomial of de-
gree 2n − 2 in its coefficients, we see that the discriminant of f(t, x) is a
polynomial of degree 2 · 14 = 28 in t.

To evaluate κ(η), let E0 and F0 ∈ A1(P1×P1) be the classes of the fibers
of the projections P1 × P1 → P1, and E and F ∈ A1(X) their pullbacks to
X, so that

E2 = F 2 = 0 and EF = 2.

Let R ∈ A1(X) be the class of the ramification divisor; note that since the
preimage of the divisor B ⊂ P1 × P1 is 2R, and B ∼ 2E0 + 8F0, we have

2R = 2E + 8F,
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so that

RE = 8, RF = 2 and R2 = 16.

Now, by Riemann-Hurwitz applied to the map π : X → P1×P1, we have

KX = π∗KP1×P1 +R = −2E − 2F +R

and so

c1(ωX/P1) = −2F +R;

it follows that

κ(η) =
(
c1(ωX/P1)

)2
= 8.

Finally, from the original equation y2 = f(t, x) of a fiber Ct, we see that
a basis for the space of regular differentials is given by

dx

y
, x

dx

y
and x2 dx

y
;

these sections of the Hodge bundle η∗(ωX/P1) thus give a trivialization of

this bundle over the affine open t 6=∞ in P1. Moreover, since the coefficients
of f are quadratic in t, and y2 = f , these sections all vanish simply at the
point t =∞; and as before this gives an identification

η∗((ωX/P1)) = OP1(1)3.

In particular, we see that

λ(η) = c1
(
(ωX/P1)

)
= 3.

In sum, then, the invariants of the family η : X → P1 are

δ(η) = 28, κ(η) = 8 and λ(η) = 3.

We see from this in particular that the invariants δ, κ and λ are not in
general fixed scalar multiples of each other.

16.6.2 The Mumford relation

It’s time now to see how the Grothendieck-Riemann-Roch theorem applies
in this setting. Again, we assume that f : X → B is a morphism with X
a smooth projective surface and B a smooth projective curve, with fibers
irreducible curves of (arithmetic) genus g having at most nodes as singular-
ities. Given that one of invariants we’ve introduced is the first Chern class
of a pushforward, it’s natural to see what GRR can tell us about it.

Before carrying out this calculation, we want to make two remarks. Recall
that the statement of Kodaira-Serre duality for smooth curves says that for
any invertible sheaf F on a smooth curve C, we have a natural identification

H1(F) = H0(KC ⊗F∗)∗.
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Here the word “natural” means in particular that the identification applies
simultaneously for all fibers in a family: that is, if f : X → B is a family
of smooth, projective curves of genus g and F an invertible sheaf on X the
ranks of whose cohomology groups on the fibers of f is constant, then we
have an identification of sheaves

R1f∗(F) = f∗(ωX/B ⊗F∗)∗.

(In fact, a version of this identification holds far more generally, but this
is all we’ll need for the following, and we want to keep this simple; for the
general statement, see Hartshorne [1977].) In particular, if we apply this to
the case of F = ωX/B , we see that

R1f∗(ωX/B) = f∗(OX) = OB .

Now, the classical form of Kodaira-Serre duality applies just to smooth
curves and families of smooth curves. But in fact we can extend it to our
present context: if f : X → B is as above a family of curves with at most
nodes as singularities, and ωX/B is the relative dualizing sheaf as defined
above, then it is still true that

R1f∗(ωX/B) = OB .

In the following calculation, we’ll use this fact; for a proof, again see
Hartshorne [1977].

The second remark is simply a preliminary calculation. We recall first
the Hopf Index Theorem (Theorem 1.45): that the degree of the top Chern
class c2(TX) of the tangent bundle of the smooth projective surface X is
the topological Euler characteristic of X. Moreover, the topological Hur-
witz formula (introduced in Section 9.8) says that the topological Euler
characteristic of X is the product of the Euler characteristics 2− 2g of the
general fiber of f and the Euler characteristic of the base curve B, plus the
total number δ of nodes in the fibers of f . Combining these, we see that

c2(TX) = (2− 2g)c1(TB) + δ

= −c1(ωX/B) · f∗c1(TB) + δ.

Abbreviating the expression ωX/B for the relative dualizing sheaf to simply
ω, we can thus express the ratio c(TX)/f∗c(TB) as

c(TX)

f∗c(TB)
=
(
1 + c1(TX) + c2(TX)

)(
1− f∗c1(TB)

)
= 1− c1(ω) + δ,

and correspondingly

Td(TX)

f∗Td(TB)
= 1− c1(ω)

2
+
c1(ω)2 + δ

12
.
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We can now apply GRR to the pushforward of the sheaf ωX/B . Taking
just the terms of degree 1 in A(B) (and recalling that c1(R1f∗ωX/B) = 0),
we conclude that

λ(f) =c1(f∗ω)

=

{
f∗
(
(1 + c1(ω) +

c1(ω)2

2
)(1− c1(ω)

2
+
c1(ω)2 + δ

12
)
)}

dimB−1

= f∗

(
c1(ω)2

2
− c1(ω)2

2
+
c1(ω)2 + δ

12

)
=
κ(f) + δ(f)

12
.

This fundamental relation among the invariants λ, κ and δ is called the
Mumford relation; as is suggested by the examples we calculated above in
genus 3, it is the only linear relation satisfied by these three invariants in
general.

Further examples of one-parameter families of curves for which we can
verify the Mumford relation are given in Exercises 16.22-16.24.

16.6.3 Inequalities

At the outset of this discussion, we asked for ways of measuring the vari-
ation in a family X → B of curves, with X and B smooth and projective
and the fibers irreducible with at worst nodes as singularities. While we
can’t prove this, we should at least indicate to what extent the invariants
δ, κ and λ we introduced do this.

The answers are:

(a) The invariant δ does not necessarily detect variation in the fibers of
X → B: there exist families of curves with varying modulus, but with
no singular fibers at all. By contrast,

(b) The invariants κ and λ do: if f : X → B is a family as above and either
κ(f) = 0 or λ(f) = 0, then all the fibers are in fact isomorphic.

As we indicated, it’s not hard to see by constructing examples that the
Mumford relation above is the only one satisfied universally by δ, κ and λ.
The inequalities satisfied by these invariants, however, are more subtle. For
example, if X → B is a one-parameter family of irreducible nodal curves
of genus g, generically smooth, we have the inequality

δ ≤
(
8 +

4

g

)
λ;

this is sharp, as shown by the example of Exercise 16.25. For a discussion
of these questions and references, see Harris and Morrison [1998].
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16.7 Exercises

Exercise 16.8. (a) Find the Chern characters of the universal bundles S
and Q on the Grassmannian G = G(1, 3).

(b) Use this to find the Chern character of the tangent bundle TG = S∗⊗Q.

(c) Use this in turn to find the Chern class of TG .

Exercise 16.9. Verify that this is well-defined; that is, c(F) does not
depend on the choice of resolution. ****this should have a hint.****

Exercise 16.10. Let p ∈ Pn be a point. Using the Koszul complex, show
that the Chern class of the structure sheaf Op, viewed as a coherent sheaf
on Pn, is

c(Op) = 1 + (−1)n−1(n− 1)![p].

Exercise 16.11. Let C ⊂ P3 be a smooth curve. Find the Chern class of
the structure sheaf OC in case

(a) C is a twisted cubic;

(b) C is an elliptic quartic curve, and

(c) C is a rational quartic curve.

Exercise 16.12. Consider the three varieties X1 = P3, X2 = P1×P2 and
X3 = P1 × P1 × P1.

(a) In each case, calculate the degrees of the classes c3(TXi), c1(TXi)c2(TXi)
and c1(TXi)

3.

(b) Show that the resulting 3× 3 matrix is nonsingular.

(c) Show that the Euler characteristic χ(OXi) = 1 for each i.

(d) Given that the Euler characteristic of the structure sheaf of a smooth
projective threefold X is expressible as a polynomial of degree 3 in
the Chern classes of its tangent bundle, show from the above examples
that the polynomial must be

Td3(c1, c2, c3) =
c1c2
24

.

Exercise 16.13. Verify that the formula of Theorem 16.2 gives the classi-
cal Riemann-Roch formula in case n = 1 or 2, and write down the analogous
formula in case n = 3.

Exercise 16.14. In Section 9.3 we introduced a vector bundle E on P2

whose fiber at a point p ∈ P2 is the space H0(OP2(d)/I2
p(d)) of homogene-

nous polynomials of degree d, modulo those vanishing to order 2 or more
at p; we also described E as a direct image. Use this and the Grothendieck-
Riemann-Roch formula to calculate the Chern classes of E.
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Exercise 16.15. In Chapter 13 we introduced a vector bundle E on the
universal line

Φ = {(L, p) ∈ G(1, 3)× P3 | p ∈ L}

whose fiber at a point (L, p) ∈ Φ is the space H0(OL(d)/I5
p(d)) of homo-

genenous polynomials of degree d on L, modulo those vanishing to order
5 or more at p; we also described E as a direct image. Use this and the
Grothendieck-Riemann-Roch formula to calculate the Chern classes of E.

Exercise 16.16. Let C ⊂ P2 be an irreducible plane curve of degree d.
Construct a bundle E on the dual plane P2∗ whose fiber at a point L is the
space of sections of the structure sheaf OΓ of the intersection Γ = C ∩ L,
and use the Grothendieck-Riemann-Roch formula to calculate the Chern
classes of E.

Exercise 16.17. Let E be an indecomposable vector bundle of rank 2 on
P3 with first Chern class 0, and let

Σ1 = {L ∈ G(1, 3) | E|L ∼= OL(k)⊕OL(−k) with k ≥ 1}.

Find the class of the divisor Σ1 ⊂ G(1, 3).

Exercise 16.18. With E as in the preceding problem, let

Σ2 = {L ∈ G(1, 3) | E|L ∼= OL(k)⊕OL(−k) with k ≥ 2}.

Find the class of the locus Σ2 ⊂ G(1, 3), assuming it has the expected
dimension 1.

Exercise 16.19. Now let E be a vector bundle of rank 2 on P3 with first
Chern class c1(E) = ζ the hyperplane class, and let

Σi = {L ∈ G(1, 3) | E|L ∼= OL(k + 1)⊕OL(−k) with k ≥ i}

for i = 1, 2 Find the classes of the loci Σi ⊂ G(1, 3), assuming they have
the expected codimension 2i.

Exercise 16.20. Let F0, F1 and F2 be general homogeneous polynomials
of degree 3 on P2, and as in Section 16.5.3 define a vector bundle of rank
2 on P2 by associating to each point p the quotient space

Ep = C3/〈(F0(p), F1(p), F2(p))〉;

in other words, E is the pullback of the universal quotient bundle Q by the
map P2 → P2 given by the triple [F0, F1, F2]. Show that the jumping lines
of E are exactly the 21 lines in P2 contained in some element of the net.

Exercise 16.21. As an example, let q : C4 ×C4 → C be a nondegenerate
skew-symmetric bilinear form. We can define a bundle of rank 2 E on P3

by setting

Ep = 〈p〉⊥/〈p〉.

Describe the locus of jumping lines for such a bundle.
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Exercise 16.22. Let {Ct ⊂ P2}t∈P1 be a general pencil of plane curves of
degree d. Calculate the numerical invariants δ, κ and λ for the family, and
verify the Mumford relation.

Exercise 16.23. Let {Ct ⊂ S}t∈P1 be a general pencil of plane sections
of a smooth surface S ⊂ P3 of degree d. Calculate the numerical invariants
δ, κ and λ for the family, and verify the Mumford relation.

Exercise 16.24. Let {Ct ⊂ P1 × P1}t∈P1 be a general pencil of curves of
bidegree (a, b) in P1×P1. Calculate the numerical invariants δ, κ and λ for
the family, and verify the Mumford relation.

Exercise 16.25. Let C ⊂ P1×P1 be a general curve of bidegree (2, 2g+2),
and let X → P1 × P1 be the double cover of P1 × P1 branched over C.
ViewingX → P1 as a family of hyperelliptic curves of genus g via projection
on the first factor, calculate the invariants δ, κ and λ for the family; verify
the Mumford relation, and also show that the inequality

δ ≤
(
8 +

4

g

)
λ

stated in Section 16.6.3 is sharp.
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Maps from curves to projective space

Keynote Questions

(a) What is the smallest degree of a non-constant map from a general curve
of genus g to P1? 652)

(b) In how many ways can a general curve C of genus 4 be expressed as a
3-sheeted cover of P1? (Answer on page 652)

(c) What is the smallest degree of a birational map from a general curve
of genus g in P2? 652)

(d) In how many ways can a general curve C of genus 6 be expressed
as curve of degree 6 in P2, up to automorphisms of P2? (Answer on
page 652)

(e) What is the smallest degree of an embedding of a general curve of genus
g in P3? 652)

(f) In how many ways can a general curve C of genus 8 be embedded in
P3, up to automorphisms of P3? 652)

In the final chapter of this book we’ll describe, and prove half of, a foun-
dational result in the theory of algebraic curves: the Brill-Noether theorem,
whose statement we’ll give below. Here the methods of enumerative geome-
try will lead to a qualitative result that answers a natural non-enumerative
question. In the book so far, we’ve treated problems in enumerative ge-
ometry as interesting for the aspects of algebraic geometry that they illu-
minate, and for their own sake—there’s a certain fascination with being
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able to enumerate solutions to a geometric problem, even when we can’t
find those solutions explicitly. There are, however, many times when the
methods of enumerative geometry turn out to be crucial in the analysis of
qualitative questions in geometry, and it seems to us fitting to close this
book with such an example.

The proof given here also motivates the need for an equivalence relation
on cycles less fine than rational equivalence, since the equalities we need do
not hold in the Chow ring. Instead, for technical simplicity, we will work
with homology and cohomology in the classical topology over the complex
numbers. The cohomology ring is generally a much simpler object than
the Chow ring, and many tools such as the Lefschetz hyperplane theorem,
described in Appendix ??, allow us to make computations. In this chapter
we’ll be dealing with intersections on abelian varieties; and, as we’ll explain,
the cohomology ring of an abelian variety is easy to describe explicitly,
while the Chow ring is not. The techniques developed can be extended to
all characteristics using étale cohomology (Kleiman and Laksov [1972]). or
numerical equivalence (Kleiman and Laksov [1974]).

To work with cohomology we need to know that there is a map from the
Chow ring of a smooth variety to the cohomology ring—essentially this is
the theorem that any algebraic subvariety has a topological fundamental
class. One can see this, for example, from the fact that any subvariety can
be realized as a sub-simplicial complex in an appropriate triangulation; see
for example Hironaka [1975], and Chapter 0 of Griffiths and Harris [1978]
for a simpler approach in de Rham cohomology. In particular, we will work
with the images in cohomology of the Chern classes of algebraic vector
bundles—we will call them Chern classes too. All this is discussed further
in Appendix ??.

17.1 What maps to projective space do curves
have?

Until the 20th century, varieties were defined as subsets of projective space.
In this respect, algebraic geometry was much like other fields in mathemat-
ics: for example, in the 19-th century a group was by definition a subset of
GLn or Sn closed under the operations of composition and inversion; the
modern definition of an abstract group did not appear until well into the
20-th century. But in about 1860 Riemann’s work introduced a way of talk-
ing about curves that crystallized, over the next hundred years, into our
notion of an abstract variety—a geometric object defined independently of
any particular embedding in projective space.
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The basic problem of classifying all curves in projective space was thus
broken down into two parts: the description of the family of abstract curves
(the study of moduli spaces of curves); and the problem of describing all the
ways in which a given curve C might be embedded in or, more generally,
mapped to a projective space. To continue our analogy with group theory,
the latter question is the analog of representation theory, that is, the study
of the ways in which a given abstract group G can be mapped to GLn.

Among the most basic questions we can pose along these lines is, “What
maps to projective space does every curve of genus g have?” To focus on
the objects of principal interest and avoid redundancies, we consider only
nondegenerate maps ϕ : C → Pr—that is, maps whose image does not lie
in any hyperplane. We define the degree of such a map to be the degree of
the line bundle ϕ∗OPr (1), or equivalently the cardinality of the preimage
ϕ−1(H) of a general hyperplane H ⊂ Pr, and ask, “For which d, g and r
is it the case that every curve of genus g admits a nondegenerate map of
degree d or less to Pr?”

It was actually not long after Riemann’s work that the correct answer
to this question was given by Brill and Noether [1874]. However, it took
about 100 years before the first correct proof was given! Here is a weak
form of the result:

Theorem 17.1. Every smooth projective curve of genus g over C admits
a nondegenerate map of degree d or less to Pr if and only if

ρ(g, r, d) := g − (r + 1)(g − d+ r) ≥ 0

Thus, for example, we see that curves of genus 1 and 2 are expressible
as 2-sheeted covers of P1; curves of genus 3 and 4 are expressible as covers
of P1 of degree 3 or less, and, more generally, any curve of genus g is
expressible as a cover of P1 of degree d g+2

2 e or less. Likewise, curves of

genus 2 and 3 admit maps of degree 4 to P2; curves of genus 4 admit maps
of degree 5 to P2, and curves of genus 5 and 6 admit maps to P2 of degree
6 or less; and generally a curve of genus g will admit a map to P2 of degree
d 2g+6

3 e or less.

The “if” part of Theorem 17.1, the existence, was first proved by Kleiman
and Laksov [1972] and Kempf [1972] and the “only if” by Griffiths and Har-
ris [1980]. The two statements require quite different methods, the “if” part
using enumerative geometry and the “only if” involving specialization tech-
niques. In this chapter we’ll prove a strong form of the existence statement:
when ρ(g, r, d) ≥ 0 then every curve of genus g admits a nondegenerate map
of degree d or less to Pr.

Before beginning with the Brill-Noether theorem we review three classic
but more elementary results that provide limitations on what maps to
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projective space a curve can possess: theorems of Riemann-Roch, Clifford,
and Castelnuovo.

Maps ϕ : C → Pr (modulo the group PGLr+1 of automorphisms of the
target Pr) correspond one-to-one to pairs (L, V ) where L is a line bundle
of degree d on C and V ⊂ H0(L) an (r + 1)-dimensional vector space of
sections without common zeroes (base locus). If we drop the requirement
that the sections of V have no common zeroes, such an object is called a
linear series of degree d and dimension r; classically, it was referred to as
a grd. (Note that if a grd has a nonempty base locus then we can subtract
that locus and get a map ϕ : C → Pr, with degree smaller than d.)

17.1.1 The Riemann-Roch Theorem

As we saw in Chapter 16, the Riemann-Roch theorem for curves says that
for a line bundle L on a smooth curve of genus g,

h0(L) = d− g + 1 + h0(ωC ⊗ L−1),

where ωC denotes the sheaf of differential forms on C. We will often exploit
the equivalence between the notions of line bundle and divisor on a smooth
curve, and write a divisor D in place of the line bundle O(D). Thus we
allow ourselves to rewrite the Riemann-Roch theorem as

h0(D) = d− g + 1 + h0(K −D),

where K denotes a canonical divisor.

For line bundles L of degree d > 2g − 2, the last term is zero, and so
Riemann-Roch tells us the dimension precisely:

h0(L) = d− g + 1.

For line bundles of degree close to 2g−2 it gives us approximate information:
for example, if d = 2g − 2, Riemann-Roch says that

(17.1) h0(L) =

{
g, if L = ωC ;

g − 1, otherwise

and if g > 0 and d = 2g − 3, it says that

(17.2) h0(L) =

{
g − 1, if L = ωC(−p) for some point p ∈ C;

g − 2, otherwise.

It also tells us that for any line bundle,

d+ 1 ≥ h0(L) ≥ d− g + 1.

Beyond these values the Riemann-Roch theorem gives less precise informa-
tion.



17.1 What maps to projective space do curves have? 643

FIGURE 17.1. A point in the shaded area of this chart represents a pair (d, r)
such that Riemann-Roch allows for the existence of a line bundle L on a curve
C of genus g with h0(L) = r + 1.

We may summarize what the Riemann-Roch Theorem tells us about the
possible existence of grds on curves of genus g in Figure 17.1, which shows
the possible pairs (d, r) where L is a line bundle of degree d on C and
r = h0(L)− 1.

****Silvio: We want to change this figure and the next to be similar to
the third and fourth – that is, g=1000 – which will make the part under
the line y = 0 invisible. We also want the pictures to be cumulative – or
perhaps just each one appears superimposed on the one before? Let’s see
what looks best....****

17.1.2 Clifford’s Theorem

Clifford’s theorem says that if C is a curve of genus g and D is a divisor of
degree d ≤ 2g on C then

h0(D) ≤ d

2
+ 1.

In the case when h0(K − D) = 0, this inequality follows at once from
the Riemann-Roch theorem, so its import is for divisors D such that
h0(K − D) 6= 0—these are called special divisors. An extension of Clif-
ford’s Theorem says that if moreover equality holds then either L = O,
L = ωC or C is hyperelliptic and L is a multiple of the g1

2 on C. If we
exclude the cases of degree d = 0 and d ≥ 2g − 2 (where after all Clifford
is not telling us anything new), we may state this as

Theorem 17.2 (Clifford). If C is a curve of genus g and L a line bundle
of degree d on C with 0 < d < 2g − 2, then

h0(L) ≤ d

2
+ 1,

with equality holding only if C is hyperelliptic and L a multiple of the g1
2.
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FIGURE 17.2. Values of d = c1(L) and r = h0(L)− 1 allowed by Clifford

This cuts the above chart of allowed values of d and r essentially in half,
as shown in Figure 17.2.

Clifford’s theorem is sharp: for every d, g and r allowed by Theorem 17.2,
there exist curves of genus g and grds on them. This does not represent a
satisfactory answer to our basic problem, for two reasons:

• Given our motivation for studying grds on curves—the classification of
curves in projective space—you may say that our real object of interest is
not grds in general but those whose associated maps give birational embed-
dings in Pr. But the linear systems satisfying equality in Clifford’s theorem,
and, as we’ll see in a moment, those that are close to this, are not bira-
tionally very ample. Thus, we may refine our original question and ask:
what birationally very ample linear series exist on curves of genus g—in
other words, for which d, g and r do there exist irreducible, nondegenerate
curves of degree d and geometric genus g in Pr?

• As we have seen, interesting linear series that achieve equality in Clifford’s
Theorem exist only on hyperelliptic curves, which are very special. We may
ask what linear series exist on all curves of genus g?

17.1.3 Castelnuovo’s Theorem

The issue of which linear series can embed a curve is partially dealt with
in a classical theorem of Castelnuovo:

Theorem 17.3 (Castelnuovo). Let C ⊂ Pr be an irreducible, nondegener-
ate curve of degree d and geometric genus g. Then

g ≤ π(d, r) :=

(
m

2

)
(r − 1) +mε

where d = m(r − 1) + ε+ 1 and 0 ≤ ε ≤ r − 2.
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FIGURE 17.3. Values of d and r allowed by Castelnuovo’s bound in case g = 1000

Castelnuovo showed that this bound is sharp, and using his analysis it’s
not hard to see that curves of all geometric genera between 0 and the bound
do occur. Figure 17.3 shows the values of d and r allowed by Castelnuovo’s
bound in case g = 1000.

It should be said that Castelnuovo’s theorem addresses the question of
what birationally very ample linear series a curve may have. It does not,
however, tell us what linear series are present on every curve. To put it
another way, smooth projective curves of genus g are parametrized by a
variety Mg, and inside that space the locus of “Castelnuovo curves”—that
is, curves C ⊂ Pr of degree d with g = π(d, r)—is contained in a subvariety
of high codimension. Thus, the question remains of what linear series exist
on a general curve of genus g. This is the question addressed by the Brill-
Noether theorem of which Theorem 17.1 a weak version. To state it in a
strong form we will have to analyze the geometry of curves in greater depth.

17.2 Families of divisors

17.2.1 The Jacobian

A deeper study of linear series requires us to make sense of the set of linear
systems as a variety. For this purpose we introduce the Jacobian.

One of the early motivations for studying algebraic curves came from
calculus, specifically the desire to make sense of integrals of algebraic func-
tions. In modern terms, this means integrals∫ p

p0

ω

where ω is a holomorphic (or more generally meromorphic) differential on a
smooth, projective curve C over the complex numbers, p0 and p are points
of C and the integral is taken along a path from p0 to p on C.
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FIGURE 17.4. The integral
∫ p
p0
ω may depend on the choice of path.

One problem in trying to define such integrals is that if the curve in
question has positive genus then the value of the integral depends on the
choice of the path. We can incorporate this by viewing the expression

∫ p
p0

as a linear functional on the space H0(ωC) of holomorphic differentials
on C, defined modulo the subgroup of those linear functions obtained by
integration over closed loops on C. Now, the integral of holomorphic (and
hence closed) forms over a closed loop γ depends only on the homology
class of γ; we thus have a map

H1(C,Z)→ H0(ωC)∗

which embeds H1(C,Z) ∼= Z2g as a discrete lattice in H1(ωC)∗ ∼= Cg (see
for example Griffiths and Harris [1978], page 228). We may thus view the
integral

∫ p
p0

as an element of the quotient∫ p

p0

∈ H0(ωC)∗/H1(C,Z)

We define the Jacobian J(C) of the curve C to be this quotient. By our
construction, J(C) is a complex torus, and in particular a compact complex
manifold; in fact, it is a projective variety over C, and the map p→

∫ p
p0

is a
map of projective varieties. We will use this often; see Griffiths and Harris
[1978], §2.2 and §2.3, for a treatment.

Having defined the Jacobian, we see that after choosing a base point
p0 ∈ C integration defines a map C → J(C), and more generally maps

u = ud : Cd → J(C)

from the symmetric products Cd = Cd/Sd of C to its Jacobian, defined by

D =
∑

pi 7→
∑∫ pi

p0

.

These maps are called Abel-Jacobi maps.
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17.2.2 Abel’s theorem

Theorem 17.4. Let u : Cd → J(C) be the Abel-Jacobi map. Divisors
D,E on C of the same degree are linearly equivalent if and only if u(D) =
u(E).

One implication of Abel’s theorem is relatively easy to prove: if D and E
are linearly equivalent, there is a pencil of divisors, parameterized by P1,
interpolating between them. But if f : P1 → A is any map from P1 to a
torus, the pullbacks f∗η of holomorphic 1-forms on A vanish identically.
Since these 1-forms generate the cotangent space at every point of A, it
follows that the differential df ≡ 0 and hence that f is constant; it follows
that u(D) = u(E). The hard part (which was in fact proved by Clebsch) is
the converse. See Griffiths and Harris [1978], page 235 for a treatment.

The import of Abel’s theorem is that we may, for each d, identify the set
of linear equivalence classes of divisors of degree d on C with the Jacobian
J(C). The identification is not canonical; it depends on the choice of a base
point p0 ∈ C. In Section 17.2.3 we will use this correspondence to show
that there exists a moduli space Picd(C) for line bundles of degree d on C,
isomorphic (again, non-canonically) to J(C).

Abel’s theorem tells us that the fiber u−1(u(D)) of u through a point
D ∈ Cd is the complete linear system |D| = {E ∈ Cd | E ∼ D}—set-
theoretically, at least, a projective space. (We will see in Lemma 17.5 that

it is indeed isomorphic to Pr(D).) Beyond this, the behavior of the map u
depends very much on d.

To begin with, if p1, . . . , pd ∈ C are general points with d ≤ g then
the conditions of vanishing at the pi are independent linear conditions on
differential forms. Writing D = p1 + · · · + pd we get h0(ω − D) = g − d.
From the Riemann-Roch theorem we see that h0(D) = 1; that is, no other
effective divisor of degree d is linearly equivalent to D. It follows from
Abel’s theorem that the map u : Cd → J(C) is one-to-one near D, and in
particular that the image Wd := u(Cd) ⊂ J(C) is again d-dimensional.

In particular the map u : Cg → J(C) is birational (this statement is
called the Jacobi inversion theorem; see Exercise 17.18 for a more classical
version). Further, the image of u : Cg−1 → J(C) is a divisor in J(C), called
the theta divisor, and written Θ.

When d ≥ g the same argument shows that the map u : Cd → J(C) is
surjective. When g ≤ d ≤ 2g− 2 the dimensions of the fibers will vary, but
when d > 2g − 2, the picture becomes regular: the fibers of u : Cd → J(C)
are all of dimension d − g. We’ll see in this case that u : Cd → J(C) is a
projective bundle, and in Section 17.5.2 we will identify the vector bundle
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E on J(C) such that Cd ∼= PE and the divisor Θ corresponds to the line
bundle OPE(1).

Note that the subset of line bundles L of degree d such that h0(L) ≥ r+1
is Zariski closed in Picd(C): it is the locus where the fiber dimension of u
is r or greater. We will denote this locus by W r

d (C). In these terms, we can
interpret the problem “describe the set of grds on C” to mean: “describe the
locus W r

d (C)—its dimension, irreducible components, smooth and singular
loci. . . ”

Here is the first step toward proving that for large d the Abel-Jacobi
map is the projection from a bundle:

Lemma 17.5. For d > 2g − 2, the map u is a submersion; that is, the
differential du : TDCn → Tu(D) Picn is surjective everywhere. More gen-
erally, for any d, the scheme-theoretic fibers of u are smooth, and hence
isomorphic to projective spaces.

Proof. We start with the case d > 2g − 2, and consider a point D ∈ Cd
corresponding to a reduced divisor; that is, D = p1 + · · · + pd ∈ Cd with
the points pi distinct. Recall first that we have an identification

T ∗u(D)J(C) = H0(ωC)

of the cotangent space to the Jacobian at any point with the space of
regular differentials on C. We can similarly identify the cotangent space to
Cd at D: we have

T ∗DCn = ⊕T ∗piC = H0(ωC/ωC(−D)).

Differentiating the Abel-Jacobi map

D =
∑

pi 7→
∑∫ pi

p0

;

with respect to the points pi, we see that in terms of these identifications,
the differential duD of u at a point D ∈ Cd is given as the transpose of the
evaluation map

H0(ωC)→ ⊕T ∗piC
ω 7→

(
ω(p1), . . . , ω(pd)

)
;

in particular, the cokernel of the differential duD of u at a point D ∈ Cd
is the annihilator of the subspace H0(ωC(−D)) ⊂ H0(ωC) of differentials
vanishing along D. Since we are working in the range d ≥ 2g− 1, there are
no such differentials, and we are done.

To extend this argument to the case of an arbitrary divisor D ∈ Cd,
we invoke the fact (see for example Arbarello et al. [1985], §IV.1) that the
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identification T ∗DCn = H0(ωC/ωC(−D)) extends over all of Cd, and that
in these terms the differential is again the transpose of the evaluation map

H0(ωC)→ H0(ωC/ωC(−D));

thus the same logic applies.

Finally, in case d ≤ 2g − 2 Riemann-Roch tells us that the dimension
of the kernel of the differential du at any point D—that is, the dimension
of the cokernel of the evaluation map H0(ωC) → H0(ωC/ωC(−D))—is
exactly the dimension r(D) of the fiber of u through D; thus the fibers of
u are smooth in this case as well, even though they’re not all of the same
dimension.

17.2.3 Moduli spaces of divisors and line bundles

Abel’s theorem gives us a bijection between points of the Jacobian J(C)
and the set of line bundles L of degree d on C, suggesting the existence of
a moduli space of such bundles. This is in fact the case:

Proposition 17.6. Let C be a smooth, projective curve of genus g and d
any integer. There exists a projective scheme Picd(C) and a line bundle P
on Picd(C) × C such that for any scheme B and any line bundle M on
B×C of relative degree d, there exists a unique map ϕ : B → Picd(C) such
that

M = (ϕ× idC)∗P.

In fact, as suggested by Abels Theorem, Picd(C) is isomorphic to J(C),
but non-canonically; for clarity, it’s best to think of the Picd(C) as distinct
schemes. As for the “universal line bundle” P on Picd(C)×C, this is called
a Poincaré bundle, and we’ll see how to construct it in Section 17.4.1.

There is a similar characterization of the symmetric product Cd of C as
the Hilbert scheme of subschemes of degree d on C:

Proposition 17.7. There exists a divisor D ⊂ Cd × C such that for any
scheme B and any effective divisor ∆ ⊂ B × C of relative degree d, there
exists a unique map ϕ : B → Cd such that

∆ = (ϕ× idC)−1D.

In other words, Cd is the Hilbert scheme of subschemes of degree d in C.
In this case, it’s easy to see what the “universal divisor” is: it’s just the
reduced divisor

D = {(D, p) : p ∈ D},

which we’ll encounter repeatedly in what follows.
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For proofs of Propositions 17.6 and 17.7, see for example Arbarello et al.
[1985], §IV.2.

A few words are in order about the construction of Picd(C) in the al-
gebraic setting. When the ground field is C, the construction above of the
Jacobian works, and this is what was done classically. But in the 20-th
century, this became increasingly unsatisfactory: when the ground field K
is, for example, a number field, the construction produces a variety over
C but not over K; and when K has positive characteristic it doesn’t work
at all. One of the challenges of algebraic geometers in the first half of the
20-th century was thus to give an algebraic construction of Picd(C).

This was first done by André Weil. He observed that, via the birational
map u : Cg → J(C), an open subset of J(C) was isomorphic to an open
subset of Cg. Composing u with translations, we see that J(C) may be
covered by such open sets, and these can be glued together to construct
J(C). (Indeed, it was the desire to carry out this construction that led
Weil to the definition of an abstract variety.) In even greater generality,
Grothendieck applied his theory of étale equivalence relations to construct
Picd(C) as the quotient of Cd by linear equivalence for large d; see Milne
[2008] for a description.

17.3 The Brill-Noether theorem

As we indicated, the Brill-Noether theorem answers the question, “For
which values of d, g and r is it the case that every curve of genus g has
a grd?” We gave an answer in the initial section of this chapter; here is a
more refined version:

Theorem 17.8. If C is a general curve of genus g, the dimension of
W r
d (C) is

ρ(g, r, d) = g − (r + 1)(g − d+ r).

In particular, every curve has a grd if and only if ρ ≥ 0.

We may parse the formula in the Brill-Noether theorem as follows: g
is the dimension of the Jacobian of C, which may be thought of as the
space Picd(C) of all line bundles of degree d on C. Furthermore, if a line
bundle L ∈ Picd(C) has h0(L) = r + 1, so that L ∈ W r

d (C) \W r+1
d (C),

the Riemann-Roch theorem asserts that h1(L) = g− d+ r. Thus the Brill-
Noether Theorem asserts that, if C is a general curve of genus g then the
codimension of W r

d ⊂ Picd(C) is h0(L)h1(L). Indeed, as we shall see, W r
d

can be thought of as the rank k locus of a map between vector bundles of
ranks k+ h0(L) and k+ h1(L) (for any large k!), so this is the “expected”
codimension in the sense of Chapter ??.
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FIGURE 17.5. Values of d and r for linear series on a general curve in case
g = 1000 (allowed values correspond to points below the curve).

In general, the formula of Theorem 17.8 is far more restrictive than Cas-
tenouvo’s bound. For example, Figure 17.5 shows the values of d and r
allowed in case g = 1000; we see that only a tiny fraction of the complete
linear series allowed by Castelnuovo actually occur on a general curve.

In the final section of this chapter we will give an enumerative proof of
the existence half of Theorem 17.8, namely:

Theorem 17.9. If ρ = g− (r+ 1)(g−d+ r) ≥ 0, then every smooth curve
C of genus g has

dimW r
d (C) ≥ ρ.

In particular, there exist linear systems on C of degree d and dimension r.

The heart of our proof of Theorem 17.9 is an enumerative formula for
the class of W r

d (C), given in the stronger Theorem 17.17. When g = (r +
1)(g − d+ r)—that is, ρ = 0—this formula becomes a number:

Corollary 17.10. If C is a smooth curve of genus g = (r + 1)(g − d+ r)
and if W r

d is finite then C possesses

g!

r∏
i=1

i!

(g − d+ r + i)!

linear series of degree d and dimension r, counted with multiplicity. When
r = 1 and g = 2(g − d+ 1) = 2k this number is the Catalan number

1

k + 1

(
2k

k

)
.

Proof. Replace the factor θg by g! in the formula of Theorem 17.17.

For example, in the first case that is not answered by the Riemann-Roch
theorem, we can ask if a general curve of genus 4 is expressible as a 3-
sheeted cover of P1, and if so in how many ways; this is the content of
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Keynote Question (b). Corollary 17.10 gives an answer: it says that C will
admit two such maps. Indeed, we can see this directly: the canonical model
of a non-hyperelliptic curve of genus 4 is the complete intersection of a
quadric and a cubic surface in P3, and if the quadric is smooth its two
rulings will each cut out a g1

3 on C. (Note that we see in this example a
case where multiplicities may arise: if the quadric surface in question is a
cone, the curve C will possess only one g1

3 , counted with multiplicity 2.)

Similarly, Corollary 17.10 says that a general curve C of genus 6 will
possess 5 g1

4s, and dually 5 g2
6s. Again, we can see these linear series ex-

plicitly: by the extension below, any one of the g2
6s will give a birational

embedding of C as a plane sextic C0 ⊂ P2 with four nodes as singularities.
The five g1

4s will then be the pencils cut out on C by the pencil of lines
through each node, and the pencil cut by conics passing through all four.
(See Exercises 17.19 and g14s on sextic for a proof that these are all the
g1

4s on C.)

In general, however, we are not able to identify the grds on a curve C whose
existence is asserted by Theorem 17.8 and Corollary 17.10. For example, in
the next case—g1

5s on a general curve of genus 8—Corollary 17.10 asserts
that on a general such C there are 14. But according to Theorem 17.8, the
simplest plane model of C is a plane octic with 13 nodes, and there is no
obvious way to identify the 14 g1

5s on such a curve; likewise, the simplest
embedding of C in P3 is as a curve of degree 9, and again the g1

5s are not
visible in this model. (See Exercise 17.21 for more on this.)

There are various extensions of this theorem for general curves C of genus
g: Fulton and Lazarsfeld show that if ρ > 0 then W r

d (C) is irreducible;
Gieseker proves that the singular locus of W r

d (C) is exactly W r+1
d (C), and

hence (given Exercise 17.23) W r
d (C) is reduced. In particular, we see that

for a general curve there are in fact no multiplicities in the formula in
Corollary 17.10.

It is also shown in Griffiths and Harris [1980] that a general linear series
on a general curve is as well-behaved as possible. The following Proposition
answers Keynote Questions a, c, e.

Proposition 17.11. Let C be a general curve of genus g.

• r = 1: The map ϕ : C → P1 given by a general g1
d is simply branched;

• r = 2: The map ϕ : C → P2 given by a general g2
d is birational onto a

plane curve C0 ⊂ P2 having only nodes as singularities; and

• r ≥ 3: For r ≥ 3 the map ϕ : C → Pr given by a general grd is an
embedding.



17.3 The Brill-Noether theorem 653

Thus, for example, a general curve of genus g is birational to a plane
curve of degree d 2g+6

3 e, and is embeddable in projective space as a curve

of degree d 3g+12
4 e.

17.3.1 How to guess the Brill-Noether theorem and prove
existence

Here is one way to describe the locus W r
d (C). Fix m distinct points

p1, . . . , pm ∈ C.

For any line bundle L on C there is an exact sequence

0→ L → L(p1 + · · ·+ pm)
bL- ⊕mi=1 L(p1 + · · ·+ pm)pi

∼= ⊕mi=1Opi → 0,

and taking cohomology we see that

H0(L) = Ker
(
L(p1 + · · ·+ pm)

bL∗- ⊕mi=1 C
)
.

If the degree of L is d and the numberm is large—saym > −degL+2g−2—
then the Riemann-Roch formula tells us that h0(L(p1 + · · ·+ pm)) = m+
d − g + 1, independently of L. Thus as L varies over the set Picd(C) of
line bundles of degree d, the locus W r

d (C) ⊂ Picd(C) is the locus where the
m× (m+ d− g+ 1) matrix bL∗ has rank at most (m+ d− g+ 1)− (r+ 1).
The expected codimension of the locus where an s×t matrix with s ≤ t has
rank u, in the sense of Chapter ??, is (s− u)(t− u). Thus the “expected”
codimension of W r

d in Picd(C) is (r + 1)(m − (m + d − g + 1 − r − 1)) =
(r+ 1)(g−d+ r), exactly the codimension predicted for a general curve by
the Brill-Noether theorem.

As we’ll see, the maps bL∗ vary algebraically with L ∈ Picd(C). It follows
that if W r

d (C) is nonempty for a given curve C then its dimension is at
least ρ(g, r, d), and given the existence of one curve C0 for which W r

d is
really nonempty and of dimension ρ(g, r, d) it would follow that this is true
for an open set of curves in any family containing C0. Brill and Noether
must have known many cases where these conditions were all satisfied; but
they lacked the tools to give a proof of the theorem.

In Section 17.4.2 we will identify the map bL as the fiber of a map of
vector bundles b : F → G over Picd(C), which is isomorphic to the Jacobian
J(C) of C (this implies that the map bL∗ varies algebraically with L). As
remarked above, this implies that W r

d (C) has dimension at least ρ(g, r, d)
provided that it is non-empty.

To prove that W r
d (C) is nonempty when ρ(g, r, d) ≥ 0 we will compute

the Chern classes of the vector bundles F ,G. Porteous’ formula allows us
to compute the class α ∈ H2(r+1)(g−d+r)(J(C)) that the locus W r

d would
have if it had dimension ρ(g, r, d). We will show that this class is nonzero
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FIGURE 17.6. Three singular curves used in specialization arguments for the
noneistence half of Brill-Noether

when 0 ≤ (r + 1)(g − d + r) ≤ g, and this suffices to prove the desired
existence.

17.3.2 How the other half is proven

The proof of the other half of the Brill-Noether theorem—the statement
that for a general curve C, the dimension dimW r

d (C) ≤ ρ(g, r, d), and in
particular that C possesses no grds when ρ < 0—requires very different
ideas. One could prove it by exhibiting, for each g, r and d, a smooth curve
C of genus g with dimW r

d (C) = ρ(g, r, d) (or with W r
d (C) = ∅ if ρ < 0);

but no one has ever succeeded in doing this explicitly in higher genera. The
known proofs fall into two families:

Degeneration to singular curves. One approach to this problem is to
consider a one-parameter family of curves {Ct} specializing from a smooth
curve to a singular one C0. What needs to be done in this setting is first of
all to describe the limit, as t→ 0, of a grd on Ct, and then to prove that such
limits don’t exist on C0 when ρ < 0. This was done in the original proof,
with C0 a general g-nodal curve (that is, P1 with g pairs of general points
identified): the possible limits of a grd on Ct were identified in Kleiman
[1976], and the proof that no such limit existed when ρ < 0 was given in
Griffiths and Harris [1980]. Another proof (Eisenbud and Harris [1983a])
used a g-cuspidal curve as C0, and in Eisenbud and Harris [1983b] the
role of C0 was played by a curve consisting of a copy of P1 with g elliptic
tails attached. Much more recently, a proof was given using the methods
of tropical geometry in Cools et al. [2012].

Curves on a very general K3 surface. A completely different proof was
given by Lazarsfeld [1986], who showed that a smooth curve C embeddable
in a very general K3 surface—specifically, one whose Picard group was
generated by the class of the curve C—necessarily satisfied the statement
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of the Brill-Noether theorem. The theorem was thus proved by specializing
to a smooth curve, rather than a singular one (though the smooth curve in
question could still not be explicitly given, inasmuch as we have no way to
produce explicit K3 surfaces with Picard number 1 and arbitrary degree).

17.4 W r
d as a degeneracy locus

In the remainder of this chapter we will deal with a fixed curve C. To
simplify notation we will write J for the Jacobian J(C) and Picd for the
Picard variety Picd(C) parametrizing line bundles of degree d on C.

In this section we will explain how to construct the family of all line
bundles of given degree, and how to put the maps bL of Section 17.3.1
together into a map of bundles. To do this, we first need to construct the
Poincaré bundle, a fundamental object in the theory.

17.4.1 The universal line bundle

Choose a base point p0 ∈ C. The Poincaré bundle is a line bundle on the
product Picd×C whose restriction to the fiber {L} × C over L ∈ Picd is
isomorphic to L and whose restriction to the cross-section Picd×{p0} is
trivial.

Without the normalizing condition of triviality on Picd×{p0} the bundle
P would not be determined uniquely: we could tensor with the pullback
of any line bundle on Picd(C) and get another. But with the normalizing
condition, Corollary 6.7(b) shows that the Poincaré bundle is unique—if it
exists.

We will construct the Poincaré bundle as the direct image of a line bundle
M on Cd × C under the map

η = u× Id : Cd × C → Picd×C.

To describe M, let D0 be the divisor D0 = Xp0 × C ⊂ Cd × C, and let
D ⊂ Cd × C be the universal divisor of degree d as in Proposition 17.7:
that is,

D = {(D, p) : D − p ≥ 0}.

Thus the restriction of D to a fiber {D} ×C of the projection to Cd is the
divisor D, and the restriction of D to the fiber Cd × {p} of the projection
to C is the divisor Xp = Cd−1 + p ⊂ Cd. Finally, define

M = OCd×C(D −D0).

and set P = η∗M.
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FIGURE 17.7. The divisors D and D0 in case d = 1. ****in the text it’s Cd×C,
so it should be C1 × {p0} in the figure.****

Proposition 17.12. P = η∗(M) is a Poincaré bundle on Picd×C; that
is,

P|{L}×C ∼= L

for any point L ∈ Picd, and

PPicd×{p0}
∼= OPicd .

Proof. Since the restriction ofM to any fiber Pr of η is trivial (both divisors
D and D0 intersect Pr in a hyperplane), the theorem on cohomology and
base change, Theorem 6.14, shows that the direct image η∗M is a line
bundle and the formation of this direct image commutes with base change.

The proof that PPicd×{p0}
∼= OPicd is immediate: if we restrict to the

preimage

η−1(Picd×{p0})

the divisors D and D0 agree, so that M|η−1(Picd×{p0}) is trivial and so is
its direct image.

To prove that P|{L}×C ∼= L we use the theorem on cohomology and base
change. It implies that the formation of the direct image η∗(M) commutes
with base change, so we can first restrict to the preimage

|L| × C = η−1({L} × C)

where |L| ∼= Pr ⊂ Cd is the linear system of effective divisors D on C with
OC(D) ∼= L. The restriction of η to |L| × C is projection on the second
factor.

As observed, the line bundleM = OCd×C(D−D0) is trivial on each fiber
of η : |L| × C → C, so that the restriction M||L|×C must be a pullback
of some line bundle on C; to prove that η∗(M)|{L}×C ∼= L amounts to
showing that this line bundle is L. In other words, we have to show that

M||L|×C = η∗L;
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and to do this it is enough to choose any divisor D ∈ |L| and verify that

M|{D}×C ∼= L.

But this is immediate, if we just choose D not containing the point p0: by
definition, the divisor D0 = Xp0

× C ⊂ Cd × C is disjoint from {D} × C,
while the divisor D intersects {D} × C in the divisor D.

17.4.2 The evaluation map

Fix a reduced divisor D = p1 + · · ·+pm of degree m ≥ 2g−1−d on C and
set n = m + d. Choosing D gives us an identification of Picd with Picn.
We will describe the locus W r

d + D ⊂ Picn as the degeneracy locus of an
evaluation map.

On the product Picn×C, consider the evaluation map

P → P|Γ

where

Γ = Picn×D =

m⋃
i=1

(Picn×{pi})

is the union of the horizontal sections of Picn×C over Picn corresponding
to the points pi. Taking the direct image of this map under the projection
π : Picn×C → Picn, we have a map of vector bundles

ρ : E := π∗(P)→ F =

m⊕
i=1

Li,

where Li is the restriction of P to the cross-section Picn×{pi}. For each
point L ∈ Picn, this is the map

EL = H0(L)→
⊕
Lpi

obtained by evaluation sections of L at the points pi. In particular, the
kernel of this map is the vector space H0(L(−D)) ⊂ H0(L) of sections
vanishing along D. We have now proven that the locus W r

d +D ⊂ Picn is
the locus where the map ρ has rank n− g − r or less.

It remains to show that this locus is nonempty. To do so we will compute
the Chern classes of the bundles E and F and apply Porteous’ Theorem.
Before we do so, however, we must develop some basic information about
the cohomology ring of the Jacobian, where these Chern classes live, and
we must also identify the bundle E in a more useful way.
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17.5 Natural classes in the cohomology ring of the
Jacobian

Why are we working with the cohomology ring of the Jacobian rather than
with the Chow ring? It turns out that Jacobians, simple as their cohomology
is, are among the spaces whose Chow groups (beyond codimension 1) seem
to be essentially unknowable. To give one example of this, it’s not hard to
see that a cycle Z ⊂ J will not in general be rationally equivalent to its
translate Za = Z + a by an element a ∈ J : for example, the group law on
J gives a map from the space of effective 0-cycles on J to J , and since any
map from P1 to J is constant, rationally equivalent 0-cycles must “add up”
to the same sum in J . But in fact this merely scratches the surface of our
ignorance: for any two points a, b ∈ J and any cycle Z on J , we can ask if
the sum

Z − Za − Zb + Za+b

is rationally equivalent to 0. It is true for cycles in codimension 1, but
beyond this the answer is unknown, even for 0-cycles. ****check this****
And our ignorance of when linear combinations of translates of cycles are
rationally equivalent to zero is very much an issue here: most of the cycles
whose classes we might hope to determine are in fact only defined after a
choice of base point—in effect, only up to translation.

Analogues of all the basic properties of Chow rings—pullback maps in
general, pushforward (or Gysin) maps when the spaces involved are ori-
ented manifolds, and the push-pull formula—hold for Cohomology rings.
The basic formula (Theorem 11.9) for projective bundles also holds in this
context; see for example Bott and Tu [1982].

The Jacobian J is the quotient of the contractible space H0(ωC)∗ ∼= Cg
by the subgroup H1(C,Z) ∼= Z2g, so there is a natural identification

H1(J,Z) = H1(C,Z).

The first cohomology H1(J,Z) is similarly identified with H1(C,Z). These
identifications are induced by the Abel-Jacobi map u : C → J because the
integral takes a closed path γ : [0, 1]→ C to the path γ̃ : [0, 1]→ H0(ωC)∗

defined by

γ̃(t) =

∫
γ([0,t])

∈ H0(ωC)∗,

which joins the origin to the lattice point corresponding to the homology
class of γ.

****revised to here at 5:20pm on March 22****
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We choose a basis α1, . . . αg, β1, . . . , βg for H1(C,Z), normalized so that
the cup product is skew-diagonal: that is,

(αi ∪ βj)[C] =

{
1, if i = j; and

0, otherwise;

and

αi ∪ αj = βi ∪ βj = 0 for all i, j.

By abuse of notation, we will also use the symbols αi and βi to denote the
corresponding cohomology classes in H1(J,Z).

Topologically, J ∼= (S1)2g is a product of S1s, so by the Künneth formula
we have

H∗(J,Z) =

∗∧
H1(J,Z) =

∗∧
H1(C,Z),

with cup product on the left corresponding to wedge product on the right.
For a multiindex I = (i1, . . . , ik) with i1, . . . ik ∈ {1, . . . , g}, we will write
αI and βI for the classes

αI = αi1 ∪ · · · ∪ αik and βI = βi1 ∪ · · · ∪ βik ∈ Hk(J,Z).

The classes

{αI ∪ βJ : I, J ⊂ {1, . . . , g}}

form a basis for H∗(J,Z). The cup product in complementary dimension
is given, for I, J,K,L ⊂ {1, . . . , g}, by

(17.3) ((αI ∪ βJ) ∪ (αK ∪ βL))[J ] =

{
±1, if K = I◦ and L = J◦; and

0 otherwise,

where I◦ denotes the complement of I. To determine the signs, we can pull
back to the direct product of d copies of C, and use formula 17.9 below to
prove that

(α1 ∪ β1 ∪ α2 ∪ β2 ∪ · · · ∪ αg ∪ bg)[J ] = +1;

the signs of the other products above are determined by skew-symmetry.

Of special interest are the classes ηi ∈ H2(J,Z), defined as

ηi = αi ∪ βi for i = 1, . . . , g.

For a multiindex I = (i1, . . . , ik) with i1, . . . ik ∈ {1, . . . , g}, we will write
ηI for the class

ηI = ηi1 ∪ · · · ∪ ηik ∈ H2k(J,Z).

Rearranging the terms we see that ηI = (−1)(
d
2)αI ∪ βI . In particular,

η(1,...,g) = 1 ∈ H2g(J) = Z.
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The cup product in complementary dimension is easy to compute: for
I, J ⊂ {1, . . . , g} we have:

(17.4) (ηI ∪ ηJ)[J ] =

{
1, if J = I◦; and

0 otherwise.

17.5.1 Poincaré’s formula

The objects of primary interest to us are the classes of the subvarieties
Wd ⊂ Picd parametrizing divisor effective classes of degree d, that is, the
images of the maps u : Cd → J ∼= Picd. Like most of the objects in our
treatment, the map ud depends on the choice of base point p0 ∈ C, so the
subvarieties Wd ⊂ J are really only defined up to translation. However,
their classes in H∗(J) are well-defined. Here is the basic result:

Proposition 17.13 (Poincaré’s formula).

[Wd] =
∑

I⊂{1,...,g}
|I|=g−d

ηI ∈ H2g−2d(J,Z).

In particular, the divisor Wg−1 ⊂ J has class

[Wg−1] = [Θ] = η1 + · · ·+ ηg.

This class occurs often, and we will denote it by θ. With this notation we
can restate the Proposition as

[Wd] =
θg−d

(g − d)!

The formula [Wd] = [Wg−1]g−d/(g−d)! makes sense in the ring of cycles
on J mod numerical equivalence—we don’t need to introduce the topolog-
ical cohomology of J to state it—and indeed it was proven for curves and
their Jacobians over arbitrary fields in Kleiman and Laksov [1974]. We do
not know if there is an analogous formula in a finer cycle theory such as
the group of cycles modulo algebraic equivalence.

Proof of Proposition 17.13. By Poincaré duality, it suffices to take the prod-
uct of both sides of the formula with an arbitrary element αI ∪ βJ with
|I| = |J | = d, evaluate on the fundamental class of J and show that they
are the same. In view of the formulas 17.3 and 17.4 above, in case I 6= J we
have αI ∪ βJ ∪ ηK = 0 for any ηK of complementary degree, while if I = J

we have (αI ∪ βI ∪ ηK)[J ] = (−1)(
d
2) if K = I◦ and 0 otherwise. Thus to

establish Proposition 17.13 we need to prove that

(17.5) (u∗(αI ∪ βJ))[Cd] =

{
(−1)(

d
2), if I = J ; and

0 otherwise



17.5 Natural classes in the cohomology ring of the Jacobian 661

To evaluate the expression on the left, it’s useful to pull back from the
symmetric product Cd of the curve to Cd, the ordinary d-fold product. Let
π : Cd → Cd be the quotient map, and let ν = u ◦ π : Cd → J be the
composition. Since π is a d!-fold cover

π∗[C
d] = d! · [Cd],

so (17.5) is equivalent to

(17.6) (ν∗(αI ∪ βJ))[Cd] =

{
(−1)(

d
2)d!, if I = J ; and

0 otherwise;

that is,

(17.7) (ν∗(αI ∪ βJ))[Cd] = 0 if I 6= J ;

and

(17.8) (ν∗ηI)[C
d] = d! for all I.

Let ρk : Cd → C be projection on the kth factor, and set αki = ρ∗kαi and
βki = ρ∗kβi. By the Künneth formula, H1(Cd) = ⊕kρ∗k(H1(C)). Writing
ιk : C → Cd for the inclusion sending C to

{p0} × · · · × {p0} × C × {p0} × · · · × {p0}

with C in the k-th position, we see that ρkιk : C → C is the identity, while
ρjιk is the constant map when j 6= k. It follows that if γ ∈ H1(Cd), then
γ =

∑
k ρ

k∗(ιk∗(γ)). Applying this to ν∗αi and ν∗βi we see that

(17.9) ν∗αi = α1
i + · · ·+ αdi and ν∗βi = β1

i + · · ·+ βdi .

By symmetry we may assume that I = {1, . . . , d}. Applying formula 17.9
to

ν∗ηI = ν∗α1 ∪ ν∗β1 ∪ · · · ∪ ν∗αd ∪ ν∗βd

we get the sum of all products of the form

αj11 ∪ β
k1
1 ∪ · · · ∪ α

jd
d ∪ β

kd
d .

This product is zero unless each ji = ki and the set {j1 . . . , jd} is equal to
{1, . . . , d}. For these d! terms,

αj11 ∪ β
j1
1 ∪ · · · ∪ α

jd
d ∪ β

jd
d = 1

because αjii ∪ β
ji
i is the pullback of the class of a point under ρji .
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17.5.2 Symmetric products as projective space bundles

Recall that we need to compute the Chern classes of E = π∗P, where P is
the Poincaré bundle on Picn×C for some n > 2g − 2 and π : Picn×C →
Picn is the projection. To do this we will identify E in another way:

Theorem 17.14. With notation as above, the map u : Cn → Picn is iso-
morphic to the projective bundle PE → Picn, via an isomorphism sending
OPE(1) to OCn(Xp0).

Proof. It should not be surprising that Cn ∼= PE = P(π∗P); after all, the
fiber of the bundle π∗P at a point L ∈ Picn is naturally identified with the
vector space H0(L) of sections of the line bundle L, so that the fiber of its
projectivization may be identified in turn with the fiber |L| = u−1{L} of
of the map u. Of course this fiber-by-fiber argument does not constitute a
proof, but it suggests how we might go about giving one.

Recall first that by Lemma 17.5, the scheme-theoretic fibers of the map
u : Cn → Picn are projective spaces Pn−g (in other words, u : Cn → Picn

is a projective bundle in the analytic topology). By Proposition 11.3, the
fact that we have a divisor Xp0 ⊂ Cn whose restriction to each fiber is a
hyperplane then says that Cn → Picn is in fact a projective bundle in the
Zariski topology; that is, the projectivization of some vector bundle G on
Picn. Moreover, by Proposition 11.3 there is a unique such bundle G such
that in terms of this identification OPG(1) = OCn(Xp0

); and this bundle G
may be realized as the dual of the direct image u∗OCn(Xp0).

Our goal is thus to show that the direct image E = π∗P is isomorphic
to u∗OCn(Xp0

). The key is to consider the direct image π∗P as the direct
image of the line bundle M = OCd×C(D − D0) in two ways: by definition
π∗P = π∗(η∗M), and since π ◦ η = u ◦ π1 that means we can also write it
as u∗(π1∗M). The essential step is the following Lemma:

Lemma 17.15. With notation as above,

π1∗M∼= u∗(π∗P).

Proof. It will be helpful to have a diagram of the relevant spaces and maps:

Cn × C

Cn
�

π1

Picn×C

η

-

Picn
� πu -
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Now, we have a natural evaluation map

u∗u∗(π1∗M)→ π1∗M;

since u∗π1∗M = π∗P, this gives a map

u∗(π∗P)→ π1∗M.

We claim this map is an isomorphism. This follows by looking at the map
on fibers at a point D ∈ Cn. Since the sheaves involved have no higher
cohomology of the fibers of the morphisms, the theorem on cohomology
and base change allows us to identify the fibers of u∗(π∗P) and π1∗M at
D with the spaces

u∗(π∗P)D = H0(M||D|×C) and (π1∗M)D = H0(M|{D}×C),

and in these terms the induced map u∗(π∗P)D → (π1∗M)D is the restric-
tion map H0(M||D|×C) → H0(M|{D}×C). But as we’ve seen, the bundle
M||D|×C on |D|×C is the pullback of a bundle on C, and so the restriction
map is an isomorphism on global sections.

Given the identification of Lemma 17.15, the proof of Proposition 17.14
is straightforward. Since

M = OCd×C(D −D0) = OCd×C(D)⊗ π∗1OCd(Xp0
)

we have

π1∗M = π1∗OCd×C(D)⊗OCd(−Xp0).

We have an inclusion OCd×C ↪→ OCd×C(D) coming from the effective di-
visor D; taking the direct image gives an inclusion

OCd ↪→ π1∗OCd×C(D)

and hence an inclusion

OCd(−Xp0) ↪→ π1∗M

and a surjection

(π1∗M)∗ → OCd(Xp0
)

inducing an isomorphism of direct images.

17.5.3 Chern classes from the symmetric product

We can now calculate the Chern class of E :

Theorem 17.16. For n ≥ 2g−1, the pushforward E of the Poincaré bundle
P from Picn×C to Picn has Chern class c(E) = e−θ; that is, ci(E) =
(−1)iθi/i! for each i.
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Proof. Computing the Chern class is equivalent to computing the the Segre
class s(E) =

∑
si(E) since c(E) = 1/s(E) by Proposition 12.3. Recall that

sk(E) = u∗(ζ
k+n−g),

where ζ = [Xp] ∈ H2(Cn).

Since we’re working in H∗(Cn) rather than A(Cn), the class ζ is also the
class of the divisor Xq = Cn−1 + q ⊂ Cd for any point q ∈ C. To represent
the class ζk+n−g we can just choose distinct points p1, . . . , pk+n−g ∈ C and
consider the intersection⋂

i

Xpi = {D ∈ Cn : D − pi ≥ 0 ∀i}

= Cg−k + E ⊂ Cd

where E = p1 + · · ·+pk+n−g. This intersection is generically transverse—it
is visibly transverse at a point E + D′ where D′ consists of g − k distinct
points distinct from p1, . . . , pk+n−g, and no component of the intersection
is contained in the complement of this locus—and so we have

ζk+n−g =
[
Cg−k + E

]
∈ H2k+2n−2g(Cd).

We have

sk(E) = u∗
[
Cg−k + E

]
=
[
Wg−k

]
∈ H2k(J).

Applying Poincaré’s formula, this yields

sk(E) =
θk

k!
.

We can express this compactly as

s(E) = eθ,

from which the Theorem follows.

Theorem 17.16 allows us to give a description of the cohomology ring of
Cd; though we won’t use it in what follows, we state it here. By the analog
of Theorem 11.9 for topological cohomology, we have for n ≥ 2g − 1

H∗(Cn) = H∗(J)[ζ]/
(
ζn−g+1 − θζn−g +

θ2

2
ζn−g−1 − · · ·

)
.

Finally, we remark that there is an alternative way to derive the Chern
classes of E : given that E = η∗M, we can apply Grothendieck-Riemann-
Roch to the morphism η to arrive at Theorem 17.16. This approach involves
a larger initial investment—we have to have more knowledge of products in
H∗(Cd) than we currently do—but is also much more broadly applicable.
This approach is carried out in Arbarello et al. [1985], Chapter 8, where
many other applications are given.
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17.5.4 The class of W r
d

We can now use Porteous’ formula to calculate the class of W r
d as a de-

generacy locus of the map E → F of vector bundles on Picn obtained by
pushing forward the evaluation map P → ⊕Li. Here is the result:

Theorem 17.17. If C is a smooth curve of genus g such that W r
d (C) has

dimension ρ(g, r, d) = g − (r + 1)(g − d + r), then the class of W r
d (C) in

the cohomology ring of the Jacobian J(C) is

[W r
d ] =

r∏
i=1

i!

(g − d+ r + i)!
θ(r+1)(g−d+r)

If ρ ≥ 0 then this class is nonzero and thus W r
d is nonempty and of dimen-

sion ≥ ρ(g, r, d).

The last statement is the content of Theorem 17.9.

Proof. The necessary ingredients are the Chern class of E , computed in the
previous section, and the Chern class of F . The line bundles Li can all be
continuously deformed to the bundle Pp0 = P|Picn×{p0}, which is trivial by
our normalization of P. The Chern classes c1(Li) ∈ H2(Picn) are thus all
0, so that

c (F) = 1 ∈ H∗(Picn).

We have
c(F)

c(E)
=

1

e−θ
= eθ

and so Porteous’ formula tells us that if W r
d has pure dimension ρ = g −

(r + 1)(g − d+ r), then its class is the determinant

[W r
d ] =

∣∣∣∣∣∣∣∣∣∣∣∣

θg−d+r

(g−d+r)!
θg−d+r+1

(g−d+r+1)! . . . θg−d+2r

(g−d+2r)!

θg−d+r−1

(g−d+r−1)!
θg−d+r

(g−d+r)! . . . θg−d+2r−1

(g−d+2r−1)!

...
...

. . .
...

θg−d

(g−d)!
θg−d+1

(g−d+1)! . . . θg−d+r

(g−d+r)!

∣∣∣∣∣∣∣∣∣∣∣∣
= Da,r · θ(r+1)(g−d+r)

where Da,r is the (r + 1)× (r + 1) determinant

Da,r =

∣∣∣∣∣∣∣∣∣∣∣∣

1
a!

1
(a+1)! . . . 1

(a+r)!

1
(a−1)!

1
a! . . . 1

(a+r−1)!

...
...

. . .
...

1
(a−r)!

1
(a−r+1)! . . . 1

a!

∣∣∣∣∣∣∣∣∣∣∣∣
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It remains to evaluate Da,r. To do this, we clear denominators by mul-
tiplying the first column by a!, the second column by (a + 1)!, and so on;
we arrive at the expression

Da,r =

r∏
i=0

1

(a+ i)!
·M

where M is the determinant∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1

a a+ 1 . . . a+ r

a(a− 1) (a+ 1)a . . . (a+ r)(a+ r − 1)
...

...
. . .

...

a · · · (a− r + 1) (a+ 1) · · · (a− r + 2) . . . (a+ r) · · · (a+ 1)

∣∣∣∣∣∣∣∣∣∣∣∣
.

Since the columns of M all consist of the same sequence of monic polyno-
mials, applied to the argumets a, . . . , a + r, the determinant is equivalent
to the van der Monde determinant, and thus has value∏

0≤i<j≤r

(j − i) =

r∏
i=0

i!.

Thus

Da,r =

r∏
i=1

i!

(a+ i)!
.

It follows that if the dimension of W r
d (C) is ρ, then it has the class given in

the theorem. In particular, if it were empty, then it would have this class,
which is nonzero, a contradiction. Thus it must be nonempty. Since it is
defined as a degeneracy locus, it must have dimension at least the “expected
dimension” locally at each of its points. This completes the proof of both
Theorems 17.17 and 17.9.

17.6 Exercises

Exercise 17.18. Use the statements of Section 17.2.2 to prove the original
form of Jacobi inversion: that, given two g-tuples of points p1, . . . , pg and
q1, . . . , qg ∈ C on a smooth curve C of genus g, there exists a g-tuple
of points r1, . . . , rg ∈ C, whose coordinates are rational functions of the
coordinates of the pi and qi, such that∑∫ pi

p0

+
∑∫ qi

p0

=
∑∫ ri

p0
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Exercise 17.19. Let C0 ⊂ P2 be a plane sextic with four nodes as singu-
larities, whose normalization is a general curve of genus 6. Show that no
three of the nodes are collinear. (Hint: use a dimension count.)

Exercise 17.20. Let C0 ⊂ P2 be a plane sextic with four nodes as singu-
larities, whose normalization is a general curve of genus 6. We have seen
that there are five g1

4s on C: the pencils cut out on C by the pencil of lines
through each node, and the pencil cut by conics passing through all four.
Show that there are no others.

Exercise 17.21. Let C be a curve of genus 8, embedded in P3 by one of
the g3

8s on C. Show that if C is general then the image curve C0 ⊂ P3 does
not lie on a cubic surface. In case it does, can you locate the 14 g1

5s on C?

Exercise 17.22. Let C be a general curve of genus 9. How many plane
octic curves C0 ⊂ P2 are birational to C?

Exercise 17.23. Show that W r
d (C) \W r+1

d (C) is dense in W r
d (C). (Hint:

for any point L ∈ W r+1
d (C), consider the line bundle L(p − q) for general

points p, q ∈ C.)
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Astérisque, Société Mathématique de France, Paris, 1982. With a French
summary.

C. De Concini, M. Goresky, R. MacPherson, and C. Procesi, “On the
geometry of quadrics and their degenerations”, Comment. Math. Helv.
63:3 (1988), 337–413.

S. Diaz, “Space curves that intersect often”, Pacific J. Math. 123:2
(1986), 263–267. Available at http://projecteuclid.org/getRecord?
id=euclid.pjm/1102701003.
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sics, Birkhäuser Boston Inc., Boston, MA, 2008. Reprint of the 1994
edition.

S. Giuffrida, “On the intersection of two curves in Pr”, Atti Accad. Sci.
Torino Cl. Sci. Fis. Mat. Natur. 122:3-4 (1988), 139–143.

M. Golubitsky and V. Guillemin, Stable mappings and their singularities,
Springer-Verlag, New York, 1973. Graduate Texts in Mathematics, Vol.
14.

D. Grayson and M. Stillman, “Chow Rings of Flag Varieties”. In Prepa-
ration.

M. Green, “Restrictions of linear series to hyperplanes, and some
results of Macaulay and Gotzmann”, pp. 76–86 in Algebraic curves
and projective geometry (Trento, 1988), vol. 1389, Lecture Notes in
Math., Springer, Berlin, 1989. Available at http://dx.doi.org/10.

1007/BFb0085925.

G.-M. Greuel, C. Lossen, and E. Shustin, Introduction to singulari-
ties and deformations, Springer Monographs in Mathematics, Springer,
Berlin, 2007.

P. Griffiths, Topics in algebraic and analytic geometry, Princeton Univer-
sity Press, Princeton, N.J., 1974. Written and revised by John Adams,
Mathematical Notes, No. 13.

P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley-
Interscience, New York, 1978. Reprinted 1994.

P. Griffiths and J. Harris, “Algebraic geometry and local differential
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dimensione minore dell’ordinario”, Rend. Circ. Mat. Palermo 31 (1911),
392–396.

B. J. Totaro, “Chow groups, Chow cohomology, and linear varieties”, to
appear. J. Alg. Geom.

R. Vakil, “A geometric Littlewood-Richardson rule”, Ann. of Math. (2)
164:2 (2006), 371–421. Appendix A written with A. Knutson.

R. Vakil, “Murphy’s law in algebraic geometry: badly-behaved deforma-
tion spaces”, Invent. Math. 164:3 (2006), 569–590.

F. L. Zak, “Some properties of dual varieties and their applications in
projective geometry”, pp. 273–280 in Algebraic geometry (Chicago, IL,
1989), vol. 1479, Lecture Notes in Math., Springer, Berlin, 1991.

O. Zariski, Le problème des modules pour les branches planes, Second
ed., Hermann, Paris, 1986. Course given at the Centre de Mathématiques
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